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1 Introduction

Infinite-dimensional symmetries is a kingly gift in many interesting models of quantum
field theory, which makes them tractable if not soluble. Virasoro symmetry is one of the
simplest examples of an ordinary Lie-type symmetry that is powerful enough to solve some
models of 2d conformal field theories [1]. Another example of a completely different nature
is Yangian symmetry, which is a Hopf algebra governing the planar N = 4 SYM [2–4].
Strong homotopy algebras of L∞ and A∞ types constitute a further class of mathematical
structures that extend the conventional notion of symmetry [5–11]. These are quite general
and have nothing to do with integrability or solubility per se. In physics, BV-BRST
formalism is closely related to L∞-algebras with an important additional constraint due to
locality in QFT. In general, A∞/L∞-algebra is a way to encode the formal consistency of
dynamics, but it can in some circumstances be responsible for integrability as well.

Our interest is yet another infinite-dimensional symmetry — a higher spin symmetry,
which manifests itself in conserved higher rank tensors, ∂mJma2...as = 0. This symmetry is
clearly present in free theories and disappears in interacting ones [12–17]. An important
observation made in [18] is that in certain models, e.g. (Chern-Simons) vector models in 3d,
the higher spin symmetry gets deformed in a very constrained way rather than broken. This
was dubbed the slightly-broken higher spin symmetry. The deformation can be understood
as an A∞/L∞-algebra that deforms a given higher spin algebra in a certain way [19]. The
goal of this paper is to construct invariants of the slightly-broken higher spin symmetry,
which should compute the correlation functions. The uniqueness of these invariants in
the case of Chern-Simons matter theories [20] implies the three-dimensional bosonization
duality [18, 21–25] in the large-N limit.
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The unbroken higher spin symmetry can be summarized by saying that (i) the higher
spin currents Js, with s = 2 member being the stress-tensor, generate the higher spin
charges Qs; (ii) Qs have to form a Lie algebra hs, the higher spin algebra, which is infinite-
dimensional and contains the conformal algebra so(d, 2); (iii) currents J form a module
over hs:

∂ · Js = 0 =⇒ Qs =
∫
Js =⇒ [Q,Q] = Q & [Q, J ] = J . (1.1)

A crucial property of every free CFT is that hs originates from an associative algebra and
the Lie bracket is given by the commutator. This associative algebra encodes all impor-
tant information about a given CFT. It then comes as no surprise that each higher spin
algebra admits a simple set of invariants (traces) Tr?[J ? . . . ? J], which are automatically
conformally-invariant since so(d, 2) ⊂ hs. For an appropriate choice of wave functions J,
these invariants are nothing but the correlation functions of J ’s and can be computed ex-
plicitly, ending up with manifestly conformally-invariant expressions [26–29]. The complete
generating function is given by the logarithm of the determinant

Wfree[J] = Tr? log?[1− J] . (1.2)

Indeed, Js are bilinear in the fundamental fields, e.g. Js = φ∂ . . . ∂φ+. . ., and the generating
functional of the correlators is a Gaussian path integral. This expression is obvious for a
free theory, but is also true for the higher spin currents in the critical vector models at
N =∞. With V denoting the so(d, 2)-module where the fundamental field(s) take values,
it is clear that J ’s together with their descendants span the space V ⊗V and hs is isomorphic
to End(V ) ∼ V ⊗ V ∗, which explains why hs is associative and acts naturally on both φ’s
and J ’s.

When we depart from the free or N =∞ limit the interactions break the conservation
of the higher spin currents. The stress-tensor has to remain conserved, of course. The con-
servation turns into a non-conservation. In general one would conclude that the symmetry
is gone and is no longer useful [13], which is indeed the case if the non-conservation is driven
by some other operators. A remarkable feature of the higher spin symmetry breaking in
vector models is that the non-conservation of higher spin currents is still driven by the
higher spin currents themselves, by the double-trace, [JJ ], (and triple-trace, sometimes)
operators that are built out of J ’s. Since the currents are no longer conserved the charges
Q cannot form a Lie algebra. In addition, the action of Q on J is deformed as well:

∂ · J = g [JJ ] =⇒ Q =
∫
J =⇒ [Q,Q] = Q+O(g) & [Q, J ] = J + g[JJ ] ,

i.e. currents generate charges whose algebra and action is deformed due to the non-
conservation governed by the currents themselves. This allows one to close the loop and to
apply the idea of bootstrap. Therefore, the higher spin symmetry gets deformed rather than
broken and can still be very useful. One can try to explore the non-conservation of higher
spin currents directly by writing down the most general ansatz for the non-conservation
equation, correlation functions etc. [18]. However, it is quite difficult to extract information
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this way, i.e. without understanding what happens to the higher spin symmetry. If we want
to deform a Lie algebra together with its action on a module then an appropriate mathe-
matical structure is L∞-algebra. With parameters of the higher spin symmetry denoted ξ,
one should be looking for the deformed action δξ on currents J such that

δξJ = l2(ξ, J) + g l3(ξ, J, J) + . . . , [δξ1 , δξ2 ] = δξ , ξ = l2(ξ1, ξ2) + g l3(ξ1, ξ2, J) + . . . ,

(1.3)
where the structure maps lk form an L∞-algebra. This seems to be the only way to get a
consistent deformation. A systematic procedure of constructing such an L∞-algebra for any
given higher spin algebra was proposed in [19]. The next step, and it is what the present
paper is concerned with, is to look for invariants of the deformed higher spin symmetry,
which would deform the free CFT’s correlation functions.

It is tempting to think of the higher spin symmetry as a proper replacement of the
Virasoro symmetry in the case of vector models, but the way it works is completely different.
Both symmetries contain the conformal algebra so(d, 2) and are infinite-dimensional which
is what makes them efficient. However, Virasoro symmetry is a proper Lie symmetry, while
higher spin symmetry gets deformed into an L∞-algebra. As a result, many applications
of Virasoro rely on its representation theory [1], while L∞ has to do with the higher
cohomology of higher spin algebras. Applications require Chevalley-Eilenberg cohomology,
which can be reduced to the cyclic and then to the Hochschild cohomology of higher spin
algebras as associative algebras [20]. The latter is the first important property of higher
spin symmetry — it originates from associative algebras, which eventually governs all of the
Lie-type structures, e.g. L∞ originates from a certain A∞. The second important property
is that all of the A∞/L∞-structures originate from another associative algebra hsν , which
is a certain deformation of the initial higher spin algebra hs. All problems can be reduced
to the theory of this deformed higher spin algebra, which is just an associative algebra.

In this paper, we make a number of structural observations regarding the slightly-
broken higher spin symmetry. In particular, we prove existence and explicitly construct
invariants of the deformed symmetry, which are the candidate correlation functions. These
invariants are known to give free CFT correlators at the leading order [26–29]. The results of
the paper are more general and apply to any system whose symmetry gets deformed follow-
ing the vector models’ pattern. As it will be made clear below, any one-parameter family of
associative algebras hsν leads to A∞/L∞-algebras and to the associated invariants. There-
fore, the construction of invariants in the present paper covers this most general case as well.

The main result of the paper is the construction of the invariants of the deformed
higher spin symmetry, i.e. of the corresponding L∞-algebra, which smoothly deform the
free CFT correlation functions. Surprisingly, with some abuse of notation the generating
function can be written in a suggestive way

W [J] = Tr� log�[1− J] mod irrelevant , (1.4)

which seems to originate from a quasi-free theory. Here, � and Tr� are the product and
the trace in the deformed higher spin algebra hsν . It is important that certain terms in
the formal expansion (1.4) need to be dropped for the expression to be correct.
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Since we do not refer to any particular microscopical model that realizes a deformed
higher spin symmetry, our conclusions, e.g. the form of the correlation functions, apply
to all (dual) realizations at once. In the presence of a singlet constraint the correlation
functions of Js encode information about all the other singlet operators in the large-N limit.
Both the deformation hsν of the algebra hs and of the trace may depend on several free
parameters, which are determined by the size of the corresponding Hochschild cohomology
group. These parameters are the phenomenological parameters, which can be related to
the microscopical ones, if needed. By construction, � and Tr� depend analytically on these
parameters. Therefore, an important prediction for any system with the same higher spin
symmetry deformation pattern, which follows from this result, is that there is a finite
number of different (conformal) structures for n-point functions and the phenomenological
coupling constants can appear only in front of them (i.e. the functions of cross-ratios cannot
have a nontrivial dependence on the effective coupling constants).

