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A unifying approach to kinetic structures composed by

bar or plate 4R-linkages.
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bThe University of Edinburgh, School of Engineering, Edinburgh, United Kingdom

Abstract

This study deals with modular assemblies of 4R-linkages, whether spherical
or planar, with the aim to highlight the underlying shared principles and
contribute to posing the base for a grammar of modular kinetic assemblies.
The two types of mechanisms are widely employed in applied research due
to their simplicity combined with large morphological potentialities. How-
ever, since their application fields tend to differ, there is a lack of shared
theory. In this paper, a unifying kinematic model of the single linkage, based
on the Grashof’s criterion, has been set and extended to linear assemblies.
Focus has been made on fully rotatable assemblies and their applicability
to approximate spatial open curves. The proposed method, relying on kine-
matics, is suitable for further expansion. To broaden the applicability of
these concepts, it is noticed from the mechanical response of different types
of configurations, that energetically optimal pathways may be designed.

Keywords: Foldable plate structures, Deployable structures, Modular
4R-linkages, Kinetic structures, Origami, Scissors mechanisms.

1. Introduction

After the pioneering work of the architect Pérez Piñero [1], a rich body
of works have been produced on the morphological possibilities of planar 4R
linkages (linkages composed of 4 bars and 4 revolute joints), both experimen-
tal and theoretical investigations [2, 3]. The typical application ranges in size5
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from a few centimetres to metres and the fields of interests are within machin-
ery (lifting equipment), furniture (chairs, extendable mirrors, etc), architec-
ture (temporary pavilions), and deployable structures, such as roofs, bridges
as well as booms and rings for space applications [3, 4, 5]. The implementa-
tion of such applications rely on structural and fabrication characteristics of10

linkages. Since links are designed as bars, the need for mechanical joints has
hindered small-scale applications. In contrast, the structural assessment of
rigid 2D pin-joined bars is relatively reliable.

Starting with the rediscovery of an ancient origami folding technique [6],
modular spherical 4R linkages emerged as a research field within compu-15

tational origami and have been extended to a wider range of possible ap-
plications; such as furniture design, temporary architectural pavilions and
space applications. The underlying kinematic knowledge and the morpho-
logical possibilities explored by many of these applications can be traced in
the OSME conference series [7, 8]. Since spherical linkages are continuous20

plate structures, their structural performances may be tuned to fit a diverse
usages. In the past few years, the proposed applications have reached stiff
architectural facade components, highly deformable biomedical applications,
or shock-absorbing devices [9]. Finally, certain spherical linkages, “strict”
origami identified in Section 2 can be manufactured with compliant joints,25

allowing micro- and nano-scale robotic fabrication technologies [10] to be
investigated mainly to pursue self-folding systems [11].

As the definitions may suggest, there are analogies between the two types
of linkages. In Chiang’s contributions to the knowledge of spherical mecha-
nisms [12, 13], the analogies between planar and spherical 4R linkages was30

introduced and extended to the Grashof’s rotability theorem [14]. The latter
topic has been further discussed in [15]. Interestingly, however, these con-
nections have stayed mostly unexplored. This study extends this comparison
between planar and spherical linkages to their assemblies.

The approach does not focus merely on the mathematical formulation for35

the rotatability of assemblies, as these have been expressed in the ground-
breaking works of Escrig [16] and Tachi [17] for respectively planar and spher-
ical mechanisms. However, these studies leave to the designer’s understand-
ing, through a time-consuming process of trial and error, which geometries
can be parametrised and, among them, which can be implemented into fully40

rotatable modular linkages. On the other hand, much of applied research aim
at reproducing target geometries with no interest in underlying the kinematic
constraints and defining the related range of possible variations. This is the
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case when the mechanism is used to solve a contingent problem external to
the mechanism itself, such as the vertical movement of loads in scissor-based45

construction lifting equipment. More generally, when a new application is
hypothesised, several functional, structural and aesthetic factors affect the
design, which does not allow one aspect to be fully explored independently.
This is typical of the many architectural applications, such as the bar link-
ages embedded in the designs of Santiago Calatrava [18], whose design process50

was part of a larger design involving the unique building, or non-repeatable
prototype at hand.

