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ABSTRACT

We present an extension of Geodesics in Lorentzian Manifolds (Semi-Riemannian Mani-
folds or pseudo-Riemannian Manifolds ). A geodesic on a Riemannian manifold is, locally,
a length minimizing curve. On the other hand, geodesics in Lorentzian manifolds can be
viewed as a distance between “events”. They are no longer distance minimizing (instead,
some are distance mazimizing) and our goal is to illustrate over what time parameter
geodesics in Lorentzian manifolds are defined. If all geodesics in timelike or spacelike or
lightlike are defined for infinite time, then the manifold is called “geodesically complete”,
or simply, “complete”. It is easy to show that g(c’,o’) is constant if o is a geodesic
and g is a smooth metric on a manifold M, so one can characterize geodesics in terms
of their causal character: if g(o’,0') < 0, o is timelike. If g(o’,0’) > 0, o is spacelike.
If g(o’,0') = 0, then o is lightlike or null. Geodesic completeness can be considered
by only considering one causal character to produce the notions of spacelike complete,
timelike complete, and null or lightlike complete. We illustrate that some of the notions

are inequivalent.
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Chapter 1

Introduction

A geodesic on a Riemannian manifold is, locally, a length minimizing curve.
In other words, a geodesic is a path that a non-accelerating particle would follow. For
example, a geodesic in the Euclidean plane is a straight line and on the sphere, all
geodesics are great circles. If we consider the distance function ||X||?> = Zle X2 =
t2 4+ 22 + y? + 2% on R*, we notice that it is positive definite (Riemannian). Moreover,
the Hopf-Rinow Theorem states that a connected Riemannian manifold is geodesically
complete if and only if it is complete as a metric space [Lee97].

In 1915 Albert Einstein introduced the general theory of relativity, which led to
the need to consider manifolds whose metric is not positive definite (pseudo-Riemannian).
In other words, pseudo-Riemannian manifolds are not metric spaces, since the distance
function, || X||? = =X? + 3.3 X? = —#2 + 22 4+ y? + 2% is no longer positive definite and
geodesics here can be viewed as a distance between “events”. They are no longer distance
minimizing (instead, some are distance mazimizing) or zero.

There is no analog of the Hopf-Rinow Theorem in the pseudo-Riemannian case.
So, completeness is defined as geodesic completeness. A manifold is geodesically complete

if every geodesic extends for infinite time and here are 3 types of geodesic completeness.
1. Timelike geodesically complete if every timelike geodesic extends for infinite time.
2. Spacelike geodesically complete if every spacelike geodesic extends for infinite time.
3. Lightlike geodesically complete if every lightlike geodesic extends for infinite time.

It is our goal to show that these notions are inequivalent.



Here is an outline of the thesis. Chapter 2 contains Topological and Differential
Geometric Preliminaries. We introduce topological spaces, smooth manifolds, and related
notions that we will need.

Chapter 3 is about Inner Products and pseudo-Riemannian manifolds. We in-
troduce inner products, timelike, lightlike, spacelike vectors, and pseudo-Riemannian
manifolds.

Chapter 4 is about Connections and Geodesics Completeness with examples that
demonstrate certainty of completeness are inequivalent. We introduce connections, Levi-
Civita connections, Koszul formula, Geodesics Completeness, special manifold, examples,

and finally, give a short summary of our goal.



Chapter 2

Topological and Differential

Geometric Preliminaries

Most of this material that I introduce here in this chapter can be found in a basic
topology book. The concept of topological space grew out of the study of the real line
and Euclidean space and the study of continuous functions on these spaces ([Mun00]).

In this chapter we define what a topological space is, and we provide some examples.

Definition 2.1. A topological space is a set X together with a collection of subsets S,

called open sets, that satisfies the four conditions:
1. The empty set () is in S.
2. X isin S.
3. The intersection of a finite number of sets in S is also in S.
4. The union of an arbitrary number of sets in S is also in S.

Here we gave a basic example of topological space over a set to give some of the

elementary concepts to understand a topological space.

Example 2.2. If X = {1,2,3} then S = {¢,{1},X} is a topology on X.



A Euclidean space or, more precisely, a Euclidean n—space, is the generalization
of the notions “plane” and “space” (from elementary geometry) to arbitrary dimensions n.
Thus Euclidean 2—space is the plane, and Euclidean 3—space is space. This generalization
is obtained by extending the axioms of Euclidean geometry to allow n directions which are
mutually perpendicular to each other. Euclidean n—space, sometimes called Cartesian
space or simply n—space, is the space of all n—tuples of real numbers, (z1,z2,...,2y).

Such n—tuples are sometimes called points.

Definition 2.3. Fuclidean n—space R"™ is the set of all n—tuples p = (p1,p2,--.,Pn) of

a real numbers.
We work here over the real numbers, R.

Definition 2.4. For any x in R™ and r > 0, the open ball of radius r around x is subset

B, (z) = {y € R, such that | x — y |< r}.
In a moment we will give an example of the standard topology on R".

Example 2.5. If X = R" then let S be the set of arbitrary unions of open balls. This is

the standard topology on R™ we will be using.

In mathematical analysis, the smoothness of a function is a property measured
by the number of derivatives it has which are continuous. A smooth function is a function

that has derivatives of all orders everywhere in its domain.

Definition 2.6. A real valued function f defined on an open set U of R™ is smooth if all
mixed partial derivatives of f and of all orders exist and are continuous at every point of

U.

If U CR"™and f:U — R™ is smooth then f = {f1, fo,..., fin} where f; :— R.
These f;,i = 1,2,.....,m, are called the coordinate functions of f, and f is smooth if all

of the coordinate functions of f are smooth [Shi04].

In mathematics, a continuous function is a function for which small changes in
the input result in small changes in the output. Otherwise, a function is said to be a
discontinuous function. A continuous function with a continuous inverse function is called

a homeomorphism. Continuity of functions is one of the core concepts of topology.



