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ABSTRACT

Meyers, Rachel E., Virtual mosaic knots. Master of Science (Mathematics), December, 2022,
Sam Houston State University, Huntsville, Texas.

The study of knots and links is a main focus of the mathematical branch of topology.
Classical knot theory studies knots embedded in 3-dimensional real space and has been a
primary field of study since the 1960’s. Virtual knot theory, first introduced by Kauffman in
1999, studies knots embedded in thickened surfaces. Lomanoco and Kauffman introduced
mosaic diagrams in order to build a quantum knot system in 2008. In 2009, Gardufio extended
these mosaic diagrams to include virtual knots. In order to represent knots on surfaces,
Ganzell and Henrich introduced virtual mosaic knot theory in 2020 by placing knots onto
n X n polygonal representations of surfaces. We extend the idea of virtual mosaic knot theory
to include virtual rectangular mosaics, a placement of virtual knots onto n X m polygonal
representations of surfaces, as well as row mosaics, a placement of virtual knots onto 1 X m
polygonal representations of surfaces. In this thesis, we introduce virtual rectangular mosaics
and give two rectangular mosaic invariants called the tile number and row number. Included
as an appendix, we give a complete row mosaic tabulation of knots with 8 or fewer crossings

and virtual knots up to 4 crossings.

KEY WORDS: Topology; Knot Theory; Virtual knots; Mosaic knots
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CHAPTER 1
INTRODUCTION
1.1. Classical Knots

Knot theory is thought to have been firstintroducedin the 18th century by a French
mathematician named Alexandre-Theophile Vandermonde. However, it was not until the
19th century that Carl Friedrich Gauss made the first steps towards the mathematical theory
that we know today.

A knot is a simple closed curve in three-dimensional space which can be described as an
injective function, K := S! < 3. The image has no loose ends, no starting or ending points,
and no self-intersections. Typically, we view a knot as a projection onto R%. This projection
is called a knot diagram. Examples of knot diagrams are shown in Figure 1. We study knots
up to isotopy, which allows for twisting and stretching but not breaking the knots. The first
and second knots in Figure 1 are both the unknot, also referred to as the trivial knot. The

unknot is the only knot that bounds an embedded disk in 3-space.

CODER

Ficure 1. Example of knot diagrams.

Knots are composed of a single connected component, meaning a knot is one closed loop
that passes under and over itself. Choosing a point anywhere on the knot and tracing the knot,
we will always return to the starting point. A link is a finite union of pairwise nonintersecting
knots, L = K1 U---UK,. In this way, a knot can be considered a 1-component link. Two

examples of simple links are given in Figure 2.
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Trivial two-component link Hopt link

Ficure 2. Example of links.

Two knot diagrams are called equivalent or isotopic if they can be physically manipulated
(rotated, bent, twisted, stretched, etc.), without splitting and reconnecting the component,
so that one looks identical to the other. Reidemeister moves are local modifications, which
means we apply them on a smaller part of the knot diagram, leaving the rest of the diagram
unchanged. There are three such moves, shown in Figure 3. Two knot diagrams represent
equivalent knots if and only if they can be related by a finite sequence of Reidemeister moves.

oo - )(-X

RIl

Ficure 3. Reidemeister moves

Figure 4 shows an example of performing knot isotopy via the Reidemeister moves. What
seems like a complicated knot is actually equivalent to the unknot. Each diagram in the figure
differs from the next by one Reidemeister move. The crossing number of a knot, denoted

¢(K), is the number of crossings the knot has.
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Ficure 4. Example using Reidemeister moves.

A link can be given an orientation by assigning a direction of travel around each loop [6].

An example of an oriented knot is shown in Figure 5.

&

Ficure 5. Example of an oriented knot.

Given an oriented knot we can define the sign of a crossing, ¢, denoted sign(c) to be either

positive or negative according to Figure 6. Note that the overstrand in a positive crossing has

XX

sign(c)= +1 sign(c)= -1

positive slope.

FiGurE 6. Sign of a crossing.

A knot is considered alternating if there is a pattern of under, over, under, over, etc. when

following the orientation and tracing the knot.



1.2. Surfaces

In topology, a surface Z is a two-dimensional manifold - a space that locally looks like the
real plane. Every surface has a genus which can be thought of as the number of holes. Figure
7 has some examples of surfaces and their corresponding genus. There are non-orientable
surfaces, such as the Mobius band or the Klein bottle, which means the surface has 1 side,
and there are orientable surfaces which have two distinct sides. A classical result in topology
is that surfaces can be classified according to their orientability and g enus. However, we will

only consider orientable surfaces.

pgenus 0 genus | genus 2

Ficure 7. Examples of surfaces.

Some surfaces can be represented by polygons. Starting with a 2n-sided polygon, label
the edges {ay,...,a,} where each edge label appears exactly twice. In the form of an arrow,
each edge label is given a direction. Using the edge labelings and matching the arrows, we
can "glue" paired edges. This quotient space is a closed surface. This is defined in [7]. An
example of this is shown in Figure 8. In this example we would read off the edge labeling,
starting with the a on the left, as a boundary word, aba='b~!, where the inverse notation
describes a backwards arrow on the edge. The surface in Figure 8 is called the torus and it is

an orientable surface of genus 1.
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Ficure 8. Example of the torus represented as a polygon.

b

The polygon represents an orientable surface if and only if the second occurrence of each
edge labeling has the arrow pointed in the opposite direction of the first label. Reading off the
boundary word, we would have each edge a; appear as a; once and al.‘l once [7]. Furthermore,
a polygon represents a surface with positive genus if and only if its boundary word contains
apttern d the forma. . . b. . . a'. .. b7 [[7]Theorem 6.14].