The proposed method, relating the kinematics of the linkage with the as-
sembly mode, overcomes the risk of partial results. Bridging the knowledge
in planar and spherical kinematics, the method has allowed the development55

of a novel algorithm for generating planar linkages whose joints stay parallel
when assembled along spatial curves. In the following Section, the kinematic
model shared by the two types of linkages is developed, along with the as-
sembly constraints. For consistency, the energy graphs of the planar and
spherical linkages are contrasted. In Section 3, algorithms are described to60

obtain fully rotatable linkages given a prescribed set of points organised in
space along an open curve. As detailed in the Section, the algorithms are
based on assembling fully rotatable linkages discussed in Section 2.1, and
such they refer again to the kinematic rules expressed in Section 2.3. This
approach, already employed by those working on spherical linkages, differs65

from the typical one developed within scissor linkages [19] because the focus
is normally on the proportion of the length of the links shared by adjacent
linkages, an approach where the kinematic rules may appear less evident.
Finally, a summary of the results and a discussion on the presented model’s
possible extension is provided in the conclusions.70

2. The kinematic models

2.1. Kinematics of 4R-linkages

4R-linkages are four rigid links connected by four revolute joints and
arranged into a closed chain. When the joints have their axes meeting at
infinite, the linkage is called planar, and the links, if assumed to have zero75

thickness, move on a common plane, as shown in Fig. 1(a). Usually, links are
bars and, given their cross shape of connected linkages, the derived structures
are commonly known as scissor-like structures. When the joints have axes
meeting at a real point, the linkage is called spherical because the outermost
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points of the links, if assumed to have equal length, move on the surface of80

a sphere. Since the links are the portions of planes defined by the axes of
the rigid joints, they are modelled as rigid plates. They are also known as
origami-like patterns, and, if the sum of the planar angles meeting at a vertex
is equal to 2π, they are strictly origami, as shown in Fig.1(b).

As the definitions may suggest, there are analogies between the two types85

of mechanisms. In both cases, links are free rigid bodies whose position is
defined by three variables, which for planar linkages are the two translations
and one rotation within a plane, and for spherical linkages are the rotations
around three perpendicular axes. Therefore, their mobility formula is the
same, and it returns one degree-of-freedom (DOF ).90

The dimensional compatibility and possible intersections between the
links are disregarded from a kinematic perspective. The exact shape of the
links is irrelevant; relevant is only how the joints constrain their reciprocal
motion. Specifically, the revolute joints impose that the only admissible mo-
tions are rotations around their axes. Given the isometric motion of the95

rigid links, the rotatability range only depends upon the effective length of
the link, which is the distance between the joints. Referring to Fig. 1(a), the
effective length of one planar link is the linear distance a between the axes of
its adjacent joints, while, in case of the spherical link, Fig. 1(b), the effective
length is the arc length a between the axes, which, assuming a unit radius100

R of the containing sphere, reads a = R · α = α. Hereinafter, when referring
at once to both types of mechanisms, an uppercase latin letter may denote
either the link or its length depending on the context.

(a) (b)

Figure 1: a) A planar and b) a spherical 4R-linkages.

Of interest for modular structures are linkages whose links are capable
of reaching a coplanar position. Coplanar here refers to the extrusion of
the links in between the axes of their end joints, so the definition applies to
both types of mechanism. Working on deployable planar 4R bars, Escrig [16]
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identified linkages that become coplanar as those that, given their ordered
links having effective length a, b, c, d, fulfil

(a+ b) = (c+ d). (1)

Such linkages rotate from a generic position to a deployed, overlapping posi-
tion. Meanwhile, the Kawasaki–Justin theorem [20, 21] for folding of strict105

origami states that a one-vertex crease pattern folds flat if and only if the
alternating sum and difference of the angles around the vertex add to zero:

n∑
i=1

(−1)i−1αi = 0. (2)

