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Abstract
Rotary drums equipped with longitudinal flights are mainly used to dry granular solids and handle high throughputs. The 
design of the flights is a crucial task because they decisively influence the distribution of the particles over the dryer cross 
section. In a previous work, the authors derived a mathematical model for the particle flow in rotary drums with rectangular 
flights. In this model, the final discharge angle was underpredicted resulting in errors when calculating the contact area of 
the particles in the air-borne phase. Therefore, a new model was developed in this study to predict the final discharge angle 
based on a forces balance approach on a single particle. This approach includes the Coriolis force acting on the last discharg-
ing particles sliding down the inclined flight sheet. The model was solved by using the vector analysis method. Experiments 
were performed at rotary drums with 0.5 m and 1.0 m in diameter, respectively, and 0.15/0.3 m in length using glass beads 
and quartz sand as bed materials. Each drum was equipped with 12 flights around the shell. The model validation was per-
formed by varying the bed material, drum diameter, flight length ratio, and the rotating speed. The model predictions have 
shown that as the flight length ratio and the Froude number increased, the final discharge angle attained higher values. The 
model predictions agree well with the measurements.

Keywords  Rotary drum · Flights · Transverse particle motion · Forces balance model · Vector analysis · Final discharge 
angle

List of symbols
dP	� Particle diameter (m)
D	� Drum diameter (m)
fD	� Drum filling degree (−)
FF	� Frictional force (N)
FG	� Gravitational force (N)
FN	� Normal force (N)
Fx	� Force in x direction (N)
Fy	� Force in y direction (N)
Fr	� Froude number (–)
FrC	� Critical Froude number (–)
g	� Acceleration due to gravity (m/s2)

hF	� Height of fall (m)
i⃗	� Unit vector along the rotating x axis (–)
I⃗	� Unit vector along the x axis (–)
j⃗	� Unit vector along the rotating y axis (–)
J⃗	� Unit vector along the y axis (–)
l1	� Radial length of the flight (m)
l2	� Tangential length of the flight (m)
l2/l1	� Flight length ratio (–)
L	� Drum length (m)
mP	� Particle mass (kg)
n	� Rotational speed (rpm)
nF	� Number of installed flights (–)
o	� Intersection of the radial and tangential flight 

length (–)
oxy	� Coordinates of a rotating frame (–)
O	� Coordinate of the drum center (–)
OXY	� Coordinates of a fixed frame (–)
r⃗	� Position vector of the particle (–)
r⃗H	� Position vector of the origin (–)
rH	� Distance from the drum center to l1 (m)
rHS	� Distance from the drum center to the tip of the 

flight (m)
rP	� Particle radius (m)
R	� Drum radius (m)
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x∗
P
	� Dimensionless x coordinate of the particle 

related to the drum radius (–)
y∗
P
	� Dimensionless y coordinate of the particle 

related to the drum radius (–)

Greek letters
α	� Flight angle, (rad) see Fig. 4
αtan	� Angle of the tangential flight length to the hori-

zontal (rad)
β	� Flight angle, (rad) see Fig. 4
γ	� Kinetic angle of repose (rad)
γL	� Kinetic angle at the final discharge point (rad)
δ	� Discharge angle (circumferential position of the 

flight) (rad)
δL	� Final discharge angle (circumferential position of 

the flight at the final discharge) (rad)
δL,exist:	� Final discharge angle according to an already 

existing model (rad)
θ	� Dynamic angle of repose (rad)
μ	� Coefficient of friction (–)
μW	� Particle–wall friction coefficient (–)
ρB	� Bulk density (kg/m3)
�i	� Particle–particle (internal) friction angle (rad)
φW	� Particle–wall friction angle (rad)
χ	� Circumferential position of the radial flight 

length (rad)
χinit	� Initial circumferential position of the radial flight 

length (rad)
ω	� Angular velocity (rad/s)