More specifically, one of the most interesting examples of the deformed higher spin
symmetry is observed in Chern-Simons matter theories, see e.g. [18, 21, 30, 31]. Some
interesting facts that have been known include: (i) the higher spin algebras of free boson and
free fermion are the same in 3d, which is a necessary condition for the bosonization to take
place; (ii) the three-point functions are fixed by the deformed higher spin symmetry [18],
see [30] for most and [32] for all of them; (iii) in [20], a complete classification of higher
spin invariants was obtained. It was shown that the deformed higher spin symmetry has
exactly one invariant to serve as an n-point function and this invariant is unobstructed. For
the simplest case of vector models with higher spin currents of even spins, the deformation
depends on two phenomenological parameters.

Together with [20] the results of the present paper strongly indicate the three-
dimensional bosonization duality: every CFT with a slightly-broken higher spin symmetry
(or any other theory with the same type of symmetry) has to have these correlations func-
tions, irrespective of its microscopical realization (whether it is given by Chern-Simons
plus bosonic or fermionic matter). For our results to apply to the widest possible class
of models, we do not go into specific details. What this paper is missing at present is an
explicit form of the correlation functions in terms of coordinates and polarization vectors,
which will be given elsewhere.

The outline of the paper is as follows. In section 2, we review the main facts about
unbroken/exact higher spin symmetry to stress that correlators of Js are invariants of the
higher spin symmetry. In section 3, we review the construction of the strong homotopy alge-
bra that deforms any given higher spin algebra [19]. Section 4 is devoted to the invariants of
the deformed higher spin symmetry. Our conclusions and discussion are in the last section.

2 Unbroken higher spin symmetry

It is useful to start from the case of a free CFT in d ≥ 3 where higher spin symmetry is
realized as an ordinary global symmetry. As we go on we will need less and less details
about its structure and eventually everything will be reduced to having an associative
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algebra. So, our slogan is

Free CFT = Associative Algebra .

It should be noted, however, that the machinery of non-commutative geometry we employ
here works for more general associative algebras than those originating from free CFT’s.

The stock of free CFT’s is quite big, especially if we abandon unitarity: free scalar �φ =
0; free fermion /∂ψ = 0; d/2-forms like Fµν in d = 4; higher derivative theories �kφ = 0 and
�k−1/∂ψ = 0 are also conformally invariant; any other conformally-invariant equation would
work. In addition, one can combine various matter options, add supersymmetry, add usual
finite-dimensional global symmetries like U(N), O(N), weakly gauge some of them etc.
For concreteness wherever needed we will bear in mind an example of the free scalar CFT.

Every free CFT’s spectrum contains infinitely many conserved tensors on top of the
stress-tensor, ∂mJma2...as = 0, which are loosely called higher spin currents, see e.g. [33,
34].1 These tensors are bilinear in the fundamental fields of a given free CFT, e.g. Ja1...as =
φ∂a1 . . . ∂asφ+ . . .. Last but not least, critical vector models in the N =∞ limit also have
higher spin currents and to the leading order in 1/N correlators 〈J . . . J〉 are given by the
same free Wick contractions leading to one-loop diagrams.

The conserved tensors are indicative of an extension of the conformal symmetry. As
with the conformal symmetry, the extension is due to the usual Noether symmetry: the
conserved currents can be constructed by contracting the conserved tensors with (confor-
mal) Killing tensors:

jm(v) = Jma1...as−1 v
a1...as−1 . (2.1)

Here va1...as−1(x) is a totally symmetric, traceless tensor obeying the condition

∂(a1va2...as) − traces = 0 , (2.2)

which is a generalization of conformal Killing vector’s equation [36, 37]. At this point the
stress-tensor, Jab, plays no special role and is just one of the members of the higher spin
currents’ multiplet. Conformal Killing tensors are parameterized by finite-dimensional
representations of conformal algebra so(d, 2). In the simplest case of totally symmetric
Killing tensors the corresponding parameters are irreducible tensors of so(d, 2) with the
symmetry of two-row rectangular Young diagrams, see e.g. [38] and refs therein:

, , , . . . k ⇐⇒ ξA1...Ak,B1...Bk . (2.3)

These parameters will span the basis of a higher spin algebra. The first diagram corresponds
to an anti-symmetric rank-two tensor, ξA,B = −ξB,A, i.e. to so(d, 2) itself. The Killing
tensors are most nicely written with the help of the ambient space approach [38] where

1The opposite statement is also true: any CFT in d ≥ 3 with at least one higher spin current has infinitely
many of them and is a free CFT in disguise [14–17]. Higher spin currents are not always symmetric tensors,
tensors of more general symmetry are allowed. For example, they are present in the free Maxwell or fermion
CFT’s [35]. All these cases are covered automatically once we arrive at an abstract associative algebra below.
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the spacetime is identified with the projective cone: XAXA = 0, XA ∼ λXA, λ 6= 0.
Here XA = (X+, X−, Xa), the metric is η+− = η−+ = 1 and ηab is the usual so(d − 1, 1)
invariant tensor. The relation between the higher spin algebra parameters and the Killing
tensors reads [37, 38]

va1...ak(x) = ξA1...Ak,B1...Bk XA1 . . . XAk
Ea1
B1
. . . Eak

Bk
, (2.4)

where XA = (1,−x2/2, xa) and EBm = ∂mX
B. Higher spin currents j(ξ) = j(v(ξ)) lead to

charges Q(ξ) that act on all operators of a given CFT. In particular, [Q,φ] = δξφ, where
δξφ = va1...ak∂a1 . . . ∂ak

φ+ . . . [37, 38]. For the conformal symmetries we have

ξA,B : δξφ = vm∂mφ+ ∆
d

(∂mvm)φ , vm = ξA,BXAE
m
B , (2.5)

where for the free scalar ∆ = d−2
2 and vm is a conformal Killing vector, which is param-

eterized by ξA,B in the adjoint of so(d, 2). The simplest example of a genuine higher spin
symmetry is δξφ = ξa1...ak,−...−∂a1 . . . ∂ak

φ. The conformal and higher symmetries taken to-
gether generate a higher spin algebra, which we denote by hs. So far, it is only a Lie algebra.

A somewhat trivial point, which will be of crucial importance later, is that the higher
spin symmetries form an associative algebra rather than just a Lie algebra [37, 38]. This
fact cannot be a consequence of/related to Noether’s theorem as such. Indeed, given linear
equations of motion Eφ = 0, a symmetry S is a differential operator that maps solutions to
solutions. This implies that ESφ = LSEφ for some other operator LS . It then follows im-
mediately that the product S1S2 of two symmetries S1 and S2 is a symmetry again. There-
fore, symmetries of linear equations form associative algebras. In our case of a free CFT, it
is clear that the algebra is infinite-dimensional and contains the conformal algebra so(d, 2)
as Lie subalgebra. For the free scalar CFT the algebra is generated by the operators (2.5),
see [37, 38] and closely related [39]. Hence, hs is associative and the usual Lie symmetries
result from taking the commutator as Lie bracket. It is then of no surprise that hs can be
obtained through the deformation quantization of a certain coadjoint orbit of so(d, 2).

The same higher spin algebra can be understood directly in terms of the physical
states: it is the endomorphism algebra of one-particle states. For example, let us take φ(x)
and construct the lowest weight state |φ〉 = φ(0)|0〉. It obeys D|φ〉 = d−2

2 |φ〉, Ka|φ〉 = 0,
Lab|φ〉 = 0. The descendants are generated by Pa and the space of one-particle states V is
the span of Pa1 . . . Pak

|φ〉. It is clear that the conformal algebra generators Pa, D, Lab,Ka

act on V . Hence, the entire universal enveloping algebra U(so(d, 2)) acts on V . This
action is not free and there are many relations. For example, the Casimir operators of
so(d, 2) acquire fixed numerical values on V . Also, for the scalar field we have PmPm = 0.
All these relations generate a two-sided ideal I in U(so(d, 2)), which in this case is called
Joseph ideal. The higher spin algebra hs is given [38] by the quotient U(so(d, 2))/I, which
is equivalent to End(V ) ∼ V ⊗ V ∗.

With the last definition one can elaborate the action of the higher spin algebra on
φ(x) by noting that φ(x) = ex·Pφ(0)e−x·P and, then, using the translation operator ex·P

to drag the action of any polynomial f(P,L,K,D) in the conformal algebra generators to
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point x, which is how the action of the conformal algebra on any conformal operator O(x)
is worked out.

One way or another, given any free CFT we arrive at an infinite-dimensional associative
algebra hs that contains so(d, 2) as a Lie subalgebra. In all known cases this algebra
has several realizations that can be helpful (e.g. quasi-conformal realization, oscillator
realization, deformation quantization of the coadjoint orbit that corresponds to a given
free field as a representation of so(d, 2), see [37, 38, 40–48]). Any higher spin algebra hs

admits a unique trace, 〈•〉 : hs → R, Tr [a ? b− b ? a] = 0, which projects everything onto
the unit of the algebra.

