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Stationary process

1. Introduction

Consider the following observations from a fixed design, nonparametric regression model

Yi= f(t) +o¢€;, E(6) =0, 0 >0, i=1,...,n,
corr(€j, €j) =r(i— j)=ri—je[-1,1], i,j=1,...,n,

(1)

where r(-) denotes the autocorrelation function of the underlying noise process, and rj; denotes autocorrelation at lag i.
The design points t; € R are equidistant and represent time points. The functions f and r are unknown, but it is assumed
that the noise terms {¢;}7_; are sampled from a stationary noise process and that f is a smooth function. (In this paper,
the Gaussian process is used as a template for such data, but the methodology can be applied to other processes as well.)
The observations {Y;}_; might be measures of some experimental quantity observed with a time dependent measurement
error; in this case estimation of f is of interest, while r is considered as a nuisance parameter. It might also be that
{Y;}_, are measurements from a stochastic process indexed by time or space with a seasonal or other deterministic effect,
described by f; in this case the focus is rather on estimation of the autocorrelation r.

Non-parametric estimation of the covariance structure of a vector of observations with known mean is already a challeng-
ing problem. This problem is important in time series analysis - e.g., for prediction - as well as in multivariate analysis, in
problems such as clustering, principal component analysis (PCA), linear and quadratic discriminant analysis and regression
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Fig. 1. Hourly loads (kW) for a US utility estimated ignoring dependence in the data (left) and assuming that errors follow an autoregressive process of
order one (right). Grey line shows the data and black lines show estimators. Estimators are obtained by functions gam (left) and gamm (right) of the R
package mgcv.

analysis. Two frameworks are usually considered when the mean is known: either there are n independent observations
of a p-dimensional vector with correlated components, cf. Bickel and Levina (2008a,b); or there is one observation of an
n-dimensional vector sampled from a stationary process, cf. Xiao and Wu (2012). The second framework is the one relevant
for the present setting. Irrespectively of the framework, natural (moment or sample auto-covariances) estimators for the
covariance matrix of the observed vectors are well known to be inconsistent (in, e.g., operator-norm) and some form of
regularisation is needed (e.g., banding, tapering, thresholding) to ensure positive definiteness and consistency of the esti-
mator. There is no simple data-driven approach to select the regularisation parameter in this context, and thus fully taking
the correlation structure into account; see, e.g., Purahmadi (2011). Minimax rates of estimators of the correlation structure
depend on the decay of the autocorrelation function as the lag increases (or, alternatively, smoothness of the corresponding
spectral density); cf. Yang et al. (2001), Cai et al. (2010), Purahmadi (2011), Xiao and Wu (2012), see also Fan et al. (2016).
As such, non-parametric estimation of the covariance structure of the process is of great importance.

If the mean function is unknown, then a natural approach to covariance estimation is to obtain a consistent estima-
tor for the mean function first and then apply methods for (nonparametric) covariance estimation with a known mean.
Unfortunately, ignoring dependence on the error process hinders the estimation of f.

To exemplify the problem, consider a time series of hourly loads (kW) for a US utility (grey line in Fig. 1), described in
detail in Section 4. This process has clear seasonal effects over years and possibly over weeks and days. These deterministic
effects can be modelled by a function f. If no parametric assumptions on f is made and errors are treated as i.i.d., then
all standard nonparametric estimators of f are heavily affected by the ignored dependence in the errors. In particular,
automatic selectors of the smoothing parameter (e.g., by cross-validation) choose a biased smoothing parameter leading to
a nearly interpolating estimator in case of positively correlated {e;}}_,; see the black line on the left plot in Fig. 1. This
problem has been known for several decades; for an overview see Opsomer et al. (2001).

Hence, there is a need for an approach that allows for correct smoothing of the mean over a large family of possible
auto-covariance functions. Available methods rely on an explicit, parametric assumption on the correlation structure, e.g.,
assuming that {¢;}7_; follows an ARMA(p,q) process. Once r is parametrised, the usual smoothing parameter selection
criteria are adjusted to incorporate r and both f and r are estimated simultaneously. For example, Hart (1994) introduces
a time series cross-validation for f estimated by kernel estimators assuming errors to follow an AR(p) process, see also
Altman (1990) and Hall and Keilegom (2003). Kohn et al. (1992) use spline smoothing for estimation of f and a general
ARMA(p, q) model for the errors, estimating all parameters from either generalised cross validation or maximum likelihood.
Similar ideas are employed in Wang (1998). This approach does allow for simultaneous estimation of f and r, but is limited
to parametric models for r. Of course, the true correlation structure might be much more complex than any parametric
one and if the parametric model for the error process is misspecified, then the estimator of f is strongly affected. More
importantly, in practice it is difficult to select and verify a parametric model for r, if the mean function f is unknown.

Smoothing with low-rank splines and an ARMA(p, g) model for the residuals is implemented in the gamm function of
the R package mgcv. This function has been used to estimate hourly loads in the right plot of Fig. 1, assuming that the
errors follow an AR(1) process. However, it is difficult to verify if this model is appropriate for the data at hand. For more
detailed analysis of this dataset see Section 4.

Another group of methods for estimating f is based on trying to eliminate the influence correlation has on the smoothing
parameter thus treating r as a nuisance parameter. For instance, Chu and Marron (1991) and Hall et al. (1995) study the
modified cross-validation criterion obtained by leaving out a whole block of 2] + 1 observations around each observation.
Chiu (1989) and Hurvich and Zeger (1990) study Mallow’s Cp, and cross validation in the frequency domain. A different route
is taken by Herrmann et al. (1992) and Lee et al. (2010): in the smoothing parameter selection criteria they incorporate some
sample estimators of auto-covariances that depend on unknown parameters linked to assumptions on the error process.
These methods require careful selection of tuning parameters, for which no data-driven methods are available.
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In this paper, a likelihood based method that provides an estimator for a regression function f observed with correlated,
additive noise is presented. Estimators of the noise level o, and of the autocorrelation function r are developed as well.
Furthermore, the proposed empirical Bayesian framework provides a computationally attractive way of constructing confi-
dence sets for the regression function that take the correlation structure into account. There are quite a few novel points in
this work. Contrary to other approaches in the literature, the proposed method is completely automatic so that no tuning
parameters need to be set by the user, and it is also fully nonparametric. The proposed estimate of the autocorrelations is
also novel - spline smoothers are used to estimate the spectral density of the noise process. The autocorrelations are then
reconstructed from the estimate of the spectral density, rather than by tapering or thresholding some empirical estimate.
The resulting covariance matrix is positive definite by construction, and consistent in operator norm. Further properties of
this estimator require new tools to be developed and will be investigated in a separate work.