Definition 2.7. If X,Y are topological spaces, and f : X — Y then f is continuous if
F~HU) is open in X whenever U is open in Y. Let X,Y are topological spaces, A function

f: X =Y is a homeomorphism if f and f~! are continuous.

Next we will define smooth overlap of topological spaces.

Definition 2.8. If S is a topological space, an n-dimensional coordinate system at a

point p € S is a homeomorphism ¢ : U — R™, where U is an open set containing p.
If U and V' are n-dimensional coordinate systems, we say U and V overlap smoothly if

whenever p € U NV | the transition functions ¢y o gb[;l ou(UNV) = oy (UNV) are

smooth, whenever ¢y : U — R™ and ¢y : V — R™ are the associated homeomorphisms.

The points in an n—dimensional coordinate system are locally like Euclidean space R™.

Here we would like to use coordinate systems and homeomorphism to describe

what an atlas on a manifold is.

Definition 2.9. An atlas A of dimension n on a space S is a collection of n-dimensional

coordinate systems such that
1. Every point in S is located in some coordinate system in A.
2. All n-dimensional coordinate systems in A overlap smoothly.
Here we will illustrate that a complete atlas is important.

Definition 2.10. A complete atlas B on S if B contains each coordinate system in S

that overlap smoothly with every coordinate system in B .

The existence and uniqueness of a complete atlas on topological space will avoid

unintended technicalities. the proof of the following lemma may be found in ([O’N83]).
Lemma 2.11. Each atlas A on S is contained in a unique complete atlas.

We introduce the differential geometric preliminaries that we will need, including

manifolds.

Definition 2.12. A manifold M is a Hausdorff topological space that locally resembles
Euclidean space. This means that for all p € M there exists an open set U C M , pe U

and homeomorphism ¢ : U — R"™.



Here we will only deal with smooth manifolds which we define. Also, we assume

all manifolds here are connected.

Definition 2.13. A smooth manifold M is a Hausdorff topological space furnished with

a complete atlas.

If we let M be a smooth manifold, then denote F(M) as the set of all smooth
real-valued functions on M. Some important objects on manifolds may now be discussed.

These include tangent vectors, the tangent space, the tangent bundle and vector fields.

Definition 2.14. Let p be a point of a manifold M. A tangent vector to M at p is a real
valued function v : F(M) — R that satisfies

1. R-Liner: v(af + bg) = av(f) + bu(g), and

2. Leibnizian: v(fg) = v(f)g(p) + f(p)v(9),
for all a,b € R and f,g € F(M).

Definition 2.15. At each point p € M , let T,(M) be a set of all tangent vectors to M
at p. Then T),(M) is called tangent space to M at p.

Definition 2.16. Addition and scalar multiplication in T,(M) is defined as
1 (v+w)(f) = v(f) +w(f),

2. (av)(f) = av(f),
for all vyw € T,(M), f € F(M), a € R and make the tangent space T,,(M) a

vector space over the real numbers R.

Definition 2.17. The tangent bundle T(M) for a manifold M is the disjoint union of

all its tangent spaces.

The tangent bundle can be made into a smooth manifold as well, for details, see

([O'N83]).

Definition 2.18. A wvector field V' on a manifold M is a function that assigns to each
point p € M a tangent vector V), to M at p.



V' can be imagined as a collection of arrows, one at each point of M. If V is a
vector field on M and f € F(M) , then V f denotes the real-valued function on M given
by (Vf)(p) = Vp(f) for all p € M.

Here we will give a proposition that we will need later in Theorem (4.5). Its

proof can be found in [O’N83].

Proposition 2.19. Let M be a semi-Riemannian manifold. If V. € X(M), and let
V¥ =< V., X > for all X € X(M). Then the funtion V. — V* is an F(M)—linear
isomorphism form X(M) to X*(M).



Chapter 3

Inner Products and Pseudo

Riemannian Manifolds

We introduce here the linear algebraic notion of a symmetric bilinear form, it
is a generalization of the dot product. In a vector space, it is a way to multiply vectors
together, with the result of this multiplication being a scalar. More precisely, for a real

vector space, a symmetric bilinear form < .,. > satisfies the following definition.

Definition 3.1. Define < .,. > a symmetric bilinear form on V to be a function

<.,.>:VxV =R, and satisfying
1. <zx+4yz>=<z,2>+<y,z>and if a € Rjthen < azx,y >=a < xz,y > , and
2. <z,y>=<y,x > forall x,y,z€ V.

It is easily seen that < .,. > is linear in the second slot:

<z, y+z> = <y+z,r>
= <y,r>+<z,x>
= <ry>+<x,z>.

We know in most of linear algebra, functional analysis, and related areas of
mathematics, a norm is a function that is generally assumed to assign a strictly positive

length or size to each vector in a vector space.



Definition 3.2. Define the norm of v as ||v||?> =< v,v >.

We will give here an example of symmetric bilinear form that challenges the

notion that a norm must always be nonnegative.

Example 3.3. Let V = R? = span {e1,es} . Define a symmetric bilinear form as follows:

<eper>=1,<eg,ea >=—1and < e, es >=0 find

1. < xey +yea,ze; —yea >, and
2. ||rer + yeal|?.

Solution:

< ze1 + yez, re1 — yea

||ze1 + yea||?

< zep,rer > — < xej,yey >
+ < yea,xre; > — < yea, yeg >
a:2+y2.

< xey + yeq, xe1 + yeg >
< zep,xre1 > + < xejp,yes >
+ < yez,ze; > + < yez,yes >

x? — 2.

We can see from this norm, ||xe; + yes||* = 22 — y? that if

x >y, then the norm is positive (+).

x <y, then the norm is negative (-).

x =1y, then the norm is zero (0).

We will give here a characterization of certain symmetric bilinear forms.

Definition 3.4. Let < .,. > be symmetric and bilinear. Then

1. If < v,v > greater than 0 if v # 0 and < v,v >= 0 if v = 0,then < .,.

positive definite.

2. For all v € V , there exists w € V such that < v,w ># 0, then <

non-degenerate.