Coming to the correlation functions, in the case of the free boson CFT there is a simple
generating function of conserved tensors

jj(x, y) = φ̄(x− y)φ(x+ y) =
∑
s

jja1...as(x)ya1 . . . yas , ∂mjjma2...as = 0 . (2.6)

Note that jjs are not traceless and, for that reason, are not quasi-primary. Nevertheless,
they are very handy. Simple Wick’s contractions give the correlation functions thereof.
Equivalently, the Gaussian path integral

expW [B] =
∫
Dφ exp

[
−
∫
dx φ̄(−∂2)φ+

∫
dx dy jj(x, y)B(y, x)

]
, (2.7)

with B(x, y) being the source for jj(x, y), leads to W [B] = −Tr log[1 − G · B]; here G =
(−∂2)−1 ∼ |x|−(d−2) is the Green function and · is a shorthand for the convolution, e.g.
the source term here-above is Tr[jj ·B]. Partition function (2.7) is a starting point for the
collective dipole approach [49, 50]. While W [B] does the job of encoding all correlation
functions of jj and, after a certain transformation/projection, of the higher spin currents
Js, it does not lead to manifestly conformally-invariant expressions, nor is the higher spin
symmetry obvious [51].

The same free CFT correlation functions can be rewritten in a manifestly conformally
and higher spin invariant way. To this end, let us recall that the higher spin conserved
tensors Js belong to V ⊗ V , which is induced from the lowest weight state |φ〉 ⊗ |φ〉.
Indeed, Js are single-trace operators and have to reside in the OPE φ(x)φ(0) = . . .. For a
free CFT, this is equivalent to taking the tensor product V ⊗ V and decomposing it into
so(d, 2) modules, the only difference between OPE and the tensor product being the first
term 〈φ(x)φ(0)〉 in the OPE. The Hermitian conjugation allows us to map |φ〉 ⊗ |φ〉 to
|φ〉 ⊗ 〈φ|, that is, V ⊗ V to V ⊗ V ∗. The latter tensor product is isomorphic to the higher
spin algebra hs, at least formally.2 This observation allows one to take advantage of the
trace on hs and construct the invariants

In[J] = 1
n

Tr?[J ? . . . ? J] , Whs[J] = Tr? log?[1− J] =
∑
n

In[J] , (2.8)

2A finite-dimensional analogy is that V ⊗ V is (non-canonically) isomorphic to V ⊗ V ? and the latter
is just gl(V ). The fundamental field φ and its descendants form V , the higher spin tensors form V ⊗ V ,
which is formally isomorphic to the ‘space of matrices’ gl(V ) on V , that is, to the higher spin algebra.
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together with a generating function W [J], which is reminiscent of W [B]. Here, J are
some wave-functions that transform in the adjoint of hs. Higher spin tensors J transform
according to their origin from V ⊗ V . The Hermitian conjugation, once realized through
the inversion transformation I,

Ka = IP aI , Lab = ILabI , P a = IKaI , −D = IDI , (2.9)

allows one to map J to hs via JI. As a result, JI transforms in the adjoint representation
or J has the right action twisted by I, δξJ = ξ ? J − J ? I(ξ). A useful trick here [52] is
to extend hs with a new generator I by forming the smash product hs0 = hs o Z2, where
Z2 = (1, I). The elements of the extended algebra hs0 are of the form a = a′+ a′′I and the
product is defined as

(a′ + a′′I)(b′ + b′′I) = (a′b′ + a′′I(b′′)) + (a′b′′ + a′′I(b′))I . (2.10)

Here I(a) = IaI denotes the action of the inversion on the algebra elements, which is
obtained by extending (2.9) to functions in P a,Ka, Lab, and D. Now, both the adjoint and
twisted actions are parts of the adjoint action in the extended algebra hs0.

Provided that wave-functions J are chosen appropriately to represent higher spin ten-
sors J in flat space, In compute the correlation functions of Js. All n-point correlators
of Js of the free 3d boson and of the free 3d fermion CFT’s were computed this way
in [26–29],3 which proves the concept.4 Despite the holographic context of [26–29] the
computation itself has nothing to do with holography, in particular, the dependence of J
on AdS4 coordinates is artificial and vanishes from the invariants.

In general, to get In one needs to compute the star-product (since hs can be obtained
via deformation quantization) of certain wave-functions J representing Js in the higher
spin algebra, which might be tedious.5 For the case of the 3d free boson/fermion CFT’s,
the higher spin algebra is just the even subalgebra Ae2 of the Weyl algebra A2 [40–42].
This is given by even functions f(â, â†) in two pairs of creation/annihilation operators
[âi, â†j ] = δij , i, j = 1, 2. Indeed, the lowest weight state |φ〉 for free scalar (resp. |ψ〉 for
free fermion) corresponds to the Fock vacuum âi|0〉 = 0 (resp. the first exited states â†i |0〉).
The corresponding representation space V is spanned by even (odd) state vectors f(â†i )|0〉,
respectively. The relation to the spacetime picture is that Pmσmij acts as â†i â

†
j , where σmij

are the Pauli matrices.
It is now clear that elements of the higher spin algebra hs that map one-particle states

to themselves are even operators F (âi, â†j) = F (−âi,−â†j). The Weyl algebra A2 can be
3In this context it is worth pointing out a precursor in [53], where the same three-point functions resulted

from a certain regularization of a divergent bulk expression.
4Note that for each n the higher spin symmetry fixes all 〈Js1 . . . Jsn〉. It does not, however, fix the

relative coefficient between n-point and (n+1)-point correlators. Nevertheless, these relative coefficients do
not have any physical significance; one can fix them by comparing with OPE’s. For simplicity, one can just
compute correlators of J0 by Wick contractions to find these relative coefficients. It is also worth stressing
that, while higher spin algebra is generated by the charges associated with Js, s > 0, all Js, s ≥ 0 belong
to a single representation of the higher spin algebra. In particular, In compute correlators of all Js, s ≥ 0.

5The wave-functions are extremal projectors [27], which implies the Wick theorem for correlators of Js.
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understood as resulting from the deformation quantization of 4-dimensional phase space,
the corresponding star-product being the Moyal-Weyl product. This interpretation reduces
the computation of correlators to simple Gaussian integrals [26–29], cf. [54]. It is vital for
the three-dimensional bosonization to work, at least in the large-N limit, that the higher
spin algebras of free scalar and fermion CFT’s are isomorphic to each other; hence, they
should lead to the same A∞- and L∞-algebras and to the same invariants thereof. It is
significant that in the strict large-N limit the critical vector model and Gross-Neveu model
feature the same higher spin currents as their free limits (in particular, the correlators are
given by the same one-loop diagrams in momentum space). The last fact means that they
also lead to the same higher spin algebras, even though they are not free CFT’s.

Since Weyl algebra is ubiquitous in physics, one should not be surprised that the
smash product hs0 = hs o Z2 is already known as para-bose oscillators [55–59]. After a
simple linear transformation we get hs0 ∼ (A0 ⊗ A0)/Z2, where (K is known as Klein
operator [44, 55–59])

A0 3 f(q, p,K) : [q, p] = i , KqK = −q , KpK = −p , K2 = 1 , (2.11)

and the quotient by Z2 is to restrict to even functions.
Finally, it is worth making a few comments. Firstly, let us note that the higher spin

Ward identities are nicely mapped to the manifest invariance of the traces In:

Qs〈J1 . . . Jn〉 = 0 ⇐⇒ δξTr[J ? . . . ? J] = 0 . (2.12)

Secondly, there can be some global symmetry. For example, in case of O(M) the currents
carry nontrivial rank two representations of O(M) such that J ijs = (−)sJ jis . The corre-
sponding higher spin algebra is trivially embedded into hs⊗MatM , where hs is the higher
spin algebra of one complex scalar field (or other fields). Note that the traces enjoy the
cyclic symmetry to begin with, i.e. they correspond to correlators in vector models with
some U(M) global symmetry. The cases with different or no flavour symmetry are obtained
by adding the necessary permutations and by projecting the wave functions J. Thirdly,
there is one implicit parameter, 1/N , which determines the ratio between connected and dis-
connected pieces in the correlation functions. It is an external (phenomenological) param-
eter at the moment and it has nothing to do with higher spin algebra hs. Lastly, the higher
spin algebras are usually simple and rigid (= admit no deformations as associative algebras).

