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Abstract

A mathematical model has become a useful tool to predict and control dengue fever dynamics. In reality,
the dynamic of dengue fever transmission can be disturbed by uncertainty measurements, so it is needed to
consider the disturbance in the model. Then, dengue fever model with disturbance is constructed by using a gain
matrix consisting a covariance matrix and random vector. As dengue vaccine has been challenging to reduce
the pandemic, a dengue model with vaccination as control is constructed. The aim is to propose a feedback
controller that can reduces the infected human (H> control problem) and the uncertainty measurements (H oo
control problem). The control u denotes the proportion of susceptible humans that one decides to vaccinate at
time t. A random mass vaccination with wanning immunity is chosen because vaccine still on development
process. A Design of mixed Ho — H. control with State-dependent Riccati Equation (SDRE) approach is
applied. The SDRE has been an effective method to solve for synthesizing nonlinear feedback controller by
transforming the system to an State-dependent coefficient (SDC) form. By comparing the mixed scheme with
basic H, numerical simulation shows that the control application effectively decreases the number of infected
humans and reduces the disturbance.
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1. INTRODUCTION

Dengue fever is a mosquito-borne disease that spread over the world in both tropical and sub-tropical
country. In recent decades, dengue case has increase rapidly around the world. It is estimated 390 million
dengue infection per year. Based on WHO data from 2010 untill 2016, the number of cases increased over
1.16 million [17]. Dengue is caused by a virus of Flaviviridae family that has four distinct serotypes, that
is DEN 1-4. Dengue virus is transmitted by female mosquitoes mainly of the species Aedes aegypti and to
lesser extent, Aedes albopictus.

To deal with dengue, several strategy of vector control through larval eradication program, repellent and
insecticides has been applied [9]. However, the prevention of dengue epidemic using vector control through
environmental management (by eliminating larval resting places or other objects susceptible to keep water)
or chemical methods (through insecticides) remains inadequate since it only permits to delay the outbreak of
the epidemic [5]. On a national scale, not many example of successful vector control through active disease
monitoring and insecticides, although the prevention is integrated by community [2]. In practice, vector
control through environmental management and chemical methods have frequently failed to reduce vector
transmission of the dengue outbreak. So far, Ae. aegypti control program and environment management had
limited impact on dengue transmission in urban areas and even less in rural areas. Besides, insecticides have
high cost and increasing level of resistance of Ae. aegypti [8]. Due to limitation of vector control and there
are no specific treatment of dengue, nowadays dengue vaccine development has become a major advance in
the control of disease [19].

Dengue vaccines have been under development since 1920s and until now its development has been
challenging. In the last decade, the scope and intensity of dengue vaccine has increased, although the licensed
vaccine is not yet available. The uniqueness of the dengue viruses has made dengue vaccine development
against each serotypes difficult. Several vaccine candidates are currently being evaluated in clinical studies
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[15]. A safe, effective and affordable dengue vaccine against the four strains would represents an important
tool of reducing dengue morbidity and mortality. Mathematical modeling has been a useful and powerful
tool to analise disease dynamic and for the proposition of strategies. So in this work will study about
mathematical model of dengue fever involving vaccination campaign. Previous work of epidemic model with
vaccination has been studied in [5] with control constant. The models is a system of nonlinear differential
equations in susceptible-infected-recovery (SIR) for human population compartment and susceptible-infected
(SI) compartment for mosquito population. Control is simply evaluated to a given constant value. Rodrigues
in [14] solved dengue epidemic model with control optimization problem by using optimal control theory.
Rodrigues model is SIR form for human population and ASI (aquatic-susceptible-infected) form for mosquito
population. In this paper we will study an SIR+SI model considering the aim is to control the disease through
vaccination, not vector control.

In a large population of epidemic outbreak consist many different individuals in various scope. A few
key characteristics which are relevant to the infection under consideration must be defined to reduce the
diversity in modeling [12]. However, there are uncertainty factors that can be considered for more realistic
model. In reality, dengue dynamic in population is disturbed by uncertainty measurement, that is quantity
of measurements in each compartment of the system is uncertain. The main concern is to integrate this
uncertainty into a mathematical model with disturbances. The disturbances measurement usually unknown,
so disturbances will be defined as a noise or statistical error random vector multiplied with a gain matrix that
consist a covariance matrix of transitions probabilities between compartments. This disturbance represents
how the transfer between compartment effect to the system.

