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Nonlinear ultrasound has shown its sensitivity to early formation of defects such as micro-
cracking and material aging. When an ultrasonic wave propagates in a nonlinear material, there is 
transfer of energy from the fundamental frequency to its harmonics. This energy loss can be used 
for spatial mapping of nonlinearity within sample using arrays. In this study, we investigate the 
effects of the input signal and instrument over the nonlinear measurement. To this end, a two 
dimensional finite difference numerical simulation has been created to model nonlinear elastic 
wave propagation. It was used to investigate, from a sensitivity to damage perspective, the 
difference between focused transmission and sequential firing of elements while focusing is 
performed in post processing. The model allows energy from the coherent scattered field within 
the material to be monitored, which is not possible in real experiments. The result shows the 
influence of the bandwidth of the input signal on the nonlinear measurement. This was 
experimentally investigated on a sample with a surface breaking crack acting as a high local 
nonlinearity region. Nonlinear images showed an increase in sensitivity with narrowband signals, 
at the expense of resolution. 
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1. INTRODUCTION

Nonlinear ultrasonic techniques (NUTs) have shown their sensitivity to the early formation of damage1–3

as the creation of micro-defects is associated with a localised increase in material nonlinearity. The interac-
tion of these defects with an ultrasonic signal shifts energy to harmonic frequencies. Higher harmonics are
seen for material nonlinearity, and additionally subharmonic frequencies for closed cracks.4, 5 As such, de-
tection of nonlinearity can be achieved either by probing the harmonic frequencies, or looking at the energy
loss from the fundamental frequency.

With the recent advent of arrays, there has been an increased interest in nonlinear array imaging. Sub-
harmonic imaging showed that the closed portion of a crack tip can be detected with NUT.4 Due to the low
frequency at reception for subharmonic imaging, the spatial resolution of the image is typically poor. To im-
prove the resolution, reception was done at the input signal frequency, and the fundamental wave amplitude
difference (FAD) technique was introduced.6 This uses the scaling subtraction method (SSM)7 whereby the
assumption made is that there is no nonlinear response at low amplitude. The even-odd firing scheme5, 8

has also been explored, which was later proven to be superior to SSM.5 Building on this, a scheme using
sequential firing of elements (based on the full matrix capture9), which was initially used for diffuse field
imaging,10 was applied to the coherent field response.11 In all of the above mentioned cases, they are two
linearly equivalent transmission modes, and hence the residual obtained from the subtraction of the two
images is used as a way to characterise nonlinearity.

In this work, we assess the sensitivity of the parallel-sequential firing scheme for coherent field nonlinear
imaging. A numerical model based on the finite difference method is used to solve the nonlinear wave equa-
tion to better understand the difference in energy at the focal spot between the two transmission modes. We
stress the importance of the model as it tracks movement of energy between frequency components, which
is essential to understand the physical phenomena that govern the experiments to enable better measurement
techniques in order to increase sensitivity.

2. NUMERICAL MODEL

This section introduces the numerical model used in this study to simulate parallel-sequential firing to
better understand contribution from material nonlinearity.

A. MATHEMATICAL FORMULATION AND IMPLEMENTATION

The nonlinear wave equations used in this study are derived and presented elsewhere.12 We quote
the main results that are implemented in the simulation. Using the Einstein summation convention, the
geometrical nonlinearity is considered in the strain tensor:

εij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

+
∂uk
∂xi

∂uk
∂xj

)
, (1)

where i and j are coordinate directions and u is the particle displacement. The components of the stress
tensor can be obtained from

σij =
∂E(I1, I2, I3, E, ν,A,B, C)

∂(∂ui/∂xj)
, (2)

where E is the strain energy density, which is a function of the invariants of the strain tensor (I1, I2 and I3),
E and ν are the Young’s modulus and Poisson’s ratio respectively, and the three third order elastic constants
A, B and C. Finally, the nonlinear wave equation for a material of uniform density ρ can be derived using

ρ
∂2ui
∂t2

=
∂σij

∂xj
. (3)
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The above equations for nonlinear wave propagation are discretised and solved using the finite dif-
ference method. A high order centred scheme is used for spatial gradient calculations. A convergence
study previously carried out showed that the distance step (∆x1 and ∆x3) should be at least λs/18, where
λs is the smallest wavelength being modelled. This is consistent with previous work.13 Here, we chose
∆x1 = ∆x3 = λs/20 for better accuracy, where our smallest wavelength of interest is the second harmonic
of the input signal.

A stress-type boundary condition is applied for the input, while free surfaces are used on the remaining
nodes on the boundary. The implementation of the excitation of the array is performed element-wise, by
exciting a series of nodes found within the spatial location of each element. A smoothing function is applied
to remove discontinuity in displacement at the element edges. Nodes within each element have the same
delay when phased-array type focusing is required.

