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operators on these spaces. Moreover, the boundedness of Calderón–Zygmund operators
in the vector-valued setting is given.

Keywords: Generalized weighted Orlicz–Morrey space; Calderón–Zygmund operators;
commutator; vector-valued inequalities.

Mathematics Subject Classification 2020: 42B20, 42B25, 42B35, 46E30

1. Introduction

The classical Morrey spaces were introduced by Morrey [31] to study the local
behavior of solutions to second-order elliptic partial differential equations. More-
over, various Morrey spaces are defined in the process of study. Mizuhara [30] and
Nakai [32] introduced generalized Morrey spaces Mp,ϕ(Rn) (see also [13]); Komori
and Shirai [27] defined weighted Morrey spaces Lp,κ(w); Guliyev [14] gave a con-
cept of the generalized weighted Morrey spaces Mp,ϕ

w (Rn) which could be viewed
as extension of both Mp,ϕ(Rn) and Lp,κ(w). In [14], the boundedness of the clas-
sical operators and their commutators in spaces Mp,ϕ

w was also studied, see also
[2, 15, 19, 23].

The spaces Mp,ϕ
w (Rn) are defined by the following norm:

‖f‖Mp,ϕ
w

≡ sup
x∈Rn,r>0

ϕ(x, r)−1 w(B(x, r))−1/p ‖f‖Lp
w(B(x,r)),

where the function ϕ is a positive measurable function on R
n × (0,∞) and w is a

non-negative measurable function on R
n. Here and everywhere in the sequel B(x, r)

is the ball in R
n of radius r centered at x and |B(x, r)| = vnrn is its Lebesgue

measure, where vn is the volume of the unit ball in R
n.

The Orlicz spaces LΦ were first introduced by Orlicz in [35, 36] as generaliza-
tions of Lebesgue spaces Lp. Since then, the theory of Orlicz spaces themselves has
been well developed and the spaces have been widely used in probability, statistics,
potential theory, partial differential equations, as well as harmonic analysis and
some other fields of analysis.

In [6], the generalized Orlicz–Morrey space MΦ,ϕ(Rn) was introduced to unify
Orlicz and generalized Morrey spaces. Other definitions of generalized Orlicz–
Morrey spaces can be found in [33] and [39]. In words of [18], our generalized
Orlicz–Morrey space is the third kind and the ones in [33] and [39] are the first
kind and the second kind, respectively. According to the examples in [9], one can
say that the generalized Orlicz–Morrey space of the first kind and the second kind
are different. Note that the definition of the space of the third kind relies only on
the fact that LΦ is a normed linear space, which is independent of the condition
that it is generated by modulars. On the other hand, the spaces of the first and the
second kind are defined via the family of modulars.

As based on the results of [3], the following conditions were introduced in [6] (see
also [16]) for the boundedness of the maximal operators and the singular integral
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operators on MΦ,ϕ(Rn), respectively,

sup
r<t<∞

Φ−1
(
t−n
)
ess inf
t<s<∞

ϕ1(x, s)
Φ−1

(
s−n

) ≤ C ϕ2(x, r), (1.1)

∫ ∞

r

(
ess inf
t<s<∞

ϕ1(x, s)
Φ−1

(
s−n

)) Φ−1
(
t−n
)dt

t
≤ C ϕ2(x, r), (1.2)

where C does not depend on x and r. It was also shown in [6] that the condition
(1.1) is weaker than (1.2).

Various versions of generalized weighted Orlicz–Morrey spaces were introduced
in [29], [25], [37] and [17]. The spaces in [29] and [25] can be seen as the weighted
version of generalized Orlicz–Morrey spaces of the first kind and the spaces in [37]
can be seen as the weighted version of the generalized Orlicz–Morrey spaces of
the second kind. We used the definition of [17] which can be seen as the weighted
version of generalized Orlicz–Morrey spaces of the third kind, see also [20, 21].

In this paper, we shall investigate the boundedness of the singular integral oper-
ators and their commutators on generalized weighted Orlicz–Morrey spaces.

By A � B we mean that A ≤ CB with some positive constant C independent
of appropriate quantities. If A � B and B � A, we write A ≈ B and say that A

and B are equivalent.

2. Definitions and Preliminary Results

Even though the Ap class is well known, for completeness, we offer the definition
of Ap weight functions. Let B = {B(x, r) : x ∈ R

n, r > 0}.
Definition 2.1. For, 1 < p < ∞, a locally integrable function w : R

n → [0,∞) is
said to be an Ap weight if

sup
B∈B

(
1
|B|

∫
B

w(x)dx

)(
1
|B|

∫
B

w(x)−
p′
p dx

) p
p′

< ∞.

A locally integrable function w : R
n → [0,∞) is said to be an A1 weight if

1
|B|

∫
B

w(y)dy ≤ Cw(x), a.e. x ∈ B

for some constant C > 0. We define A∞ =
⋃

p≥1 Ap.

For any w ∈ A∞ and any Lebesgue measurable set E, we write w(E) =∫
E

w(x)dx.
We recall the definition of Young functions.

Definition 2.2. A function Φ : [0,∞) → [0,∞] is called a Young function, if Φ is
convex, left-continuous, limr→0+ Φ(r) = Φ(0) = 0 and limr→∞ Φ(r) = ∞.

The convexity and the condition Φ(0) = 0 force any Young function to be
increasing. In particular, if there exists s ∈ (0,∞) such that Φ(s) = ∞, then it
follows that Φ(r) = ∞ for r ≥ s.
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Let Y be the set of all Young functions Φ such that

0 < Φ(r) < ∞ for 0 < r < ∞.

If Φ ∈ Y, then Φ is absolutely continuous on every closed interval in [0,∞) and
bijective from [0,∞) to itself.

For a Young function Φ and 0 ≤ s ≤ ∞, let

Φ−1(s) ≡ inf{r ≥ 0 : Φ(r) > s} (inf ∅ = ∞).

A Young function Φ is said to satisfy the Δ2-condition, denoted by Φ ∈ Δ2, if

Φ(2r) ≤ kΦ(r), r > 0

for some k > 1. If Φ ∈ Δ2, then Φ ∈ Y. A Young function Φ is said to satisfy the
∇2-condition, denoted also by Φ ∈ ∇2, if

Φ(r) ≤ 1
2k

Φ(kr), r ≥ 0

for some k > 1. The function Φ(r) = r satisfies the Δ2-condition and it fails the
∇2-condition. If 1 < p < ∞, then Φ(r) = rp satisfies both the conditions. The
function Φ(r) = er − r − 1 satisfies the ∇2-condition but it fails the Δ2-condition.

For a Young function Φ, the complementary function Φ̃(r) is defined by

Φ̃(r) ≡
{

sup{rs − Φ(s) : s ∈ [0,∞)} if r ∈ [0,∞),

∞ if r = ∞.

The complementary function Φ̃ is also a Young function and it satisfies ˜̃Φ = Φ.
Note that Φ ∈ ∇2 if and only if Φ̃ ∈ Δ2.

It is also known that

r ≤ Φ−1(r)Φ̃−1(r) ≤ 2r, r ≥ 0. (2.1)

We recall an important pair of indices used for Young functions. For any Young
function Φ, write

hΦ(t) = sup
s>0

Φ(st)
Φ(s)

, t > 0.