1.3. Virtual Knots

We usually study knots as objects in the 3-sphere, S°. However, knots can be embedded in

any 3-dimensional space. Virtual knots and virtual links are embedded on thickened surfaces,

x[0,1]. These knots can contain crossings that are not formed by a part of the component
passing over and under itself. An example of a knot and link embedded on a thickened surface

along with their corresponding virtual diagrams are illustrated in Figure 9.

W
=)

Ficure 9. A knot and link embedded on a thickened torus.

The dotted segments represent where the components wrap around the meridian resulting

in two parts of the components lying on different sides of the surface, which can only happen



on a surface with positive genus. This creates a crossing in where a dotted segment and a
solid segment intersect. These crossings are called virtual crossings. The corresponding
knot diagram for a virtual knot with a virtual crossing will have a crossing that does not have
under or overstrand, and a circle around the crossing. Figure 10 is an example of a virtual

knot on a genus 2 surface.

Ficure 10. Knot on genus 2 surface.

As with classical knots, we can determine which virtual knots are equivalent up to isotopy
using virtual Reidemeister moves. These moves are analogous to the classical ones, along

with a fourth move as pictured in Figure 11.

I\ e ﬂ?a:‘xr

Ficure 11. The four virtual Reidemeister moves.
Figure 12 shows the two “forbidden moves”; these moves pass an arc behind or in front

of a virtual crossing. However, forbidden moves do not preserve the virtual knot, and so are

forbidden.
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Ficure 12. The forbidden moves.

1.4. Gauss Codes and Gauss Diagrams
Gauss diagrams provide a way of encoding knot information. Given an oriented knot
diagram, we can create a Gauss diagram and, given a Gauss diagram, we can recover the

corresponding knot. Beginning with an oriented knot:

1. Choose a base point on the knot, label each crossing from 1 to n in order they are

passed.
2. Label each crossing with the sign of that crossing.

3. Label the outside of a circle, in a counterclockwise direction, the order of crossings in

which they are passed through when starting, and ending at the base point of the knot.

4. Then insert arrows which start at one end of the circle to the other. The arrow points
away from the label when going over the crossing, and towards the label when going

under.

5. Each arrow is then labeled, at the tail, with the sign of the crossing.

An example of going from an oriented knot to a Gauss diagram is shown in Figure 13.



Ficure 13. A knot and its corresponding Gauss diagram.

Using the Gauss diagram or the labeled knot diagram we can obtain the Gauss code.
Start at the first crossing and list out the order of the crossings starting and ending at the base
point of the knot diagram, or listing the order of the crossings from the Gauss diagram in a

counterclockwise order. Thus, in this example, the order is as follows:

1234512543.

Each crossing appears exactly twice in the Gauss code - once for going over and once for
going under. To complete the Gauss code, each time the crossing appears in the sequence
add in the under (U) and overstrand (O) information. Therefore, the complete Gauss code for

this example is

U1 0203 U4 0501 U2 U5 04 U3.

Another way this could be written is

-1 23 451 -2 4 -3,

where each U from the previous notation is a negative sign. Given a Gauss diagram, a knot is
alternating if consecutive arrow heads are facing the opposite way when moving around the
circle, and no two consecutive arrows point in the same direction. If a Gauss diagram has all

non intersecting arrows, then the Gauss diagram is of the unknot.



1.5. Intersection Index Polynomial

Knot invariants are equivalence relations which assign a given knot a characteristic that
is then used to distinguish it from other knots. For any knot invariant o and knots K and
K’, if a(K) # a(K’), then K and K’ are not isotopic. Such an invariant is the intersection
index polynomial. We describe an algorithm for computing the intersection index polynomial
from a knot diagram as defined in [ 6 ]. Given a knot diagram K, and a crossing d we smooth

crossing d as in Figure 14.

oI

Ficure 14. Smoothing a crossing.

Note that smoothing a crossing changes the knot; in particular, smoothing a crossing in
a knot diagram produces a 2-component link. When following the orientation of a link, the
smoothing is labeled with a 1 on the left side and a 2 on the right side. Let C,; be the set of
classical crossings in the virtual link diagram that involve both components after crossing d
is smoothed. Then each crossing in Cy is assigned a +1 in Figure 15. Component 2 on the

left results in a +1 and component 1 on the left results in a —1.

XK EX
XE X

Figure 15. Crossings that involve two components.
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For a virtual knot diagram K, and a crossing d, the intersection index i(d) is the sum
of the values a(x) for all classical crossings x € Cy4, where a(x) is the +1 that is dependent
on the crossings involving both components. Therefore, i(d) = Z a(x). Figure 16 is an

xeCy

example of computing the intersection index of a virtual knot with 4 classical crossings

labeled {a,b,c,d}.

ifa) =3 i(b) = =1

i(d) = —1

Ficure 16. Example of calculating the intersection index.

The intersection index polynomial, p,(K), for a virtual knot K with diagram D is the sum
over all classical crossings d in D of the polynomial sign(d)(t'i(d)| —1). Therefore, we have

the following:

piK) = " sign(@)(@ @ - 1).

deD
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Recall sign(d) is the sign of the crossing defined in section 1.1. Therefore, using the
computed intersection index of each crossing, the knot in the previous example has the

following intersection index polynomial:
pi(K) =)@ = D+ =D+ =1+ (D= 1)
= —1+t—1+t—1+1-1

=3 +3r-4.