B. PREDICTION FOR PARALLEL-SEQUENTIAL FIRING

We use the above model to consider the parallel-sequential firing scheme used for nonlinear array imag-
ing in a uniformly nonlinear material. These are two linearly equivalent modes of transmission, i.e. applying
delays to the sequentially-captured data in post-processing should, if linear superposition holds, result in the
same amplitude at the focal spot as seen in the parallel transmission mode. However, this is not the case
due to nonlinearity, and was exploited previously.10, 11 In this section, we simulate this effect to demonstrate
the contribution coming from material nonlinearity. As a virtual experiment, a 64 element array of centre
frequency (f0) of 5 MHz is focused at a depth of 15 mm in an aluminium sample with material properties
given in Table 1. Each element is modelled by exciting a series of nodes located within the region of the
element. The element pitch and spacing are 0.6 and 0.1 mm respectively. These are based on the design of
the array being used in the experiment (Imasonic, France, model 12157 1001).

In this study, we monitor the vertical component of displacement as this is typically measured by the
array in the real experimental setup. It is straightforward to obtain the data for the parallel transmission case
by phasing the outputs of the elements to achieve the desired focus. As for the sequential case, it is possible
to use the same numerical model (code-wise) by firing only one element at a time with the same delay
applied as in the parallel case. However, this is computationally expensive. Due to uniform nonlinearity, an
alternative of firing a single transducer can be used. In this model, the signal of all nodes at a depth of 15
mm parallel to the surface is recorded (see Fig. 1(a)). With the appropriate radial vector from the element to
the focal point, the node from the single transducer model required for the sequentially captured data can be
extracted (left panel in Fig. 1(b)). The delays applied in the parallel transmission simulation are then used
to obtain the delayed signal required for each other element (refer to right panel of Fig. 1(b)).

Summing over the signals from each element after applying the delay gives the signal from the sequential
case at the focal point. A time domain comparison between the parallel (Ap(t)) and sequential (As(t))

Table 1: Linear and nonlinear material constants of Aluminium used throughout this paper.

Parameter Symbol Value Unit

Density ρ 2700 kg/m3

Young’s modulus E 69 GPa
Poisson ratio ν 0.33 -

A −344 GPa
Third order elastic constants B −124 GPa

C −19.5 GPa
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Figure 1: (a) Illustration of how a single transducer model is used to obtain the sequentially captured signal and
(b) application of delays to obtain the signal at the focal point.

transmission case for a 3 cycle Hanning windowed function at 5 MHz with input amplitude 1 MPa is shown
in top panel of Fig. 2(a). The amplitude of the nonlinear metric measured in the simulation is

Am(t) = As(t)−Ap(t) (4)

and is shown in the bottom panel of Fig. 2(a).
A better comparison of the two transmission cases can be studied in the frequency domain. Here, a half

bandwidth of 1
6f0 is used to limit any internal movement of energy.11 The fast fourier transform (FFT) of

each signal is taken. The amplitude ratio

δA(ω) =
As(ω)

Ap(ω)
(5)
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Figure 2: Nonlinear signal at the focal point in (a) time and (b) frequency domain.
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gives an indication of the difference between the two transmission cases. Due to material nonlinearity, we
expect δA > 1 ∀ 5

6f0 ≤ f ≤ 7
6f0 since Ap(ω) loses more energy to harmonic frequencies (because of high

focal amplitude) compared to As(ω).
Figure 2(b) shows that part of the bandwidth is less than 1 for a 3 cycle input. This is explained as

internal movement of energy between the harmonic frequencies and the main lobe at f0 due to the signal
being broadband. Increasing the number of cycles to 10 makes the signal more narrowband and pushes all
the values of δA(ω) above 1. The implication of material nonlinearity can be seen when the input amplitude
is increased to 5 MPa to make the nonlinearity more detectable, as shown in Fig. 2(b). A parabolic trend
with frequency is noted, where an offset at the centre frequency is introduced due to material nonlinearity.
This is the effect of the parallel transmission losing more energy at the focal spot relative to the sequential
scheme due to higher amplitude. However, contributions from material nonlinearity are low as seen from
δA being approximately equal to 1. Neglecting attenuation, this would be the δA one would expect from an
undamaged backwall reflection during a pulse-echo measurement.

3. EXPERIMENTAL RESULTS

This section focuses on the experimental measurements carried out for this study. A sample with a
surface breaking crack is used to assess the contribution of experimental nonlinearity, and how effective the
suppression used by Cheng et al.11 is. The implication of having a narrowband signal is also studied.

A. NONLINEAR CALIBRATION

An array of 64 elements operating at 5 MHz is used for transmission and reception. A 3 cycle in-
put at peak voltage amplitude of 50 V is used initially. The imaging region is selected to be around the
backwall, and focusing is performed at each imaging pixel. The full matrix capture method is used to
obtain sequentially-captured data. The pixel-wise delay applied for the parallel transmission is used in post-
processing to adjust the sequential captured signals for appropriate imaging. The raw result obtained from
the experiment is shown in Fig. 3. The nonlinear image is obtained by subtracting the parallel image inten-
sity from the sequential one. We note that there is not enough suppression of the linear backwall geometric
feature in the nonlinear image (as seen in Fig. 3(c)).

