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Developing a minimum backbone grid in the power system planning is

beneficial to improve the power system’s resilience. To obtain a minimum

backbone grid, a mixed integer linear programming (MILP) model with network

connectivity constraints for a minimum backbone grid is proposed. In the

model, some constraints are presented to consider the practical application

requirements. Especially, to avoid islands in the minimum backbone grid, a set

of linear constraints based on single-commodity flow formulations is proposed

to ensure connectivity of the backbone grid. The simulations on the IEEE-39 bus

system and the French 1888 bus system show that the proposed model can be

solved with higher computational efficiency in only about 30min for such a

large system and the minimum backbone grid has a small scale only 52% of the

original grid. Compared with the improved fireworks method, the minimum

backbone grid from the proposed method has fewer lines and generators.
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1 Introduction

In recent years, as the global climate continues to warm, extreme weather occurs

frequently, which seriously affects the reliability of power supply and the national

economy. In the power system planning, a minimum backbone grid can be

developed. The selected generators and lines in the minimum backbone grid can be

reinforced before the extreme weather to ensure the supply of critical loads in extreme

weather. After the extreme weather, the power system can be quickly restored to the

normal state by the stable power supply of the grid. In summary, developing a minimum

backbone grid is beneficial to ensure the uninterrupted power supply of important loads

and rapid recovery of core power infrastructure under extreme disaster conditions. It

improves the ability of the power grid to respond to low-probability extreme events, which

is an important part of resilience in the power grid (Mahzarnia et al., 2020; Trudel et al.,

2005; Bie et al., 2017). How to develop a minimum backbone grid from the existing power

grid is the core of the research.
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At present, the research on developing a minimum backbone

grid can be divided into two categories:

One is the heuristic method. Themethod has been widely used

in developing a minimum backbone grid because it is not limited

by the non-convexity and non-smoothness of the optimization

problem and can quickly obtain a feasible solution. In Yang et al.

(2010), aminimum gridmodel considering the importance of lines

and the topology of the grid is constructed, and binary particle

swarm optimization is used to solve the model. In Liu et al. (2007),

the topological characteristics of scale-free networks are employed

to obtain a skeleton-network reconfiguration strategy, and the

discrete particle swarm optimization technique is employed to

implement the reconfiguration. Rather than providing a detailed

restoration path sequence, the strategy aims to obtain several

better-performing reconfiguration schemes as the guidance of

dispatching operations. In Dong et al. (2015), the authors

present a comprehensive index system to measure the

survivability of the backbone grid and a new method of

constructing the grid considering survivability. The improved

biogeographic optimization algorithm provided with strong

search ability is used to obtain the optimal solution for the core

backbone grid. In Chen, (2021), a risk assessment system of power

grid operation involving multi-link uncertain factors is proposed,

and a core backbone grid model considering the minimum

comprehensive risk index is constructed. The traditional

fireworks algorithm is improved to quickly and accurately

search the construction scheme of the optimal backbone grid.

The above heuristic algorithm is simple and easy to use, compared

with the general mathematical programming method. However, it

is poor robust and its result is random, which makes it difficult to

reproduce and repeatedly check the results in practical applications

(Blum and Roli, 2003; Ball, 2011).

The other is the mathematical programming method, which

is rarely studied in this research. In Sun et al. (2019), aiming at

maximum network restoration efficiency, the optimal backbone

grid is formulated as a MILP problem, which can be efficiently

solved by commercial solvers such as CPLEX. However, the

model cannot ensure the connectivity of the minimum backbone

grid, which makes the grid likely to have islands. Then, the

backbone grid will be of low reliability, which is not conducive to

the survival and rapid recovery of the grid under extreme disaster

conditions. Network connectivity is a major bottleneck in the

application of mathematical programming methods to this

problem. Table 1 compares the method, objective and

connectivity method between the existing literature.

In this paper, we also present a mathematical programming

method in which a mixed integer linear programming model for a

minimum backbone grid is proposed. A minimum number of

branches and maximum summation of power flow betweenness

objective function is considered in the model. Furthermore, a set of

close-form connectivity constraints is formulated to ensure the

reliability of the backbone grid. The main contributions of this

paper are as follows:

• The minimum backbone grid is described as a MILP

model. It considers constraints presented to the practical

application requirements such as regional plant

constraints.

• Based on the idea of single commodity flow, it considers a

set of linear constraints on the grid connectivity, which

avoids the island of minimum backbone grid, overcomes

the defect that the existing methods are difficult to express

the connectivity constraints rigorously, and breaks through

the bottleneck of mathematical programming method in

the application of this problem.