3. If < .,. > is non-degenerate, then we call < .,. > an inner product.

b >

> 18

18
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We will give these specific definitions for inner products which characterize all

non-zero vectors in an inner product space.

Definition 3.5. If < .,. > is an inner product, and x # 0,z € V,
1. If < x,x > less than 0, then x is timelike.
2. If < x,x > greater than 0 , then x is spacelike.
3. If <w,x > equals 0, then x is lightlike or null.

The following theorem illustrates that orthonormal bases exist in inner product

spaces and we can find the proof in [Gil01].

Theorem 3.6. If < .,. > is an inner product , there exists a basis {e1, e, ..., ep, f1, fo, ..., fq}
when p+q =n = dimV such that

< e, e >=—1,

<epe>=0,ifi#j,

<fi,fi>=1,

<fif;j>=0,4i#j,

<e, fj >=0Vi,j.

We call this an orthonormal basis. For every orthonormal basis, the numbers p and q
are the same. So, (p,q) is invariantly defined, and (p,q) is called the signature of the
inner product. If this is (0,n), the inner product is positive definite. If it is (1,n — 1),

then it is Lorentzian. Otherwise, if it is (p,q) for p,q > 2 , this is referred to as the

higher signature setting.

We will give example to illustrate the previous theorem.

Example 3.7. Let < ej,e; >= —1 and < f1, f1 >=< fo, fo >=< f3, f3 >=1
on R* = space {e1, f1, fo, f3} . The signature of < .,. > is (1,3) and is thus Lorentzian.

1. Ifv==xfi + zey, then

[l = <vv>
= <zfi +xe,xf1 + e >
— 22

= 0.
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Thus, v is null.

2. Letv=yf1+ze;

(a) If y < x then

WI? = <yfi+azen,yfi+zer >
= 2 —2%2<0.
So v is timelike.
(b) If y > x then
I[v||? = <uyfi+xer,yfi +xe; >
= y2 — x> 0.
So v is spacelike.
(c) If y = x then
[v||? = <yfi+xer,yfi +xe; >
= y?—-22=0.

So v is lightlike or null.

But how does this relate to our topic? We will give here specific definitions

about this issue.

Definition 3.8. If M is a smooth manifold, a metric g on M is an inner product of the
same signature on each tangent space of M. g is smooth if the components of g in one

(and hence any) coordinate system are smooth.
We mention here that M and g must be smooth.

Definition 3.9. If (M, g) is a smooth manifold.

1. If the signature of g is (0,n), then (M, g) is Riemannian.
2. If the signature of g is (1,n —1) or (n —1,1) then (M, g) is Lorentzian.

3. If the signature of g is (p,q), with p,q > 2, then (M, g) is of higher signature.

It is a pseudo-Riemannian manifold if it is not Riemannian.
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The following proposition illustrates how the signature (p,q) and (g¢,p) are re-

lated.

Proposition 3.10. Let (M,g) be a pseudo-Riemannian manifold of signature (p,q), then

the signature of —g is (q,p).

Proof. We know that if the signature of g is (p, q), then there exists a basis

{61,62,...,€p,f1,f2,...

for T,(M) at any p € M such that

g(ei €) =
g(ei,e;) =0, if i # j,
9(fi, fi) =
9(fi, f5) = 0, if i # j,

g(ei, fj) =0, for all 4, j.

Then, an orthonormal basis relative to —g is { f1, fo, . ..

(—9)(ei ei) = —g(ei, €;) = +1,
(—g)(ei,ej) = —g(ei e5) =0,

(=9)(fi fi) = —g(fi, fi) = =1,
(=9)(fi, f5) = —9(fi, f3) = 0,
(=g)(ei, fj) = —g(ei, f;) = 0.
Therefore the signature of -g is (¢, p).

»Ja}

. fgr€1,€2,...,ep}: such that
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Chapter 4

Connection and Geodesics

Completeness with Examples in

Timelike, Spacelike, and Lightlike

4.1 Connection

A connection is supposed to be differentiation in a given direction as measured

by a tangent vector. The next example illustrates a connection.

Example 4.1. Let V be a directional derivative on R3, f is a function and x is a direction

1 a1
ox
when x € R3 and x = |0|, then V. (f) =Vf -z = % 0 :%.
of
0 Er 0

Thus, Vy : F(R?) — F(R?).
A connection is intended to measures a rate of change of a lot of objects in

direction z, and it is not just functions.

Definition 4.2. A connection V on a smooth manifold M is a function,
Vi X(M) x X(M) — X(M), satisfying (V1) to (V3) below. We call the covariant

derivative of Y in direction X is equal to Z and we donate that as VxY = Z.

(V1) V is F(M) - liner in X, that is, if f,g : M — R and X1, X2,Y € X(M), then
VfX1+9X2YV = va1Y +9Vx,Y.
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(V2) R-liner in Y, that is, for all a, § € R, and X, Y1,Ys € X(M),
VX(aY1 + /BYQ) =aVxY: + 6VxYs.

(V3) If f: M = R, Vx(fY) = X(f)Y + fVxY, for all X,Y € X(M).

There are two other properties that a connection may or may not satisfy.
(V4) VxY — Vy X = [X,Y]. ( Torsion Free)

(V5) If g is a metric on M, then Z(g(X,Y)) = g(VzX,Y) + g(X,VzY). (Metric Com-

patible, Riemannian)

We will show here a lemma that we will use in the following Theorem (4.5) and

we can find it in [O’N83].
Lemma 4.3. The bracket operation on X(M) has the following properties:

1. R-bilinearity:
[le + f2}/7 Z] = fl[X7 Z] + fZD/a Z]7

[Z, h X + [2Y] = hZ, X] + faZ,Y].

2. Skew-symmetry:
(X, Y] =-[Y, X].

3. Jacobi identity:
[X7 [K ZH + [K [Z> XH + [Za [Xv Y]] =0.

We will prove here a lemma that the bracket operation on X(M) though R-

bilinear, is not F (M )—bilinear. Furthermore, we will use it in the following Theorem
(4.5).