This polynomial is invariant of the virtual Reidemeister moves and thus a true invariant

[6].
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CHAPTER 11
MOSAIC KNOTS
2.1. Classical Mosaic Knots
Mosaic knots, introduced by Lomanoco and Kauffman in [9], place a knot diagram onto
an n X n grid of suitably connected tiles, where the tiles form a knot diagram and all the
arcs on the tiles connect. Mosaic knots are formed from the 11 tiles illustrated in Figure 17.

Figure 18 gives examples of mosaic knots.

|
N (] Nr \\J/ L

Ficure 17. Mosaic tiles.

M T -
e ! e | e 3
ld 1) \
: |3/
~ J
Trefoil Knot Hopf Link Figure-8 Knot

Ficure 18. Examples of mosaic knots.

The mosaic number of a knot, K, denoted m(K), is the smallest integer »n for which K can
be represented by an n X n msaic.
2.2. Virtual Mosaics

Ganzell and Henrich extended the definition of mosaic knots to include virtual k n ots. A
virtual mosaic, definedin [5],1s an nXn array of s tandard mosaic tiles, to gether with an
identification of the 4 n edges of the array b oundary, that forms a knot or link diagram on a
closed, orientable surface. The genus of the surface will also be the genus of the mosaic.
Figure 19 shows the virtual trefoil represented on a 2 X 2 virtual mosaic. Virtual crossings are

created by intersections coming from the outer edge identification. Furthermore, a classical
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knot can be realized as a virtual mosaic in which the edge identifications do not intersect

when connected.

b
o, (D
e /- a /-

Ficure 19. Virtual trefoil on virtual mosaic

The virtual mosaic number of aknot, K, denoted m, (K), is the smallest integer n for which
K can be represented by an n X n virtual mosaic. An efficient way to place a knot on a mosaic
is to use the Gauss Code. In placing the knot on the mosaic, it is helpful to keep in mind
the crossings that precede or follow a particular crossing in the subsequence, as well as the
maximum subsequence in which no crossings are repeated. However, different projections of
the same knot have different Gauss codes resulting in different lengths of subsequences that

have no crossings repeated.
Proposition 1. [[5]] The figure-8 knot does not fit on a 2 X2 mosaic.

Proof. First, we assign an orientation to the knot and a base point, Figure 20.

Ficure 20. Oriented and labeled figure-8 knot.
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Tracing the knot we obtain the following Gauss code:

-12-31 43 -2 4

This is an alternating knot and moreover every Gauss code representation must have a
sequence of four consecutive crossings. In thiscase 2 -3 1 -4 is one of the times there are
four distinct crossings in a row with no repetition. Therefore, at some point in the sequence,
we pass through all four crossings before coming to a crossing already accounted for. Using
this information, we will prove by contradiction that the figure-8 knot, which has a minimum

of four crossings, has virtual mosaic number 3. Figure 21 will illustrate this process.

Ficure 21. Finding virtual mosaic number for the figure 8 knot.

Suppose the figure-8 knot did fit on a 2 X2 mosaic. Then since this knot is alternating
we would need an alternating pattern of 79 and T} tiles as in Figure 21. Without loss of
generality, we can choose an edge and label it a (in this example we started with the top left
hand corner). To avoid creating a set of links label the edge directly below a with a new label,
namely b, as shown in Figure 21. Since this knot is alternating, and the first b is placed at
an understrand, we need the other b at an edge where the strand is going over. However, to
prevent virtual crossings there must be no edges between a given pair or an even amount of
edges between them. Therefore, the second b can only be placed directly to the right of the

first as shown in Figure 21. Consequently, the top right label must then be a new label, ¢, or
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we would create a set of links. We have also now created the sequence of four consecutive
crossings. There are only two open spots to put the second ¢, and these are the top right tile
next to the first or the bottom left next to b. Putting ¢ in the top right allows for a Reidemeister
one move. Hence, the second ¢ must be placed in the bottom left corner. Lastly, in Figure 21
we have both d’s on the right side of the mosaic and put in the last a.

However, connecting the outer edges results in a Reidemeister one move in the top left
hand corner where the a labels connect. Therefore, we can reduce the diagram to a 3 crossing

diagram. Hence, the virtual mosaic number of the figure-8 knot is 3 and this is illustrated in

Figure 22. O
a b b
I
e I \ /- a
7N
f /'— -/ d
e c d

Ficure 22. Figure-8 knot on a 3 X 3 mosaic.

The following is a result from [5] which provides a relationship between the classical

mosaic number and the virtual mosaic number of a given knot.

Proposition 2. [[5], Proposition 1] For a link, L, let m(L) be the classical mosaic number

and m, (L) the virtual mosaic number. For a link or a nontrivial knot, m,(L) < m(L) - 2.

Proof. Given a classical mosaic, since there are no Ty or T tiles in the first or last rows and
columns, we can delete those and identify the edges to represent the original connections.

Then label edges that do not have connections with matched pairs. O
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Figure 23 provides an example of this proposition using the 7, knot. However, this

inequality is not sharp since m(7;) = 6 and m,(7,) = 3, as illustrated in Figure 24.

a a b
ENF=SIE PSS NI
la N O LD
NSV T <V LV
J s c =Y 1|4
AT fan Y Ve
NVARNERY; 0/ k_|_ W -,
h g N
C

Ficure 23. Going from a 6 X 6 classical mosaic to 4 X4 virtual mosaic.

a b b
fel=-
Unna N
a — : —d

e e C

Ficure 24. The 7, knot on a 3 X 3 mosaic.