In case of a 4R linkage, Eq. 2 reads{
α + β + γ + δ = 2π

α− β + γ − δ = 0

(3a)

(3b)

When they are on a flat piece of paper, such linkages already lie all
side by side in a plane and rotate to a stacked yet coplanar position. It110

is helpful to remark that the kinematic models do not address possible self-
intersections. When physically constructing planar mechanisms, links are
usually set on parallel planes, and the potential problem is disregarded. In
spherical mechanisms, intersecting links would keep intersecting and crossing
once constructed. The problem, firstly addressed by Maekawa, can be solved115

by assigning a compatible direction of folding to the links, or mountain-valley
assignment. This is not an issue in linear assemblies of 4R linkages as the
ones of interest here, while it can affect 2-way assemblies of links. The reader
is referred to [22] for an extensive discussion.

Dealing with general spherical linkages, a cause of confusion is that the
angle between two joints may be computed from any of the two ends of the
joint’s axes in the unit sphere. Chiang has developed an unambiguous ap-
proach by considering that the rotatability of a linkage is unchanged if any
two angles larger than the right angle are substituted with their supplemen-
tary. Then, if the total number of links larger than the right angle is even,
any two of those larger links can be switched to their supplementary; if the
total number of links larger than the right angle is odd, the two largest ones
are switched [14]. It should also be noted that no two adjacent angles should
be equal to π/2, because, in such a situation, the two links would be in an
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idle position. Being α any of the ordered set of links within the linkage, this
reads α = π/2, which implies

γ, β 6= π. (4)

A

B

S
L

Figure 2: A Grashof linkage is characterized by special relationships among the effective
length of its links, which allow at least one link to perform a full rotation.

AA B

B
B

p-a

a

p/2

p/2

Figure 3: A linkage that reaches one stacked and one overlapping coplanar position is a
Grashof linkage further characterized by a plane of reflective symmetry.

Given the simplification by Chiang, the Grashof’s criterion for the rotata-
bility of planar linkages can be extended to the spherical one without the need
to obey Eq. 3a and as such allowing the design of non-“strict” origami. A
Grashof linkage is one where the shortest link can perform a full rotation,
which means that the linkage has at least two partially coplanar positions,
Fig.2. Its conditions are 

S + L ≤ A+B

S + A ≤ L+B

S +B ≤ L+ A

(5a)

(5b)

(5c)

where S and L denote the shortest and the longest link respectively, and120

A, B denote the remaining links. If the equalities are verified, then larger
coplanarities arise. In fact, it can be noted that Eq. 1 and Eq. 3b fulfil the
equality in Eq. 5a.
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Rot. sym. = 4

Rot. sym. = 4

Rot. sym. = 2

B

BA

A

p-a

p-a

a

a

Figure 4: A Grashof linkage further characterized by a point of rotational symmetry of
order 2 or 4 reaches two fully coplanar positions.

Building on this idea, it can be found where all links reach two coplanar
states. If a reflection symmetry is further imposed on the linkage, Fig. 3, then125

two possibilities arise. The first and more general one is where all expressions
in Eq. 5 are equalities: links in sequential order have length ABBA, with two
joints on the symmetry plane. This is known in planar kinematics as a deltoid
linkage. In one coplanar position, two links are re-entrant and surmounted
by the other two. The spherical mechanism folds the same way. The second130

case holds when only the expression (5a) becomes an equality: the symmetry
plane passes through the middle of the plates. In spherical linkages, the
sequential links have necessarily length α, π/2, (π− α), and π/2. This is the
so called Barreto Mars folding [23], which, due to its two right angles, slips
away from the simplifying assumptions of Chiang. If instead a rotational135

symmetry of at least degree two is imposed over a linkage satisfying Eq. (5),
Fig. 4, the sequential links have lengths A,B,A, and B; they rotate from
a stacked, coplanar position, to another stacked, coplanar position. In the
origami case, this is obtained further imposing that no couple of joints can be
in an idle state, which reads α+β 6= π. As depicted in the figure, a symmetry140

