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This thesis is concerned with definability questions for structures given by
expanding the ordered real field by various classical functions. Initial results in
this area concern the structure given by expanding the ordered real field by the
real exponential function. The rich model theory of this structure immediately
shows that the sine function is not definable in this structure. Bianconi showed
that no restriction of the sine function is definable in this structure.

In this work we consider similar definability questions for a function that is
similar to the exponential function, which is known as the Weierstrass g-function.
The proofs of these results rely on a version of a functional transcendence result
known as Ax’s Theorem for the Weierstrass p-function. A corresponding theorem
for the modular j-function is due to Pila and Tsimermann and by using this
theorem we also obtain a definability result for the j-function.

Definability questions for expansions of the real field by several p-functions
were considered and answered in work of Jones, Kirby and Servi. The p-function
arises in the exponential map of elliptic curves, which are the abelian varieties
of dimension 1. In this thesis we give a corresponding result for the exponential

maps of all abelian varieties. This is joint work with Jones and Kirby.
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Chapter 1
Introduction

This thesis is concerned with definability questions for expansions of the ordered
real field by restrictions of certain real analytic functions. Although these ques-
tions and results are model theoretic in nature, the proofs of these results explore
the relationship between model theory and functional transcendence as well as
differential algebra. This thesis can be considered in two parts. The first part of
this thesis, Chapters 3,4,5 and 6, explores definability questions for expansions of
the ordered real field by the restriction of a single function. A preliminary version
of the work in Chapter 3 can be seen in the preprint [28]. The second part of
this thesis consists of Chapter 7 and explores interdefinability questions for the
expansion of the ordered real field by restrictions of several functions. The work
in this chapter is in collaboration with my supervisor Gareth Jones and Jonathan
Kirby.

The main area in which the work in this thesis lies is model theory, which
is a branch of Mathematical Logic. One of the main objects of study in model
theory are first order structures M. These first order structures consist of a set
M together with a collection of constant symbols, function symbols and relation
symbols. A subset of M™ for some integer n > 1 is said to be definable in the
structure M if it is the solution set of a formula in M. A function f is said
to be definable if its graph is a definable subset. A common problem in model
theory is to consider a first order structure M and ask what its definable sets
and definable functions are. Throughout this thesis definability means definability

with parameters.

An important part of model theory that has been considered for several

decades is the theory of o-minimal structures, which were first considered and



developed by Van den Dries in [11], Pillay and Steinhorn in [32] as well as Knight,
Pillay and Steinhorn in [23]. A detailed exposition of the basic theory of these
structures is given by van den Dries in [13]. A structure M = (M; <), where < is
a dense linear order, is said to be o-minimal if every definable subset of M is a fi-
nite union of intervals and points. An initial example of an o-minimal structure is
the ordered real field R = (R; +, x, 0,1, <). Here + and x are the usual addition
and multiplication and < is the usual ordering. The o-minimality of this struc-
ture follows from the work of Tarski in [37]. As mentioned above throughout this
thesis we are concerned with expansions of R by restrictions of certain analytic
functions. An initial example of such a structure is Ry, = (R,exp : R — R),
which was shown to be model complete by Wilkie in [39]. This combined with
results of Khovanski in [18] gives that Ry, is o-minimal. Consider a real analytic
function f : U — R where U C R™ is an open subset that contains [—1,1]™.
Then the function

Fla) = flz) zel[-1,1"
0 ¢ [-1,1]™

is called the restriction of f. The expansion of R by the restrictions of all real
analytic functions is denoted R,,. This structure is also o-minimal, which was
shown by van den Dries in [12]. Another important example of an o-minimal
structure is Rapexp = (Ran, exp : R — R), the o-minimality of which was shown
by van den Dries and Miller in [14]. Other results in this area include that the
theory of Reyp, is decidable under the assumption that Schanuel’s Conjecture, an
important conjecture in transcendental number theory, is true. This is due to
Macintyre and Wilkie in [26].

The o-minimality of Ry, immediately implies that the sine function is not
definable in Rey,. For if it was then the zero set of the sine function would also
be definable in Ry, which is an infinite discrete subset of the real numbers, a
contradiction. A natural question at this stage is whether some restriction of sine
to a bounded real interval is definable in Rey,. This question was considered by

Bianconi, who showed the following theorem in [5].

Theorem 1.0.1. No non-trivial restriction of sine to a bounded interval I C R
is definable in Reyp.



10 CHAPTER 1. INTRODUCTION

This theorem can be restated to say that no restriction of the complex expo-
nential function to a disc in C is definable in Rey,. In fact one can go further.

The following theorem is also due to Bianconi in [6].

Theorem 1.0.2. Let D C R?" be a definable open polydisc and u,v : D — R
two definable functions in Rex,. Suppose that f(x + iy) = u(z,y) + iv(z,y) is

holomorphic in D. Then u and v are already definable in R.

Here the usual identification of C with R? is made. To begin this thesis we
consider this formulation of the theorem for other transcendental functions. There
certainly are transcendental functions f such that the restriction of f to a non-
empty disc D C C is definable in the structure (R, f|;). In fact it turns out that
there are examples of such functions that are not dissimilar to the exponential
function. A complex lattice ) C C is defined to be a discrete subgroup of C of
rank 2. To each such lattice Weierstrass associated the following function known

as the Weierstrass p-function,

o= =5+ ¥ (o)

we\ {0}

The p-function is a periodic function that also has an addition formula and a
differential equation, which shall be recalled in the background chapter, Chapter
2. These are properties that are also satisfied by the exponential function and it
is this together with the rich model theory of Ry, that motivates the study of
the model theory of these Weierstrass p-functions. Another property that both p
and the exponential function share is that they both arise in the exponential map
of a commutative algebraic group. The model theory of Weierstrass p-functions
has been considered by various people including Bianconi in [4] and Macintyre in
[25]. In the course of his investigation into the model theory of these Weierstrass

o-functions in [25], Macintyre observed the following.

Lemma 1.0.3. Let Q2 = Z + iZ and let p = pq be its p-function. Let D C

C be a disc that does not contain any lattice points. Then p|p is definable in

(R, pl1/s.3/8))-

Here the interval (1/8,3/8) is chosen for convenience as it avoids the poles of
©. The lattice Z + iZ is rather special. For example it can easily be seen that
p(iz) = —p(z). This observation is essentially all that is required to prove the

previous lemma. The reason that the lattice Z + ¢Z is so special is that it is a
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real lattice which has complex multiplication. A lattice Q is a real lattice if it
is closed under complex conjugation and has complex multiplication if there is a
non-integer complex number « such that a2 C €. An initial result in this thesis
is to extend the above lemma to all real lattices with complex multiplication. The
assumption that € is real gives that the restriction of p to a bounded real interval
that does not intersect the lattice €2 is a real valued function. In fact Macintyre’s
observation can be extended to all lattices {2 with complex multiplication. In
this thesis we show that one can go further. Namely one can show that the
restriction of p to a disc D C C is definable in the structure given by expanding
R by the restriction of pq to an interval if and only if the lattice Q has complex

multiplication.

Theorem 1.0.4. Let €2 be a complex lattice and let o = pq be its p-function. Let
I be a bounded real open interval such that the closure of I does not contain any
lattice points. Then there is a non-empty disc D C C such that p|p is definable
in the structure (R, p|;) if and only if the lattice Q has complex multiplication.

The proof of this theorem is spread across two chapters, Chapter 3 and Chap-
ter 4. In Chapter 3 the theorem is proved for the case where the lattice €2 is a real
lattice and in Chapter 4 we give the non-real lattice case. One direction of this
theorem is the aforementioned extension of Macintyre’s lemma. The proof of the
converse in both chapters adapts a method of Bianconi used to prove Theorem
1.0.1. This method uses an implicit definition that is due to Wilkie in [39] and
was proved more generally by Jones and Wilkie in [20]. This method of Bianconi
also uses a functional transcendence result due to Ax in [1]. In Chapters 3,4 and
5 we use a version of this result for the Weierstrass p-function due to Ax in [2]
and Brownawell and Kubota in [7].

An outline of the proof of this converse is the following. We assume that a
restriction of p to a disc D C C is definable in our structure. By the implicit
definition this restriction is defined by a non-singular system of polynomials in-
volving p and . This gives an upper bound on the transcendence degree of some
finitely generated extension of C, which comes from the number of variables in
our system of equations minus the number of equations. Then an application
of the aforementioned functional transcendence result gives a lower bound which
is contradictory. The reason for splitting the proof in to these two cases is the
following. The implicit definition requires that the functions in our structure are

real analytic functions. When we are in the real lattice case this is immediate
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from a fact about the p-function and we may produce a system of equations with
o and @’ on R, which is done in Chapter 3. However once the condition that €2 is
a real lattice is removed we must consider restrictions of the real and imaginary
parts of o and g, which gives a system of equations in more variables. Therefore
a straightforward application of Bianconi’s method fails. However after making
various adaptations involving the identities for the real and imaginary parts of
a complex function and identities for the Weierstrass p-function we may give a
proof of the non-real lattice case and finish the proof of Theorem 1.0.4, which is
done in Chapter 4.

Now our attention turns to the question of which other p-functions are de-
finable in the structure (R, p|;). An elliptic function with respect to the lattice
() is a meromorphic function that is periodic with respect to €. It is a general
fact that given a complex lattice (2 any elliptic function with respect to €2 can be
written as a rational function in pg and pf,. This can be seen in [35]. Let €’ be a
complex lattice such that Q C Q'. Then @q is an elliptic function with respect to
Q and if 2 has complex multiplication then a restriction of o to a disc D C C is
definable in (R, po|;). In Chapter 5 we show that this does not hold in the case
when the lattice €2 is a real lattice that does not have complex multiplication.
In fact this converse goes further and also shows that we do not obtain any new
complex functions and can be thought of as a p-function analogue of Theorem
1.0.2.

Theorem 1.0.5. Let D C R?Y be a definable open polydisc and u,v : D — R be
two functions that are both definable, in the structure (R, p|;), where Q is a real
lattice without complex multiplication and I is some bounded real interval that
does not intersect the lattice Q). If f(z,y) = u(z,y) + iv(z,y) is holomorphic in
D, then u and v are definable in R.

The proof of this theorem adapts that of Theorem 1.0.2, which uses a method
similar to that used to prove Theorem 1.0.4. Here we use a different implicit
definition, which arises from a theorem of Gabrielov, namely Theorem 1 in [17].
The main difference between this method and the one seen in earlier chapters is
that two extra equations must be added to the system. These equations arise
from the Cauchy-Riemann equations for the functions u and v.

One of the key components needed in the proof of Theorem 1.0.4 and Theorem
1.0.5 is the existence of a version of Ax’s theorem for the Weierstrass p-function.

This allows us to obtain large lower bounds on transcendence degree. In general
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obtaining such bounds without an Ax statement is a difficult problem. Therefore
once we have another transcendental function for which a version of Ax’s theorem
holds, a natural problem to consider is whether we can answer similar definability
questions in expansions of R by restrictions of this function. The modular j-
function is a transcendental function which is defined on the upper half plane
and which satisfies a version of Ax’s theorem, due to Pila and Tsimermann in
[30]. Also, the j-function is a real valued function when restricted to an interval
on the imaginary axis. This partially motivates the following theorem, which is

proved in Chapter 6.

Theorem 1.0.6. Let I C R>° be an interval and let D C H be an non-empty

disc. Then the restriction of j to the disc D is not definable in the structure
(Kmﬂzl)

The proof of this theorem adapts the original method of Bianconi and also
returns to the original implicit definition. The form of the Ax result that is
required for the proof of this theorem is very slightly different to the form stated
in [30]. The form that is required is stated and proved in the background chapter,
Chapter 2, and follows immediately from the form in [30].

In the final chapter of this thesis we turn our attention to a different definabil-
ity question. Definability questions for expansions of R by multiple p-functions
were considered and answered by Jones, Kirby and Servi in [21]. As in previous
cases we consider a restriction of these functions. Firstly we make the definition
of this restriction more precise. Let F be a set of maps f : U — R each defined
on an open subset U of R™ for some n. A function f € F is said to be locally
definable in some expansion R of R if for each a € U there is a neighbourhood
U, of a such that the restriction of f to this neighbourhood is definable in R. A
proper restriction of f is a restriction of f to an open box in U with rational cor-
ners. The smallest expansion of R in which all of these maps are locally definable
is the expansion of R by all the proper restrictions of the maps in F, denoted
Rpgrr). Two complex lattices € and 2y are isogenous if there is a non-zero
complex number such that a{2y C Q. If f: D — C is a holomorphic function for
a disc D C C whose centre is in R then the Schwarz reflection of f is denoted fsg
and is given by fsr(2) = % The definability question we are concerned with is
the case when F is a finite set of p-functions. This was the question considered

and answered by Jones, Kirby and Servi in [21] who showed the following.
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Theorem 1.0.7. Let F; consist of complex exponentiation and some Weierstrass
o-functions and let Fo consist of Weierstrass @-functions. Suppose that none of
the functions in JFy is isogenous to any @-function from JFy or isogenous to the
Schwarz reflection of a p-function in Fy. Then any set in both Rpgr,) and in

Rpr(r) is definable in R.

