C.R. Acad. Sci. Paris, Ser. | 334 (2002) 457462

Equations aux dérivées partielles/Partial Differential Equations

Normal solvability of linear elliptic problems

Vitaly Volpert 2, Aizik Volpert?

@ Mathématiques appliquées, UMR 5585 CNRS, Université Lyon 1, 69622 Villeur banne, France
b Department of Mathematics, Technion, 32000 Haifa, | srael

Received and accepted 4 January 2002
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Abstract The paper is devoted to general linear elliptic problems in Holder spaces. We consider
unbounded domains and define limiting problems at infinity. We give a necessary and
sufficient condition of normal solvability through uniqueness of solutions of limiting
problems. We study a structure of spaces dual to Holder spaces and specify the subspace of
functionals, which provide the condition of normal solvability. This allows us to prove that
for Fredholm operators all limiting operators are invertifile cite this article: V. Volpert,

A. Volpert, C. R. Acad. Sci. Paris, Ser. | 334 (2002) 457—462. O 2002 Académie des
sciences/Editions scientifiques et médicales Elsevier SAS

Résolubilité normale des problémes elliptiques linéaires

Résumé L'article est consacré aux problémes elliptiques générals. Nous considérons des domaines
non bornés et les espaces de Holder. On définit les probléemes limites a linfinie ce
qui permet de formuler la condition nécessaire et suffisante de la résolubilité normale.
Nous étudions la structure de I'espace dual et décrivons le sous-espace de fonctionnelles
qui déterminent les conditions de resolubilité. Cela nous permet de démontrer que pour
les opérateurs de Fredholm, tous les problemes limites sont inversho@s citer cet
article: V. Volpert, A. Volpert, C. R. Acad. Sci. Paris, Ser. | 334 (2002) 457-462. O 2002
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Version francaise abrégée

Nous considérons le probleme

p
Aiu=z Z aiﬁk(x)Dﬂuk i=1...,p), xeQCR",
k=1|B|<Bir

p
Bu=Y > bhoDlu (=1...r), xedQ.
k=1|BI<vik
Nous supposons gu'il est uniformement elliptique dans le sense de [1]. Le dofhairi®’ est non borné
et les coefficients des opérateurset B;, ainsi que la frontieréd 2 du domaine satisfont les conditions de
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regularité :
ab, e =it (@), bl e Cote9Q), o et

ol les entiers;, o; sont les mémes que dans la condition d’ellipticit®"€(2) est un espace de Holder.
NotonsA = (A1,...,Ap),B=(B1,...,B;),L=(A,B),L: Eo— E.

On définit les problémes limites correspondants. Pour cela, il faut définir les domaines limites et les
opérateurs limites. Pour définir les domaines limites on considére une suit@ telle que|x, | — oo. Soit
x (x) la fonction caractéristique d&. Notons<2,, le domaine avec la fonction caractéristiquéc + x;,).
Nous disons qué?, est un domaine limite sf2, converge vers2, localement dans la metrique de
Hausdorff :Q,, — Q. dansEjqc.

THEOREME 1. —Si le domaine? satisfait la ConditiorD (voir ci-dessouk alors il exists une fonction
f(x) telle que:
(1) f(x) e CHH*R");
(2) f(x)>0ssixeQ;
(3) IVf(x)| = 1pourx € 0Q;
(4) min(d(x),1) <|f(x)|, oud(x) estla distance de a 92.

THEOREME 2. —S0it$2 un domaine non borné qui satisfait la ConditiBnx,, € Q, |x,,| — oo, et f(x)
la fonction construite dans le ThéorerheAlors il existe une sous-suiig,; et la fonctionf.(x) telle que
Sm; () = f(x 4+ xm;) = fulx) dansCf;C(R"), et le domaine, = {x : fi(x) > 0} satisfait la ConditiorD,
ouQ, =R".

En plus,Q,,, — Q. dansEjoc, OU Ry, = {x : fin; (x) > O}.

Pour définir les opérateurs limites, on considére les suites des coefﬁafp@d& Xn), bf;((x + x,) et
choisit les sous-suites convergentes vers certaines fonctions limites uniformement dans chaque ensemble
borné. Ces fonctions limites sont les coefficients des opérateurs limi®s a donc défini les problemes
limites.