1  Introduction

Rotary drums installed with internal flights are most com-
monly used for drying or cooling of solids. The rotary drums 
are slightly inclined towards the horizontal and rotate around 
their own axis, while the wet feed is passed at the upstream 
end and the dried product is collected at the discharge end 
[1, 2]. These drums are fitted with a series of flights attached 
to the inner shell to distribute the solids across the free gas 
zone [3–6]. Three different phases of particle motion are 
identified in the drum cross section: flight borne solids, 
airborne solids, and dense phase of the bed at the bottom 
of the drum. The efficiency of the drum mainly depends 
on the extent of gas-solids contact in the airborne phase, 
which is mainly influenced by the flight design [7, 8]. The 
flight design determines the amount of material and its 
distribution in the airborne phase, which depends on the 
solids unloading rate of the flights and the final discharge 
angle (δL) [9–11]. Various studies were performed on the 
solids unloading rate thoroughly [12–21]. In previous stud-
ies, Sunkara et al. [9, 15] measured and modelled the flight 
filling degree and thus the flux of particles from a flight. So 

far, only a limited number of studies exist on the prediction 
of the final discharge angle, which is the angular position of 
the flight where the last particle leaves the flight sheet. How-
ever, the final discharge angle has significant importance for 
determining the quantity of particles in the airborne phase. 
As Sunkara [11] and Sunkara et al. [9, 15] have shown, the 
flight cascading rate and the height of fall of the particles 
are still at a high level in the final discharging range of the 
flights, depending on the flight length ratio l2/l1. Both param-
eters strongly affect the particle concentration in the cur-
tains and, thereby, the heat and mass transfer in this part of 
the drum cross-section. The final discharge angle depends, 
among others, on the flight length ratio and the rotational 
speed, as can be seen in Fig. 1. The final discharge angle 
increases with both the flight length ratio and the rotational 
speed.

The surface of the packed bed in the flight is inclined to 
the horizontal by a certain angle. This angle depends on the 
circumferential position (δ) of the flight [10] and must there-
fore be distinguished from the dynamic angle of repose Θ of 
the bed at the bottom of the rotating drum, which is nearly 
constant in the rolling regime [22]. This angle of repose in 
the flights is referred to as the kinetic angle of repose (γ). 
Due to the continuous rotation of the drum, the orientation 
of the flight changes depending on its circumferential posi-
tion. This is illustrated in Fig. 2. In the case of L-shaped 
flights, the tangential part of the flight is oriented vertically 
(αtan = π/2) after it has left the packed bed (δ = 0 + α). Here, 
α is the angle formed from the center of the rotary drum to 
the respective end points of the tangential flight sheet and 
thus depends on the flight length ratio. When the flight is at 
the top of the drum (δ = π/2 + α), the tangential portion of 
the flight is aligned horizontally (αtan = 0).

From this point, the angle of the tangential flight surface 
to the horizontal increases again. When the kinetic angle of 
repose of the particle bed in the flight is reached (αtan = γ), 
the final discharge takes place, which is illustrated in Fig. 3.

Based on the mathematical model from Schofield and 
Glikin [23] for calculating the kinetic angle of repose, Glikin 
[16] supposed that the flight empties when it is opposite to 
the bed at the bottom of the drum and the tangential flight 
sheet is in parallel to the surface of the bed. This approach 
was used by many authors [12, 24–26] to model the kinetic 
angle of repose. However, the final discharge angle also 
greatly depends on the rotational speed, and thus the Froude 
number, as well as on the flight length ratio/flight geometry 
[27], which has not been considered in the previous model 
of Schofield and Glikin.

The aim of the present work is to develop a mathematical 
model for predicting the final discharge angle of rectangular 
flights. For it, a balance of forces was derived on a single 
particle, which was solved using the vector analysis method. 
In this approach, the Coriolis force was included for the first 
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time acting on the last discharging particles sliding down 
the inclined flight sheet. To validate the model, particle flow 
experiments were conducted at flighted laboratory drums 
using two different bed materials (glass beads and quartz 
sand). Besides the bed material, the influence of the geomet-
rical parameters drum diameter and flight length ratio and 
the operational parameter rotational speed was investigated.

2 � Modelling the final discharge angle

2.1 � Particle discharge from the flight

The dimensionless parameters used in this study for the 
rotary drum with rectangular flights are described as 

follows. The flight's radial (l1) and tangential length (l2) 
are the typical flight dimensions as shown in Fig. 4.