Over the complex field an elliptic curve E(C) = Eq(C) C P?(C) is given by

the equation

Y27 =4X3 — 2 X 7% — g3 73,

The map expp : C — E(C),z — [p(z) : ¢'(2) : 1] is called the ezponential
map of E. Here the complex numbers g, and g3 depend on the lattice €2 asso-
ciated to p and are known as the invariants of p. These are defined explicitly
in the background chapter, Chapter 2. In fact elliptic curves are the abelian
varieties of dimension 1. An abelian variety is a complete algebraic group. It is
therefore natural to ask whether the previous theorem can be extended to the
exponential maps of general abelian varieties. In order to formulate this question
more precisely we must choose the set F more carefully.

Let G be an abelian variety and let F be the set consisting of: the exponential
map of GG, the exponential maps of all abelian subvarieties of G, the exponential
maps of all abelian varieties isogenous to an abelian subvariety of G, the expo-
nential maps of the products of these abelian varieties and the exponential maps
of all abelian varieties isogenous to an abelian subvariety of these products as
well as the Schwarz reflections of all these exponential maps. Then we have the

following theorem.

Theorem 1.0.8. Let G and H be abelian varieties and let Fg and Fy be their
associated sets of exponential maps. Suppose that Fg N Fy = .

Then any set definable in both Rppr,) and Rpgrr,) is semialgebraic. (In
other words, it is definable in R).

The general strategy used in the proof of this theorem is an adaptation of the
method used in [21] to prove Theorem 1.0.7. This uses the method of predimen-
sions due to Hrushovski in [19]. In Chapter 7 the predimension used is different
to that in [21]. In [21] the group rank in the definition of this predimension arises
from the dimension of the graph of the exponential map of the elliptic curves

associated to each p-function. Here we introduce the notion of G™** an abelian
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variety of maximal dimension with respect to a certain property and which is
defined up to isogeny. The group rank is then defined to be the dimension of the
vector space of Kahler differentials that is spanned by the differentials associated
to the exponential map of this G™** evaluated at a particular point. The defini-
tion of this G™* requires an Ax-type result, which follows from a result of Kirby,
namely Proposition 3.7 in [22]. The material in this chapter is in collaboration
with my supervisor Gareth Jones and Jonathan Kirby.

In summary, the format of this thesis is the following. The next chapter will
consist of background material on the Weierstrass p-function and the modular
j-function as well as all the versions of Ax’s theorem that shall be needed. Also
included in this background chapter are the statements of both of the implicit
definitions that are required as well as an explanation on how we may obtain
upper bounds on transcendence degree from the non-singular systems given by
these implicit definitions. In Chapter 3 we give the proof of Theorem 1.0.4 in the
case where the lattice (2 is real and in Chapter 4 we give the case where the lattice
() is not isogenous to a real lattice. In this latter chapter the proof splits into two
subcases, namely when the lattice €2 is isogenous to its complex conjugate and
when it is not. In Chapters 5 and 6 the proofs of Theorems 1.0.5 and 1.0.6 are
given, respectively. Finally in Chapter 7 we give the proof of Theorem 1.0.8 after
some background on abelian varieties and differential forms. To finish this thesis
we give a conclusion which comments on each of the results proved in this work
and contains some discussion on the various ways in which these results could be

extended in future research.



Chapter 2

Background

In this chapter we shall give the background material needed throughout this
thesis. This will begin with an overview of the Weierstrass gp-function and the
modular j-function. Throughout this work we shall require an important result
from functional transcendence known as Ax’s theorem. In fact various versions of
this theorem shall be used for both the p-function and the j-function and therefore
in Section 2.3 we shall list all of them. These functional transcendence results
give large lower bounds on the transcendence degree of certain finitely generated
extensions of C and some of the methods used throughout this thesis will involve
opposing them with upper bounds that become contradictory if the theorems fail.
These upper bounds shall arise from various non-singular systems of equations
given by implicit definitions. Therefore we conclude this background chapter by
stating these implicit definitions and explaining how these upper bounds follow
from the system of equations. There are two implicit definitions used throughout
this thesis the first of which is due to Wilkie in [39] and which Bianconi refers to
in [5] as the ‘Desingularisation Theorem’. The second of these implicit definitions
is due to a result of Gabrielov. Although this result is well known this is as far as
I am aware the first use of this result to obtain an implicit definition of this kind.
The systems of equations that we shall use are systems of algebraic functions and
so the proof of the upper bound is given here. For systems of polynomials it is a

standard argument.

16
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2.1 The Weierstrass p-function

This first background section contains material on the Weierstrass g-function, a
complex meromorphic function associated to a complex lattice. Firstly we give
the definition of a complex lattice as well as various types of complex lattices that

will be central to the results at the beginning of this thesis.

Definition 2.1.1. Let Q C C. Then 2 is said to be a complezx lattice if there exist
complex numbers w; and wq such that Q = {mw; +nwy : myn € Z, (we/wy) >
0}. In other words €2 is a discrete subgroup of rank 2. The set {w;,ws} is referred

to as an oriented basis for the lattice ().

Definition 2.1.2. Let 2; and €2y be complex lattices. If there is a non-zero
complex number « such that af); C s then the lattices 2; and €25 are isogenous.
This is denoted €27 ~ 5.

Definition 2.1.3. Let ) be a complex lattice. If there is a non-integer complex

number « such that a2 C Q then the lattice €2 has complex multiplication.

Definition 2.1.4. Let 2 be a complex lattice. If € is closed under complex

conjugation, in other words if Q = €, then Q is a real lattice.
The following definition is in Sections 19-20 of [38].
Definition 2.1.5. Let 2 be a real lattice with an oriented basis {w;, ws}. Then,

1. If wy is real and w, is purely imaginary then €2 is known as a rectangular

lattice.

2. If wy = s so that w3 == wy +wsy is real and wy = wy —w; is purely imaginary

then € is known as a rhombic lattice.

Remark 2.1.6. In Sections 19 and 20 of [38] it can be seen that the real lattices

are precisely the rectangular and rhombic lattices.

To each complex lattice €2 Weierstrass associated a function, the Weierstrass
p-function. The rest of this subsection will consist of the definition of the Weier-
strass p-function as well as some important properties of this function. This may

be seen in various books such as [9], [38] as well as Chapter 6 in [35].
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Definition 2.1.7. Let €2 C C be a complex lattice. Then for all z € C,

@(z)ng(z)=%+z (ﬁ—%)

zeQ*

where Q* = Q\ {0}.

The following lemma consists of several basic facts about the Weierstrass -
function and is therefore stated without proof. These facts can be seen in Chapter
3 of [9].

Lemma 2.1.8. Let €2 be a complex lattice and o = pq be its associated Weier-

strass p-function. Then,

1. p is a meromorphic function with double poles at precisely the points in the

lattice Q2 (and analytic elsewhere).

2. ¢ s periodic with respect to €.

Definition 2.1.9. For a complex lattice €2 the invariants of p are defined to be

the complex numbers

The content of the following proposition can be seen in Section 18 of [38].

Proposition 2.1.10. Let Q be a real lattice and p its Weierstrass p-function.
Then the restriction of o to an interval I that does not contain any poles and is
on either the real or imaginary axis 1s a real valued function and the associated

mvariants ga and g3 are real numbers.

The Weierstrass p-function satisfies a differential equation, the proof of which

can be seen for example in Theorem 3 in Chapter 3 of [9)].

Theorem 2.1.11. For all z € C\ Q we have that,

(¢/(2))* = 4¢°(2) — g200(2) — g5. (2.2)
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Therefore the functions g and ¢’ are algebraically dependent. Differentiating
both sides of this differential equation gives that

p"(2) = 6p°(2) — = (2.3)

In particular for any n > 2 the derivative p(™ may be written as a polynomial
in p and p'. Another crucial property of @ is its addition formula. This can be

seen in Theorem 6 in Chapter 3 of [9].

Theorem 2.1.12. For complex numbers z and w such that z — w ¢ Q we have
that,

1 (9'(2) - p’(w))2
pz—i—w:—(— —p(z2) — p(w). 2.4
G =1 (S o) — o) e (24)
From this addition formula the duplication formula for o can be deduced,

0(22) = i (Z/l((;)) —20(2). (2.5)

The function @’ also has an addition formula. However this is less well known

namely,

and may be deduced from the identity

p(2) p'(z) 1
p(w) p'(w) 1]=0, (2.6)
plz+w) —p'(z+w) 1
which can be seen in page 363 of [10]. From this identity we have for all complex

numbers z and w such that z —w ¢ Q,

ot ) - PR =)o) — ot ) (D) =)y

Remark 2.1.13. By repeatedly applying the addition and duplication formulas
for , one can obtain a formula for p(nz) as a rational function in p(z) and ©'(z)
for any natural number n. Similarly we can write p(z) in terms of p(z/n) and
¢ (z/n). Rearranging this and using the differential equation for g gives that we
can write p(z/n) as a function in p(z). Due to the introduction of square roots

this function is algebraic. The square roots introduce the problem of branches.
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In our applications of this formula we will always be able to assume that the

domain of this algebraic function can be chosen so that it is also analytic.

The final definition and theorem of this section can be seen in Sections 2 and

3 of Chapter 6 in [35].

Definition 2.1.14. An elliptic function with respect to a lattice {2 is a mero-

morphic function f on C that satisfies

fz+w) = f(2)

for all z € C and w € €). The field of elliptic functions with respect to a lattice {2
is denoted C(£2).

The functions pq(z) and pg(2) are elliptic functions with respect to the lattice
2. The following theorem is Theorem 3.2 in Chapter 6 of [35].

Theorem 2.1.15. Let €2 be a complex lattice. Then,

C(€) = Clpa(2), pa(2)).

2.2 The modular j-function

This section concerns the modular j-function but firstly we give some further

background on complex lattices.

Definition 2.2.1. Let (2 be a complex lattice generated by w; and w, such that
S(wa/wr) > 0. Then the quotient 7 = wy/wy € H is known as the period ratio of
Q). The lattice generated by 1 and 7 is denoted Q. = (1, 7).

This next definition can be seen in Section 4 of Chapter 6 of [35].

Definition 2.2.2. Let €2; and {23 be complex lattices. Then €2; and €2y are said

to be homothetic if there is a non-zero complex number « such that af); = €2,.
The following lemma is Lemma 1.2 in Chapter 1 of [34].

Lemma 2.2.3. 1. Let 2 be a complex lattice and let {wy,ws} and {w],wh} be
two oriented bases for Q0 such that wy/wy and wh/wy € H. Then there are

integers a, b, c,d with ad — bc =1 such that
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Wi = aw; + bws

Wy = cwy + dws.

2. Let 7,5 € H. Then Q,, = (1,71) is homothetic to Q., = (1,73 if and only
if there are integers a,b, c,d with ad — bc =1 such that

at1 + b

N C7'1+d'

T2

3. Let Q2 be a complex lattice. Then there is a T € H such that ) is homothetic
to Q.

This next definition can be seen in Section 4 of Chapter 1 of [34]. Recall
from the introduction that every elliptic curve defined over C is associated to a

complex lattice ().

Definition 2.2.4. Let E, be the elliptic curve associated to the lattice Z + 7Z.
Then the holomorphic function j : H — C is defined by,

o 95(7)
0 =T — gy

where the complex numbers g, and g3 are the invariants of the complex lattice €2

with period ratio 7 as seen in Definition 2.1.9.

It turns out that the modular j-function may be written rather differently,
namely it has a g-expansion with (positive) integer coefficients. This may be seen
in Proposition 7.4 in Chapter 1 of [34] and the explicit coefficients are in Example
6.2.2 of Chapter 2 of [34].

Proposition 2.2.5. Let ¢ = e*™*. Then,
j(2) = 7' + 744 4 196884q + 214937604 + . . ..