The simulation results of the IEEE-39 bus system and the

French 1888 bus system verify the effectiveness of the proposed

TABLE 1 Minimum backbone grid problems compared with selected references.

Method Objective Connectivity method References

Heuristic method Binary particle swarm
optimization.

Minimum total number of branches
and most efficient topology
configuration.

Check the topological connectivity of particles, and the
topologically infeasible particles are restored to feasible
ones.

Yang et al.
(2010)

Discrete particle swarm
optimization.

Maximum network reconfiguration
efficiency.

After a particle’s initialization or update, sources nodes
and load nodes should be under merge application
through checking the topological relation of
transmission lines.

Liu and Gu
(2007)

Improved biogeography-
based optimization
algorithm.

The smallest line total length and the
largest integrated survivability index.

The relative tightness degree and the relative
condensation degree of the grid are introduced to
evaluate connectivity.

Dong et al.
(2015)

Improved fireworks
algorithm.

Minimum comprehensive risk index
and the minimum total line length.

Warshall algorithm is used to judge the connectivity of
the network frame formed by each individual in the
initial fireworks population.

Chen, (2021)

Mathematical
programming method

Branch-and-bound method. Maximum network restoration
efficiency.

It cannot ensure connectivity. Sun et al. (2019)
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model and show that the proposed method has high

computational efficiency.

2 Construction planning of minimum
backbone grid

The minimum backbone grid is a minimum grid that can

ensure the continuous power supply of important loads. The goal

is to minimize the scale of the grid, that is, to minimize the

number of branches. The backbone grid must satisfy specific

constraints such as power balance constraints, line capacity

constraints, connectivity constraints, and so on to ensure that

it operates under special circumstances. In order to describe the

backbone grid quantitatively, some specific constraints to the

backbone grid are given as follows:

1) Satisfying the security operation constraints of the power grid;

2) Satisfying the connectivity of network topology;

3) Maintaining specific system load level;

4) Guarantee regional power sources;

5) On basis of satisfying the above constraints, the number of

branches in the backbone grid should be the minimum;

The backbone grid also needs to obey special requirements

for different situations. This paper gives basic definitions and

models that can be expanded on this basis in various

situations.

Developing a minimum backbone grid involves determining

the critical loads, and selecting essential generators and backbone

lines.

2.1 Determining critical loads

The critical loads include the urban emergency dispatch

center, core infrastructures such as communication, water

supply, and transportation, large densely residential areas, and

important customers. Since most critical loads are distributed in

the distribution network at a low voltage level, it is necessary to

progressively search the corresponding load buses in

transmission substations from low voltage to high voltage

levels. The range and quantity of the critical loads directly

affect the scale of the minimum backbone grid. Excessive

critical loads will make the minimum backbone grid too large,

resulting in a high investment. Therefore, the proportion of the

critical loads should not be too high.

2.2 Selecting essential generators

Selecting essential generators follows the general principles:

1) Trying to ensure each region of the power grid has generators

to avoid the blackout in case of regional tie line failure.

2) Preferring to choose the hydro generators in the backbone

grid, as the hydro generators have the advantages of simple

auxiliary equipment and rapid startup (Adibi and Fink, 2006).

3) The priority of synchronous generators connected to the

power grid through a lower voltage level should be higher

than that of synchronous generators connected to the power

grid through a higher voltage level to ensure that the power

locally supplies the backbone load.

2.3 Selecting backbone lines

The principle of backbone line selection is as follows:

1) The two adjacent higher voltage level substations selected into

the minimum backbone grid should be connected by lower

voltage level lines to strengthen the support between critical

areas.

2) According to the characteristics of natural disasters in various

regions, some backbone lines should have higher priority. For

example, typhoons in some areas generally travel from east to

west. In this case, the east-west lines should be preferred in the

minimum backbone grid. In the ice disaster scenario, the lines

with ice melting devices should be selected as a high priority.

3 Mathematical programming model
of minimum backbone grid

3.1 Basic mathematical model

3.1.1 Objective function
The objective function considers two aspects, one is to ensure

as few branches as possible, and the other is to preferentially

select branches with high importance. The power flow

betweenness (Rout et al., 2016) is used as an index to measure

the importance of branches.

The objective function is as follows:

min ∑
(i,j)∈L

(w + (1 − Fij))sij (1)

where L is the set of branches of the power grid, sij is the state of

the branch, take 1 as the line is included in the minimal backbone

grid, otherwise take 0, w is a constant greater than 1, the purpose

is to make the objective function focus more on the minimum

number of branches than the maximum importance of branches,

Fij is the normalized power flow betweenness of the branch i − j.