The effective dimensionless radial distance (rH) of the 
flight is given by

where R is the radius of the drum. The characteristic angle 
made by the tangential flight length (l2) to the effective 
radius of the flight (rH) is

The ratio between l2 and l1 is given as

The flight tip radius (rHS) is defined by the following 
equation

The Froude number (Fr) relates the centrifugal force act-
ing on the particles in the rotary drum to the gravitational 
force as

(1)
rH

R
= 1 −

l1

R
,

(2)tan � =
l2

rH
.

(3)tan � =
l2

l1
.

(4)rHS =
rH

cos �
.

Fig. 1   Final discharge angles 
(δL) and measured flight filling 
degree versus circumferential 
flight tip position presented at 
different flight length ratios l2/l1 
for drum diameter 0.5 m, 20 % 
filling degree, rotational speed 
2 rpm, bed material 4 mm glass 
beads. The derivation of the 
flight filling degree provides 
the cascading rate of the flight. 
Both were modelled by Sunkara 
et al. [9, 15]
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Fig. 2   Changing inclination (αtan) of the tangential flight sheet in 
dependence on the circumferential position (δ)
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where ω is the angular velocity of the drum. In bulk mechan-
ics, the angle of repose is known as the surface angle of a 
bed material, which is generated with the horizontal while 
forming a heap on a flat ground. While in a rotating drum, 
the surface angle formed by the bed material to the horizon-
tal is termed as the dynamic angle of repose (Θ). In con-
trast to that, in flighted rotating drums the kinetic angle of 

(5)Fr =
�2R

g
,

repose (γ), which is formed by material in the flight with 
the horizontal, moreover depends on the flight’s circumfer-
ential position (δ). According to Schofield and Glikin [23], 
the particles rolling down the surface of the particle bed in 
the flight are influenced by gravitational, centrifugal, and 
frictional forces. From this forces balance, the kinetic angle 
of repose is calculated as

where the coefficient of friction between the particles μ was 
assumed to be the tangent of the “angle of repose” [23]. The 
inertial forces acting on the moving particles based on New-
ton’s second law and the Coriolis force were neglected. In 
Eq. (6), the kinetic angle γ approaches the (dynamic) angle 
of repose as the Froude number approaches to zero. The 
unloading of the flight occurs immediately after the flight 
is fully saturated by the bed material and it ends at a certain 
position—the final discharge angle (δL < π).

2.2 � Existing final discharge angle model

For a proper design of the drying or cooling process, the 
material-dependent discharging behavior of the flights must 
be known which includes a correct prediction of the final 
discharge angle. The target is that the particle curtains cover 
the entire cross section of the drum. As was shown by Sunk-
ara [11] and Sunkara et al. [9, 15], the flight cascading rate 
and the height of fall of the particles are still at a high level 
in the final discharging range of the flights, depending on 

(6)tan � =
� cos � + Fr

(
rH

R

)
(cos � − � sin �)

cos � − Fr
(

rH

R

)
(sin � − � cos �)

,

Fig. 3   Increasing angle of the 
tangential flight sheet to the 
horizontal αtan; as the kinetic 
angle of repose is reached 
(αtan = γ), the final discharge 
takes place αtan ≈ 0°

γ ≈ 25°

αtan ≈ 2°

γ ≈ 19°

αtan ≈ 7°

γ ≈ 14°

αtan ≈ 9°

γ ≈ 12°

αtan ≈ 10°

γ ≈ 11°

αtan ≈ 11°

γ ≈ 11°

αtan ≈ 11.5° αtan ≈ 12° αtan ≈ 12.5°

γ ≈ 11.5°

Fig. 4   Schematic diagram of a flighted rotary drum and the relevant 
geometric parameters; three circumferential regions (R-I/R-II/R-III) 
are distinguished with regard to the discharge behavior of the flights, 
figure taken from [9, 15]
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the flight length ratio l2/l1. Both parameters strongly affect 
the particle concentration in the curtains and, thereby, the 
heat and mass transfer in this part of the drum cross-section. 
Hence, the prediction of the final discharge angle is of high 
relevance affecting the process and product quality after all. 
It depends on several parameters, such as the flight profile, 
rotational speed, and bed material properties. As described 
by Kelly [28], for a complex flight configuration like equal 
angular distribution (EAD), the kinetic angle of repose can 
be higher. The higher this angle, the higher is the number of 
particles contacting the hot gas.