3 Deformed higher spin symmetry

Before tackling the problem of deformation of higher spin symmetries, let us abstract the
key features of the exact higher spin symmetry. We will only need the fact that there is
a Lie algebra hs0 together with its action on some module. The Lie algebra originates
from an associative algebra hs0 with the same name. In practice, the module is just the
adjoint module, i.e. hs0 itself, and incorporates both the higher spin algebra hs and bilinear
operators Js, see [19] for more details. Before deformation, the higher spin algebra hs acts
on the higher spin currents J ∼ hs which generate the algebra which acts on the currents,
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and so on. While in the case of unbroken higher spin symmetries (or in the case of any other
usual Lie symmetry) the symmetry algebra can be abstracted and studied independently
of various modules it can act on, the deformation of the higher spin symmetry makes the
separation of the algebra from its module impossible and they have to deform together.
A suitable mathematical concept here is that of a Lie algebroid, which is a special case of
L∞-algebras. It covers the case of a module over a Lie algebra, but goes far beyond that.
The reason is that the non-conservation operator on the r.h.s. of ∂ · J = g[JJ ] is built out
of Js themselves, g ∼ 1/N . Large-N is important in order to be able to use the classical
approximation for composites [JJ ]. Had the non-conservation operators been just some
other operators Os, i.e. not related to J ’s, the symmetry would have disappeared.

Mathematically, this idea can be cast into the form of an L∞-algebra, which, in fact,
originates from a certain A∞-algebra by means of anti-symmetrization. The starting point
is that we have an associative algebra hs0 with product ? and another copy of hs0 under-
stood as hs0 bi-module. As a graded vector space our A∞-algebra has two homogeneous
subspaces: one in degree −1 and the other in degree 0. We denote them by V−1 and V0,
respectively. The former accommodates the algebra, while the latter is reserved for the
module. The nonzero structure maps are given by6

m2(a, b) = a ? b , m2(a, u) = a ? u , m2(u, a) = −u ? a (3.1)

for all a, b ∈ V−1 and u ∈ V0. The term ‘algebra together with its bi-module’ are now
encoded in the Stasheff identity:

m2(m2(x, y), z) + (−)|x|m2(x,m2(y, z)) = 0 ⇐⇒ Jm2,m2K = 0 , (3.2)

where x, y, z are all possible triplets of vectors of V = V−1
⊕
V0. The associated L∞-algebra

has two maps l2(a, b) = [a, b]? and l2(a, u) = a ? u− u ? a.
As was first observed in [19], the initial data above, i.e. an A∞-algebra with only m2

being nonzero to encode an algebra together with its bi-module, can be deformed whenever
the underlying associative algebra admits a deformation as associative algebra. This means
that there exists a one-parameter family of associative algebras hsν such that hsν=0 ∼ hs0
(which allows us to abuse hsν). The product in hsν can be expanded in powers of the
formal deformation parameter ν:

a � b = a ? b+
∑
k>0

φk(a, b)νk . (3.3)

Here the bilinear operators φk obey certain relations that follow from the associativity of �:∑
i+j=n

φi(φj(a, b), c)− φi(a, φj(b, c)) = 0 , (3.4)

where φ0(a, b) ≡ a ? b. In particular, φ1 is a nontrivial Hochschild two-cocycle of the
algebra hs0. With the help of φk’s and explicit formulas from [19], one can construct

6We collected the basic definitions in appendix A.
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higher structure maps mk>2 in such a way that m = m2 +m3 + . . . obeys the A∞-relations
Jm,mK = 0. For example, for the nontrivial m3’s one finds

m3(a, b, u) = φ1(a, b) ? u , m3(a, u, v) = φ1(a, u) ? v , m3(u, a, v) = −φ1(u, a) ? v ,

where a, b ∈ V−1 and u, v, w ∈ V0. To illustrate a bit more, some of m4, m5 read

m4(a, b, u, v) = φ2(a, b) ? u ? v + φ1(φ1(a, b), u) ? v ,
m5(a, b, u, v, w) = φ1(φ1(φ1(a, b), u), v) ? w + φ2(φ1(a, b), u) ? v ? w+ (3.5)

+ φ1(φ2(a, b), u) ? v ? w + φ1(φ2(a, b)u, v) ? w + φ3(a, b) ? u ? v ? w .

There is a number of different constructions found in [19] that lead to explicit description
of all mn. As a result, there is an associated L∞-algebra with maps ln obtained via
anti-symmetrization of mn:

ln(x1, . . . , xn) =
∑
σ∈Sn

(−)κmn(xσ1 , . . . , xσn) , (3.6)

where (−1)κ is the standard Koszul sign factor deduced from the permutation of x’s.
To recapitulate, the main result of [19] is that one can construct A∞- and L∞-algebras

that deform the initial data given by an associative algebra hs0 and its (adjoint) bi-module.
The structure maps are built from the deformation hsν of hs0. We are interested in the
deformation of the algebra of charges Qs together with its action on Js. Therefore, we need
an L∞-deformation and an important question whether all such deformations originate this
way, i.e. from the deformation of the underlying associative algebra. In general, this does
not need to be the case. Deformations of the L∞-structure are encoded by certain classes
of Chevalley-Eilenberg cohomology. Whenever the underlying Lie algebra comes from an
associative one, there is a link from the Hochschild to Chevalley-Eilenberg cohomology
through the cyclic cohomology, but it is a bit indirect. An important technical assumption
in [19] is that the deformation has to survive once hs0 gets extended to hs0⊗MatM . In the
CFT terms this means that the underlying free CFT can always be extended with some
global symmetries, U(M) or O(M), that effectively replaces hs0 with hs0 ⊗MatM .

In the case of free 3d scalar and free 3d fermion CFT’s, where the underlying algebra
is the Weyl algebra A2, more detailed answers can be obtained and the matrix extensions
can be dropped: it can be shown that the relevant Chevalley-Eilenberg cohomology can be
reconstructed from the Hochschild cohomology of the Weyl algebra. This was computed
in [20]. In particular, table 5 of [20] implies that, upon restriction to even spins Js, the
A∞/L∞-algebras depend on two parameters, i.e. hs0 admits two independent and mutually
compatible deformations. Again, the deformed algebra is given by the tensor product
hsν+,ν− = Aν+⊗Aν−/Z2. The underlying associative algebra Aν , of whichA0 is a particular
case, has been known for long [60–64] as para-bose oscillators:7

Aν 3 f(q, p,K) : [q, p] = i(1 + νK) , KqK = −q , KpK = −p , K2 = 1 . (3.7)
7This algebra is also closely related to anyons, see e.g. [65]. A relation to anyons was also pointed out

recently in [66] from a completely different perspective.
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The Hermiticity of the deformation forces ν+ = ν∗− and we can put ν+ = νeiθ, ν− = νe−iθ

for some real ν and θ. These are to be related to 1/Ñ and another phenomenological
parameter, called λ̃ in [18], ν ∼ Ñ−1, cos2 θ = (1+ λ̃2)−1. Therefore, [20] gives a proof that
the deformed higher spin symmetry brings in one more parameter on top of N . This new
parameter is not present in the free limit. In the microscopical realization via Chern-Simons
matter theories the parameters are N and level k. In the large-N limit one finds θ = π

2
N
k ,

ν ∼ Ñ−1, Ñ = 2N sinπλ
πλ . While N and k are real (moreover, they are quantized), it might

be interesting to consider the most general deformation with two complex parameters, in
particular, where N/k is taken imaginary and |θ| is large.8

Let us also formulate the invariants (2.8) of the deformed higher spin symmetry in
the language of L∞-algebra. Consider a complex-valued function F defined on the even
subspace V0 ⊂ V by a series

F = F1(u) + 1
2F2(u, u) + 1

3F3(u, u, u) + . . . . (3.8)

We say that the function F is l-invariant if

(δaF )(u) ≡
∞∑
k=2

∞∑
n=1

Fn(lk(a, u, . . . , u), u, . . . , u) = 0 (3.9)

for all a ∈ V−1. For graded Lie algebras (lk = 0, ∀k > 2), the l.h.s. of this equation
reproduces the standard action of the Chevalley-Eilenberg differential on scalar cochains in
degree 0. Formula (3.9) allows one to identify the l-invariant functions on V0 with certain
classes of L∞-cohomology. In physical terms, it is a functional of higher spin currents that
is invariant under the deformed higher spin symmetry.

There is a close relationship between the l-invariant functions (3.8) and invariants of
the underlying A∞-algebra. As is explained in appendix A, see eq. (A.6), the operator Lm
defines an endomorphism on the space of multilinear functions on V = V−1⊕V0. A function
S is said to bem-invariant if LmS = 0. We are interested inm-invariant functions that obey
a couple of additional conditions. First, each homogeneous component in the expansion

S = S1(x1) + S2(x1, x2) + S3(x1, x2, x3) + · · · (3.10)

is supposed to satisfy the cyclicity condition (A.8). Second, we require that the functions
Sn vanish whenever at least one of their arguments belongs to V−1. Hence, Sn is a cyclic
invariant function entirely supported on the even subspace V0, i.e. on higher spin currents.
We claim that every such function (3.10) gives rise to an l-invariant function (3.8) by setting

Fn = Sn(u, . . . , u) . (3.11)

In the next section and appendix B, we explain how to construct a series of l-invariants
of the form

In(u) = 1
n

Tr0(u ? · · · ? u︸ ︷︷ ︸
n

) +O(un+1) , (3.12)

8The limit should correspond to Chiral Higher Spin Gravity [32], which is a unique perturbatively local
theory [67–69] and it is at least one-loop finite [70, 71].
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whenever the corresponding L∞-algebra comes from a one-parameter family of associative
algebras with trace. Clearly, the leading term in (3.12) defines a Chevalley-Eilenberg
cocycle for the ?-commutator Lie algebra.