The lower and upper dilation indices of Φ are defined by

iΦ = lim
t→0+

log hΦ(t)
log t

and IΦ = lim
t→∞

log hΦ(t)
log t

,

respectively.
A Young function Φ is said to be of upper type p (respectively, lower type p) for

some p ∈ [0,∞), if there exists a positive constant C such that, for all t ∈ [1,∞)
(respectively, t ∈ [0, 1]) and s ∈ [0,∞),

Φ(st) ≤ CtpΦ(s). (2.2)
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Remark 2.3. It is well known that if Φ is of lower type p0 and upper type p1 with
1 < p0 ≤ p1 < ∞, then Φ̃ is of lower type p′1 and upper type p′0 and Φ is lower type
p0 and upper type p1 with 1 < p0 ≤ p1 < ∞ if and only if Φ ∈ Δ2 ∩∇2.

It is easy to see that Φ is of lower type iΦ−ε, and of upper type IΦ +ε for every
ε > 0, where the constant appearing in (2.2) may depend on ε. We also mention
that iΦ and IΦ may be viewed as the supremum of the lower types of Φ and the
infimum of upper types, respectively.

Definition 2.4. For a Young function Φ and w ∈ A∞, the set

LΦ
w(Rn) ≡

{
f − measurable :

∫
Rn

Φ(k|f(x)|)w(x)dx < ∞ for some k > 0
}

is called the weighted Orlicz space. The local weighted Orlicz space LΦ,loc
w (Rn) is

defined as the set of all functions f such that fχB ∈ LΦ
w(Rn) for all balls B ⊂ R

n.

Note that LΦ
w(Rn) is a Banach space with respect to the norm

‖f‖LΦ
w(Rn) ≡ ‖f‖LΦ

w
= inf

{
λ > 0 :

∫
Rn

Φ
( |f(x)|

λ

)
w(x)dx ≤ 1

}
and ∫

Rn

Φ
( |f(x)|
‖f‖LΦ

w

)
w(x)dx ≤ 1.

The following analogue of the Hölder inequality is known:∣∣∣∣∫
Rn

f(x)g(x)w(x)dx

∣∣∣∣ ≤ 2‖f‖LΦ
w
‖g‖LeΦ

w
. (2.3)

For the proof of (2.1) and (2.3), see, for example [38].
For a weight w, a measurable function f and t > 0, let

m(w, f, t) = w({x ∈ R
n : |f(x)| > t}).

Definition 2.5. The weak weighted Orlicz space

WLΦ
w(Rn) = {f − measurable : ‖f‖WLΦ

w
< ∞}

is defined by the following norm:

‖f‖WLΦ
w(Rn) ≡ ‖f‖WLΦ

w
= inf

{
λ > 0 : sup

t>0
Φ(t)m

(
w,

f

λ
, t

)
≤ 1
}

.

We can prove the following by a direct calculation:

‖χ
B
‖LΦ

w
= ‖χ

B
‖WLΦ

w
=

1
Φ−1 (w(B)−1)

, B ∈ B, (2.4)

where χ
B

denotes the characteristic function of the B.
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The Hardy–Littlewood maximal operator M is defined by

Mf(x) = sup
r>0

1
|B(x, r)|

∫
B(x,r)

|f(y)|dy, x ∈ R
n

for a locally integrable function f on R
n.

The Calderón–Zygmund (singular integral) operator T is a bounded linear oper-
ator on L2(Rn) for which there exists a function K on R

n × R
n that satisfies the

following conditions:

(i) There exists C > 0 such that |K(x, y)| ≤ C
|x−y|n for x �= y.

(ii) There exists ε > 0 and C > 0 such that

|K(x, y) − K(z, y)|+ |K(y, x) − K(y, z)| ≤ C
|x − z|ε

|x − y|n+ε

whenever |x − y| ≥ 2|x − z| with x �= y.

(iii) If f ∈ L∞
comp(Rn), then

Tf(x) =
∫

Rn

K(x, y)f(y) dy (2.5)

for all x ∈ R
n\supp(f).

Remark 2.6. T is of weak type (1, 1) and type (p, p), 1 < p < ∞, for f ∈
L∞

comp(Rn), and then T is uniquely extended to an Lp-bounded operator by the den-
sity of L∞

comp(R
n) in Lp(Rn); for example, see [40]. On the other hand, L∞

comp(R
n) is

not dense in Morrey spaces in general. Therefore, we need to give a precise definition
of Tf for the function f in Morrey spaces, for example,

Tf(x) = T
(
fχ2B

)
+
∫

Rn\(2B)

K(x, y)f(y)dy,

for some ball B which contains x, with proving the absolute convergence of the
integral in the second term and the independence of the choice of the ball B (see
[34] for example).

3. Generalized Weighted Orlicz–Morrey Spaces

In this section, we give the definition of the generalized weighted Orlicz–Morrey
spaces MΦ,ϕ

w (Rn) and investigate the fundamental structure of MΦ,ϕ
w (Rn). In

the sequel, we use the notation ‖f‖LΦ
w(B) ≡ ‖fχ

B
‖LΦ

w
, ϕ(B) ≡ ϕ(x, r) and

cB ≡ B(x, cr) for B = B(x, r) ∈ B and c > 0.

Definition 3.1. Let ϕ be a positive measurable function on R
n × (0,∞), let w

be a non-negative measurable function on R
n and let Φ be any Young function.
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Denote by MΦ,ϕ
w (Rn) the generalized weighted Orlicz–Morrey space, the space of

all functions f ∈ LΦ,loc
w (Rn) such that

‖f‖MΦ,ϕ
w (Rn) ≡ ‖f‖MΦ,ϕ

w
= sup

x∈Rn,r>0
ϕ(x, r)−1 Φ−1

(
w(B(x, r))−1

) ‖f‖LΦ
w(B(x,r))

≡ sup
B∈B

ϕ(B)−1 Φ−1
(
w(B)−1

) ‖f‖LΦ
w(B) < ∞.

Example. Let 1 ≤ p < ∞ and 0 < κ < 1.

• If Φ(r) = rp and ϕ(x, r) = w(B(x, r))−1/p, then MΦ,ϕ
w (Rn) = Lp

w(Rn).
• If Φ(r) = rp and ϕ(x, r) = w(B(x, r))

κ−1
p , then MΦ,ϕ

w (Rn) = Lp,κ(w).
• If Φ(r) = rp, then MΦ,ϕ

w (Rn) = Mp,ϕ
w (Rn).

• If ϕ(x, r) = Φ−1
(
w(B(x, r))−1

)
, then MΦ,ϕ

w (Rn) = LΦ
w(Rn).

For a Young function Φ and a non-negative measurable function w, we denote
by Gw

Φ the set of all functions ϕ : R
n × (0,∞) → (0,∞) such that

inf
B∈B; rB≤rB0

ϕ(B) � ϕ(B0) for all B0 ∈ B

and

inf
B∈B; rB≥rB0

ϕ(B)
Φ−1

(
w(B)−1

) � ϕ(B0)
Φ−1

(
w(B0)−1

) for all B0 ∈ B,

where rB and rB0 denote the radius of the balls B and B0, respectively.

Lemma 3.2. Let B0 := B(x0, r0). If ϕ ∈ Gw
Φ , then there exists C > 0 such that

1
ϕ(B0)

≤ ‖χB0‖MΦ,ϕ
w

≤ C

ϕ(B0)
.