Towards the point of final discharge, the amount of mate-
rial in the flight is getting lower and lower, reaching a single 
layer in the final stage. This can be expected when the bed 
material has free-flowing behavior as is clearly visible in 
Fig. 3 for glass beads. In this stage, it is assumed that the 
particles are only subjected to frictional forces between the 
particles and between particles and the flight sheet as well as 
to collisional stresses between them. The particles roll/slide 
over the flight sheet surface under such conditions. Princi-
pally, the flight empties at a point given by the following 
equation [6, 16, 29, 30]

where the kinetic angle at the final discharge point was 
assumed to be �

(
� = �L,exist

)
= Θ by these authors.

Knowing that, besides the flight geometry and Froude 
number, the kinetic angle of repose γ varies in dependence 
on the angular position δ of the flight. Mellmann and Specht 
[31] concluded that, even at the final discharge point, the 
kinetic angle cannot be a constant as assumed in previous 
studies. They supposed that, at the final discharge point, 
the kinetic angle �L is a function of the flight geometry and 
the Froude number as well. For this reason, they extended 
Eq. (7) for the final discharge angle as

According to this approach, both angles—the kinetic angle 
�L and the angular position of the flight at the final discharge 
point �L,exist—depend on each other. In order to calculate 
these values, two equations are required. By inserting Eq. (8) 
into Eq. (6) as

Mellmann and Specht [31] obtained an equation for �L . 
Equation (9) can be solved only by iteration procedure. 
After calculation of �L , the final discharge angle �L,exist can 
be determined from Eq. (8).

(7)�L,exist =
�

2
+ � + � ,

(8)�L,exist =
�

2
+ � + �L.

(9)

tan�L =
�cos� + Fr

(
rH

R

)[
cos

(
π∕2 + � + �L

)
− �sin

(
π∕2 + � + �L

)]

cos� − Fr
(

rH

R

)[
sin

(
π∕2 + � + �L

)
− �cos

(
π∕2 + � + �L

)]

2.3 � Extended model for the final discharge angle

2.3.1 � Assumptions

During the period of final discharge, the bed height in the 
flight decreases as the holdup of the flight tends to zero. 
As a result, the material in the static bed of the flight flow-
ing into the active layer continuously decreases, which then 
leads to lower cascading rates. At a certain point, no active 
layer forms any more near the bed surface, and the material 
starts flowing down the inclined flight sheet as a whole in a 
diluted sliding or slipping layer. Finally, the thickness of this 
layer reduces to a one-particle layer (Fig. 3). A balance of 
forces was derived acting on the last discharging particle of 
this layer, which considers the Coriolis force. The following 
assumptions are made for the subsequent modeling:

–	 a simplified macroscopic model is developed,
–	 a single layer of particles flows down the inclined flight 

sheet,
–	 the particle–particle (internal) friction angle was assumed 

to be nearly equal to the dynamic angle of repose �i ≈ Θ , 
which is only valid for free-flowing non-cohesive bulk 
materials [32],

–	 for a rough estimation, the particle–wall friction angle φw 
was assumed to be equal to the particle–particle friction 
angle (�w ≈ �i) , which is valid for fine materials [32],

–	 no rolling friction between the particle and the flight 
sheet is considered, as for the used glass beads the coef-
ficient of rolling friction on steel flights is negligibly 
small compared to the dynamic particle–wall friction 
coefficient [33] and

–	 the initial condition from the previous model is applied 
for this model.

For microscopic models using DEM, see Komossa et al. 
[33, 34] and Zhang et al. [35].

2.3.2 � Rotating flight frame of reference

Consider a layer of particles on the flight surface that are 
ready to slide downwards to the flight tip as shown in Fig. 5.