Lemma 4.4. The fact of the bracket operation on X(M) which is the following equation
[fX,9Y] = fglX, Y]+ fX(9)Y — gV (f)X.
If g is the constant function, g = 1, then the formula above takes a simpler form:

[fX,Y] = fIX, Y] =Y(f)X.
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Proof.
[f X, gY](h) = ( X)(gY)(h) = (gY)(fX)(R)
= fX(gY(h)) = gY(fX(h))
= [X(@)Y(h)+ fg(XY(h)) — gV (f)X(h) — fg¥V X (h)
= (( (X(9)Y —gY (/)X + fglX,Y])(R).
So,

[fX,gY] = fglX, Y]+ fX(9)Y — gV ()X

When g is the constant function, g = 1, then the formula above takes a simpler form,
since X (g) = 0:

O

The following fundamental result, theorem has been called the miracle of Semi-

Riemannian geometry [O’N83].

Theorem 4.5. There exists a unique connection ¥V on (M, g) satisfying (V1) to (V5).

This is characterized by the Koszul formula:

29(VxY,2) = X(9(Y,2)) +Y(9(Z, X)) - Z2(9(X,Y))
—g(X, [Y7 Z]) +9(Y’ [Za X]) —{—g(Z, [X7 Y])

This is called the Levi-Civita connection on M.

Proof. We will show the Levi-Civita connection is unique. We suppose V satisfies con-
nection (V4) and (V5) from the previous definition and we will show the Koszul formula
holds. We will use (V5) on the first three terms and (V4) on the last three terms of the
RHS of the Koszul formula.

RHS = X(9(Y,2))+Y(9(Z,X)) - Z(9(X,Y))
—9(X, [V, Z]) + 9(Y, [Z,X]) + 9(Z,[X,Y]).
= g(VxY,2)+g(Y,VxZ)+g(VyZ, X) + g(Z,Vy X)
—9(VzX,Y) = g(X,V2Y) = g(X,VyZ) + g(X,VzY)
+9(Y,VzX) = g(Y,VxZ) + g(Z,VxY) = g(Z,Vy X).
= 29(VxY,Z).
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Therefore, if V satisfies (V1) to (V5), then the Koszul formula holds.

Now we show there exists such a connection. If Z — F(X,Y, Z) is F(M)-Linear,
hence it is a one-form for fixed X and Y € X(M).

If F(X,Y,fZ) = fF(X,Y,Z) for all f € F(M), then F(X,Y, fZ) is F(M)-linear, and
hence a 1-form. We will show this by using the Koszul formula, Lemma (4.3), and Lemma

(4.4). T mean the following two facts from those lemmas,
L [fX,Y] = f[X,Y] - Y(f)X, and
2. [Y. fX] = —[fX,Y].
So,
= XF(Y,2)+ [X(Y, 2)+ Y [(Z,X) + [Y (Z,X)
= fF(X,Y,2).
Now we know that F' is F(M)—linear, hence a 1-form. By Proposition (2.19)
there is a unique vector field,VxY such that 2¢(VxY,Z) = F(X,Y, Z) for all Z. Thus

the Koszul formula holds and we can use the Koszul formula to prove the connection

satisfies (V1) to (V5).

1. Our proof for the (V1):

We have to show the following equation,
29(vf1X1+f2X2Yv Z) = 29(f1vX1Y + f2vX2Y7 Z)'
We will use here the Lemma (4.3) and the Lemma (4.4). I mean the following two

facts from those lemmas,

(a) [fX, Y] = fIX,Y] =Y (f)X, and
(b) [Y, fX] = -[fX,Y].
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(iX1+ foX2)(9(Y, 2)) +y(g(Z, X1 + f2X2)) — Z(g(f1 X1 + f2X2,Y))
—9(fiXy + foXo,[Y, Z]) + g(Y, [Z, /1 X1 + f2X2]) + 9(Z, [1 X1 + f2X2,Y])
[iX1(9(Y, 2)) + [2X2(9(Y, 2)) + Y (1) (9(Z, X1)) + Y (f2)(9(Z, X2))
+1Y (9(Z, X1)) + oY (9(Z, X2)) — Z(f1)(9(X1,Y)) — Z(f2)(9(X2,Y))
—f1Z(9(X1,Y)) — f2Z(9(X2,Y)) — fr9(X1,[Y, Z]) — fog(Xa,[Y, Z])
+9(Y, f1lZ, Xa]) + 9(Y. Z(f1) X1) + g(Y, f2[Z, Xa]) + g(Y, (Z(f2) X2)

9+ (Z, [i[X1,Y]) = 9(Z,Y (f1)X1) + 9(Z, f2[X2,Y]) — 9(Z,Y (f2) X>2)
29(iVx,Y.Z) +29(f2Vx,Y, 2)

29(f1Vx,Y + foVx,Y, Z)

= RHS.

2. Our proof for the (V2):

We have to show the following equation for all o, 5 € R,

LHS

29(Vx(aYr + BY2),Z) = 29(VxaY1,Z) + 29(VxaYs, Z).

X(g(aY1+ BY2), Z) + (oY1 + BY2)(9(Z, X)) — Z(9(X, Y1 + BY2))
9(X, [aY1 + BYa], Z) + g(aY1 + BYs, [Z, X]) + g(Z, [aY1 + BY2))
X(g(aY1, Z)) + (9(BY2.2)) + aY1(9(Z, X)) + BY2(9(Z, X))
Z(g(X,a¥1)) — Z(g(X, BY2)) — g(X, [aY1, Z]) — g(X, [BY2, Z])
9(aY,[Z, X]) + g(BY2, [Z, X]) + 9(Z, [X, aV1]) + 9(Z, [X, BY?])
29(VxaY1,Z) +29(VxaYs, Z)

RHS.

