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Abstract

We extend the results of antecedent literature on quadratic Metric-Affine Gravity by studying
a new quadratic gravity action in vacuum which, besides the usual (non-Riemannian) Einstein-
Hilbert contribution, involves all the parity even quadratic terms in torsion and non-metricity
plus a Lagrangian that is quadratic in the field-strengths of the torsion and non-metricity vector
traces. The theory result to be equivalent, on-shell, to a Vector-Tensor theory. We also discuss
the sub-cases in which the contribution to the Lagrangian quadratic in the field-strengths of the
torsion and non-metricity vectors just exhibits one of the aforementioned quadratic terms. We

then report on implications of our findings in the context of F(R,T,Q,T,D) gravity.
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A Useful formulas and coefficients in the quadratic theory

1 Introduction

The emergence of non-Euclidean geometry led to extraordinary progresses in Mathematics and
Physics. In particular, the development of Riemannian geometry allowed the rigorous mathe-
matical formulation of general relativity (GR), Einstein’s well-celebrated theory of gravity. Nev-
ertheless, the latter is not devoid of limitations and open questions. In these regards, diverse
alternative/modified theories of gravity have been proposed. A propitious setup in the spirit of
gravity geometrization is that of non-Riemannian geometry [112], where the Riemannian assump-
tions of metric compatibility and torsionlessness of the connection are released. The inclusion of
torsion and non-metricity in gravity models has provided useful applications in various mathe-
matical and physical contexts, ranging from a clearer understanding of the geometrical features
of manifolds involving torsion and non-metricity to cosmological aspects of alternative/modified
theories of gravity, among which, e.g., the results presented in [3H27]. The literature on the subject
is huge, and here we report just some recent developments. Moreover, non-Riemannian geometry
constitues the geometric setup underlying Metric-Affine Gravity (MAG) [28-37], a particularly
promising and rather general framework in which the metric and the general affine connection are
considered, a priori, as independent fields and the matter Lagrangian depends on the connection

as well, which leads to introduce the so-called hypermomentum tensor [38-40]. The extensive



study of MAG has started a few decades ago and it is now known that many alternative theories
of gravity can be obtained as special cases of MAG. Nevertheless, there are some open issues
regarding the very general MAG setup that still need and deserve to be addressed, whose under-
standing could provide remarkable insights in the context of alternative theories of gravity, where
torsion and non-metricity may also play a key role in explaining cosmological and astrophysical
aspects of our Universe, such as the origin of dark matter and dark energy.

With this in mind, in the present work we extend some results of antecedent literature [41H50]
by studying a general quadratic MAG action in vacuum (namely in the absence of matter) in n
spacetime dimensions. More precisely, in [45[/46] the authors examined a quadratic theory involving
also a piece quadratic in the so-called homothetic curvature tensor, while in [47] only contributions
quadratic in the torsion tensor were considered. The theory we consider here involves, besides
the usual (non-Riemannian) Einstein-Hilbert contribution, all the parity even quadratic terms in
torsion and non-metricity plus a Lagrangian quadratic in the field-strengths of the torsion and non-
metricity vectors. The gravitational action represents a generalization of the one studied in [45/40)]
and an extension of the quadratic model analyzed in [50] by including quadratic contributions
in all the aforementioned field-strengths. The paper is organized as follows: In Section 2l we
review the geometric framework, adopting the same notation and conventions of [31]. In Section
we write the action of the model and derive its field equations. Consequently, we consider
the sub-cases in which the contribution to the Lagrangian quadratic in the field-strengths of the
torsion and non-metricity vectors just exhibits one of the aforementioned quadratic terms. By
analyzing the full quadratic theory we show that the latter propagates three additional degrees of
freedom in comparison to GR. In particular we show that the quadratic theory (with the kinetic
terms included) is on-shell equaivallent to GR with three interacting Proca fields propagating in
spacetime. The masses of these Proca fields and the strengths of their interactions depend on
the parameters of the theory. Continuing, in Section [l we provide implications of the formulation
to the case of (linear) F(R,T,Q,7T,D) gravity, also known in the literature as Metric-Affine
Myrzakulov Gravity VIII (MAMG-VIII), in vacuum, see, e.g., [22] and the recent review [23].
Section [ is devoted to some final remarks and possible future developments. In Appendix [Al we

collect some useful formulas and results of intermediate calculations.

2 Torsion and non-metricity decomposition

We consider n spacetime dimensions. Our metric convention is mostly plus. A general affine

connection can be decomposed as (p,v,...=0,1,...,n)
A A A
T, =T, + N, (2.1)
where )
A A A
N pur — §gp (Quup + Qupu - quu) - gp (Spuu + Spuu - Suup) (22)

ion = KA
deflection (or disformation) contorsion := K%,y



is the distortion tensor and

= L oa
T = 59 (Ougvp + Ouvgpn — Opr) (2.3)
is the Levi-Civita connection. The torsion and non-metricity tensors in (2.2]) are respectively

defined as follows:

S}’“'/p = Fp[u’y} ) (2 4)
Q)\;w = _v)\guu = _8)\guu + Pp,u)\gpu + Ppu)\gup ’

where V denotes the covariant derivative associated with the general affine connection I'. Here, let
us recall the trace decomposition of torsion and non-metricity, since it will be particularly useful

in the following. In n dimensions it reads

1% 2 12 1%
S’ = 1— né[/\ S+ T,
2.5
Q _ [(TL + 1)Qa - 2QQ]g 2 [nQ(ugu)a - Q(ugu)a] e ( )
apy (n+2)(n—1) ™ (n+2)(n—1) A

where Q) := Q). and ¢, := @, are the non-metricity vectors and Sy := S, is the torsion
vector, while T),” and €, are the traceless parts of torsion and non-metricity, respectively. We

adopt the following definition of the Riemann tensor for a general affine connection I‘)‘W:
Ruyaﬁ = QO[QFMMM + QFMP[QFI)MB] . (2.6)

Correspondingly, R, = R’,,, and R = g'"R,,, are, respectively, the Ricci tensor and the scalar
curvature of I'. Let us also mention that in the following we will need the variation of the
torsion and non-metricity with respect to the metric tensor and the general affine connection

', namely [31]
89@pas = Op (Guagvs09™ ) — 297uu(al 5)p09"
3gSu™ =0,
0rQpap = 26,67, 9526
OrSap™ = 0184 0T, .