ConditionNS. — Pour chaque domaine limi, et chaque opérateur limite le probléme limiteL = 0
a une seule solutiom = 0.

THEOREME 3. —Si la ConditionNS est satisfaite, alors I'opérateut est résoluble normalement et son
noyau a une dimension finie.
Le résultat inverse a lieu sous les conditions un peu plus fortes sur les coefficients et le domaine :
al e d=it(Q), bfed Q) el
aveca <8 < 1.

THEOREME 4. —Si l'opérateurL est normalement résoluble et son noyau a une dimension finie, alors
la ConditionNS est satisfaite.

NotonslgO le sous-espace de qui contient les fonctions convergantes vers 0 a I'infinie. Bditespace
dual AE, E le sous-espace de fonctionnelles qui s’annulent&let E le sous-espace complémentaire
danse*.

THEOREME 5. —Soit I'opérateurL : Eg — E normalement résoluble et son noyau a une dimension
finie. Supposons que le probleme = f et résoluble si et seulement ¢j(f) =0,i=1,...,N, ou
Y¥; € E* sont des fonctionnelles linéarement indépendantes. Alors,E.

Ce résultat nous permet de démontrer le théoréme suivant.
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THEOREME 6. —Si L est un opérateur de Fredholm, alors chaque son opérateur limite est inversible.

Normal solvability of some classes of elliptic operators in unbounded domains is studied in [5,9] for
the wholeR", in [3,7] for conical and in [6,8] for cylindrical at infinity domainsdealso [4]). In this
work we consider general elliptic problems in arbitrary domains with some natural regularity conditions.
We generalize the notion of limiting problems introduced already in the previous works, and formulate
conditions of normal solvability through solvability of the limiting problems.

1. Operatorsand spaces

Let 8 = (B1,...,B,) be a multi-index,8; be nonnegative integersg| = f1 + --- + Bn, DP =
Dfl e D,’f”, D; = 9/9x;. We consider the following operators:

14

Au=>"3" alDPu (=1...p). xeQCR"
k=11BI<Bik
14

Bu=Y > bhoDlu (=1...r), xedQ.
k=1 1B1<vik

Here Bix, vix are given numbers. As in [1] we suppose that there exist integers., sy, t1,...,p,
o1, ...,0, such that
Bij<si+tj, i,j=1,...,p; vyj<oi+t;, i=1...,r,j=1,...,p, s <0

We suppose that the problem is elliptic in the sense of [2,1], i.e., the system is elliptic and supplementary
and complementing (Shapiro—Lopatinskii) conditions are satisfied. Moreover we assume that the system is
uniformly elliptic.

We consider the spac&y = CT1(Q) x ... x Cl*rte(Q) of vector valued functions:(x) =
W1(x), ..., up(x)), uj € CHite(Q), j =1,..., p, wherel anda are given numbers, > max@0, o;),
0 < a < 1. The space 8%1%(Q) is a Hélder space of functions bounded together with their derivatives up
to the ordet + ¢, and the latter satisfy the Holder condition uniformlyin

The domaing is supposed to be of class*¢t*, wherex = max(—s;, —o;, t), afj e Clsite(Q),
bfj e Cl—oit*(5Q). We assume that > 1.

OperatorA; acts fromEg into C—5t%(Q). DenoteL; = (Aq, .. ., Ap). ThenLj acts fromEg into E1 =
Cl=s1te(Q) x ... x C!I=*rt%(Q). OperatorB; acts fromEg into C %% (32). DenoteL, = (B, ..., B).
ThenL, acts fromEg into Eo = C/ =1t (3Q) x - - - x /= (3Q). Let E = E1 x E». ThenL = (L1, L»)
acts fromkg into E.