3. Our proof for the (V3):
It f: M =R, Vy(fY) = X(f)Y + fVxY, for all X.

We know 2(Vx fY,Z) = F(X, fY,Z), then using Lemma (4.3) and the Lemma
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(4.4).
2VxfY,Z) = X(fY,2)+ fY(Z2,X) - Z(X, [Y)
—(X Y, Z2]) + (fY, 12, X)) + (Z, [X, fY])
= Xf-V,2)+ fX(Y,2)+ fY(Z,X)
—Z2f-(X,Y) - fZ(X,Y) = (X, [V, Z])
—(X, ZfY)+ [V, (2, X]) = (Z, f[Y, X]) + (2, X fY)
= 2Xf-(Y,2)+ f-F(X,Y,2)
= 2X[f-(Y,2)+ [ 2(VxY, 2Z).
Therefore,

VxfY =XfY + fVxY.

. Our proof for the (V4):
We will show the following, VxY — Vy X = [X,Y]. (Torsion Free).
We interchange X and Y in the Koszul formula and we will subtract it from the

original Koszul formula which is

29(VxY,2) =29(Vy X, Z) = X(9(Y,2))+Y(9(Z, X)) = Z(9(X,Y))
g

—9(X,[Y, Z]) + g(Y, [Z, X]) + 9(Z,[X,Y])

-Y(9(X,2)) - X(9(Z,Y)) + Z(9(Y, X))

+9(Y. [ 2)) = 9(X,[2,Y]) — g(Z,[Y, X]).
29(VxY,Z) -29(VyX,Z) = 29([X,Y],2).

Therefore,

(VxY) = (VyX) = [X,Y].

. Our proof for the (V5):
If g is a metric on M, then Z(g(X,Y)) =¢g(VzX,Y) 4+ g(X,VzY).
It calls (Metric Compatible, Riemannian).
We interchange Y and Z in the Koszul formula and we will add it to the original
Koszul formula which is
29(VxY, 2)+29(VxZ,Y) = X(g(Y,2))+Y(9(Z X)) - Z(g(X,Y))
—9(X,[Y, Z2]) +9(Y, [Z,X]) + 9(Z,[X,Y])
+X(9(2,Y)) + Z(9(Y, X)) = Y(9(X, 2))
—9(X,[2,Y]) +9(Z,[Y, X]) + g(Y, [X, Z]).
29(VxY,Z)+29(VxZ)Y) = 29X(Y,2)
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Therefore,
(VxY,Z)+ (VxZ2,Y) = X(Y,2).

O]
The following lemma illustrates the computing of the Levi-Civita connection.
Lemma 4.6. If V is the Levi-Civita connection, and
X =0.,Y =0y, Z =0, so ([0, 0] = [0s,0:] = [0y,0.] =0), then
29(Vo,0y,0:) = §£9(9y,0:) + §-9(0x,02) = §-9(0s, 9,
Proof. By using the Koszul formula (4.5) we will find the following,
290(Vo,0y,0:) = 590y, 0:) + 5-9(0r, 0:) = 5:9(02,0y) + 0+ 0 +0
29(Vo,0y,0:) = §-9(8y,0:) + £9(0:,0:) — 5-9(0:,0,)
O]

We denote gi; = g(0z,;,0z;) and g;;/p, = %g(@:“ Oz, ), then
29(Vow; 025, 0xk) = Gjkyi + Gik)j — 9ij k-
We call I'ijp = g(Va, Oz, O,) = l(gjk/i + gik/j — 9ij/k) the Christoffel symbols of the
27d_kind. If we write Va,,0 => ngam then we also call Féj is Christoffel symbols
of the 1%¢-kind.

Here is the lemma to show what happens if a connection V is torsion free.

Lemma 4.7. If V is torsion free, then I';j, = T'ji.
When X = 0y, Y = Or;, Z = O,

Proof. [0y, 0x,] = 0, so by (V4),
Vo, 095. = Vs, .8:131'7 then
Pz]k = g(Vaz a:tj ) aack) = g(vaz aﬂf] ) 8:%) ]lk H

The following example is simply to illustrate how we compute V.

Example 4.8. Let M = R3 with coordinates (x1,x2,13), and suppose that
9(0ny,0py) = 2% + 223 + 1,

9(Orys Ony) = 3 + 1,

9(Ouys Oy) =
( ) =

0z,, 0 ;) =0 when i # 5 . We compute:



1. VBIQ 89E1 - F%laﬂfl + F%lam + 1—‘:1)’18233'
2. Vo, Opy =110, + 13,00, + 17,05,

3. Vo, a0, (¥30z,).

Solution:

9(Va,, 02y, 02,) = Tar1 = 5(g11/2 + G121 — 9211) = 35(0+ 0+ 0) = 0.
9(Va,, 02y, 0n,) = To12 = 5(g12/2 + 9221 — g211) = 3(0+ 0+ 0) = 0.
9(Va,, 02y, 0r;) = Tzt = 5(g31/2 + G123 — g23/1) = 5(0+ 0+ 0) = 0.

9(Vo,, 02, 0r,) = 9(Th1 0y + 15,05, + 18100y, 0) =
9(T310z,,0z,) + 9(1510z,, 0r,) + 9(T3; 00y, 31:1) =0.
13,9(02,,02,) +13,9(00y, 02,) + 1519(0ny, 0,) = 0.
My (@2 +23+1)+03,-0+T3,-0=0.
i =0.

9(Va,, 02y, 0n,) = g(T3100, + 3100y + 131005, 00,) =
9031041, 05,) + 9(T% 0y, Oy) + 9(T'3, 00y, 02,) = 0.
13,9(02,,02,) + T319(0s, 02y) + T319(0y, 0zy) = 0.
Iy - 0+T3 - (z3+1)+T3,-0=0.

%4 =0.

9(Va,, 001, 0zy) = 903100, + 15,05, +19005,00,) =
9510z, Ozy) + 9(T5100y, Ory) + g(T5 0y, Oy) = 0.
T39(0ay 5 Ons) + T319(Oy D) + T319(Ory, Ory) = 0.
Iy, -0+T3,-0+T3,-1=0.