Next, we aim to solve control problem for this dengue epidemic model with disturbances in order to
minimize the infected humans (Hy control problem) and reduce the disturbances (H., control problem)
with vaccination consisting input. To achieve the control law that have the combination of those two control
problems, so we propose a novel mixed Hs — H,, control. Then, we use state-dependent Riccati equation
(SDRE) to provides design framework for nonlinear system. SDRE method is a powerful general design
method which provides a systematic and effective design [16]. SDRE have many benefits in its computational
advantage, stability, usefulness in control and have wide range of application [4]. First, we transform nonlinear
system to a state-dependent coefficient (SDC) system. Furthermore, based on SDC system, we construct
SDRE that satisfy the desired design criteria. By solving the SDRE, the optimal and robust control solution
is found to satisfy mixed performance criteria guaranteeing the optimality of nonlinear quadratic with inherit
stability property in combination with H, type disturbance reduction. In this paper, we will adapt a mixed
Hy; — H, performance criteria with SDRE approach proposed by Wang et. al. in [16]. Then, the proposed
mixed Hy — H,, control law of dengue epidemic model is demonstrated by simulations. The effectiveness
of the performance of the control is compared to non-control and H., control scheme. The purpose of this
work is to contribute a useful control framework and a flexible design method for nonlinear systems with
disturbance control to achieve a mixed NLQR and H, performance by SDRE method.

The paper is organized as follows: In the second section, the dengue fever model with vaccination control is
introduced. In the third section, the system model of dengue fever with control and disturbance is formulated
in SDC form and of the mixed Hy — H, with SDRE controller for this control problem is derived. The
fourth section contains the simulation result and the analysis. Finally, the conclusion is summarized in the
fifth section.

2. DENGUE FEVER MODEL WITH VACCINATION CONTROL

In this section, a dengue fever model with vaccination will be formulated. The human population is divided
into three compartments: susceptible (Sy,), infected (I;,) and resistant (Ry,). Then, the mosquito population is
divided into susceptible (S,,) and infected (I,,,). This study will focused on disease eradication with vaccine,
not a vector control. The vaccine is assumed to give temporary immunity, that is the resistant human can
turn back to be susceptible. It is based on how dengvaxia vaccine that makes antibodies and protect against
all four types but how long it last still on research [3].

It is assumed that total human population (N},) is constant, so Ny, = Sy, + I, + R}, and so total mosquito
population N,, is constant, that is N,, = S,, + L. Then, newborn of human and adult mosquito is a
susceptible. There is no disease-related death for humans and mosquitoes. The control 4(0 < u < 1) denotes
the proportion of susceptible humans that one decides to vaccinate at time ¢. A random mass vaccination with
waning immunity is chosen because the vaccine still on development process. Then, a parameter 6 associated
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with control u represents the waning immunity process. It is assumed that for every times ¢, a  proportion of
vaccinated human came back to susceptible. The values of this is chosen. Then, we assume that individuals
are recruited into population from birth rate of the total population as a susceptible, that is pp Np,. Then, the
susceptible human has contact with infected mosquitoes bites at rate b that can transfer the disease at chance
Bmp and became infected at rate bﬁmhl%—f% Infected humans will be resistant after vaccination at rate u.Sy,.
In this scheme, waning immunity process caused resistant human back to be susceptible at fuRy,. Infected
human have natural recovery rate from dengue disease, so this will lead to infected human decreasing at
rate 1. It is assumed that all human compartments has natural mortality for each upSh, prln, pnRy. On
the other side, mosquitoes population are requited to the population from natural birth rate w,,N,, as a
susceptible. Then if susceptible mosquito bites infected human at rate b and probability 8;m, so mosquitoes
become infected at rate bﬁhm%. Each mosquitoes compartments decreased from natural death at rate
LSy e Lm - Figure 1 shows the epidemiological scheme between human and mosquito population.

Figure 1: Dengue transmissions between compartments.

Then, the parameters used in this paper are described as in Tabel |

Table 1: Parameters of dengue model.