Hence, the final discharge angle can be determined by 
predicting the position of the last particle (P) that leaves 
the flight surface. Consider oxy being a rotating frame of 
the flight which is moving around a fixed frame OXY. In 
Fig. 5, 'o' is the intersection of the radial (l1) and tangential 
sheet (l2) of the flight, and 'O' is fixed at the center of the 
drum. Let I⃗ and �⃗J be the unit vectors along the X and Y 
axes, and i⃗ and j⃗ are the unit vectors of the x and y axes. r⃗ is 
the position vector of the particle (P), and χ represents the 
circumferential position of the radial flight sheet. Based on 
the vector analysis, which is specified in the appendix, and 
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using Newton's second law of motion, the sum of the forces 
acting on a particle is expressed as

expanding the fourth term in this equation as 
� ×

(
� × r⃗

)
=
(
� ⋅ r⃗

)
� − (𝜔 ⋅ 𝜔)r⃗ = −𝜔2r⃗ 

(
� ⋅ r⃗ = 0

)
 . By 

substituting the above equation and Δ�
Δt

= �̇ in Eq. (10), the 
final form of the forces balance equation becomes

The second and fourth terms in the right-hand side of 
Eq. (11) represent apparent forces, where −2mp

(
� ×

Δ⃗r

Δt

)
 is 

called Coriolis force and −m
p
�
2
⋅ r⃗ represents the centrifugal 

force. To an observer at the moving frame, the Coriolis force 
acts perpendicularly to the direction of the moving object. 
Whereas the third term in the equation becomes ( �̇ = 0 ), 
since the rotating frame of the flight is moving at a constant 
angular velocity.

2.3.3 � Describing the relative motion between particle 
and flight

Now, the equations are applied to the problem of particle 
sliding over the rotating flight. Let xp and yp represent the 
position of the particle relative to the moving frame of the 
flight. Assuming that the particle always contacts the flight 

(10)

∑
F⃗ = mp

[
𝛥2 r⃗

𝛥t2
−

(

� ×
𝛥r⃗

𝛥t

)

−

(

� ×
𝛥r⃗

Δt

)

−
(
𝛥�

𝛥t
× r⃗

)
+
(
� ×

(
� × r⃗

))
]

,

(11)
∑

F⃗ = mp

[
𝛥2r⃗

𝛥t2
− 2

(

� ×
Δr⃗

Δt

)

−
(
�̇ × r⃗

)
− �

2r⃗

]

.

sheet surface, yp = rp, where rp is the radius of the particle, 
leeds to the following expression

which results form of Eq. (27) (see Appendix). The sum 
of forces acting on the particle sliding over the flat surface 
inclined to the horizontal can be represented as

Therefore, by resolving the forces components from 
Fig. 6 that act on the particle as it glides over the flight 
surface, we get

where FG is the gravitational force and FF and FN are the 
frictional and normal forces, respectively, acting on the par-
ticle. Simplifying Eqs. (11), (12) and (13) results in

The above equation is resolved into the respective 
components

(12)r⃗ = xpi⃗ +
(
yp + rH

)
j⃗;
𝛥r⃗

𝛥t
= ẋpi⃗ + ẏpj⃗ = ẋpi⃗;

𝛥2r⃗

𝛥t2
= ẍpi⃗,

(13)
∑

F⃗ =
∑

Fxi⃗ +
∑

Fyj⃗.

(14)

∑
Fx = −

(
FG cos� − FF

)

∑
Fy = −

(
FN − FG sin�

)
,

(15)

∑
Fxi⃗ +

∑
Fyj⃗ = m

(
ẍpi⃗ − 2𝜔ẋpj⃗ − 𝜔2

(
xpi⃗ +

(
rp + rH

)
j⃗
))

.

(16)

∑
Fx = mp

(
ẍp − 𝜔2xp

)

∑
Fy = mp

(
−2𝜔ẋp − 𝜔2

(
rp + rH

))
.