2. Limiting domains

In this section we define limiting domains for unbounded domainR’in show their existence and
study some of their properties. We consider an unbounded domairR”, which satisfies the following
condition:

ConditionD. — For eachxg € 92 there exists a heighbourhodt(xp) such that
(1) U(xp) contains a sphere with the radiiand the centetp, wheres is independent afg;
(2) There exists a homeomorphisin(x; xp) of the neighbourhood/ (xg) on the unit sphere8 = {y :
ly| < 1} in R" such that the images @& N U (xp) andd2 N U (xo) coincide withB, ={y : y, > 0,
ly| <1}andBo={y:y, =0, |y| < 1} respectively;
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(3) The functiomy (x; xo) and its inverse belong to the Hélder spadeCwith k = + 1. Their || - ||x4a-
norms are bounded uniformly ixp.

To define convergence of domains we use the following Hausdorff metric spacé dretB denote two
nonempty closed setsR". Denotes (A, B) =sup,c4 p(a, B), s(B, A) =sup,cp p(b, A), wherep(a, B)
denotes the distance from a pointo a setB, and let

o(A, B)=max(g(A, B), c(B, A)). (1)

We denoteE a metric space of bounded nonempty set®irwith the distance given by (1). We say that a
sequence of domairsg,, converges to a domaf in Ejoc if

Q(ﬁm HER,ﬁﬂﬁR) —0, m— oo,
foranyR > 0 andBg = {x : |x| < R}. Here bar denotes the closure of domains.

DEFINITION. — Let @ ¢ R* be an unbounded domain,, € Q, |x,,| = oo asm — oo; x(x) be a
characteristic function of2, and,, be a shifted domain defined by the characteristic funcfigix) =
x(x + Xm).

We say that2, is alimiting domainof the domair2 if 2, — Q. in Ejoc asm — oco.

THEOREM 2.1. —If a domaing satisfies ConditioD, then there exists a functiofi(x) defined inR”"
such that
(1) f(x)eCHe@®ry;
(2) f(x)>0iff x € Q;
3) IVf(x)|=1forx e o,
(4) min(d(x),1) <|f(x)], whered(x) is the distance from to 02.

THEOREM 2.2. —Let$ be an unbounded domain satisfying Conditiyn,, € 2, |x,,| — oo, and f (x)
be the function constructed in Theor@m. Then there exists a subsequengeand a functionf,(x) such
that fi,, (x) = f(x +xm,) = fiu(x)in C{‘OC(R”), and the domai®, = {x : fi(x) > 0} satisfies ConditioD,
or Q, =R",

MoreoverS2,, — Q. in Ejoc, WhereQ2,, = {x : fi,, (x) > 0}.

3. Limiting problems

In the previous section we have introduced limiting domains. Here we will define the corresponding
limiting problems. LetQ2 be a domain satisfying Condition D andx) be its characteristic function.
Consider a sequenag, € , |x,,| — oo and the shifted domair®,, defined by the shifted characteristic
functions y,, (x) = x (x + x;»). We suppose that the sequence of dom&psconverge inEjoc to some
limiting domaing,.

DEFINITION 1.—Let u,(x) € C5(Q,), m = 1,2,.... We say thatu,, (x) converges to a limiting
function u,(x) € CK(Q,) in Cl (R — Q) if there exists an extension, (x) € CX(R") of u (x),
m=1,2,...,and an extension,(x) € C*(R") of u,(x) such that

um = Vs in Clyg(R").

DEFINITION 2. —Letu,,(x) € C5(3Q,), m =1,2,.... We say thatu,,(x) converges to a limiting
function u, (x) € CK(8%2) in Cf (3, — 3Q) if there exists an extension, (x) € CX(R") of u, (x),
m=1,2,..., and an extension, (x) € C*(R") of u,(x) such that

um — Vs in Clyg(R").

Remark— In these definitions, (x) does not depend on the choice of the extensigns) andv,(x).

Indeed, in Definition 1 for any point € Q, there exists a sequengg € Q,, suh thatt,, — x. Therefore

Us(X) =ve(x) = M v, (X)) = M upy(X5).
m—00 m—00
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Similarly it can be checked for Definition 2.

THEOREM 3.1.-Let u,, € C-T¥(Q,,), ltmllcere < M, where the constand is independent ofi,
0 < k <1+ A. Then there exists a function. € C*%(Q,), |luxllcie < M and a subsequenas,; such
thatum/. — Uy in C{‘OC(Q,,,/. — Q).