Proof. Let B = B(x, r) denote an arbitrary ball in R
n. By the definition and (2.4),

it is easy to see that

‖χB0‖MΦ,ϕ
w

= sup
B∈B

ϕ(B)−1Φ−1(w(B)−1)
1

Φ−1(w(B ∩ B0)−1)

≥ ϕ(B0)−1Φ−1(w(B0)−1)
1

Φ−1(w(B0 ∩ B0)−1)
=

1
ϕ(B0)

.

Now if r ≤ r0, then ϕ(B0) ≤ Cϕ(B) and

ϕ(B)−1Φ−1(w(B)−1)‖χB0‖LΦ
w(B) ≤ 1

ϕ(B)
≤ C

ϕ(B0)
.

On the other hand if r ≥ r0, then ϕ(B0)
Φ−1(w(B0)−1) ≤ C ϕ(B)

Φ−1(w(B)−1) and

ϕ(B)−1Φ−1(w(B)−1)‖χB0‖LΦ
w(B) ≤ C

ϕ(B0)
.

This completes the proof.

2250004-7

B
ul

l. 
M

at
h.

 S
ci

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 7
9.

12
3.

21
5.

72
 o

n 
01

/2
9/

23
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



2nd Reading

August 9, 2022 10:9 WSPC/1664-3607 319-BMS 2250004

F. Deringoz et al.

We denote by WMΦ,ϕ
w (Rn) the weak generalized weighted Orlicz–Morrey space,

the space of all functions f ∈ WLΦ,loc
w (Rn) such that

‖f‖WMΦ,ϕ
w

= sup
x∈Rn,r>0

ϕ(x, r)−1 Φ−1
(
w(B(x, r))−1

)‖f‖WLΦ
w(B(x,r)) < ∞.

Lemma 3.3. Let B0 := B(x0, r0). If ϕ ∈ Gw
Φ , then there exists C > 0 such that

1
ϕ(B0)

≤ ‖χB0‖WMΦ,ϕ
w

≤ C

ϕ(B0)
.

Proof. The proof could be made similarly to the proof of Lemma 3.2 thanks
to (2.4).

4. Calderón–Zygmund Operators

In this section, necessary and sufficient conditions for the weak/strong boundedness
of the Calderón–Zygmund operator T in generalized weighted Orlicz–Morrey spaces
will be obtained.

Before the presentation of the main results, we recall some crucial inequalities
to establish the boundedness of singular integral operator in generalized weighted
Orlicz–Morrey spaces.

Theorem 4.1 ([10, Proposition 2.4]). Let Φ be a Young function. Assume in
addition w ∈ AiΦ . Then, there is a constant C > 1 such that

Φ(t)m(w, Mf, t) ≤ C

∫
Rn

Φ(C|f(x)|)w(x)dx

for every locally integrable f and every t > 0.

Remark 4.2. For a sublinear operator S, weak modular inequality

Φ(t)m(w, Sf, t) ≤ C

∫
Rn

Φ(C|f(x)|)w(x)dx (4.1)

implies the corresponding norm inequality. Indeed, let (4.1) hold. Then, we have

Φ(t)w
({

x ∈ R
n :

|Sf(x)|
C2‖f‖LΦ

w

> t

})
= Φ(t)w

({
x ∈ R

n :
∣∣∣∣S( f

C2‖f‖LΦ
w

)
(x)
∣∣∣∣ > t

})

≤ C

∫
Rn

Φ
( |f(x)|

C‖f‖LΦ
w

)
w(x)dx ≤ 1,

which implies ‖Sf‖WLΦ
w

� ‖f‖LΦ
w
.

Theorem 4.3 ([11, Theorem 2.2]). Let Φ be a Young function with Φ ∈ Δ2.
Assume in addition w ∈ AiΦ . Then, there is a constant C > 1 such that

Φ(t)m(w, Tf, t) ≤ C

∫
Rn

Φ(C|f(x)|)w(x)dx

for every locally integrable f and every t > 0.
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Theorem 4.4 ([11, Theorem 3.2]). Let Φ be a Young function with Φ ∈ Δ2∩∇2.
Assume in addition w ∈ AiΦ . Then, there is a constant C ≥ 1 such that∫

Rn

Φ(|Tf(x)|)w(x)dx ≤ C

∫
Rn

Φ(|f(x)|)w(x)dx (4.2)

for any locally integrable function f .

Remark 4.5. It is well known that the modular inequality (4.2) implies the bound-
edness on LΦ

w(Rn). However, the converse is not necessarily true.

Remark 4.6. Nakai [34] proved the unweighted version of modular inequality (4.2).
Cianchi [5] gave a necessary and sufficient condition of Φ and Ψ for the boundedness
from an Orlicz space LΦ(Rn) to another Orlicz space LΨ(Rn). He treated singular
integral operators T with the following form:

Tf(x) = lim
ε→0+

∫
|y|>ε

Ω(y)
|y|n f(x − y)dy,

where Ω is an odd function on R
n which is homogeneous of degree 0 and satisfies

the “Dini-type” condition. These operators are Calderón–Zygmund operators with
K(x, y) = Ω(x−y)

|x−y|n .

Note that the modular inequality (4.2) was also investigated by Poelhuis and
Torchinsky in [37, Theorem 5.3].

Lemma 4.7. Let Φ be a Young function and f ∈ LΦ
w,loc(R

n). Assume in addition
w ∈ AiΦ . For a ball B, the following inequality is valid:

‖f‖L1(B) � |B|Φ−1(w(B)−1)‖f‖LΦ
w(B).

Proof. Let

Mf(x) = sup
B∈B

χ
B
(x)

|B|
∫

B

|f(y)|dy, x ∈ R
n

and f̃ denotes the extension of f from B to R
n by zero. It is well known that

Mf(x) ≤ 2nMf(x) for all x ∈ R
n. Then using Theorem 4.1, we have

‖f‖L1(B)

|B| ‖χB‖WLΦ
w(B) =

‖f̃‖L1(B)

|B| ‖χB‖WLΦ
w(B) � ‖Mf̃‖WLΦ

w(B)

� ‖Mf̃‖WLΦ
w(B) ≤ ‖Mf̃‖WLΦ

w(Rn) � ‖f̃‖LΦ
w(Rn) = ‖f‖LΦ

w(B).

So, Lemma 4.7 is proved.

The following boundedness result for the Hardy–Littlewood maximal operator
on generalized weighted Orlicz–Morrey spaces is valid.
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Theorem 4.8 ([7]). Let Φ ∈ ∇2 and w ∈ AiΦ . If ϕ1 ∈ GΦ
w , then the condition

ϕ1(x, r) ≤ Cϕ2(x, r), (4.3)

where C does not depend on x and r, is necessary and sufficient for the boundedness
of M from MΦ,ϕ1

w (Rn) to MΦ,ϕ2
w (Rn).

If we take ϕ1 = ϕ2 = ϕ at Theorem 4.8 we get the following corollary.

Corollary 4.9. If Φ ∈ ∇2, w ∈ AiΦ and ϕ ∈ Gw
Φ , then the Hardy–Littlewood

maximal operator M is bounded on MΦ,ϕ
w (Rn).

We recall that M is weak generalized weighted Orlicz–Morrey bounded as the
following theorem shows.