This paper is structured as follows. In Section 2 the proposed estimators are introduced, Section 3 contains simulation
results, Section 4 presents a real data example, and Section 5 closes the paper with some conclusions. Technical results are
in the Appendix to this paper.

2. Construction of the estimators

Assume that in model (1) the regression function f belongs to a Sobolev space Wg, B > 1/2; see Appendix A.1 for more
details. The noise terms ¢; are sampled from a stationary, Gaussian noise process with zero mean and variance o2 > 0. The
Gaussian model is used here as a template to construct estimators, but a penalisation framework is followed (cf. (2)) so
that the estimators are expected to perform well under other data distributions. To estimate f, so called infill asymptotics
are used, cf. Robinson (1989) for more details. Define Y = (Y1,...,Y)T, f=f@®) ={ft1), ..., fE&)}T, e = (e1,..., )T,
where tj =(i—1)/(n—1),i=1,...,n. The observations in (1) are modelled as

Y=f+0€, € ~NO,R).

The symmetric n x n matrix R satisfies the regularity assumptions described in Lemma 1. These do imply that the first row
of R is absolutely summable which means that the noise process is modelled as having short-term dependence. However,
the assumptions are otherwise quite mild; in particular, a large (non-parametric) collection of covariance structures for the
noise terms covering is considered, for instance ARMA noise models as a very particular case. It is also assumed that for
some 0 < § < 1, the eigenvalues of R lie on the interval [§, 1/§].

The regression function f is estimated using a smoothing spline, i.e., f‘ that solves

1
in | TR @ ()12
min | —{Y - f@®} RTHY - f®O)}+1 | {FP©)} dt |, (2)
fewg | n
0

for some g € N, A > 0 and some “working” correlation matrix R. Subsequently, g, A, and R are estimated from the data
using the empirical Bayes approach. It is well-known that for given R, q and 2, the resulting estimator f is a natural spline
of degree 2q — 1 with knots at t and can be written as f(t) = S(t)Y, where S is a n x n smoother matrix. To represent S,
the so-called Demmler-Reinsch basis of the natural spline space of degree 2q — 1 is used; this is defined in Appendix A.1 in
the Appendix. As such, the smoother matrix § can be written as

_ . -1 _
S=S)qr=%{®;R"®;+rdiag(nny)} @R, (3)

where @ is an appropriate n x n basis matrix and 3, € R™ is a vector of eigenvalues. This representation makes the
dependence of § on the parameters A, R, and g more explicit. To keep the notation simple, the dependence on these
parameters is omitted, unless these are set to a particular value.

2.1. Estimation of the remaining parameters

Although a frequentist paradigm is followed, the estimator f has a Bayesian interpretation which provides us with
a convenient way of estimating all of the unknown parameters by employing the empirical Bayes approach. Later, this
Bayesian interpretation is used to obtain confidence sets; cf. Section 2.3.

The regression function f is endowed with a partly informative prior - given (¢, A,q, o2, R), the prior on f admits a
density proportional to

R -1,
|¥ , )

2mo?

202

1/2 Tp—1/g-1_
exp{_f RIS —Inf
+

where | - | denotes the product of non-zero eigenvalues (S has exactly q eigenvalues equal to 1). This prior corresponds to
a non-informative part on the null-space of R='(§~! — I;) and a proper Gaussian prior on the remaining space. (This prior
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distribution happens to be independent of R. This follows from the identity R=1(S~1 —1I,) = S,’1 —I,, where S; denotes the
smoother matrix with R = I;; cf. Appendix A.2 for the derivation of the identity.) The mean of the corresponding posterior
distribution for f|(t, ,02%, R) is the smoothing spline estimator f' = SY; cf. Speckman and Sun (2003). The variance o2
given (t, A, q, R) is endowed with an inverse-gamma prior IG(a, b), a,b > 0.

The resulting prior on (f,o?)|(%,q, R) is conjugate for model (1) in the sense that the posterior distribution on
(f,o2)|(x,q, R) is a known distribution. Namely, the marginal posterior for 6% given (,q, R) is an inverse gamma distri-
bution with shape parameter (n — q + 2a)/2 and scale parameter {YTR~1(I,, — S)Y +2b}/2. As for f|(%,q, R), its posterior
distribution is a multivariate t-distribution (cf. Kotz and Nadarajah (2004) for the definition of this distribution) with n + 1
degrees of freedom, mean f = SY, and scale 62SR, where

Tp-1
62=YR (In—S)Y+1' 5)
n+1

It remains to estimate A, ¢ and R which are parameters of the prior. To do so, the empirical Bayes approach is used:
these parameters are estimated from the marginal distribution of Y, given (t, A, q, R), which is a multivariate t-distribution
with density

1/2
n—q -1 2a—q _ _
F{a+7} R (In_S)TL_ ’ YTR—1(In_S)Y (n+2a—q)/2

{m(2a—q)}"?T(a—q/2) 2b ’
It remains to set the parameters a and b. The choice of parameters a and b is irrelevant for the asymptotics (as long as a
and b are o(n) and lead to a proper prior and marginal distributions), so to simplify the log-likelihood, these are set b =1/2
and a = (q + 1)/2 to obtain

n-+
2

up to an additive constant that is independent of the parameters of interest. With this choice of a and b the posterior mean
for o2 becomes &2 as defined in (5) which is the proposed estimator for the variance of the noise.

