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1. Introduction

Representation theorems make abstract structures easier to work with by showing
that they always have a more concrete form. For example, the category Vect of vector
spaces is easy in the sense that it is not a product of other categories, whereas the
category Vect x Vect is also monoidal, but in a more complicated way. The goal of this
article is to prove that any monoidal category embeds into a product of easier ones. In
fact we prove something stronger: nice enough monoidal categories are always equivalent
to a dependent product of easy ones.

To explain what we mean by “easy” categories, “dependent” products, and “nice
enough” monoidal categories, consider again [],. (0.1} Vect. Its decomposable nature
can be detected by its central idempotents, which correspond to the open sets of the
discrete topological space {0, 1}. We consider a monoidal category “nice” when its central
idempotents are respected by tensor products, and have the structure of a distributive
lattice that is respected by tensor products; in the former case we call the category
stiff and in the latter we say that the category has universal finite joins of central
idempotents. We consider a category “easy” when its central idempotents are V-local
in that any finite cover already contains the covered element; topologically this means
there is a single focal point that every net converges to; logically this is the disjunction
property that if a finite disjunction holds then one of the disjoints holds.

In addition to the above finitary readings of “nice” and “easy”, we also prove an
infinitary version. Here, the original category is “nicer” in that central idempotents form
a frame whose structure is respected by tensor products, called having universal joins,
and that frame is spatial. At the same time the constituent categories are “easier” in that
its central idempotents are \/-local," meaning that every infinite cover already contains
the covered element.

Finally, by a “dependent” product we mean that the fibre Vect does not have to be
constant but can vary continuously with the index ¢, that is, the category consists of
global sections of a sheaf. With this terminology, made more precise below, here are our
main results.

Theorem. Any small monoidal category with universal finite joins of central idempotents
is monoidally equivalent to the category of global sections of a sheaf of V-local categories.

Any small monoidal category with universal joins of central idempotents forming a
spatial frame is monoidally equivalent to the category of global sections of a sheaf of
\/-local categories.

Corollary. Any small stiff monoidal category monoidally embeds into a category of global
sections of a sheaf of V-local categories, and into a product of V-local monoidal categories.

! What we call V-local here is sometimes called “local” [2,45,47] or “sublocal” [3] in the literature. What
we call \/-local here remains unnamed in the literature, but see also footnote 2.
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This subsumes sheaf representation theorems for toposes [3,45,47,50],? where the lat-
tice of central idempotents corresponds to that of elements of the subobject classifier.
In fact, the simple main insight underlying this work is that in cartesian categories,
subterminal objects can be characterised entirely algebraically as central idempotents.
This improves on earlier work [25], which focused on the special case of central idempo-
tents called subunits. From a logical point of view, it extends the sheaf representation
of (topos) categorical models of higher-order intuitionistic logic [1,43,49] to (symmetric
monoidal closed) categorical models of multiplicative linear logic. An additional improve-
ment over results from the literature is that our proof is entirely concrete and avoids
stacks. Furthermore, by virtue of being monoidal, our results are not just analogous
to, but directly capture, sheaf representation theorems for frames and modules [35,21].
The representation theorem may also be regarded as a structure theorem for higher-
dimensional algebra [4,38], because 2-vector spaces may be seen as sheaves of vector
spaces [31, Appendix A]. Finally, our results find applications in physics and concurrent
(probabilistic) computing [20], where a monoidal category models a process theory [32]
and its central idempotents may be interpreted as an underlying causal structure [24].

We proceed as follows. Section 2 defines central idempotents and gives examples.
Basic properties of central idempotents that make the category “nice” are discussed
in Section 3. In Section 4 we construct the topological space on which the structure
sheaf will be based. Section 5 details the presheaf structure, and Section 6 establishes
the sheaf condition. Next, Section 7 investigates the stalks, Section 8 shows that they
are local, and Section 9 extends to case of infinitary joins, finishing the proof of the
Theorem above. The sheaf representation is deepened further in Section 10, by showing
that it preserves being Boolean, having limits, being closed, being compact, having a
trace, and satisfying the external axiom of choice. Section 11 works out several examples
to which sheaf representations for toposes do not apply directly, including recovering
the Stone representation of Boolean algebras regarded as posetal categories and the
Takahashi representation of Hilbert modules. Section 12 settles functoriality of the main
construction, after which Section 13 proves the Corollary above. Finally, in Section 14 we
discuss several open questions that may be attacked using the representation theorem.
Appendix A compares central idempotents with the special case of subunits [25].

2. Central idempotents

This section introduces central idempotents, gives examples, and discusses basic prop-
erties. If C is a monoidal category, I its tensor unit, and we write A\y: I @ U — U and
pu: U® 1T — U for the unitors, then the slice category C/I is again monoidal: the (ter-
minal) tensor unit is the identity I — I, the tensor product of objects u: U — I and

2 Our representation does not directly subsume [2], where the terminal object in each stalk is additionally
projective. This property, sometimes called “hyperlocal” [3] or “local” [2,44], logically corresponds to the
existence property. Such an extension is less clear in our monoidal case, and is left to future work.
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v:V = Tispro(u®wv): U®V — I, and the tensor product of morphisms is as in C.
An object w: U — I in C/I may be idempotent in the sense that u ~ u ® u. We are
interested in objects in C/I that are idempotent in a canonical way.

Definition 2.1. A morphism u: U — [ in a monoidal category is a left idempotent when
Avo(u®U): UU — U is invertible, and a right idempotent when pyo(U®u): UQU — U
is invertible.

We will freely use the graphical calculus for monoidal categories [32], and draw a left
idempotent u: U — I as:

U
For a left idempotent we draw the inverse of Ay o (u®@U): U® U — U as:

Uu U

&

U

Recall that the centre of a monoidal category C has as objects U € C equipped with
a half-braiding (see [39, XII1.4] and [36]): a natural transformation 04: U® A - AU
such that cagp = (A®op) o (04 ® B). A morphism (U,0) — (V,7) in the centre is a
morphism f: U — V in C satisfying (A® f)oos =740 (f ® A). The tensor unit I of a
monoidal category always carries a half-braiding p;ll oA I®A— A®I. We draw 04
as:

AU
Y,
U A

Definition 2.2. A central idempotent in a monoidal category is a morphism u: U — [ in
its centre that is a left idempotent such that:

Ao(uU)=pro(Uu):UU - U (2.1)

Explicitly, it is a morphism w: U — I such that (2.1) holds and is invertible, equipped
with a half-braiding satisfying:
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A

A
-7
U A

U A
We will identify two central idempotents w: U — [ and v: V — I when u = vom
for an isomorphism m: U — V that respects the half-braidings, and write ZI(C) for the

set® of central idempotents of C.

The central equation (2.1) graphically becomes:

Ifu: U — I and v: V — I are central idempotents, we draw a morphism m: U — V

E

All in all, the following graphical identities will be useful:

VvV VYV
.

= v :T V = u\Ju

U v U U

U U

satisfying u = v om as:

The following proposition ensures that these graphical notations are well-defined.

Proposition 2.3. For central idempotents u: U — I andv: V — I in a monoidal category
C, the following are equivalent:

o u=vom for a necessarily unique m: U — V that respects half-braidings;
e U®u:UR®V — U®I is invertible;
e v@U: VU —I®U is invertible.

We say u < v when these conditions hold. This partially orders Z1(C).

3 Throughout this article we only consider central idempotents of small categories to prevent size sub-
tleties.
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Proof. First we prove that the morphism m is unique. If u = v o m = v on, then:

Hence the dashed morphism inverts U ® v.

To see that the second point implies the first, suppose f inverts U ® v. Then:

UT U TV

e I
g

U

Hence the dashed morphism m satisfies u = v o m.

The first and third points are similarly equivalent. These conditions clearly satisfy

transitivity, reflexivity, and anti-symmetry. O

The previous proposition justifies drawing the mediating morphism m: U — V as an

unlabelled dot. It also follows from the previous proposition that a central idempotent is

completely determined by its domain: if u, v’ : U — I both represent central idempotents,

then u = u’ o m for a unique isomorphism m: U — U. This justifies drawing u as an

unlabelled dot on a wire labelled U.

Lemma 2.4. If C is any monoidal category, ZI(C) is a (meet-)semilattice, with
uNv = ? ?
uv

and largest element 1: I — 1.
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Proof. Clearly u > uAv <w.If u>w < wv, then:

U%qu?? :
W W

So w < uAw, and u A v is the greatest lower bound of u and v. That 1 is the greatest
element is clear. 0O

We have taken some pains to define central idempotents for monoidal categories.
The next two lemmas show that for braided monoidal categories, the half-braiding is
superfluous, and hence the definition of central idempotents simplifies.

Lemma 2.5. A half-braiding o makes a left idempotent v in a monoidal category into a
central idempotent if and only if oyy =U Q@ U:

S

P
X
I
I—q
S—g

U U
Pl-17 =
UU UU U U

Proof. If w is a left idempotent satisfying (2.1), then:

U U UU UU U U UU
-y = Y- -
A S

UU UU U U UU UU

Conversely, if oy y = U®U, then A\yo (u®@U) = Apo(u®U)ooyy =pro(U®u). O

Lemma 2.6. If u is a central idempotent in a braided monoidal category, then the half-
braiding o, equals the braidingU ® B — B® U.

Proof. For this proof only, to distinguish them we will draw the half-braiding of U as
><, the braiding as \/\, and the inverse braiding as \/\/ Then, graphically:
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B U
N

B B
N N

]

These equalities used, respectively: invertibility of u ® U, invertibility of the braiding,

U B

U

Lemma 2.5, naturality of the braiding in the first argument, Lemma 2.5, naturality of the
braiding in the second argument, equation (2.2), and finally invertibility of ©® U. Notice
that (the proof of) Lemma 2.5 indeed holds for the braiding rather than the half-braiding,
and really only depends on invertibility of u ® U and the central equation (2.1). O

The rest of this section elaborates some examples.

Lemma 2.7. In a cartesian category, an object is (the domain of) a central idempotent if
and only if it is subterminal.

Proof. Suppose the unique morphism u: U — 1 is a central idempotent. Let f,g: A — U.
Write a for the unique morphism A — 1. Then A X a: A® A — A has an inverse
A: A— AR A, and:

u U U U u U
U U9
ool e oo
= A A=A A=A A=A A =
I?II?II?II?I
A A A A A A

So u is monic. O
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In particular, if X is a topological space, then central idempotents in its category of
sheaves Sh(X) correspond to open subsets of X [11, Corollary 2.2.16].

Example 2.8. Any (meet-)semilattice may be regarded as a (strict) monoidal category:
objects are elements of the semilattice, there is a unique morphism v — v if and only
if u < v, tensor products are given by greatest lower bounds, and the tensor unit is the
greatest element. In this special case of Lemma 2.7, any object is a central idempotent.
Write SLat< for the category of semilattices and monotone functions that preserve the
greatest element. Write MonCat for the category of monoidal categories and functors
F that are (lax) monoidal and whose coherence morphism I — F(I) is invertible (see
also Definition 3.5 below). The former is a coreflective subcategory of the latter:

_

SLat< 1 MonCat

Z1

Example 2.9. A quantale [53] is a complete lattice @ with an element e € @ and an
associative multiplication @ x @ — @ such that:

u(\/ Vi) = \/uvi (\/ ug)v = \/uiv eu=u=ue

Any quantale may be regarded as a monoidal category: objects are elements of the
quantale, (composition of) morphisms is induced by the partial order, and the tensor
product is induced by the multiplication. The central idempotents of this category are
the central elements ¢> = ¢ < e. Taking as morphisms between quantales functions that
preserve \/, -, and e, this gives a functor Quantale — MonCat.

For an important special case, recall that a frame is a complete lattice in which finite
joins distribute over suprema [35]: a frame is a commutative quantale in which the multi-
plication is idempotent and whose unit is the largest element. Frames form a coreflective
subcategory of commutative quantales [25, Proposition 3.5], where a morphism of frames
is a function that preserves \/, A, and 1:

_—
Frame L cQuantale
<—

71

Example 2.10. Consider the monoidal category Modpr of modules over a commutative
ring R. Centrality of a: A — R means that:

for every z,y € A. Idempotency means that:

n

Vo Jz, it v = Za(z,;) Y (2.4)

=1
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a(z) - y=0 <= z2y=0 (2.5)

If e € R is a (central) idempotent element of R, then the (inclusion @ into R of the) ideal
A = eR is a central idempotent in Modg. Conversely, (2.4) implies that a(A) C R is
an idempotent ideal. In general we cannot say much more, but if A is faithfully flat [42,
Section 4I], then A ® a being injective implies that a: A — R is injective, and hence
central idempotents correspond to idempotent ideals. This includes free modules A, and
hence vector spaces A.

Example 2.11. Consider the category Hilbe, (x) of Hilbert C*-modules [48] for a locally
compact Hausdorfl space X. This is not an abelian category [28, Appendix A], nor
a topos. It is monoidally equivalent to the category of fields of Hilbert spaces over
X [31, Corollary 4.9]. Under this equivalence the monoidal structure is fibrewise, so a
central idempotent a: A — Cp(X) in Hilbg,(x) becomes a continuous function that
is fibrewise a central idempotent a,: A, — C in the category of Hilbert spaces and
bounded linear maps. It follows from Example 2.10 that each a, is injective. Finally,
because composition of maps between fields of Hilbert spaces is fibrewise too, we conclude
that the central idempotent a in Hilbg,x) is monic. It follows [25, Proposition 3.16]
that ZI(HlleO(X)) =~ {U cX open}.