I3, =0.

Vo, 00 = 15100, + 15,00, +T30,, =0+ 0+0=0.
Vo,, 0z = 0.

If [ X, Y] =0, and V is Torsion Free , then VxY — Vy X =

VxY =VyX = Vo, 0:; = Vo, Ou,.
Back to our example then Vﬁzz Oy, = vazla@ =0.

[X’Y] =0,

20



We compute Vo, Oy, = T} 00, + 12,04, + 3,0,
9(Voz,0x1,021) =111 = %(911/1 + 9111 — 911/1) = %911/1 = %(%1) = X1
Q(V&clamuazz) =T = (912/1 + 912/1 — 912/1) =0.

1
2
9(Va,, Oy, 0n;) = T11z = 5(g13/1 + G131 — 911/3) = 591173 = 5 (4da3) = —2m3.

9(Vo,, 02y,0z,) = 9(T1102y + T390, + 13105, 02, )
= g(T11021,00,) + g(T31015, 0y ) + g(T310y, 0y
= T1,9(04,,0,) +0+0=T1 (22 + 222+ 1) + 0+ 0 = 21.
Then T, =

x1
a:%—l—Z:c%—i—l .

9(Vo,, 021, 0z,) = 9(T1102y + %00, + T30y, 0uy)
= g(T110s,,025) + 9(0F1 025, Osy) + g(T31 02, 00y
= 0+T1%,9(0sy,00,) +0=T% (23 +1) =0.
Then T3, = 0.

9(Vo,, 02y, 0z;) = g(T110x1 4 T 022 + TF 0y, Ouy)
= g(T11021,0uy) + g(T7101y, Ozy) + g(T310ny, Oy
= 040+T%,9(0sy,0xy)
= T§-1=T}.
So F:fl = —2x3.

Therefore, Vo, 0y, = Oz, — 2230,,.

a1

m%+2m§+1
2

We compute vamxg%(%axl).

Vs xgam) = Vazl (xgaﬂcl) + Va;gamz (‘T%aﬂfl)
= % x%)aﬁvl + x%vﬁacl Oz, + x%[%(x%)am + $%vax2 Ox, ]

= 0+

zl+m%8x2 (

Wa‘“ — 2230, + ¥3[2720,, + 23 - 0]

2
= (xljgizéﬂ +223)0y, — (20373)0ss-

21
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4.2 Geodesics and Completeness

In this section we will give a special definition of a manifold that we will use
for the remainder of this thesis. These manifolds are defined in Definition (4.17). Prior
to that, we introduce the notions of geodesics, and completeness on pseudo-Riemannian
manifolds. The following theorem is to illustrate when a Riemannian manifold is geodesi-

cally complete.

Theorem 4.9. (Hopf-Rinow) A connected Riemannian manifold is geodesically complete

if and only if it is complete as a metric space [Lee97].

However, there is no analogue to this in the pseudo-Riemannian setting. In fact,
only certain geodesics can measure a suitable “distance” on manifolds, and some of these

must be distance mazimizing.

The following definition is to define geodesics on a special family of manifolds
defined in Definition (4.17).

Definition 4.10. Suppose that o : (—e,e€) — M is a smooth path, then

o = %(o) is a vector field in Ty M, o is a geodesic if Vg0’ = 0.

The following theorem illustrates that geodesics exist.

Theorem 4.11. [O’N83]
Given p € M, v € T,M, there exists a geodesic o : (—e, ) — M with o(0) = p,
a'(0) = v.

We will give here an example to illustrate the existence of a geodesic between

two different points and the length is zero. The point here is to illustrate that distance

minimizing curves need not behave as one might expect in pseudo-Riemannian manifolds.

Example 4.12. If (M,g) is pseudo-Riemannian, with L(y) = }\/]g(y’,v’)lﬁt as the
length g(y) on M = R?, with metric as follows: ’

0(02,02) = —1,9(0,00) = 1,7(0,0) = 0,7(1, 1) = 1,

V() = (tt) — ' =(1,1) =0+ 0,

9(v',7') = 9(0y + 9, 0 + 0¢) = 0, then L(v) = 0.

Here we see L((0,0),(1,1)) =0 but (0,0) # (1,1)
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The following definition illustrates that a geodesic can sometimes be extendible.

Definition 4.13. If 0 : (—€,¢) — M is a geodesic on (M, q), then it is extendible if
there exists an interval (—e,€) G I and o is a geodesic on I as well. Also o extends for

infinite time if I = R.

The following definition is to define geodesic completeness on pseudo-Riemannian

manifolds.

Definition 4.14. (M,g) complete if all geodesics extend for infinite time.

Lemma 4.15. If V is the Levi-Civita connection on M, and o is a geodesic, then ||o’||?

15 constant.
Proof. Vyi(g9(c’,0")) = g(Veo',0') + g(0', Vo) =0+0=0. O

Therefore, if o is a geodesic we call:
o spacelike if ||o’(0)||? > 0,
o timelike if ||o/(0)]|? < 0,
o lightlike or null if ||o’(0)||> = 0.
Now we know that a manifold is geodesically complete if every geodesic extends
for infinite time. On the other hand, the following definition is to illustrates the geodesic

completeness in spacelike, timelike, and lightlike.

Definition 4.16. (M, g) is
1. timelike geodesically complete if every timelike geodesic extends for infinite time.
2. spacelike geodesically complete if every spacelike geodesic extends for infinite time.
3. lightlike geodesically complete if every lightlike geodesic extends for infinite time.

Our goal in this thesis is to illustrate that completeness in spacelike, timelike,

and lightlike are inequivalent. To do this, we introduce the following family of manifolds.

Definition 4.17. Let f(x) : R — R be a smooth and non vanishing define the following
metric g on M = {(t,z) € R*|z > 0} :
g(amvaw) =1, g(ahat) = —f72(1'), g(afbaat) = g(ataax) =0 /HUbO‘g/
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These manifolds were introduced in [Hub09] specifically for the purpose of
demonstrating that the various notions of completeness on pseudo-Riemannian manifolds
are inequivalent. The following theorem is to show the computation of the Levi-Civita
connection and geodesics on manifold that defined in Definition (4.17). We refer to these

manifolds for the remainder of the thesis.