2.3. Classical and Virtual Mosaic Moves

In the introduction, we introduced Reidemeister moves, which are used to relate equivalent
knot diagrams. Since we study knots up to isotopy, it is necessary to have the same ability on
a mosaic. Therefore, in this section, we give a collection of mosaic moves introduced in [5],
that preserve knot type. Note in the following illustrations the light gray arcs are arcs that may
or may not be on the mosaic. The dotted arcs represent a different tile that could also be there
instead of the solid black line, so that each move represents several possible configurations.
Each of these moves can be rotated or reflected on a different position of the mosaic. If there
are no edge identifications on the mosaic move then the move can be performed on the edge

or in the middle of the mosaic. Moves with labeled edges must be done on the edge. The first
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two sets of moves pertain to the interior of the mosaic and the last set are for virtual mosaics.
The last set is the only set which involves the edge identifications.

The planar isotopy moves are shown in Figure 25. These moves are performed by
replacing the tiles and replicate the local modifications done with classical knots, i.e. bending,

stretching, shifting etc. For example, the P; move slides the segment from the top left tile to

the bottom right tile.
fj Py N Py/P3 ™
4
/ rJ
PN e P, M
J J N
N O — LI
/ J J UV
(]
fjf Pg/Pog /e : \ | Pyo/P11 [~ _Jf
7 / fj N \/

Ficure 25. List of planar isotopy moves.

The next set of moves are tile replacements that imitate the Reidemeister moves, these are

shown in Figure 26.
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(DD
| (]
J R>/R;, —[— RY R}
J/J/ 2 (, If\l 277 J/\\
(] | L1 N
" Nl _\|
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FicUre 26. Reidemeister moves on a mosaic.

Surface isotopy moves, shown in Figure 27, allow for local modifications that involve
the switching of outer edge identifications along with the strands on associated tiles. In the
following diagrams, when one edge identification is switched with another edge identification,
we must preserve the connections. To do so, we replace the tiles in a way that moves the
strand and places it with the corresponding edge identification. For example, in the S73 move
the edge identifications a and x are switched. Accordingly, the strand in which a is the

connection must follow.



X X X
k S
y Z X y Z
s UERARN
X I X
s [
y i y
Z \Z
X X X X a
Sk J
ra
X X X X a
SIy
—
X a X
SI
ekl B NI
X a X
X a X
a Sh X
y Xy
| NN
N
fy Sk fy
J/x : X
y X oy
J/ J
4
ry Slo Ky
fo —|— x

Ficure 27. List of surface isotopy moves.

19
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2.4. Stabilizations & Destablizations

Virtual knots and links viewed as knot diagrams on surfaces have moves that allow us
to represent them on surfaces of different g e nera. There are also moves we c an perform on
virtual mosaics that achieve the same goal. We call them stabilization and destabilization

moves. These are shown in Figure 28.

X y
Stab;
—> X
X y y X
Stab;
—>
X y

Stabs J
Polx

Y
J Staby /

Ficure 28. Stabilization and destabilization moves.

2.5. Mosaic Injection & Ejection
The following moves, introduced in [5], enlarge or shrink a mosaic without changing the
knot type or genus. Let V™ denote the set of virtual n-mosaics. If V™ € V™ then the

i j-entry (row i, column j) of V® is denoted by V™. In [5], Ganzell and Henrich define an
ij
injection with the following function.

The standard virtual mosaic injection

R AL VL
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V(n) — V(ﬂ+2)

will be defined as

v® ifo<i,j<n

vy |5 ifi<n jznand V| € {T2.75.75. 1. Ts. . Tio}

Yy = ’
1

Ts  ifizn, j<nand V" € {11, s, T7, T3, To, Tio}

Ty otherwise,

where the new boundary edges are labeled in adjacent pairs. The reverse process is called an
ejection.

This function, however, contains errors, not all tiles get mapped correctly depending on
the type of injection. In order to have one function that works for all injections we modified

the function given above.

Definition 3. Define a mosaic injection as

)
Vi ifige.j¢p

|15 zfjeﬁandng’]%i_lor\/i(”;le{Tz,T3,T5,T7,T8,T9,T10}

v -
ij

Te ifi€a, and vl.ﬁ"jl,j or Vli’f; € {T1,T»,T6, T, Ts, To, Tio}

Ty otherwise.

\

Where the new rows created in the injection ay,a; and the new columns 1, 3. Further, i*

and j* are the values of the injection (v - ).

Figure 29 illustrates an example of an injection and how to label the columns and rows.
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o 1 2
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FiGURE 29. An (1;-injection

It is possible to have an injection where i* and/or j* are 0. In this case the new rows or
columns are placed above row 0 or to the left of column 0. Note this function also gives
redundant values for such injections along with injections where i* or j* is equal n. For
= Vl('i)l However,

example let j* = 0. Then, looking at the 75 tile conditions we have Vl(';)_

v

', is not a tile from the original mosaic since j should only take on values from 0 to n— 1.

Since the new function provides two different tiles in which to refer back to, we are still able

to use the function, and correctly map the tiles.
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CHAPTER III
VIRTUAL RECTANGULAR MOSAICS
3.1. Virtual Rectangular Mosaics
In this section we extend the definition of virtual mosaic knots to include those that are
not square. This minimizes the amount of tiles necessary and provides a more efficient way

of representing knots.