(2.7)

Then, from (2.7)), one can derive the variation of the torsion and non-metricity vectors with respect

to the metric and the general affine connection (see [31]).

3 The quadratic theory

We shall start by considering the following action in n dimensions:

1
Sl T = 5- / A"\ =G B+ 01 Sapur S 4 by S S + b3S, 5"

+ alQauuQaw/ + a2Qa;wa/a + QBQuQﬂ + a4€7uqﬂ + a5Q,uC]'u
+ ClQa,uz/SaMV + CQQ“S“ + 03qHS“ + ,Cps]

= i/dnx\/—_g[R+Ez+£Fs} ;

(3.1)

4



where R is the scalar curvature of the general affine connection I’)‘W, Lo contains all the torsion

and non-metricity scalar terms and
Lps = k1R R" + kg g™ + k3 S, S (3.2)
is the Lagrangian contribution given in terms of the field-strengths

Rul/ = a[uQu] s Quv = a[qu] ) S,u,l/ = a[usu} : (33)

Here, JA%W the homothetic curvature tensor, while g, and S, are the field-strengths of ¢, and
Sy, respectively.

Some comments are in order regarding Ls. In fact, notice that, restricting to Lo, for the
parameter choice by = 1, by = =2, b3 = —4, a; = ¢; =0 (i = 1,2,...,5, 7 = 1,2,3) and

imposing vanishing curvature and zero non-metricity, one recovers the teleparallel equivalent of
1
4
ay = —as = —%, ay = 0, bj = ¢; = 0, L2 reduces to the symmetric teleparallel equivalent of GR.

GR. In addition, demanding vanishing curvature and zero torsion and taking a1 = —a3z =

Furthermore, if we pick by = 1, by = —1, b3 = —4, a1 = —az = i, as = —az = —%, ay = 0,
c1 = —co = ¢3 = 2 and impose only vanishing curvature, L5 boils down to a generalized equivalent
to GR that admits both torsion and non-metricity. For the sake of generality, however, here we
will not make any assumptions about the parameters of the theory and will consider the complete
action (). We now move on to the study of the field equations of the theory by varying (B.1])
with respect to the general affine connection I'* wv and the metric tensor, independently.

The connection field equations of (B.1) read

P\ + UM+ B\ =0, (34)

being P\*” the Palatini tensor, which can be written in terms of torsion and non-metricity [31],

and where we have defined
UM = HIV )\ SREY A+ KR+ g" oy + fI08Y) (3.5)
with
HM™ = 4a1Q"y + 2a5(Q™ \ + Qu") + 2015y + 26551 + ¢ (575 — 537 + QI), (3.6)

k, = 4a3Q, + 2a5q, + 225,
hy = asQp + 2a4q, + c35,, (3.7)
Ju=c2Qu + c3q, +2b35,,,

together with

v I —gL pov v v « afu sV
By = (VérfWFS) = —2[2k184 (Da ™) + ka9 gar + 9365)(Dag®) + s( D5 V5]
(3.8)



where we have also introduced the operator

1
Da(- . ) = \/—__gaa(\/ —g( . )) .
Then, let us compute the different traces of ([3.4]). For the ¥ " sector we get
c 1—n
1('1) =M = [4&1 — 51 + 4nas + 2a5 + ( 5 )CQ] Q"
c 1—n
+[4a2+51+2na5+4a4+( 5 )03}q”

+ |:—2[)1+bz+201 +2ncz+203+(1—n)bg}5”,

(n—1)

c
\I”é) =y, M = [2&2 + 51 +4as + (n+ 1)as + CQ:|QV

(n_l) v

C
+ 401 + 202 = 5 + 205 + 20 + 1ag + s]a

+ |:2[)1 — by —c1 +2¢9 + (n+ 1)03 + (n — 1)b3}5”,

\II(A3) = g’\P\IJp‘“’gW = {2@2 + 4das + (n + 1)a5] QM+ 2 [2(11 +as+ (n+1)ayg + a5] R

+ {202 —c+ (n+ 1)03} SA.

Analogously, for By*” we find

v _ Doy av (1—Tl) av
Bl = 2Da<2k1nR + 2kaq + ks )

(n—1)

By = —2D, <2k1]%0‘“ + (n + D)kog™ +

kySo)
By = =2D (261 R + (1 + 1)kag™)

Concerning the trace contributions from the Palatini tensor we have (see, e.g., [31])

1
Pé) = 5(1 —n)Q" 4+ (n—1)¢" +2(2 —n)S*,

1
Py = 5= 3)QM + ¢ +2(n —2)S*.

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

Therefore, taking the traces of (B.4]) and using all the above, we obtain the following set of

equations:

. 1—
N1QY + Nog” + N3S¥ = 2D,, (lenRaV + 2koq™ + ( 3 n) /{?35&”) R
) 1
N4Q" + Nsg" + NgS* = 2Dy <2/<:1R0‘“ 4 (n+ ko™ + (”T)kgSW) ,

N-Q + Neg? + NoS = 2D, <2/<:1R“* + (n+ 1)l<:2q°“) :

(3.19)



where the explicit expressions of the coefficients N7, No, ..., Ng in terms of the parameters of
the theory are collected in Appendix [Al We may now express the above system in matrix form
according to

AX = BY, (3.20)
where X = (Q*, q", S")T and Y = (Da}?a“,Daqa“,DaSa“)T and A and B are the coefficient
matrices of the system of equations. Assuming the general setting in which k1 # 0, ko # 0,
ks # 0 (together with n # 1 and the obvious n # —2), the determinant of B is non-vanishing and
therefore the inverse B~! exists. Then, by formally multiplying (3:20) with B~! from the left, we
get

Y =CX, (3.21)

with C = B7'A. More explicitly, this means that we are left with the following Proca-like

equations for the torsion and non-metricity vectors:

Do R = c11Q" + c12¢" + c135"
Dog™ = c21Q" + co2¢" + c235", (3.22)
Do S = ¢31Q" + c32¢" + c335"

where the ¢ coefficients are given in terms of the parameters of the theory in Appendix [Al Such

coefficients play the role of (squared) masses in the Proca-like equations ([3.:22]). Consequently,
using (23]) and plugging back this result into ([3.4)), the latter boils down to

(40,2—Q)Q)\My—i-(ﬁlag+01)QM>\V+(80,1—Cl)QVAM—i-Q(bQ—Q)T)\My—i-Q(le—cl)T’W)\—Q(bQ—i-Cl)T)\VM =0,
(3.23)

which relates the traceless parts of non-metricity and torsion. Taking the completely antisymmet-
ric part of (B.23) we get

(b1 +b2 = DT =0 = bi+ba—1=0 V T, =0, (3.24)
while considering the completely symmetric part of (3.23]) we obtain
(4a1 +4ag = 1)Qnuy =0 = dag+4a2—-1=0 V Q) =0. (3.25)
Notice, in particular, that ([3.23]) can be solved by requiring
Dy =0, T,,”=0, (3.26)

without binding any parameters. On the other hand, it can also be solved by fixing the parameters
as follows:

a; = —— bi=-1, ba=2, a=-2, (3:27)

4’ 9’

without constraining €, and T),”. However, the latter would just fix five out of the fourteen

ag =

parameters of the theory, namely those that do not explicitly involve the torsion a non-metricity

vectors in (B.1). But this would mean having some specific symmetry underlying the theory



from the start, therefore we simply neglect this case. Moreover, the solution (3.26]) appears more
appealing, as it reduces the number of degrees of freedom of the theory, eliminating the traceless

components of torsion and non-metricity, in such a way that we are just left with the Proca-like

equations (3.22]) involving @, q,, and S,,.
Let us now move on to the variation of (B.1]) with respect to g*”. Before proceeding, we define,

on the same lines of [31], the following quantities (also referred to as “superpotentials”):

mopy . alQa,uu + azQuua + agg,uz/Qa + a4gauqu + a5gauQu7
N = b S 4 by SHYY + b3gtr S, (3.28)
I = 1 S + cog"’' S + c3g“*SY

together with
EQ = Qa;u/Ealw,
Ls = SaqunX, (3.29)
Los = Qa1 .

By using this, we have
Lo=Ly+ Ls+ Lgs (3.30)

and, consequently, the action (BI]) can be rewritten as

1
Slg, T = o /dnx\/—g [R +Lo+Ls+ Lgs + Lrs]| - (3.31)

Then, the variation of (3.31I]) with respect to the metric reads

1
5,8l9.1) = 5 [ @0 |8,/=G (R-+ Lo + Las)

(3.32)
+ V=9 (6gR+ gL+ 04Ls + dgL0s + 5gﬁps)] ,
that is
1 " 1 uw 1 "
5gS[gar] - ﬂ d"z|v—g R(,uz/) - §guuR (59 ) - 5 V=99 (£2 + ﬁFS) (59 )
(3.33)

+V=9(3gLq + gLs + 04Lqs + 59£Fs)] :



Hence, the metric field equations of the theory are
1 I e «a «
Ry = 59 (R+ L2+ Lrs) + —TQVQ [\/—_Q(W (uv) T 1 (;w))] + Agw) + Bw) + Cow)
1
+ 2k2{ |:2.g’y5 <a g’yé) -0 q :| <g(u\ﬁaa9u)a + F)\(uu)g)\ﬁ - gparapog(umgu)ﬁ)
1 6 T
\/—— (5@5 V= )q lv) — gyé <5 >5(ﬂq lv) — 975 <3(H9’Y >gu)55Tq A

+ (0u9v)8) 047" + 9010, 0- 47" } +2k1 R0 R )" + 2k20(4)0 @) + 2k3S(4)08,)7 =0,

(3.34)
where we have introduce the derivative
V,=25,-V, (3.35)
and defined
W) =201Q% ), + 2a2Q 1) + (2a3Q% + a5¢”) g + (2a4q(, + a5 Q)07 ,
Ay =01 (QuuasQ™” — 2QapuQ*’,) — 12Qupu Q") + a3(QuQy — 2Q* Quyur)
— a4quqy — a5q“Qapw (3.36)

By =b1(25,055," — S0suS™,) — 28,055, " + b35,S,
C,uz/ ::HuaﬁQuaﬁ - (CISaBVQaB“ + CQSaQa,uV + C3SaQ,uua)
= (Q,uaﬁsuaﬁ - SozﬁuQaﬁy) + C2(S,qu/ - SaQa;u/) >
Taking the trace of (3.34]) we obtain the following equation (note that the contribution between
braces in (3.34)) is traceless):

(1-5) B+L)+ (2 5) Les — Va(1o+ W) =0, (3.37)

where V is the Levi-Civita covariant derivative and
n* =M%, ¢"" = (c1 + neg + ¢3)S,
L o a 339
W :=W*%,,g" = (2a1 + 2na3 + a5)Q* + (2a2 + 2a4 + nas)q

Observe that the contribution in Lgg in (3.37]) vanishes if one considers n = 4 dimensions. Plugging
eq. (B31) back into (334]), thus eliminating the term R + L, we are left with

1 - o «
Va [\/ —g(W(y +11 (W))} + Au) + B

Y12 [ﬁFS — Vo (1% + Wa)} +

1
Ve
1
+ Cluw) + %2{ [29”5 (o 9”5) —drq" } (96159° G0 + T 1978 = T 109410915

1

7=

+ (Ou9n)) 0r4™" + 90150, 0-a™" } +2k1 Ry o R )7 + 2k20(4)0 ) + 2k3S(05,)7 = 0.