Parameter  Description Unit Value references
%}L Average lifespan of humans in days 71x365  [14]
Hlm Average lifespan of adult mosquitoes in days 90 [10]
b Average number of bites on humans by mosquitoes  bites per days 1 [13]
Bhm Transmission probability from infected mosquitoes  per bites 0.375 [14]
Bmh Transmission probability from infected humans per bites 0.375 [14]
[14]

. 1
Mh Human recovery rate in days 5
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A simple model of dengue is described by a system of five differential equations:

ds I,
T: = pnNp — (b/Bmh + pn + u) Sh + OuRy,
dly, I,
— = bBmh—5n — Iy,
i ot ", (mn + pn)In
dR
==y +uSh — (Bu+ un) B, (1)
dSm In
Y = m m b m m Sm7
7 I ( B ot )
dl,, Ih
_— = b m - mIm.
o Br h Iz
To simplify the analysis, we normalize the system above by define
s—&i—ir—&s—s—mz Iﬂ )
hiNh’hith hiNh7 miNm}m Nm'
Considering total population of human satisfy
N, = Sp+1,+ Ry,
AN dSu  db  dR, .
dt  dt = dt dt
By substituting equations in Model (1) corresponded with (3), we obtain
dN I, I,
dith = pnNp — <bﬁmh + pn + U) Sh + OuRy + bﬂmhFSh -
h
(1 + pn) I + ﬁhfh + uSp — (Ou+ pp)Rpy
pn(Np = (S + In + Rp))
pn(Np — Np) = 0.
so that IV}, constant. Write
Nn = spNp+inNp + rpNp,
1 = sp+ip+71h,
r, = 1—sp—ip.
Next, mosquitoes population satisfy
Ny = Spm+1y “
dNp, dSy,,  dl,
—_— = — 4+ —. 5
dt dt dt )
Substitute Equations (1) that correspond to (5), so we have
dN,, 1, I,
Gt = = (B s ) St VS

= ,um( m*(SmJFIm))

and we have IV, is constant, write
Nm = SmNm + Z‘777,—]\'7771;

1:Sm+iM7

im =1 — Spy.



CONTROL DESIGN FOR DENGUE FEVER MODEL WITH DISTURBANCE 141

By derivating (2), we have

. imNm
Sh = [bh — (bﬂmh N, + pp + u) sp + Oury,

K Z.'rTL']VTrL .
inh=2>5 m - )
th = bBmn N, sn — (Mn + pn)in ©)

7;h = T]hih —+ uspy — (GU —+ ,uh)rh,
Sm = tm — (bﬂhmih + Nm)smv
’.L'm = bﬁhmihsm — ,umim.
The basic reproduction number R of the system (6) is when the control © = 0. Ry is the key measure
in estimating the ability of a new pathogen to spread. It is defined as the average number of secondary

transmissions from one infected person; when R is greater than 1, the epidemic is growing. The R values
have important implications for disease control. Basic reproduction number of the system given as

R — b2ﬁhm6thm
0= _
Nhulm(,u'h + 77h)

the endemic condition accur when b2 B}, Brn N > Niplon (por, + 11).

The N,, and N}, in equation are a number that represents the total population of mosquito (/V,,) and total
populations of human (NV},) that is a constant, but the term N,, /N, on the normalized systems model is a
proportion. Especially for the simulation, the value of N,,/N}, chosen so that 0 < N,,,/Nj < 1 holds. The
The system (6) above is our basic dengue model that will be used to design a control system that disturbed
in the next section.

3. STATE-DEPENDENT RICCATI EQUATION APPROACH ON DENGUE MODEL WITH DISTURBANCE

In the previous section, the dengue fever model has been constructed. In this section, we will construct
dengue fever model taking into account the presence of the disturbance. This is based on the fact that the
dynamics of the spread of the disease in the population is influenced by various factors from outside and
inside so that the dynamics of the population is disturbed. This disturbance can be caused by measurements
uncertainty of the model that can affect system’s compartments. So, the transfer between each compartment
is selected as the disturbances that represented by a covariance matrix and a random vector as a gain matrix.
Then, the model with disturbances will be solved with State-dependent Riccati Equation (SDRE) approach.