Definition 4. Avirtual rectangular mosiac is an mXn array of standard mosaic tiles, together
with an identification of the 2m +2n edges of the array boundary that forms a knot or link

diagram on a closed, orientable surface.

The virtual trefoil has virtual mosaic number 2 and must have four tiles to be represented
on a square mosaic. However, we can achieve a representation of the virtual trefoil using
only two tiles. This is illustrated in Figure 30. As a consequence of using rectangular

mosaics, a new invariant other than the virtual mosaic number is needed.

b

b
|
I
c a

Ficure 30. Virtual trefoil on rectangular mosaic.

Definition 5. The tile number of a virtual mosaic, denoted T,(K), is the number of tiles

necessary to represent a knot on a mosaic.

Therefore, the virtual trefoil has tile number 2 or 7,,(K) = 2. A lower bound for tile number
is the classical crossing number since classical crossings are the only crossings on the mosaic
grid. We show there are families of knots whose tile number is equal to their crossing number.

This requires defining the following special type of rectangular mosaic.
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Definition 6. A row mosaic is a 1 X n mosaic with an identification of the 2n+2 edges of the

array boundary that forms a knot or link diagram on a closed, orientable surface.

An example of a row mosaic representing the classical knot 7; is shown in Figure 31. As
seen in the example, all the crossings are in a single horizontal row.

b a

d c
|
|

c b a
| | |
| | |
f 5 g h h e

Ficure 31. A row mosaic representation of the 7; knot.

8

We define a new invariant specific to row mosaics.

Definition 7. The row number of a knot K, denoted p(K), is the minimum number of tiles

necessary to represent a knot on a row mosaic.

We show that every classical knot can be presented on a row mosaic. In 2008, the

following theorem was introduced by Adams, Shinjo, and Tanka [3].

Theorem 8. [[3], Theorem 1.2] Every knot has a projection that can be decomposed into two

sub-arcs such that each sub-arc never crosses itself.

An example of a knot decomposed into two sub-arcs is shown in Figure 32.

|~

™\
\'\
|
/
_/__//

Ficure 32. The Figure 8 knot decomposed into two sub-arcs that do not cross them-
selves.
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In 2018, Owad expanded this result in [10].
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Theorem 9. [[10], Theorem 2.5] Every knot has a diagram that is composed of a single

straight strand and collection of semicircles, all with their centers on the straight strand.

This theorem provides a direct connection between a specific type of knot diagram and
row mosaics. Moreover, this connection leads to several results including families of knots
that can be represented by a row mosaic where the row number is equal to the crossing number.
Figure 33 shows one of the sub-arcs can be straightened out while the other is composed of
semicircles where their centers meet along the straightened sub-arc. Therefore, we have a

knot diagram where all the crossings are in a straight line.

-
o
\ — — —_ Q\j’
~
S—
Ficure 33. The Figure 8 knot with the grey arc bent to be straight.

These type of knot diagrams are called straight, or the knot is said to be in straight position.
If the knot in straight position realizes its crossing number, then the knot is called perfectly
straight. Some knots, however, have straight diagrams where the number of crossings is
greater than the number of crossings in the reduced knot diagram. An example is shown in
Figure 34. The number of crossings it takes for a knot to be in the straight position is called the
straight number, denoted str(K). An algorithm to put a knot into straight position is shown
in [11]. Figure 34 is also an example of using the algorithm which takes the gray strand and

lifts it up under the horizontal line and then back under putting the knot into straight position.
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Ficure 34. Knot 93; on the left with 9 crossings reduced and not in straight position.
On the right the 93, with 10 crossings in straight position.

Proposition 10. Every classical knot can be put on a row mosaic. Foraknot K, str(K) = p(K).

Proof. Since every knot can be put into straight position, we can represent each crossing
with a Ty or Tjo crossing tile. Then using edge identifications, preserve the connections
of the semicircles. Therefore, every classical knot K can be put on a row mosaic and

str(K) = p(K). O

Proposition 11. Given the minimal row mosaic representing a classical knot, the genus of

the mosaic is 0.

Proof. Suppose we have a minimal row mosaic of a classical knot. Then this knot is also
in straight position. By Theorem 7, the outer edge identifications produce a collection of
semicircles. Furthermore, by Theorem 6, these semicircles do not cross one another. A

general mosaic with n crossings and 2n +2 edge identifications is shown in Figure 35.

aj as as (0770) ap—1 ay

@ e p41

(05)73 aop-1 A2p-2 (077w} ap43 (077%)

FiGURE 35. An n-crossing 1 X n mosaic.
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A surface will only have positive genus if two pairs split one another in the sequence, i.e.

@;---aj---a;---a;. However, if the outer edges have such pairs we have the following

= =

Oee- Qe O - O

which produces a virtual crossing. Thus, there are no pairs that interlock and hence, the

genus of the mosaic is zero. O

We can combinatorially tabulate row mosaics for alternating knots with a fixed row
number by using an alternating pattern of Ty and T tiles, and then considering all possible
edge labelings. We are able to manually produce a knot table for all classical knots with 8
crossings or fewer. This table is included in the appendix.

To find all the different combinations of the outer edge identifications we use a python
program that gives every balanced combination of n sets of parenthesis. This means before
closing a pair of parenthesis, all parenthesis inside the pair must also be closed. For example,
the string (()(())) would translate to abbcddca. This ensures the edge identifications, when
connected, do not produce crossings off the mosaic. Then we can narrow down the list by
taking out the combinations where the edge identifications produce a link. An exhaustive

search of all edge pairings was used to create the row mosaic table.