Example 2.12. If C is any category, the functor category [C, C] is monoidal with compo-
sition as tensor product. If e: T' = C is a left idempotent satisfying (2.1), then the inverse
€T = Te: T? = T is a comultiplication that makes T into an idempotent comonad on
C. Conversely, if T is an idempotent comonad on C, then its counit is a left idempotent
in [C, C] satisfying (2.1) by [10, Proposition 4.2.3]. (In fact, the counit is central if and
only if the comonad is idempotent [18, Proposition 2.11, e<f].) Thus idempotents in
[C, C] satisfying (2.1) correspond (up to natural isomorphism) to idempotent comonads.
Notice that the counit of an idempotent comonad need not be monic [46, Lemma 3.4].
See also [40].

An idempotent comonad £: T'= C is in the centre of the monoidal category [C, C]
when FT ~ TF for all endofunctors F': C — C, and ¢ respects these natural isomor-
phisms. As in Lemma 2.5, it follows that:

4 7-]

T F T FT

Hence epra) = F T(ca) o 0‘5( A) is a composition of invertible maps and so an iso-
morphism for every A € C and F: C — C. Taking F' to be the functor that maps
every object to A and every morphism to the identity on A shows that ¢ is a natural
isomorphism. Hence ZI([C, C]) = 1.
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For more examples, see [25, 3.7-3.8, 3.12-3.14].
3. Universal joins

This section defines properties of central idempotents that make them more well-
behaved, starting with the weakest one.

Definition 3.1. A monoidal category is stiff if
AQU®V ———— AQV

; A A
J L [ Te-1od
AUV AUV

AQU —— A

is a pullback for all objects A and central idempotents v and v.

A monoidal category C has finite universal joins, or universal V-joins, of central
idempotents when it has an initial object 0 satisfying A ® 0 ~ 0 for all objects A, and
ZI(C) has binary joins such that

AUV —— AV A UVV A UvvVv
J I i i
= (3.1)
I - I |
AU — A (UVYV) A U V A U V

is both a pullback and pushout for all objects A and central idempotents v and v.
A monoidal category has universal joins, or universal \/-joins, of central idempotents
when ZI(C) has all joins such that the cocone

AN\U;

A U

is a colimit of the diagram with morphisms
A
A

if u; < u; for any set {u;} of central idempotents satisfying {u;} = {u; A u;}.

S 407&@
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If C has universal finite joins of central idempotents, then ZI(C) is a distributive
lattice with least element 0. If C has universal joins of central idempotents, then ZI(C)
is even a frame.

Any coherent category has universal finite joins of central idempotents [25, Proposi-
tion 7.4]. Any cocomplete Heyting category has universal joins of central idempotents [25,
Proposition 7.12]; this includes all cocomplete toposes, such as Grothendieck toposes.
Any quantale, regarded as a monoidal category as in Example 2.9, has universal joins of
central idempotents. The category of Hilbert C*-modules of Example 2.11 has universal
joins of central idempotents.

Next, we show that the properties of being equal, being monic, being epic, and being
invertible, may be verified ‘central idempotent-wise’.

Lemma 3.2. If (finitely many) central idempotents u; in a monoidal category with uni-
versal (finite) joins of central idempotents satisfy \/ u; =1, then:

o morphisms f,g: A — B are equal if and only if f ® u; = g ® u; for each i;
e a morphism f is epic if f @ u; or f @ U; is epic for each i;

e a morphism f is monic if f ® u; is monic for each i;

e a morphism f is invertible if and only if f ® U; is invertible for each 1.

Proof. The point about equality of morphisms follows directly from Definition 3.1.
Next, let f: A — B and suppose that go f = ho f for g,h: B — C. Then also
(9@u;)) o (f@U;) = (h®wu;) o (f ® U;). Therefore g ® u; = h ® u; because f ®@ U; is
epic. But then g = h as before because \/ u; = 1. If instead each f ® u; is epic, then
immediately g = h. In either case f is epic.
We turn to monomorphisms. Let f: B — C'. Suppose that fog = fohforg,h: A — B.
Because f ® u; is epic, then:

U, B U;

C
B
K
A

B
:>¢
A

So g = h because \/ u; = 1. Thus f is monic.

Finally, suppose f: A — B makes each f® U;: A ® U; — B ® U, invertible. Write
gi: B U; - A® U; for the inverses. Now the morphisms ¢g; ® u;: B® U; — A form a
cocone for the diagram B®u;: B®U; — B, giving a mediating morphism g: B — A. It

v, Ay, Ui

follows from uniqueness that go f = B and f o g = A, making f invertible. Conversely,
if f has inverse g, then f ® U; has inverse g @ U;. O
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In Section 13 below we will see that any stiff monoidal category can be freely completed
with universal (finite) joins of central idempotents. We end this section by considering
which functors between monoidal categories preserve central idempotents.

Definition 3.3. A lax monoidal functor F: C — D with coherence morphisms
0ap: F(A)®F(B) — F(A®B) and 0;: I — F(I) preserves a half-braiding 04 : UR A —
A®U in C when there is a chosen half-braiding F(¢V)p: F(U)® D - D® F(U) in D
satisfying 64,0 0 F(oV)pa)y = F(04) 0 0y, .

Any braided lax monoidal functor preserves all half-braidings by Lemma 2.6. Con-
versely, if a lax monoidal functor F': C — D preserves all half-braidings, then it induces
a functor from the centre of C to the centre of D (but this functor need not be lax
monoidal without further assumptions).

Lemma 3.4. Let F: C — D be an lax monoidal functor with coherence morphisms
Oap: F(A) @ F(B) - F(A® B) and 0;: I — F(I). Suppose that F preserves half-
braidings of central idempotents, and that 0r and 04,y are invertible for all objects A
and u € ZI(C). If u: U — I is a central idempotent in C, then

—1
FOY 2 ray 2 g

is a central idempotent in D. This induces a semilattice morphism Z1(C) — ZI(D) if
additionally:

F(o")p =(D@#01)opp' oApo (07" ® D)
F(e"*V)p = (D®0y,y)o (Flov)p ® F(V)) o (F(U)® F(¢")p) o (65} ® D)

Proof. The central equation (2.1) holds:

FU) o FU) 22D oy o poy 229 1o )
OU,UJ/ J{GI,U J{AF(U)
F(X)
FU®U) Faal) FI®U) F(U)
o) Jrien |
FU®U) FUo) FU®I) ) F(U)
9U,UT TGU,I TPF(U)
F{U)® F(U) FO)SF) FU)® F(I) P FU)®I

To see that (2.1) is invertible:
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1

FU®U) *> FU)® F(U)

(U®u)
/ lF(U@u) lF(U)@F(u)

FUST) —21 P(U) @ F(I)

\ lF(PU) lF(rn@e,—l

F(U) ¢ FU)® T

By assumption F(o) extends to a half-braiding.

That F(uAv) = F(u) A F(v) follows because 0,y is invertible and from the condition
on F(aY®V). Finally, top element of the semilattice is preserved by the condition on
F(ol). O

We say that a lax monoidal functor preserves central idempotents when it satisfies the
conditions of the previous lemma. Braided strong monoidal functors between braided
monoidal categories do so automatically.

Definition 3.5. Write MonCat for the category of (small) monoidal categories and lax
monoidal functors F' whose coherence morphism I — F'(I) is invertible. Write MonCats
for the subcategory of stiff monoidal categories and lax monoidal functors F' that preserve
central idempotents. Write MoonCatg; for the further subcategory of monoidal categories
with universal finite joins of central idempotents and functors that preserve finite joins
of central idempotents, and MonCat; for the subcategory of monoidal categories whose
central idempotents have universal joins and form a spatial frame and functors that
preserve joins of central idempotents.

Example 2.8 above also gives a coreflection between MonCat, and SLat, the category
of semilattices and semilattice morphisms, that is, functions that preserve meets and the
greatest element.

4. Base space

We will build the representation for the case of universal finite joins first, starting with
the base space in this section, followed by the presheaf, sheaf, and stalks in following
sections. In Section 8 below this will be upgraded to universal joins. Therefore we first
consider distributive lattices. As base space, we will take the prime spectrum of the
distributive lattice of central idempotents [22,35]. Recall that a prime filter of a lattice
L is a nonempty upward-closed and downward-directed proper subset P where uVv € P
implies w € P or v € P; equivalently, P is the inverse image of 1 under a lattice
homomorphism L — {0, 1}.
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Definition 4.1. Let L be a distributive lattice with a least element. Its prime spectrum is
a topological space Spec(L), whose points are prime filters P C L, and whose topology
is generated by a basis consisting of the sets

B, ={P € Spec(L) |u € P}
where u ranges over L.
Lemma 4.2. The basic opens B, of the prime spectrum of a lattice L are compact.

Proof. The frame O(Spec(L)) of opens of Spec(L) is in bijection with the frame Idl(L)
of ideals of L. The map that sends an element v € L to its principal ideal Jv = {u €
L | u < v} embeds L in Idl(L) as a lattice. On the topological side, it sends v € L to
B, establishing an isomorphism between L and the basis {B,, | u € L} C O(Spec(L)).
Because the principal ideals are compact in Idl(L), so are B,, in O(Spec(L)). O

The following lemma holds more generally for sheaves valued in any category V, but
we spell it out for MonCat-valued sheaves.

Lemma 4.3. To specify a sheaf F: O(Spec(L))°® — MonCat for a distributive lattice
L, it suffices to give a presheaf F: {B, | v € L}°® — MonCat, such that F(By) is
terminal in MonCat and the following is an equaliser in MonCat:

<F(BugBuVU)’F(ngBu\/v)> F(BU/WQBU) °m
F(Bu\/'u) F(Bu) X F(BU) F(Bu/\v)

F(Bu/\v g Bv) SN

Proof. A sheaf on a basis uniquely determines a sheaf on the whole topological space [50,
Theorem II.1.3]. The presheaf F: {B, | u € L}°° — MonCat provides this data. It
furthermore needs to satisfy the sheaf condition on the covers of basic opens by basic
opens, B, = {J,c; Bu with J C L. Since the basic open B, is compact by Lemma 4.2, it
suffices to consider finitary and hence binary covers, B\, = B, U B, for u,v € L, and
nullary covers, By = \/ (). The sheaf condition for covers of this form says exactly that
the functor in the statement is an equaliser, and F(By) is isomorphic to the terminal
monoidal category 1. O

5. Structure presheaf

In this section we define the structure presheaf of a monoidal category. For a mere
monoidal category C this is a presheaf on the semilattice ZI(C) of central idempotents,
which in the presence of universal finite joins extends to a presheaf on the topological
space Spec(ZI(C)) of the previous section. So we define a presheaf of monoidal categories
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on the central idempotents by describing its behaviour over basic open sets. We will
generalise the filter-quotient construction from topos theory to monoidal categories [50,
V.9].

Any central idempotent U in a monoidal category C is a (commutative) comonoid
with comultiplication ‘o’ and counit 9. Hence —®U is a comonad on C. We are interested
in its co-Kleisli category.

Definition 5.1. Let C be a monoidal category, and u: U — I a chosen representative of
a central idempotent. Define a category C||,, as follows:

e objects are those of C;

e morphisms A — B in CJ|,, are morphisms A ® U — B in C;
e composition of f: A — B and g: B — C'is:

C
| 9 ]
B
O
AU

« identity on A is|o.
Lemma 5.2. If C is a monoidal category, then so is C|,.

Proof. The monoidal structure of C||, is defined as follows. The tensor product of mor-
phisms f: A— Band g: C — D is:

The associator and left and right unitors are given by:

i

T —O

T
ABCU A
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Easy graphical manipulation establishes naturality, the interchange law, as well as the
triangle and pentagon equations. O

Lemma 5.3. If C is cartesian, there is a monoidal equivalence C||,, ~ C/U.

Proof. First, notice that AQU: A - A®U is an isomorphism A ~ A® U in C||,, with
inverse AQu®u: A®U — A. Therefore, CJ|, is equivalent to its full subcategory C|,
of objects of the form A ® U. Moreover, this equivalence preserves tensor products on
the nose.

There is a functor C|, — C/U that sends an object A Q@ U to my: A® U — U, and
that sends a morphism f: AQU ®@U — B®U to fo(A® U ®u)~!. It is monoidal.
There is also a functor C/U — C]|,, that sends an object !: A — U to A® U, and that
sends a morphism f: A — B to f ® U ® u. This functor is monoidal too. These two
functors form an equivalence, because AQU @ U ~ A®U in C|,. O

Lemma 5.4. If u < v are central idempotents in a monoidal category C, there is a strict
monoidal functor C|ly<y: Clly — C|lu that acts as identity on objects and on morphisms

B B
— Vv

O

AV AU

Proof. We first show functoriality. To verify that C||,<, preserves identity morphisms:

as:

The fact that

Cllucv(g 00 f) = Cllucw(9) ou Cllucu(f)

is proven by:
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CHuSv(f®g) = V=

This functor preserves the tensor unit, and hence is strict monoidal. O

The special case v = 1 gives a functor C — C||,, that acts as the identity on objects
and acts on morphisms as:

B B
=== )
A A U

Lemma 5.5. If u < v are central idempotents in a monoidal category C, there is an oplax
monoidal functor C||“<V: C||, — C|l,, that acts on objects as A — A® U, and on

morphisms as:
B B U
—
7T
AU A u v

This functor is left adjoint to C|ly<y, and the unit of this adjunction is invertible.