Ry —
+

WOrV=9) 4" ) — g’y5 (Brg”‘s> A" 1) — 1%5 <8(Mg )gymaﬂfﬁ

(3.39)



The latter relates the Ricci tensor of the Levi-Civita connection f’)‘W with the metric and the
non-Riemannian quantities (i.e., the torsion and non-metricity vectors) of the theory. Finally, one
may use formulas (A4)-([AL6]) of Appendix[A] that is perform the post-Riemannian expansion, to
further simplify the above equations, splitting Riemannian and non-Riemannian contributions. In
particular, upon use of ([A.5) into ([B.37), the latter becomes

Rt (014 ) Quw@ + (02 3 ) Quu@ + (2= 1) Qu@ + asga + (54 3 ) Que”
+ (b1 + 1) Sau S + (b2 — 2) Sapu S + (bg — 4) SS* + (c1 + 2) QS + (c2 — 2) Q5"
+ (c3 +2) ¢ S" + @u [(2a2 + 2a4 + nas + 1) ¢* + (2a1 + 2nas + a5 — 1) Q¥

+ V(e + ey + e5 = 4) $4 + (2 - g) Lrs = 0.

We conclude by observing that, considering (3.26]), the final form for the affine connection

F)\;w is

X 1
Py =T + 507 Qup + Qupn = Qo) = 97 Sy + S = Sp) » - (340)
with
Q _ [(’I’L + 1)@0{ — 2QQ]g 2 [nqwgu)a - Q(Mgu)a]
8 (n+2)(n—-1) ™ (n+2)(n—1) ° (3.41)
14 2 14
S’ = 700 Sy

where the vectors @, qu, and S, obeys the Proca-like equations ([B.22). It is worth stressing out
that the above connection is dynamical with the extra degrees of freedom given by the Proca
fields.

All of the above describes the theory in the most general setting. Let us now focus on the
particular sub-cases in which the contribution Lrg in (81) just exhibits one of the quadratic terms
in the field-strengths.

3.1 Sub-case in which Lgg contains only the homothetic curvature

In this case, the action ([B.]) reduces to

1
s = / d"x\/_—g[R + 1S S + by Sy S + b3S, 5"

+ alQauuQauy + a2Qaw/QMVOé + QBQMQM + a4€7uqu + a5Q,qu
+ leauVSaMV + CQQMSM + quuS“ + klf%uu]%uy

1
= —/dnx\/—g[RJrEngE(Fl) :

(3.42)

2K

where the only non-vanishing contribution in Lrg with respect to (B.I]) is the one along k; (k1 # 0),
that is £5d = ky Ry, R,

10



From the variation of (8.42]) with respect to the general affine connection I’)‘W we get
Py\M 4 WM — 4k S Dy R =0, (3.43)
Taking the various traces of (3.43]) we find

N1QY 4 Nog” 4+ N3S¥ = dnky Do R ,
NyQ" + N5g¢" + NgS* = 4k1Da}?aM, (3.44)
N7 + Q* + Ngg® + NoS* = 4k Do R,

where the explicit expressions of the coefficients N1, Na, ..., Ng are given in Appendix [Al These

equations can be combined in such a way to obtain

qﬂ = AlQ“ )
(3.45)

St = *’426«2/J ;

together with the following Proca-like equation for Q*:
Dy R = AsQM, (3.46)

Asz playing the role of the mass squared of Q*. The coefficients Ay, Ay, and As are given in
terms of the parameters of the theory Therefore, in this case we have just one independent
non-Riemannian vector in the theory. In particular, the torsion vector S* and the non-metricity
vector g# can be completely expressed in terms of the non-metricity trace Q*, the latter obeying
the Proca-like equation (3.46]). Using all of the above into the connection field equations, we are
left with (8:23]), which, in particular, is solved by (B:20]).

On the other hand, variation with respect to the metric field yields

1 1 1 - «@ o
Ry = 59 (R + Lo+ E(FQ) + 7= Ve [VIW ) + 1T w)] + A + By + Clu)

2 v
+ leﬁf(u‘aRy)a = 0,
(3.47)
whose trace, in turn, gives
_n _n 1) _ ¢ o al) _
(1 2>(R+£2)+( 2>£FS Va(l'[ +W ) 0. (3.48)
Finally, plugging eq. (3:48]) back into ([B.47), we obtain
1 1) = el ey I e a el
Ry — n— 99w [EFS — Vo (II* + W )] + —Tgv“ {\/—_Q(W () +1I (uu))] + Au) + By

+ C(MV) + 2k1R(M|0R 7=0.

v)
(3.49)

1Since the explicit expressions for A1, As, and Az in terms of the parameters of the model are huge, we do not
report them here. The key point, in fact, is that the Proca-like equations ([3.:22]), in the case in which only the term
along ki survives, reduces to a single Proca-like equation for the non-metricity vector Q*, without involving the

other non-Riemannian vectors of the theory. The latter are indeed expressed in terms of Q" too (see eq. ([343)).

11



Note that plugging the post-Riemannian expansion (A.5l) into (3.48) the latter boils down to

R + <al + > Qa;wQ K+ <a2 - _> Qa;wQ'u <a3 - _> QuQﬂ + a4Quqﬂ + <a5 + 1) Qu(]'u

+ (b1 + 1) Sau S + (ba — 2) Sauw S + (b3 — 4) S,S* + (1 + 2) Qo S™ + (2 — 2) QuS*
+( ‘|‘2) Q;LS +V [(2(12—|—2a4—|—na5+1) qﬂ+(2a1+2na3+a5_1) QM]
+ @u [(c1 +necg + c3 —4) SH] + (2 — g) L(l) 0.

In the case at hand, the final form for the affine connection I’)‘W can be written as (B8.40),

where now

. (’I’L +1- 2A1) (271141 — 1)
Qa;w = (TL T 2)( )Qa /J,l/ ( T 2)(n — 1) Q(,ugl/)a ) (3 50)
, 2A2 . '
S = 1— ' Qul

with the non-metricity vector Q*, that now is the only independent non-Riemannian vector, obey-
ing the Proca-like equation (B.46]). Interestingly enough from the last expressions we see that
there exists a parameter choice for which the whole torsion vanishes (i.e., for Ay = 0) but, on the
other hand, there is no value for A; that would yield a vanishing non-metricity. Note also that

for Ay = % the non-metricity is restricted to be of the Weyl type.

3.2 Sub-case in which Lps contains only the field-strength of the 2"¢ non-
metricity vector g,
Here the action ([B.1)) boils down to

1
o / 0"\ =G | B+ 1Sy S 4 by S S + b3S, 5"

+ alQauuQauy + GQQOWVQMV& + a3QuQM + a4quM + GSQqu
+ leauVSaMV + CQQMSM + quuS“ + kQQMquV

= —/d"x\/ R+£2+£(2)

S —

(3.51)

where the only non-vanishing contribution in Lrg with respect to ([B.I]) is the one along ko (k2 # 0),
that is L'%QS? = koquuq"”.