Fig. 5   Schematic of the rotating 
frame of a flight. a Geometric 
properties at the moment of 
the final discharge. b Final 
discharge and last particle (P) at 
the flight with a tangential com-
ponent (l2 > 0), c final discharge 
and last particle (P) in a flight 
assumed without a tangential 
component (l2 = 0)
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Substituting Eq. (14) in Eq. (16) and rearranging the terms 
leads to

Following Coulomb’s law for the relation between 
the friction and normal forces and Eq.  (17) as well as 
ẍp =

Δ2xp

Δt2
 ; ẋp =

Δxp

Δt
 ; μw as the particle–wall friction coef-

ficient (μw = tan φw) and Δt = Δ�

�
 results in 

Divide the above equation with (ω2R) to convert it into a 
dimensionless form to finally get

where x∗
p
=

xp

R
 . Equation (19) is valid when the length of the 

tangential sheet of the flight is l2 > 0 (see Fig. 5b). However, 
a similar equation can be developed for the case of a drum 
with radial flights with l2 = 0 (see Fig. 5c), where xp is con-
stant but yp varies with time. Following the same procedure 
as above, the final equation for the particle position in radial 
flights can be written as follows

(17)
FF = −mpẍ ≤p +mp𝜔

2xp − FG cos𝜒

FN = FG sin𝜒 − 2mp𝜔ẋp − mp𝜔
2
(
rp + rH

)
.

(18)
�2

�2xp
��2 − 2�w�

2
�xp
��

− �2xp

= �w�
2(rp + rH

)

− �wg sin� − g cos� .

(19)

�2x∗p
��2 − 2�w

�x∗p
��

− x∗p = �w

( rp + rH
R

)

− 1
Fr

(

�w sin� + cos�
)

, forl2 > 0,

where y∗
p
=

yp

R
.

2.3.4 � Solution of the final model equation

In order to solve Eq. (19), it has been transformed into two 
simultaneous differential equations by considering x∗

p
= x1 , 

�x∗
p

��
= x2 and 

�2x∗
p

��2
=

�x2
��

 . Substituting these terms in Eq. (19) 
to get the following equations

The initial conditions to solve the above equations are

where δL is the final discharge angle considered from the 
previous model according to Eq. (8), and �L can be calcu-
lated from Eq. (9). For an observer in the rotating frame, 
x2
||�init

= 0 since the velocity of the particle is zero before 
sliding occurs. These equations were solved in MATLAB 
using Runge–Kutta (ODE 45) method. After solution of the 
equation system (20) with (21), the final angular position of 
the radial flight sheet �L is calculated. From this value, the 
final discharge angle �L is obtained as

3 � Experimental investigations

The experimental setup used in the present study is shown 
in Fig. 7. The experiments were performed in two different 
drums with diameters of D = 500/1000 mm and lengths of 
L = 150/300 mm. Each drum is arranged in horizontal posi-
tion in order to maintain uniform axial profiles. The front 
end of the drum is covered with glass, and a steel plate cov-
ers the back wall. The provision of the glass ensures that the 
videos of the experiments can be recoded in high quality.

A high definition camera was used to record the videos of 
the experiments and was placed perpendicular to the drum. 
The drum was initially furnished with nF = 12 flights of 

(20)

�2y∗p
��2 − 2�w

�y∗p
��
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R

)

− 1
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(
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)
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(
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−
1
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)
.

(22)
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�

2
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Fig. 6   Forces balance diagram of the particle sliding over the moving 
flight
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rectangular L-shape. The details of the experimental condi-
tions employed in the current study are provided in Table 1. 
The experiments were performed with four different profiles 
of the rectangular flight by varying the flight length ratio (l2/
l1) at 1.0, 0.75, 0.375, and 0. To adjust this ratio, the tangen-
tial length (l2) of the flight was stepwise reduced, whereas 
the ratio of l1/R was set constant at 0.2 for all experiments. 
The model has been validated for two different bed materi-
als: namely quartz sand of dP = 0.2 mm and glass beads of 
dP = 0.7 mm particle diameter. The properties of the bed 
materials are listed in Table 2. The dynamic angle of repose 
of the bed materials was measured in a drum without flights 
operated at fD = 10 % and Fr = 0.0007. In the particle flow 
experiments, the drum was operated at different rotational 
speeds (n = 0.5–10 rpm) and a drum filling degree of 20 %, 
so that it could be operated under over-loaded conditions. 
Each experimental setting was performed with all profiles of 
the flight. The experiments were recorded using a high defi-
nition camera. Single frames were collected from the videos 
and were evaluated in order to measure the kinetic angle of 
repose at the bed material surface of the flight.