4 Correlation functions

As it was already explained in section 2, correlation functions in a free CFT are given by
invariants In = 1

nTr?[J ? . . . ? J] of the higher spin symmetry. As the higher spin symmetry
gets deformed, In’s cease to be invariant and need modifications. A priori it is not even
clear if the invariants survive the deformation.

Two important facts follow from the classification of higher spin invariants and ob-
structions to deformations thereof obtained in [20], see table 1. Firstly, there is exactly
one invariant In of type Jn and it starts as Tr?[J ? . . . ? J]. Secondly, the deformation is
unobstructed since the cohomology group containing obstructions to deformation of In
is empty. Therefore, we can conclude that each In can be deformed to remain invariant
under the slightly-broken higher spin symmetry. Moreover, the deformation is unique —
there are no coboundaries that can be added to In. The last property, however trivial
its derivation, is of paramount significance for CFT: correlation functions are completely
fixed by higher spin symmetry and have no other hidden free parameters. This implies the
three-dimensional bosonization duality in the following sense: whatever the microscopical
realization of CFT models is, if the higher spin symmetry is deformed/broken in the way
we described, there is a unique answer for the correlation functions (up to two parameters
for the models with higher spin currents of even spins, for simplicity, which are to be relate
to N and level k in the microscopical realization).

However, as usual such statements do not come with an explicit form of the deformed
invariants. More generally, it would be interesting to construct the deformed invariants, i.e.
exact invariants of the slightly-broken higher spin symmetry, with some minimal assump-
tions on the deformation of the underlying associative algebra. We know that the entire
L∞-algebra that describes the deformed higher spin symmetry results from a deformed
associative algebra, which equips us with φn, (3.3). Since the free CFT correlators result
from the trace Tr?[•] let us assume that the deformed higher spin algebra also has a trace

Tr�[•] = Tr0[•] + ν Tr1[•] + ν2 Tr2[•] + . . . (4.1)

which reduces to Tr0[•] ≡ Tr?[•] for ν = 0. By definition, the trace obeys

Tr�[a � b− b � a] = 0 ⇐⇒
i=n∑
i=0

Trn−i[φi(a, b)− φi(b, a)] = 0 . (4.2)

That the deformed algebra admits a trace is certainly true for the case of 3d vector models,
but it is also true for all higher spin algebras we are aware of. Therefore, the assumption
of hsν having a trace Tr�[•] seems reasonable.

Below, we explicitly construct invariants of the deformed higher spin symmetry under
the only assumption that the deformed algebra admits a trace, which is, in particular,
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true for the case of Chern-Simons matter models. We first consider examples of such
deformations to clarify the general structure of the all-order result. Let us start with the
initial n-point function9

In = 1
n

Tr0
[
J?(n)

]
≡ 1
n

Tr0[J ? J ? . . . ? J] (4.3)

Let us recall that it is invariant up to the leading order due to δ0J = [ξ, J] and Tr0[[a, b]?] ≡
0. At the next order we find

δ1Tr0[J ? J . . . ? J] =
∑
i

Tr0[J ? . . . ? l3(ξ, J, J) ? . . . ? J] . (4.4)

Now it can be seen that the non-invariance (4.4) can be compensated by two types of terms:

1
n+ 1Tr1

[
J?(n+1)

]
+
i=n−1∑
i=0

1
n+ 1Tr0

[
J?(i) ? φ1(J, J?(n−i))

]
. (4.5)

The process can be continued and it is easy to see that knowing φn and Trn[•] is sufficient
to find an explicit form. It is convenient to define J�(n)

k as the coefficient of νk in the
expansion

J�(n) ≡ J � . . . � J = J?(n) + ν
i=n−1∑
i=0

J?(i) ? φ1(J, J?(n−i)) +O(ν2) . (4.6)

It should be noted that due to the identities among φk, which result from the associativ-
ity (3.4), there can be many ways to write the same expression. In particular, the second
group of terms in (4.6) can be rewritten in many equivalent forms. For example, grouping
all brackets on the right, i.e. (x � (. . . (c � (a � b)))) we find

J�21 = φ1(J, J) , (4.7a)
J�31 = φ1(J, J ? J) + J ? φ1(J, J) , (4.7b)
J�32 = φ2(J, J ? J) + φ1(J, φ1(J, J)) + J ? φ2(J, J) . (4.7c)

With a kind word and brute force we find the following expressions as prolongations of the
lowest higher spin symmetry invariants to the first few orders:

I1[J] = Tr0[J] + 1
2Tr0

[
J�21

]
+ 1

2Tr1
[
J�20

]
+ 1

3Tr0
[
J�32

]
+ 1

3Tr1
[
J�31

]
+ 1

3Tr2
[
J�30

]
+ . . . ,

I2[J] = 1
2Tr0[J ? J] + 1

3Tr0
[
J�31

]
+ 1

3Tr1
[
J�30

]
+ 1

4Tr0
[
J�42

]
+ 1

4Tr1
[
J�41

]
+ 1

4Tr2
[
J�40

]
+ . . . ,

I3[J] = 1
3Tr0[J ? J ? J] + 1

4Tr0
[
J�41

]
+ 1

4Tr1
[
J�40

]
+ . . . ,

I4[J] = 1
4Tr0[J ? J ? J ? J] + 1

5Tr0
[
J�51

]
+ 1

5Tr1
[
J�50

]
+ . . . .

9As before, we consider cyclic invariant expressions, which corresponds to U(M) global symmetry, see
also the end of section 2. To get colorless expressions one simply needs to add permutations.
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From I1 to In. It turns out that all information about higher order invariants is already
present in the deformation of the first one, I1 = Tr0[J]+. . . Let us peel off the trace and
organize various terms that appear in the deformed I1 in a table:

J
1
2J
�2
0 ≡

1
2J ? J

1
3J
�3
0

1
4J
�4
0 . . .

1
n+ 1J

�(n+1)
0

0 1
2J
�2
0 ≡

1
2φ1(J, J) 1

3J
�3
1

1
4J
�4
1 . . .

1
n+ 1J

�(n+1)
1

0 0 1
3J
�3
2

1
4J
�4
1 . . . . . . (4.8)

0 0 0 . . . . . . . . .

0 0 0 . . . . . .
1

n+ 1J
�(n+1)
n

where we have already displayed the right terms, but this is not important for the argument
below, i.e. it will work irrespective of the concrete form of the terms in the table encoding
I1. In the table going right increases the number of J and going downwards increases the
total degree of φ’s.10 In order to construct deformed I1 one applies Tr0[•] to the leftmost
diagonal adds Tr1[•] of the second diagonal, etc.

An interesting property is that one can construct all In once we know I1. To do so one
needs to erase k diagonals from the left, then contract the first diagonal left with Tr0[•], the
second one with Tr1[•], etc. and add everything up. Note that due to the shift of the index
k of trace Trk[•] the resulting expression is not equal to I1 with some terms removed. The
resulting expression is invariant under the deformed higher spin symmetry! Indeed, the
invariance of I1 implies that δξI1 has such a form that various parts combine into the trace
identities (4.2), i.e. what is inside Tri[•] forms different parts of the deformed commutator
[a, b]� = a � b− b � a. By counting various orders of J and φ it is easy to see that the recipe
above does work.

Since in the case of 3d vector models there is a unique invariant In, the procedure above
generates exactly In from I1. In particular, following the recipe we get In that starts with
1
nTr?

[
J?(n)

]
, as required. To summarize, we just need to find I1 in order to derive all In.