Theorem 4.10 ([7]). Let Φ be a Young function and w ∈ AiΦ . If ϕ1 ∈ GΦ
w ,

then the condition (4.3) is necessary and sufficient for the boundedness of M from
MΦ,ϕ1

w (Rn) to WMΦ,ϕ2
w (Rn).

Sufficient conditions on (Φ, ϕ1, ϕ2, w) for the boundedness of the Calderón–
Zygmund operators from one generalized weighted Orlicz–Morrey space MΦ,ϕ1

w to
another MΦ,ϕ2

w as stated in the following theorem.

Theorem 4.11. Let ϕ1, ϕ2 be positive measurable functions on R
n × (0,∞) with

satisfying the condition

ϕ1(x, 2r) ≤ Cϕ2(x, r), (4.4)

where C does not depend on x ∈ R
n and r > 0. Let also Φ be a Young function

with Φ ∈ Δ2 ∩∇2 and w ∈ AiΦ . Then the condition∫ ∞

r

ϕ1(x, t)
dt

t
≤ Cϕ2(x, r), (4.5)

where C does not depend on x and r, is sufficient for the boundedness of Calderón–
Zygmund operator T from MΦ,ϕ1

w (Rn) to MΦ,ϕ2
w (Rn).

Proof. Taking into account Remark 2.6 we proceed as in the following.
For the moment, we denote the singular integral operator on LΦ

w(Rn) by T0 to
avoid confusion. For f ∈ MΦ,ϕ1

w (Rn) and x ∈ R
n, we choose a ball B = B(x0, r) ∈ B

such that x ∈ B, and let

Tf(x) := T0f1(x) +
∫

Rn

K(x, y)f2(y)dy, f = f1 + f2,

f1 = fχ2B, f2 = fχ �(2B)
.

(4.6)

First we show that Tf(x) is well-defined a.e. x ∈ R
n and independent of the

choice B containing x.
As T0 is bounded on LΦ

w(Rn) provided by Theorem 4.4 and f1 ∈ LΦ
w(Rn), T0f1

is well defined.
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Next, we show that the second term of the right-hand side defining Tf(x) con-
verges absolutely for any f ∈ MΦ,ϕ1

w (Rn) and almost every x ∈ R
n.

Observe that the inclusions x ∈ B, y ∈ R
n\2B =

�
(2B) imply 1

2 |x0 − y| ≤
|x − y| ≤ 3

2 |x0 − y|. Then we get∫
Rn

|K(x, y)f2(y)|dy �
∫

�(2B)

|f(y)|
|x − y|n dy �

∫
�(2B)

|f(y)|
|x0 − y|n dy.

By Fubini’s theorem, we have∫
�(2B)

|f(y)|
|x0 − y|n dy ≈

∫
�(2B)

|f(y)|
∫ ∞

|x0−y|

dt

tn+1
dy

≈

∫ ∞

2r

∫
2r≤|x0−y|<t

|f(y)|dy
dt

tn+1

�
∫ ∞

2r

∫
B(x0,t)

|f(y)|dy
dt

tn+1
.

Applying Lemma 4.7, we get∫
�(2B)

|f(y)|
|x0 − y|n dy �

∫ ∞

2r

‖f‖LΦ
w(B(x0,t))Φ

−1
(
w(B(x0, t))−1

)dt

t
. (4.7)

Lastly, by condition (4.5) we obtain for all x ∈ B∫
Rn

|K(x, y)f2(y)dy| � ‖f‖
M

Φ,ϕ1
w

∫ ∞

r

ϕ1(x0, t)
dt

t

� ‖f‖
M

Φ,ϕ1
w

ϕ2(x0, r) < ∞. (4.8)

Finally it remains to show that the definition is independent of the choice of B.
That is, if B1, B2 ∈ B and x ∈ B1 ∩ B2, then

T0(fχ2B1)(x) +
∫

Rn\2B1

K(x, y)f(y)dy = T0(fχ2B2)(x) +
∫

Rn\2B2

K(x, y)f(y)dy.

(4.9)

Actually, let B3 ∈ B be selected so that 2B1 ∪ 2B2 ⊂ B3. Since fχ2B1 , fχB3\2B1 ∈
LΦ

w(Rn), the linearity of T0 on LΦ
w(Rn) yields

T0(fχ2B1)(x) +
∫

Rn\2B1

K(x, y)f(y)dy

= T0(fχ2B1)(x) +
∫

B3\2B1

K(x, y)f(y)dy +
∫

Rn\B3

K(x, y)f(y)dy

= T0(fχ2B1)(x) + T0(fχB3\2B1)(x) +
∫

Rn\B3

K(x, y)f(y)dy

= T0(fχB3)(x) +
∫

Rn\B3

K(x, y)f(y)dy. (4.10)
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Similarly, we also have

T0(fχ2B2)(x) +
∫

Rn\2B2

K(x, y)f(y)dy = T0(fχB3)(x) +
∫

Rn\B3

K(x, y)f(y)dy.

(4.11)

Therefore, combining (4.10) and (4.11) we obtain (4.9).
Now, we show the boundedness.
Since f1 ∈ LΦ

w(Rn), by the boundedness of T0 in LΦ
w(Rn) provided by Theorem

4.4, it follows that

‖T0f1‖LΦ
w(B) ≤ ‖T0f1‖LΦ

w(Rn) � ‖f1‖LΦ
w(Rn) = ‖f‖LΦ

w(2B). (4.12)

We also have

1
Φ−1

(
w(2B)−1

) = ‖χ2B‖WLΦ
w

� ‖MχB‖WLΦ
w

� ‖χB‖LΦ
w

=
1

Φ−1
(
w(B)−1

)
(4.13)

from the well-known pointwise estimate χ2B(z) � MχB(z), for all z ∈ R
n and

Theorem 4.1.
By combining (4.4), (4.12) and (4.13), we get the estimate

ϕ2(B)−1 Φ−1
(
w(B)−1

) ‖T0f1‖LΦ
w(B) � ϕ1(2B)−1 Φ−1

(
w(2B)−1

) ‖f‖LΦ
w(2B)

� ‖f‖
M

Φ,ϕ1
w

. (4.14)

From (4.8) for all x ∈ B, we have

|Tf(x)| ≤ |T0f1(x)| +
∫

Rn

|K(x, y)f2(y)dy|

� |T0f1(x)| + ‖f‖
M

Φ,ϕ1
w

ϕ2(B). (4.15)

Applying the norm ‖ · ‖LΦ
w

on both sides of (4.15), then by (2.4) we get

‖Tf‖LΦ
w(B) � ‖T0f1‖LΦ

w(B) +
‖f‖

M
Φ,ϕ1
w

ϕ2(B)

Φ−1
(
w(B)−1

) .

Consequently, by (4.14) we have

ϕ2(B)−1 Φ−1
(
w(B)−1

)‖Tf‖LΦ
w(B)

� ϕ2(B)−1 Φ−1
(
w(B)−1

)‖T0f1‖LΦ
w(B) + ‖f‖

M
Φ,ϕ1
w

� ‖f‖
M

Φ,ϕ1
w

.

By taking supremum over B ∈ B, we obtain the boundedness of T from MΦ,ϕ1
w (Rn)

to MΦ,ϕ2
w (Rn).