The State-Dependent Riccati Equation (SDRE) strategy has become very popular within the control
community, it has a powerful point that providing a very effective algorithm for synthesizing nonlinear
feedback controls by allowing nonlinearities in the system states while additionally offering great design
flexibility through state-dependent weighting matrices. SDRE is an approximation method with non-linear
system parameterization to linear form. SDRE makes it easy to complete the system without linear because it
is simpler in terms of computation and effectiveness [4]. Then, a feedback controller is designed to optimize
the objective function regarding the disturbances of the system with SDRE approach. In control theory, there
are two control problems that are often used, namely H, control problem and H., control problem. H,
control aims to looking for a controller that stabilizes the system and optimizes the performance of the Hy
[1&] which is a Linear Quadratic Regulator problem (LQR) [16]. While the control H, aims to determine the
controller that minimizes disturbance to the system [6]. In this study, we want a controller that can minimize
the objective function related to reducing the number of infections through vaccination and at the same time
reduce the effects of system disturbances. Therefore, using control problem Hs — H, that accommodates
the combination of performance control Hy and H,. The steps for working on this control design in the
following subsections.

3.1. State-dependent Coefficient (SDC) System
Assume a nonlinear system
i = f(z,u),

7
z = g(x). @
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Each f(x,u) and g(x) are nonlinear functions. Let x € R™ is state system dynamics, an input u € R™,
an output z € RP, the normal random disturbance w € RY. based on [11], the SDRE transform (7) into an
state-dependent coefficient (SDC) system in the following.

& = Ay(z)x + By(z)u + Fy(z)w,

z = Cy(x)x. ®)

The parametization of SDC System (8) must satisfies the pair of { A, (x), B, ()} controllable and {C, (x), A, (z)}
observable for z € (2 so that the closed-loop solution is a local asymtotically stable as explained in [11].

3.2. Dengue Model with SDC Form

Based on the previous subsection, the control design using SDC form. The nonlinear system is transformed
into state-dependent parameterization. Let
" ©)
Firstly, disturbance will be added into the deterministic nonlinear system. We define the disturbances as noise
or statistics error. The disturbance defined as a gain matrix, denoted as F(z) that consist covariance matrix
of probability transfer multiplied by a standard normal random vector w. Adopted from [1] and [12], the
covariance matrix of transition probability obtained from possibilities in changes in the state x for a small
time interval At , assuming at most one change can occur. As mentioned before, the birth rate yuy, increase the
human population, but doesn’t effect other compartments. Assume that in interval time At, s;, — s, + 1, and
the probability of p; = uj, At. Vector transition corresponding to pp is AX = [X; X2 X3 Xy X5]T =
[Asp, Ay Arp Asy, Aim}T =1 0 0 0 O]T. The vector transition and transition probabilities
for each compartment are presented in Table 2.

Define the covariance matrix as

Tr = [Sh I Th Sm  im

10
E[(An)(An) = 3 piAX)(AX)T.
i=1

The gain matrix F' as follow
E[(Az)(Az)]

At ’
with E[(Az)(Az)] is covariance matrix that obtained from the normalized system when u = 0 as derived
in 6 and At is time interval. Then, write

F =

i —Fia 0 0 0
—Fio Fyo —Fy3 0 0
F=| 0 —Fs Fs; 0 0 |, (10)
0 0 0" Fia —Fis
0 0 0 —Fis Fys
with
Fip = pn+ bﬁmhimsth/Nh + UnSh,
Fio = 0BmnimShNm/Nh,
Foo = bBmnimsh N /Nn + (Mn + pn)in,
Fa3 = nuin,
F33 = nnin+ pnra,
Fia = pm+08uminsSm + UmSm,
Fi5 = bBuminsm,

F5,5 = bﬂhmihsm + ,U/mlm
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Let w is standard normal distributed random variable denoted as follow
w = [wl Wy W3 W4 w5]T . (11)

In this paper the dengue model with disturbance constructed by adding disturbance matrix F'(x)w to the
model (6), written by

. ZmNm
Sp = un — (bﬂmh N + pn + U> sp + Oury, + Fijwr — Fiowo,
h
. 2 IV, .
ih = bﬁmhimth sp— (M + pn)in — F1 0wy + Foows — Fy 3ws, (12)

o= Nnin + usp — (Ou+ pp)rn — Fozws + F 3ws,
Sm = tm — (Bhmin + Wm)Sm + Fiaws — Fy sws,
im = OBhminSm — mim — Fasws + Fs sws.
From this system, a feedback control scheme using State-Dependent Riccati Equation (SDRE) will be de-

signed. First, we transform Model (12) to state dependent coefficient (SDC) form. By algebraic manipulation,
the SDC system with disturbance from (12) written as follow

&= A(z)x + B(z)u + F(x)w, (13)
with
_bﬁmhlmNm/Nh Hh Uh 0 0
0 —Nh — Hh 0 0 bBmnsn N /Np
Az) = 0 h —[in 0 0 ; (14)
0 0 0 —bBhmin Hm
_bﬁhmsm 0 _bﬁhmsm bﬁhm —Hm
—sp, + 07y,
0
B(z)=| sp—0ry |, (15)
0
0
F(z)=F.