To assess the effect of instrumental nonlinearity, 15 pixels along the backwall (considered undamaged)
on either end were used to calculate the required correction introduced by Cheng et al.11 The pixels are
shown in white boxes in Fig. 3(a) and (b). The value of δA for those pixels are calculated by taking the
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Figure 3: (a) Sequential, (b) parallel and (c) nonlinear image obtained without correction. Pixels used for applying
correction are shown in white boxes.
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Figure 4: Corrected nonlinear image. Values below 0 shows imperfection in correction applied.

ratio according to Eq. (5). Assuming the crack tip nonlinearity is larger than the surrounding material
nonlinearity, it is reasonable to assume that δA = 1 for the pixels within the white box in Fig. 3(a) and
(b). This also makes the assumption implicitly that the backwall is behaving as a linear scatterer. Hence, all
nonlinear measurements being carried out in this study are assumed to be relative to those pixels. Similar
correction to the phase difference between the parallel and sequential captured data can be made, but here
we are only interested in the amplitude image. Note that this scaling in the imaging metric attempts at
suppressing classical materian and instrumental nonlinearity.11

Previous work11 showed the nonlinear image as an absolute value. Here, we calculate only the sub-
traction As − Ap as it is essential to ensure that As ≥ Ap after applying the correction within the imaging
region. By not taking the absolute of the image, imperfection from the behaviour of the instrumental setup
manifests. This can be seen as the low amplitude region (δA < 0) on either sides (mostly on the left) of the
nonlinear point spread function (NPSF) in Fig. 4. It suggests that the array is unable to produce symmetrical
signals when focus on either sides of its symmetry line. One possible implication is that a correction that is
spatially-dependent on the imaging location is required as a different value of δA should be used to ensure
δA ≥ 0 within the imaging region. However, obtaining this spatially-dependent correction is impossible
unless the behaviour of the array is properly understood or controlled.

B. IMPLICATION OF NARROWBAND SIGNALS

With the importance of having narrowband signals shown from the simulation to prevent internal move-
ment of energy within the main excitation bandwidth, this is analysed experimentally. Here, the number of
cycles is increased and the amplitude of the peak within the nonlinear image is measured. The experiment is
repeated 5 times for each cycle number without changing the coupling condition. Further to this, the speci-
men is cleaned, and a new set of coupling is applied and the experiment is repeated. The peak voltage is kept
the same for all experiments, whilst the reception gain is changed for better detectability due to different
coupling transfer functions.

The maximum of the NPSF in Fig. 4 as the number of input cycles is varied is shown in Fig. 5(a).
Independent of the coupling conditions, a clear increasing trend in the peak of the nonlinear metric is seen
with increasing number of cycles. The small size of error bars shows that the array and controller can
reliably produce the same waveform.

However, increasing the number of cycles effectively increases the input energy into the material at the
fundamental frequency. As normalisation, the maximum nonlinear metric in Fig. 5(a) is divided by the
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different line types.

input cycle used and is shown in Fig. 5(b). For both coupling conditions, a clear linear increase with input
number of cycles is noticed, indicating that the imaging system becomes more sensitive to damage as it has
a larger dynamic range for measurements. Hence, with an attempt at reducing internal movement of energy
by using narrowband signals, an increase in nonlinear measurement sensitivity is seen.

It should also be noted that increasing the number of cycles decreases the spatial resolution of the
image. Here, we assess how this affects the nonlinear image, which is now being constructed from the
individually-degraded linear images. For each set of measurements, the size of the local nonlinearity is
measured using the 6 dB drop rule. Its variation as the number of cycles is altered is shown in Fig. 6.
Interestingly, there is less variation in the spread of the nonlinearity when the input cycle is 4, as seen by the
small errorbars for both coupling conditions. The change in the size of the nonlinearity remains relatively
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constant when the cycle number is increased from 3 to 4. This is because the measurement is limited by
the bandwidth of the transducer for small number of cycles (i.e. changing the number of cycle in the input
signal for the transducer does not change the resulting output being transmitted into the material due to the
transfer function of the transducer). For cycle number higher than 4, an increase in the size of the measured
nonlinearity is seen, irrespective of the coupling condition. However, the range of change in the spread
is different for each coupling condition. This could possibly be due to uneven coupling layer in between
the array and the material surface and is difficult to control. It results in the transmission coefficient of
some particular elements being higher, hence favouring a specific pixel which gets amplified with increasing
number of cycles. However, both coupling conditions show an increase in the NPSF with increasing number
of cycles, indicating degrading resolution similar to linear imaging algorithm.

4. CONCLUSION

A numerical model, based on the finite difference method, was built to solve the nonlinear wave equa-
tions. It was used to simulate the array behaviour of parallel-sequential coherent field subtraction technique
to assess contribution from material nonlinearity, which was shown to be negligible. Experimental measure-
ments were carried out using the parallel-sequential coherent field subtraction technique following the work
of Cheng et al.11 By only measuring the difference between the amplitude of the sequential and parallel
firing, without taking the absolute and after applying appropriate compensation,11 the imperfection of the
behaviour of the instrument was revealed. This can be corrected through, either the better understanding
of the instrument, or through the application of a pixel-wise correction factor. Finally, the importance of
having narrower bandwidth was studied, which showed improved sensitivity to damage at the expense of
resolution.
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