Generating function. The free CFT correlators’ generating function is

W [J] = Tr?
[
log?[1− ν−1J]

]
, (4.9)

where we introduced ν by hand to count orders for the ease of comparing with the deformed
invariants below, cf. footnote 4. The first few orders of the deformed invariants suggest
that the complete answer reads

In[J] =
∑
k=0

1
n+ k

i=k∑
i=0

Trk−i
[
J?(n+k)
i

]
. (4.10)

With some abuse of notation the latter formula can be compactly written as

WSBHS[J] =
∑
n

In[J] = Tr�
[
log�[1− ν−1J]

]
mod irrelevant , (4.11)

10To be precise, let |φk| = k, so that φ1(J, φ1(J, J)) and φ2(J, J ? J) both have degree two.
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where modding out irrelevant terms is very important. By irrelevant terms we mean those
that do not contribute according to (4.10). These are the terms that correspond to zeros
in (4.8), which otherwise could have been filled in with J�(n)

k , k ≥ n. They do not show up
for a simple reason: the order of φ is related to the order in J. We can also rewrite it as

WSBHS[J] =
∑
n

In[J] = Tr�
[
log�[1− ν−1J]

]∣∣
p.p. , (4.12)

where both Tr�[•] and �-product are expanded in formal deformation parameter ν and p.p.
means the principal part of the formal Laurent series in ν. The proof of this formula is heav-
ily based on the tools of non-commutative geometry and we defer part of it to appendix B.

We note that wherever there is a one-parameter hsν family of algebras together with
the corresponding Trν [•], the parameter enters as an overall factor only. Therefore, it
corresponds, in some sense, to the effective number of degrees of freedom Ñ . If there are
several parameters νi, then the correlators have simple polynomial dependence on νi. In the
case of 3d vector models, where there is a two-parameter family of deformations, provided
the Hermiticity conditions are imposed, the absolute value |ν| corresponds to Ñ , while the
second, phase-like, parameter enters the structure of the correlators. As was already noted,
it might be interesting to formally extend to the complex domain, which brings more real
parameters to play with.

First few correlators. Now let us collect terms of the same order in J. They should
give independent contributions to the corresponding correlation functions. For example,

1 : Tr0[J] ,

2 : 1
2Tr0[J ? J] + 1

2Tr0
[
J�21

]
+ 1

2Tr1
[
J�20

]
≡ 1

2Tr0[J ? J] + 1
2Tr0[φ1(J, J)] + 1

2Tr1[J ? J] ,

3 : 1
3Tr0[J ? J ? J] + 1

3Tr0
[
J�31

]
+ 1

3Tr1
[
J�30

]
+ 1

3Tr0
[
J�32

]
+ 1

3Tr1
[
J�31

]
+ 1

3Tr2
[
J�30

]
,

4 : 1
4Tr0[J ? J ? J ? J] + 1

4Tr0
[
J�41

]
+ 1

4Tr1
[
J�40

]
+ 1

4Tr0
[
J�42

]
+ 1

4Tr1
[
J�41

]
+ 1

4Tr2
[
J�40

]
+ 1

4Tr0
[
J�43

]
+ 1

4Tr1
[
J�42

]
+ 1

4Tr2
[
J�41

]
+ 1

4Tr3
[
J�40

]
.

It is hard to say what different terms are responsible for without actually computing them,
save for the first ones representing free CFT’s correlators. Nevertheless, let us speculate
a little bit. First of all, the deformed higher spin symmetry leads to a finite number of
terms added to each free n-point correlation function. Some of these terms can vanish or be
proportional to each other for specific J’s. One general remark is that the invariants should
be fed with appropriate wave functions J that, among other things, contain information
about the topology of spacetime, e.g. whether it is flat or it has some thermal circle.
For example, the one-point function has to vanish in flat space, but it does have in a
thermal background. It is also clear that the correlation functions depend analytically on
the phenomenological coupling constants and there cannot be any functions of cross-ratios
with nontrivial dependence on these parameters.
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5 Conclusions and discussion

The main result of the paper is remarkably simple and calls for a better explanation:
slightly-broken higher spin symmetry admits a family of invariants WSBHS[J] that can
compactly be written as

WSBHS[J] = Tr�
[
log�[1− ν−1J]

]∣∣
p.p. , Wfree[J] = Tr?

[
log?[1− ν−1J]

]∣∣
p.p. , (5.1)

where p.p. means the principal part of the formal Laurent series and the deformation
parameter ν is a gadget to count the order of invariants. WSBHS is a deformation of the
free CFT’s correlators Wfree. In Wfree the dependence on ν is displayed explicitly, while in
WSBHS it is also present in the trace and �-product. When written this way WSBHS is very
similar to the result Wfree in the corresponding free CFT. The final result, perhaps, implies
that all CFT’s with a slightly-broken higher spin symmetry are quasi-free in the large-N
limit, which is supported by the simplicity of the concrete results in Chern-Simons vector
models collected so far, e.g. [18, 21, 22, 30, 72–76] for an incomplete list of results.

A clear omission of the present paper is the lack of concrete examples where the
correlation functions are computed down to the final expressions in terms of spacetime
points and polarization vectors, save for the free CFT’s correlators in [26–29]. We hope
this is compensated by the generality of the main statements: the results apply to every
physical model, not necessarily a CFT, where the action of a symmetry gets deformed
together with its action in a certain module, so that the resulting structure is L∞. The
main technical assumption, which is certainly true in the CFT context, is that the initial
(Lie) symmetry algebra originates from an associative one.

In the general case, the deformation of a symmetry together with its module to a full-
fledged A∞/L∞-algebra is governed by the Chevalley-Eilenberg cohomology, which, to a
large extent, can be reduced to a much simpler Hochschild cohomology [20]. The dimension
of the corresponding cohomology group is equal to the number of independent parameters
on the CFT side, provided there are no obstructions. One parameter always plays the role
of 1/N and enters as an overall factor that counts the order of deformation. The rest of
the parameters can enter in a more interesting way. Provided the number of parameters
is finite, the correlation functions get a finite number of corrections due to the deformed
higher spin symmetry. This implies that the n-point correlators have a very specific form
of a sum of several structures multiplied by the free parameters, i.e. one cannot have a
function of cross-ratios that depends nontrivially on the coupling constants.

As we already mentioned, for 3d vector models all the relevant cohomology was com-
puted in [20]. Taking the simplest spectrum of higher spin currents with only even spins,
table 1 there implies that there is exactly one invariant of the higher spin symmetry that
starts as Tr0[J ? . . . ? J] and it is unobstructed. Table 5 implies that the deformation to
L∞-algebra depends on two (phenomenological) parameters. Therefore, in any 3d CFT
with such a spectrum all correlation functions should be given by WSBHS provided an ap-
propriate identification between the microscopical parameters and the phenomenological
ones is made. This implies the three-dimensional bosonization duality. However, a proof
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of the concept requires one to compute at least some of the correlation functions, which
should also explain what different terms correspond to.

The approach advocated in this paper is based entirely on symmetry. The L∞-
algebra contains full information that can be extracted from the non-conservation equation
∂ · J = g[JJ ]. However, the double-trace operators [JJ ] get renormalized in a certain way
away from the large-N limit and the ‘semi-classical’ large-N approach should not be valid
anymore. In particular, WSBHS should not contain any anomalous dimensions. Neverthe-
less, the LO anomalous dimensions of higher spin currents Js can be extracted from the
non-conservation equation [30, 77–80].11 It would be important to understand if and how
the approach can be extended beyond large-N .12

Another aspect of the approach that calls for a better understanding are wave-functions
J, which are well-known for the 3d case [26–29], see also [52, 84] for some results on any d.
They have a number of remarkable properties, e.g. they are extremal projectors. Funda-
mentally, J represents states of the form |φ〉〈φ|, i.e. it gives an embedding of the tensor prod-
uct state |φ〉⊗ |φ〉 inside the higher spin algebra together with other primary operators Js.

An important related question left aside is fixing the diffeomorphism symmetry
J → J + f(J), which is inherent in the L∞-algebras (or associated Q-manifold, a term
that goes better with diffeomorphisms) by definition, but not in CFT. Wave-function J
has to transform canonically under the conformal symmetries, i.e. as a quasi-primary op-
erator, which is a property of J and is not built into L∞-algebras. By construction, the
module on which the higher spin algebra acts contains quasi-primary operators together
with descendants. However, one would like to compute correlation functions of the quasi-
primary operators Js rather than descendants. Therefore, we need to find a distinguished
coordinate system on the Q-manifold that makes the action of the conformal symmetry
on J canonical. This should not pose any conceptual difficulties since for any Js there is
always a finite number of descendants of Js′<s that can mix with it.