To preferentially select the lower voltage level synchronous

generators or certain lines, the power flow betweenness of

related lines can be increased.
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3.1.2 Constraints
1) Active power balance constraints:

∑
g∈Gi

pg − ∑
(i,j)∈Li

pij � ∑
d∈Di

pd, i ∈ B
(2)

where Gi is the generator set on the bus i, pg is the active output

of the generatorg, Li is the line set with i as the starting bus, pij is

the active power of linei − j,Diis the critical load set at bus i; pd is

the active power of load d, B is the bus set.

2) Generator operating constraints:

ugpg
min ≤pg ≤ ugpg

max, g ∈ G (3)

where pg
min and pg

max are the minimum and maximum active

power of generatorg, ugis unit status, take 1 if unit g is included

in the minimum backbone grid, otherwise, take 0.

3) Line capacity constraints:

−pij
maxsij ≤pij ≤pij

maxsij, (i, j) ∈ L (4)

where pij
max is the rated capacity of line i − j.

4) DC power flow constraints:

(sij − 1)Mij ≤pij + Bijθij ≤ (1 − sij)Mij, (i, j) ∈ L (5)

where Mij is a large constant for linei − j, θij and Bij are the

phase angle difference between bus iand j, the imaginary part of

line i − j admittance.

5) Phase angle constraint:

θslack � 0 (6)
−Mij(1 − sij) + θij ≤ θij ≤Mij(1 − sij) + �θij, (i, j) ∈ L (7)

where θslack is the phase-angle of the balance bus, θij and �θij are

the minimum and maximum of θij.

6) Regional plant constraints:

According to the selection principle of generators, each area

has at least one generator, that is

∑
g∈Ga

ug > 0, a ∈ A (8)

where Ga is the generator set of area a, Ais the set of all areas of

the whole power grid.

7) Spinning reserve constraint:

∑
g∈G

(ugpg
max − ugpg)≥ SR (9)

where G is the set of all generators, SR is the minimum spinning

reserve required by the system.

8) Primary frequency reserve constraint:

∑
g∈G

βgugpg
max ≥PR (10)

where βg is the primary frequency regulation coefficient of

generator g, generally 15% for hydro generator units and 5%

for thermal generators (Adibi and Fink, 2006), PR is the

minimum primary frequency reserve required by the system.

This constraint can make the minimum backbone grid model

give priority to select hydro generators.

9) Must-in-service line constraints:

sij � 1, (i, j) ∈ Lin (11)

where Lin is the set of must-in-service lines. Some lines with a

high strength level or lines with ice melting devices in ice disaster

protection scenarios must be included in the minimum backbone

grid and can be set as must-in-service lines.

10) Must-out line constraints:

sij � 0, (i, j) ∈ Lex (12)
where Lex is the set of must-out lines. Lines with a low strength

level should not be included in the minimum backbone grid and

can be set as must-out lines.

11) Must-on generator constraints:

ug � 1, g ∈ Gin (13)

where Gin is the set of must-on generators. Some black-start

generators are always set to be must-on generators.

3.2 Connectivity constraints

In the minimum backbone grid model, the connectivity

constraint is an important constraint to ensure the reliability

and recovery ability of the grid. However, the existing

research lacks methods of expressing network connectivity.

Network connectivity constraints are widely used in traveling

salesman problems, vehicle routing problems, minimum

spanning tree problems, and Steiner tree problems

(Gollowitzer and Ljubic., 2011). In these problems, single-

commodity flow is commonly used to formulate connectivity

constraints.

The idea of the single commodity flow constraint is to set

the node that sends out the commodity as the root point and

the node that requires the commodity as the sink point in a

directed graph(V, A). Through constraint (14), each sink

point can receive the required commodity from the root

point, which ensures the connectivity between the root

point and each sink point, thus ensuring the connectivity

of the network.
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∑
ji∈Ls

fji − ∑
ij∈Ls

fij �
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1 i ∈ K,

−|K| i � r,

0( i ∈ V

{K, r}),
(14)

where V is the set of all nodes, Ls is the set of all directed

branches, r is a root point, |K| is the number of nodes in the sink

setK, andfij is the virtual flow from node i to node j through the

linei − j.

At the same time, constraint (15) can ensure that the amount

of virtual flow passed by each branch does not exceed the actual

line capacity.

0≤fij ≤ |K|xij (15)

where xij is the state of the directed branch, take 1 if it is included

in the connectivity network, otherwise take 0.