In the next section, we will construct a control problem of model with disturbance then the problem will be
solved by a mixed H, — H,, with SDRE approach adapting a proposed performance criteria from Wang,
et.al. [16].

SDC
Model SDRE
system

A\ 4

( State feedback
controller

Figure 2: Control design scheme.
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Table 2: Transition vector and probability.

Transition Vector Transition Probabilities

AX;=[1 0 0 0 0"

p1 = prAt

AXp=[-1 1 0 0 0 pgzbﬁmhimNIZmAt

AX;=1[0 -1 1 0 0]7 ps=nuinAt
AXy=[0 0 0 —1 117 ps=0bBuminsmAt

AXs=[-1 0 0 0 0]" ps=punsnAt

AXe=1[0 -1 0 0 0]" ps=pninAt
AX:=1[0 0 -1 0 0" pr=praAt
AXs=1[0 0 0 —1 0]" ps=pmsmAt
AXg=1[0 0 0 0 —1]" po= pmimAt

AXwp=[0 0 0 1 0" pio=pnAt

3.3. H, — H,, Control Design with SDRE

In this section, we will apply the methods to form a controller that minimizes the infected human and
reducing the disturbance. In general, step we use to design the control is shown at Figure 2. The objective
of Hy control problem is to find the controller that stabilizes the system and optimizes Hs performance [18]
that has linear quadratic regulator (LQR) problem [16]. Besides, the objective of H,, control problem is
to find the controller that minimizes disturbance of the system [0]. The disturbance reduction implying the
H, control that is ensure the stability of the system and and guarantees the gain bounded by 6 [16]. To
get a mixed Hy — H,, with SDRE approach, Wang et. al in [16] define a mix performance criteria for the
controller.

Desired objective for this control problem is the decreasing of infected human 75, so the output y of this
design is given by

y =1ip = C(a)z, (16)

with
Clz)=[0 1 0 0 0].
It is shown in Appendix that A(z) , B(x) , and C(x) satisfies the pair {A(x), B(x)} controllable and

{C(z), A(x)} observable in D = {x € R®|z # 0}. We aim to minimizes the infected human through
vaccination and a proportion of susceptible human vaccinated so that the susceptible become resistant, that

is Hy performance that denoted by LQR problem fOT(u2 + s? 4 i%)dt. in SDC form, can be written by

T
/ 27 Q(z)x + u” Rudt, 17
0
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with
R=1, (18)
1 0 0 0O
01 0 0O
Qz)=10 0 0 0 O (19)
0 00 0O
0 00 0O

Next, the feedback controller should reduce the disturbance in the system. Therefore, in this study, the
control must satisfies H., performance criteria problem. To find a feedback controller that accommodates
Hs in (17) and H, and (26) performance by SDRE. Assume that the controller is a state feedback, that is

u=K(z)x. (20)
The state feedback gain K (x) will be designed so the close-loop system
Ac(z) = Ay(z) + Bu(z)K (2), 21
is asymtotically stable. Given a Lyapunov function
V =2TP(z)z <0, (22)
P(z) <0 is a function that satisfies the following performance criteria
V= 27 Q(x)x +u" Ru+ 272 — y*wTw <0, (23)
V(T) + /T[scTQ(:L’)x +ul Ru+ 272 — v*wTw)dt < V(0). (24)
0

Q(z) is a positive semi-definite matrix and R is positive definite matrix. Note that fOT 27 Q(z)x + v’ Rudt
in the (24) represents Ho performance in (17), an LQR control problem that always a semi-definite positive.
For V(0) =0 and V(T') > 0,

T T
/ 2Tadt < / ’wadet, (25)
0 0

or

(1)

sup
||w]| |20 HwH%

Inequality (26) is a H., control objective that presented by Wang, etc (2017). From Lyapunov function (22),
System (13) and Control (20), and by simplifying the notation by drop the argument x, performance criteria
(23) become

2T P(Az 4+ BKx + Fw) + (Az + BKz + Fw)T Pz + 27 Pz + 27 Qu
+2T' KTRKz + 27 CTCx — »*wTw < 0.