The connection field equation now reads
P\ 4+ UM — ng(g‘wgﬁ)\ + 5E5K)Daqa6 =0. (3.52)
Taking the various traces of ([3.52]), in this case we get

N1Q" 4 Nag” + N3SY = 4ko Do g™
NyQ* + Nsg" + NgSH = 2(’1’L + 1)]{32Daqa‘u , (353)
N7Q» + Nsg* + NoS* = 2(n + 1)ka Dyg™
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being the explicit expressions of the coefficients Ny, Na,..., Ny collected in Appendix [Al These

equations can be combined in such a way to obtain

Q" = Bi¢",
' (3.54)
St = BQQM )
along with the Proca-like equation
Dog™" = Bsq", (3.55)

where Bj plays the role of the mass squared of ¢*. The coefficients By, Bs, and Bs are given
in terms of the parameters of the model. Hence, here again we have just one independent non-
Riemannian vector. In particular, the torsion vector S* and the non-metricity vector Q* can be
expressed in terms of ¢#, where the latter fulfills the Proca-like equation (B.55]). Plugging the
above results back into the connection field equations, we obtain once again (B.23]), solved by
B.246).

The final form for the affine connection I'*,,, can be written as ([3.40), where now we have

[Bi(n +1) — 2] (2n — Bi)

Qapv = QoY + d(u9v)a
Tt 2)(n—1) T (g 2)(n— 1) 1) (3.56)
, 2By _,

S’ =170 9

the only independent vector, ¢/, fulfilling the Proca-like equation (B.55]). Similarly to the case
of the previous subsection (with the inclusion of homothetic curvature) there exists a parameter
configuration (namely Bs = 0) for which the full torsion vanishes, while for the choice By = 2n
the non-metricity is restricted to be of Weyl type. Again, there is no parameter choice that makes
the full non-metricity vanish.

The variation of ([B.51]) with respect to the metric yields

1 2) 2 o @
Ry = 59w (R + Lo+ Lyg Va [v —g(W ) + 11 w)] + Ay + By + Cluy

1
4+ —
) NEY
1 0\ T T o i ple’
+ 2k2{ |:§g’y§ (aTgfy >q b aﬂ'q ﬁ:| (g(uma Iu)a + F)\(,uu)gAB - gp r pog(,u|agu)ﬁ>

1 1
+ (0. 0V=9) ") — 39 <3Tg“5) 0" vy — 597 (3(;1976) 9,)50-47°

1
vV —3g
+ (Ou9n)p) 047" + 9010 0-4™" ¢ + 2kaq(uod)” = 0.
(3.57)

Taking the trace of (3.57]) we obtain

(1 - g) (R+ L) + (2 - g) £ v, (HO‘ + W“) ~0. (3.58)
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Plugging ([3.58) back into (857, the latter becomes

1 @ & a o I = — 1o a
Ry = 59w [EFS - Vo (II" + W )] + —\/_—gva [\/ gW* ) +11 (W))] + Ay + B
1 vo\ 78 0 fe A PO
+ C(;w) + 2ko §g’y6 <a7'g ) q- — aTq <g(u\ﬁa Iu)a +T (w98 — 9 r pog(,u|agu)6)
1 1
2 T8
+ \/—g( WOV =9) d" 1) 975 (3Tg )f%q v) ~ 5919 (5(u9 ) 913074

+ (8u90)8) 0ra™” + 91150, 0r4™” } + 2k2q()0q0)° =0,
(3.59)

which can be interpreted as expressing the Ricci tensor of the Levi-Civita connection in terms of

the vector field Q* and its derivatives. Finally, observe that using the post-Riemannian expansion

(A5) into (B.58) the latter becomes

N 1 1
R+ <a1 + > Qa,qu <a2 - 5) Qa,ul/Q'uya + <a3 - _> Q,LLQ“ + a4¢]uqﬂ + <a5 + ) Q,uq'u
1) Sy ST + (by — 2) Sy SHE + (by — 4) SuS* + (c1 + 2) Qapw S + (cz — 2) Q5"

2) ¢, S" + VH [(2a2 + 2a4 + nas + 1) ¢* + (2a1 + 2nas + a5 — 1) Q¥]

@u [(c1 +nca + ¢35 —4) SH] + (2 - 5) 5(2) 0.

by +
_|_

3.3 Sub-case in which Lgg contains only the field-strength of the torsion vector

In this sub-case the theory reads

1
o / 0"\ =G | B+ 1Sy S 4 by S S + b3S, 5"

+ alQauuQauy + GQQOWVQMV& + a3QuQM + a4quM + GSQqu
+ leauVSaMV + CQQMSM + C3qu St + k3SMVSMV

= —/d"x\/ R+£2+£(3)

SB) —

(3.60)

where the only non-vanishing contribution in Lrg with respect to ([B.I)) is the one along k3 (k3 # 0),
that is L83 = kS, 51,

In this case, the connection field equation is
PP 4 W\ — 2k3 Do S5 = 0. (3.61)
Taking the various traces of (B.61I]), we obtain

N1Q" + Nag” + N3S¥ = (1 — n)kz Dy S,
NyQ" + N5g" + NeS" = (n — 1)k3 DS, (3.62)
N7Q* + Nsg* + NoS* =0,
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where the explicit expressions of the coefficients N1, Na, ..., Ng are written in Appendix[Al These

equations can be combined in such a way to obtain

Q' = 15",
' (3.63)

g = CaS*,

together with the following Proca-like equation for S*:
D,SH = C3S*, (3.64)

where C, Cy, and Cj5 are given in terms of the parameters appearing in ([B.60). In particular, Cj
plays the role of the mass squared of S#. Therefore, also in this case we have just one independent
non-Riemannian vector in the theory, as the non-metricity vectors Q* and ¢ can be expressed in
terms of the torsion vector S¥, the latter satisfying the Proca-like equation (3.64]). Again, using
the equations above into the connection field equation ([B.61]) we are left with ([3.23]), solved by
EZ0).