of degree 4 means that all links have equal length, thus composing an AAAA
linkage. The origami allows a particularly compact bounding envelope in the
fully folded configuration and it is known as Brunner [24], egg -box tiling [25]
and perhaps under other names. Finally, below it is depicted the classical
Miura Ori spherical linkage [6, 17, 26], whose links in sequential order have145

effective length α, (π−α), (π−α), and α. As by the simplification procedure
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suggested by Chiang, its transmission angle is equal to the one of a linkage
whose links are α, α, α, α, and such, as discussed in Section 2.3, it imposes
low kinematic constraints on the motion of assemblies. Interestingly however,
since its links sum up to 2π, in one coplanar position links lie side by side on150

a plane like a ABBA planar linkage.

2.2. Notes on mechanics

In order to get a more complete vision of the motion and evaluate the
role of the spatial arrangement of the joints, the deformation energy of the
linkages has been analysed independently for each configuration. Figs.5(a)155

and 6(a) illustrate the linkages under investigation. In the pictures, the
dark coloured plates are fixed, whereas external moments are applied to
the linkages along the red coloured doubled arrow. To differentiate each
stiffness contribution, due to the links and the joints, following the example
in [27], each link is modelled as a frame of sides with unit-length (in m)160

and stiffened by double diagonals. With reference to Figs. 5(b) and 6(b),
each element of the frame is modelled as a beam with circular cross-section
(10−1m in diameter). The torsional stiffness ratio between the four joints and
the remaining link elements has been set to 10−1, with the torsional rigidity
of the joints given by the shear modulus Gj = 108kPa, whereas the other165

elements equating to Gl = 109kPa. The imposed moment is M = 10kNm.
As can be seen in Fig.s 5(a) and 6(a), the deformation energy of the linkages
has been computed for different motion stages, starting from an configuration
where the dihedral angle between the fixed link and its rear link is zero, and
expanding such angle at intervals of 30◦ until the entire range of motion of the170

linkage is depicted. The deformation energy, Figs.5(c) and 6(c), is computed
independently for each configuration as the change of the internal elastic
energy from an unloaded to the loaded case, and measures the scalar product
of the external nodal loads and nodal displacements. For any given action,
the geometrical parameters affecting the deformation of the planar linkages175

are the length of the links and their inclination versus the reaction provided
by the ground link. The planar linkage behaves like a semi-rigid portal
frame subjected to a moment. Toward the mid-way configuration, the links
are mainly subjected to bending action, with linkage ABAB deforming more
than the otherwise equal linkage AAAA due to its longer links; when the links180

are in a configuration closer to the stacked position, the shear force becomes
significant, and the deformation increases accordingly, Fig.5(c). Eventually,
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when all links are perfectly coplanar, the linkage behaves like a cantilever,
which is read by the peak in the deformation energy.

The geometrical parameters affecting the deformation of the spherical185

linkages are the dihedral angle between the links and their planar angle at the
common vertex, [28], which makes their evaluation less intuitive. However,
as in the planar linkage, when two links are coplanar and stacked, they tend
to act together. In general, the linkage may again behave like a cantilever,
as in the final configurations of linkages AAAA and ABAB, or both the end190

configurations of the Miura linkage, Fig. 6(a). However, suppose the moment
action is aligned with an edge of the stacked fixed link. The deformation
energy reaches the minimum, as in the initial configuration of the the AAAA
and ABAB linkages.

Comparing the plots depicted in Fig. 5(c) and 6(c), the planar linkages195

generally exhibit higher compliance than the spherical ones. The latter are
are non-developable assemblies (the Miura being the exception), i.e. intrinsi-
cally unable to have their links lying down adjacent to each other in a plane
without stretching. However, it shall be remarked that the dimensions of
the links have been chosen arbitrarily. These decisions affect in a non-linear200

manner the values of the deformation energy.

b)

a) c)

Figure 5: a) Planar 4R-linkages configurations, b) structural model for the analysis and
c) energy graph.