If we take ϕ1 = ϕ2 = ϕ at Theorem 4.11 we get the following corollary.
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Corollary 4.12. Let ϕ be a positive measurable function on R
n × (0,∞) with

satisfying doubling condition uniformly over the first variable, that is, there exists
constant C > 0

ϕ(x, r) ≥ Cϕ(x, 2r),

for all x ∈ R
n and r > 0. Let also Φ be a Young function with Φ ∈ Δ2 ∩ ∇2 and

w ∈ AiΦ . Then the condition∫ ∞

r

ϕ(x, t)
dt

t
≤ Cϕ(x, r), (4.16)

where C does not depend on x and r, is sufficient for the boundedness of Calderón–
Zygmund operator T on MΦ,ϕ

w (Rn).

If we take Φ(t) = tp, 1 ≤ p < ∞ at Theorem 4.11, we get the following corollary
for generalized weighted Morrey spaces which was proved in [15].

Corollary 4.13. Let 1 < p < ∞, w ∈ Ap and ϕ1, ϕ2 be positive measurable
functions on R

n×(0,∞) with satisfying the condition (4.4). Then the condition (4.5)
is sufficient for the boundedness of Calderón–Zygmund operator T from Mp,ϕ1

w (Rn)
to Mp,ϕ2

w (Rn).

To obtain a necessary condition for the boundedness of the singular integral T

on MΦ,ϕ
w (Rn), we shall consider the genuine singular integral operator, defined by

Burenkov et al. [4].

Definition 4.14. A Calderón–Zygmund operator T is called a genuine singular
integral operator if there exist some constant C > 0 and a cone V := R{x ∈ R

n :
|x′| < θ|xn|} with θ > 0 and R ∈ O(n) such that

K(x, y) ≥ C

|x − y|n

for all x, y ∈ R
n with x − y ∈ V. Here, O(n) denotes the set of all orthogonal

matrices in R
n.

Theorem 4.15. If Φ ∈ ∇2, w ∈ AiΦ , ϕ1, ϕ2 be positive measurable functions on
R

n×(0,∞) with satisfying the condition (4.3) and ϕ1 ∈ GΦ
w , then the condition (4.5)

is necessary for the boundedness of genuine T from MΦ,ϕ1
w (Rn) to MΦ,ϕ2

w (Rn).

Proof. In the proof, we follow the ideas of [22]. Assume that for any m ∈ N∩[3,∞)
there exists Bm ∈ B such that ϕ1(2mBm)−1 ≤ 2ϕ2(Bm)−1. Then, consider fm(x) =
χ

V
(−x)χ2m−1Bm\2Bm

(x). Let x ∈ V ∩ Bm. If y ∈ supp(fm), then x − y ∈ V and
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rBm ≤ |x − y| ≤ 2mrBm . Thus

Tfm(x) =
∫

Rn

K(x, y)fm(y)dy

=
∫

supp(fm)

K(x, y)dy ≥ C

∫
supp(fm)

dy

|x − y|n

≥ C

∫
supp(fm)

dy

|y|n = C log m.

Since V is a cone, we have χBm � MχV ∩Bm . We use this estimate and the bound-
edness of M from MΦ,ϕ1

w (Rn) to MΦ,ϕ2
w (Rn), see Theorem 4.8, to obtain

ϕ2(Bm)−1 � ‖χBm‖
M

Φ,ϕ2
w

� ‖MχV ∩Bm‖
M

Φ,ϕ2
w

� ‖χV ∩Bm‖
M

Φ,ϕ1
w

.

By using the inequality log m � Tfm(x) for x ∈ V ∩Bm and the boundedness of T

from MΦ,ϕ1
w (Rn) to MΦ,ϕ2

w (Rn), we have

ϕ2(Bm)−1 log m � ‖Tfm‖
M

Φ,ϕ2
w

� ‖fm‖
M

Φ,ϕ1
w

≤ ‖χ2mBm‖
M

Φ,ϕ1
w

� ϕ1(2mBm)−1 � ϕ2(Bm)−1.

This implies log m ≤ C where C is independent of m, contradictory to the fact that
m ≥ 3 is arbitrary. Hence, there exists some m0 ∈ N such that ϕ1(2m0B) < 1

2ϕ2(B)
for all B ∈ B.

Therefore, ∫ ∞

r

ϕ1(x, t)
dt

t
=

∞∑
k=1

∫ 2km0r

2(k−1)m0 r

ϕ1(B)
dt

t

�
∞∑

k=1

ϕ1(2(k−1)m0B)
∫ 2km0r

2(k−1)m0 r

dt

t

= m0 log 2
∞∑

k=1

ϕ1(2(k−1)m0B)

� ϕ2(B)
∞∑

k=1

1
2k−1

� ϕ2(B).

If we take ϕ1 = ϕ2 = ϕ at Theorem 4.15 we get the following corollary.

Corollary 4.16. If Φ ∈ ∇2, ϕ ∈ GΦ
w and w ∈ AiΦ , then the condition (4.16) is

necessary for the boundedness of genuine T on MΦ,ϕ
w (Rn).

If we take Φ(t) = tp, 1 ≤ p < ∞ at Theorem 4.15 we get the following corollary
for generalized weighted Morrey spaces.
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Corollary 4.17. If 1 < p < ∞, w ∈ Ap, ϕ1, ϕ2 be positive measurable functions
on R

n × (0,∞) with satisfying the condition (4.3) and ϕ1 ∈ Gp
w, then the condition

(4.5) is necessary for the boundedness of genuine Calderón–Zygmund operator T

from Mp,ϕ1
w (Rn) to Mp,ϕ2

w (Rn).

In particular, by combining Theorems 4.11 and 4.15, we have the following
result.

Corollary 4.18. Let Φ be a Young function with Φ ∈ Δ2 ∩ ∇2 and ϕ1, ϕ2 be
positive measurable functions on R

n × (0,∞) with satisfying the condition (4.3).
Let also ϕ1 ∈ GΦ

w and w ∈ AiΦ . Then the condition (4.5) is necessary and sufficient
for the boundedness of genuine Calderón–Zygmund operator T from MΦ,ϕ1

w (Rn) to
MΦ,ϕ2

w (Rn).

Corollary 4.19. Let 1 < p < ∞ and ϕ1, ϕ2 be positive measurable functions on
R

n × (0,∞) with satisfying the condition (4.3). Let also ϕ1 ∈ Gp
w and w ∈ Ap.

Then the condition (4.5) is necessary and sufficient for the boundedness of genuine
Calderón–Zygmund operator T from Mp,ϕ1

w (Rn) to Mp,ϕ2
w (Rn).

Remark 4.20. It is obvious that if ϕ1 ∈ GΦ
w or ϕ1 ∈ Gp

w, then condition (4.3)
implies the condition (4.4).

The boundedness result for the singular integral operator on weak generalized
weighted Orlicz–Morrey spaces is given in the following theorem.

Theorem 4.21. Let ϕ1, ϕ2 be positive measurable functions on R
n × (0,∞) with

satisfying (4.4), Φ be a Young function with Φ ∈ Δ2 and w ∈ AiΦ . Then the
condition (4.5) is sufficient for the boundedness of Calderón–Zygmund operator T

from MΦ,ϕ1
w (Rn) to WMΦ,ϕ2

w (Rn).

