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Abstrak

Teori sistem kawalan sering melibatkan aplikasi persamaan matriks dan pasangan
persamaan matriks yang mana terdapat kemungkinan keadaan ketidakpastian boleh
wujud. Dalam kes ini, persamaan matriks dan pasangan persamaan matriks klasik tidak
mampu menangani masalah tersebut. Walaupun terdapat beberapa kajian lepas dalam
menyelesaikan persamaan matriks dan pasangan persamaan matriks dengan keadaan
ketidakpastian, kajian tersebut mempunyai beberapa batasan yang meliputi operasi
aritmetik kabur, jenis pekali kabur dan juga kesingularan pekali matriks. Oleh itu,
kajian ini bertujuan untuk membina kaedah baharu untuk menyelesaikan persamaan
matriks dan pasangan persamaan matriks dengan semua pekali persamaan matriks
adalah sebarang nombor kabur segitiga kiri-kanan (LR-TFN) samada positif, negatif
atau hampir sifar. Dalam membina kaedah tersebut, beberapa pengubahsuaian pada
operator penolakan aritmetik kabur dan operator pendaraban aritmetik kabur sedia ada
adalah diperlukan. Dengan pengubahsuaian operator aritmetik kabur tersebut, kaedah
yang dibina ini melangkaui had positif untuk membenarkan LR-TFN negatif dan
hampir sifar sebagai pekali persamaan. Kaedah yang dibina juga telah menggunakan
hasil darab Kronecker dan operator Vec dalam mengubah persamaan matriks kabur
penuh dan pasangan persamaan matriks kabur penuh menjadi bentuk persamaan yang
lebih mudah. Di samping itu, sistem linear bersekutu baharu dibina berdasarkan
operator aritmetik pendaraban kabur yang diubahsuai. Kaedah yang dibina disahkan
dengan mengemukakan beberapa contoh berangka. Hasilnya, kaedah yang dibina
berjaya menunjukkan penyelesaian untuk sebarang persamaan matriks kabur penuh
dan pasangan persamaan matriks kabur penuh, dengan kekompleksan operasi kabur
yang minimum. Kaedah yang dibina boleh digunakan pada matriks singular dan
matriks bukan singular untuk sebarang saiz matriks. Dengan itu, kaedah yang dibina
merupakan satu sumbangan baharu dalam aplikasi teori sistem kawalan.

Kata kunci: Teori sistem kawalan, Persamaan matriks kabur penuh, Operator
aritmetik kabur, Segitiga nombor kabur LR, Pasangan persamaan matriks kabur penuh.
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Abstract

Control system theory often involved the application of matrix equations and pair
matrix equations where there are possibilities that uncertainty conditions can exist.
In this case, the classical matrix equations and pair matrix equations are not well
equipped to handle these conditions. Even though there are some previous studies in
solving the matrix equations and pair matrix equations with uncertainty conditions,
there are some limitations that include the fuzzy arithmetic operations, the type
of fuzzy coefficients and the singularity of matrix coefficients. Therefore, this
study aims to construct new methods for solving matrix equations and pair matrix
equations with all the coefficients of the matrix equations are arbitrary left-right
triangular fuzzy numbers (LR-TFN), which either positive, negative or near-zero.
In constructing these methods, some modifications on the existing fuzzy subtraction
and multiplication arithmetic operators are necessary. By modifying the existing
fuzzy arithmetic operators, the constructed methods exceed the positive restriction
to allow the negative and near-zero LR-TFN as the coefficients of the equations.
The constructed methods also utilized the Kronecker product and Vec-operator in
transforming the fully fuzzy matrix equations and pair fully fuzzy matrix equations
to a simpler form of equations. On top of that, new associated linear systems are
developed based on the modified fuzzy multiplication arithmetic operators. The
constructed methods are verified by presenting some numerical examples. As a result,
the constructed methods have successfully demonstrated the solutions for the arbitrary
fully fuzzy matrix equations and pair fully fuzzy matrix equations, with minimum
complexity of the fuzzy operations. The constructed methods are applicable for
singular and non-singular matrices regardless of the size of the matrix. With that, the
constructed methods are considered as a new contribution to the application of control
system theory.

Keywords: Control system theory, Fully fuzzy matrix equation, Fuzzy arithmetic
operators, LR triangular fuzzy number, Pair fully fuzzy matrix equation.

iii



Acknowledgement

All praise to Allah who is the most Gracious, most Compassionate. This thesis may

never seen the light without the bless from Allah s.w.t.

My sincerest appreciation must go to my supervisor, Associate Professor Dr Nazihah

Binti Ahmad who has been very patient in guiding and supporting me throughout the

completion of this thesis. Many thanks to her brilliance, hardwork, patience and care,

which I am grateful to have her not only as my supervisor but also as my friend and

sister. Also, to my second supervisor, Dr. Ghassan Malkawi from UAE, who helps me

a lot especially in the beginning when I do not know anything about the Mathematica

programming. I hope this colloboration will not be stopped here.