Proof. It is straightforward to verify that C||“<V indeed preserves identities and compo-
sition. It is oplax monoidal with 0y = I @ u ® v: Clly<,(I) — I and:



R. Soares Barbosa, C. Heunen / Advances in Mathematics 416 (2023) 108900 19

UBU

A

/

QA,B: /\?j(f :C||u§v(A®B)_>C||u§v(A)®CHu§v(B)
ABUYV

It is routine to verify that 64 p and 0; are natural and respect the coherence isomor-
phisms of C||, and C||,. Notice that in fact 64 p is invertible, with inverse GZ}B =
ARu® BeU @uv: C||“SV(A4) ® C||“=¥(B) — C||“<?(A® B), but that 0; is not invert-
ible.

The fact that C||“<? is left adjoint to C||,<, simply means:

Cll(A®U,B)=C(A®U ®V,B)~C(A® U, B) = C|l,(A® U, B)

This holds because u A v = u as u < v, and is easily seen to be natural in A and
B. The unit of the adjunction is Ny = A®U: A - A®U in C|,. It is inverted by
N =Au®u: AU - Ain C|,. O

To finish this section on the structure presheaf, we determine the central idempotents
of the categories C||,,.

Lemma 5.6. If u is a central idempotent in a monoidal category C, then there is an
isomorphism ZI(Cl||,) ~ ZI(C) N Ju of semilattices.

Proof. Let ¢: Q — I be a morphism in C||,,. That is, ¢ is a morphism Q ® U — I in C.
By definition ¢ satisfies (2.1) in C||,, if and only if the following holds in C:

Q Q
.-
RQRU QQU

But by Lemma 2.5, this means precisely that ¢: Q@ ® U — I satisfies (2.1) in C.
Now, ¢ is idempotent in C||, if and only if there is a morphism f: Q@ U — Q ® Q
in C satisfying:



20 R. Soares Barbosa, C. Heunen / Advances in Mathematics 416 (2023) 108900

Similarly, ¢ is idempotent in C if and only if thereis g: Q@ U - QU @ Q® U in C
satisfying:

QU QU QUQU QUQU
T _
- @ -

QU QU RQRUQU QUQU

But these two properties are equivalent via:

QQ Q Q QU QU

L Lele

T ]
QU Q U Q U

Finally, if 74: Q ® A —» A® Q is a half-braiding in C||,, and 04: U® A - A®U is
the given half-braiding in C, then

QeU®ACY QoAU ~QeAeUeU “Y AcQeU

is a half-braiding in C||,,. Thus any central idempotent V in C induces a central idem-
potent V in C||,, and any central idempotent ¢ in C||, is represented by a central
idempotent coming from C in this way. O
Corollary 5.7. Let C be a monoidal category and u € ZI(C).

o If C is stiff, then so is C||y.

e If C has finite joins of central idempotents, then so does C||,.

o If C has joins of central idempotents, then so does Cl||,.

The functor C — C||,, preserves joins of central idempotents.

Proof. Follows from Definition 3.1 and Lemma 5.6. O
6. Structure sheaf

This section establishes that the structure presheaf is in fact a sheaf. We start with
checking the sheaf condition for binary joins.
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Proposition 6.1. If C is a monoidal category with universal finite joins of central idem-
potents, then the following is an equaliser in MonCat:

<C||u§qu7 C‘|v§u\/v> CHU‘/\USU ° T
C”u\/v CHu X CHD C”u/\v

CHu/\vSv O T2

Proof. We will prove that the following diagram is a pullback in MonCat:

CHuSu\/v
C”u\/v C”u
C||7J<U/\UJ JC”u/\v<u
C”U CHU/\U
C”u/\vgv

Let A be a (monoidal) category and F: A — C||, and G: A — C||,, (lax monoidal)
functors satisfying:

C”u/\vgu oF = C”u/\vSv oG (61)

We will show that there is a unique functor H: A — Cl||,v, satisfying:

C”uSuVU oH=F C”vgu\/'u oH =G (62)

by first showing that (6.2) forces a unique choice for how H must act on objects and
morphisms, and then verifying that this indeed defines a (lax monoidal) functor.

For an object A of A, condition (6.1) implies that F'(A) = G(A) since the restriction
functors act as the identity on objects, and (6.2) forces H(A) to be the same object. For a
morphism m: A — B in A, equation (6.1) says that the maps F(m): F(A)®U — F(B)
and G(m): G(A) ® V — G(B) in C satisfy:

H(B) H(B)
T _
7
HA) UV HAU V

whereas (6.2) says that H(m): H(A) ® (U VV) — H(B) must satisfy:
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H(A) U

Both conditions are summarised by commutativity of the following diagram in C:

HA@UV — HA) U

Universal finite joins of central idempotents make this square a pushout. Thus there is
only one possible choice for the morphism H(m).

It remains to show that this indeed defines a (lax monoidal) functor. Let my: A — B
and mg: B — C in A. We will show that H(mg) oy,y, H(mq) satisfies the defining
conditions of H(ms omq). Observe that

Clluguvo (H(m2) ouve H(mi)) = Cllu<uve(H(m2)) ou Cllu<uve (H(m1))
= F(m2) oy F'(m)

= F(mgomyq)

by functoriality of restriction, (6.3) instantiated for both m; and mg, and functoriality
of F. The condition holds analogously for G. Since H(ms omy) is the unique map in C
satisfying these conditions, H(mz) oy, H(m1) = H(mz o my).

Identities are preserved similarly: if A is an object of A, then

Cllu<uvo(idm(a)y) = idoj|,< v, (r(a)) = idra) = F(ida)

and analogously C||y<uvo(idg(a)) = G(ida), so idgay = H(ida).

Finally we show that H is lax monoidal. For objects A and B of A, write Hi’ g for
the structure morphism F(A) ® F(B) — F(A ®a B) in C||,, witnessing that F is lax
monoidal. This is a morphism HE’B: F(A)® F(B) @ U - F(A® B) in C. Similarly,
write 92’3: GA)®G(B)®V — G(A® B) in C. It follows from (6.1) that:
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H(A® B) H(A® B)

95,3 T — 03 5
?

HA HB U V HA HBU V
That is, the outer square in the following diagram commutes:

HA)@HB) UV — HA) @ HB)®U

| |

G
0% 5

This uniquely determines the dashed morphism 92{ p satisfying:

H(A® B) H(A® B) H(A® B) H(A® B)

\ \ \ \
L 0w | | 0s | L 0w | | 04s |
NS EE A
HA HB U HA HB S HA HB V HA HB V

The structure morphism I — H(I) is defined similarly. Naturality of 67 and the laws
of unitality and associativity follow from those for the structure morphisms of F and
G. O

We have to pay careful attention to the nullary case of the sheaf condition.

Lemma 6.2. If C be a monoidal category with universal finite joins of central idempotents,
then C||o is monoidally equivalent to the terminal category 1.

Proof. It suffices to show that every object A is isomorphic to 0 in C||g. Because A®0 ~ 0
by universal finite joins of central idempotents, there is a unique morphism f: A®0 — 0
in C. Similarly, there is a unique morphism g: 0 ® 0 — A. The composition go f in C||o
is a morphism A ® 0 — A in C, and therefore unique, so has to equal the identity in
C|lo. Similarly, the composition fog in C||o is a morphism 0®0 — 0 in C and so equals
the identity in C||o by uniqueness. O

We can now define the desired sheaf of categories. For clarity we have avoided stacks
and worked everything out concretely so far, but at this point we have to make a small
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change because of the previous lemma, as C|o is not isomorphic to the terminal category
but only equivalent to it. In logical terms, C||o models the theory in which 0 = 1.

Proposition 6.3. Let C be a monoidal category with universal finite joins of central idem-
potents. The functor O(Spec(ZI(C)))°? — MonCat given by s — C||s is naturally
monoidally equivalent to its sheafification, which is the following sheaf of monoidal cat-
egories:

F: O(Spec(Z1(C)))°®? — MonCat
0—1

0#ur Cly

Proof. Because 1 is terminal, F' is indeed functorial. There is a natural transformation
from u — C||, to F, whose component at every u # 0 is the identity functor, and whose
component at 0 is the unique functor to 1. This natural transformation is a (monoidal)
equivalence by Lemma 6.2. Combining Lemma 4.3 with Proposition 6.1 shows that F'
defines a sheaf of (monoidal) categories. The fact that F is the sheafification follows from
the defining universal property, because any sheaf of categories has to assign 0 — 1. O

7. Stalks

In this section, we study the stalks of the sheaf of Proposition 6.3. We start by
generalising the idea of germs to the monoidal setting.

Definition 7.1. Let C be a monoidal category, and z C ZI(C) a filter. Define a category
C||. as follows:

e objects are those of C;
e morphisms A — B are equivalence classes of pairs of v € x and f: AQV — B,
where we identify (v, f) and (v, f') when u < v A v’ for some u € x:
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o composition of (u, f): A — B and (v,9): B— C is:

o identity on A is [1, I, ].
Notice that [u, f] = [u A v, f ® v] for any central idempotent v.
Lemma 7.2. If C is a monoidal category, and x C ZI(C) a filter, then C||, is monoidal.
Proof. The tensor product of objects is as in C, the tensor product of morphisms
[u, f]: A— Band [v,g]: C = Dis [u, f]®[v,g] = [uAv, (f®g)o(A®oyy®D)]: ARC —

B ® D. The coherence isomorphisms are [1, ], [1,A], and [1,p]. O

Lemma 7.3. If C is a monoidal category, and x C ZI(C) a filter, then

Clz = colimye, Cllu

in MonCat, where the colimit ranges over the diagram induced by the functors
Cllu<v: Clly = C||u from Lemma 5.4.

Proof. The functors F,,: C||, — C||,, that send f: AQU — B to [u, f] form a cocone. If
Gy : C|l, — D is another cocone, then there is a unique mediating functor M: C||, — D
given by Mu, f] = G,(f). If C and G,, are monoidal, then M is lax monoidal. O

The next lemma characterises the central idempotents in Cl||,. The equivalence rela-

tion of having the same germ specialises to a semilattice congruence of central idempo-
tents as follows for a filter x of central idempotents:

VW < JueExr:uANv=uAw

Lemma 7.4. If C is a braided monoidal category and x C ZI(C) a filter, then there is an
isomorphism ZI(C||;) ~ ZI(C)/~, of semilattices.

Proof. Let [v,q]: @ — I be a morphism in C||,. That is, choose a representing morphism
¢: Q®V — Iin C. Then by definition [v, ¢ satisfies (2.1) in C||, if and only if:
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Q Q
-7
QRU QAU

in C for some u € xNJv. lf m: U — V satisfies u =vom, then go(Q@m): QU — I

is central in C if and only if:

QU QU

|||

QUQU QUQU

But these two equations are equivalent by Lemma 2.5.
Similarly, [v,q] is idempotent in CJ|, if and only if there exist u € z N Jv, and a

morphism p: Q® U — Q ® Q in C such that:

QQ

H@
O
H@
O

: T 7 |o T
O O
Q U QU QQU QAU

If u=vom, then go (Q®m): QU — I is idempotent in C if and only if there exists
a morphism f: Q®U - Q®U ® Q ® U in C satisfying:

QUQU  oguqQu QU
QUQU QU QU QU

These two properties are equivalent, by choosing;:
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QUQU QUQU QR Q Q
# 57 L ks
Q U QU Q U

Just like in Lemma 5.6, a half-braiding on @ in C||,, induces a half-braiding on Q @ U in
C. Thus every central idempotent in C||, is induced by a central idempotent in C. But
by definition two central idempotents u and v in C induce the same central idempotent
in C||, exactly when u ~, v. O

Lemma 7.5. Let C be a monoidal category and x C ZI(C) a filter.
o If C is stiff, then so is C||,.
o If C has universal finite joins of central idempotents, then so does C||.
o If C has universal joins of central idempotents, then so does C||.

The functor C — C||,, preserves joins of central idempotents.

Proof. We start with stiffness. Let v, w be central idempotents in C. It is clear that the
inner square below commutes in C||,.

/

B [, g]
\\\\ [u Au' A q,m]
>t
ARV W AW
1,A®ve W]
[1LA®V ® w] 1, A® w]
ARV A
[1,A® v

Suppose the outer square commutes too. This means (A ®v)o (f @1 ®¢) = (AQw)o
go (B®u®U'® q) for some central idempotent ¢ in C. Because C is stiff, there is a
morphism m: BQURQU' @ Q - A®V ® W satisfying:

AT LT
i fo

Q [T
BUU Q BUUQ BU ’Q BUU'Q
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It follows that the dashed morphism [u A u’ A ¢,m] makes the two triangles commute.
The uniqueness of m in C also guarantees that the dashed morphism is the unique such
morphism in C||,.