In the minimum backbone grid, a must-on generator in the

power grid can be selected as the root point. Lscontains all

branches of the power grid in two power flow directions.

Thus, the number of elements in the set is twice the number

of actual branches. There is also the following relationship

between sij and xij in the minimum backbone grid:

sij � xij + xji, (i, j ) ∈ L (16)

3.3 Implementation process of minimum
backbone grid

The steps of obtaining a minimum backbone grid are as

follows:

1) Input the parameters of the original grid, including line and

transformer data, etc.

2) Calculate the normalized power flow betweenness of all

branches.

FIGURE 1
Implementation flowchart of minimum backbone grid.
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TABLE 2 Flow betweenness of lines in IEEE 39-bus system.

Line No. Power flow
betweenness

Line No. Power flow
betweenness

Line No. Power flow
betweenness

1-2 0.413 10-32 0.419 8-9 0.342

2-25 0.498 22-35 0.724 10-13 0.196

4-5 0.155 2-30 0.264 15-16 0.254

5-8 0.174 2-3 0.349 16-21 0.500

7-8 0.102 3-18 0.652 9-39 0.342

10-11 0.223 5-6 0.329 13-14 0.194

14-15 0.085 6-11 0.223 16-17 1.000

16-19 0.505 6-31 0.332 16-24 0.509

17-18 0.777 20-34 0.134 21-22 0.573

22-23 0.152 25-37 0.668 25-26 0.111

26-27 0.149 19-20 0.166 26-29 0.064

28-29 0.102 1-39 0.413 12-13 0.002

17-27 0.223 3-4 0.595 19-33 0.671

23-24 0.673 4–14 0.109 23–36 0.652

26-28 0.047 6–7 0.225 29–38 0.240

12-11 0.000

The bold values provided in Table 2 highlight that these lines has larger power flow betweenness. The minimum backbone grid model has selected these lines with larger power flow

betweenness.

TABLE 3 The critical load setting in backbone grid of IEEE 39-bus system.

Line No. Original load
(MW)

Backbone load
(MW)

Line No. Original load
(MW)

Backbone load
(MW)

1 97.6 0 19 0 0

2 0 0 20 680 270

3 322 100 21 274 80

4 500 170 22 0 0

5 0 0 23 247.5 70

6 0 0 24 308.6 90

7 233.8 70 25 224 0

8 522 180 26 139 0

9 6.5 0 27 281 80

10 0 0 28 206 0

11 0 0 29 283.5 80

12 8.53 0 30 0 0

13 0 0 31 0 0

14 0 0 32 0 0

15 320 100 33 0 0

16 329 100 34 0 0

17 0 0 35 0 0

18 158 0 36 0 0
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3) Determine object constant, critical loads level, must-on

generators, must-in and must-out lines and system reserve.

4) Solve the minimum backbone grid model in Section 3.

5) If the backbone grid is not small enough, increase the

object constant or decrease the critical loads level and go to

step 3.

The implementation flowchart of the minimum backbone

grid is shown in Figure 1:

4 Case studies

To verify the validity of the proposed model, the IEEE-

39 bus system (Yeu, 2010) and the French 1888 bus

system (Zimmerman et al., 2011) are simulated. All

simulations are implemented on a PC with a Core i7 2.9-

GHz CPU and 16.0 GB RAM, using mathematical modeling

software Pyomo 6.2 and Gurobi 9.5.1 solver to solve the

established optimization model, and the convergence gap is

set to 0.0001.

4.1 IEEE-39 bus system

Table 2 shows the normalized power flow betweenness of each

line of the IEEE-39 bus system, and Table 3 shows the critical loads

in the minimum backbone grid. Due to the small size of the IEEE-

39 bus system, regional plant constraints were not considered.

After the calculation, the minimum backbone grid is shown

in Figure 2 in red color. Figure 2 shows the grid has 24 lines,

3 generators, which is only 52.17% of the original grid, and all the

critical loads in Table 2. Especially, the backbone grid is

connected. Reinforcing the 52.17% can ensure the power

supply for critical loads of the whole grid under extreme

weather. To transmit power to node 29, there are two paths

between node 26 and node 29, one is 26-29, and the other is 26-

28, 28-29. Line 26-29 is selected by the minimum backbone grid

model as expected due to the objective function, that is, the

number of lines will be selected as few as possible. In addition, the

model has selected lines with larger power flow betweenness,

such as lines 16-17, 17-18, 23-24, and 19-33. Other lines with

larger power flow betweenness, such as lines 22-35, 25-37, and

23-36, have not been selected because they are outlet lines of

FIGURE 2
IEEE 39-bus system backbone grid considering connectivity constraints.
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unpowered generators. Thus, it can be seen that the objective

function is effective and correct.