2.3. The assembly constraints

When assembling linkages one to another, mobility is equal to one if and
only if each added linkage shares at least two links with the others [29].
Between two planar linkages, the shared links are obtained by elongating205

them; sometimes, the links are further kinked to create angulated bars [30,
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a) c)

b)

Figure 6: a) Spherical 4R-linkages configurations, b) structural model for the analysis and
c) energy graph.

31]; alternatively, the second part of the shared link is partially overlapping
with the first part [32]. In spherical linkages, quadrangular plates are by far
the most common choice because each of their vertexes, being degree-4, can
be the centre of a 4R-linkage.210

The input and output transmission angles must be the same through-
out to guarantee that all linkages reach the coplanar states. A differential
rotation between two shared links would not be possible because a 1-DOF
revolute joint connects them. The value of these angles at any motion stage
depends on the reciprocal length of the links within the overall assembly215

and ensuring a uniform motion is generally a non-trivial subject [33, 34]. If
the analysis is limited to fully rotatable linkages as the ones of interest here,
however, the symmetry operations previously discussed ensure that the trans-
mission angle is constant throughout at any rotation stage and independent
of the exact effective length of the links.220

In Fig. 7, the previous linkages are depicted and their possible input
θi, τi, and output θi+1, τi+1 transmission angles are indicated. Considering
linkages with rotational symmetry, Fig. 7(a), the parallelism between links
imposes that both angles τi and θi are constant in i. Other fully rotatable
linkages can be added in any direction regardless of their effective lengths.225

Meanwhile, in linkages with reflection symmetry, Fig. 7(b), just the angle
that lies within the orbifold, τ in the figure, is constant. Just in that direction,
linkages can be freely added. On the contrary, the relationship between
angles θi and θi+1 depends on the exact proportion of the effective length
of the links. Thus, if the transmission angle is θi, then a uniform motion is230

possible only if the very same linkage, or a scaled version of it, is added. This
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(a)

(b)

(c)

Figure 7: Transmission angles between linkages. a) Linkages with rotational symmetry
have two directions of constant transmission angle regardless the effective length of the
links. b) In linkages with reflective symmetry, the transmission angle lying within the
orbifold is constant throughout the assembly regardless of the effective length of the links.
c) In an assembly of generic Grashof’s linkages, the input and output angles change linkage
by linkage.
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last condition also applies to the other linkages where the input and output
transmission angles differ from each other, Fig. 7(c). Finally, a compelling
case is the one where the symmetry plane passes through the links, lower
case of Fig. 7(b): here, despite the transmission angles are constant, the235

underlying symmetry constrains the specific length of the links, and such
again only equal or uniformly scaled linkages can be added. These conditions
are sufficient to ensure that the overall assembly rotates in a uniform way
and reaches a fully coplanar state.

3. Interpolation of spatial open curves240

By applying the relevant constraints to the kinematic models described
in Section 2.1, it is possible to create fully rotatable assemblies. Here, al-
gorithms for interpolating spatial open curves through such assemblies are
presented with ABBA and ABABA linkages. As mentioned in Section 1,
it should be remarked that the following routines are not the only possible245

ways to interpolate a curve; beside, they can also be combined. However,
alternative procedures often require locally switching between the types of
linkage, or they do not allow setting the interpolation points a priori. In the
following algorithms, the symmetry operations characteristic of the linkage
are extended to the assembly procedures, and such the mechanism results250

fully rotatable regardless the specificity of the curve.

3.1. Linkages with reflection symmetry

A first computational approach accounts for the curvature of the target
geometry, and produces assemblies of ABBA and/or AAAA linkages. As a
reflection symmetry characterises the linkage, so more linkages are connected255

through such an operation. Consider the piecewise continuous curve C : R→
R3 depicted in Fig.8 and evaluate the curve at desired discrete values si, i
from 1 to m, where C : si 7→ Pi. Linearly interpolate the resulting points
and trace the osculating planes OP i, spanned by {ti,ni}, at midpoint to the
segments Pi−1Pi. Any binormal plane BP i, spanned by {bi,ni}, is a plane of260

reflection symmetry that maps Pi−1 to Pi.
The design of the linkages can now be initiated. Dealing with the planar