Remark 2.2.6. From the g-expansion it is clear that the restriction of j to HNiR

is a real valued function.
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By Theorem 4.1 in [34] the j-function is a modular function of weight zero.
That is, for all z,w € C we have that j(z) = j(w) if and only if there is some
matrix v € SLy(Z) such that

If v is a matrix in GL3 (Q), the group of 2 x 2 matrices with rational entries
and positive determinant, then there is a unique positive integer M such that
M~ € GLy(Z) and the entries of M~ are relatively prime. By Proposition 23 in
[41] we have that for each positive integer M there is a polynomial @), € Z[X,Y]
such that ®,,(j(z),j(w)) = 0 if and only if there is a matrix v € GL3 (Q) such
that z = yw and det(M~y) = M. Finally we note as in [30] that j satisfies a

nonlinear third order differential equation, namely

"3 (5"\? (42— 1968] + 2654208 .
5l )t S 7 (7)* =0. (2.8)
i 2\ 25%(j — 1728)

2.3 Variations on Ax’s theorem

Throughout this thesis various functional transcendence results shall be used.
These are all versions of Ax’s theorem, which shall not be needed here but is

stated for completeness and can be seen in [1].

Theorem 2.3.1. Let zq,...,z, be complex power series with no constant term

that are linearly independent over Q. Then,

tr.degcClz1, ..., 2n, exp(21), ..., exp(z,)] > n + 1.

The first functional transcendence result that we shall need is the p-function
version of Ax’s theorem. This is due to Ax in [2] and is also due to Brownawell
and Kubota in [7]. Throughout these statements we assume that the complex
lattice Q2 does not have complex multiplication. (The theorem is known for the
case where the lattice 2 has complex multiplication but as this is not needed in
this thesis we do not state this version of the theorem. The only difference in
the complex multiplication case is that the linear independence hypotheses are
required over the field Q(7)).
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Theorem 2.3.2. Let zq,...,z, be complex power series with no constant term

that are linearly independent over Q. Then,
tr.degeClzy, ...y 2n, p(21), .., p(2n)] > 1+ 1.

This theorem may be extended to multiple p-functions @1, ..., g, provided
that they satisfy a certain independence condition. Let €2 be a complex lattice
with an oriented basis {w1,ws}. Recall from Section 2.2 that the period ratio of
Q) is defined to be 7 := ws/wy. Now let Qy,...,€,, be complex lattices each of
which has a fixed oriented basis. The period ratios of €2y, ..., 2, are denoted by
Ti, ..., Tm respectively. The independence condition is that for all 7,7 =1,...,m
with ¢ # j there do not exist integers a, b, ¢, d with ad — bc # 0 such that

_CLTi—i‘b
_CTZ‘—Fd‘

Tj

Theorem 2.3.3 (Brownawell & Kubota). Suppose Qq,...,Q, are complex lat-
tices each of which does not have complex multiplication and whose period ratios
satisfy the above independence condition. Let @1, ..., pm be their corresponding
p-functions. Let zy,...,z, be complex power series with no constant term that

are linearly independent over Q. Then we have that
tr.degeClzr, ..oy zny 01(21), - s 01(20)y - oy ©m(21)s -« oy Pm(2m)] = nm + 1.

Remark 2.3.4. In practice we shall use slightly different versions of the previous
two theorems. The version we shall use is where zy, ..., 2z, are analytic functions
defined on a disc D C C centred at a. The linear independence assumption
becomes that z; — z1(a), ...z, — z,(a) are linearly independent over Q. These
versions of the above theorems can be easily deduced from the original statements.
Here we present this deduction as a series of statements whose proofs follow from
the original theorem and the statements in the series. This deduction is presented
for Theorem 2.3.2. The corresponding version of Theorem 2.3.3 shall also be
stated.

Corollary 2.3.5. Suppose zq,...,z, are analytic functions on a disc D centred
at zero. Also suppose that zy, ..., z, vanish at zero and are linearly independent
over Q. Then
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tr.degeClz1, ..., zn, p(21), ..., 9p(2n)] = 1+ 1.

Proof. As z;(0) = 0 for i = 1,...,n we have that the power series associated to

z; has no constant term. Now apply Theorem 2.3.2. O

Corollary 2.3.6. Let z1, ..., z, be analytic functions on a disc D centred at zero

and suppose that z1 — 21(0), . .., 2z, — 2,(0) are linearly independent over Q. Then

tr.degeClz1, ..., zn, p(21), .., p(2n)] = 0+ 1.

Proof. Apply Corollary 2.3.5 to the functions f;(x) = z;(x) — 2;(0) and use the
addition formula for p seen in (2.4) and the differential equation seen in (2.2) to

obtain the desired result for the functions zq, ..., z,. m

Finally we have the version of Theorem 2.3.2 that we shall use throughout
this thesis.

Theorem 2.3.7. Let z1, . .., z, be analytic functions on a disc D centred at o € C

and suppose that z1 — z1 (@), . . ., 2, — 2z (@) are linearly independent over Q. Then

tr.degeClz1, ..., zn, p(21), ..., p(2n)] = 1+ 1.

Proof. Let fi(w) = z;(w + a) — z;(a). The functions f; are analytic and defined
on a disc centred at zero. Also we have that f;(w) — f;(0) = z;(w + @) — z(a)
are linearly independent as the z;(z) — z;(«) are linearly independent. Now apply
Theorem 2.3.6 to f1,..., f, and once again use the addition formula for p seen
in (2.4) and the differential equation seen in (2.2) to obtain the desired result for

the functions zq, ..., z,. O
For completeness we state the corresponding version of Theorem 2.3.3.

Theorem 2.3.8. Suppose )y, ...,Q,, are complex lattices each of which does not
have complex multiplication and whose period ratios satisfy the above condition.
Let o1, ..., om be their corresponding o-functions. Let zy, ..., z, be analytic func-
tions on a disc D centred at o € C and suppose that z; — z1(a), ..., 2, — zn(@)

are linearly independent over Q. Then we have that

tr.degeClz1, ...y zn, 01(21), - 01(20)s - -, ©m(21),s -+ o5 Pm(20)] = nm + 1.
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This next functional transcendence result is a version of Ax’s theorem for the

modular j-function and is due to Pila and Tsimerman in [30].

Theorem 2.3.9. Let K be a characteristic zero differential field with m com-
muting derivations D;. Let C = N;ker(D;) be the constant field of K. Let
2i,7(2:), 7' (2:), 3" (2:), 7" (z:) € K* for alli=1,...,n such that

-1/

Dyji = jiDgzi,  Dyji = ji Dizi and Dyji = 3" Drzi

)

for all i, k. Suppose that ®y(j(2),75(2;)) # 0 for all positive integers M and
foralli,j=1,...,n where i # j and also suppose that j(z;) ¢ C for all i. Then

we have that,

tr.degC(21, ...y 2n, 4(21), -+, 7 (20),
J(z1)s 7 (z0), 7" (z1), .., 7" (20)) = 3n + rank(Dgz;); k.-

In this thesis we shall require a version of this result for analytic functions as
in the p-function case. Now we state and prove this version of the theorem, the
proof of which follows immediately from Theorem 2.3.9 using a method which

was also used by Ax in [1] to prove Theorem 1 from Theorem 3 in [1].

Theorem 2.3.10. Let 24, ..., 2, be analytic functions defined on a disc D C C,
which take values in the upper half plane, such that j(z1),...,7(z,) are non-
constant. Suppose that ®p(j(2:),7(z;)) # 0 for all positive integers M and for
alli,j=1,...,n wherei # j. Then,

tr.degecClzr, .oy 2, 7(21)y -5 5 (20), 7 (21)s -, 7' (20), 7" (21), - ., 7" (20)] = 3n+ 1.

Proof. Apply Theorem 2.3.9 where K is the quotient field of the ring of analytic
functions on D, the constant field C'= C and the set of derivations A = {d/dz}.
As j(z1),...,7(2,) are non-constant we have that j(z;) ¢ C fori =1,...,n. By
the hypothesis in the statement the condition on modular polynomials holds and

we may apply Theorem 2.3.9.
O
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2.4 Implicit definitions

In this section we shall give the implicit definitions that are used throughout this
thesis and then conclude this background chapter by illustrating how such an
implicit definition gives rise to an upper bound on the transcendence degree of
certain finitely generated extensions of C. Firstly we give a precise definition of

a property that is used in the statement of these implicit definitions.

Definition 2.4.1. Let F be a countable collection of real analytic functions
defined on a bounded interval I in R. Let f € F. If the derivatives of f may be
written as a polynomial with coefficients in C in terms of a finite number of the
functions in F then we say that the set F is closed under differentiation.
Consider the structure (R, F) with F as above. Then if all the derivatives of
the functions defined by terms are also defined by terms we say that the structure

(R F) has a ring of terms that is closed under differentiation.

2.4.1 Desingularisation

The first implicit definition comes from ideas of Wilkie in [39] and is referred to
by Bianconi in [5] as the Desingularisation Theorem. A more general form of this
implicit definition was proved by Jones and Wilkie in [20]. Let R = (R, ) be an
expansion of R by a set F of total analytic functions in one variable, closed under
differentiation. We also assume that R has a model complete theory and as F is
closed under differentiation the ring of terms of R is closed under differentiation.
Before stating the first implicit definition that is used in this thesis we give a

definition.

Definition 2.4.2. Let f; : I — R be a function definable in the structure R =
(R, F). Then we say that f; is implicitly F-defined if there are some integers
n,l > 1, polynomials Py,..., P, in Rly1, ..., yu+1)(n+1)) and functions fo, ..., fi
I — R such that for all z € I,

Fi(z, fi(2),..., fu(2)) =0

Fo(z, fi(2),..., fa(2)) =0

and

.....
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where

91(2),gl<f1(2)), ce vgl(fn(z))7 ey
9(2), i(f1(2)), -, g1(fa(2)))

for g1,...,91 € F.

Theorem 2.4.3 (Jones & Wilkie). Let f : I — R, for some open interval I C R,
be a definable function in R. Then there are subintervals I, ..., I, C I such
that I\ (Ul 1) is a finite set and f is implicitly F-defined on each of these

subintervals.

If f,g: I — R are both definable in R then it is clear that there is a subin-
terval I” C I on which they are both implicitly F-defined. In order to apply this
desingularisation theorem we must consider total functions. However in practice
we consider expansions of R by restricted analytic functions, defined on some
bounded real open interval denoted I = (a,b) say. In order to make these func-
tions total they are composed with a bijection from R to /. This is a standard
trick and here we describe this function and give some detail on its derivative
and other formulae that we shall need. Throughout this thesis the interval [

will change but the notation for the bijection will remain consistent throughout.
Firstly define A : (a,b) — R by

Alt) = 2, (2.9)
(552)° = (¢ - %52

which is a bijection. Differentiating gives that
(b3%)" + (1 —"%2)°
(5527 — (=)
2 2

which does not vanish. The compositional inverse, B = A~! is also differentiable

Alt) = , (2.10)

and

iy < L7 (B0 - i))) o)

—~
(=l
w||
Q
SN—
no
+
—~
se
—~
~
N—
|
o
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also does not vanish. Finally we define,

1
Bi(t) = — . 2.12
S =y ey 212

From (2.10) we can observe that

= B'(t). (2.13)

This observation does not depend on the choice of interval I, it is true for
all such functions A : (a,b) — R. Let fi,..., f; be restricted real analytic func-
tions defined on some bounded open real interval I say. Then the structure
(R, fioB,..., fio B, B, B)) is an expansion of R by total analytic functions. The
structures (R, fi,..., f;) and (R, fi o B,..., fio B, B, B;) are equivalent in the
sense that they have the same definable sets. Also if the structure (R, fi,..., fi)
has a ring of terms with parameters from R that is closed under differentiation

then so does the structure (R, fi o B,..., fio B, B, By).

2.4.2 Consequences of a result of Gabrielov

Here we give a similar implicit definition, which does not require total functions.
This implicit definition is obtained from a model completeness result of Gabrielov
in [17]. Although the theorem of Gabrielov is well known, as far as I am aware this
is the first application of this theorem in order to obtain an implicit definition
of this kind. Firstly we state Gabrielov’s theorem and give some background

terminology from [17]. Then we state and prove the implicit definition.

Definition 2.4.4. Let ® = {¢;} be a set of real analytic functions ¢; defined
and analytic on a neighbourhood of the closed unit cube [0, 1]" C R™. For every
n > 0, we define A, = A, (®) as the minimal set of functions with the following

properties:

1. The constants 0 and 1 and a coordinate function z; on R belong to Aj.

2. ¢; € Ay, for each j.
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3. If ¢, € A, then ¢ £ and ¢ - € A,,.