4 � Results and discussion

The new model for the final discharge angle according to 
Sect. 0 has been validated based on particle flow experi-
ments, which were conducted in the flighted rotating drum 
(Fig. 7) using glass beads and quartz sand as bed materials, 
see Table 2. The drum was filled by 20 %. The experimental 
data were obtained by evaluating the images of several dis-
charging flights and measuring the individual final discharge 
angles. After that, mean values were calculated of the final 
discharge angle for each experimental setting.

The results are shown in Figs. 8, 9 and 10, where the 
final discharge angle is depicted versus the Froude number 
for different flight length ratios of l2/l1 = 0, 0.375, and 1.0, 
respectively. In all cases, the particle-to-wall friction coef-
ficient was calculated based on the assumption that φW =  θ. 
For comparison, also the calculations from the old model 
according to Eqs. (8) and (9) are illustrated. As can be seen 
from these graphs, the measurements indicate that the final 
discharge angle increases as the Froude number increases for 
all flight length ratios. Against it, the predictions of the old 
model show an inverse trend meaning that the flight is dis-
charging at significantly lower angles. The new model well 
predicts the measured trend of increasing final discharge 
angles as the Froude number increases. Figures 9 and 10 
show a good agreement between experimental and simulated 

Fig. 7   Experimental setup: 
(1) experimental drum 
(D = 500 mm, L = 150 mm) (2) 
light (3) camera (4) electric 
motor (5) frame, figure taken 
from [9, 10, 15]

Table 1   Drum parameters and experimental settings

Parameter Value

Drum diameter (D) 0.5 m; 1.0 m
Ratio (l1/R) 0.2
Flight length ratio (l2/l1) 1.0; 0.75; 0.375; 0
Number of flights (nF) 12
Rotation speed (n) 0.5–10 rpm
Drum filling degree (fD) 0.2

Table 2   Properties of the bed materials used

Bed material dP (mm) ρB (kg/m3) Θ (°)

Quartz sand 0.2 1570 32.4
Glass beads 0.7 1560 28.0



Modelling the final discharge angle in flighted rotary drums﻿	

1 3

Page 9 of 12  123

results of the new model for flight length ratios of 0.375 and 
1.0, respectively. Except for the radial flight (l2/l1 = 0, see 
Fig. 8), the new model under-predicts the final discharge 
angle. In Fig. 10, the effect of a lower particle–wall friction 
coefficient was tested in the new model assuming that the 
wall friction angle is half of the dynamic angle of repose as 
φW = 0.5·Θ. With it, the same tendency was predicted by 
the new model indicating that the discharge angle increases 
as the Froude number increases. However, the deviations 
from the measurements increased because this wall friction 
angle φW = 0.5·Θ is not realistic for the bed material used 
(glass beads).

In the next step, the new model was tested with another 
bed material, namely quartz sand. For quartz sand, higher 
final discharge angles were measured than for glass beads, 

as shown in Fig. 11. As the results show, the new model 
is able to predict the measured trend of the final discharge 
angle also for this bed material. At Froude numbers lower 
than about 0.005, the model well predicted the measured 
values and the simulated values fell into the 5 % error range. 
However, it increasingly deviated at higher Froude numbers.

Since the final discharge angle depends on the Froude 
number, it is a function of the drum dimensions as well. 
Therefore, the new model was then validated with respect 
to the drum diameter. For it, the bigger drum of 1000 mm in 
diameter (Table 1) was used with a flight length ratio of l2/
l1 = 0.75, and the measurements were performed with glass 
beads. The results are shown in Fig. 12, where measured 
and predicted final discharge angles are depicted over the 
Froude number. It can be seen that the new model provides 
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a good prediction of the final discharge angle also at higher 
drum dimensions.

To verify the progress of the new model, the results from 
all experiments conducted in this study were considered and 
compared with the predictions from both models. In order 
to evaluate the degree of agreement, a linear regression was 
performed between measured and predicted results in each 
case. These comparisons are shown in Figs. 13 and 14 over 
the whole range of discharge angles between 0 and π.