case, Fig. 9, consider two consecutive points Pi and Pi+1 and trace from each
of them two lines lying on OP i+1, and being at an angle to each other equal
to the desired transmission angle τ . The lines intersect along ni+1. The265

intersection points Mi, Li, together with Pi and Pi+1, are the vertexes of the
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Figure 8: The reference curve C, its linear interpolation points and the local curvature
frames at the midpoints of the resulting segments

linkage. The other linkages are found by construction. The linkage just made
must share with the following linkage its two outer links, which can thus be
extended up to BP i+2 centered at midpoint of the segment Pi+1Pi+2. The
intersection points of these lines with the plane are the mid vertexes Mi+1,270

Li+1 of linkage spanning Pi+1Pi+2. The remaining two links are obtained
by mirroring around BP i+1. The procedure is propagated to the rest of the
curve, Fig. 9.

a) b)

Figure 9: a) The assembly of planar ABBA linkages superimposed over the reference curve
C. b) Initial steps of the interpolation process

13



The procedure for spherical linkages is described with reference to Fig.
10(a). On OP i, trace a line l1 ,i through Pi. Translate l1 ,i along ni, setting275

line l2 ,i . Rotate the latter along the former by the desired transmission angle
τ . Shatter the three lines at BP i+1 and BP i. The resulting mid segments
are the longitudinal edges of the first two plates. By connecting their corre-
sponding vertexes, the plates are completed. Mirror the 3 lines around plane
BP i, shattering them at BP i+1. The segments comprised between the planes280

are the longitudinal edges of the remaining plates, which can be completed
as before. Notice that, if ti = ti+1, if the curve is straight up to the next
segment, then it should be imposed that l1 ,i ∦ ti, Fig. 10(b). This condition
fulfils the inequality in Eq. 4 by ensuring that αi, βi 6= nπ/2, which would
reduce the spherical mechanism to a concertina one. The successive linkages285

are found repeating the mirroring and shuttering processes, Fig. 11.

(a)

(b)

Figure 10: a) Interpolating a curve through an assembly of spherical ABBA linkages. b) If
the first two points used for the design of the assembly are cotangent, it should be avoided
to set the longitudinal edge l1 ,i of the first plate along the direction vector t̂i = ˆti+1.

14



Figure 11: A spherical assembly of ABBA linkages superimposed over the reference curve.

These assemblies are fully rotatable because the symmetry axes guarantee
that the transmission angle is constant. It can be noted that, even when the
first linkage is an AAAA type, the successive ones will change to ABBA
by construction as soon as the segments approximating the curve are at an290

angle to each other. The linkages ABBA will point toward the local centre
of curvature, and such design procedures that involve ABBA linkages have
been called polar in [35, 36], and in [37], concerning respectively planar and
spherical linkages.

3.2. Linkages with rotational symmetry295

The following algorithms are derived from the procedure described in [38],
which they substantially extend from the degenerate case of AAAA spherical
linkages [38] to all linkages with rotational symmetry (ABAB and AAAA
linkages), either spherical or planar. They lead to fully rotatable assemblies
where joints whose axes share a plane at a rotation stage keep sharing a plane300

throughout the motion. Before proceeding, it is worth noting that coplanar
joints are an intrinsic characteristic of ABAB linkages, see Fig. 7(a), but
the feature is lost in current alternative assembling procedures for spatial
figures. Dealing with planar linkages, Fig. 12, on a plane containing points
Pi and Pi+1, trace from Pi two vectors a, b at an angle τ equal to the desired305

transmission angle. The proportion ‖a‖/‖b‖ between the lengths of these
vectors will be the proportion between the length of the links within all the
i, j linkages spanning between any two consecutive Pi, Pi+1 points:

15



‖ai,j‖ = ki,j‖a‖ = ∀i, j
‖bi,j‖ = ki,j‖b‖ = ∀i, j.