Next we turn to joins of central idempotents. The initial object 0 satisfying A®0 ~ 0
in C is still initial and still satisfies A®0 ~ 0 in C||,. The proof that (3.1) is a pullback in
C|| is virtually the same as in the stiff case. We focus on the pushout property. Suppose
that [u, flo[1,AQV ®w] = [v/,g]o[1,A®v® W] in C||,. This means:

fo(qaU®u @AV ew) =go(@ual @ AQve W)

for some central idempotent ¢ in C. If C has finite joins of central idempotents, there is
a morphism m: (QU V)V (QU' @ W))® A — B satisfying:

B B B B
= (QRURV) Vv = (QRU®V) Vv
(QRU'@W) (RRU'®W)
@) O
AQRURV A QUV AQRU ' @W A QU W

Observe that (gAuAv)V(gAW Aw) =pA(vVw) for p=gA(uVu)A(uVw)A(vVvau').
Now [p,m] is the unique mediating morphism in C||, satisfying [p,m] o [1,A ® (v <
vVw)] =[u, f] and [p,m]o[1,A® (w < vV w)] = [u,g]. The above holds equally well
for wide pushouts. 0O

8. V-Locality

This section proves that the stalks are particularly easy, in the sense that the central
idempotents behave well because there are few of them.

Definition 8.1. Call a partially ordered set V-local if it has at least two elements, and
uV w = 1 can only happen when v = 1 or w = 1. Call a monoidal category C V-local
when ZI(C) is V-local.

A partially ordered set is V-local if and only if it has a unique maximal ideal. We now
connect this property to primality of filters.

Lemma 8.2. If C is a monoidal category with universal finite joins of central idempotents,
and x C ZI(C) is a prime filter, then C|, is V-local.

Proof. Consider two elements of ZI(C]||,). They are represented by u,w € ZI(C) by
Lemma 7.4. Now, u V w ~, 1 if and only if there is v in the prime filter  and (u A v) V
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(vAw) =wv. Since (uAv)V (vAw) is in the prime filter z, either u Av € x or v Aw € x.
But this implies u ~; 1 or w ~, 1.

Finally, we prove that 0 # 1 in ZI(C||,). For a contradiction suppose that 0 ~ I in
C||z- Then 0 ~ I in ZI(C]|,,) for some u € ZI(C) contained in z. Because A ~ B in C]||,
ifand only if A® U ~ B®U in C, it follows that 0 ~0®@ U ~ I ®@ U ~ U in C. But
that means that = {0}, contradicting the fact that x is a proper filter. O

Theorem 8.3. Any small monoidal category with universal \/-joins of central idempotents
is monoidally equivalent to the category of global sections of a sheaf of \V-local monoidal
categories.

Proof. Let C be the monoidal category with universal finite joins of central idempotents.
Take X = Spec(ZI(C)) as the base space, as in Definition 4.1. Then B, +— C]||, is a
presheaf of monoidal categories by Lemma 5.4. It extends to a sheaf as in Proposition 6.3.
The stalks C||,, for x € X are V-local by Lemma 8.2, so this is a sheaf of V-local categories.
Finally, the global sections of this sheaf form C||;, which is monoidally equivalent to C
itself. O

Corollary 8.4. Any small monoidal category with universal V-joins of central idempotents
embeds monoidally into a product of V-local monoidal categories.

Proof. Consider the tuple C = [, cqpec(zi(cy) Cllz of the quotient functors C — Cf[,.
It acts as the identity on objects. Faithfulness means that if [f], = [g]. in C|, for all
x € Spec(ZI(C)) then f = g: A — B in C. Because a colimiting cocone is jointly monic,
by Lemma 4.2 it suffices to prove that f = g as soon as f ®u =¢g® u in C

|, for all
u € ZI(C). The result thus follows from (a jointly monic version of) Lemma 3.2. O

9. \/-Locality

Theorem 8.3 is not entirely satisfactory when applying it to categories C whose central
idempotents already form a frame, because the representation still treats ZI(C) as a mere
lattice. For example, if X is a topological space, then Theorem 8.3 represents C = Sh(X)
as a sheaf of categories over a different space than X; the same holds for several examples
in Section 11 below. To remedy this, this section extends the representation from finite
to arbitrary joins. However, in that case there is no longer an analogue of Lemma 4.2
to guarantee that the spectrum of ZI(C) has enough points. We will take the frame
ZI(C) itself as a base, which always yields a well-defined sheaf of categories. But we only
obtain the full force of the representation theorem when we assume that the frame ZI(C)
is spatial.

A completely prime filter of a complete lattice L is a nonempty upward-closed and
downward-directed proper subset P where \/s; € P implies s; € P for some 4; equiva-
lently, P is the inverse image of 1 under a complete lattice morphism L — {0,1}.
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Definition 9.1. Let L be a frame. Its completely prime spectrum is a topological space X,
whose points are completely prime filters P C L, and whose topology is generated by a
basis consisting of the sets

B,={PeX|ueP}

where u ranges over L. A frame is spatial when it is isomorphic to the frame of opens of
its completely prime spectrum.

Definition 9.2. Call a partially ordered set \/-local if it has at least two elements, and
\/ u; = 1 can only happen when there is an ¢ with u; = 1. Call a monoidal category C
\/-local when ZI(C) is \/-local.

Lemma 9.3. If C is a monoidal category with universal joins of central idempotents, and
x C ZI(C) is a completely prime filter, then C||, is \/-local.

Proof. Completely analogous to Lemma 8.2. O

By a sheaf of (V- or \/-)local categories, we mean a sheaf O(X)°? — MonCat on a
topological space X whose stalks are all (V- or \/)local. Pulling everything together, we
now arrive at our main result. A global section of a sheaf F: O(X)°? — MonCat is an
object of F(X). For Set-valued sheaves, this corresponds to the more usual definition of
a global section being a natural transformation 1 = F'. Enriching this as usual, we will
call F(X) the category of global sections of F.

Theorem 9.4. Let C be a small monoidal category with universal \/-joins of central idem-
potents. Then u — Cl||, defines a sheaf F: ZI(C)°? — MonCat of \/-local monoidal
categories. If ZI(C) is spatial, then C is monoidally equivalent to the category of global
sections of F.

Proof. Lemma 5.4 still shows that u — C]||, is a presheaf. For the sheaf condition it
now no longer suffices to verify binary equaliser of Lemma 4.3, and we have to consider
a wide equaliser instead. But the proof of Proposition 6.1 extends easily to this case.
The exceptional nullary case is taken care of by Lemma 6.2 as in Proposition 6.3 as
before. The stalks are now \/-local by Lemma 9.3. Because ZI(C) is assumed spatial,
it is isomorphic to the frame of opens of its completely prime spectrum X. This makes
By +— Cl||, a well-defined sheaf of \/-local monoidal categories on X. Finally, the global
sections of this sheaf form C||;, which is monoidally equivalent to C itself. O

The dependence on spatiality is related to projectivity of the tensor unit in the topos
case, and removing it is left to future work.
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Corollary 9.5. Any small monoidal category with universal \/-joins of central idempotents
whose frame of central idempotents is spatial embeds monoidally into a product of \/-local
monoidal categories.

Proof. Completely analogous to Corollary 8.4, where spatiality is needed to replace
Lemma 4.2. O

10. Preservation

Theorem 8.3 showed that any small monoidal category with universal joins of central
idempotents is a category of global sections of a sheaf of (V— or \/ —)local monoidal
categories. In this section we extend that main result by showing that it preserves various
properties: if the original category has a certain property, then so do the stalks. We
consider two kinds of properties: properties associated with monoidal categories and
linear logic, such as being compact, and having a trace; and properties associated with
toposes and intuitionistic logic, such as having a Boolean algebra of central idempotents,
and having limits. We also investigate the property of being closed, which resides in both
camps. So for example, we show that any small monoidal category with (finite) universal
joins of central idempotents that is closed, is equivalent to the category of global sections
of a sheaf of (V— or \/-)local closed categories.

We start with compactness. Recall that a symmetric monoidal category is compact
when every object has a dual [32, Chapter 3].

Corollary 10.1. If C is a compact category, u is a central idempotent, and v C ZI(C) is
a prime filter, then C||,, and C||, are compact categories, too.

Proof. Strong monoidal functors preserve dual objects [32, Theorem 3.14], so this follows
directly from Lemma 5.4 and Proposition 6.1. O

Notice, however, that a central idempotent U has itself as a dual only if it is (repre-
sented by) a split monomorphism.

Lemma 10.2. A central idempotent u is split monic if and only if U 4 U with counit
po(u®u).

Proof. If cou=U,set n=(U®u)to(e®@I)oA™t and e = po (u® u), so:
U U

U
5o
o
U

U
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Conversely, if U 4 U with unit  and counit u® u, then eou =U for e = (U®u)on. O
Another linear property that is preserved is having a trace [37].

Lemma 10.3. If a monoidal category C with universal finite joins of central idempotents
is traced, u is a central idempotent, and x C ZI(C) a prime filter, then C|, and C|,
are traced too, and the functors Clly<y: C|ly = C|l, and C — C||,, preserve the trace.

Proof. If C is braided, then so are C||,, and C||;. The trace of f € C||,(A®Z,B®Z) =
C(A®Z®U, B® Z) is defined to be the trace of fo(A®o) € C(AQU®Z,B® Z). It is
easy to see that this satisfies the axioms for a trace. For example, with the usual graphical
calculus [54] of the traced monoidal category C, the superposing axiom becomes:

AC U

Stalks are entirely similar: define the trace of [v, f] € C||,(A® Z, B ® Z) to be [v, ¢]
where g is the trace of f in C||,. To verify that this is well-defined, if [v, f] = [/, f'], say
because f @ u® v’ = f' ® u ® v for a central idempotent u in C, then:

s -

AV VU A VvV U

The functors Cll,<y: C|ly = C|l, and C — C]|, preserve trace by construction. O
Next we turn to closedness.

Lemma 10.4. If a monoidal category C is closed and u is a central idempotent, then Cl||,,
is closed. If u < v, then the functor Clly<y: Clly = Cl||u is closed.

Proof. Suppose that (—) ® B: C — C has a right adjoint B — (—): C — C. Write
egc: (B — C)® B — C for the counit and 4 5: A — (B — (A ® B)) for the unit.
Define a functor B —" (—): C|l, = ClJ|, by B —" C = B — C on objects, and by
sending a morphism f € C||,,(C,D) = C(C ® U, D) to B —" f defined as:
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(B—oC)QU ----------mmmm e »B — D

J{n(ch)QOU,B B —o f[

B—o((B—-C)QU®B) ———— > B—» ((B—-C)®BQU) ——— % B — (C®U)
B — (1®ou,B) B — (ep,c®1)

It is straightforward to see that B —o (—) is functorial. There is a bijection
Cllu(A,B =" C) ~C|,(A® B,C)

that sends g € C||4(4, B —* C) = C(A® U, B — (') to the morphism

in C|l,(A® B,C). It is easy to see that this bijection is natural in A and C. Thus
B —" (—) is right adjoint to (—) ® B, and C||, is closed.
It is clear that the functor C||,<, preserves —o strictly. O

Lemma 10.5. If C is a closed monoidal category and x C ZI(C) a prime filter, then C||,
is closed, and the functor C — Cl|, is closed.

Proof. The proof is very close to that of Lemma 10.4. The functor B —* (—): C||, —
C||; is defined as C' — B — C on objects and as [u, f] — [u, B —* f] on morphisms.
This is well-defined and functorial as before. There is a natural bijection C||,(A® B, C) ~
C||z(4, B — C) that sends [u, f] to [u, g] where g = (B —o f)o(B — (1®0))on: AQU —
B — C corresponds to f: A® B® U — C under the bijection C|,(4 ® B,C) ~
C|lu(A, B — C). To see that it is well-defined: if [u, f] = [v/, f'] € C|l.(A® B, C), then
for some central idempotent v of C,

(B—f)o(B—(1®a))ono(leou @v)
=B —=(feou v))o(B—o(1®0o))o
=(B— (f®@u®uv))o(B—o(1®0o))o
=(B—f)o(B—(1®o0) 0770(1®u®v®1)

by naturality of 7, so [u,g] = [v,¢]. Thus C||, is closed, and the functor C — C||,
preserves —o strictly. O



34 R. Soares Barbosa, C. Heunen / Advances in Mathematics 416 (2023) 108900

Call a monoidal category Boolean when its central idempotent semilattice is a Boolean
algebra. In this case, the stalks are also Boolean, and in fact two-valued, as follows.

Lemma 10.6. If L is a Boolean algebra and x a prime filter, then L/~ is again a Boolean
algebra.

Proof. It suffices to prove that ~, is a congruence of lattices, because complements
are uniquely defined in terms of joins and meets. Suppose a ~, a’ and b ~, V. Say
aNs=a ANsand bAt =b At for s,t € x. For r = s At, then clearly aAbDAT = a’ AV A7
80 aAb ~y a' AV Similarly, (aVO)Ar = (aAr)V (bAT) = (' Ar)V (U AT) = (a/ V) AT,
soaVb~,a V. O

Corollary 10.7. If a monoidal category C with universal finite joins of central idempotents
is Boolean, and x C ZI(C) is a prime filter, then ZI(C||;) = {0,1}.