Example 12. Consider in cases, a 6-crossing knot on a 2 X 3 mosaic and note all knots with
6-crossings are alternating. First, there are 10 edge identifications. Therefore, to find all the
possible edge identifications, produce all the combinations of 5 sets of balanced parenthesis.
In Figure 36, looking at the outer edge identifications, if 1 is identified to 2, 2 identified to

7, 3 identified to 6, 10 identified to 4 or 9 identified to 5, we get at least a two component
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link. Thus, the combinations where those positions in the string are equal can be thrown out.
Another way links can be produced are with 2 side by side edge identifications being equal
along with the ones directly across from them being equal. An occurrence of this appears in
Figure 36, when 1 is identified to 2 and 8 identified to 7. The last types of strings we can
rule out are those that produce a Reidemeister 1 move, such as 1 and 10 being equal. After
narrowing down the list of combinations, we can check the remaining candidates to see which

ones produce a knot and if so which one.

10 4

Ficure 36. A 2 x 3 mosaic with no identifications.

Using this tabulation, we observe the following:

Proposition 13. If a knot K has 7 crossings or fewer the row number is equal to the crossing

number, p(K) = c(K).

Proof. Using the method above, we were able to find a row mosaic representation for each
knot and provide a table of these knots in the appendix. The proposition can be checked

manually. o

Proposition 14. All virtual knots that have up to and including 4 crossings have a row number

equal to the crossing number and the genus of the mosaic is the same as the knot.

Proof. Looking at a knot table of every virtual knot with four crossings or less, each one has

a sequence of n consecutive crossings where # is the crossing number. Therefore, these knots
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can be represented by a row mosaic with p(K) =n. After identifying a row mosaic for a given
virtual knot, we can identify the surface obtained by following the boundary identifications,
as in [7]. In each case, there exists a row mosaic representation where the genus of the row
mosaic is equal to the genus of the knot, as given in [2]. There is a table of these virtual knots

included in the appendix. O

Proposition 15. Other families of knots where p(K) = c(K):

1. All torus knots T, .

2. All n-pretzel knots.

3. All 2-Bridge knots K ,;, where the continued fraction of p/q has length less than 6.

Proof. These knots are perfectly straight proven in [10], hence p(K) = ¢(K). |

Definition 16. Let m be the maximum number of crossings in a knot diagram, or the longest

subsequence, in a Gauss code representing a knot diagram, in which no crossing is repeated.

Proposition 17. Given a knot diagram or Gauss, code the p(K) <2"(m+1)—1 where r is
the remaining number of crossings not included in the longest subsequence with no repeated

crossings.

Proof. This is a direct result from Lemma 3.1 in [10], which states str(K) <2"(m+1)—1.

Since str(K) = p(K), we have the same result for row number. O

Note that equivalent knot projections may not have the same value for m. This means two
projections for equivalent knots with the same amount of crossings may not both be able to

be represented by a row mosaic. The following proposition is a result of Proposition 15.

Proposition 18. Given a classical knot, K, if m = ¢(K) then p(K) = c¢(K).
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Proof. By Proposition 15, p(K) <2"(m+1)—1. Assuming m = c(K) implies r = 0. Hence,

p(K) < 2%c(K)+1)—1
<c(K)+1-1

< c(K).

Since K is a classical knot all crossings must be represented by a tile, thus p(K) =c(K). O

Adams et al.[1] introduced diagrams representing knots where their crossings are stacked.
These diagrams are called petal diagrams. An example of such diagram is shown in Figure

37. The number of petals it takes to represent a given knot is called the petal number.

Ficure 37. Petal diagram of a trefoil knot.

A relationship between straight number and petal number is given in [10]. We can use
the to establish the following.

Proposition 19. For a knot with p(K) = n, p(K) < 3n.

Proof. Let p(K) denote the petal number, then given a knot where str(K) = n, p(K) < 3n.

Since p(K) = str(K), it follows that p(K) < 3n. O

Even though every knot has a row mosaic, a row mosaic does not always minimize the

tile number.
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Proposition 20. There exist knots such that p(K) > T, (K).

Proof. The 10gg knot are one of these knots. The row number for this knot is 12, however
the tile number is 10 since this knot fits on a 2 X 5 virtual mosaic. Both representations are

shown in Figure 38.

g a
|
|
i

~—|—

ST nunk

g & f e d

Ficure 38. The 10gg knot on a row and 2 X 5 mosaic.

There are also knots whose tile number can be realized on both a row mosaic, and a virtual
rectangular mosaic. The 63 knot is an example of such and both representations are shown
in Figure 39. The only other alternating knot with 8 crossings or less where the tile number

can be realized on a row mosaic and a virtual rectangular mosaic is the 8;5 knot.

d

c d b
| | |
| | |
a g h h

f

Ficure 39. The 63 knot represented on a row mosaic and rectangular mosaic.
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This leads to the following question. Given a knot what is the smallest m X n virtual
rectangular mosaic that can realize the knot if m,n are both greater than 1? Using the
exhaustive method explained in Example 10, we are able to provide a partial answer to this
question. The only classical knots that fit on a 2 X 3 virtual mosaic are 31,41, and 5,. The
only alternating knots that fit on a 2 X4 mosaic are 51,61, 67,74,75,7¢,77 and 815. These are
included in a table in the appendix.