By schur complement and ensure the stability of the system by setting the quadratic function (22), the
state-feedback gain K(z) = K in (20) derived as follow

K=-R'B"P,

27

and P is positive definite solution of SDRE
0=PA+ATP+Q+CTC+~2PFFTP - PBTR'BTP.

The control is a proportion of susceptible human that decides to vaccinate at time ¢, so u value lies between
(0 <u < 1). To ensure the controller u satisfies this limitation, therefore the optimal feedback controller is

u* = min(1, maks(u,0)) = min(1, maks(Kz,0)). (28)

Note that if Q(x) = 0 and R = 1, this feedback gain controller above satisfies th H, controller proposed
by Hammet in [7].
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4. SIMULATION

In this section, we present the numerical results of mixed Hy — H, control with SDRE for dengue model
with disturbance. The simulations were carried out using a chosen # = 0.05 that represents proportion of
resistant who come back to susceptible at time t and initial value of state iS (sp,0,%h,0,Th,05 Sm,05 4m,0) =
(0,9;0,1;0;0,8;0,2) for 200 days observation. In this numerical simulation three cases are chosen to see

0.25 T T T T T T T

without control
with Hy-H__ control
~

with H__ control
s

02

Infected Human
[
o

o

0.05

60 80 100 120 140 160 180 200
Days

Figure 3: Infected Human.

how the mixed control behave on decreasing the infected human, that is Hy — H., control, H,, control
and without control. The comparison of infected human compartment with H, — H,, control, H,, control
and without control for showed in Figure 3. Then control is given in Figure 4. It shows from Figure 3 that
the mixed Hy — H, control can reduce the infected human more effective than H., control because it is
associated by H, performance to optimizes the objective from ancient time. The difference of Ho — H,, and
H . control effectiveness is caused by its value that is showed by Figure 4. H, — H, control has more effort
that have to use full control at the beginning to decrease the infected human as in Figure 3. Besides, H,
control has a lower initial value, that is 0.2067. Along the period, Ho — H, and H., control have similar
dynamic that is from initial value it decrease to zero, then become full at 15th-17th days associated with the
peak of infected mosquitoes peak and then dramatically decreasing to zero. The increasing of the control can
be seen as second preventive step against infected mosquito because in this work we assume that vaccinated
individuals go back to susceptible.

Next, the disturbance reduction effectiveness of control can be evaluated by comparing value difference
each two iteration. We wish that the population dynamic doesn’t have big difference or noise at each time in
order to have less randomness and the system be more precise. The less jumping value means less disturbance.
The difference of each two value per iteration for infected human compartment given in Figure 5. It can be
seen from Figure 5 that each of Hy — H,, and H, control con reduce the disturbance in general. Then, the
maximum difference value can be reduced by 53.42%using Hy — H, control and 16.46% using H, control.
So, the mixed Hy — H control effectively decrease both of infected human and maximum disturbance effect
than H,,. SDRE and H; — H, are quite common method in engineering, but it performance can be used
in epidemiological case and interpret the dynamics well.
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5. CONCLUSION

Dengue fever has become world health problem in recent decades. Due to the limitation of vector control,
dengue vaccine plays an important role in disease eradication and its development has become a major advance
to control the disease. Vaccination program aims to reduce the prevalence of dengue disease. Vaccine assumed
to be imperfect, that is give temporary protection. Furthermore, the vaccine control is defined as a new control
variable that represents the proportion of susceptible human that decides to vaccinate at each time. In the
third part of the paper, considering that the disease transmission can be disturbed by measurement uncertainty
of the model that can affect system’s compartments. the disturbance is defined by a gain matrix that consist
covariance matrix transition probabilities between compartments multiplied by a random vector. Then, in
order to decrease the infected and disturbance, a mixed Hy — H,, control with SDRE method for dengue
model is derived. Based on simulation result, this control effectively decrease both of objective, and its
performance is better than H., control. With this control scheme, control is given two times in infection
period. The first is to reduce the infected human and the second is to prevent second infection from infected
mosquito because the vaccine is short-time protection.

ACKNOWLEDGEMENT
Parts of this article were funded by research grant.