Theorem 4.18. Let f(z) : R — R be a smooth and non vanishing. Define on (M,g)
which is defined on (4.17). Then

—f'(z) _ (=)
Vo,0: =0,Vy,0, = Vp,0p = ) 0, Vo, 0 = () Ox.
Proof. g(va Oy O ) = = %(ga:x/:c +gac:t/x - gacx/x) = 0.

9(Vo,0z,0) = Tyt = %(th/x + Gtw/z — Gzajt) =
9(Va,04,0;) = Tyt = %(gt:c/a: + Guxjt — Gat)z) = 0
9(Vo,01,0,) =Tor = 3
9(V,0,05) = =3
9(V5,0¢,0) = Lot = %(gtt/t + Getjt — gtt/t) =0.
We know that:
Vo,0r =%, 0x + Tt 0y,
Vo,00 = V,0p = 15,0, + 10,0,
Vo,0; = %0, + T4,0;, then

(9tt)z + Gajt — Gutjt) = f
(

Gtw/t + Gut/t — Gtt)a) = () -

g(vazax’ a.ﬁ) = g(rgxall? + F:ﬁcxata 0:13) = g(]‘—‘ixal‘j ax) + g(Fixﬁt, 81) =0.
12,9(02,0:) + Thyg(0r,0,) =T%, -1+ T%L,-0=0.

9(Vo,0r, 0h) = 9T 0 + Fmat,at) = 9(0%,05,00) + g(Ih, 08, 0t) =
I2.9(9z,0:) + %, q(0, 0p) = 04Tt 7(1) —0

I, =0,

Vo0, =T%.0, + Tt 0, =0-0,+0-0; =0.
V,0: = 0.

Q(V&Cat’ 806) = g(ritax + ngtata 8x) = g(thaCEa ax) + g(thtBt, 83:) =0.



I'7:9(0z, 0r) + chacg(ah Or) =T5, -1+ tht -0=0.
F;t == O.

9(Vo, 0, 0;) = g(T5,00 4+ T%,0,0¢) = g(T5,0x, ) + g(T,0,0p) =

T2,(9s,0h) + T8,9(01, ) =T%,- 04T, - 7 = L.
T, = —f(=)
xt flx) -

Vo,0h = Vo, 0p =T%0 — 2+ T%,0, = 0- 0,55 - 9,.V,,0, =

—f
f=

g(v3t6t7 az) = g(rftatc + F%tatv ait) - g(Fftax, 8ﬂ7) + g(that, ait) -

T59(0r: 02) + Thyg(01,0,) = T+ 1+ Ty -0 = 5.

L = 70

I

2)

f(=)”

(z)

)

Q(Vatat, 3::) = Q(Fft&C + F%tatv 375) = Q(Fftax, 8::) + g(ritatv at) =0.

%90z, 0r) + 490, 0¢) =T% -1 +T%L-0=0.
It =0.

Vo, 0r = T§0: +T10;
_ —f'(®
- 7 0y 00
= Fw O

The following lemma is to illustrate the computation of ||o

on M.

Lemma 4.19. If o(s) be a curve in M, o(s) = (t(s),x(s)), and also
-’,U/

o'(s) =t (s) - O+ 2'(s) - Op. Then ||0’||> = g(o’,0") = (/)% — (

t/
f(z)

)2.

- 0.

/HQ
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for a geodesic o
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Proof.
g(o’,0") = gt'0y + 2’0y, t' 0 + 2'0,)
= g(t'0y 4+ 205, t'0) + g(t'0y + ' 0z, ' Oy)
= g(t'0,t'0) + g(&' 0y, t'0y) + g(t' 0y, 2'0y) + g(2' O, 2'0y)
= ()%9(04,0) + (2't) (0, &) + (t'2')*g(O, ) + (2')°9(Dx, Ou)
= (t/)2 ()+a:t’ 0+t'z" -0+ (2/)% -1
= —(5)% + (@)?g(0",0")
= —(5)7 + (@)%
Therefore,
t/
o', o) = (a 2_ 2 4.1
g(d',0") = () (f(:v)) (4.1)
]

The following theorem is to illustrate the computation of V..o’

Theorem 4.20. If o(s) be a curve in M, o(s) = (t(s),z(s)), and also

a'(s) =t'(s) O+ 2'(s) - Oy. Then Vo' = (t" — QJCI;I(]:)(QC))@ + (2" — (t,}i{;gx))ax.

Proof.

Voo = V(' +2'0,)
= V(C0) + Vo(a0)
= 'Ot +t'Vyd +2"0p + 'V Oy
= "0y +t'"Vpo 00,0 + " 00 + 'V (9, 1270,)0x
= 'O, +t'(t'Vp,0i + 2'Vp,0t) + "0y + 2/ (t'V 5,0, + 2’V 5, 0)
= t"0+ (t')?V,0 + t'2'V5,0; + 2" 0y + 2't'V 9,0, + (2/)?V, 04

= 0+ (#)? AL 0, 2t - T 1270, + ()20

/ N2 £
= (¢ = 2ELWyg, 4 (o - L LW,
o (t” 2zt f' (1‘ ) ( (t/)Qf'(:C) )a
- J(@) f3(z) z

O]

The following theorem is to show the solution of V/ ¢’ = 0 when the function,

f(x) = 2% We will be using this f for the remainder of this thesis.
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Theorem 4.21. Let f(x) = z% for some a € R, then solution of Vo' =0
for o(s) = (t(s),z(s)) are ' = cx®® and (2')? = *2** + €. for some ¢ > 0 and € € R.

Furthermore, ||0’||? = e.

Proof. When f(z) = 2%, then f'(z) = az® 1.