(6)

(2, q,R)=—

]log[YTR’l(In—S)Y—kl}—i-%log]R’l(ln—S)]+, 7)

2.2. Estimating equations and algorithm

The log-likelihood (7) depends on the unknown parameters via the matrix R~'(I, — S) only and can be represented in
a more convenient way as

-1
R (I, —8) =, {In + diag(xnnq)<1>§R<1>q] diag(rnn,) @],

using the Demmler-Reinsch basis; cf. Appendix A.1. The key result that allows us to handle efficiently the simultaneous
estimation of f and r (or, equivalently, R) is given in the following lemma whose proof can be found in Appendix A.5,

Lemma 1. Let R be an x n covariance matrix of a stationary process with spectral density p. Set pj = p(t;).

(i) If p belongs to the Hélder space C¥*, y € N, 0 < o < 1,i.e. pV) is a-Holder continuous, then, fori, j=q+1,...,n,

o O(log(n) -n~ V=%, 1<y4a<2,
®TR®,); i =8 i + L{|i — j|is even) -
{ q q}l,] Pjoi,j+ {l Jl } O(nfl), 2<y+a.

(ii) If p belongs to the Sobolev space Wg (M), then, fori, j=q+1,...,n,

O(log(n)-n~ 1), B=2,

T R i il
{®qR®q}i,j = pjdi,j + 1{|i — jlis even}- omY), f=3.4...

(Note that the O(n~!) term is uniform over i, j.)
That is, the Demmler-Reinsch basis ®; asymptotically diagonalises R for any q and the log-likelihood (7) can thus be
represented as

n+1 1 B2anng;
g Ry ==""log | 3 (14 o(1))+ 0p(1) | +
21 1+ Anng ipi
] (8)
1 Alng.i )
+ = lo (— 1+4+o0(1)},
2,-:;1 g\ T ) 1O
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where B; = {<I>§Y},<, see Appendix A.6. The representation in (8) should hold under wider generality but Lemma 1 already
provides a rather large model for the covariance structure of the noise.

Since ng,; =[7{i — (@ + 1)/2}1%9{1 + o(1)} (see Appendix A.1 for more details), it is straightforward to differentiate the
approximative log-likelihood (8) w.r.t. A, g and p; to obtain after appropriate scaling the estimating equations

n 2
Ti(A.q, p) = Z M &2 Z e (1 +o(D)).
i=q+1 (1+)‘n77q,ipi) i=q+1 + Anng,ipi
T400 g, p) = i B2 Anng.i log(nng.i) pe ", log (nng,i) .
.q.p) = L ) 7
i=q+1 (1+anng.ipi) i=g41 1+ Anng,ipi
B Anig i pi
Ty (M, q, = it Rbeal (L 1 1Y, -=1’.”’ ’
i (%, 4, p) <1+knnq,ipi pi | {1+o(D)}, i n

where

n

. 1 B2xnng i
62— Z iMMai 4
n+1 Lot 1+ Anngipi

Joint estimates for all unknown model parameters are obtained by solving these equations simultaneously over A > 0,
pi >0, i=1,...,n and q € N. However, this cannot be done directly due to interdependences and non-linearities in

the equations. In practice, the equations are solved iteratively. For each fixed g, start with an initial guess R © (typically
just an identity matrix), to obtain a preliminary estimate A© and iterate to get ):q and ﬁq. Finally, g is chosen to solve
Tq(Aq,q, Rg) =0

Since p; = p(mt;) are values of a smooth function p at given points, estimation of p should be carried out over a space
of smooth functions. In the Bayesian framework this can, conceivably, be accomplished by introducing a suitable prior on
R, which acts as a penalty term. For simplicity, a post-processing procedure is performed instead. First, p; are obtained as
solutions of the corresponding estimating equations. Second, §; are smoothed, i.e, p =S¢ .19, where S¢ , 1 is a smoother
matrix (3) with parameters &, p and I,,. (Note that this is inevitable: the estimates p; are inconsistent.)

All together, for each fixed g, at each step 20) and pm are obtained as solutions of the corresponding estimating
equations and pi are smoothed to get ,0(]) The algorithm is iterated until convergence of A and p, which are then used

to get §. Finally, R is recovered from p by the discrete Fourier transform; for the details see Appendix A.3. The summary
of the estimation procedure is given in Algorithm 1:

for g in Q, do

set j=1and p¥ =

while stopping criterium not met do
set A0 to a solution of T5(r,q, pY~ ) =

set 5 to a solution of Ty, (AU) q. Y 1J) =

compute p & by smoothing ,o

set j=j+1;
end
set ig =AY and p, = FXL
end
set § to a solution of T¢(iq.q, 6,) =0 over Qu;
set A to Ag;
set p =45

set (R); j = fi—jj, with f =n~1 Y, cos (krr {l — 1}/{n — 1}) fi;

Algorithm 1: Estimation procedure.

Here, Q, denotes the collection of values for g under consideration. The stopping rule is standard: after each iteration,
the change in the value of the estimate of A and the norm of the change in the estimate of p are checked; if these fall
below a threshold, the algorithm terminates. The algorithm is fast and typically converges after just a few iterations.

In summary, the procedure outlined in Algorithm 1 provides an approximation for the optimisers of the likelihood (8)
with the extra property that the estimate of the spectral density is smooth (which is not accomplished by simply maximising
the likelihood.)

The estimators for f and R are consistent; cf. Appendix A.7. However, deriving convergence rate for f and R is not a
trivial task due to the interdependence of the two estimators and requires a separate treatment. However, as far as f is
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concerned, in light of Lemma 1 it is clear from (3) that R has a scaling effect on the smoother: as n grows Sy ;5 < Sg <
S1.s,. for any R with eigenvalues on [§, 1/5], where A < B means that B — A is positive semi-definite. The conclusion is
that the effect of the smoother Sg ; is comparable to that of Sy, for a difference choice of A. It is stressed, however, that
the small sample behaviour of the smoother Sg ; is far superior in the presence of correlation; the smoother Sy, is well
known to underperform particularly for positively correlated data since, contrary to the smoother Sg ;, it does not take the
correlation structure of the noise into consideration. From the likelihood in (8) it is clear, however, that the presence of
correlation simply results in the presence of the (bounded) p; in the denominators. This means that it should be possible to
study the asymptotics of the proposed estimator }’ in a similar way as when there is no correlation in the data as in Serra
et al. (2017).