REFERENCES
[1] Allen, L.J.S., An introduction to stochastic processes with applications to biology 2nd edition, Texas, CRC Press: Taylor and
Francis Group, pp. 415-417, 2010.

[2] Cattand, P., Desjeux, P., Guzman, M.G., Jannin, J., Kroeger, A., Médici, A., Musgrove, P., Nathan, M.B., Shaw, A. and Schofield,
C.J., Tropical diseases lacking adequate control measures: dengue, leishmaniasis, and African trypanosomiasis, Disease Control
Priorities in Developing Countries, pp. 452-466, 2006.

[3] Centers for Disease Control and Prevention (CDC), cdc.gov/vaccines/vpd.dengue/public/index.html (accessed 2th October 2022).

[4] Cimen, T., State-dependent Riccati equation (SDRE) control: a Survey, Proceedings of the 17th World Congress the International
Federation of Automatic Control, Seoul, 41(2) pp. 3761-3775, 2008.

[5] Derouich, M., Boutayeb, A., and Twizell, E.H., A model of dengue fever, BioMedical Engineering Online, 2(1), pp. 1-10, 2003.
[6] Doyle, J.H., Glover, K., Khargonekar, P., and Francis, B., State-space solution to standard H2 and H, control problems, IEEE
Transactions on Automathic Control, 34, pp. 831-847, 1989.
[71 Hammet, K.D. , Control of nonlinear systems via state feedback state-dependent riccati equation techniques, Disertation, Air
University, 1997.
[8] Keeling, M.J. and Rohani, P. , Modeling infectious disease in human and animals, Princeton, Princeton University Press, 2008.
[9]1 Lahodny, Glenn and Zevika, Mona,The Effects of Fogging and Mosquito Repellent on the Probability of Disease Extinction for
Dengue Fever, Commun. Biomath. Sci., 4(1), pp. 1-13, 2021.
[10] Leleury, Z.A., Lesnussa, Y.A., Bension, J.B., and Kakisina, Y.S. , Analisis stabilitas model SIR (susceptible, infected, recovery)
pada penyebaran penyakit demam berdarah dengue di Maluku, Jurnal Matematika, 7(2), pp.144-158, 2017.
[11] Mracek, C.P. and Cloutier, J. R., Control design for the nonlinearbenchmark problem via the state-dependent Riccati equation
method, International Journal of Robusst and Nonlinear Control, 8(4-5). pp. 401-433, 1998.
[12] Ndanguza, D., Mbalawata, A.S., Nsabimana, J.P., Analysis of SDEs applied to SEIR epidemic models by extended kalman filter
method, Applied Mathemastics, 7(17), pp. 2195-2211, 2016.
[13] Newton, E.A. and Reiter, P., A model of the transmission of dengue fever with an evaluation of the impact of ultra-low volume
(ULV) insecticide application on dengue epidemics, Am J Trop Med Hyg, 47(6), pp. 709-720, 1992.
[14] Rodrigues, H.S., Monteiro, M.T.T., and Torres, D.F.M., Vaccination models and optimal control strategies to dengue, Mathematical
Biosciences, 247, pp. 1-12, 2013.
[15] Thisyakorn, U and Thisyakorn, C., Latesy development and future directions in dengue vaccines, Ther Adv Vaccines, 2(1), pp.
3-9, 2014.
[16] Wang, X., Yaz, E.E., Schneider, S.C., and Yaz, Y.I., Ho — Hoo control of continuous-time nonlinear systems using the state-
dependent riccati equation approach, System Science and control Engineering, 5(1), pp. 224-231, 2017.

[17] World Health Organization (WHO), https://www.who.int/news-room/fact-sheets/detail/dengue-ans severe-dengue (accessed 10th
October 2018) and http://www.searo.who.int/entity/vector-borne-tropical-diseases/data/data-factsheet/en (accessed Ist August
2019)

[18] Yu, Ningbo and Qiu, Li , A mixed H2 — H control problem with controller degree constraint, Proceeding of the 45th IEEE
Conference on Decision and Control Problem, San Diego, pp. 5365-5370, 2006.

[19] Ndii, Meksianis Z. , A Game Dynamic Modeling Framework to Understand the Influence of Human Choice to Vaccinate or to
Reduce Contact with Mosquitoes on Dengue Transmission Dynamics, Commun. Biomath. Sci., 4(1), pp. 65-80 65, 2021.