Proof. Let T be defined as in (4.6). Since f1 ∈ LΦ
w(Rn), by the boundedness of T

from LΦ
w(Rn) to WLΦ

w(Rn) provided by Theorem 4.3, it follows that

‖T0f1‖WLΦ
w(B) ≤ ‖T0f1‖WLΦ

w(Rn) � ‖f1‖LΦ
w(Rn) = ‖f‖LΦ

w(2B). (4.17)

By combining (4.4), (4.17) and (4.13), we get the estimate

ϕ2(B)−1 Φ−1
(
w(B)−1

) ‖T0f1‖WLΦ
w(B)

� ϕ1(2B)−1 Φ−1
(
w(2B)−1

) ‖f‖LΦ
w(2B) � ‖f‖

M
Φ,ϕ1
w

. (4.18)

Applying the norm ‖ · ‖WLΦ
w

on both sides of (4.15), then by (2.4) we get

‖Tf‖WLΦ
w(B) � ‖T0f1‖WLΦ

w(B) +
‖f‖

M
Φ,ϕ1
w

ϕ2(B)

Φ−1
(
w(B)−1

) .

Consequently, from (4.18) we have

ϕ2(B)−1 Φ−1
(
w(B)−1

)‖Tf‖WLΦ
w(B)

� ϕ2(B)−1 Φ−1
(
w(B)−1

)‖T0f1‖WLΦ
w(B) + ‖f‖

M
Φ,ϕ1
w

� ‖f‖
M

Φ,ϕ1
w

.
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By taking supremum over B ∈ B, we obtain the boundedness of T from MΦ,ϕ1
w (Rn)

to WMΦ,ϕ2
w (Rn).

If we take Φ(t) = tp, 1 ≤ p < ∞ at Theorem 4.21 we get the following corollary
for weak generalized weighted Morrey spaces which was proved in [15].

Corollary 4.22. Let 1 ≤ p < ∞, w ∈ Ap and ϕ1, ϕ2 be positive measurable
functions on R

n×(0,∞) with satisfying the condition (4.4). Then the condition (4.5)
is sufficient for the boundedness of Calderón–Zygmund operator T from Mp,ϕ1

w (Rn)
to WMp,ϕ2

w (Rn).

By using Theorem 4.10 and going through a similar argument to that in Theo-
rem 4.15, we also have a necessary condition for the boundedness of genuine singular
integral operator on weak generalized weighted Orlicz–Morrey spaces, the details
being omitted.

Theorem 4.23. If Φ be a Young function, w ∈ AiΦ , ϕ1, ϕ2 be positive measurable
functions on R

n × (0,∞) with satisfying the condition (4.3) and ϕ1 ∈ GΦ
w , then the

condition (4.5) is necessary for the boundedness of genuine T from MΦ,ϕ1
w (Rn) to

WMΦ,ϕ2
w (Rn).

If we take Φ(t) = tp, 1 ≤ p < ∞ at Theorem 4.23, we get the following corollary
for weak generalized weighted Morrey spaces.

Corollary 4.24. If 1 ≤ p < ∞, w ∈ Ap, ϕ1, ϕ2 be positive measurable functions on
R

n×(0,∞) with satisfying the condition (4.3) and ϕ1 ∈ Gp
w, then the condition (4.5)

is necessary for the boundedness of genuine T from Mp,ϕ1
w (Rn) to WMp,ϕ2

w (Rn).

In particular, by combining Theorems 4.21 and 4.23, we have the following
result.

Corollary 4.25. Let Φ be a Young function with Φ ∈ Δ2 and ϕ1, ϕ2 be posi-
tive measurable functions on R

n × (0,∞) with satisfying the condition (4.3). Let
also ϕ1 ∈ GΦ

w and w ∈ AiΦ . Then the condition (4.5) is necessary and sufficient
for the boundedness of genuine Calderón–Zygmund operator T from MΦ,ϕ1

w (Rn) to
WMΦ,ϕ2

w (Rn).

5. Commutators

Given a function b locally integrable on R
n and the Calderón–Zygmund operator T ,

we consider the linear commutator [b, T ] defined by setting, for smooth, compactly
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supported functions f ,

[b, T ](f) = bT (f)− T (bf).

We recall the definition of the space of BMO(Rn).

Definition 5.1. Suppose that b ∈ Lloc
1 (Rn), let

‖b‖∗ = sup
x∈Rn,r>0

1
|B(x, r)|

∫
B(x,r)

|b(y) − bB(x,r)|dy,

where

bB(x,r) =
1

|B(x, r)|
∫

B(x,r)

b(y)dy.

Define

BMO(Rn) ≡ BMO = {b ∈ Lloc
1 (Rn) : ‖b‖∗ < ∞}.

Lemma 5.2 ([26]). Let b ∈ BMO. Then there is a constant C > 0 such that

|bB(x,r) − bB(x,t)| ≤ C‖b‖∗ ln
t

r
for 0 < 2r < t, (5.1)

where C is independent of b, x, r and t.

Lemma 5.3 ([24]). Let w ∈ A∞, b ∈ BMO and Φ be a Young function with
Φ ∈ Δ2. Then,

sup
x∈Rn,r>0

Φ−1
(
w(B(x, r))−1

)‖b − bB(x,r)‖LΦ
w(B(x,r)) � ‖b‖∗. (5.2)

The following result concerning the boundedness of the operator [b, T ] on
weighted Lp space is known.

Theorem 5.4 ([1]). Let 1 < p < ∞, w ∈ Ap and b ∈ BMO. Then [b, T ] is
bounded on Lp

w(Rn).

From this result and [28, Theorem 2.7], we have the following boundedness of
[b, T ] on LΦ

w(Rn).

Theorem 5.5. Let Φ be a Young function which is of lower type p0 and upper type
p1 with 1 < p0 ≤ p1 < ∞, w ∈ Ap0 and b ∈ BMO. Then [b, T ] is bounded on
LΦ

w(Rn).

Additionally, we need the following lemma. For the proof of Lemma 5.6, see [12]
for example.
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Lemma 5.6. Let 0 < p < ∞, w ∈ A∞ and b ∈ BMO. Then for any ball B, we
have that (

1
w(B)

∫
B

|b(y) − bB|pw(y)dy

) 1
p

≤ C‖b‖∗.

The main result of this section is as follows.

Theorem 5.7. Let ϕ1, ϕ2 be positive measurable functions satisfying the condition
(4.4) and ∫ ∞

r

(
1 + ln

t

r

)
ϕ1(x, t)

dt

t
≤ Cϕ2(x, r), (5.3)

where C does not depend on x and r. Let also Φ be a Young function which is
of lower type p0 and upper type p1 with 1 < p0 ≤ p1 < ∞, w ∈ Ap0 and b ∈
BMO. Then the commutator of Calderón–Zygmund operator [b, T ] is bounded from
MΦ,ϕ1

w (Rn) to MΦ,ϕ2
w (Rn).

Proof. For the moment, we denote the commutator on LΦ
w(Rn) by [b, T ]0 to avoid

confusion. For f ∈ MΦ,ϕ1
w (Rn) and x ∈ R

n we choose a ball B = B(x0, r) ∈ B such
that x ∈ B, and let

[b, T ]f(x) := [b, T ]0f1(x) +
∫

Rn

K(x, y)(b(y) − b(x))f2(y)dy,

f = f1 + f2, f1 = fχ2B.

First we show that [b, T ]f(x) is well-defined a.e. x and independent of the choice
B containing x.