Also the asymptotic behaviour of the estimator ¢ should also be similar to when there is not correlation in the data;
cf. Serra et al. (2017). Either way, the estimator should perform well even if q is set by the user and not selected from the
data; g =2 is a popular choice. The estimator for o2 should also be consistent.

In conclusion, the presence of short range dependent noise is close enough to the independent noise case to lead to the
same large sample behaviour for estimators. However, the small sample behaviour of estimators that ignore correlation can
be significantly improved by use of the proposed approach.

2.3. Confidence sets

Once estimates i, R, §, and &2 for respectively A, R, B, and o2 are available, these can be plugged into the marginal
posterior for f to obtain the so called empirical, marginal posterior for f:
nf(-1y)=nf(-1v,62,%,4R)
f 2 9)
=n/(.|Y,o ,A,q,R)\(

1.q,R,02)=(%.4,R,62)

Given Y, this is just a multivariate t;11 (f ,628 fi) distribution. Here, f is the spline estimate, $ is the smoother matrix S

with (4, q, R) plugged in for (1, q, R), and 62 is the estimate of the variance. From this, one can easily construct a credible
set for the regression function of the form

Gu={f:1f-f3=16?ad.a ) L=z1, (10)
which (for an appropriate, known, sequence s, ) satisfy

MG 1Y) 21—a, L>1,

and are therefore a credible set - a small, high probability region of the empirical posterior; cf. Serra et al. (2017) for a
more detailed outline of the construction. In (Serra et al.,, 2017, Theorem 3), it is shown that in the case where R =1I,
this Bayesian credible set has two important frequentist properties if L is taken appropriately large: a) the set contains
the true underlying regression function with probability converging to 1, uniformly over a large subset of functions, and b)
with probability converging to 1, the (random) radius of C,(L) is of the order of the minimax risk corresponding to the
smoothness class to which the regression function belongs.

As argued in the previous section, the presence of correlation should have a relatively simple scaling effect on the
smoothing parameter. As such, the theoretical results of Serra et al. (2017) can in principle be extended to cover the
correlated noise case as well, by (eventually) picking larger values of the multiplier L, but this problem will be studied
in more generality elsewhere. In this paper, the focus is instead on the implementation, and numerical aspects of the
procedure. See for instance Sniekers et al. (2015); Serra et al. (2017); Rousseau et al. (2020); Yoo et al. (2016) for more
details on the use of credible sets as confidence sets, albeit for independent noise.

3. Numerical simulations

In this section, the small sample performance of the proposed estimation procedure is investigated, and compared to
several alternatives. The simulation setup for data coming from model (1) is as follows. Two regression functions are con-
sidered

n
fr®) =) YO [ — 1)) cos(2i),
i=3
f2(t) =2sin(4mt),
where 3 ; is the i-th Demmler-Reinsch basis of Vs given explicitly in Appendix A.1, n =800 and t € [0, 1]. Both functions

are subsequently scaled to have standard deviation 1. The standard deviation of the residuals is taken to be o =0.33 to
imply a medium signal-to-noise ratio of 3. All reported results are based on the Monte Carlo sample M = 500. 5 types of the

6
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Fig. 2. Regression functions f7 (top left), f (top right), first 100 values of the first row of Ry (middle left) with the corresponding spectral density (middle
right) and of the first row of R, (bottom left) with the corresponding spectral density.

residual processes are considered: an AR(1) process with the parameters ¢ = 0.5 and ¢ = 0.9, an ARMA(2, 2) process with
¢ =(0.7,—-0.4) and 6 = (—0.2,0.2) and two zero-mean Gaussian process with the correlation matrices Ry and R, with
(i, j) entries given by cos(6.5j) exp(—|i — j|/10) and sin(1.5j)exp(—|i — j|/10)/(1.5]), respectively. The distribution of the
error processes is taken to be Gaussian according to the model (1). However, other error processes were also experimented
with, such as Gamma and uniform and found nearly no differences in performance.

The plots in the top row of Fig. 2 show both regression functions. The middle and bottom rows show the first 100
elements of the first row of R; (middle, left) and R, (bottom, left) and the corresponding spectral densities (middle and
bottom right).

Before the summary of the simulation results comes a demonstration of how the proposed method works in practice. The
data are simulated as described above with the regression function f; € VW3 and ARMA(2, 2) dependence in the residuals.
After Algorithm 1 has converged, one checks the estimate for q. The top left plot of Fig. 3 shows the estimating equation
Tq(i,q,fi) which has a zero very close to g =3, as it should for f; € Ws. Next, the corresponding estimate for f is
obtained; it is shown in the top right plot of Fig. 3, together with the data (black dots) and 95% confidence bands (grey
area) constructed as described in Section 2.3 (L = logn was used.) The estimate for Ry j, j=1,...,50 is shown in the
bottom left plot of the same figure in black, which nearly coincides with the true autocorrelations, which are shown in grey.
This estimate was reconstructed by the discrete Fourier transform of the estimate of the spectral density, shown in black in
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confidence intervals (grey area) in the top right. First 50 elements of the first row of the correlation matrix in grey with its estimator in black (bottom left)
and the true spectral density in grey with its estimator in black (bottom right).

the bottom right plot of Fig. 3. The true spectral density is shown in the same plot in grey. Hence, the proposed method
allows for simultaneous, fully automatic and nonparametric estimation of f (with data driven g, 1) and R.

There is no other fully nonparametric method for joint estimation of mean and auto-covariance available that could be
found in the literature. Nonetheless, several approaches that can be at least partly compared to the proposed method were
considered. Among approaches that make a parametric assumption on R, the well-established method based on splines that
is implemented in the statistical software R in the function gamm of package mgcv was considered, see Wood (2017). This
estimation procedure (further denoted by GAM) was applied to the processes with parametric structure of {e(t;)}_, only
and set the correlation structure parameters in gamm to the truth, which is not available in practice.

Among approaches that make no parametric assumption on R, the method of Herrmann et al. (1992), subsequently
referred to as HER, was considered. This kernel based method uses sample autocorrelation estimators to improve bandwidth
selection and is developed under assumption of m-dependence in the residuals. However, the authors claim that the method
works well for estimation of f if the residuals satisfy “some mixing conditions”. In general, this approach focuses on
estimation of f and the quality of the estimator for r is not discussed.