CONTROL DESIGN FOR DENGUE FEVER MODEL WITH DISTURBANCE

A.1.Controllability

APPENDIX

Simplify A(z) and B(z) in (14) and (15) as

with

a1 HUh  Hh 0 0 by
0 a9 0 0 as 0
A(I) =10 Nh  —Hh 0 0 7B(m) = —b1
0 O 0 ag  fm 0
as 0 as ag  —Um 0
a _ bﬁmhImNm
1 - Nh
a2 = —Th— Mn
a _ bIBthth
3 - Nh
ay = —bBumin
as = _bﬂhmsm
ag = bBnm
by = —sp+ 97"h

Controllability matrix for system in (13) is

Ctrb

with
w1
)
w3
Wy
Ws
We
wr
ws

Wy

[B(z) A(x)B(z) A*(x)B(z) A(x)B(z) A'(z)B(x)]

bl w1 w2 ws Ws
0 0 0 aias a5b1 We
N A 13 by wy
0 0 0 Umaiasb;  ws
0 0 aias b1 Wy W9
arb; — /Jhbl

aiby — (a1pn — piy )by

atby — (afpn — avpj, — pj)by

(a1a5 — pimas) (@1 — fm)b1 + pnpmasby

(a} + pnasas)(ar — pn)b1 + (aipn — arpy, — piy + prasas)by
(arazas + (azaz — agpim)as)(ar — pn)by — arazasby
(a1azasny)aiby — ppby

(araspim + (@aptm — p2,)as)aiby — fimpnaiasby

((aras — aspim) (a1 — pn) + (aspin + 1o, as) (a1 — pn)by
(((a1 = pn)br) n + pnpimas + (aspin + pi,)as) pnbi

By Gauss Elimination, we get
by wi wo ws ws
0 wpbi+wi —piby +we pib+ws ws+wr
ctrb = |0 0 ayasby Wy Wy
0 0 0 Hmaiasby ws
0 0 00 o —azug

Note that the ctrbd’ matrix has a full rank in domain D =

controllable in D.

Hm,

{x € R%|lz # 0}. Therefore, {A(x),

149

B(x)}
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A.2.0bservability
The observability matrix for system in (13) is given as

C(x) O 1 0 0 0
C(z)A(x) 0 a O 0 0
Obsrv = |C(2)A%*(x)| = |azas a? azas aszas asaz — pmas
C(x)A3(x) v Uy U3 o Vs
C(z)A*(x) ve U7 U Vg 010
with
vy = (a1a3 + agas — asfiy)as
vy = ppasas + aj + aza — 5y
vy = (a2a3 — a3fim )05
ve = (asaq+ azaz — aspim)ae
vs = a3az+ azaeim — (a2a3 — azpim)fim
ve = (aras+ asas — asfiy)aias + (a3a3 + azagpim — (A2a3 — a3 ) fim )05
v; = (a1as + agaz — aspim)aspn + (Lnasas + a3 + agasny)ag + (a2a3 — asfim)asmn
vs = (a1a3+ a2az — aspim)a — Spp — (a2as — azpim)aspn + (a3as + azagim — (a2a3 — azfim)fm ) as
vg = (asay + asaz — asfiy)asas + (a3a3 + azagpim — (A2a3 — a3fim ) fim )06
vio = (Mnazas + a% + asasny)as + (a3as + a2a3 — azfim)aefim — (agas + azagfim — (a2a3 — a3fim) fhm )

Using Gauss Elimination, we get

2
azas  Aas azas azae a20a3 — Umas
0 ag 0 0 as
Obsy = 0 0 v1 + U3 Wsﬂ;svl% o
0 0 0 (6%) (6%
0 0 0 0 — 43
az
where
o A205V5 + A2V1 by, — Q34502
1 =
a20as5
o — as5(v1vg + v3vg — V4vs — V4V8) + a6 (v1vs — V3Vg)
5 =
a5(v1 —+ ’Ug)
1
a3 = —————(a2a5v1v10 + a2a5V3V10 + UmA5VU3V6 — A3G5V3V7 — A30A5V5V7 — G2A5U5V7 — G205V508

azas(vy + v3)
—  lm@2V10g + 3a5V2U8 — A2A5V2V6 + A305V2V6)

The matrix Obsv above has full rank in domain D = {x € R5|z # 0}. Therefore, {C(z), A(x)} observable
in D.
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