4. If ¢(z1,...,2,) € A, then d(x;ay, ..., Ti)) € Angm, for any mapping
i {l,...,n}—={1,...,n+m}.

5. If ¢(x) € A,, then 0¢(z)/0x, € A, forv=1,... n.

Definition 2.4.5. A subset X C [0,1]" is called ®-semianalytic if it is a finite

union of sets of the form

{z €[0,1]": fi(x) =0, fori=1,...,M;gj(x) >0, for j=1,...,N}, (2.14)

where f;, g; are analytic functions from A, (®). A subset Y C [0,1]" is called
®-subanalytic if it is an image of the projection to R" of a ®-semianalytic subset
X C [0, 1™+,

Definition 2.4.6. For a set X C [0,1]", let X be the closure and X = [0,1]"\ X
its complement in [0, 1]* and X = X\ X its frontier. A semianalytic set X C R"

is mon-singular of dimension k at a point zy € X if there exist real analytic

functions hy(x),..., h,—r(z) defined in an open set U containing z, such that
dhi N Ndhp_, 0 at zgand X NU ={x € U : hy(z) =--- = h,_x(x) = 0}.
A semianalytic set is effectively non-singular if the functions hq, ..., h,_; can be

chosen from the f; when X is of the form (2.14). The dimension of a set X is

defined as the maximum of its dimensions at non-singular points.

Theorem 2.4.7 (Gabrielov). Let Y be a ®-subanalytic subset of [0,1]". Then
Y =[0,1]"\'Y is ®-subanalytic.

Consider a set of restricted real analytic functions ¢ and a subanalytic set Y
defined from the functions in ®. Then by the previous theorem the complement
of Y is defined by functions in the algebra generated by the functions in &,
their partial derivatives, the constants 0 and 1 and the coordinate functions. In

particular we have the following corollary.

Corollary 2.4.8. Let F be an infinite collection of real analytic functions that
are defined on a bounded closed interval in R that is closed under differentiation.

Then the structure (R, F) is model complete.
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The following lemma is Lemma 3 in [17] and is required for the proof of the

implicit definition.

Lemma 2.4.9. Let X be a ®-semianalytic set in [0, 1™, and let Y = 71X C
[0,1]",d = dim Y. Then there exist finitely many ®-semianalytic subsets X! and
a ®-subanalytic subset V' of X such that Y = (zV)UJ, 7X] and

1. X! is effectively non-singular, dim X! = d and 7 : X!, — Y has rank d at

every point of X! for each v.
2. dim7V <d

3. X,NX, =10, foruwv.

Now we shall state and prove the implicit definition that arises from Gabrielov’s

theorem.

Proposition 2.4.10. Let F be a set of real analytic functions defined on a neigh-
bourhood in [0, 1] that contains a closed interval I, suppose that F is closed under
differentiation and consider the structure (R, F|;), where F|; == {g|; : g € F}.
Let f: U — I¥ where U C I™ for some m,k > 1 be a function definable in (R, F)
and let fi,..., fr : U — I denote its coordinate functions.
Then there ezist integers n,l > 1, polynomials Py, ..., P, in Rlyy, ...,

Y(4+1)(m+n) ) functions fyia, ..., fo: B — I for an open box B C U and g1, ...,q €
F such that for all z = (21,...,2m) € B,