The following was an open question proposed in [S]. By Proposition 1, m,(K) < m(K) -2
for nontrivial K, but sometimes this inequality is strict. If equality does not always hold, is
there a fixed integer r for which m,(K)+r > m(K)—2? Here r measures how far the inequality
in the proposition is off by, and we provide a partial answer to this question by giving values

of r for knots with 10 or fewer crossings.

Proposition 21. For knots with more than 3 crossings up to and including knots with 8 or 10,

r=1.

Proof. The lowest m,(K) in the set of knots with 3 < ¢(K) < 81s 3 ([5]), and the highest m(K)
is 6 ([8]). Therefore, subbing in 2 for r in the inequality we get 3+ 1 > 6 —2. For knots with
10 crossings, m(K) € {6,7} ([4]). Therefore, m,(K) € {4,5}. Again using the lowest m,(K)

and the highest m(K) and plugging those values into the inequality we get4+1>7-2. O

Proposition 22. For knots with 9 crossings, r = 2.

Proof. The lowest m,(K) of a 9 crossing knot is 3 ([4]) and the highest m(K) is 7. Therefore,

3+42>7-2. O

From this we can conclude that the set of all knots with 10 or fewer crossings have r = 2.
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3.2. Rectangular Mosaic Injections

For square mosaics, an injection has to insert two rows and two columns to preserve
squareness. However, this is not the case for rectangular mosaics. Rectangular mosaics allow
for the insertion of only two rows or only two columns. Therefore, we modify the injection
function to define a row injection, and a column i n jection. For the following definitions x is

used to denote there is no injection in a row or column.

Definition 2 3. A row injection, V;, injects two rows afterthei'"row, i =0 ....m andis

defined as
(
Vl.(J’."X") ifi¢a
2
Vi(;fer P Ts ifi € and Vi_yj or Vi= j € {T1,T>,T6,17,13,To, T10}
To otherwise.

\

Figure 40 gives an example of a Vi, row injection.

o I 2
a b b
o 1 2 |
a b b Oe N | ¢
|
Oe R 4 )z X
\ I le
1f —c > oz X
2f | = —/ la 1F] —c
e ¢ d 2 f Vo L/ d
e ¢ d
Ficure 40. A V,-injection
Definition 24. A column injection, V,;, inserts two columns after the j " column, j =0,...,n

is defined as
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,
Vi ifj ¢ B

(mX(n+2)) _ .
Vi =375 ifjeBandV, -y orV;j € {T1,12,16,T7,T3,T9, T10}

\ To otherwise.

An example of a column injection is shown in Figure 41.

1 2 1 2
0 b b 0 b o WoR
| |
ety L Oe™ s
1f U —c = 1fz N —c
2f r——/ d 2f an J d
e ¢ d e ¢ y y d

Ficure 4l. A V,;-injection

3.3. Intersection Index Polynomial of Virtual Knot Mosaics

In this section we extend the computation of virtual knot invariants to virtual knot mosaics
by intersection index polynomial can be computed on a mosaic. Recall this invariant involves
smoothing each classical crossing according to orientation. To represent this computation on
a mosaic we use oriented 77,73, Ty, and T tiles. Each Ty or T representing a crossing ¢ will

be positive or negative depending on sign(c). These are shown in Figure 42.

Iy Iy Ty, Ty Ty T T, Ty

Ficure 42. Oriented crossing tiles.
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Note using the first four tiles and rotating them, we can can obtain the last four. Smoothing
these tiles requires oriented 77 and T tiles, and this is shown in Figure 43. Recall a smoothing
produces two components. Therefore, following orientation, the component on the left is 1

and the component on the right is 2.

T9+ Tg Tl_()
i R e N PR
| N
T9_ T; Tf?)

T Ty T

Ficure 43. Smoothing oriented crossing tiles.

Now that we have shown an analogous algorithm for smoothing each crossing, we can
realize the intersection index polynomial of a virtual knot on a virtual mosaic. First, assign
an orientation to the mosaic. Then for each crossing tile, take an oriented Ty or T tile and
replace it with the corresponding oriented 757 or T3 tile. Figure 44 provides an example of

computing the intersection index polynomial on a row mosaic.

Example 25. This knot is oriented from left to right and uses the edge identifications to travel

around the knot. Using the computed weights of the crossings above we get

pi(K)=—12=3t+4



36

Vv
W
v
QU

R =—

o
f
T
Q
o
NI EEEN
A
{
|
{
QU

e b a e b a e
i(1)=3 i2)=-1

d c b a d c b a

I AN -j AN I AN AN -j

c >—|—> —|—= d c > >— | —> d

) (| ) s

e b a e e b a e
i3)=-1 i4)=-1

Ficure 44. Example of computing the intersection index polynomial on a virtual
mosaic.

Therefore, in a way, computing invariants of a virtual knot represented by a virtual mosaic
is more efficient. Especially for an invariant such as the intersection index polynomial, where
the only crossings necessary for the computation are classical crossings, which happen to be
the only crossings on the virtual mosaic.

We can also use mosaic knots to help find families with similar characteristics. For
example nontrivial knots containing some or all crossings with weight zero. These knots
have p;(K) =0. Figure 45 shows two knots with similar patterns and all crossings have

weight zero. These knots are also not the unknot.
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Ficure 45. Knots whose crossings are all weight zero and are not the unknot.