As [b, T ]0 is bounded on LΦ
w(Rn) provided by Theorem 5.5 and f1 ∈ LΦ

w(Rn),
[b, T ]0f1 is well defined.

Next, we show that the second term of the right-hand side defining [b, T ]f(x)
converges absolutely for any f ∈ MΦ,ϕ1

w (Rn) and almost every x ∈ R
n.

Observe that the inclusions x ∈ B, y ∈ �
(2B) imply 1

2 |x0 − y| ≤ |x − y| ≤
3
2 |x0 − y|. Then for all x ∈ B∫

Rn

|K(x, y)(b(y) − b(x))f2(y)|dy

�
∫

�(2B)

|b(y) − b(x)|
|x − y|n |f(y)|dy

�
∫

�(2B)

|b(y) − b(x)|
|x0 − y|n |f(y)|dy

�
∫

�(2B)

|b(y) − bB|
|x0 − y|n |f(y)|dy +

∫
�(2B)

|b(x) − bB|
|x0 − y|n |f(y)|dy

= I1 + I2.
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By a similar argument to that used in the estimate (2.25) in [29], we have∥∥|b(·) − bB|w−1(·)∥∥
LeΦ

w(B)
� Φ−1

(
w(B)−1

)|B|. (5.4)

For the sake of completeness, we give the proof the estimate (5.4). Taking into
account (2.1) and Remark 2.3, it follows that∫

B

Φ̃

(
|b(x) − bB|w−1(x)
Φ−1

(
w(B)−1

)|B|

)
w(x)dx

�
∫

B

Φ̃

(
|b(x) − bB|Φ̃−1

(
w(B)−1

)
w(B)

w(x)|B|

)
w(x)dx

� 1
w(B)

∫
B

{
1∑

i=0

[ |b(x) − bB|
w(x)

]p′
i
[
w(B)
|B|

]p′
i

}
w(x)dx.

Since w ∈ Ap0 ⊂ Ap1 , we know that w1−p′
i ∈ Ap′

i
for i ∈ {0, 1} (see, for example,

[8, p. 136]). By this, the Hölder inequality and Lemma 5.6, we conclude that for
i ∈ {0, 1},

1
w(B)

∫
B

|b(x) − bB|p′
i

[
w(B)
|B|

]p′
i 1
wp′

i (x)
w(x)dx

≈
[

1
|B|

∫
B

w(x)dx

]p′
i−1 [ 1

|B|
∫

B

w1−p′
i (x)dx

]
×
{

1
[w(B)]1−p′

i

∫
B

|b(x) − bB|p′
iw1−p′

i(x)dx

}
� 1,

which yields to (5.4).
Now, let us estimate I1.

I1 ≈

∫
�(2B)

|b(y) − bB||f(y)|
∫ ∞

|x0−y|

dt

tn+1
dy

≈

∫ ∞

2r

∫
2r≤|x0−y|≤t

|b(y) − bB||f(y)|dy
dt

tn+1

�
∫ ∞

2r

∫
B(x0,t)

|b(y) − bB||f(y)|dy
dt

tn+1
.

Applying Hölder’s inequality, by (5.4), (5.1), (5.3) and Lemma 4.7 , we get

I1 �
∫ ∞

2r

∫
B(x0,t)

|b(y) − bB(x0,t)||f(y)|dy
dt

tn+1

+
∫ ∞

2r

|bB(x0,r) − bB(x0,t)|
∫

B(x0,t)

|f(y)|dy
dt

tn+1
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�
∫ ∞

2r

‖|b(·) − bB(x0,t)|w−1(·)‖LeΦ
w(B(x0,t))‖f‖LΦ

w(B(x0,t))
dt

tn+1

+
∫ ∞

2r

|bB(x0,r) − bB(x0,t)|‖f‖LΦ
w(B(x0,t))Φ

−1
(
w(B(x0, t))−1

)dt

t

� ‖b‖∗
∫ ∞

2r

(
1 + ln

t

r

)
‖f‖LΦ

w(B(x0,t))Φ−1
(
w(B(x0, t))−1

)dt

t

� ‖b‖∗‖f‖M
Φ,ϕ1
w

∫ ∞

r

(
1 + ln

t

r

)
ϕ1(x0, t)

dt

t

� ‖b‖∗‖f‖M
Φ,ϕ1
w

ϕ2(x0, r) < ∞. (5.5)

In order to estimate I2 note that b ∈ BMO implies that b(·) − bB is integrable on
B, so b(·)− bB is finite almost everywhere on B. From this fact, (4.7) and (5.3), we
get

I2 � |b(x) − bB|
∫ ∞

2r

‖f‖LΦ
w(B(x0,t))Φ−1

(
w(B(x0, t))−1

)dt

t

� ‖f‖
M

Φ,ϕ1
w

|b(x) − bB|
∫ ∞

r

ϕ1(x0, t)
dt

t

� ‖f‖
M

Φ,ϕ1
w

|b(x) − bB|ϕ2(x0, r) < ∞. (5.6)

Similar to the proof of Theorem 4.11 we can check that the definition is independent
of the choice of B, the details being omitted.

Now, we show the boundedness.
Since f1 ∈ LΦ

w(Rn), by the boundedness of [b, T ]0 in LΦ
w(Rn) provided by The-

orem 5.5, it follows that

‖[b, T ]f1‖LΦ
w(B) ≤ ‖[b, T ]f1‖LΦ

w(Rn) � ‖b‖∗‖f1‖LΦ
w(Rn) = ‖b‖∗‖f‖LΦ

w(2B). (5.7)

By combining (4.4), (5.7) and (4.13), we get the estimate

ϕ2(B)−1 Φ−1
(
w(B)−1

) ‖[b, T ]0f1‖LΦ
w(B)

� ‖b‖∗ϕ1(2B)−1 Φ−1
(
w(2B)−1

) ‖f‖LΦ
w(2B) � ‖b‖∗‖f‖M

Φ,ϕ1
w

. (5.8)

From (5.5) and (5.6) for all x ∈ B, we have

|[b, T ]f(x)| ≤ |[b, T ]0f1(x)| +
∫

Rn

|K(x, y)(b(x) − b(y))f2(y)dy|

� |[b, T ]0f1(x)| + ‖b‖∗‖f‖M
Φ,ϕ1
w

ϕ2(B) + ‖f‖
M

Φ,ϕ1
w

|b(x) − bB|ϕ2(B).

(5.9)
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Applying the norm ‖ · ‖LΦ
w

on both sides of (5.9), then by (2.4) and (5.2) we get

‖[b, T ]f‖LΦ
w(B) � ‖[b, T ]0f1‖LΦ

w(B) +
‖b‖∗‖f‖M

Φ,ϕ1
w

ϕ2(B)

Φ−1
(
w(B)−1

)
+ ‖f‖

M
Φ,ϕ1
w

‖b(x) − bB‖LΦ
w(B)ϕ2(B)

� ‖[b, T ]0f1‖LΦ
w(B) +

‖b‖∗‖f‖M
Φ,ϕ1
w

ϕ2(B)

Φ−1
(
w(B)−1

) +
‖b‖∗‖f‖M

Φ,ϕ1
w

ϕ2(B)

Φ−1
(
w(B)−1

)
≈ ‖[b, T ]0f1‖LΦ

w(B) +
‖b‖∗‖f‖M

Φ,ϕ1
w

ϕ2(B)

Φ−1
(
w(B)−1

) .