(6)

Accordingly, setting a/b =1 will lead to AAAA linkages, while a/b 6= 1
will lead to ABAB ones. Connect the tips of a, b, and bisect the resulting310

segment with a line passing through Pi. Call respectively l̂ and m̂ the direc-
tion vectors of these lines. These will be the directions of the diagonals of
the linkage. Type ABAB linkages subjected to uniform scaling, Fig. 12(a),
and / or translation, Fig. 12(b), create similar triangles whose diagonals stay
parallel, which guarantee that the axes of the joints are parallel too during315

motion. From Pi+1, trace a line with direction l̂ and intersect it with a line
passing through Pi with direction m̂. From the intersection point Xi, traces
lines along directions â and b̂. Intersect them with lines again along direction
â and b̂ through Pi and with the equally oriented lines through Pi+1. The
intersection points are the missing vertexes of two linkages spanning between320

points Pi and Pi+1. By construction, the linkages are uniformly scaled and
with the same transmission angle. In order to complete the assembly, the
process can be repeated, provided as usual with planar linkages that linkages
are reoriented in different planes when necessary. To accommodate a rota-
tion between Pi+1 and Pi+2 while ensuring that the joints’ axes stay parallel,325

it is sufficient to rotate the two links of linkages i closer to Pi+1 around the
axis l̂ centred at Pi+1, up to the plane passing through the rotation axis and
the segment Pi+1Pi+2, Fig. 12(e). Then, point Xi+1 can be found as before
and the new linkages completed. The presented procedure however may lead
to some links moving independently. Therefore, a secondary routine, which330

can be nested in the algorithm, should verify that every link not at the end
of the assembly is shared by two linkages and add a new one otherwise. The
two linkages to the right in Fig. 12(c) partially lie on different planes, but
they share two links. The ones illustrated in Fig. 12(d) shared just one link,
and another one was added. The whole assembly is depicted in Fig. 13.335

The procedure for spherical linkages also involves the usage of coplanar
joints that stay coplanar throughout the assembly and at any folding stage.
In the case of AAAA linkages, transversal and longitudinal joints will be on
two families of perpendicular planes. In the case of ABAB linkages the two
planes will be at an angle 6= nπ/2. With reference to Fig.14(a), call a the340

vector from point Pi to point Pi+1. Set a plane Σ perpendicular to it and
centred at Pi. On the plane, set two vectors c′ and d′ subtending the desired

16



Figure 12: a) Uniformly scaled ABAB linkages guarantee that the axes of the joints are
parallel too during motion. b) The propriety is preserved up to the translation of the
linkage. c) Each internal link should be shared by two linkages, and (d) a link should be
added otherwise. e) The linkages can have parallel joints also if lying on different planes

rotated to each other along vector l̂.

Figure 13: A linear assembly of ABAB linkages superimposed over the reference curve C.
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transmission angle τ and call s their bisector, Fig.14(b). If generic ABAB
linkages are desired, Fig.14(c), rotate Σ around a vector x lying on it and
passing through Pi, ensuring that x × s =0, x · s =0. Call Ξ the resulting345

plane. Project c′ and d′ on Ξ along â, Fig.14(d). The projected segments c
and d are the transversal edges of the first two plates, and their direction,
in alternate order, is the direction of the transversal edges of all the plates
within the assembly. Finally, find the bisector of ĉ and d̂ emanating from Pi,
and rotate a around it by a planar angle, finding vector b, Fig.14(e). The350

directions â and b̂ are, in alternate order, the directions of the longitudinal
edges of all the plates within the assembly. To complete the first two plates,
it is sufficient to translate c and d from Pi to Pi+1 and connect their end-
points longitudinally along â, Fig. 14(e). If AAAA linkages are desired, the
procedure is illustrated in Fig.15, and differs only because it should be x̂× ŝ355

= 0, Fig.15(c). In both scenarios, the rotation satisfies the inequality in Eq.
4 by ensuring that the plates have planar angles different from nπ/2. To
complete the linkage, Fig. 16(a), set a plane ĉd̂ centred in Pi+2. Intersect
it with a line along b̂ passing through Pi+1, so finding point P ′i+2. From this

and from Pi+2, trace lines both along directions â and b̂, finding their two360

intersections. Connect the four points (anti)clockwise, obtaining 4 segments.
Of these, enumerated starting from Pi+2, delete either the first two or the
last two segments at choice, as they are the traces of redundant plates. The
remaining segments are the transversal edges of the missing plates. To com-
plete the plates, extrude the segments along direction b̂, from Pi+2 to Pi+1.365