Proof. By Lemmas 7.4 and 10.6, ZI(C||,) is again a Boolean algebra. Hence if u €
ZI(C||;), then vV —u = 1. By Lemma 8.2 ZI(C||,) is also V-local. Hence u = 1 or
—u =1, that is, u € {0,1}. O

For toposes C, it is known that various logical properties are preserved by passing to
stalks C]||,, such the internal axiom of choice. Next we show that the external axiom of
choice is preserved for monoidal categories C.

Lemma 10.8. If all epimorphism in a small monoidal category C split, u is a central
idempotent, and x C ZI(C) is a prime filter, then all epimorphisms in C||, and C||,
also split.

Proof. Let f: A — B be an epimorphism in C||,,. That means that fQU: AQU QU —
B ® U is an epimorphism in C. It is split by some g: BQU - A® U ® U in C. Taking
h = (A®u®u)og: BoU — A, it follows that fo(gQU) = (BRu®u)o(fRQUU )o(gU) =
B®u®uin C, that is, fog = B in C||,, so f is a split epimorphism in C||,,. The same
reasoning holds for Cl[;. O

Next, we turn to limits. In the cartesian case, as in Lemma 5.3, it is well known that
limits in the slice category are computed as in the base category. In the monoidal setting
we need to be more careful.

Lemma 10.9. Let J be a small category, and C a monoidal category with J-shaped limits.

o If C has universal finite joins of central idempotents, and u is a central idempotent,
then Cl|,, has J-shaped limits, and the functors C||y<y: Cll, — C||,, preserve them.
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o If C has universal finite joins of central idempotents, x C ZI(C) is a prime filter,
and J is finite, then Cl||; has J-shaped limits, and the functor C — C||, preserves
them.

o If C has universal joins of central idempotents, and x C ZI(C) is a prime filter, then
C|l. has J-shaped limits, and the functor C — Cl||, preserves them.

Proof. For the sake of clarity we will consider equalisers, but the proof works for arbitrary
(finite) shapes J. Let f,g € C||,(X,Y). Let I: E — X ®U be their equaliser in C. Then
e=(X®u®u)o (l®U) defines a morphism £ — X in C||,. Now foe=goein C|,,
by the central equation (2.1):

l
EU
Suppose that foe’ = goe’ for some e’: E' — X in C||,,s0€e’: E‘'QU — X in C. Setting

I'=(€®U)o(FoU®u) 't E'®U - X®U in C, then fol’ = gol’ in C. Hence
there is a mediating map m: E' @ U — E with I’ =l om in C.
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Conversely, if ¢ = eom in C|y, then (¢! @ U)o (E' ® U @u)"! =lom in C, so m is
the unique such morphism. The functors C|ly,<v: C|l, = C||, preserve these limits by
construction.

The same idea works for C||,, except that we may need the diagram J to be finite,
depending on the amount of universal joins of central idempotents available in C. This
is best illustrated for products. Suppose that C has universal finite joins of central
idempotents and has finite products, then [];; X; is also a product in C||,. Define the
projections to be [1,m;]: [[; X; — X;, and given finitely many [u;, f;]: A ®@ Uy — X,
define their tuple to be [u1 A ... Aup, (fi)]: A = [[, X; in CJ|,. It is easily checked
that this is well-defined and satisfies the universal property. If C had universal joins
of central idempotents, we could have defined the tuple [Awu;, (fi)]: A — [ X; for an
arbitrary number of morphisms A — Xj;. In either case, the functor C — C||,, preserves
these limits by construction. 0O

Finally, let us mention two properties that are preserved only in certain cases.

If C has colimits of a certain shape J, and U ® (—): C — C preserves these colimits
for a central idempotent u, then Cl||,, inherits these J-shaped colimits, and the functor
C — C||,, preserves them. If J is finite or C has universal joins of central idempotents,
then the same holds for C||,.

If C has a dagger [32, Section 2.3] then C|, inherits it if and only if the central
idempotent u is (represented by) an isometry, and C||, inherits it if and only if for every
central idempotent v there is a central idempotent v < v that is (represented by) an
isometry.

11. Examples

This brief section illustrates the sheaf representation theorem in several example cases
that are genuinely monoidal and could not have been handled using sheaf representation
theorems for toposes. We start by considering three posetal examples.

Example 11.1. A topological space X has a frame of open sets L = O(X) that may be
regarded as a stiff monoidal category with universal joins of central idempotents (but that
is not a topos unless X is empty). Because ZI(L) ~ L, the completely prime spectrum
Spec(ZI(L)) is (homeomorphic to) X itself. Theorem 8.3 says that L is isomorphic to
the global sections of a sheaf of \/-local monoidal categories on X. If = is a point of X,
then the stalk L||, is the quotient of L by the filter x, that is, the quotient L/~ by the
equivalence relation ~ where U ~ V when UNW =V NW for some W € L. This is
sometimes called the frame of germs of open subsets of X with respect to x [13, 1.6.10].
Concretely, the stalk L||, has the same objects as L, that is, open subsets U of X. There
is a unique morphism U — V in L||, when there is an open neighbourhood W of z with
UnNnWw CV.
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o If x € V, then there is a morphism U — V: take W = V;

o Ifz € U and = ¢ V, then there is no morphism U — V: for any open neighbourhood
W of x, there is a point « in U N W that is not in V;

o If 2 ¢ U, then there is a morphism U — V: there is a open neighbourhood W of z
disjoint from U;

Hence all open neighbourhoods of x are isomorphic as objects in L||,, and they are
all terminal. Similarly, all open sets whose closure does not contain x are isomorphic
as objects in L||;, and they are all initial. Therefore, if x is an isolated point, L], is
equivalent to the partially ordered set 0 < 1 regarded as a 2-object category. But in
general more subtle behaviour can occur:

o Ifz €U and x ¢ V, then there is no morphism U — V: because x ¢ V there is an
open neighbourhood W of x disjoint from V, but because 2 € U this neighbourhood
is not disjoint from U.

e If 2 €U =U\U and z € 9V =V \ V, there may be a morphism U — V or there
may not be. For example, take X = R, x =0, and U = (—1,0). If V = (0,1), then
any open neighbourhood W of x contains points of U that are not in V, so there is
no morphism U — V. But if V = (—2,0), then U C V, so W = X shows that there
is a morphism U — V.

Nevertheless, the global sections of the sheaf U — L||y correspond to continuous func-
tions X — {0, 1}.

Example 11.2. A Boolean algebra B may be regarded as a stiff monoidal category with
finite universal joins of central idempotents. Because ZI(B) ~ B, in this case Spec(ZI(B))
is the Stone space of B. Theorem 8.3 hence says that any Boolean algebra is isomorphic
to the global sections of a sheaf of V-local rings on a Stone space. By Corollary 10.7 the
stalks are two-valued, so this becomes Stone’s representation theorem [35]: any Boolean
algebra is isomorphic to the algebra of clopen subsets of its Stone space. Going from
V-local to \/-local, this extends to complete Boolean algebras and Stonean spaces.

In fact, this holds more generally for a distributive lattice L and its prime spectrum
X. As the quotient of L by a prime filter x is always {0, 1}, we obtain a sheaf whose stalks
are all isomorphic to the two-element lattice. Global sections are functions X — {0,1}
that are continuous with respect to the discrete topology on {0, 1}, that is, the clopen
subsets of X, and so correspond to elements of L.

Similarly, starting with a locale L regarded as a monoidal category with universal joins
of central idempotents, Theorem 9.4 gives the Stone representation on a sober space, and
recovers the locale L if it is spatial.

Example 11.3. A quantale ) may be regarded as a monoidal category with universal
joins of central idempotents. Theorem 8.3 shows that any quantale is equivalent to the
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category of global sections of a sheaf of monoidal categories. This gives a different view
on works combining sheaves and quantales [12,52,33]. The central idempotents in @ are
the central elements u satisfying u - u = u < e. The category Q||.:

¢ has objects ¢ € Q;

e there is a unique morphism p — ¢ when p-u < ¢;

e composition is uniquely determined: p-u < g and ¢-u < v imply p - u < v;
o the identity morphism is the equality g - e = gq.

If  C ZI(Q) is a completely prime filter, Q|| has:

e objects g € Q;
e a unique morphism p — ¢ if there exists u € x satisfying p-u < q.

The partially ordered sets Q|| still have finite meets and joins, bottom and top elements,
and a multiplication that distributes over joins. To see that Q|| inherits meets: p; - 1 =
pi < p1Apeyand 1 € x so p; <, p1 A pe, and if ¢ <, p;, say because ¢q - u; < p;, then
q-(ur ANug) < q-up Ag-uz < pp Ape with up Aug € x, and so ¢ <, p1 A ps; a similar
reasoning holds for joins.

Next we discuss three examples that are not posetal.

Example 11.4. If X is a locally compact Hausdorff space, the category Hilbc,x) of
Hilbert Cy(X)-modules is a stiff monoidal category with universal joins of central idem-
potents. Here ZI(Hilbc, x)) ~ O(X) [25, 3.16], so as in Example 11.1, the representation
theorem says that Hilbg,(x) is isomorphic to the global sections of a sheaf of \/-local
monoidal categories over X. In this case, every stalk Hilbg, (x|, is the category Hilb
of Hilbert spaces (see also [31, 2.5,2.8]). Thus we recover Takahashi’s representation
theorem of Hilbert modules as continuous fields of Hilbert spaces [56].

Example 11.5. Any commutative ring R has a category Modp of modules that is a stiff
monoidal category with finite universal joins of central idempotents. As in Example 2.10,
the central idempotents of Mlodpg are linear maps A — R whose image is an idempotent
ideal of R. If R is semisimple, any idempotent ideal is generated by an idempotent
element, and hence ZI(Modg) includes the set E(R) = {e € R | e = e}. Therefore
Spec(ZI(Modpg)) is a quotient of the Pierce spectrum of R [35, V.2]. Theorem 8.3 now
says that an R-module corresponds to a global section of a sheaf of V-local modules over
a quotient of the Pierce spectrum of R. Indeed, any semisimple commutative ring is a
finite product of fields.
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Example 11.6. Consider a linear-non-linear model of linear logic [8], that is, a symmetric
monoidal adjunction between a symmetric monoidal closed category L and a cartesian
closed category C.

Because F' is automatically strong monoidal [8, Proposition 1], there is a semilattice
morphism ZI(C) — ZI(L), and a functor C||s — L||p(s) for each s € ZI(C). If C and L
both have universal joins of (finite) central idempotents, then ZI(C) — ZI(L) preserves
(finite) joins, because F is a left adjoint and so preserves colimits. If G preserves central
idempotents, we obtain a Galois connection between ZI(C) and ZI(L), and a functor
L|ly — Cllg(u) for each u € ZI(L).

12. Functoriality

This section shows that the main construction of Theorem 8.3 is functorial. We start
by defining the appropriate category of sheaves of monoidal categories, and prove that
it is dual to the category of monoidal categories. Lemma 5.5 shows that the sheaves of

monoidal categories that arise from the representation theorem are (a categorification
of) flabby sheaves [206].

Definition 12.1. A sheaf P: O(X)°? — MonCat of monoidal categories is flabby when
the functors P,<,: P, — P, all act the same on objects, and each has a left adjoint
Pusv: P, — P, and the unit of the adjunction is invertible.

Recall that a topological space is spectral (or coherent) when it is Ty, compact, sober,
and its compact open subsets form a base and are closed under finite intersections. A
continuous function between spectral spaces is a morphism of spectral spaces when the
preimage of a compact open subset is again compact. The category of spectral spaces is
dually equivalent to the category of distributive lattices [34,35].

Definition 12.2. Write MonScheme for the following category. Objects are pairs of a
topological space X and a flabby sheaf P: O(X)°? — MonCat of monoidal categories
where all P, have the same objects and X = ZI(P;). A morphism (X, P) — (¥,Q)
consists of a continuous function ¢: X — Y and a natural transformation F,: Q(v) —
P(o~1(v)) such that

Fl(u) 2917(] (12.1)

or in other words ¢~*(u) = 07 o Fy(u). Write MonScheme, for the full subcategory
of sheaves of \/-local categories. Write MonSchemeg for the subcategory of sheaves of
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V-local categories where X is a spectral space, and morphisms where ¢ is a morphism
of spectral spaces.

Recall from Definition 3.5 that MonCatg has as objects small monoidal categories
with universal finite joins of central idempotents, and as morphisms lax monoidal functors
F whose coherence morphism I — F'(I) is invertible that preserve finite joins of central
idempotents. Similarly, MonCat; is the subcategory of small monoidal categories whose
central idempotents have universal joins and form a spatial frame, and morphisms F' that
preserve joins of central idempotents.

Theorem 12.3. The representation of Proposition 6.3 extends to equivalences of categories
MonCatg — MonScheme.] and MonCat; — MonScheme|”.

Proof. If F': C — D is a morphism in MonCatg then it induces a semilattice morphism
ZI(C) — ZI(D), and hence a continuous function ¢: Spec(ZI(D)) — Spec(ZI(C)), by
Lemma 3.4. Furthermore, if u € ZI(C), then F' induces a morphism C|l, — D||p(w)
in MonCat that acts as I’ on objects and that sends a morphism f: AQ U — B to
F(f)obBay: F(A) ® F(U) — F(B). This is natural with respect C||,<,, and satisfies
the condition Fi(u) = 0y, and so gives a well-defined morphism D||(_y — C||(_ in
MonSchemeg;. This assignment and its counterpart MonCat; — MonScheme,” are
clearly functorial, faithful, and injective on objects.