37
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CHAPTER 1V
OPEN PROBLEMS
Question 1. The non-alternating knots with 8 crossings do not fit on a 2 X4 virtual mosaic
that has alternating tiles since there there can be no crossings off the mosaic. Can these three

knots be put on a 2 x4 mosaic? There would have to be two Ty or T} tiles next to one another.

Question 2. We showed how to compute one invariant on a mosaic. However, are there other

invariants in which a mosaic would make it easier to compute by hand or easier to code?

Question 3. Would computing invariants using mosaic knots help find knots with similar
characteristics? For example nontrivial knots containing some or all crossings with weight

zero?
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APPENDIX

The following tables are included:
1. Row mosaics for all classical knots up to 8 crossings.
2. Row mosaics for all virtual knots up to and including 4 crossings.

3. All classical alternating knots with 8 crossings or fewer that fit on a 2 x 3 or 2 x 4

virtual mosaic.

All of the knots in this appendix were checked using Miller’s programs
knotfolio (https://kmill.github.io/knotfolio/) and
virtual knotfolio (http://tmp.esoteri.casa/virtual-knotfolio/).

.1 Row Mosaics of Knots 3; to 8»;

b a a c b a a c b b a a
L [, ] 1, L.
I I I I I I I
d d c e e d c e e f f d
31 4y 51
c a b b a d c b b a a
R L, | ],
I I I I I
e e d f f ffr e g g d
52 61
d c a b b a c d d c b a
I I I I I I
e —_— C b _f
I I I I I I
f 5 &g g e d a f ¢ h h g

62 63
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gp)
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84
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87

86

89

8g

811

810

813

812

815

814

817

816

819

818
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821

820

.2 Row Mosaics of Virtual knots up to 4 crossings

2

33,g

32,g=1

2

3.1,g

2.1,g=1

37,g=1

=0

3.6,g

35,g=1

=2

34,g

=2

43,8

=2

42.¢

2

4.1,¢g

2

4.6,g

=2

45,8

2

44 ¢

2

49, ¢

2

48.¢

=2

4.7, g
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4.12,g=1

4.11,g=2

4.10,g =2

4.14,g=2 4.15,g=2

4.13,g=2

4.17,g=2 4.18,g=2

4.16,g =2

421,g=2

=2

4.20,g

4.19,g=2

424,g=2

=2

423, g

422,6=2

427,g=2

=2

4.26,g

425,g=2
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4.29,g=2 4.30,g =2

428, =2

432,6=2 433,g=2

431,g=2

435,g=2 436,g=1

434,g=2

439,g=2

2

4.38,g

4.37,g=1

441,g=2 442,g=2

4.40,g =2

4.45,="2

4.44,=2

443,g=1
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4.61,g=2
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447, ¢g=2

R ——

QL ——

4.50,g =2

S |-

4.53,g=1

QN p——

4.54,=2

Q ——

Qo | —

4.56,g="2

459,g=2

O | —

4.62,="2

U —|— o

Qe | —

4.63,g=2
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4.65,g=1 4.66,g =2

4.64,g=1

4.68,g=2 4.69,g =2

4.67,g=2

472,g=2

2

4.71,g

4.70,g =2

474, =2 475,g=1

4.73,g=1

478,59 =2

4.77,4=2

2

4.76,g

2

4.81,g

2

4.80,g

=2

4.79,g
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4.83,g=2 4.84,g=2

4.82,g=2

487,g=2

4.86,g =1

4.85,g=2

4.89,g=2 4.90,g =2

4.88,g=2

4.92,g=1 4.93,g=2

491,g=1

4.96,g =2

4.95,¢=1

4.94,g =1

4.99,¢=1

=2

4.98,g

=2

497 ¢
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4.102,g =1

4.101,g =1

4.100,g = 1

4.104,g=1 4.105,g=1

4.103,g =2

4.107,g =2 4.108,g =0

4.106,g = 1

.3 Alternating Knots that fit on 2 x 3 and 2 x 4 Virtual Mosaics
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course in calculus.

GUIA Fellow Fall 2020-Spring 2022

- Helped plan at the end of each semester our Graduate Undergraduate In-
structor Academy. Then at the beginning of the new semester would helped
at the training. My job was to create the surveys for each training session
then collect and analyze the data. Fall 2021 helped create the report that
was sent to the NSF and in return received a scholarship.

Math Center at SHSU Academic Success Center August 2019-December
2020

- Mathematics tutor. Most common subjects include Statistics and Calculus.

Grader for SHSU Mathematics and Statistics Department Spring 2020

- Graded assignments and quizzes for a professor. Along with grading, when
COVID made us move online, made answer keys for the professor’s assign-
ments, and quizzes.

Math Tutor at Tutor’s Station April 2019 - Present

- Tutored a variety of math courses from junior high to college along with
GRE, TSI and SAT math prep.

ACHIEVEMENTS

Glenda J. St. Andrie Scholarship recipient
Mozelle Powell Spanish Scholarship recipient
Graduate Achievement Scholarship recipient
Dean’s List at Sam Houston Spring 2020
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President’s List Spring 2020

GUIA Fellow Fall 2020, Spring 2021, Fall 2021, Spring 2022
President of AMS SHSU chapter Fall 2021-Spring 2021
Outstanding Graduate Student award recipient Spring 2022

PROFESSIONAL ORGANIZATIONS

American Mathematical Society (AMS) - President of SHSU Chapter
Fall 2021-Spring 2022
Pi Mu Epsilon - Spring 2022

REFERENCES

References are available upon request.
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