Fi(z, f1(2),..., fa(2)) =0

Fn(zv fl(z)’ s 7fn(2)) =0

and

~~~~~

where

)y g1(zm), 1 (f1(2))s - -+, 1 (fu(2)), - - -,
9i(z1), -, 91(2m), 9(f1(2)), - - -, g1 (fu(2)))-
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Proof. Here the functions in F are defined on a neighbourhood in [0, 1] rather
than a neighbourhood containing [0, 1]. This has a slight impact on the definitions
and results of Gabrielov that we wish to apply, namely that the interval I C [0, 1]
takes the place of [0,1] in the above statements. Let Y = I'(f) C R™"! be the
graph of f. Clearly dimY = m. Then Y is a definable set in the structure (R, F)
and by the corollary Y is a F-subanalytic set of dimension m. So Y has an
existential definition. By definition Y = 7X where X is a F-semianalytic subset
of R™*" for some n. By Lemma 2.4.9 we have that Y = (7V) U|J 7 X! where X
are effectively non-singular F-semianalytic sets of dimension m and 7V is small.
It is enough to prove the result for Y = 7 X/ for a single effectively non-singular
set X!. By the definition of an effectively non-singular set and the rank condition
the function f may be defined by a non-singular system of m + n — m equations

as described in the statement. O

2.4.3 Upper bounds on transcendence degree

The non-singular systems given by these two implicit definitions lead to upper
bounds on the transcendence degree of certain finitely generated extensions of
C. In order to obtain this well-known upper bound we shall state and prove a

lemma, the proof of which uses the following lemma, which can be seen in 3.4.30
in [27].

Lemma 2.4.11. Let F' be a real closed field and let X C F™ be semialgebraic. In
particular, let p(v,w) be a formula and let a € F™ be such that X = {x € F" :
¢(x,a)}. If K O F is a real closed field, define dimg (X)), the algebraic dimension
of X in K to be the maximum transcendence degree of F(cy, ..., ¢,) over F', where
c€ K" and K |= ¢(c,a). Define dim(X), the algebraic dimension of X to be the

mazimum value of dimg (X) as K ranges over all real closed extensions of F.

Then every k-cell has algebraic dimension k.

Lemma 2.4.12. Let K be the field of germs of meromorphic functions at zero.
Suppose Fy, ..., F, : U — C are algebraic and analytic on open U C C™™ with
O1y oy Oman € K such that (¢1(0), ..., ¢min(0)) € UNR™™ and Fy, ..., F, are
real valued on U NR™™ and that,
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F1(¢1(t)> R ¢m+n(t)> =0

Fn(¢1(t)7 ) ¢m+n<t>) =0

and

OF;
rank (ai) it (D1(t), .., Pman(t)) =n

for all small real t. Then,

tr'degCC(¢1a s 7¢m+n) < m.

Proof of Lemma 2.4.12. Let a = (¢1(0), ..., ¢min(0)) € R™™ and assume that

OF;
det (&Ej) Cm (a) # 0.

Apply the implicit function theorem to get that there is a neighbourhood
By x By of a where B; C R™ and By C R™ and functions ¢q,...,¢9, : By — B>
definable in R and analytic such that for (x,3) € By x By we have that

Fl(x7y) =0

Fo(z,y) =0
if and only if y = (¢1(x), ..., gn(x)). Write g = (g1, ..., gn)-

Claim 2.4.13. There is an elementary extension R of R such that R contains

the germs ¢1,. .., Gman (restricted to real t).

Proof of Claim. Consider the structure R,, and the germs of all the functions
in R,, on the interval (0,¢). By o-minimality these form a Hardy field of R,,,
which is a model of the theory of R,, denoted H. This is in fact an elementary
extension of R,,,.

Now consider H with just its field structure denoted R. This is an elementary

extension of R, containing the germs ¢, ..., dmin, as required. O

Consider I'(g) as an m-cell. Therefore by the above lemma I'(g) has algebraic
dimension m. Let ®(x,y) be such that I'(g) = {x € R™™ : R = ®(x,b)}. Let
c € R be such that R = ®(c¢,b). Then by definition,
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tr.deggR(cy, ..., Cham) < m

and therefore

tr.degcC(cy, . . ., Cpam) < M.
The germs ¢y, ..., ¢min are such that the restriction of (¢y, ..., dmin) to U
lies in the graph of ¢ and so

tr'degCC(¢la T 7¢m+n) <m

as required.



Chapter 3

Nondefinability for the
Weierstrass p-function: The real

lattice case

In this chapter we state and prove the first main result of this thesis, which is
Theorem 1.0.4 for the case when the associated complex lattice €2 is a real lattice.
Firstly we give a precise statement of the theorem that shall be proved in this
chapter. A preliminary version of this theorem can be seen in a preprint of my

own on arxiv, namely [28].

Theorem 3.0.1. Let € be a real lattice and let o = pq be its p-function. Let I
be a bounded real open interval such that I N = 0. Then there is a non-empty
disc D C C such that the restriction |p is definable in the structure (R, p|;) if

and only if the lattice € has complex multiplication.

From Remark 2.1.6 we know that the real lattices are either rectangular or
rhombic. The proof of this theorem is similar for each of these cases but both are
given here. As noted in the introduction to this thesis one direction of this result

is an extension of Macintyre’s lemma, (Lemma 1.0.3).

34
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3.1 Proof of Theorem 3.0.1

3.1.1 Macintyre’s lemma for real lattices with complex

multiplication

The first half of the proof of Theorem 3.0.1 is an extension of Macintyre’s lemma to
the case of all real lattices with complex multiplication. The proof of this lemma
follows that of Macintyre for the case where the lattice €) is Z + iZ. Recall that
a lattice Q has complex multiplication if there is a non-integer complex number
« such that a2 C Q.

Lemma 3.1.1. Let Q be a real lattice with complex multiplication and let o = pq
be its p-function. Let I be a bounded real open interval that does not contain
a lattice point and whose endpoints are not lattice points. Then the restriction
of © to any complex disc that does not contain a lattice point is definable in the

structure (R, p|7).

Proof. As Q has complex multiplication there is a non-integer complex number
a such that af) C Q. Firstly we show that the function |, is definable in the
structure (R, p|;). Let z € C and define f(z) = p(az). Then for any w € €,

[z +w) = plaz +aw) = p(az) = f(2)

as af) C Q. Therefore f is a meromorphic function that is periodic with respect
to the lattice €2 and so f is an elliptic function with respect to 2. By Theorem
2.1.15 the function f may be written as a rational function R in p(z) and ¢'(2).
Similarly the function ¢g(z) = ¢'(az) may be written as a rational function S in
©(2) and @'(z). Therefore the functions p and ¢ restricted to al are definable
in the structure (R, p|).

Now consider some disc D contained in I X ol that does not contain a lattice
point. For z € D it is clear that we may write 2 = x + ay for x,y € I. We can
assume that x — ay ¢ Q. Then by the addition formula for p, namely (2.4), we
have that

p(2) = p(r +ay) = }1

As every function in this expression is definable in the structure (R, p|;) the
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function @(z) is definable in this structure for all z € D. Hence the function p|p
is definable in the structure (R, p|;). Using the addition and duplication formulae
gives us that @ restricted to any disc in C that does not contain a lattice point is
definable in (R, p|;) as required.

O

3.1.2 The converse of Theorem 3.0.1

Let © be a complex lattice which does not have complex multiplication and let
O = pq be its p-function. Recall that the interval I is a bounded real open
interval that does not contain a lattice point and whose endpoints are not lat-
tice points. As the structure (R, p|;) is o-minimal the derivative g'|; is definable
in this structure and so the structures (R, p|;) and (R, g|;, ¢'|;) are equivalent
in the sense of having the same definable sets. From the formula for the sec-
ond derivative of p, (2.3), and the differential equation for @, (2.2), it is clear
that the nth derivative of p may be written as a polynomial in p and ¢’ for
all n > 2. Therefore the set {p|r, ¢'|;} is closed under differentiation and so
by Gabrielov’s theorem the structure (R, p|r, ¢|;) is model complete. Bianconi
has model completeness results for o in [4] but they do not appear to be ap-
plicable here. Recall from Section 2.4.1 the semialgebraic function B : R — [.
The structures (R, p|7, ¢'|;) and (R, p o B, ¢’ o B, B, B;) are also equivalent in
the sense of having the same definable sets and so it suffices to prove Theorem
3.0.1 in the structure (R, p o B, ¢’ o B, B, B;). They also have the same existen-
tially and universally definable sets. Let X be a universally definable subset in
(R, poB, ¢ 0B, B, By), then it is also universally definable in (R, p|;, ¢'|;) and by
model completeness it is an existentially definable subset in (R, p|;, ¢'|;), which
is an existentially definable subset in (R, po B, ¢'o B, B, B;). Therefore the struc-
ture (R, p o B, ¢’ o B, B, By) is also model complete. It also has a ring of terms
that is closed under differentiation. This follows from the fact that {p|;, ¢'|;}
is closed under differentiation and the definitions of B’ and B;. From the back-
ground chapter we know that the real lattices may be separated into two types,
the rectangular and rhombic lattices. The proof here is given for both the rect-
angular and rhombic lattices. The main difference between the two proofs is the
choice of the interval I, which is given explicitly, beginning with the rectangular
lattice case.

For the rectangular case, Section 19 of [38] gives that it is possible to choose
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generators wy and wy for the lattice €2 so that w; is real and wy is purely imaginary.
The interval I is chosen so that 7/ does not contain any lattice points. There are
two sub cases to consider namely |wi| < |wa| and |we| < |wi]. In the first of
these sub cases the interval is I = (w;/8,3w;/8) and in the second the interval
is (wo/8i,3w,/8i). For each of these intervals the appropriate functions A and
B = A7! may be defined and we assume that we are in the first of these sub
cases.

Now we assume for a contradiction that there is a non-empty disc D such
that the restriction gp|p is definable in the structure (R, p o B, o' o B, B, By). By
translating and scaling we may suppose that D contains the interval ¢/, which
does not contain any lattice points. Let f; : I — R be defined as f;(t) = p(it), a
real valued function. This is a definable function in the structure (R, p o B, g’ o
B, B, By) and now we apply Theorem 2.4.3 to the function f; in order to give an
implicit definition. Therefore for some integer n > 1 and some subinterval I’ C [
there are polynomials Py, ..., P* € Rlyi, ..., Ysnts5] certain functions fo, ..., fp :
I’ — R such that for all t € I,

Fi(t, f1(t),..., fa(t)) =0

F.(t, f1(t),..., fa(t)) =0

and
OF;
T i=1,...,n
7j=2,...,n+1
where for : = 1,...,n we have that

E(ta fl(t>a ey fn(t)) = R*(

“PF
=
—~
~
SN—
;ﬁ

Fi(#), -5 p(B(fult))),
' (BUAD)), - 9 (B(fal1))),

As p and @' are algebraically dependent and B and B; are algebraic func-

tions we have that the functions Fi, ..., F,, may be written as algebraic functions
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int, f1(t),..., fo(t) and (B(t)), o(B(f1(t))),...,o(B(fu(t))). In defining these
algebraic functions square roots are introduced from the differential equation for

o and the definition of B, which may affect the analyticity of these algebraic
functions. For example we wish to avoid points where ¢’ vanishes, in other words
where B(t), B(fi(t)),..., B(fn(t)) are zeros of p'. However as the image of B
is in I then by shrinking and shifting the interval [ if necessary we may avoid
these zeros. These algebraic functions are denoted Py, ..., P, and their domain
is a small open set in R?"*2 which, perhaps after first shrinking the interval I’,

contains the set

{[t, f1(8), - ful®), 9(B(1)), p(B(f1(2))), ... o(B(fu(t)))] : € I'}

and Pi,..., P, are analytic on this domain. Therefore for i = 1,...,n we have
that

Fi(xy,...,xp41) = Pi(x1, .. g1, o(B(21))s - - -, 9(B(Tna1)))

and in particular for all t € I,

Fi(t7f1(t)> sy fn(t)) = Pi[ta fl(t)’ SR fn(t)a
P(B(t)), p(B(f1(1))), - -, p(B(fa(t)))] = 0

for algebraic functions Py, ..., P,. Now we take n to be minimal such that there
is some interval I’ and algebraic functions Py,..., P, in 2(n + 1) variables and
Fi(xy,...,2n01) = Pi(x1, ..., Tpy1, (B(21)), .. ., p(B(2,41))) and there are also
functions fo, ..., f, whose domains are I’ such that F;(¢, fi(t),..., f.(t)) = 0 and
det(0F;/0x;)(t, f1(t), ..., fu(t)) # O for all t € I’ and Py,..., P, are analytic on
their respective domains. Note that the subinterval I’ and the functions f, ..., f,
as well as the algebraic functions Py, ..., P, may not be the same as those given

here. Fort=1,...,nand j=2,...,n+1,

OF, P, op;
0;1;j (3317 ,xn+1) ayj (y) + ($J)@ ( (iﬂj)) ayj+n+1

(@) (3.1)

where
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y=(z1,..., Tns1, p(B(x1)),..., 0(B(xpni1)))-

The functions B o fy,..., B o f, are restricted real analytic functions defined
on the real interval I’ and can therefore be continued to analytic functions on a
disc D' C C centred at 5 in I’. In order to obtain a lower bound on transcendence
degree we apply Theorem 2.3.7. Firstly we prove a linear independence claim so

that this theorem may be applied.

Claim 3.1.2. Let fo(t) =t. The functions Bo fy— B(B),...,Bo f, — B(f.(8))

are linearly independent over Q on the disc D'.

Proof of Claim. It suffices to prove this claim for the restriction of these functions