Finally, a comparison with the proposed estimator for the auto-covariance with the standard banded nonparametric
estimator (further BAND) is also presented. Since this approach requires a known mean, the true mean f into the estimator
was plugged in, calculating

Rijb)=Pi_jl(i—jl<b), i,j=1,...,n,
n—k

Pe=- Z{Y(r)—f<t)}{v<t,+k> ftis)), k=0,1,2,.

i=1

where b is the banding parameter that needs to be chosen.

All these methods require selection of certain parameters: in the function gamm a low-rank splines was used with
number of knots n/4, B-spline basis of degree 3, penalisation order q = 2, and the correlation structure was specified
according to the true dependence structure in the residuals for the first 4 residual processes.

For the method of Herrmann et al. (1992) the parameter m is set accordmg to method (i) described in that paper (p.
787). Namely, m was chosen to be the largest integer such that A > 6/5 Am_1 and m < 0. 24/n, where hm is a selected
bandwidth with the parameter m. This parameter m is linked to the assumption of m-dependence in the residuals. In
the experiments it was noticed that the influence of m on the estimator of f is not very pronounced, but it does affect
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Table 1
Simulation results. Values of A (fj) and A (fij), j=1,2, were multiplied by 103.
fy
A(fy) A(Ry)
Correlation BAS GAM HER BAS GAM HER BAND
AR1(0.5) 6.992 6.866 6.433 0.019 0.004 0.017 0.012
AR1(0.9) 107.605 96.652 300.940 0.830 0.140 2,934 0.293
ARMA(2,2) 4163 4.012 3.797 0.015 0.011 0.031 0.013
GP1 4161 - 3.727 0.200 - 0.789 0.124
GP2 5.495 - 4771 0.047 - 0.087 0.048
fa
Af2) A(Ra)
Correlation BAS GAM HER BAS GAM HER BAND
AR1(0.5) 7.207 7.028 6.114 0.022 0.005 0.016 0.012
AR1(0.9) 121.442 113.355 308.155 0.848 0.163 2.885 0.271
ARMA(2,2) 4.417 4.236 3.482 0.016 0.012 0.033 0.014
GP1 4.449 - 3.603 0.197 - 0.786 0.117
GP2 5.769 - 4.541 0.050 - 0.090 0.046

the estimator of the auto-covariance quite strongly. There is no simple data-driven approach to choose m such that both
mean and auto-covariance estimators are optimal in some sense. In the proposed implementation, the function glkerns
of package lokern by Eva Herrmann was used for the estimation of f with the second order kernel and for the estimation
of f” with the fourth order kernel.

Since there is no fully data-driven approach to banding parameter b selection for the nonparametric covariance matrix
estimation, an oracle bandwidth was used instead: such b minimises the empirical version of E||ﬁ(b) — R||0, Where ||Alloo
denotes the maximum absolute row sum of matrix A; the calculation of the expectation is based on the Monte Carlo sample
of size 500.

Even though the proposed approach is adaptive and 8 can be estimated from the data, g was set to 2 to enable compar-
ing the proposed method with all other procedures for estimating the mean, which should have the same convergence rate.
All other parameters are estimated from the data. The proposed method as is referred to as BAS.

The results are summarised in Table 1. For all dependence structures and all functions, the metrics

R 1 n M N
AUD = DO it — i),
k=1 i=1
. 1 n M )
AR = Y Y (R — Rjitoy, j=1.2,

k=1 i=1

were used. Here fj,i denotes an estimator of f; in i-th Monte Carlo run with the residuals following one of the six processes.
Similarly, R;(k) denotes the k-th entry of the first row of one of six true residual correlation matrices added to the jth
regression function f; and R j,i(k) is its estimator in the ith Monte Carlo run.

Method HER performs best in estimation of the mean, except for the case with AR(1) error process with the parameter
0.9, where this approach fails completely. For estimation of auto-covariances HER performs, in contrast, worst, which is
most likely due to the ad-hoc choice of the tuning parameter m. For parametric structures of the error process method
GAM performs very similar to BAS in estimation of the mean and is better in estimation of the auto-covariances. This is
not surprising, since the proposed nonparametric method should have a slower convergence rate than the parametric one.
However, in simulations the correct parametric model specification in the function gamm was used, which is not available in
practice. Finally, BAND’s performance in nonparametric estimation of auto-covariances is very similar to BAS, even though
BAND uses the known mean and oracle banding parameter, both of which are not available in practice. All together, the
proposed, fully nonparametric and data-driven method is competitive to the considered alternatives, most of which rely on
oracle choices for their parameters.

4. Real dataset

In this section, data from the load forecasting track of the Global Energy Forecasting Competition 2012 (http://www.
drhongtao.com/gefcom/2012) is considered. These are data on hourly loads of a US facility at 20 zones from the 1st hour of
January 1st, 2004 to the 6th hour of June 30th, 2008. The goal of the competition was to make a one week out-of-sample
forecast for each of the 20 time series, as well as backcast certain missing values within the observational period. The
interest does not lie in forecasting the data, but rather understanding their structure. The mean over all 20 zones over the
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Fig. 4. Estimators of the mean (top), first row of the correlation matrix (first 50 values, bottom left) and the estimating equation for the smoothness degree
q (bottom right) of the hourly loads of a US facility. Data are shown in grey, BAS estimators are the black solid lines, GAM estimators are dashed lines,
BAND estimator for the covariance is the dotted line.

whole time period - all together n = 1650 observations - is used, justifying the use of a Gaussian model. Missing values
were imputed using R package Hmisc; omitting these missing values lead to the same estimators and same conclusions.

Fitting the data with the proposed approach delivers a positive and increasing function in the estimating equation for
q, which implies that the mean function has either 1 continuous derivative or is even less smooth. This suggests that a fit
with ¢ =1 is more appropriate than a fit with g = 2. This agrees with the nature of the data which is prone to display peak
loads; in the literature similar data are treated e.g., by a mixture of smoothing splines and wavelets, where the later pick
up the peaks, see Amato et al. (2017). The estimator of the mean with ¢ =1 is shown in the top plot of Fig. 4 as a black
line. The corresponding autocorrelations are shown as solid black line in the bottom left plot.