An interesting application of the present results is to the higher spin gravity duals of
the vector models [85–88], which exhibit certain non-locality [89–91] that prevents one from
extracting correlation functions [53, 92–94] except at the lowest order. These non-localities
preclude any bulk intrinsic definition of higher spin gravity duals of vector models within
the field theory approach at the moment.13 The idea of applying higher spin symmetry

11The NLO anomalous dimensions in the critical vector and Gross-Neveu models are known [81, 82].
12Anomalous dimensions of higher spin currents in the Ising model, N = 1, are also quite small. Moreover,

they get smaller and smaller as the spin grows [83].
13Given an L∞-algebra one can always write down a sigma-model, which leads to formally consistent

classical equations [95, 96] that have some features of higher spin gravity. Already at the cubic order there
are some issues [53, 92–94]. Had the corresponding higher spin gravity existed in the sense of having a
well-defined prescription to compute holographic correlation functions, it would have been possible to give
a constructive proof of the bosonization duality by proving the uniqueness of the theory and by computing
the correlation functions. Two exceptions should be mentioned. (1) the Collective Dipole approach [49, 50]
reconstructs a theory in AdS with some properties of the sought for higher spin gravity. It also gives a well-
defined prescription to compute correlation functions. However, its extension to the duals of Chern-Simons
vector models is not yet available. (2) There is a certain non-unitary limit of Chern-Simons vector models
that has a well-defined local higher spin gravity dual, cf. footnote 8. The non-existence of many of the most
interesting higher spin gravities is not an obstacle for exploring the higher spin symmetry directly on the
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on the CFT side gives a concrete principle of how to calibrate the L∞ structure maps,
which can later be used to define the higher spin gravity dual. This, however, cannot
completely resolve the non-locality issues (the theory still has to be more non-local than
the field theory approach allows for [89–91]) and a further prescription on how to compute
correlation functions should be needed.

A drastic difference between CFT and AdS applications of higher spin symmetry can
be explained as follows. Starting from the quartic order the most general AdS interaction
vertex is an infinite series in derivatives. Likewise, on the CFT side a function of cross-ratios
can accommodate infinitely many expansion coefficients. The first bulk problem is that
gauged higher spin symmetry, i.e. duality to vector models, requires non-local interactions.
These interactions are incomplete by themselves and call for a prescription of how to deal
with them [89]. The second bulk problem is the possibility to perform field redefinitions,
which now can be non-local as well and can affect the result. None of these problems is
present on the CFT side. Just the dilation symmetry fixes the number of derivatives and
makes the action of symmetry [Q, J ] = J + . . . well-defined on quasi-primary operators Js.
From this point of view, the two sides of the AdS/CFT correspondence are not equal: the
CFT correlation functions are much less sensitive to a particular form of L∞-algebra than
the vertices of bulk theory.

Another application to higher spin gravity is that the correlation functions, being
invariants of (deformed) higher spin symmetry [20], have to be given by the same expres-
sions.14 It would be important to find a direct proof that e.g. the AKSZ action of [102]
leads to the same correlation functions. The invariants of the higher spin algebra are also
very close to the vertices of the Collective Dipole action, see e.g. [49]; the relation between
the two is discussed in [103, 104]. We hope that the results of this paper pave a way to
extending the Collective Dipole action to Chern-Simons vector models without having to
directly integrate the Chern-Simons gauge field out.

A different idea in the same direction [32] is to start from Chiral Higher Spin Gravity
where the second parameter results from EM-duality transformations, which immediately
proves that there is a one-parameter family of theories connecting the parity preserving
vector models pairwise (i.e. there is a one-parameter family of CFT’s connecting the free
fermion CFT to critical vector model and the free boson CFT to Gross-Neveu model),
but the uniqueness of the deformation is not obvious at higher orders. In particular, all
three-point functions of higher spin currents were found in [32] and the uniqueness of the
solution can be shown at this level. This result supplements [18] with concrete expressions
for all three-point functions and gives a simple and independent proof of there being one
additional parameter that enters the correlators. Extension to higher orders is simple
modulo the proof of uniqueness.

boundary, where everything is well-defined.
14Historically, the idea of using trace-type invariants was first proposed in [97] to distinguish between

different solutions, see also [26, 98–100]. Note, however, that these invariants are defined not on the higher
spin algebra, but on a much bigger algebra, so the relation to the results of the present paper is yet to be
clarified, see also [101] for a related approach.
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A Strong homotopy algebras

This section is not aimed at a comprehensive introduction into the theory of strong homo-
topy algebras, see e.g. [7, 8, 105, 106] for reviews, and we just collect the basic definitions.

Let V =
⊕

k∈Z V
k be a Z-graded vector space over C. Consider the space Hom(TV, V )

of all maps from the tensor algebra TV =
⊕

n T
nV of V to the space V itself. The element

of Hom(TnV, V ), called n-cochains, are multilinear functions f(x1, x2, . . . , xn) on V . The
Z-grading on V induces that on Hom(TV, V ); by definition,

|f | = |f(x1, x2, . . . , xn)| −
n∑
k=1
|xk| .

The ◦-product of an n-cochain f and an m-cochain g is a natural operation that nests one
map into the other with the usual Koszul signs

(f ◦ g)(x1 ⊗ x2 ⊗ · · · ⊗ xm+n−1) = (A.1)

=
n−1∑
i=0

(−1)|g|
∑i

j=1 |xj |f(x1 ⊗ · · · ⊗ xi ⊗ g(xi+1 ⊗ · · · ⊗ xi+m)⊗ · · · ⊗ xm+n−1) .

It should be noted that the ◦-product is non-associative. Nevertheless, the following
bracket, called Gerstenhaber bracket,

Jf, gK = f ◦ g − (−1)|f ||g|g ◦ f , (A.2)

is graded skew-symmetric and obeys the Jacobi identity:

Jf, gK = −(−1)|f ||g|Jg, fK , JJf, gK, hK = Jf, Jg, hKK− (−1)|f ||g|Jg, Jf, hKK . (A.3)

Given a Z-graded space V and a summ = m1+m2+· · · of degree-one mapsmn : TnV → V ,
the A∞-structure is defined simply as a solution to the Maurer-Cartan equation:

Jm,mK = 0 . (A.4)

Upon expansion m = m1 +m2 + · · · the first few relations have a simple interpretation: m1
is a differential, m1m1 = 0; m2 is a bi-linear product differentiated by m1 by the graded
Leibnitz rule

−m1m2(a, b) = m2(m1(a), b) + (−1)|a|m2(a,m1(b)) . (A.5)
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However,m2 is not associative in general, associativity is true up to a coboundary controlled
by m3:

m2(m2(a, b), c) + (−1)|a|m2(a,m2(b, c)) +m1m3(a, b, c) +m3(m1(a), b, c)+

+(−1)|a|m3(a,m1(b), c) + (−1)|a|+|b|m3(a, b,m1(c)) = 0 .

The graded Lie algebra of cochains (A.2) admits a natural representation in the space
Hom(TV,C) of multilinear complex-valued functions on V . This is defined by the assign-
ment f 7→ Lf , where

(LfS)(x1, . . . , xq+p−1) (A.6)

=
q∑
j=1

(−1)
∑k

i=1 |f |(|x1|+···+|xj |)S(x1, . . . , xj , f(xj+1, . . . , xj+p), . . . , xq+p−1)

+
p+q−1∑
j=q−1

(−1)(|x1|+···+|xj |)(|xj+1|+···+|xp+q−1|)S(f(xj+1, . . . , x1, . . . , xj+p−n−1), . . . , xj)

for all f ∈ Hom(T pV, V ) and S ∈ Hom(T qV,C). It is not hard to check that

[Lf , Lg] = LJf,gK ∀f, g ∈ Hom(TV, V ) . (A.7)

This representation is reducible as Hom(TV,C) contains an invariant subspace spanned
by multilinear functions obeying the cyclicity condition

S(x0, . . . , xp) = (−1)xp(x0+···+xp−1)S(xp, x0, . . . , xp−1) . (A.8)

For more details on the last definitions, see e.g. [107].

B Sketch of the proof

The proof consists of two parts: hard and easy. The hard part relies heavily on general ideas
of non-commutative geometry [105] and cannot be reproduced here in any detail; we will
present it elsewhere. In a few words, one can define a flow on the space of A∞-cohomology
that is compatible with a flow for the A∞-algebra we are dealing with. The final result —
the flow equation — is easy to write down explicitly and we do this below. It turns out that
the A∞-algebra of section 3 is the ν → 0 limit of a one-parameter family of auxiliary A∞-
algebras [19]. Taylor coefficients φk(•, •), cf. around (3.5), can be replaced by derivatives of
the deformed product µ(a, b) = a � b = a ? b+O(ν), (3.3), according to φk → (k!)−1(∂ν)kµ.
This operation respects the Maurer-Cartan equation (A.4). Let us denote the structure
maps of this auxiliary ν-dependent family of A∞-algebras as mn. We set

mn(v1, . . . , vn) ≡mn(∂(v1), v2, . . . , vn) , (B.1)

where vi ∈ A0 and ∂ : A0 → A−1 is a somewhat trivial map that send elements from A0 to
A−1 by merely changing their degree assignment (note that A0 ∼ A−1 as vector spaces).
A useful observation [19] is that mn or mn obey the first-order differential equation