Successive linkages can be created in the same way. As with the planar case,
the algorithm further contains a mobility check to ensure that no plates can
rotate independently. This means that at each internal vertex four plates
should meet, and that a possible missing plate should be added otherwise.
Since the plates in this design procedure are parallelograms, the edges of the370

missing plates are obtained simply translating the edges of the adjacent ones,
as illustrated in Fig. 16(b). The whole assembly is depicted in Fig. 17.

The transmission angle is constant and coplanar joints’ axes stay coplanar
throughout the motion. The alternative procedures for interpolating spatial
figures that have been developed elsewhere employ ABAB linkages that are375

not uniformly scaled throughout the assembly, making the twisting angle
variable in time. Such algorithms, presented in [38] dealing with AAAA
spherical linkages and in [35, 39] concerning ABAB planar ones, are shorter
than the ones presented here and tend to employ fewer links. In this paper,

18



Figure 14: Procedure for constructing ABAB linkages. Setting a longitudinal edge vector
â (a); setting the transmission angle τ (b); finding the transversal edge vectors ĉ, d̂ (c);

applying a rotation symmetry to find the second longitudinal vector b̂ (d); finalising the
design of the first plates (e).

Figure 15: The procedure described in Fig. 14 modified to generate AAAA linkages.

Figure 16: Procedure for constructing an assembly of parallel ABAB linkages. a) Finding
the trace of given plates on parallel planes. b) Completing the linkage.
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Figure 17: A linear assembly of ABAB linkages superimposed over the reference curve C.

the intent is to highlight the characteristics of the linkages. It has been380

preferred to maintain consistently parallel axes whether linkages lie in a plane
or 3D. Moreover, as addressed in [38, 39], the twisting strongly limits the
possibilities to create closed curves, tessellations, and surfaces. Therefore,
the presented algorithms may broaden the design space of assemblies of 4R-
linkages.385

4. Conclusions

This research has presented a unifying approach for the kinematic syn-
thesis of modular spherical and planar assemblies of 4R-linkages. These link-
ages are the simplest and most employed ones, but shared investigations on
their modular assemblies have been lacking so far. Building on the classical390

Grashof’s criterion for the rotatability of planar 4R-linkages, linkages have
been classified based on their capability to reach a coplanar state. The clas-
sification method relies only on the proportion between the effective length
of the links, which is meant here as distance between the axes of the joints.
Linkages that can rotate between two coplanar states possess rotational or395

translational symmetries. Since such a large rotatability range is considered
a critical performance when employing kinetic modular structures, the fo-
cus has been made on them and related algorithms for interpolating spatial
curves through a prescribed set of points have been described. The proce-
dures presented are not the only possible ones for approximating target fig-400

ures. Because the algorithms maintain the kinematic model invariant within
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the assembly, their applicability is not limited to a certain curve or family
of curves. For example, algorithms for producing ABAB or AAAA linkages
that twist neither when organised along a planar figure nor in space have
been developed. As for the mechanics, our findings shall not be intended to405

decide which type of linkages are stiffer for a given load but only to qualita-
tively acknowledge similarities in the mechanics of symmetrical planar and
spherical linkages. This work has not covered surfaces and closed curves. In
such cases, it is necessary to consider both the longitudinal and transversal
transmission angles and to consider dimensional constraints to maintain the410

loop of closed links in time. However, the kinematic model and assembly con-
straints will stay valid, and as such, they can be considered a shared model
that can withstand further extension. Given that planar linkages’ kinematic
and mechanical behaviour is easier to understand intuitively, by setting an
analogy between these and the spherical linkages, this research also aimed to415

favour a deeper understanding of the behaviour of simple origami structures,
which can be helpful in the highly interdisciplinary conceptual design space
of origami-inspired structures.
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