And also from the previous theorem we find the following equations,

o 22"t a1

a = 0. (4.2)
t/ 2 a—1
v\ )m‘;fj —0 (4.3)
From Equation (4.2):
2 t/ / o
t” _ axm — 0
b =207
Int' =2alnz +Inc.
t = cx®e. (4.4)
From Equation (4.4) into (4.3).
2" — afcx®)2z? 1 = 0.
1 = 2ol
2y = acty! g2l
3@ = 2 + ge.
(2") = 22 + € (4.5)
2 o
e= () - (L2 (46)
O

Now we are close to showing our goal. According to the Equation (4.5) we can

determine geodesic completeness for different values of «:



28

2 =220 + ¢, 50 (4.7)

/

—L ___ =1 andsofmilzflzs—s
V2o te ’ T 0

The following theorem is to show that the manifolds in Definition (4.17) are not

timelike geodesically complete.

Theorem 4.22. The manifolds in Definition (4.17) for f(z) = x“ are not timelike com-

plete fora=1,a = %, and o = %.

Proof. Let e = —1, ¢* = 6%’
x® = [%secl, Ox = a(sec@)i_l sec 6 tan 696.
Then gf(secﬁ)éﬁﬂ =5 — 0.

1. Let o« = 3 =c=1, then
[ sec896 = 1n|secd + tanf| = s — s.

In|z+ Va2 — 1] = s — sp.

We claim the Left hand side(LHS) is always positive but the Right hand side(RHS)

is not always positive because if we let RHS

:—ln2:ln%. (4.8)

Then LHS=In|z + V22 — 1| = In 3.
Va2 —1=1-u.

2’ —1=1+2%—u.

;)
x=7j.

When we substitute z = % on LHS, then

25

) 5 3
In |- — —1l=In|-+-|=In2. 4.
nlg+ /-1 =3+ = (49)
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From Equations (4.8) and (4.9) we found contradiction.

Therefore, it is not geodesically complete.

2. Let a = % and 8 =1, then
2fsec32c969 =2tanf = s — s.
2V —1 =5 — 5.
If s — sg < 0 then there is not exist  so that 2/ — 1 = s — sq.

So this does not extend for infinite time.

3.Leta=fand B=1
4fsec4989 =5 — 8p.
4(tan @ + 3 tan®g) = 5 — so.
MVE =T+ H/VE 1) = s — 0.
4T 124 E) = 5 so.
We know \/ﬁ > 0 everywhere it is defined,
and (2 4+ v/z) > 0 everywhere it is defined.
So, %\/ﬁ@ + v/z) > 0 everywhere it is defined. Therefore, the LHS > 0 but
the LHS is not always because if s — sg < 0 then there is not exist x so that
5 TE=124 V) = 5 — so.

So this does not extend for infinite time.
O

The following theorem in the geodesically lightlike case is to show that the

goedesics do extend for infinite time for one a € R, but not for some other a.

Theorem 4.23. The manifold in Definition (4.17) for f(x) = x® are lightlike complete
for a =1, but not lightlike complete for o = %, or a = %.

Proof. f\/#iaﬁ:flzs—b‘o.

Let e =0, then
fcﬁ;Z%-ai:j:s—sowhenayél.
Or

1 _ _
fcza—zln:x—s—sowhena—l
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1. When o =1
%lnxzs—so
Inz = ¢(s — sp)

T = 60(8780)
It is geodesically complete.

1

2. when a = 35 and c = 1.
1
2
I =5 —50.

2

VI = (s = s0).
The LHS is always positive but the RHS is not because if s — sg less than 0, then
there is not exist x so that \/z = (s — s9).

So this does not extend for infinite time.

3. Whena:%andc:l.

The LHS is always positive but the RHS is not because if s — sg less than 0, then
there is not exist x so that (¥/z)% = 2(s — s9).

So this does not extend for infinite time.
O

The following theorem in the geodesically spacelike case is to show that the

geodesics extend for infinite time for one o € R, but not for some other a.

Theorem 4.24. The manifold in Definition (4.17) for f(x) = x® are spacelike complete

1 1

for ao =1, but not spacelike complete for a = 35, or a = 3.

Proof. Let e =1 and ¢® = 2.

/BQa
e [ 7@ =5 — 5.
Let 2% = f%tan6, then 0x = gtanéfl sec 000
1. Let a=1.
B [secdf = Bln|secd + tanf| = s — s.
BlmPﬁﬁB2

75— + 5l =s—s0.

(Va2 + B2 = (Be 7 — ),
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(s— SQ)
N = 522 7 +:r — 2Bze
(s=sg)  —(s— 50)
z = Bl — = Bsinh(*52).

It is geodesically complete.

2. Leta:%andﬁzl,then
2 [tan @ sec 000 = 2sect = (s — sp).
VI +1=3(s—s).
The LHS is always positive but the RHS is not because if s — sg less than 0, then
there is not exist x so that vz + 1 = (s —Sp)-

So this does not extend for infinite time.

3. Leta:%andﬁzl.
4 [ tan® 0 sec 000 = s — s.
%sec30—sem9:s—so.
N -
If we multiply both sides by ( %\/7 + /x), then
(a3 +1) = V3 = (4/Va+ 1+ ¥a)(s — s0).

7f+16

W T

The LHS is always positive, but the RHS is not always positive(+) because if
7f+16

=S — 80.
E e

s — s9 < 0, then there is not exist x so that

So this does not extend for infinite time.

4.3 Summary

The following summarizes our results concerning the completeness of the mani-
folds in Definition (4.17).
Summary 4.25. For the manifolds, (M, g) in Definition (4.17),

1. Timelike: When e = —1 and o =1 then (M, g) is not geodesically complete.

7274}



32

2. Lightlike: When ¢ = 0 and o = 1, then (M, g) is geodesically complete, but when

o= %, %, then (M, g) is not geodesically complete.

3. Spacelike: When € = 1 and o« = 1, then (M, g) is geodesically complete, but when

a= %, i, then (M, g) is not geodesically complete.
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