The metric field equations obtained from (B.60]) read

1 (3) 1 = a «
Ry = 59w (R + Lo+ ﬁFs) + ﬁva [\/ —g(W® ) +11 w)] + Ay + By + Cluy

+ QkSS(MoSu)J =0.
(3.65)
Taking the trace, which yields
_n _n B _ g e a)
(1 2>(R+E2)+(2 2>£FS va(n +W ) 0, (3.66)
and substituting the latter back into ([B.65]), we are left with
1 (3) v «a «a I e a «a
Ry — oI |:£F = Vo (I*+W )] + \/—_—gva {V —g(W ) + 10 (IW))] + A(uw) + B

+ Clyu) +2k35(u)0 1) " = 0.
(3.67)

Besides, plugging the post-Riemannian expansion (A.D) of the scalar curvature into (B48]), the
latter yields

Rt (a4 7) Quu + (- ) Quw@ 4 (a0 1) Q@+ asgue + (a3 + 5 ) Qe
+ (b1 + 1) Sqyuw S + (b2 — 2) Sapu S + (bg — 4) SS* + (c1 + 2) QS + (c2 — 2) QS*
+ (c3 +2) " + Vyu [(2a2 + 2a4 + nas + 1) ¢* + (2a1 + 2nas + a5 — 1) Q]

+ V. [(e1+ney + c3 — 4) SH] + (2— g) Eg)s) =0.

Finally, the affine connection I’)‘W in the present case can be written as in (3.40]), where now

[C1(n+1) — 20y 2(Con — C)
D St 2 e S

2 v
S,

Qa,uz/ =
(3.68)

Sy’ =
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The torsion vector S* is the only independent vector of the theory and obeys the Proca-like
equation (B.64]). Intriguingly, in this case there is no parameter choice that renders a vanishing
torsion configuration, that is torsion is always there. On the other hand, and in contrast to the
previous cases where the non-metricity field strengths were involved, here for the choice C; =
0 = (s the full non-metricity vanishes. This seems to be another form of manifestation of the
torsion/non-metricity duality that was reported in [5]. For the above parameter choice, after
developing a post-Riemannian expansion and using the above results, the original action (3.60]) is

on-shell (and up to boundary terms) equivalent to

® _ 1 [~ v, 1 oo
Sequiv. - % /d v —g [R + k3S,ul/SM + §m S“SM] y (369)
with the mass term given by
442by —b —1)(bg —4
m? ot —bet (n=1)(bs —4) (3.70)

(n—1) ’

and where R is the Ricci scalar of the Levi-Civita connection. The latter action represents a

Vector-Tensor theory where the vector involved is S,,.

4 On-shell equivalence to Vector-Tensor theories

Let us now establish an on-shell equivalence between the Metric-Affine theory (B.1]) and a specific
family of Vector-Tensor theories. To this end we start with the expressions (3.41]) for torsion
and non-metricity. Then, computing each quadratic term and also performing a post-Riemannian
expansion of the Ricci scalar, the action ([B.I]) may be brought into the (on-shell and up to boundary

terms) equivalent form

1 ~
Seauiv. = 5 / A"/ =g| R+ dy Ay A+ dp A B+ ds B B + dy S, S" + d5 8, A + dg S, B + Ly

(4.1)
where we have set @, = nA, +2B,, and ¢, = A, + (n+ 1)B,,. The parameters d;, i = 1,2,...,6,
depend on the initial parameters of the quadratic theory and the spacetime dimensions. For
completeness we report them in Appendix [Al In terms of the torsion and non-metricity vectors

the above action reads

Suaiv. = 55 [ A'2V=5 [t GrEQUQ + G + i3S, " -
+ BasQuS" + BusSud” + BouQua” + Lxin|
where we have abbreviated
m2 = 22 [(n +1)%d) — (n+ 1)dy + d3] ,
m% = 2)\% [4d1 — 2ndy + n2d3] , (4.3)

m% = 2d4,
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with
1

At ::2—n(n—|—1)’

(4.4)
and

ﬂQS = )q(d(; — (n + 1)d5) ,
Bys = M (2d5 — nds) (4.5)
Bog = A2 [—4(7@ +1)d; + (2 o+ 1)>d2 - Qndg] ,

while Ly, collects all the kinetic terms along the coefficients ki, ko and k3. From the above
we conclude that if my, mg and mg are to be considered as the masses of the Proca fields, their
positiveness will impose certain constraints on the parameters of the quadratic theory. In addition,
the very presence of s, Bys and Bg, indicates that the involved vector fields are, in general,
interacting. However, there exists a parameter space for which all of the couplings vanish and
the Proca fields become non-interacting. We shall discuss such cases in what follows. To recap
this section, the quadratic MAG theory given by (B8] is on-shell equivalent to the Vector-Tensor
theory (4.2) consisting of three, in general, massive and interacting Proca fields existing in a
Riemannian background. Let us also emphasize that one could use a field redefinition to get rid of
the interaction terms. Indeed, by simply diagonalizing the matrix corresponding to the quadratic
vector terms one could then define new vector fields that would be linear combinations of S,, Q,
and g, for which new fields no interaction term would occur. However, the price to pay in doing
so is that by performing such a field redefinition we would generate unusual derivative couplings
in the kinetic terms such as 9;,5,;0"Q", for instance. Therefore, the interactions are essential and
unavoidable in the general setting where all kinetic terms are there. However, in some particular

instances these interaction terms are absent, as we discuss below.