To see that these functors are full, suppose (p,{F,}.) is a map in MonScheme
from P_ = D||_ to @ = CJ|—. Then F = Fj is a morphism C — D in MonCat. It
follows from naturality of that all F, act the same on objects. Regarding a morphism
f: A®U — B in C as a morphism in C||,,, we find:

F.(A®U % B)

(A®U®u)

=F, (AU U B) op, F.(A0U A®U®U)

(A®U®u)

= Fu(Clluc1i(A® U % B)) opy Fu(A0U A®U®U)

A®U®u)

=D pu<i (F(A®U % B)) opy Fu(ARU ARU®U)

—F(f)oFu(AeU 2 A0 U)

Now, observe that AQU: AQU — A®U, regarded as a morphism A — AQU in C||,, is
an isomorphism in C||,, with inverse AQu®u: AQU ®U — A, regarded as a morphism
A —, A®U in C|,. Hence Fy,(A®U) is inverse to Fy(A®u®u) in Dl p(,. But now it
follows from F1(AQu)ofay = F(A)Q F(U) that Fy(A®u®u) = F1(AQu)® F(U) is
inverted by 04,u: F(A)® F(U) — F(A®U), regarded as a morphism F(A) — F(A®U)
in D||p(y)- Thus F,(A®U) = 04,0, and so F,(f) = Fi(f: AQUB) 06 4,u. Therefore the
morphism (¢, {F,}) in MonScheme is indeed induced by the morphism F' in MonCat.
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Similarly, any object P in MlonScheme is (monoidally naturally isomorphic to) C|| -
for C = P;, because there is a bijection between morphism f: A — B in P, and
morphisms g: A ® U — B in P(1) by flabbiness. Thus the functors MonCatg —
MonScheme.] and MonCat; — MonScheme,” are essentially surjective, and so
equivalences. D

Apart from the issue surrounding projectivity of the tensor unit discussed in foot-
note 2, the previous theorem generalises from the topos case the functoriality result that
there is a dual equivalence between the following two categories [3]: Boolean pretoposes
and pretopos morphisms; and so-called affine logical schemes, consisting of a stack A on
a topological groupoid A, with as morphlsms a continuous functor F': A — B together
with a pretopos morphism F: B F, (A)

Next we adapt the equivalence between étale bundles and sheaves (see [50, I1.6.5]
and [17]) to the current setting.

Lemma 12.4. Morphisms (X, P) — (Y, Q) in MonScheme that do not necessarily sat-
isfy (12.1) are equivalently given by continuous functions ¢: X — Y together with a
Jamily Fy: Quy — Pu of morphisms in MonCat between stalks indezed by v € X
satisfying:

e all F, act the same on objects;
for all f: A— B in Q(v), the functions X 2 ¢~ *(v) — AP given by

@ = Fo([flow@)

are continuous, where [—|,: P, — P, = colim,e, P, are the stalk maps, and AP =
Ha.Bep, zex Pu(A, B) has a base of open sets {[g, | x € u} for g: A — B in P(u);

o the coherence morphisms 07: I — F,(I) in Qy form a continuous function X —
Hocx Q= (I, Fo(I)), where the latter has a base of open sets {[0}], | z € u} for
0%: I — Fp(I) in Qu;

o the coherence morphisms 0% p: Fy(A)@F;(B) = Fy(A®B) in Qy form a continuous
function X = 14 pep(a)zex @u (Fo(A) ® Fy(B), F,(A® B)), where the latter has
a base of open sets {[0% pla | x € u} for 04 p: Fi(A) ®@ Fi(B) = Fu(A® B) in Q..

Proof. Fix a continuous function ¢: X — Y. Given {F,},co(y), take F, to be the
morphism Q) — P, in MonCat induced by the fact that the stalk P, is the colimit
of P -1, over = € o 1(x), and the stalk Q(x) is the colimit of @, over p(x) € v. This
satisfies the conditions by construction.

Conversely, suppose given {F, }.cx, and fix v € O(Y). On objects, set F,,(A) = F,(A)
for any =z € X. Given f: A — B in Q,, the continuity condition lets us pick opens v,
around each point € u = ¢ '(v) and go: A — B in P(¢ ™ (v,)) with Fy([flp)) =

[9z]z- By universality of joins in P,, we can paste these into Fy,(f) :=\ ¢, 92: A — B
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in P,. In the V-local case, X is a spectral space and hence compact, so finitely many v,,
already cover X, and universal finite joins of central idempotents in P, suffice to define
F(f). Lemma 3.2 makes F' functorial.

Similarly, there are opens v, around each point ¢ € w and 07": I — F(I) and
0% p: F(A)@F(B) = F(A® B) in P,-1(,,) with [07*], = 0F and [0y g]. = 0% p. These
paste into 0y :=\/, 07" : I — F(I) and 045 :=\/, 05 p: F(A) ® F(B) — F(A® B) in
D. These make the functor F, into a morphism in MonCat by Lemma 3.2 because 67
and 6% p make [, into a morphism in MonCat for each point z. Thus we have defined
a natural transformation Fy,: Q, — Py-1(y)-

It is straightforward to verify that these two constructions are inverses. 0O

We can now recognise (12.1) as a condition on the morphisms F, between (V- or
\/-)local categories, to make the previous lemma into an equivalence.

Definition 12.5. A morphism of (V- or \/-)local monoidal categories F: C — D is a
morphism in MonCat ¢; that is conservative on central idempotents: if F'(u) = 1, then
the central idempotent w itself must be 1.

If C and D are toposes, the previous definition means that F reflects all isomor-
phisms [16, Definition 3.3.2]. If C and D are the frames of opens of topological spaces,
it is equivalent to the continuous function preserving focal points.

Proposition 12.6. Let P: O(X)°? — MonCat and Q: O(Y)°? — MonCat be sheaves of
(V- or \/-)local categories, let p: X —'Y be a continuous function, and let F': Q = @, P
be a natural transformation. Condition (12.1) holds if and only if the induced functors
F, on stalks are morphisms of (V- or \/-)local monoidal categories.

Proof. It suffices to see that if F': C — D is a morphism in MonCatg; such that each
F, is a morphism of (V- or \/-)local monoidal categories, Fi(u) € x < u € p(x).

For a central idempotent u in C, observe that Fj(u) € x if and only if Fy(u) ~y 1,
if and only if F, ([u],(s)) = 1. Definition 12.5 makes this equivalent to [u],(,) = 1. But
that holds exactly when u € ¢p(x). O

13. Embedding

The goal of this section is to prove that any small stiff monoidal category can be freely
completed with universal (finite) joins of central idempotents. The guiding idea will be
that objects of the completion of C with universal (finite) joins can be thought of as
formal colimits of the appropriate kind.

Definition 13.1. A morphism f: A — B in a monoidal category restricts to a central
idempotent w if it factors through B ® u via some g: A — U.
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—L B B B ?

S U

g\\\\ pBo(BRu) | f | _ | ‘ g |
Bou I !

It is clear that if u < v are central idempotents, then any morphism f: A U — B
restricts to v.

Proposition 13.2. For a small stiff monoidal category C, there is a category D[C]:

o objects are pairs (D, A) of a down-closed D C ZI(C) and an object A € C;
o morphisms (D, A) — (E, B) in D[C] are families {n,: AQU — B},ep of morphisms
in C such that each 1, restricts to some v € E, and if u < u'*:

o the identity on (D, A) has components AQu: AQU — D;
o Composition of n: (D,A) — (E,B) and (: (E,B) — (F,C) is given by ({on), =
Co O Thy,w for (any) v € E and 7y,: U QR A — V @ B satisfying n, = (BQv) 0 Ty p-

AU —— ™ B

(4677){ \ }3@1;
Nu,v

C<C—B®V

Proof. We prove that the composition is independent of the choice of v and 7, ,,. Suppose
that v, v’ € F satisfy v < ', and that 7, restricts to v via 7j: AQU — B®V, and hence
also to v’ via a morphism 7' = (B ® my ) o 7. Then:

AU — T\ BeV
Tk .
B —— BaV . C

4 That is,  is a compatible family for the presheaf Cll(=y: D°? — MonCat.
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Now suppose 7, restricts to v; and vo in F via 7;: AQU — B ®V;. By stiffness, it then
restricts to v1 Avg via: AQU - BV, ® Va:

BRV1®v2

BeVieV, Be®W
(ﬁ\ /771
Bevi®@Va AU B®wv1
M2
B®V, Y

BQusg

Applying () twice, we conclude that {,, 071 = Cp; Avs 07 = (p, 071, 50 (0n is well defined. It
is routine to verify that the composition is associative and satisfies the identity laws. O

Proposition 13.3. If C is a small stiff monoidal category, then D[C] is monoidal:

o the tensor product of objects is (D1, A1) ® (Dg, Ay) = (D1 N Dy, A] @ Ap);
o the tensor unit is I = (ZI(C, I);
o the tensor product of morphisms is:

Proof. To see that the tensor product of morphisms is well-defined, two conditions must
be verified. The first holds because Cl||,<y is strict monoidal by Lemma 5.4. For the
second, if 7; restricts to v; € Fj;, then (n1(§)n2)u restricts to vy A vg, which is in Eq N
FE5 because these sets are down-closed. The associator and unitors, and the coherence
conditions these satisfy, now follow routinely from those in C. 0O

Notice that if A ~ B in C, then (D, A) ~ (D, B) in D[C] for any D.

Lemma 13.4. There is a strictly monoidal full embedding C — D[C] that sends an object
A to A= (ZI(C, A) and a morphism f to {f ® u}yezi(c)-

Proof. This is clearly a functor that is injective on objects. If E C ZI(C) is down-closed
and u € E, then D[C]((lu, A),(() E,B)) ~ C(A® U,Y) ~ C||,(A, B). It follows that
D[C](A, B) ~ C(A, B), so the functor is full. Finally, observe that I is the monoidal
unit in D[C], and that AB=A®B. O

Proposition 13.5. If C is a small stiff monoidal category, there is an isomorphism of
partially ordered sets ZI(D[C]) ~ {D C ZI(C) | D = |D} that sends a down-closed
D C ZI(C) to the morphism (D, I) — I with component uo A\ at u € D.
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Proof. For down-closed D C ZI(C), define D = (D, I), and write d: D — I for the
morphism in D[C] given by d,, = u o A; for each u € D.

We first prove that d is a central idempotent in D[C]. Note that D&D = (D, I ® I).
Now dy, =uodf=XAfo(I®u)=pro(I®@u) = ﬁu, so the components of d and the
identity on D are the same morphisms in C. Hence d®D = ﬁ@d, and this has an inverse
with components I @ u: IQU — I ® I.

The assignment D +— d is a semilattice morphism, because DRE ~ DN E via an
isomorphism with components py o (u®@ A7) = pyo(u®pr): URIRI — 1.

Moreover, if d < e in D[C] then d factors through e via a map D — E. Its component
at v € D must be u: U — I factoring via v: V — I for some v € E. So any u € D is
below some v € E, so D C E. Thus the map D +— d is injective. It remains to show that
it is surjective.

Let n: (D, A) — T be a central idempotent in D[C]. It suffices to prove that each
Nu: A®U — I is a central idempotent in C, for them maps 1, themselves evidently
restrict to 7, and form an isomorphism (D, A) — {0, }uep.

From ((D, A) &), = (n® (D, A))u, it follows that

A A U A AU

and upon simplification and tensoring with U, we find n@ AU = AU @ 1.
Invertibility of (D, A) ®n gives a map ¢: (D, A) — (D, A® A) such that:

A A AA
||

Precomposing with (U ®w)~! (twice on the left, once on the right) and simplifying shows
that

inverts A ® U ® n,, and so n, is a central idempotent in C. O
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Lemma 13.6. If C is a small stiff monoidal category, then D[C] has universal joins of
central idempotents.

Proof. It follows from Proposition 13.5 that ZI(D[C]) is the free frame on the semilattice
ZI(C), so it certainly has arbitrary suprema.

Let {D;} be a family of down-closed subsets of ZI(C) closed under intersection, so {b\l}
is a family of central idempotents of D[C] closed under meets. Let (F, B) be an object in
DIC]. Consider the diagram in D[C] consisting of the objects (F, B) ®D; ~ (D;NE,B)
and morphisms (E, B) ®MDi,Dj : (E, B) &D; — (E, B) @D\J whenever D; C D;. The
components of these maps are just BQu: BQU — B for each v € D; N E, and evidently
restrict to u € D; N E C D; N E itself.

We show that (E, B) ®\/ D; = (E, B) Q@@ ~ (D; N E, B) with cocone maps

—

(E,B)®up,yp,: (E,B)®D; — (E,B)&| | D;

is the colimit of this diagram. Suppose that there were another cocone with vertex (F, C')
and morphisms ¢;: (END;,B) — (F,C). A mediating morphism n: (ENJD;, B) —
(F,C) must satisfy ¢; = no((E, B) ®UD1-,U p,). Componentwise, by the definition of
composition in D[C], this yields for any v € E N D;:

KD, ,UD;

YU U

Z— YU

Hence, u € EN|JD; forces 1, = (;, for any ¢ with v € E N D;. Hence mediating
morphisms is unique. It remains to show that this mediating morphism is well defined.