We also compared our proposed MILP method with four

heuristic methods. Due to the random results of the heuristic

methods, the results listed in Table 4 are obtained based on

100 times running.

From the Table 4, it can be seen that the MILP method has

the same lines in minimum backbone grid for every running.

By contrast, the heuristic methods have different lines in

minimum backbone grid for different running.

Furthermore, the MILP method gets the optimal lines

which is less than the best value of the heuristic methods

in minimum backbone grid.

After removing connectivity constraints (14–18) and retaining

other constraints, recalculate the model and the result is shown in

Figure 3. There are 18 lines and six generators in the figure.

Although the number of lines in this minimum backbone grid is

less than that in Figure 2, the minimum backbone grid is not

connected and there are five islands. Each island has generator

nodes and load nodes to meet power balance. However, the

recoverability and reliability of the unconnected grid are low.

These five islands are very fragile and very hard to keep

frequency or rotor angle stability. They may be blackout

following a further disturbance. Once the island is blackout, it

will need more time to restore the power grid. This demonstrates

the validity of the connectivity constraints proposed in this paper.

TABLE 4 Comparison with the heuristic methods for IEEE 39-bus
system.

Method Number of lines

Best value Worst value

GWO (Mirjalili et al., 2014) 30 35

WOA (Mirjalili and Lewis, 2016) 28 33

TLBO (Rao et al., 2012) 27 30

HHO (Heidari et al., 2019) 25 28

MILP 24 24

FIGURE 3
IEEE 39-bus system backbone grid without connectivity constraints.
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4.2 French 1888 bus system

The French 1888 bus system is from the data file

(CASE1888RTE) in matpower7.0 and has 2,531 branches.

To facilitate the test, the backbone load is set as 15% of the

original load. The objective function of the minimum

backbone grid model involves two objectives, the minimum

number of branches and the maximum summation of power

flow betweenness. The purpose of setting w is that the objective

of minimizing the number of branches in the minimum

backbone grid should take precedence over the objective of

maximizing the summation of power flow betweenness.

Different weightsware set to calculate the model, and the

number of lines and the summation of power flow

betweenness of the minimum backbone grid are shown in

Table 5.

As can be seen from Table 5, with the increase of w, the

number of lines in the grid does not change, and the summation

of the power flow betweenness varies slightly but all within the

acceptable range. This shows that the goal of the minimum

number of branches has been given priority, and it is not greatly

affected by w. This feature makes the user less demanding to set

weights w and makes the method robust.

Table 6 shows the number of constraints and calculation

time of the model with and without connectivity constraints.

Although considering the connectivity constraints will

increase the size of the model, the calculation time is

shorter than that of the model without the connectivity

constraints. This is because the connectivity constraints

tighten the feasible region of MILP, and the algorithm of

MILP is easier to find the optimal solution. In addition, for

such a large-scale system, the solution can be obtained in an

acceptable time, which shows that the mathematical

programming method is very efficient.

Of course, there are some methods to further improve the

calculation efficiency of the model, such as further tightening the

model according to its characteristics of the model or tuning the

parameters of the solver.

5 Conclusion

A mixed integer linear programming model for a

minimum backbone grid is proposed in this paper, which

considers the practical application requirements. More

importantly, the model can ensure network connectivity to

avoid islands in the grid, which is an important prerequisite

for the practical application of mathematical programming

methods in developing a minimum backbone grid. The

simulations on the IEEE-39 bus system and the French

1888 bus system verify the validity of the proposed model

and show that the minimum backbone grid has a small scale

of only 52% of the original grid and the proposed method has

high computational efficiency of only about 30 min for such a

large system.
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TABLE 5 Number of branches and summation of branch betweenness
for backbone grid of the French 1888 bus system with different w

w Number of lines Summation of power
flow betweenness

20 1,220 42.76758

50 1,220 42.63488

100 1,220 42.78284

500 1,220 42.63457

1,000 1,220 42.79558

TABLE 6 Number of constraints and computing time for the model
with and without connectivity constraints.

Model Constraint
quantity

Calculation
time (s)

With Connectivity
Constraints

24,965 1826

Without Connectivity
Constraints

9,779 ——

——: Indicates that the calculation time has exceeded the maximum setting time of

10000 s, but the convergence accuracy has not decreased to the setting accuracy.
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