5 On F(R,T,Q,T,D) gravity plus field-strength contributions

In this section we provide an application to the case of (linear) F(R,T,Q,T,D) gravity in vacuum.
Before proceeding with this discussion, let us briefly sketch Metric-Affine F(R,T,Q, T, D) gravity,
also known as Metric-Affine Myrzakulov Gravity VIII (MAMG-VIII), and its sub-cases.
Following the idea that considering alternative geometric frameworks one can effectively gain
better insights towards a deeper and more complete understanding of gravity than the one provided
by GR, a rather general class of gravity theories has been developed in the literature, whose action
is characterized by a generic function F' of non-Riemannian scalars (the scalar curvature R of the
general affine connection, the torsion scalar 7', the non-metricity scalar @), and, besides, the
energy-momentum trace 7 ), which takes different form depending on the specific model. The
most general of these models, which are also known as Myrzakulov gravity theories (MG-N, with
N=LII,...,VII) [51H53], is F(R,T,Q, T ) gravity, corresponding to MG-VIII. The other are sub-
cases. Such theories have been generalized to the Metric-Affine framework in [22,23], including

also a dependence on the divergence of the dilation current D, the latter being a trace of the
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hypermomentum tensor [38-40], in F'. In Table [I] the reader can find a summary of the Metric-
Affine Myrzakulov Gravity (MAMG) theories that have been developed and analyzed (£, in Table

[ denotes the matter action).

Table 1: Metric-Affine Myrzakulov Gravity theories.

Acronym Action
MAMG-I S = 2k L [d"z\/—g[F(R,T,D) + 2kLy]
MAMG-II S = 2k L [d"z\/=g[F(R,Q,D) + 2kLy]

MAMG-IIT S = ks L [d"2\/—g|[F(T,Q,D) + 2kL]
MAMG-IV | S =5 [d"ay/=g[F(R,T,T,D) + 2kLy]
MAMG-V S =4 [d"z/=g[F(R,T,Q,D) + 2kLy,]
MAMG-VI | S =4 [d"ay/=g[F(R,Q,T,D) + 2kLy]
MAMG-VIL | S =3 [d"a/=g[F(T,Q,T,D) + 2kLy)
MAMG-VIIIL | § = 5 [d"z\/=g [F(R,T,Q,T,D) + 2kLy]

Such theories have been analyzed mainly in four spacetime dimension and provided relevant
applications in the cosmological context. For an exhaustive review of cosmological features of
(MA)MG models and the way in which they offer solutions to diverse issues in the context of
cosmology we refer the reader to [23] and references therein. We shall now focus on F(R,T,Q,T)
gravity in some particular cases in which the function F' is linear in R, @, and T, in vacuum, to

highlight some implications of the previously discussed quadratic formulation in such model.

5.1 Implications of the general formulation on the linear case in vacuum:
Model — 1

Let us now consider the vacuum case in which the function F' is linear in R, ), and T', and given
by the following expression:

F=R-Q-T-M,
where we have defined the torsion and non-metricity scalars as

T = Sy S™® — 28,0, S — 45, 8"

. 1 apv 1 o 1 " 1 L (5.1)
Q= ZQauuQ - §QauuQ - ZQMQ + §Quq >

respectively. In addition, we have extended F by also including the QT scalar containing mixed
terms and defined as

M = 2Qau S —25,Q" +2S,4" . (5.2)
Hence, we are going to study the implications of the contributions along ki, ko, and k3 into the
gravitational action. Note that the combination T+ @+ M simply picks specific coefficients for the

quadratic invariants. In particular, it corresponds to the parameter choice a1 = —2ay = —ag =
2a5 = —%, ag =0, by = —1, bg = 2bo = 4 and ¢; = —co = ¢3 = —2. For such an arrangement,
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using the post-Riemannian expansion of the Ricci scalar and the above results, our quadratic
action (3.I)) boils down to
1

= / 4o/ =GR+ Lrs] (5.3)

In other words, the quadratic terms contained in R have all been canceled out by the specific

Slg,T] =

combinations appearing in the sum 7T + ). Interestingly in this case the Proca fields become
massless (i.e., photon-like). Then, obviously, the action (53] corresponds simply to GR with 3
non-interacting “photon” fields associated to torsion and non-metricity. It is important to point
out that the appearance of these extra fields was not imposed by hand but they rather emerged
as a consequence of the generalized geometry. All three come from geometry. In conclusion, for
the F = R—T — @ — M case, the three Proca fields become non-interacting and massless. Let
us emphasize that the reason for these last conclusions lies precisely in the fact that we have also
included the mixed scalar M. Its absence changes the picture drastically, as we will show with

the following example.

5.2 Implications of the general formulation on the linear case in vacuum:
Model — 2

‘We shall now consider the linear case
F=R-Q-T. (5.4)

In this case the post-Riemannian expansion of R cancels all pure torsion and pure non-metricity

scalars, but the mixed combinations remain there. In fact we have,
R—T—Q =R+ 2QquS™ — 25,Q" + 25,q" . (5.5)

We see, therefore, that in this case the vector fields become massless but they interact with each

other. That is, the simultaneous subtraction of both T" and ) from R produces massless fields.

5.3 Implications of the general formulation on the linear case in vacuum:
Model — 3

Let us finally take the sub-case
F=R-T. (5.6)

Now the post-Riemannian expansion of R cancel all pure torsion terms leaving the torsion vector
massless. Additionally, the two non-metricity vectors remain massive and all three torsion and

non-metricity vectors are interacting. Similarly, for the sub-case
F=R-Q (5.7)

the non-metricity vectors become massless while the torsion vector retains its mass. Interestingly,
in this case the non-metricity fields do not interact with each other but only with the torsion

vector.
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6 Conclusions

In this paper we have extended the results presented in antecedent literature [48], considering a
novel quadratic gravity action which, besides the usual Einstein-Hilbert contribution, involves all
the parity even quadratic terms in torsion and non-metricity plus a Lagrangian that is quadratic
in the field-strengths of the torsion and non-metricity vectors.