Special thanks go to my dearest husband Khairu Azlan Bin Abd Aziz, and our lovely

children, Aqilah and Aqil for their love, patience, understanding and sacrifice to meet

my mood and desire, in completing this thesis. Also to the most important person

in my life, Wan Daud Bin Wan Mat, Hamidah Binti Abd Aziz and beloved siblings

in Kelantan, who have sacrificed a lot to make sure I get the best education possible,

which I can never ever repay. I also would like to thank all the family members of

"Family 69" in Terengganu especially to my parents in law, Abd Aziz Bin Mohd Nor

(Allahyarham) and Zaiton Che Abd Ghani for the happiness, supports and prayers for

me.

My appreciation and gratitude also should be expressed to the Awang Had Salleh

Graduate Studies (AHSGS), Universiti Utara Malaysia, for funding my study under the

Postgraduate Research Grant Scheme, and also to the Ministry of Higher Education

of Malaysia for the funding of Fundamental Research Grant Scheme (FRGS). Last

but not least, to all friends and colleagues especially from Institute of Engineering

Mathematics, Universiti Malaysia Perlis for their help and support throughout this

difficult and challenging journey.

May Allah bless you.

iv



Table of Contents

Permission to Use . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . i

Abstrak . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Acknowledgement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

List of Abbreviations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x

List of Symbols . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

CHAPTER ONE INTRODUCTION . . . . . . . . . . . . . . . . . . . . 1

1.1 Matrix Equations and Pair Matrix Equations . . . . . . . . . . . . . . . . 1

1.1.1 Fuzzy Matrix Equation . . . . . . . . . . . . . . . . . . . . . . . 4

1.1.2 Fully Fuzzy Matrix Equation . . . . . . . . . . . . . . . . . . . . 6

1.1.3 Pair Fuzzy Matrix Equation . . . . . . . . . . . . . . . . . . . . 8

1.2 Problem Statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.3 Objectives of the Study . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.4 Scope of the Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.5 Significance of the Study . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.6 Organization of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . 12

CHAPTER TWO LITERATURE REVIEW . . . . . . . . . . . . . . . . 14

2.1 Fundamental Concepts of Matrix and Set Theory . . . . . . . . . . . . . 14

2.2 Theory of Fuzzy Numbers . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2.1 Types of Fuzzy Numbers . . . . . . . . . . . . . . . . . . . . . . 18

2.2.1.1 Parametric form of fuzzy numbers . . . . . . . . . . . . 18

2.2.1.2 Triangular form of fuzzy numbers . . . . . . . . . . . . 19

2.2.1.3 Trapezoidal form of fuzzy numbers . . . . . . . . . . . 30

2.3 Fundamental Concepts of Kronecker Products and Vec-operator . . . . . . 32

2.4 Classical Linear Systems . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.5 Fuzzy Linear System . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

v



2.6 Fully Fuzzy Linear System . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.6.1 Previous Studies on Solving Positive Fully Fuzzy Linear System . 41

2.6.2 Previous Studies on Solving Negative and Near-Zero Fully Fuzzy

Linear System . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.7 Previous Studies on Solving Fully Fuzzy Matrix Equation . . . . . . . . . 47

2.8 Previous Study on Solving Pair Matrix Equation with Fuzzy Environment 51

CHAPTER THREE THEORETICAL BACKGROUND . . . . . . . . . . . 52

3.1 Modification of Fuzzy Subtraction Arithmetic Operators . . . . . . . . . 52

3.1.1 Direct subtraction operator . . . . . . . . . . . . . . . . . . . . . 52

3.1.2 Near-zero positive subtraction operator . . . . . . . . . . . . . . 53

3.1.3 Near-zero negative subtraction operator . . . . . . . . . . . . . . 54

3.2 Modification of Fuzzy Multiplication Arithmetic Operators . . . . . . . . 55
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CHAPTER ONE

INTRODUCTION

1.1 Matrix Equations and Pair Matrix Equations

A matrix is generally known as a rectangular array which consists of numbers, symbols

or expression, arranged in rows and columns. Normally, a matrix is used to represent

a linear system of equations, so that it can be solved analytically or numerically by

using any classical linear algebra methods. In real-life applications, matrices have

been used in the fields of graph theory, cryptography, computer graphic and so on

(Anton & Rorres, 2010). Besides, matrices have also been used independently in the

form of matrix equations. The most common matrix equation is

AX = B (1.1)

which can be written in a form of a matrix equation as follows:



a11 a12 . . . a1n

a21 a22 . . . a2n

...
... . . . ...

am1 am2 . . . amn





x11 x12 . . . x1p

x21 x22 . . . x2p

...
... . . . ...

xn1 xn2 . . . xnp


=



b11 b12 . . . b1p

b21 b22 . . . b2p

...
... . . . ...

bm1 bm2 . . . bmp


(1.2)

where the coefficient matrix A = (ai j), 1 ≤ i ≤ m, 1 ≤ j ≤ n, the right hand matrix

B = (bi j), 1≤ i≤m, 1≤ j≤ p and the solution matrix X = (xi j), 1≤ i≤ n, 1≤ j≤ p.

The entries for each matrix of Equation (1.2) are in the form of crisp numbers.

In addition, Equation (1.1) can be expanded to several types of matrix equations, such

as

AXB =C (1.3)

1
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