ṁ(v, . . . , v) = m(m′(v, . . . , v), v, . . . , v) , (B.2)
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which reconstructs m(t) = m(0) + tm(1) + . . . order by order in t such that Jm(t),m(t)K = 0
and m2 +m3 + . . . = m(t = 1). Hereinafter f ′ is a short-hand for ∂νf . The initial condition
for (B.2) is m2(v, v) ≡ m(0)(v, v) = µ(v, v). For example, solving eq. (B.2) by iterations,
one finds

m3(v, v, v) = µ(µ′(v, v), v) , m4(v, v, v, v) = µ(µ′(µ′(v, v), v), v) + 1
2µ(µ(µ′′(v, v), v), v) ,

(B.3)
cf. (3.5). Though not obvious, the structure maps mn encode the entire information about
the A∞-algebra.15

The main new result is that there is a similar flow equation for invariants. It allows
one to evolve an invariant of the initial A∞-algebra according to the flow (B.2) of the
A∞-algebra itself. The flow reads

Ṡ(v, . . . , v) = S′(m(v, . . . , v), v, . . . , v) + S(m′(v, . . . , v), v, . . . , v) . (B.4)

The invariants we are interested in emerge in the ν → 0 limit, similarly to how the
structure maps of the A∞-algebra are obtained from the flow, e.g. µ(v, v)|ν=0 = v ? v,
µ(µ′(v, v), v)|ν=0 = φ1(v, v) ? v. The flow is normalized in such a way that we need to
divide by the number of arguments to get the invariant

I(v1, . . . , vn) = 1
n
S(v1, . . . , vn)

∣∣
ν=0 . (B.5)

Let us illustrate how the flow works at the lowest order. We have S = S(0) + tS(1) + . . .,
which starts with S(v) ≡ In(v) for any n > 0. For example, S(0)

1 (v) = Trν [v] and for S(1)

we have

S(1)(v, v) = (∂νS(0))[m(v, v))] + S(0)[(∂νm)(v, v)] = Tr′ν(µ(v, v)) + Trν(µ′(v, v)) , (B.6)

and at ν = 0 we find I(v, v) = 1
2Tr1[v ? v]+ 1

2Tr0[φ1(v, v)]. By iterating the flow a few times
(and for a different number of arguments) one easily convinces oneself that the solution
presented in the main text is correct. The general proof can be obtained as follows. First
of all, at the n-th order we find

m(n)(v0, . . . , vn+1) ≡
∑
|α|=n

1
α0! . . . αn! µ

(αn)(. . . , µ(α0)(v0, v1), . . . , vn+1) , (B.7)

where µ(α) denotes the order α derivative of µ w.r.t. ν. The sum, however, is not over all
partitions {αi}, but only over very specific ones [19]. To each term in the decomposition
hereinafter we associate the following monomial in auxiliary variables z0, . . . , zn:

1
α0! . . . αn! µ

(αn)(. . . µ(α0)(v0, v1), . . . , vn+1)⇐⇒ zα0
0 . . . zαn

n

α0! . . . αn! . (B.8)

15This is not an invariant statement, of course. They encode all the structure maps as long as the
A∞-algebra is defined as above [19]. Any diffeomorphism can change that.
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Equivalently, in terms of the generating functions eu(z0+...+zn)fn(z0, . . . , zn)↔ m(n) of z’s,
the flow (B.2) implies

(n+ 1)fn+1(z0, . . . , zn+1) =
∑
i+j=n

(z0 + . . .+ zi)fi(z0, . . . , zi)fj(zi+1, . . . , zn+1) . (B.9)

The initial data f0(z0) = 1 leads to f1(z0, z1) = z0, f2(z0, z1, z2) = z2
0/2 + z0z1,

f3(z0, z1, z2, z3) = 1
6z0

(
3z2

1 + 3z0z1 + z2
0 + 3z2 (2z1 + z0)

)
, etc . (B.10)

Note, that fn does not depend on zn. Also, f(z0 = 0, z1, . . .) = 0, i.e. there is no constant
term in z0 (except for f0 itself). Now, at the n-th order we expect to find terms of order
ν0, . . . , νn in the expansion of v�(n+1) = µ(. . . (µ(v, v), v), . . . , v) in front of Trn, . . . ,Tr0,
respectively. It is easy to see that

v
�(n+1)
k ⇐⇒ 1

k! (∂ν)kµ(. . . , (µ(v, v), v), . . . , v)⇐⇒ (z1 + . . .+ zn)k

k! . (B.11)

Now, we can express (B.4) in terms of generating functions to find

(n+ 1)(z0 + . . .+ zn)k

k! =
k∑
i=0

fi(z0, . . . , zi)
(zi+1 + . . .+ zn)k−i

(k − i)! (n+ 1− i)+ (B.12)

+
k−1∑
i=0

fi(z0, . . . , zi)
(zi+1 + . . .+ zn)k−i−1

(k − i− 1)! (z0 + . . .+ zi) .

where k ∈ [0, n + 1]. This is a coefficient of Trn+1−k in (B.4), where we also substituted
our conjectured solution. We have to prove that the relation above is indeed satisfied for
fi’s that are obtained from (B.9).

As a particular case of relations (B.12), we find for k = n + 1 a very interesting
representation of multinomials:

(z0 + . . .+ zn)n

n! =
n∑
i=0

fi(z0, . . . , zi)
(zi+1 + . . .+ zn)n−i

(n− i)! , (B.13)

which can be massaged to an even more general relation by appending more z’s:

(z0 + . . .+ zn)k

k! =
k∑
i=0

fi(z0, . . . , zi)
(zi+1 + . . .+ zn)k−i

(k − i)! . (B.14)

Note that n can be arbitrary large here, n ≥ k, since zi with i > k do not appear as
arguments of f ’s. According to this formula, the structure maps of the A∞-algebra can be
understood as complements of v�(n)

i that allow one to build v
�(n+2)
n out of v�(k)

i of lower
degree. This gives another useful description of the A∞-algebra constructed in [19]. We
can also describe fi explicitly as

fi(z0, . . . , zi) =
∑

α0+...+αi−1=i
α0+...+αj 6=j, j∈[0,i−2]

zα0
0 . . . z

αi−1
i−1

α0! . . . αi−1! , (B.15)
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which follows directly from expanding (z0 + . . . + zn)k and picking terms at a given
f(z0, . . . , zi)(zi+1 + . . . + zn)k−i. Note that (B.15) does not depend on k, which explains
universality of f ’s. An equivalent form reads

fi(z0, . . . , zi) =
∑

α0+...+αi=i
α0+...+αj 6=j, j∈[0,i−1]

zα0
0 . . . zαi

i

α0! . . . αi!
. (B.16)

It follows that |α0 + . . . + αj | > j for j ∈ [0, n − 1]. Therefore, αi = 0 and the function
does not depend on the last argument. Plotting |α0 + . . . + αj | against j the graph has
to be above the diagonal for j < i and meets it at j = i. This also explains the equality
fi(z0 = 0, . . .) = 0 (except for f0 ≡ 1).

One can show that (B.12) is true for all admissible k provided fi satisfy (B.13) or (B.14),
which amounts to

0 =
k∑
i=0

fi(z0, . . . , zi)
(

(−i)(zi+1 + . . .+ zn)k−i

(k − i)! + (zi+1 + . . .+ zn)k−i−1

(k − i− 1)! (z0 + . . .+ zi)
)
.

(B.17)
This follows after splitting z0 + . . . + zi = (z0 + . . . zn) − (zi+1 + . . . + zn) and combining
the terms to make (B.13) appear.

It remains to prove that (B.9) and (B.14) have exactly the same solutions provided
we plug in the same initial data f0 = 1. The explicit form (B.15) is not very convenient
to achieve that. Instead, we prove that the functions obey the same differential equation.
Starting from (B.9) we see that

∂z0fn+1(z0, . . . , zn+1) =
∑
i+j=n

fi(z0, . . . , zi)fj(zi+1, . . . , zn+1) , (B.18)

which can be proved by induction. Next, with the help of the same induction and the
relation here-above we get

∂z0fn+1(z0, . . . , zn+1) = fn(z0 + z1, z2, . . . , zn+1) . (B.19)

Given that there is no z0-constant term for n > 0, this equation uniquely reconstructs fn+1
starting from fn. Now we would like to show that (B.19) is also satisfied as a consequence
of (B.13). To do that, we first rewrite (B.13) in a form suitable for induction

fn(z0, . . . , zn) = (z0 + . . .+ zn)n

n! −
n−1∑
i=0

fi(z0, . . . , zi)
(zi+1 + . . .+ zn)n−i

(n− i)! . (B.20)

Next, we apply ∂z0 to both sides and recall that f0(z0) = 1 and ∂z0f1(z0, z1) = 1, which
results in the same (B.19). Therefore, (B.9) and (B.12) uniquely determine the same
solution fi and are mutually consistent. Thus, the generating function (4.10) is the invariant
of the deformed higher spin symmetry.
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