Consequently, from (5.8) we have

ϕ2(B)−1 Φ−1
(
w(B)−1

)‖[b, T ]f‖LΦ
w(B)

� ϕ2(B)−1 Φ−1
(
w(B)−1

)‖[b, T ]0f1‖LΦ
w(B) + ‖b‖∗‖f‖M

Φ,ϕ1
w

� ‖b‖∗‖f‖M
Φ,ϕ1
w

.

By taking supremum over B ∈ B, we obtain the boundedness of [b, T ] from
MΦ,ϕ1

w (Rn) to MΦ,ϕ2
w (Rn).

If we take Φ(t) = tp, 1 ≤ p < ∞ at Theorem 5.7 we get the following corollary
for generalized weighted Morrey spaces which was proved in [15].

Corollary 5.8. Let ϕ1, ϕ2 be positive measurable functions satisfying the condi-
tions (4.4) and (5.3). Let also 1 < p < ∞, w ∈ Ap and b ∈ BMO. Then the
commutator of Calderón–Zygmund operator [b, T ] is bounded from Mp,ϕ1

w (Rn) to
Mp,ϕ2

w (Rn).

6. Vector-Valued Inequality for Calderón–Zygmund Operators

In this section, we shall consider the vector-valued inequality for Calderón-Zygmund
operators on generalized weighted Orlicz-Morrey spaces.

Definition 6.1. Let ϕ be a positive measurable function on R
n × (0,∞), w

be a non-negative measurable function on R
n, Φ be any Young function and

1 ≤ q ≤ ∞. The generalized vector-valued weighted Orlicz–Morrey spaces
MΦ,ϕ

w (lq) = MΦ,ϕ
w (lq, Rn) is defined as the set of all sequences F = {fj}∞j=1 of

Lebesgue measurable functions on R
n such that

‖F‖MΦ,ϕ
w (lq) = ‖{fj}∞j=1‖MΦ,ϕ

w (lq) := ‖‖{fj(·)}∞j=1‖lq‖MΦ,ϕ
w

< ∞.

The proof of the following vector-valued modular inequality for Calderón–
Zygmund operator T in weighted Orlicz spaces can be found in [11, Theorem 5.1].

Proposition 6.2. Let 1 < q < ∞, Φ be a Young function with Φ ∈ Δ2 ∩ ∇2.
Assume in addition w ∈ AiΦ . Then, for any family of locally integrable functions
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F = {fj}∞j=1, ∫
Rn

Φ(‖TF (x)‖lq)w(x)dx ≤ C

∫
Rn

Φ(‖F (x)‖lq)w(x)dx

for some C > 0 independent of F, where TF = {Tfj}∞j=1.

The proof of the following lemma can be found in [22, Lemma 6].

Lemma 6.3. For any ball B, we have∫
Rn\2B

|K(x, y)f(y)|dy �
∞∑

k=1

1
|2k+1B|

∫
2k+1B

|f(y)|dy

for all x ∈ B.

Theorem 6.4. Let 1 < q < ∞, Φ be a Young function with Φ ∈ Δ2 ∩∇2, w ∈ AiΦ

and (ϕ1, ϕ2) satisfy the conditions (4.4) and (4.5). Then the operator T is bounded
from MΦ,ϕ1

w (lq) to MΦ,ϕ2
w (lq), i.e. there is a constant C > 0 such that

‖TF‖
M

Φ,ϕ2
w (lq)

≤ C‖F‖
M

Φ,ϕ1
w (lq)

(6.1)

holds for all F = {fj}∞j=1 ∈ MΦ,ϕ1
w (lq).

Proof. We split F = {fj}∞j=1 with

F = F1 + F2, F1 = {fj,1}∞j=1, F2 = {fj,2}∞j=1,

fj,1(y) = fj(y)χB(z,2r)(y), fj,2(y) = fj(y)χRn\B(z,2r)(y), r > 0.

Let x ∈ B = B(z, r) be fixed. Inspired by the ideas of [22], from Lemma 6.3 and
�q − �q′

duality, we have

‖TF2(x)‖lq �

⎛⎝ ∞∑
j=1

( ∞∑
k=1

1
|2k+1B|

∫
2k+1B

|fj(y)|dy

)q
⎞⎠1/q

=
∞∑

j=1

∞∑
k=1

aj

|2k+1B|
∫

2k+1B

|fj(y)|dy,

where {aj}∞j=1 is an �q′
sequence with ‖aj‖lq′ = 1.

We use Hölder’s inequality to obtain

‖TF2(x)‖lq �
∞∑

k=1

1
|2k+1B|

∫
2k+1B

∞∑
j=1

aj|fj(y)|dy
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�
∞∑

k=1

1
|2k+1B|

∫
2k+1B

‖fj(y)‖lq dy

�
∫ ∞

2r

‖‖F (·)‖lq‖L1(B(z,t))

tn+1
dt.

Hence by Lemma 4.7 and (4.5), we get for all x ∈ B

‖TF2(x)‖lq �
∫ ∞

2r

Φ−1(w(B(z, t))−1)‖‖F‖lq‖LΦ
w(B(z,t))

dt

t

� ‖F‖
M

Φ,ϕ1
w (lq)

∫ ∞

r

ϕ1(z, t)
dt

t

� ‖F‖
M

Φ,ϕ1
w (lq)

ϕ2(z, r). (6.2)

By Proposition 6.2, we have

‖‖TF1‖lq‖LΦ
w(B) ≤ ‖‖TF1‖lq‖LΦ

w

≤ C‖‖F1‖lq‖LΦ
w

= C‖‖F‖lq‖LΦ
w(2B), (6.3)

where C > 0 is independent of the vector-valued function F .
By combining (4.4), (4.13) and (6.3), we get the estimate

ϕ2(B)−1 Φ−1
(
w(B)−1

) ‖‖TF1‖lq‖LΦ
w(B)

� ϕ1(2B)−1 Φ−1
(
w(2B)−1

) ‖‖F‖lq‖LΦ
w(2B) � ‖F‖

M
Φ,ϕ1
w (lq)

. (6.4)

From (6.2) for all x ∈ B, we have

‖TF (x)‖lq ≤ ‖TF1(x)‖lq + ‖TF2(x)‖lq

� ‖TF1(x)‖lq + ‖F‖
M

Φ,ϕ1
w (lq)

ϕ2(B). (6.5)

Applying the norm ‖ · ‖LΦ
w

on both sides of (6.5), then by (2.4) we get

‖‖TF‖lq‖LΦ
w(B) � ‖‖TF1‖lq‖LΦ

w(B) +
‖F‖

M
Φ,ϕ1
w (lq)

ϕ2(B)

Φ−1
(
w(B)−1

) .

Consequently, by (6.4), we have

ϕ2(B)−1Φ−1
(
w(B)−1

)‖‖TF‖lq‖LΦ
w(B)

� ϕ2(B)−1 Φ−1
(
w(B)−1

)‖‖TF1‖lq‖LΦ
w(B) + ‖F‖

M
Φ,ϕ1
w (lq)

� ‖F‖
M

Φ,ϕ1
w (lq)

.

By taking supremum over B ∈ B, we obtain the boundedness of T from MΦ,ϕ1
w (lq)

to MΦ,ϕ2
w (lq).
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