to the interval I’. Suppose that Bo fo — B(f),...,Bo f, — B(f.(f)) are linearly
dependent over Q. Then we have that for all ¢t € I’

ao(B(t) — B(B)) + ar(B(fi(t)) — B(f1(8))) + -+ + an(B(fa(t)) — B(fa(B))) = 0

(3.2)
for ag,...,a, € Q not all zero. Now suppose that for some rational a we have
that for all t € I,

a(B(t) — B(B)) = B(f1(t)) — B(f1(B))-
Then as fi(t) = p(iB(t)) and B is an algebraic function we have that g is

definable in R, a contradiction.

Therefore a; # 0 for some ¢ = 2,...,n. We take this to be a, and upon
dividing both sides of (3.2) by a,, and rewriting the rationals aq, . .., a, 1 we may

write,

B(fa(t)) =B(fn(8)) + ao(B(t) — B(B)) + ar(B(/1(t)) — B(f1(5)))
+ - an—l(B(fn—l(t)) - B(fn—l(ﬁ)))

for rationals ay, ..., a,_1 not all zero and so
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fn(t) = AB(fa(B)) + ao(B(t) = B(B)) + a1(B(f1(t)) — B(f1(5)))
+o a1 (B(faa () = B(faa(9))]-

Define the functions A, B : R* — R as

and

B(ty, ... tn) = B(fu(B)) + ao(ty = B(B)) + - + an-1(tn = B(fn-1(8))). (34)

So that

A(B(t), B(fi(t)), ... B(fa-1(t))) = fu(t)
and

B(B(t), B(f1(t)),- .. B(fa-1(t))) = B(fa(t)
for all t € I'. Recall from Remark 2.1.13 that o(/Nz) may be written as a rational
function in p(z) and @'(z) where N is an integer. By rearranging this formula
©(z/N) can be written in terms of p(z) and ¢'(z). This rearrangement introduces
square roots and therefore p(z/N) is an algebraic function in p(z) and ¢/(z). By
shifting and shrinking the interval I’ if necessary the domain of this algebraic
function may be chosen so that it is analytic. Once again by introducing roots
and altering the domain if necessary o(Nz) and p(z/N) may both be written
as algebraic functions in @(z). Let V be the algebraic function in the variables

v1,..., U, such that,

V(9(B(21), -, 9(B(2a))) = 9(B(B(21), .., B(z)))- (3-5)

Differentiating (3.5) with respect to z; for j = 2,...,n and evaluating at
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(t, f1(t),..., fu_1(t)) and using the expression (3.4) gives that

B'(fj—l(t))@’(B(fj—l(t)))g—v(?7(25)) = a; 1 B'(f;1(0)¢'(B(fa(1)).  (3.6)

Uj

where
0 =10(t) = [p(B(1)), p(B(f1(1)), - - -, 9(B(fa-1(1)))]

for all ¢ € I’. Now for i = 1,...,n define

Qi(wy, ..., wey) = Py(wy, ... ,wn,fl(B(wl), .., B(wy)),

Wpi1y-- -5 Won, V(wnH, ce ,/UJQ”))

and also define

Gi(ut, ... up) = Qi(ur, ..., un, p(B(ur)), ..., 0(B(uy)))

for all i = 1,...,n. Therefore for all ¢t € I’ we have that,

Gi(t, fi(t),..., fa_1(t)) =0

for all i = 1,...,n. Therefore we have a system of algebraic functions @1, ...,Q,
in fewer variables. These algebraic functions have a domain which is an open set

in R?" that contains the set

{[t, f1(2), - fumr(8), 0(B(1)), (B(f1(1))), - - - - 9(B(fu-1(1)))] : t € I'}.

If one of the (n — 1) x (n — 1) minors of the matrix

<g§;)il 77777 NG AORNAG)

is non-zero for some t € I’ then we have a contradiction to the minimality of n.
Hence we assume all these minors are zero. For i =1,...,nand j =2,...,n we
have that
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= B'(u;)¢' (B(u,; )
Now differentiating (); with respect to w; for j = 2,...,n gives,
0Q; 0p
. = 5yt B ABULB) + ao(Bu) — B(3)+
OP;
A (Blu) — Bl (B)]
Yn+1
Also differentiating @); with respect to wj, for j = 2,...,n gives,

0Q; 0P, oF;, oV

OWjin B Wjrnt1  OYany2 3_11]

Here the partial derivatives of (); are evaluated at

(Ugy .y Un, p(Buy)), ..., 0(B(uy)))

and the partial derivatives of P; are evaluated at

[y, Uy, A(B(ul), .o, B(uy)),
p(B(u1)), ..., p(B(un)), V(p(B(u1)), - - ., p(B(un)))].

Putting this all together and using (3.6) as well as (3.1) we can see that upon
evaluating at (¢, f1(t), ..., fn_1(t)) we have for all j =2,... n that
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8G1 . aR / / aR
G = gy, 6B UL OABU0) 5~

OP, opr, 0V
+ B'(fj—1(8)9"(B(fi-1(1))) <3yj+n+1 " OYan+2 8_UJ>
oF;

/ / OF
= +a; 1 B'(fj-1(t)A (B(f”(t)))ayn

+a; 1 B'(f;-1(1)9 (B(fa(1))) 352]:12
OF,

i ! ! or
= (9_:CJ + (ijlB (fj*1<t>)A (B(fn(t))) <8yn+1

+ B'(fu(1)§'(B(fa(t)))

OP;
OYant2 ) ’

where the partial derivatives of F; are evaluated at (t, fi(t),..., fu(t)) for all
t € I'. Hence we have that

0G; OF,
an N 81ﬁ

oF;
ox,,

+a;1B'(f-1()) A'(B(f(1)))

As all the (n — 1) x (n — 1) minors of the matrix

(gchj)i—l 7777 NG TORNNAG)

j=2n
are zero for all ¢t € I’ we have that the determinant

o0F
axn-kl

F (t’fl(t)""afn(t)) =0,

where F' is the matrix

OF;

aE / /
F= (8_:% +aj1B'(z;)A ($n+1)a—%) F

Fix some ¢ € I’ and consider the matrix

o0
O0Tn41

F (tvfl(t)""7fn(t))‘

OFy,
OTn41
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This can be obtained from the matrix

(ZF) o BAD )

=2, m+1
using the column operations ¢, — cx+arB'(fi(t)) A (B(fu(t)))cnfork =1,... ,n—

1. These column operations do not change the value of the determinant and so

OF; B
det <al'j> i=1,m (T, f1(t), ..., fa(t)) = 0.
Jj=2,..,n+1

As t was arbitrary we have that for all ¢t € I,

OF; -
den(G) L A l) =0,
Jj=2,...,n+1

a contradiction.

]

Observe that the addition of it — if to the list B(t) — B(8),...,B(f.) —
B(f.(5)) does not destroy the linear independence. If it did then we may write

i(t — B) =ao(B(t) — B(8)) + a1(B(f1(t)) — B(f1(B)))
+ -+ an(B(fa(t)) — B(fa(8)))

for rational ag,...,a, not all zero. For any t € I’ the left hand side of this
is purely imaginary and the right hand side is real, a contradiction. Applying
Theorem 2.3.7 to the list of functions it, B, Bo fi,..., B o f, gives that

tr.deg:Clit, B(t),Bo fi...,Bo f,,
p(it), p(B(t)), p(B(f1)), -, o(B(fn))] = n+ 3.

Now we find a contradictory upper bound on this transcendence degree.
Firstly we show that for all ¢ € I’ the matrix

(3) i OO
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where

g - g(t) = [t, fl(t)v s 7fn(t>7 p(B(t))a p(B<f1(t)))7 t p<B(fn(t)))]

has maximal rank n. This is done by a similar argument to that of Claim 4 in
the proof of Theorem 4 in [6]. Recall that for i =1,...,n

E(t7 fl(t)a R fn(t)) = Pi[t’fl(t)7 R fn(t)v
p(B(1), o(B(f1(1))), - - -, p(B(fa(1)))]-

Let 2 = z(t) = (t, fi(t),..., fu(t)). Therefore from the expression (3.1) we

have that the matrix
oF; .
(axj) i=1,.m (7)

is given by multiplying the matrix

0P, .
<3yj) i=l..n )
i

2,...2n+2

by a (2n + 1) x n matrix M where,

0 B(A®)(BA®D)) .. 0 '
IV | | |

0 0 o B'(fa()@'(B(fa(t)))

By the nonsingularity of the system Fi, ..., F}, it is clear that the rows of

OF; .
(3@)@:1 ..... n (7)

are linearly independent over R and so the rows of

op; _
<6y]) i=1,...n (y)




46  CHAPTER 3. NONDEFINABILITY FOR o WITH A REAL LATTICE

are also linearly independent over R for all t € I’. Therefore for all ¢ € I’ the

matrix

(gf) o OO

has maximal rank n. The upper bound on transcendence degree comes from the
number of variables minus the number of equations, giving a bound of n+2, which
is smaller than our lower bound thus providing a contradiction. By applying
Lemma 2.4.12 we have upon restricting the functions fy, f1,..., fu, ©(B(fo)),

o(B(f1)),...,9(B(f,)) to some subinterval I"” C " if necessary the following

upper bound on transcendence degree. Namely,

tr-deg({:(c[ta fl(t)’ te 7fn<t>7 p(B(t)), p(B<f1>>7 te p<B(fn))] <n+2.

As fi(t) = p(it) and B(t),t as well as B(f;(t)), fi(t) are algebraically depen-

dent for i = 1,...,n we have that

tr.degCl[it, B(t),Bo fi,...,Bo f,,
p(it), p(B(t)), p(B(f1)), - -, 9(B(fn))] <n+2.

So we have found upper and lower bounds on the transcendence degree of
some finitely generated extension of C that are incompatible. Hence we have a
contradiction as required and the theorem is proved in the rectangular lattice
case.

For the rhombic lattice case one may choose generators w; and wsy of the lattice
) so that w; = wy. Then ws = wy; + wo and wy ‘= wy — wy are real and purely
imaginary respectively. Again there are two sub-cases to consider, namely when
lws| < |ws| and |wy| < |ws|. The corresponding intervals are (ws3/8,3ws/8) and
(w4 /81, 3w, /8i) respectively. We give the proof for the first of these sub cases and
pass to the corresponding auxiliary structure.

For a contradiction assume that the lattice €2 does not have complex multipli-
cation and that there is a non-empty disc D such that the function p|p is definable

in (R,poB,g oB,B,B;). As in the rectangular case we may assume that the
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function f,(t) = p(it) is definable in the structure (R, po B, ¢'o B, B, By) and by
once again applying Theorem 2.4.3 we have that p(it) is defined by a nonsingular

system of equations

Fi(t, fi(t), ... fa(t)) = Bilt, fit), ..., fult),
p(B(0)), o(B(1(1)); - -, o(B(fa(t)))]

for i = 1,...,n where for all ¢ € I’ where I’ is a bounded real open interval we
have that F(t, fi(t),..., fu(t)) = 0 and the functions P; are algebraic functions
whose domain is an open subset of R?*"*2 which, after perhaps shrinking the

interval I’, contains the set

{[t, /1), ful), 9(B(1)), o(B(f1(2))), - - -, o(B(ful®))] : T € I'}

and which are analytic on this domain. After reproving the corresponding linear
independence claim, which is simply a reproduction of the same argument in the

rectangular case, we may apply Theorem 2.3.7 to get that

tr.degC[it, B(t),Bo fi...,Bo f,,
(it), p(B(#)), (B(f1)); - 9(B(fa))] 2 n + 3.

By a repetition of the earlier discussion in the rectangular lattice case we know
that the matrix

has maximal rank n. Therefore

tr.degcClt, f1,. ., fu, (B(1)), -, 9(B(f1)), - -, p(B(fa))] <1+ 2

and once again by algebraic dependence we have that



48  CHAPTER 3. NONDEFINABILITY FOR o WITH A REAL LATTICE

tr.degCl[it, B(t),Bo fi,...,Bo f,,
p(it), p(B(t)), p(B(f1)), - - - p(B(fn))] <n+2.

These are incompatible upper and lower bounds on the transcendence degree
of some finitely generated extension of C. Therefore we have a contradiction and
so we have proven the theorem in the rhombic lattice case. As these are all of

the cases of real lattices the proof is complete.

Remark 3.1.3. The restriction of the p-function to a disc not containing any
points in its associated lattice is essentially a convenience. There is no obstruction
to definability when the disc contains lattice points, beyond the @-function itself
not being defined at such points. Let D C C be a disc containing a single lattice
point w € Q and consider the function f(z) = (z — w)?*p(2). If Q has complex
multiplication then as (z — w)? is definable it is clear by a repetition of the proof
of Lemma 3.1.1 that f|p is definable in (R, p|;). Now we suppose that €2 does not
have complex multiplication and assume for a contradiction that f|p is definable
in (R, p|;). Then f|p is definable in (R, p|;) for some disc D’ C D that does not
contain w. Therefore p|p is definable in (R, p|;), a contradiction to Theorem
3.0.1. Therefore the statement of Theorem 3.0.1 may be extended to all complex

discs.



Chapter 4

Nondefinability for the
Weierstrass @-function: The

general lattice case

In the previous chapter the assumption that (2 is a real lattice gives that the
restriction of the function pq to a bounded real interval that does not intersect {2
is a real valued function. However the proof of Macintyre’s lemma in the previous
chapter has no dependence on the lattice {2 being real, it merely requires the
assumption that the lattice has complex multiplication. Therefore it is natural
to remove this assumption and consider a restriction of the real and imaginary
parts of gq.

There are complex lattices that are non-real but are isogenous to a real lattice
and later in this chapter an example of such a lattice is given. Recall that two
lattices €2 and ' are isogenous if there is some non-zero complex number « such
that a2 C Q. From the definition of p it can be seen that a?p.a(z) = pa(z/a)
and so if some restriction of pq is definable in some expansion of R then the
same restriction of p,q is also definable in this expansion using the parameter a.
Therefore if a lattice € is isogenous to a real lattice then we can obtain a version
of the converse direction of Theorem 3.0.1 by applying the theorem for the -
function associated to this real lattice. In this chapter we prove the following
theorem. In this chapter we denote the real and imaginary parts of p by R(p)

and (p) respectively.

Theorem 4.0.1. Let ) be a complex lattice and let I be a bounded real open

interval that does not intersect € and whose endpoints are not in ). Then there

49
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is a non-empty disc D C C such that p|p is definable in (R, R(p)|1, S(p)|1) if

and only if the lattice Q2 has complex multiplication.

In the case where the lattice 2 is isogenous to a real lattice then this has been
shown in Theorem 3.0.1. In this chapter we give the proof of this theorem in
the case when the lattice 2 is not isogenous to a real lattice. One direction of
this theorem will involve extending the result of Macintyre from the real lattice
case to all complex lattices that have complex multiplication. As noted above the
proof of this result only relies on 2 having complex multiplication and does not
depend on the lattice €2 being real. Therefore the proof of this direction is very
similar to the proof of the corresponding direction for Theorem 3.0.1, namely
Lemma 3.1.1.

For the converse we would like to once again use the method of Bianconi. As
before we can show that a non-trivial restriction of g to a line segment within the
disc D can be defined implicitly by a system of equations that is non-singular.
Then we look to find contradictory upper and lower bounds on the transcendence