First, we show that the definition of v, does not depend on i. Suppose that u € END;
and u € END;. Then u € EN(D; N Dj), and we write i A j for the index such that
D;rj = D; N Dj. By the fact that {¢;} is a cocone, (;r; = (;0((E, B) ®Ni/\j,i)- Since the
component of p;nj,; at uis Y @u = (BQu)o(B®U), we get (inju = Giuo(BRU) = (i u.
Consequently, ¢; » = Cinju = (j,u as required.

Next, we check that 7 is indeed a morphism in D[C]. Given u < «' € ENJD;, the
restriction condition 7, = 7y © My, follows from the corresponding condition for ¢;
for any ¢ such that v’ € E N D; (and thus also v € E N D;). Finally, each 7, evidently
restricts to a central idempotent in F' since all (; , do. O

An analogous construction can be carried out for finite joins of central idempotents,
by considering only finitely generated downsets, which form free distributive lattice on
a meet-semilattice. This proves the Corollary from the introduction.
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Corollary 13.7. Any small stiff monoidal category allows a central idempotent-preserving
monoidal embedding into a category of global sections of a sheaf of (V- or \/-)local
monoidal categories.

Proof. Combine Theorem 8.3 with Lemmas 13.4 and 13.6. O

The previous corollary is analogous to similar results for (pre)toposes [16,2,3] up to
the issue discussed in Footnote 2.
Finally, we show that D[C] is in fact the free such completion of C.

Theorem 13.8. If C is a small stiff monoidal category, D is a monoidal category with
universal joins of central idempotents, and F': C — D a morphism in MonCatg, then
there is a unique morphism F: D[C] — D in MonCat; with:

c 2

P ¢
D

Proof. Let (D, A) be an object in D[C]. Consider the diagram in D with objects F(U) ®
F(A) for u € D and morphisms whenever v < «' € D. Note that F(U) — F(U’) is
the morphism in D witnessing F(u) < F(u') as central idempotents in D. Because D
is closed under meets, and F induces a semilattice homomorphism ZI(C) — ZI(D),
also {F(u) | w € D} is closed under meets. Because D has universal joins of central

idempotents, the diagram under consideration has a colimit, given by the image of (D, A)
under F:

F({(D, A)) = colim,ep F(A) ® F(U)

Now, let n: (D,A) — (E,B) be a morphism in D[C]|. Writing 6 for the coherence
morphism witnessing that F' is monoidal, the morphisms

0aU

F(A) e FU) 28 FAao D) Ty

form a cocone for the diagram in D with objects {F(A) ® F(U)}yuep and morphisms
induced by u < v/, since the following diagram commutes:
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, Oa,ur / F(n,/)
F(A) @ F(U') — 2V P(AeU") —)_, p(B)

F(nu)

F(A)® F(U) ——— F(A® )

0aU

This gives a mediating morphism h: F((D, A)) — F(B) in D.
Finally, each 7, restricts to some v € E:

AU T B

Hence the morphisms F'(n,) o 04 v in the cocone restrict to F'(v):

/F(ﬂu)\
F(A) o FU) 2 F(asU) —2"  pBov) — 282 L py)
\\\\\ OB,v F(B)®0; ' |~
\\u
F(B)® F(V) o F(B) @ F(I)

Consequently, the mediating morphism & factors through the colimit of the diagram in
D of objects {F(B) ® F(V) }veg and morphisms induced by v < v’ € E, that is, through
F((E, B)). We define F(n) to be this factor F((D, A)) — F((E, B)).

It is routine to verify that this is functorial. Because

F <\/ E) =F (U Di> = colimye, p, FU) = \/ colimyep, F(U) = \/ ﬁ(E) .
it preserves joins of central idempotents. O

In other words, C — DJC] is functorial and left adjoint to the forgetful functor
MonCat; — MonCatg. Similarly, the forgetful functor MonCatg — MonCatg has a
left adjoint.

This generalises and improves [25, Theorem 10.4] in two ways. First, that result is
based on subunits (see Appendix A). Second, it encodes objects of D[C] as presheaves
on C. Both lead to somewhat ad-hoc steps in the proof that do not generalise to central
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idempotents easily (namely Lemma 8.3 and Proposition 9.6 of [25]). The results of this
section are more general and conceptually cleaner.

14. Further work

Theorem 8.3 and Lemma 10.5 do for multiplicative linear logic what earlier results [2]
do for higher-order intuitionistic logic. This raises several questions.

e Does our construction preserve additive connectives too, so that our main result can
be extended from the multiplicative fragment to full linear logic? We expect that
weakly distributive categories [19] are global sections of sheaves of (V- or \/-)local
weakly distributive categories.

e The representation result for toposes is often used to obtain logical completeness
theorems [47,2]. Can we derive a similar completeness result for (multiplicative)
linear logic? Concrete questions towards this aim include: if a morphism is stalkwise
epi/mono/iso, must it be epi/mono/iso? Similarly, one could study converses to the
results in Section 10, for example: if all stalks C||, are closed, must C itself be closed?

e Completeness theorems for linear logic give rise to coherence proofs for symmetric
monoidal closed categories [55]. Does a coherence theorem follow from our construc-
tion?

o What does a central idempotent signify in a model of linear logic, and when is
the model (V- or \/-)local? Example 11.6 gives one first step. For another, consider
the model of linear logic given by a Petri net [23]. Every Petri net generates a
monoidal category [5] whose objects are markings and whose morphisms are firing
sequences. Central idempotents then correspond to full subnets with one place and
two transitions, where both transitions have no other incoming or outgoing edges,
and the place is marked by either none or a nonzero number of tokens.

=0 ]

Additionally, the structure of the sheaf representation raises several questions.

e In the case of toposes, the sheaf representation has the additional property that
the tensor unit becomes projective in the stalks [2,3]. That requires taking Henkin
models (coherent functors to Set) instead of the completely prime spectrum as the
base space. Is there an analogue for monoidal categories that removes the dependence
on spatiality in Theorem 9.47

o The stalks CJ|, are closely related to certain restriction categories called tensor-
restriction categories [30]. Is there a general representation theorem for restriction
categories as categories of global sections?

e Corollary 13.7 first embedded a semilattice of central idempotents into a distributive
lattice (or frame) to obtain a sheaf representation. But a spectrum can be defined
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directly for a semilattice [9]. Does the representation Theorem 8.3 extend to a sheaf
on the spectrum of the semilattice of central idempotents of a stiff monoidal category
without universal joins directly?

e The prime ideal (Zariski) spectrum of the central idempotents of a monoidal category
is analogous to the Pierce spectrum, which is the prime ideal spectrum of the central
idempotents, of a ring [35]. Is there an analogon for monoidal categories of the prime
spectrum of a ring?

e The sheaf representation theorem trivialises when applied to the topos of actions of
a monoid: there are only two central idempotents. However, that topos carries other
interesting topologies involving idempotent ideals of the monoid [27,51]. This seems
related to Example 2.10. Is there a refinement of the sheaf representation theorem
that takes this into account?

Finally, there are many applications of localisation of rings in algebra, algebraic geometry,
and tensor-triangular geometry [6,7,15,14]. We have not yet explored such applications
of the representation theorem. For example, Theorem 8.3 may carry generalisations of
simplicity assumptions in linear categories [41], and Corollary 13.7 may let us drop
simplicity assumptions from embedding and characterisation theorems [28,29].

Appendix A. Subunits

In this appendix we compare central idempotents with subunits, which are central
idempotents u: U — I that are monic. There is an inclusion ISub(C) C ZI(C); see [30,
Lemma 2.2]. In a so-called firm braided monoidal category, the subunits form a semilat-
tice, and this inclusion is an embedding of semilattices. However, ZI(C) does not need
C to be braided, allowing more examples such as Example 2.9 and Example 2.12 above.
Additionally, several conditions simplify; for example, central idempotents do not require
firmness. The next definition exhibits a condition that holds very often, under which the
subunits and central idempotents coincide.

Definition A.1. Call a monoidal category bilinear when morphisms f,g: A — B® U for
a central idempotent u are equal if (and only if) fRU =g U.

Lemma A.2. If a braided monoidal category C is bilinear, then ISub(C) = ZI(C).

Proof. Let u: U — I be a central idempotent. Suppose that uo f = uog for f,g: A = U.
Then (u® U)o (fRU)=(u®@U)o(¢g®@U), and hence f ® U = g ® U. But bilinearity
now implies f =g¢. O

Any posetal category is bilinear, including semilattices, frames, and quantales. Any
sheaf category is bilinear, because there is only one function into the empty set (namely
the empty function, which has the empty set as domain). More generally, the following
lemma shows that any cartesian category is bilinear.
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Lemma A.3. Any cartesian category is bilinear.

Proof. Observe that a cartesian category satisfies the following property:

feu

B®U

Namely, given f, take e = (A, f om3). In fact, notice that e is independent of f, because
f oms is the unique morphism from A into the subterminal object U by Lemma 5.6. Now
if f,g: A—> BU satisfy f@U =g®U, then f =(fQu)oe=(g®u)oe=g. O

The next two lemmas show that categories of (Hilbert) modules (over nonunital rings)
are bilinear too.

Lemma A.4. If R is a nondegenerate firm commutative ring, then the category Modg of
nondegenerate firm R-modules and linear maps is bilinear.

Proof. By Example 2.10, a central idempotent in Modpg is a morphism u: U — S for
an ideal S C R that is nondegenerate, firm, and idempotent [25, Proposition 3.11]. If
B is an R-module, then B ® U is the submodule {¢ -b | ¢ € S,b € B}. Suppose that
f,9: A — B ®U are linear maps, such that f ® U = g ® U. The latter means that
fu(p) - a) = g(u(p) - a) for any a € A and ¢ € U. Let a € A. Because U @ U ~ U,
then f(a) € B ® U corresponds to u(yp) - f(a) € B® U @ U for some ¢ € U. But

u(p) - fla) = f(u(p) - a) = g(u(p) - a) = u(p) - g(a), so f(a) = g(a). Thus f =g. O
Lemma A.5. If X is a locally compact Hausdorff space, Hilbg,(x) is bilinear.

Proof. As in Example 2.11, a central idempotent U in C = Hilbg,(x) is of the form
U={peCy(X)]| p(X\U) =0} for an open set U C X [25, Proposition 3.16]. If B
is a Hilbert Co(X)-module, then B ® U is the submodule {b € B | (b | b)(X \ U) = 0}.
Suppose that f,g: A — B®U are bounded Cy(X)-linear maps, and that fQU = g®U.
The latter means that f(a) = g(a) for a € A with (a | a)(X \ U) = 0. Now pick a
net p, € C(X) such that ¢,(X \ U) = 0 but lim, ¢,(x) = 1 for every € U. Then
on - fla) = flon-a) = glen - a) = ¢, - g(a) for every a € A. Moreover, lim, ((¢, —
1)f(a) | (pn — 1)g(a))(x) vanishes for every x € X: for if ¢ U then the limit equals
lim(f(a) | f(a))(xz) = 0; but if z € U then ¢,, — 1 tends to zero and so the limit vanishes
too. Thus f(a) = lim, ¢, - f(a) = lim, ¢, - g(a) = g(a) for every a, that is, f =g¢g. O