As can be seen from the graphs, the new model can well 
predict the final discharge angle of rectangular flights with 
a coefficient of determination of R2 = 0.987. This is a good 
result considering the wide range of experimental settings 
and the two different bed materials investigated. Almost all 
values fall into the 10 % error range, whereas for the old 
model the degree of agreement is considerably lower. Espe-
cially in the lower region of discharge angles (radial flights, 
l2/l1 = 0), the old model cannot predict reliable values of the 
final discharge angle.

As demonstrated, the new model for calculating the final 
discharge angle is able to predict the particle flow pattern 
of a discharging rectangular flight, which has already been 
observed by Sunkara et al. [9]. In this study, the simpli-
fied assumption was used that the particle-to-wall fric-
tion angle is equal to the dynamic angle of repose of the 
respective bed material (φW =  Θ). In further studies, it is 
intended using measured values of the particle–particle and 
particle–wall friction angles to reduce the number of model 
assumptions and to improve the new model. The results 
indicate that, from a certain point of discharge, the bulk 
material in the flight should be considered as diluted where 
the bed height has already dropped down to a low value. 
Hence, it is necessary to consider the transition from the 
dense phase to the dilute phase in the geometrical model. 

However, this transition point is still unknown and needs 
further investigation.

5 � Conclusion

A new geometric model has been developed to predict the 
final discharge angle of rectangular flights without adopt-
ing geometrical simplifications. In this model, besides 
Newton’s second law of motion the Coriolis force was con-
sidered for the first time. In particular, the influence of the 
drum diameter, flight length ratio, rotational speed (Froude 
number), and the bed material on the final discharge angle 
was investigated. The measurements revealed that, as the 
flight length ratio and the rotational speed/Froude number 
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increased, the final discharge angle increased as well. The 
experiments were conducted in rotary drums with diam-
eters of 500 mm and 1000 mm, respectively, using glass 
beads and quartz sand as bed materials. The larger the 
drum diameter, the larger the final discharge angle. The 
same trend was observed with respect to the dynamic 
angle of repose as a bed material property. A very good 
agreement was obtained between the measurements and 
the predictions with the new model. As compared to exist-
ing models that under-predict the range of flight discharge 
in the drum cross-section, the new model is able to calcu-
late reliable values of the final discharge point. Integrating 
this new approach into a particle flow model of flighted 
rotary drums will, therefore, considerably improve the pre-
diction of the surface area of the particles in the falling 
curtains responsible for heat and mass transfer. This model 
can also be used to scale the flight design from laboratory 
scale to production scale. And it can be easily extended to 
study the behavior of other types of flights.

Appendix

The unit vectors of the rotating frame ( ⃗i ; j⃗ ) can be 
expressed in terms of the fixed frame of reference ( ⃗I ; �⃗J ) 
from the triangular law of addition of vectors (see Fig. 5) 
as

The position vector of the particle can be expressed as

where X and Y are the coordinates of the particle with 
respect to the fixed frame. Similarly, the position vector can 
also be expressed as a function of the rotating frame

with r⃗H as the position vector of the origin (o) follows

Hence, from this relation the velocity of the particle to an 
observer in the fixed frame of reference can be obtained by 
differentiating Eq. (25) with time

However, to an observer in the rotating frame, the velocity 
of the particle can be written as

(24)i⃗ = sin𝜒 ⋅ I⃗ + cos𝜒 ⋅ J⃗; j⃗ = − cos𝜒 ⋅ I⃗ + sin𝜒 ⋅ J⃗.

(25)r⃗ = XI⃗ + YJ⃗,

(26)r⃗ = r⃗H +
(
x⃗i + y⃗j

)
,

(27)r⃗ = x⃗i +
(
y + rH

)
j⃗.

(28)dr⃗

dt
= ẊI⃗ + Ẏ J⃗.

By differentiating Eq. (27), a relation for both frames can be 
developed using 𝜒̇ = 𝜔

where � = 𝜔�⃗k and with �⃗k as the unit vector orthogonal to 
i⃗ , j⃗ . Thus, the relation between the fixed frame of reference 
and the rotating frame can be written as
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