degree of some finitely generated extension of C. However there is a problem in
using this method here, which was outlined in the introduction. Here we give a
more detailed explanation of this problem. The presence of an extra function in
the structure (R, R(p)|7, S(p)|;) leads to an extra n+ 1 variables in the system of
equations. This gives an upper bound of 2n + 3 whilst the lower bound remains
n + 3. These bounds are not contradictory and so this more literal minded
application of Bianconi’s method fails. Therefore in order to obtain the desired
contradiction as in the previous chapter, the upper bound must be lowered or the
lower bound raised. However it turns out that after making a minor alteration
the method of Bianconi can in fact be used here. This involves using a stronger
version of the theorem of Brownawell and Kubota, which involves multiple -
functions, in order to raise the lower bound. Recall from the background chapter
that this theorem requires a certain independence condition on the period ratios
of the p-functions pq,, ..., pq, . The period ratios of €2y, ..., €, are denoted by
Ti, ..., Tm respectively. The independence condition is that for all ¢,7 =1,...,m
with ¢ # j there do not exist integers a, b, ¢, d with ad — bc # 0 such that

_CLTZ'—i‘b
_CTi+d‘

Tj

Now we wish to find another p-function that arises naturally from our system

of equations and show that its lattice is independent from €2 in the above sense.
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The function pg(Z) is an elliptic function with respect to the lattice Q with period

ratio 7 and from the usual identities we know that,

_ 1 _

(p(2) +90(2))  and  S(p(2)) = - (p(2) — p(2)).

We write ¢(z) = 9a(z) = pa(z) = pa(z). It follows from the identities that
an algebraic function in R(p) and I(p) can be rewritten as an algebraic function
in p and p. Now we prove a well-known lemma which relates this independence

condition and the isogeny of lattices.

Lemma 4.0.2. Let Q and Q' be complex lattices with oriented bases {wy,ws} and
{wl,wh} and period ratios T and 7. Then  and ' are isogenous if and only if

there are integers a,b, c,d with ad — bc > 0 such that

, ar+b

g A

Proof. Suppose that €2 and € are isogenous. Then there is a non-zero complex
number « such that a2 C Q. Therefore there are integers a,b, ¢, d such that

aw] = dwy + cwy and awl, = bw; + awy and so

,  bwi+aws  ar+b

T Cdwy +cwy  er+d

Also,

s (aT + b)(cT +d)
leT 4 d|?
_ac|t|? + adt 4 beT + bd
B ler + d|?

and as $(7') > 0 we have that ad — bc > 0 as required.

For the converse suppose that there are integers a, b, ¢, d with ad —bc > 0 such
that

, ar+b
o4 d

Then
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wi (et + d)

!
Wi

Q' =wi(er + d)Qy
=wi((ct +d)Z + (aT + b)Z)
g WIQT

= Q.

Therefore if the lattice 2 is not isogenous to ©Q we have that there are no
integers a, b, ¢, d with ad — bc # 0 such that 7 = (a7 + b)/(cT + d) and we may
therefore use Theorem 2.3.8 in the proof of Theorem 4.0.1 in this case.

However if Q is isogenous to Q then there are integers a,b,c,d such that
the above relation holds. Therefore if 2 is isogenous to its conjugate and is
not isogenous to a real lattice then one can not apply Theorem 2.3.8 with the
Weierstrass p-functions pq and @q in this case. To show that such lattices exist
we give the following lemma, which is from a private correspondence with Harry
Schimdt and I thank him for his contribution.

Lemma 4.0.3. Let L = {a € C* : Q+a) is a lattice}. Then the following hold,

1. Suppose that Q is of the form Z+1Z. Then o € L if and only if {a, a7} C
Q+ Q.

2. A lattice Q) is isogenous to a real lattice if and only if L NSt is non-empty,

where S' denotes the unit circle.

3. Let 0 € S'NH and let N be a natural number that is non-square. Let
Q be the lattice Q = (1, \/N0> and suppose that ) does not have complex

multiplication. Then § is isogenous to its conjugate but not to a real lattice.

Proof. For the first part of the lemma let a € L. Then Q4 af is a lattice denoted
(Y say. Let {w],wh} be an oriented basis for €. Then we have that
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1 = aw) + bws (4.1)

T = cw) + dwy (4.2)

a = ew) + fwh (4.3)
aT = gw; + hw, (4.4)
for integers a, b, ¢, d, e, f, g, h. Therefore w) = (1 —aw])/b and so substituting this
into (4.2) gives that w] = p + ¢7 for rational p and ¢q. Now substituting this and
the equation for wj into (4.3) and (4.4) gives that a and a7 are in Q + 7Q as
required.

Now suppose that {a,a7} € Q + 7Q. Then we may write & = p + ¢7 and
af = r + st for rationals p, q,7,s. Let w' € Q4 af. Then ' can be written as
a+br + c(p+qr)+ d(r + st) for integers a,b,c,d. Multiplying by a common
denominator for the rationals p, ¢, r, s denoted M say, which depends only on «,
gives Mw' = m + nt € Q for integers m and n. Then M(Q + aQ) C Q and as
MQ C M(Q+ af)) we have that Q + o€ contains and is contained in a lattice,
which are discrete groups of rank 2. Clearly © 4+ af is also a discrete group and
as it contains and is contained in a discrete group of rank 2 it also has rank 2.
Therefore it is a lattice and so « € L as required.

For part 2, suppose § € L N S', so that ' = Q + 6Q is a lattice. We may
write § = /B for some B € C. Then BQ = BQ + BQ is a real lattice and as
Q) C Y the lattice 3€Y is isogenous to 2. Now suppose that €' is a real lattice
that is isogenous to Q. Therefore we have that Q C ' for some f € C*. Let
6 = /B3 and consider Q + 6, which contains the lattice 2. As Q C €' and

is a real lattice we have that

BQ+6Q) =Bo+BOC Y+ CQ.

Then as © + 60 contains and is contained in a lattice it is a discrete subgroup
of rank 2 as discussed in the proof of part 1 and so it is a lattice and therefore
is in L as required.

For the third part of the lemma note that § = 1/. Then (VN/§)Q =
(VN/O)Z 4+ NZ C Q and so Q is isogenous to its conjugate. Now suppose for
a contradiction that 2 is isogenous to a real lattice. By part 2 there is some

¢ € S'N L and by part 1 we have that {¢',6'v/N/0} C Q + v NHQ. Therefore
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there are rationals p, g, r, s such that

0 =p+qVNO

Q\G/N:st/ﬁe

and so

\/—N(p-I-Q\/NH) —r + sV NO.

This can be rearranged to give that
s(VNO)? + (r — qN)(V'NO) — Np = 0.

If s =0 then 0’V N = rf and so as |0] = |¢'| = 1 we have that VN = r, a
contradiction. Therefore v/ NO, the period ratio of the lattice ) is an imaginary
quadratic and so €2 has complex multiplication, a contradiction.

O

Example 4.0.4. Consider the lattice Q = (v/2(1 —4)/2)Z + (1 + i)Z. Then we

can observe that

iQ=i(V20+1)/2)Z+ (1 —i)Z) = (V21 —1)/2)Z+ (1 +)Z = Q

and so Q +iQ = Q and therefore 7 is in the set L associated to this lattice. By
part 2 of Lemma 4.0.3 the lattice (2 is isogenous to a real lattice and so € is an

example of a non-real lattice that is isogenous to a real lattice.

From part 3 of Lemma 4.0.3 we can see that we must therefore split the proof
of the theorem into two cases. Namely when the lattice {2 is isogenous to its
conjugate and when it is not. In the second of these cases we may use Theorem
2.3.8 for the functions p and @ as discussed. For the other case it turns out that
it is possible to use Theorem 2.3.8 for one p-function. This shall be done after
showing that ¢(z) may be written as an algebraic function in p(a™'z) for some
o € C* witnessing the isogeny between © and Q. In order to prove Theorem

4.0.1 in this case we shall also require that a is non-real. This can be shown for
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lattices of the form Z + 7Z. If {wy,wy} is an oriented basis for the lattice ) we
denote this by = (wy,ws).

Lemma 4.0.5. Let Q be a complex lattice of the form Q = (1,7) and suppose
that € is not isogenous to a real lattice. Suppose that there is some o € C* such
that o) C Q. Then « is non-real.

Proof. Assume for a contradiction that « is real. As af) C Q it is clear that
aQ) = aQ C Q. Hence

aA’QCaC

as a sublattice. Therefore as « is real we have that o € Z and so o = 4++/n for
some n € N. We suppose that a = y/n and write 7 = 2 +iy. Then as a2 C Q we
have that v/nT = a+b7 for some integers a and b. Comparing real and imaginary

parts gives that

Vny +by =0
a+br —+/nx =0.

Consider the first of these equations,

y(vn+1b) =0.

As y # 0 we have that \/n = —b and so /n = —b € Z. This is a contradiction
unless n is a square.

Therefore we suppose that n = m? for some integer m and so o = m. We
have that mQ C Q and mQ C Q. As Q is of the form Z + 77 we have that
{m,m7} C Q+ 7Q. As m is an integer {1,7} is in Q + 7Q. Hence 1 € L, by
part 1 of Lemma 4.0.3 and L N S! is non-empty. Therefore by the second part of
Lemma 4.0.3 the lattice €2 is isogenous to a real lattice, a contradiction.

O

However this shall only allow us to give the proof of Theorem 4.0.1 in the
Q ~ € case for lattices of the form = (1,7). In fact the previous lemma is false
for lattices not of this form. For example consider a lattice Q = wZ + VNGZ

where N is a non-square natural number and @/w € H and 2 does not have



26 CHAPTER 4. NONDEFINABILITY FOR ¢: GENERAL LATTICE

complex multiplication. Then by part 3 of Lemma 4.0.3 the lattice 2, is not
isogenous to a real lattice and so €2 is not isogenous to a real lattice. However
VN -Q = V/NWZ + NwZ C Q and so Lemma 4.0.5 is false for a lattice of this

form. For general lattices we overcome this obstruction in the following way.

Lemma 4.0.6. Let ) be a complex lattice that is not isogenous to a real lattice
and suppose that there is some o € R* such that aQ C Q. Then Q is isogenous
to a lattice of the form Z +/NOZ for N € N and 6 € S*.

Proof. Let w; and wy be an oriented basis for the lattice  and let 7 = wq/w;.
By the proof of Lemma 4.0.5 we have that a = y/m for some non-square natural
number m. This part of the proof of Lemma 4.0.5 applies to general lattices.
Observe that

This implies that N = m and 6 = w;/w; and so VNG = aw,y /wy. Therefore

we have that,

QY =7Z+a7CZ+ a7+ o227
W1 W1 W1

and so € is isogenous to {2y as required. m

Observe that Qy = Z + VN0~ Z and so

VNOIQ =VNO'Z + NZ CQ,.

Clearly v NO~! is non-real otherwise €y is not a lattice, a contradiction.
Therefore for lattices  such that aQ C Q for some a € R* it suffices to prove

Theorem 4.0.1 for a lattice of the form €2y. Therefore in this chapter we may



4.1. PROOF OF THEOREM 4.0.1 o7

assume that all lattices are of the form Z + 77 in the proof of the Q ~  case.
Now we give a well known fact on lattices with complex multiplication, deduced

here from Lemma 4.0.3.

Lemma 4.0.7. Let Q) be a complex lattice with complex multiplication. Then )

15 1s0genous to a real lattice.

Proof. We may assume that €2 is of the form Z + 77Z. As € has complex multi-

plication we have that |7|> = ¢ € Q and we also have that
ar®* +br +c=0
for integers a, b, ¢ where a # 0. Therefore
ar|r|> + bl7> + 7 = 0.

We may assume that ¢ # 0 (if not then the lemma follows by a similar argument)
and so

T = —qat +b).

Therefore {1,7} € Q 4+ 7Q and so by part 1 of Lemma 4.0.3 we have that
1 € L. By part 2 of this lemma we have that {2 is isogenous to a real lattice, as

required. O]

Now we give the proof of Theorem 4.0.1, which completes the proof of Theorem
1.0.4. Firstly we shall prove Macintyre’s observation for a lattice with complex

multiplication.

4.1 Proof of Theorem 4.0.1

4.1.1 Macintyre’s Lemma for all lattices with complex

multiplication

Lemma 4.1.1. Let Q) be a complex lattice with complex multiplication and let pg
be its p-function. Let I be a bounded real open interval that does not intersect §2
and whose endpoints are not in . Then the restriction of p to any complex disc

which does not contain any lattice points is definable in (R, R(p)|r, S(p)|r).-
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Proof. As in the previous chapter this proof follows that of Macintyre for the
case where Q = Z + iZ. Clearly the functions p|; and g'|; are definable in the
structure (R, ®(p)|r, S(p)|r). As the lattice  has complex multiplication there
is a non-integer complex number « such that af2 C ). Let z € I and consider
the function f(z) = p(az). From the proof of Lemma 3.1.1 we know that f is
an elliptic function with respect to the lattice 2. Hence f may be written as a

rational function R in p and g’. Therefore we have that

Similarly the function ¢g(z) = ©'(az) may be written as a rational function S

where

Therefore the functions p|.; and ¢'|.; are definable in the structure (R, R(p)|r,
S(p)|r). Now consider a disc D C {x + ay : z,y € I}. For any z € D we may
write z = x + ay for x,y € I and assume that x — ay ¢ Q. Then by the addition

formula for p,

o) = ola-+a) = 5

%\
O
|
«n
hS§
<

4 ), p’(?ﬂ)) — p(z) = R(p(), ¢'(v))-

p(x) — R(p(y), ¢/ (y))

As every function in this expression is definable in the structure (R, R(p)|;,
S(p)|r) for all z € D, the restriction of p to the disc D is definable in the struc-
ture (R, R(p)|7, S(p)|;) as required. By applying the addition and duplication
formulae for g the definability of the restriction of © to any disc that does not

intersect 2 also follows. O]

4.1.2 The converse of Theorem 4.0.1

Now we assume that the lattice 2 does not have complex multiplication. As
described at the beginning of this chapter this proof is split into two cases, namely
the case where  is isogenous to Q, denoted by  ~ Q and when it is not, denoted
by € = . Before giving the proof in each case we explain which structure the
proof is completed in and why this structure may be used. The reasoning is