Setting ¢ =1 in GAM with an AR(2) process for the residuals results in the estimator of the mean that is very close to
the one obtained with BAS, but having somewhat less pronounced peaks (not clearly visible in the plot). The corresponding
autocorrelation estimator is shown as a dashed line in the bottom left plot of Fig. 4. Assuming an ARMA(2, 2) process leads
to nearly the same estimator. Since the HER method is defined only for even order kernels, the fit that would be comparable
with the fit by BAS with g =1 cannot be obtained. Subtracting the estimated mean from the data a banded nonparametric
estimator BAND was employed for the covariance with band b = 12, which is shown as a dotted line in the bottom left plot
and is closer to the BAS estimator of the covariance.

Estimation with BAS setting g = 2 gives estimates of the mean that are very close to the one obtained by GAM, setting
the correlation structure to an AR(1) process; this is shown in Fig. 1, right plot. The corresponding autocorrelation estimators
are also reasonably close. The residual analysis suggests, however, that the fit with ¢ =1 is more appropriate for this data.

5. Conclusions

Correlation is ubiquitous in applications, particularly when data is collected sequentially over time, and ignoring this
can have severe consequences for inference. Covariance in data is typically taken into account by either making parametric
assumptions on the dependence structure, or by relying on introducing tuning parameters that then have be set heuristically.
A fully automatic, nonparametric method to estimate both mean function and auto-covariance function is proposed. It
further supplies credible sets for the mean function that quantify the uncertainty of the estimator. The order of the splines
to be used in the estimator is also estimated from the data, fully data driven. The approach is implemented in the R package
eBsc (available from the authors), and delivers results in a quick and numerically stable way.

Derivation of the convergence rate turned out to be a non-trivial task due to the interdependence of the estimators and
will be performed in a separate work. Nonetheless, for short range dependent noise models as covered here, the results,

10
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both in terms of rates and uncertainty quantification are expected to be similar to the independent noise case. Since there
are no competing fully non-parametric, fully data-driven, methods available in the literature, in the numerical simulations
a comparison is made between the proposed approach and methods from the literature that require oracle knowledge of
parameters. Even so, the numerical simulations suggest that the proposed method is competitive to these alternatives.
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Appendix A. Auxiliary results

In this appendix, contains a number of technical results that are used throughout this paper.

A.1. Demmler-Reinsch basis

Let {y}72, denote the Demmler-Reinsch basis of W (M), such that

1 1
Vg, / Vg0V j(X)dx = g i8;j = / v vl (xdx.
0] 0

For a precise definition of the space Wg(M), B € N, see Serra et al. (2017). Rosales Marticorena (2016) found explicit
expressions for g ; and vg; as a solution to

DIy = vpivpi.
U@ =¥ (=0, 1=B.p+1,....28—1.

In particular, vgj =--- =g =0 and
v,g,,'z{n <i—’82i>}2ﬁ, i=g+1,8+2,...,
Ypi(X) = ﬁ[cos {n <i - ﬁTH) X+ ’34:} + Ti(x)] (A1)
where
Ti(x) =aj§ﬂ)rj [exp {—ajn (i - ?)x} + (=Dt exp {—ajn (i - ?) A —x)” ,

for S(B) = U; {(—1)1/(2ﬁ), (=1)i/ep } with 0 < j < 8 —2 taking odd values for 8 odd and even values for 8 even. Constants

r; are known and depend on 8 only. Note that T;(x) vanish exponentially fast away from the boundaries.
The Demmler-Reinsch basis of the natural spline space of degree 2q — 1 with knots at observations Sy;—1(X) is uniquely
defined via

1
n
Na.i Y $a.i(X)bg.j(X) = g6 = / 37 (091 (x)dx,
k=1 0
and ®; = ®4(x) = [Pg,1(X), ..., Pg.n(X)] = [¢qvj(xi)]’1‘1,j=1 is the corresponding basis matrix.

Utreras Diaz (1980) used the results of Fix (1972) to show that |nnq; — vg,il = 0 (n—2). From Fix (1972) and Fix (1973) also

follows that [[/ngg.i — ¥q.illw, = 0(m~1), or, equivalently, that [|¢g; — vrq.i/v/nlL, = 0 (/).
To apply results by Fix (1972) and Fix (1973) the standard result (see Lemma 3.2 in Utreras Diaz, 1980) is used.

11
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Lemma 2. Let f € Wg(M), B > 2, then

i=1

1
] n
—Zf(fi)—/f(t)dt < =1l
n n
0

whereti=(i—1)/(n—1),i=1,...,n.
A.2. Matrix identities
This section contains some matrix identities. The smoother matrix S satisfies
S=R'? {In +AR'?® diag(ny,) @] R'/> ]_1 R12,
From this expression is it clear that R='S = STR~! so that in particular

R 'I,—S)=U,—S)TR.

From the definition of S is also simple to check the scaling relation

R7'(S7! = I) = Ay diag(nn )@, =S} ' — I.
The estimating equation for A is obtained in a straightforward way by noting that since 9S/0A = —(I,, — §)S/A, then

AR I, —8) 1
# = XR’l(ln —5)S,

and the estimating equation for g is based on the fact that

AR, —S) 10871 Ao ) .
T:R SWS=ER SR® diag {nn, o log(nn,)}@; S

A .
= EST<1>q diag {nn, o log(nnq)}<1>55

1
- aR_](I — §)®, diag { log(nn,) | @, S.
where o denotes the Hadamard product. For the derivation of the estimating equations for the p; note that

3S 38! R 4 R
—=-5 S=-S— (' -I)S=-S—R I, - 5),
api api ap; 00i

such that, combining the above, and using the chain rule

AR 1, —S 9R ER)
IR U= 5) ):—R_l—R‘l(In—SH—R_l—
a0 api api

i

-1 oR -1 Tp-—1 IR -1
=—R "U,—S)—R U, —S)=—U,—S)'RT —R (I, —9).
i ap

A.3. R and its spectral density

Let R be a Toeplitz matrix in that (R); j = R; j =r;_; for some sequence {ri};cz. Let us further assume that R; j =0, if
li — j| > m, m € N. Denote the Fourier spectrum of R as

m b
1
px) = E ryexp(ikx), sothat r,=— / P (x) exp(—ikx) dx,
k=—m 2 “n

where i denotes the imaginary unit. If R is the correlation matrix of a stationary process, then additionally, ri_; =7;_; so
that