52 R. Soares Barbosa, C. Heunen / Advances in Mathematics 416 (2023) 108900

References

[1] M. Anel, A. Joyal Topo-logie, in: M. Anel, G. Catren (Eds.), New Spaces in Mathematics, Formal
and Conceptual Reflections, Cambridge University Press, 2021, pp. 155-257.
[2] S. Awodey, Sheaf representation for topoi, J. Pure Appl. Algebra 145 (2000) 107-121.
[3] S. Awodey, Sheaf representations in duality and logic, in: Joachim Lambek: the Interplay of Math-
ematics, Logic, and Linguistics, Springer, 2021, pp. 39-57.
[4] J.C. Baez, Higher-dimensional algebra II: 2-Hilbert spaces, Adv. Math. 127 (1997) 125-189.
[5] J.C. Baez, F. Genovese, J. Master, M. Shulman, Categories of nets, in: Logic in Computer Science,
Vol. 16, ACM/IEEE, 2021, pp. 1-13.
[6] P. Balmer, The spectrum of prime ideals in tensor triangulated categories, J. Reine Angew. Math.
588 (2005) 149-168.
[7] P. Balmer, G. Favi, Generalized tensor idempotents and the telescope conjecture, Proc. Lond. Math.
Soc. 102 (6) (2011) 1161-1185.
[8] N. Benton, A mixed linear and non-linear logic: proofs, terms and models, in: Computer Science
Logic, in: Lecture Notes in Computer Science, vol. 933, Springer, 1994, pp. 121-135.
[9] G. Bezhanishvili, R. Jansana, Priestley style duality for distributive meet-semilattices, Stud. Log.
98 (2011) 83-122.
[10] F. Borceux, Handbook of Categorical Algebra 2: Categories and Structures, Cambridge University
Press, 1994.
[11] F. Borceux, Handbook of Categorical Algebra 3: Categories of Sheaves, Cambridge University Press,
1994.
[12] F. Borceux, G. Van den Bossche, Quantales and their sheaves, Order 3 (1986) 61-87.
[13] N. Bourbaki, Elements of Mathematics: General Topology, Chapters 1-4, Springer, 1987.
[14] M. Boyarchenko, V. Drinfeld, Idempotents in monoidal categories, https://doi.org/10.1007/s00029-
013-0133-7.
[15] M. Brandenburg, Localizations of tensor categories and fiber products of schemes, arXiv:2002.00383
[math.AG], 2020.
[16] S. Breiner, Scheme representation for first-order logic, PhD thesis, Carnegie Mellon University, 2014.
[17] D. Cardechi, An étalé space construction for stacks, Algebraic Geom. Topol. 13 (2013) 831-903.
[18] J. Clark, R. Wisbauer, Idempotent monads and *-functors, J. Pure Appl. Algebra 215 (2) (2011)
145-153.
[19] J.R.B. Cockett, R.A.G. Seely, Weakly distributive categories, J. Pure Appl. Algebra 114 (1997)
133-173.
[20] C. Constantin, N. Dicaire, C. Heunen, Localisable monads, in: Computer Science Logic, in: Leibniz
International Proceedings in Informatics, vol. 216, 2022, pp. 15:1-15:17.
[21] J. Dauns, K.H. Hofmann, Representations of Rings by Sections, Memoirs, vol. 83, American Math-
ematical Society, 1968.
[22] M. Dickmann, N. Schwartz, M. Tressl, Spectral Spaces, Cambridge University Press, 2019.
[23] U.H. Engberg, G. Winskel, Linear logic on Petri nets, Technical Report RS-94-3, Basic Research in
Computer Science (BRICS) report, February 1994.
[24] P. Enrique Moliner, C. Heunen, S. Tull, Space in monoidal categories, in: Quantum Physics and
Logic, in: Electronic Proceedings in Theoretical Computer Science, vol. 266, 2017, pp. 399-410.
[25] P. Enrique Moliner, C. Heunen, S. Tull, Tensor topology, J. Pure Appl. Algebra 224 (10) (2020)
106378.
[26] R. Godement, Topologie Algébrique et Théorie des Faisceux, Actualités scientifique et industrielles,
vol. 1252, Hermann, 1958.
[27] J. Hemelaer, M. Rogers, Monoid properties as invariants of toposes of monoid actions, Appl. Categ.
Struct. 29 (2021) 379-413.
[28] C. Heunen, An embedding theorem for Hilbert categories, Theory Appl. Categ. 22 (13) (2009)
321-344.
[29] C. Heunen, A. Kornell, Axioms for the category of Hilbert spaces, Proc. Natl. Acad. Sci. 119 (9)
(2022) €2117024119.
[30] C. Heunen, J.S. Pacaud Lemay, Tensor-restriction categories, Theory Appl. Categ. 37 (21) (2021)
635-670.
[31] C. Heunen, M.L. Reyes, Frobenius structures over Hilbert C*-modules, Commun. Math. Phys.
361 (2) (2018) 787-824.
[32] C. Heunen, J. Vicary, Categories for Quantum Theory: an Introduction, Oxford University Press,
2019.


http://refhub.elsevier.com/S0001-8708(23)00043-9/bib6A988443DA47E01CE1082891858ACEF8s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib6A988443DA47E01CE1082891858ACEF8s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibED3182336B029D99FCB109BD7D8DDCF0s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibC3724FADFA1355377CB753F07034CCBBs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibC3724FADFA1355377CB753F07034CCBBs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib0A0C128157298B774B11D6E42898A880s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibFDC6AED6FD434E0BA67DD3BC245B5544s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibFDC6AED6FD434E0BA67DD3BC245B5544s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib2CD86801E5444CC3651CEBD0895F66B3s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib2CD86801E5444CC3651CEBD0895F66B3s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib437D51B0B47BDB67D65D37A715912C8Bs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib437D51B0B47BDB67D65D37A715912C8Bs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibF542BD556BFB887A702B52C5CB1DDCADs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibF542BD556BFB887A702B52C5CB1DDCADs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib5C16CCD86576B416CA05E9DF2B528AD4s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib5C16CCD86576B416CA05E9DF2B528AD4s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib42CA9BF4AF412B145A76B48BAD8C98E5s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib42CA9BF4AF412B145A76B48BAD8C98E5s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib79B7D0830D7A4C7944629AB3CE9D24C9s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib79B7D0830D7A4C7944629AB3CE9D24C9s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibA6C56C1C8FE0C7D3214317F2EFBE9F43s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib248E028ABE86B7E65C876909E2ACE998s1
https://doi.org/10.1007/s00029-013-0133-7
https://doi.org/10.1007/s00029-013-0133-7
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib272B10A6370BE357D0829BE15E08323Ds1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib272B10A6370BE357D0829BE15E08323Ds1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib5E824BF09A3C098ACD2A4DF1BDFEFBC9s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib79010DB3D937D19853BCF1BA360A38ADs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib7CD227B2AF372F6B2A7E1E7BC180B3E1s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib7CD227B2AF372F6B2A7E1E7BC180B3E1s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib910893DD0DD4CAE3AE9823DF68EE73A3s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib910893DD0DD4CAE3AE9823DF68EE73A3s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib22EF3B02C32820E435AD8D092F814F31s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib22EF3B02C32820E435AD8D092F814F31s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibE829E4D9EF48D72EE0720FA7E2F004B4s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibE829E4D9EF48D72EE0720FA7E2F004B4s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib3573E6555470888A11B1E0CDB6562541s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib82EE95DAAF4E8DDC3718F0B270720CF8s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib82EE95DAAF4E8DDC3718F0B270720CF8s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib09EFE9061946DB617733DEE1FDDACFD8s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib09EFE9061946DB617733DEE1FDDACFD8s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib5657C3A245DF78B94F791D5F2F6A6A1As1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib5657C3A245DF78B94F791D5F2F6A6A1As1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibE52E2B7C0372844919654A722026FCD1s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibE52E2B7C0372844919654A722026FCD1s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibF6AD290A791489B15BA873AEACC4FAAEs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibF6AD290A791489B15BA873AEACC4FAAEs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib0703CF5E84747FDBCBAB987E0CCFD407s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib0703CF5E84747FDBCBAB987E0CCFD407s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib1E9D538658C3FEFB199DC153E27E0A4As1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib1E9D538658C3FEFB199DC153E27E0A4As1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib580663D32CD3F93A24D960DAAA087747s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib580663D32CD3F93A24D960DAAA087747s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibF6839A2ECCFF6F83FC04895BC47B7C68s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibF6839A2ECCFF6F83FC04895BC47B7C68s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibA81213135D746235236674F94931FF13s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibA81213135D746235236674F94931FF13s1

R. Soares Barbosa, C. Heunen / Advances in Mathematics 416 (2023) 108900 53

[33] H. Heymans, Sheaves on quantales as generalized metric spaces, PhD thesis, Universiteit Antwerpen,
2010.

[34] M. Hochster, Prime ideal structure in commutative rings, Trans. Am. Math. Soc. (1968) 43-60.

[35] P.T. Johnstone, Stone Spaces, Cambridge University Press, 1982.

[36] A. Joyal, R. Street, Tortile Yang-Baxter operators in tensor categories, J. Pure Appl. Algebra 71
(1991) 43-51.

[37] A. Joyal, R. Street, D. Verity, Traced monoidal categories, Math. Proc. Camb. Philos. Soc. 119
(1996) 447-468.

[38] M. Kapranov, V. Voevodsky, 2-Categories and Zamolodchikov Tetrahedra Equations in Algebraic
Groups and Their Generalization, Proceedings of Symposia in Pure Mathematics, vol. 56, American
Mathematical Society, 1994, pp. 177-259.

[39] C. Kassel, Quantum Groups, Springer, 1995.

[40] G.M. Kelly, A unified treatment of transfinite constructions for free algebras, free monoids, colimits,
associated shaves, and so on, Bull. Aust. Math. Soc. 22 (1980) 1-83.

[41] G. Kuperberg, Finite, connected, semisimple, rigid tensor categories are linear, Math. Res. Lett. 10
(2003) 411-421.

[42] T.Y. Lam, Lectures on Modules and Rings, Springer, 1999.

[43] J. Lambek, On the sheaf of possible worlds, in: J. Adamek, S. Mac Lane (Eds.), Categorical Topology
and Its Relation to Analysis, Algebra, and Combinatorics, World Scientific, 1989, pp. 36-54.

[44] J. Lambek, What is the world of mathematics?, Ann. Pure Appl. Log. 126 (1-3) (2004) 149-158.

[45] J. Lambek, I. Moerdijk, Two sheaf representations of elementary toposes, in: The L. E. J. Brouwer
Centenary Symposium, 1982, pp. 275-295.

[46] J. Lambek, B.A. Rattray, Localization and duality in additive categories, Houst. J. Math. 1 (1)
(1975) 87-100.

[47] J. Lambek, P. Scott, Introduction to Higher Order Categorical Logic, Cambridge University Press,
1986.

[48] E.C. Lance, Hilbert C*-Modules: a Toolkit for Operator Algebraists, Cambridge University Press,
1995.

[49] J. Lurie, Higher Topos Theory, Princeton University Press, 2009.

[50] S. Mac Lane, I. Moerdijk, Sheaves in Geometry and Logic, Springer, 1992.

[61] I. Pirashvili, Idempotents and the points of the topos of M-sets, arXiv:2011.11747, 2020.

[62] P. Resende, Groupoid sheaves as quantale sheaves, J. Pure Appl. Algebra 216 (2012) 41-70.

[53] K.I. Rosenthal, Quantales and Their Applications, Pitman Research Notes in Mathematics, Long-
man Scientific & Technical, 1990.

[54] P. Selinger, A Survey of Graphical Languages for Monoidal Categories, Lecture Notes in Physics,
vol. 813, Springer, 2009, pp. 289-356.

[65] S. Soloviev, Proof of a conjecture of S. Mac Lane, Ann. Pure Appl. Log. 90 (1997) 101-162.

[66] A. Takahashi, Hilbert modules and their representation, Rev. Columb. Mat. 13 (1979) 1-38.


http://refhub.elsevier.com/S0001-8708(23)00043-9/bib3A3C6F43E9209C7832C7989611902177s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib3A3C6F43E9209C7832C7989611902177s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib6D22347CCFEB1EF562474D80EB4FFDE7s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib5F8BAD4AF48948A29EA222052369B344s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibEBBE8E7D1737791F7B3C52936ABDFA60s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibEBBE8E7D1737791F7B3C52936ABDFA60s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib9D256E5988A18706D500832DF3FF64C2s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib9D256E5988A18706D500832DF3FF64C2s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib702176E6F7C37842BAEBFBA919581AD7s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib702176E6F7C37842BAEBFBA919581AD7s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib702176E6F7C37842BAEBFBA919581AD7s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib0BDE0A2B0E774656243EAF2D621E481Bs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibA3980718DE2137A28C2F2DBDCBF727BEs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibA3980718DE2137A28C2F2DBDCBF727BEs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib23425D42FBFE259050040DA776339B5Ds1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib23425D42FBFE259050040DA776339B5Ds1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib0785C9AC995D09D952BD6C33F28FBBFDs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibD9CB162420ADD14A146682517D338E91s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibD9CB162420ADD14A146682517D338E91s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib81869EB53A32B7C9653BD43E6A4466CFs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib2458B53CF49D619BF87F1A628D57CF1Cs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib2458B53CF49D619BF87F1A628D57CF1Cs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib7B74318EB6DF11F8DB52B1D09B1ABE9Cs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib7B74318EB6DF11F8DB52B1D09B1ABE9Cs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibB8B14720873DF758032960F36CBA8CC7s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibB8B14720873DF758032960F36CBA8CC7s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib5FDAB52FAD5CA6DB80D9F210C0FB9DDDs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib5FDAB52FAD5CA6DB80D9F210C0FB9DDDs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib2C6504424BEFFF6E6BF71B7A9C5FEA52s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibE249C9F37EA444E53D3EE24D194287DBs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibD610B7F3A15035A46878085B23009BECs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibE285C38AEC88D82D8D7E9942F0B4B197s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibF83910E71572E26DA9A6CDC6B1B6722Es1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibF83910E71572E26DA9A6CDC6B1B6722Es1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibD807DED14A1225BADA876E974F24334Bs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibD807DED14A1225BADA876E974F24334Bs1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bib36C3A258DE2CFCE0C3B924B03BB4E117s1
http://refhub.elsevier.com/S0001-8708(23)00043-9/bibBA7361EFE4378A9AD74FAB220AD2418As1

	Sheaf representation of monoidal categories
	1 Introduction
	2 Central idempotents
	3 Universal joins
	4 Base space
	5 Structure presheaf
	6 Structure sheaf
	7 Stalks
	8 ∨-Locality
	9 ∨-Locality
	10 Preservation
	11 Examples
	12 Functoriality
	13 Embedding
	14 Further work
	Appendix A Subunits
	References