In the most general case given by (B.]]), in particular, we have obtained the Proca-like equations

(3:22) involving all the non-Riemannian vectors of the theory, namely the torsion trace S* and the
non-metricity vectors Q* and ¢*. Subsequently, we have discussed the three sub-cases in which
only one of the terms quadratic in the field-strengths is included into the action. When we only
include the contribution quadratic in the homothetic curvature tensor, that is the field-strength
of @Q*, the connection field equation yields a Proca-like equation for Q*, while the vectors ¢*
and S* are linearly related to the latter vector. In fact, this is in accordance with the results
obtained in [45,/46]. Similarly, in the sub-case in which the only contribution quadratic in the
field-strengths is given by the one involving the field-strength of the non-metricity vector g, we
are left with a Proca-like equation for the latter, while the vectors Q* and S* are non-dynamical
and proportional to ¢*. Finally, the same scenario occurs if one includes into the quadratic theory
just the term quadratic in the field-strength of the torsion vector S*, and the result is a Proca-like
equation for the latter. In this case, the non-metricity vectors are expressed in terms of S¥. In this
latter case, there exist a consistent parameters choice for which the whole non-metricity vanishes
and the action results to be on-shell equivalent (up to boundary terms) to a Vector-Tensor model
in which the vector involved is S,,. The mass-squared contribution in the action is given in terms
of the parameters of the quadratic theory.
Therefore, when one considers a MAG theory (in vacuum) involving the Einstein-Hilbert term
for the non-Riemannian scalar curvature R plus all the parity even quadratic terms in torsion
and non-metricity, along with a quadratic Lagrangian contribution given in terms of just one
of the field-strengths of the non-Riemannian vectors of the model, the result is an independent
dynamical vector (the one whose field-strength appears in the quadratic action) fulfilling a Proca-
like equation, while the other non-Riemannian vectors are non-dynamical and can be expressed in
terms of the dynamical one. We have then proved that the quadratic MAG theory given by (B.1))
is on-shell equivalent to the Vector-Tensor theory (d.2]) consisting of three, in general, massive and
interacting Proca fields in a Riemannian background.

Subsequently, we have provided implications of the aforementioned formulation on the case
of linear F(R,T,Q,T,D) gravity in vacuum. In particular, in the case F = R—Q —T — M
the quadratic terms in R are canceled out by the specific combinations appearing in T + @), and
the theory results to be equivalent to GR with three non-interacting, massless Proca fields (that
are the torsion and non-metricity vectors). On the other hand, in the case in which the mixed
terms are not subtracted from R, that is F' = R — @ — T, the vector fields are turn out to be
massless but interacting. Finally, for F' = R—T the torsion vector results to be massless, while the

non-metricity vectors are massive, and all three torsion and non-metricity vectors are interacting;
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analogously, in the case F' = R — () the non-metricity vectors become massless, while the torsion
vector is massive. However, in this last case, remarkably, the non-metricity vectors do not interact
with each other but only with the torsion vector field.

Future developments of the present work may consist in the study of cosmological solutions of

the model we have analyzed and the inclusion of matter couplings.
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A Useful formulas and coefficients in the quadratic theory

For the sake of convenience, let us report in the following the explicit expressions of the coefficients

appearing in egs. (3.19)), (3.44)), (3.53)), and (B.62]) of Section [3
(1-n)
2

(1-n)

N1:4a1—02—1—|—4na3—|—2a5—|— co,

N2:4a2—|—c2—1—|—2na5—|—4a4—|— cs,

N3 = —2b1 + b2 + 2¢1 + 2nco + 2¢3 + (1 — ’I’L)bg,
(n—1)
2

(2 —1),
(n—1)
2

C
Ny :2ag—|—51—|—4a3—|—(n+1)a5—|—
(A1)

Cc
N5:4a1+2a2—51+2a5+2(n+1)a4+ (03+2),

N6:2b1—b2—01+202+(n+1)03+(n—1)bg+2(2—n),

n—3
N7:2a2+4a3+(n+1)a5+( 5 ),

1
Ng =2 2a1+a2+(n+1)a4+a5+§],

Ng=2co—c1+ (n+1)cg+2(n—2).
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Besides, the coefficients appearing in (8.22) read

5—4as —n%+4ai(n+1) +4az(n —1)(n +2)

C11 = 4k1(n— 1)(n+2) )
e — —4 —8ay +n(—1+4az +n) + 2as5(n — 1)(n +2)
Aer(n—1)(n+2) ’
s = d+eci+e(n—1)—2n
2](51(’11— 1) ’
co1 = —4 —8ay +n(=1+4ay +n) +2as(n —1)(n + 2) = ﬁcu
Ahs(n = 1)(n +2) ky
e — 1+ az(n —2) 4+ 2a1n+ ag(n —1)(n + 2)
ka(n —1)(n +2) ’
 —d—ci4c3(n—1)+2n
€23 = 2k (n — 1) ’
o = ATt -2 _ k
2%ks(n — 1) ks
ey — —4—c1+c3(n—1)+2n _ @023
2ks(n — 1) ks =7
_8+2bi —by+b3(n—1)—dn
€33 = ks(n —1) ’

while the d; coefficients, with ¢ = 1,2,...,6 we have introduced in (4.1]) are

n—1)(n—2
d1:—%+(a1+a5+na3)+ag+a4,

n
dg:4(a1—|—na3)+(n+1)[2a2+2a4+na5+§] +2(as —n)+1,

d3:(n+1)[2a1+(n+1)a4+2a5] + (n+ 3)ag +4ag + (n — 1),

4+ 2b; — b
d4:¥+b3—4,
n—1

ds=c1+c3+4+nc—2n,
d6:262—61—6+(n—|—1)(63—|—2).
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Finally, let us write the following post-Riemannian expansions (cf. also [54]):

(=10 — Tn +n?)
Q:Q* + 2[(n —1)(n+2)°
2n? —n—4 4(n — 2
7(13 “3n+ 2)QASA - (72 - 1)2)

2(n+1
Q*gx + 0 _(1)(472 Jz 2)]2%@

(n+3) ~
2(n — 1)(n + 2) VaQ'
(n® — Tn — 10)

n D)+ 2

= (=12 — Tn + 2n2 + n?)
R, = R, + [— 4[(n_1)(n+2)]2
2(n? — 5)
B n3—3n—|—2Q>\S)‘+
(n+1) = A 2 &5 o
Sy VA AT g+
An+1) (n? +n+2) 2(n? —n — 4)
[(n = 1)(n +2)] D+ 2P % 3 —snt2
8 A(n —2) n+1) -
T et G e G ) T 3

2(n—2)@ g
v

S, S* —

Q)

(n? —3)
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where RW and R are the Ricci tensor and Ricci scalar of the Levi-Civita connection, respectively,

and we recall that V is the Levi-Civita covariant derivative. Besides, we have
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(A.6)

which is useful to reproduce the final results reported in the main text.
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