12
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m

px)=1+2 Zrk cos(kx), and,
k=1

1

b4
1
e = o= / cos(kx)p(x)dx:fcos(knx)p(nx)dx.
-7 0
In practice rj is approximated via

—IXH:COS kni_l i+0m™ 1), where p; = ni_l
“n n_1)" ’ Pi=P\"T 7))

i=1

A.4. Derivation of the posterior and marginal posterior

Consider t, 1, q, R fixed throughout. Endow (f,o2) with a prior specified by endowing o with and inverse gamma
prior with parameters a, b, and endowing f | 02 with a prior with density (w.r.t. some appropriate dominating measure) as
specified in (4). Using the fact that S—! — I,, has rank n — g, the prior density is thus proportional to

(@3 T xRS - 1| xexp {—2;—2 [R5 - In)f+2b]}.

Multiplying this by the Gaussian likelihood and completing the square shows that the posterior density of (f,o?) is pro-
portional to

gy 2d 12 Q
(02) 2 x |SR|™Y xexp!—za—z} (A2)
where Q in the exponent is
= (f—SY) (SR)'(f—SY)+2b+ YR (I, - S)Y".

Integrating out f, the marginal density of the posterior distribution on o2 is recognised as an inverse gamma distribution

with shape parameter (n — q + 2a)/2 and scale parameter {YTR~!(I,, — S)Y + 2b}/2. Integrating out o2 instead leads to a
margmal posterior density for f which is clearly a multivariate t-distribution with n + 1 degrees of freedom, expectation
f =SY, and scale 62SR, where 62 is given by (5).

As for the marginal distribution of Y under the prior, this is obtained by integrating out both f and o2 from (A.2). For
instance, the marginal posterior for o2 has a density proportional to

(02T exp{_ﬁ 2+ TR 00 - S)YT]}’

which can be easily integrated with respect to o2 leading to the marginal likelihood for ¥ proportional to the one specified
in (6).

A.5. Proof of Lemma 1

(i) W.lo.g. assume that n is even. Noting that t; = (i —1)/(n — 1) and denoting tj s ={j — (@ + 1)/2}/(n = 1), for i, j =
q+1,....n,

s R<I>q}”—2¢ql(rz>2\f cos{r (k—=1)tj g+ (q—1)/4}rj k)

I=1

+Z¢q,(tl>2[¢q,<tk> f cos{r (k—1)t} g+7 (q— 1)/4}}1,4

= p(1tjq)dij

n/2 0o
—{1+(=DI"~ f'}f2¢ql(rl) > cos{m(—149)tj g+ (q—1)/4)rs (A.3)

s=n—I+1
n/2
—{1+(=1'= f'}\f Z@,,(chos{na 1-8)tj g+ (q—1)/4}rs

13
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- 2
—p(tjq) Z ¢q.i(tD) |:¢q,j(tl) - \/gCOS{N (I-Dtjq+m (Q—1)/4}}

=1
n n 2
+> i) |:¢q,j(tk) - \/;cos{fr (k_])tj,q+ﬂ(q_1)/4}:| Tll—k|-
=1 k=1

It was used that Y5 COS(TSEj g)Fs = P(Ttjq) + D |§-n/2 COS(TSL} g)Ts, the cosine addition identity, and that cosine
and sine are even and odd functions, respectively. Four last terms in (A.3) vanish for |i — j| odd; for the last two terms
this follows since ¢q, j(tx) has the same number of sign changes as cos{m (k — 1)t; 4 + 7 (q — 1)/4} (see Appendix A.1) and
¢q.i(ty) is an even function for i odd and odd function for i even. If |i — j| is even, then the second term in (A.3) is of order
0(n~7~%*1) since ¢qi(x) = 0(n~1/2) and the Fourier coefficients rs of p € CV** are 0(s™”~%). Again, by rs = 0(s™V %),
the inner sum of the third term is 0 (=¥ ~%*1). Thus, for |i — j| even, the third term is of order O0(n™'), if 2 < y 4+ «, and
of order O(log(n) -n~7~%*1), if 1 <y 4+ a <2. To see that the last two terms are of order O(n~!) for |i — j| even, use
the Cauchy-Schwarz inequality, Lemma 2 and the result from Appendix A.1 that ||¢g.; — ¥q.i/+/TllL, = O (n~3/2), where g ;
is the Demmler-Reinsch basis of the Sobolev space Wg(M) given in (A.1), with the tail parts T;(x) vanishing exponentially

away from the boundaries. Additionally, for the last term it is used that ’(ZL] r|1,k‘)2‘ = 0(C) for each k=1, ...,n since
¥ +a > 1. Finally, since p is Lipschitz continuous, it follows p(7t;j¢) = p(tj) + 0~ 1) = pj+0m™1).

(ii) The proof is identical to (i) since only the decay properties of the Fourier coefficients of p are used. Note that
rs = 0(s7#) for p e Wg(M).

A.6. Simplified representation for the likelihood

The log-likelihood of the model is given by

n+

ta(h,q,R) =— >

110g{YTR_1(ln —S)Y+1}+%log|R‘1(ln — )4, (7)
where
R (I, —S)=®, [I,1 + diag()mnq)<I>§R<I>q]_l diag(anp,) @, .
Suppose that Lemma 1 holds in such a way that
{@gRP)ij = p(rt)sij + I{]i — jlisevenjOo(n™"), i, j=q+1.....n,
which imposes some regularity constraints on the spectral density p. In this case,
&, R®, = diag(p) +E,

where p = {p(ty),..., p(ty)}T and E is matrix with elements Eij =I{li — j| is even}O(n~!). Note that the Lemmas give
the values of the matrix for i, j=q+1,...,n, but the values for the first ¢+ 1 rows and columns are at most O (1) (follows
from the summability of the rows and columns of R and that {®q};; = 0(n~1/2)).