Letu,, € CKH4 (), lumllgire < M. Then there exists a function € CK+ (9Q.), [|uxll o« < M and
a subsequenae,; such that,,; — u, in C{‘OC(an_i — 0Q4).

We recall that the operatdr consists of a pair of operators,= (L1, L2) where the operatak; acts

inside the domain andl; is a boundary operator. So we can represent the boundary problem as
Liu= f1, Lou = fo, 2
whereu € Eo(), f1 € E1(Q), f2 € E2(0R2), E = E1 x E». The coefficients;;; (x) of the operatol; are
defined inQ2 and the coefficients;; (x) of L, in 9. The shifted coefficients;; (x + x,,) andb;; (x + xn)
satisfy conditions of Theorem 3.1. Therefore we can defindintigng problem
ilu =f, izu =g,

whereu € Eg(R24), f € E1(R24), g € E2(0924), L1 and Lz are operators with limiting coefficients
aj(x) € C'=5ite(Q,), bfi(x) € C771T(32,). The operatorl. = (L1, L2) : Eo(Q,) — E(S,) will be
calledllmltmg operator.

We note that for a given problem (2) there can exist a set of limiting problems corresponding to different
sequences,, and to different converging subsequences of coefficients of the operators.

4. Normal solvability

We introduce limiting domains and limiting operators defined above.

Condition NS. — For any limiting domair2, and any limiting operatol. the problemLu =0, u €
Eo(£24) has only zero solution.

THEOREM 4.1. —Let ConditionNS be satisfied. Then the operatbris normally solvable and its kernel
is finite dimensional.

We suppose now that a little more smoothness of operators and domains is required:
af, e C=53(Q), b, € =77 (5Q) and the domaii is of class EH+
witho <8 < 1.
THEOREM 4.2. —Let the operatorL be normally solvable and its kernel be finite dimensional. Then
ConditionNS is satisfied.

5. Dual spaces; I nvertibility of limiting operators

We consider now the spade= E(Q) defined above and the spa€€, which consists of functions € E
converging to O at infinity in the norm, i.e., [lull ;g >Ny — 0 @SN — oo. We say that, — ug in

Eloc(R) if this convergence holds i N {|x| < N} for any N.

LEMMA 5.1.-Let¢ be a functional in the dual spad&®)*, u € E andu ¢ EO, u, € E°, |unllg <1
andu,, — u in Ejgc. Then there exists a limit

¢ = lim ¢un).
It does not depend on the sequengelf u, — 0in E\qc, theneg (u,) — 0.

We can extqnd now the functional to the spaceE(2). For anyu € E(2) we putq3(u) =¢u) if
u € E9(Q) andg(u) = lim,_, o ¢ (1), Whereu,, € EO(Q) is an arbitrary sequence convergingtin Ejoc.
This is a linear bounded functional df(2).
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Denote all such functional. It is a linear subspace if*. Suppose thak # E*. We take a functional
¥ € E*, which does not belong t6. Let Vo be a restriction ofy on E°. Thempo € (EY%*. As above we
can define the functionalg € (E)*. By assumption/  o. Denoteys = ¢ — . Then

¥ =0, VuekE°. (3
Thus we have the following theorem.

__ THEOREM 5.2. —The dual spac&™ is a direct sum of the extensidhof (E%* on E and of the subspace
E consisting of all functionals satisfyin@).

LEMMA 5.3.—Suppose that the operatdr: Eqg — E is normally solvable with a finite dimensional
kernel, and the problemu = f, f € E, is solvable if and only ify;(f) =0,i =1,..., N, wherey; are
linearly independent functionals iB*. Theny; € E.

These results allow us to prove invertibility of limiting operatars Theorem 4.2).
THEOREM 5.4. —If the operatorL is Fredholm, then any its limiting operator is invertible.

COROLLARY 5.5. —If an operatorL coincides with its limiting operator, and it is Fredholm, then it is
invertible.

The last result shows in particular that the spectrum of operators with constant, periodic or quasi-periodic
coefficients in unbounded cylinders does not contain eigenvalues and consists only of points of the essential
spectrum.
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