Now,
R (I, —S) = &, {I, + diag(nn,p) + cliag(xm;q)E}‘l diag(Any,) ®;
-1
An An
=&y | I, + diag _ Mg ) g diag _ Mg ol
1+ Anngp 1+ Anngp
Note that the matrix

an
diag _ Mg E
1+ Anngp

has first g rows equal to zero and since the elements of the diagonal matrix are less than one, the order of this matrix is
the same as that of E. Denote

an 1~
diag # E=-E,
14 anngp n
where elements of E are of order 0 (1) and the first g rows are zero.

14
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Hence,

log|R™' (I, — S)|+ = log

. Anng 1
diag (W\nﬂql)> ‘+ - IOg‘(ln +n E) Dq|+ ,

where Dy = diag(0q, 15—¢). It is easy to see that the first term is of order O{nx~1/?9}, while the second term is O(n™),
which follows with Hadamard's bound: |A]* < [Tj_; 3_i_; a7}. Since the ij elements of (I, +n 'E)Dq are of order &;j +

on~Yfori,j=q+1,...,nand 0 fori,j=1,...,q

(G +n'BD° < [ 1+0m ™ =1+0m",
j=g+1

so that log |(I, + n‘rl:I)Dq}i_ =0m .
Writing
L+n "B '=L, -0, +n 'E)"'n'E,
leads to

YR 11, —S)Y=

An ~ ~ an
=B diag _ Mg g B (I, + n~'E)"'n"'Ediag Mg g
1+ Ann,p 1+ Ann,p

Using the definition of the matrix inverse A~! = |A| 'adj(A) and Hadamard's bound as above, implies that the matrix

between the two vectors in the second term has elements of order O (n~') for i, j=q+1,...,n and zero fori,j=1,...,q.
Hence,
n 2 n
BfAnng.i
YR 1, —S)Y= AT gy om Y - B;iB;E,
(I, —S) 'Z T 1O Z iB;E};
i=q+1 ’ i,j=q+1
i#]

for a matrix

~ ~ an
E*= (I, +n 'E)"'(n"'E) diag (%) ,
q

which has elements of order O(1/n). The second term in the last display is of order 0, (1) by the Cauchy-Schwarz inequal-
ity. Finally,

" BZ2anng;
YR, -9)Y= Y — 14+ 0m )} +0,0).
iqp1 LA

A.7. Consistency of the estimators
Suppose that Y ~ N(fo, 02Rp) represents the distribution of the data.

The estimator of the regression function. Note that since Y — f, ~ N(0, c2Ry),

Ellf;qr— Fol>=F§Un—Siqr) (In— Siq8) fo+0*tr(S, q.rR0S] ; g)-

Then, if A < B means that B — A is positive semi-definite, using the fact that the eigenvalues of R are on [§, 1/5], and the
identity R~ (S;}LR —Iy) = S)T-}I-’n — I,, leading to

1 1 __ 1
In—=Siqr =510 RRR7'(S; g1 = In) < 5(S; g4, — 1) = 5 (S50 4, — ),

where the definition of the smoother is used. In a similar way, since by assumption the eigenvalues of Ry are on [§,1/§8],
using the von Neumann trace inequality,

1
tI‘(S;hq!RR()S)L,q’R) < a_ztr(s)»,q,RRs)u,q,R)
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Then, again by the definition of the smoother that

-2
S:.qRRS: g =¥, {<I>ZR’] o, + kdiag(nnq)} ®!

25T 1 o
<I) 25_255)qu1n'

1 . _
< 8—2<I>q {In + sxdiag(nn,)} a

Combining all of the above, conclude that

A 1
ENf gk = foll? = 55 {£7(Un = Ssnqu) Fo+0tx(S5 4, |-

The quantity in {-} is just the usual risk for a smoothing spline with smoothing parameter §A for the model with indepen-
dent noise with variance o2. The conclusion is that, up to constants, the risk (and therefore the rate) of fo is the same as
in the independent noise case. It is stressed again, though, that the finite sample performance of the smoother S, 4 g, as
illustrated by the numerical simulations, is far superior to that of the smoother that ignores the correlation structure.

The estimator of the correlation. Note that since both R and Rg are Toeplitz matrices, so is their difference. It is known that

IR = Rollz = \/%max (R = Ro)?2) <2716 — polloc,

see e.g., p. 115 in Cai et al. (2013). As such, consistency of the estimator R follows from consistency of the spline estimator
0.

Now note that the p; are a spline smoothed version of g; that satisfy T, (%,q, p) =0. As such, if p; satisfies the i-th
equation then

BZ(Anngqifi)? _ Anngipi i~
(A+anngip)®  1+inngipi

for all but the first few i. Next note that the fraction on the left is just the square of one of the entries in <I>g(ln = Suqp)Y
where p is identified with the resulting estimate of the correlation matrix. The quantity (I, — S, 4, p)Y corresponds to the
residuals of a smoothing spline fit, and as just seen, regardless of the estimate of the correlation, this estimator is consistent
with a rate depending on the smoothness of the regression function, so that the expectation of the residuals is negligible.
As such, for any p,

BiAnng,i pi

—loTa,—s <1>B}
1+ Anng.ipi {q(" ra.0)®g

L
1

where B = <I>§Y, and where approximately

®L (I~ S;.4.)9B~ N (o, ®! (I — S;.q.0)Ro(In — sx,q,,,)%q) .

Then, approximately

Anng.ipoi\?
{7 — S50 Ro(In = $5.4.0) @y} =( — )po,isi,jwpo,,-s,-,j,

ij 14 Anng,ipo,i

for all but the first few i. It therefore makes sense to model

_ BZ(Anng.ipi)?
1+ )\nnq,iﬁi)z

i = Po,i + Vi,
where v; are independent and have expectation 0 and bounded variance. In such a case Eggermont and LaRiccia (2009),
smoothing spline smoother applied to the p; delivers an estimate of the spectral density with a convergence rate depending
on the smoothness of the spectral density (or, equivalently, on the speed of decay of the auto-correlations.) In particular,
consistency of R in spectral norm follows.

The heuristic argument above can be made precise but this is out of scope in this work as the concern was with the
implementation of the numerical procedure.
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