similar to that seen in the previous chapter.
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Suppose that some restriction of o to a disc D in C is definable in the struc-
ture (R, R(p)|7, S(p)|r). By the differential equation for @ and the formula for
its second derivative it is clear that for n > 2 the real and imaginary parts of
the nth derivative of o can be written as a polynomial in the real and imag-
inary parts of p and . Therefore the set {R(p)|r, S(p)|r, R()|r, S(¢)|;} is
closed under differentiation and so by Gabrielov’s theorem, Theorem 2.4.7 the
structure (R, R(p)|r, S(p)|r, R, S(¢)|7) is model complete. It also has a
ring of terms that is closed under differentiation. Consider the auxiliary struc-
ture (R, R(p o B),S(po B),R(¢' o B),3(¢' o B), B, By) where B : R — [ is the
corresponding semialgebraic function as defined in Section 2.4.1. The structures
(R, R(0)[1, S(0) |1, R()1r S(0)]1) and (R, R(p o B), I(p o B),R(p' 0 B),I(¢'
B), B, By) are equivalent in the sense of having the same definable sets and so the
structure (R, R(p o B),3(p o B),R(¢' o B), (¢ o B), B, By) is model complete
by a similar argument to that seen in the previous chapter and also has a ring
of terms that is closed under differentiation. Now we can pass to this auxiliary
structure and give the proof of Theorem 4.0.1 in each of the aforementioned cases.
As we are concerned with general lattices there is no need to specify lattice shape
here. As a result we do not give an explicit open interval I, we merely assume

that the intersection I N ) is empty.

The Q = Q case

Assume for a contradiction that there is a disc D C C such that p|p is definable
in the structure (R, R(p o B), I(p o B),R(¢' o B),3(¢’' o B), B, B;). By shifting
the disc D we may assume that it contains ¢/ and so the functions fi, fo : I — R
given by fi(t) = R(p(it)) and fo(t) = I(p(it)) are definable in the structure
(R,R(p o B),S(p o B),R(¢' o B),S(¢ o B),B,B;). We now apply Theorem
2.4.3 to both the functions f; and f5 in order to give an implicit definition.
This gives non-singular systems for f; and fo in turn. As applying Theorem
2.4.3 splits I in to finitely many intervals there is some open subinterval of [
on which a non-singular system for both f; and f, may be given. These are
then combined into a single non-singular system. The non-singularity is clearly
preserved as we can consider a 2 x 2 block matrix whose top left and bottom
right blocks are the matrices of partial derivatives for these systems and whose
remaining blocks are zero. Therefore for some integer n > 1 and some subinterval

I' C I there are polynomials R}, ..., R: € Rlyi,...,Yms7| and certain functions
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fay..oy fn: I' = R such that for all t € I,
Fl(t7f1(t)7‘ . 7f’n(t)) =0

Fo(t, f1(t),..., fa(t)) =0

and
oF;
det <a > (tvfl(t)7 an(t)) #07
Ij i=1,...,n
7j=2,...,n+1
where for ¢ = 1,...,n we have that

Ei(t, 1@), - fa(1) = Bi (8 [i(@), - fa2),
R(p(B(1))), R(p(B(/1()))), - - -, R(p(B(fu(1)))),
S(p(B(1))), S(p(B(f1()))), - - - S(p(B(fu(1)))),
R(p'(B(1))), R(¢'(B(f1(1)))), - -, R(p'(B(fa(1)))),
S(e'(B(1))), S(¢'(B(f1(1)))), - -, S(¢'(B(fa(1)))),
B(t), B(f1(1)), -, B(fa(t)),
Bi(t), Bi(f1(1)), -, Bi(fa(1)))

As p and ¢’ are algebraically dependent and B and B are algebraic functions
we have that the functions Fi,..., F, can be written as algebraic functions in
E L), Falt), ROO(BW)), R((B(AE))), ..., R(p(B(fa(1)))) and
S(p(B(t))), S(p(B(f1(1))), -, S(p(B(fa(t)))). These algebraic functions are
denoted Ry, ..., R, and their domain is a small open set in R***3 which, perhaps

after shrinking the interval I’, contains the set

{[7(®), R(p(B(f (1)), S(p(B(f))] : t € I'},

where f(t) = (¢, fi(t),..., fu(t)) and these algebraic functions are analytic on

this domain. By using the identities for the real and imaginary parts of o these

algebraic functions can be rearranged to give a system of algebraic functions in

t (), falt), p(B(E)), (B(f1(1))), - - - o(B(fu(t))) and G(B(t)), 9(B(f1(1))),
- 9(B(fa(t)))-

Therefore we have that there is some integer n > 1 and some subinterval



4.1. PROOF OF THEOREM 4.0.1 61

I' C I, and algebraic functions P, ..., P,, certain functions fs,...,f, : I' = R
such that for all t € I,

and
OF;
e (5) g (O B0 20
where for:=1,...,n
E(tv fl(t)v s 7fn(t)) = Pz[t> fl(t)a ey fn(t)a
P(B(1)), p(B(f1(t))), - - -, p(B(fa(1))),
O(B(1), o(B(f1(1))), .-, 6(B(fa(t)))] =0
The domain of the algebraic functions Pi,..., P, is a small open subset of

C3n*3 which, perhaps after shrinking the interval I’, contains the set

{[f@®), 0(B(f(1), o(B(f ()] : t € I'}

and these algebraic functions are analytic on this domain. Now take n to be mini-
mal such that there is some interval I’ and algebraic functions P, ..., P, in 3n+3
variables and Fj(xq,...,2n41) = Pi(x1, ..., Tpy1, p(B(21)), - . -, p(B(2n41)),

o(B(x1)),...,0(B(xy1))) and there are also functions fs, ..., f, whose domains
are I' such that F;(t, f1(t), ..., fu(t)) = 0 and det(OF;/0x;)(t, f1(), ..., fu(t)) # 0
forallt € I"and Py, ..., P, are analytic on their respective domains. Observe that
the subinterval I’, the functions fs, ..., f, and the algebraic functions P, ..., P,

may not be the same as those given above. For i =1,...,nand j =2,...,n+1
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oF; OR; / / OR; _
o 0) = Gut) + B R (Bla) g () (4.5
(a8 (B(w,))) 5 (i
= 5 0) + B (B) 5 () + B ()i (Ble) 3o — (o),
(4.6)
where
T = (Il, PN ,$n+1)
and
0= 1, RO(B()), . Ro(Brs),
S((B), . S(o(Blrin))]
and

g= (@1, a1, 9(B(21)), o 9(B(n11)), 9(B(21)), -+, 9(B(n11)))-

The functions B o f,..., B o f, are real analytic functions and can therefore
be continued to analytic functions defined on a disc D centred at 8 € I’. The rest
of the proof consists of finding upper and lower bounds on transcendence degree.
Firstly we obtain a lower bound using Theorem 2.3.8. From the discussion at
the beginning of this chapter we know that the condition on the period ratios
7 and 7T is satisfied. Therefore in order to use Theorem 2.3.8 we must show

that Bo fy — B(f),...,Bo f, — B(f.(B)) are linearly independent over Q where
fot) =t.

Claim 4.1.2. We have that B o fo — B(f),...,B o f, — B(fn(8)) are linearly

independent over Q.

Proof. 1t suffices to prove this claim for the restrictions of these functions to
the interval I’. Suppose that B o fo — B(f),...,B o f, — B(f.()) are linearly

dependent. Therefore there are rational ag, ..., a, not all zero such that for all
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tel

ao(B(t) = B(B)) + ar(B(f1) = B(f1(8))) + - + an(B(fu(1)) = B(fn(B))) = 0.

By the same reasoning as in the proof of the corresponding linear independence
claim in the previous chapter it is clear for some i = 2,...,n that a; # 0. Upon

taking this to be a,, and relabelling we may write,

B(fa(t)) = B(fa(B)) + ao(B(t) = B(B)) + -+ - + an-1(B(fn-1(t)) — B(fn-1(5)))

and so

fn(t) = A[B(fn(B)) + ao(B(t) = B(B)) + -+ + an-1(B(fa1(t)) = B(fa-1(8)))],

where the rationals ag, ..., a,_1 are not all zero. Define fl, B:R" - R as

A(ty, - tn) = A[B(fa(B)) + a0ty = B(B)) + -+ - + an—1(tn — B(f1(5)))]

and
Blty,...,tn) = B(fa(B)) + ao(ty = B(B)) + -+ + an-1(tn — B(fa-1(B))).
Then
AB(t), B(fi(t)), - - B(fa-1(t))) = fu(t) (4.7)
and
B(B(t), B(fi(t)), ..., B(fa-1(1))) = B(fa(1)). (4.8)

Let V, and V, be algebraic functions such that

Vi(p(B(21)), .., p(B(z)) = p(B(B(=21), ..., B(2.))) (4.9)
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and

Va(§(B(21)), .-, 9(B(z0))) = G(B(B(=1), ..., B(20))). (4.10)

As in the previous chapter the existence of these algebraic functions comes from
Remark 2.1.13. Differentiating (4.9) and (4.10) with respect to z; for j =2,...,n
and evaluating at (z1,...,2,) = (¢, fi(t),..., fn_1(t)) and using the expressions
(4.7) and (4.8) gives that

B’(fj—l(t))@’(B(fj—l(t)))%(@l(t)) = a;1B'(f;-1(1) (B(fu(t)))  (4.11)
and
/ ~/ 8))2 ~ / ~/
B'(fi-1(1)9 (B(fj—l(t)))a—vj(vz(t)) = a;—1B'(fi-1(1)9' (B(f(t))  (4.12)
where
01(t) = [p(B(1)), p(B(f1(t))), -, o(B(fa-1(1)))]
and
Uo(t) = [p(B(1)), 9(B(f1(t))), - 9(B(fu-1(1)))].
Now for : =1,...,n define
Qi(s1,---,83n) = Pi(s1,...,8n, A(B(sl), ..., B(sn)),
Snaty -+ S2m V1(Snats- -5 Son),
Son41; -+ -5 S3n, V2<82n+17 ces ,83n>>
and let

Gi(ula cee aun) = Qi(ula ceey Unp, p(B(ul))7 SRR p(B(un))v
O(B(ur)), - .., 9(B(un)))-



4.1. PROOF OF THEOREM 4.0.1 65

Then forallt € I’ and i =1,...,n,

Gi(ta fl(t)a s >fn—1(t)) = 0.

So we have a system of n algebraic functions @), ..., Q, in fewer variables.
The algebraic functions Q, ..., @, have a domain that is an open subset of C3",

which contains the set

{[t; /1(2), -, faa(8), (B(1)), p(B(f1(1))), - - -, 9(B(fu-1(1))),
O(B(1), 9(B(f1(1))), - -, 9(B(far(1))] s t € I'}.

If one of the (n — 1) x (n — 1) minors of the matrix

(gf;)i_l t f1@D), ..., ful®))

.....

is non-zero for some ¢t € I’ then we have a contradiction to the minimality of
n. Therefore assume that all such minors are zero. Now for ¢ = 1,...,n and

j=2,...,n we have that

G, 0Q,
Guj N (?sj

and so we have that

0Q;

aSjJrn

9Q;

0Sj1on

+ B'(u;)p'(B(u;)) + B'(u;) ' (B(u;))

0Q; 0P,
6Q - + a;_ 1B (uy) A'[B(fn(B)) + ao(B(ur) — B(B)) + ...
Sj 8y]
P,
—+ an_l(B(Un) - B(fn—l(ﬁ))ﬂa
yn+1
and
OSjtn  OYjrnt1  OYanta Ov;
as well as

08jy2n B OYjront2  OUYsnys an'

Here all the partial derivatives of (); are evaluated at
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(ur, -, 9(B(ur)), - 9(B(un)), 9(B(w), - -, 9(B(un)))

and the partial derivatives of P; are evaluated at

(Ut ..oy tn, A(B(uy), ..., B(uy)),
p(B(u1)), ..., p(B(un)), Vi(p(B(u1)), . .., p(B(un))),
O(B(u1)), .., 9(B(un)), Va(9(B(u1)), - .., 6(

S~/
S
g

Therefore putting this all together and using (2.13) as well as (4.11) and
(4.12) we can see that upon evaluating at (¢, fi(t),..., fn_1(t)) we have for all
1=1,...,nand 7 =2,...,n that,

0G; 0F /
B
ou, = oy, T B Ui )A (B <f"(t)))ayn+1
, 0P, aVl)
+ B(f;-
(f.] 1( )) f] 1 (8y]+n+1 ay2n+2 avj
/ oP; 8V2)
+ B'(fj-
(i1 ®)& (B(fi-1( (8yj+2n+2 Yn+3 OV;

gF (A B 5
a1 B' (510 (B(fu(1)) aiwﬁ% 1B (fj (1) ’<B<fn<t>”aii3
= OB o B A B

where the derivatives of F; are evaluated at (¢, fi(t),..., fu(t)) fori=1,...,

n. Therefore as the (n — 1) x (n — 1) minors for the matrix of partial derivatives

(80?)%1 (8 Ai(®) - Fal®)

are all zero for all ¢t € I’ we have that the determinant

8F1/8I‘n+1
F (t7f1<t>7"'7fn(t)) :07
8F’n/amn-‘rl
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where F'is the n x (n — 1) matrix

OF; OF;
F=|—+a;,1B(z;))A(B(z —=
(G2 + 0 s B ) A Bl G
and we can see that this is the same matrix as the one for the original system up
to column operations and these column operations do not affect the determinant.

In particular

OF;
o <3%) g BAD (1) =0

for all t € I, a contradiction.
]

Suppose that i(t — 8), B(t) — B(8), Bo fi — B(f1(B)), ..., Bo fu — B(fu(8))

are linearly dependent over Q. Then for rational ay, ..., a, not all zero,

i(t = B) =ao(B(t) — B(B)) + a1 (B(f1(t)) = B(f1(5)))
+oFan(B(fult) — B(/a(8)))

and as the left hand side is non-real and the right hand side is real we obtain a
contradiction. Applying Theorem 2.3.8 with the functions p and @ to it, B(t), Bo
fi,-..,Bo f, gives that,

tr.deg:Clit, B(t), Bo f1,...,Bo f,
@(it>7 p(B(t)), p(B(fl))7 R KJ(B(fn)),
@(it% @(B@))? @(B<f1>>7 tr @(B(fn))] Z 2n+5.

To find an upper bound on transcendence degree we wish to follow the ar-
gument from the previous chapter and use Lemma 2.4.12. However in order to
use this lemma we require a system of real valued algebraic functions in terms of
functions that are also real valued. In the real lattice case in the previous chap-
ter the invariants of p are real numbers. So when the system of polynomials is
changed to a system of algebraic functions, using in part the differential equation

for o which contains these invariants, we still have real valued functions in our



68 CHAPTER 4. NONDEFINABILITY FOR ¢: GENERAL LATTICE

system. Here as the lattice is not isogenous to a real lattice this may no longer
be the case. Also as we have been working with the system of algebraic functions
Py, ..., P,, which involves p and { we no longer have a system of algebraic func-
tions that is evaluated at real valued functions either. Returning to the system of
algebraic functions Ry, ..., R, involving the real and imaginary parts of p gives
a system of complex valued algebraic functions in terms of real valued functions.
Now we wish to obtain a non-singular system of real valued algebraic functions.
Fori=1,...,n we write FX = R(F), F = S(F), R = R(R;) and R} = S(R,).
Therefore for all ¢ € I’ we have that,

Flge(ta fl(t)v s 7fn<t>> =0

FR, fi(t),..., falt) =0
FP( fi(t), s fult) =0

0 s

Fn%(tv f1<t), ce 7fn(t)) = 0.

Consider the Jacobian matrix,

OFY0xy ... OF}/0x,41
. OF®/0xy ... OF®/0x,41
OF3/0xy ... OF3 /0,41
and let
F=&(t) = (t, f1(1),..., fo(D))
and

«
)
ey
N
/(2’2
)
o
=
=
&
=
oy
=
=

For j =1,...,n we apply the row operation r; — 7; 4+ 17, to the matrix F'.
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This produces a matrix whose first n x n block is the matrix

oF; -
(8I3) i=1,...,n (33')

and so when we consider F'(z) and apply these row operations we obtain a ma-

trix with a non-vanishing n x n minor. These row operations do not affect the
determinant. Therefore the matrix F'(Z(¢)) has maximal rank n for all ¢ € I’. We

now show that the matrix

(giij> i=1,..n (w(t))

§=2,...3n+3
has maximal rank n for all t € I’. Fori=1,...,nand j=2,...,n+1
OF® ORY OR®
(g, X)) =—= (W) + R[B'(2;) ¢ (B(z; i (7
o o1 me) =) 4 BB ()6 (B 51— ()
(Y / / 8R§,R -
+ (B (2)¢' (B(2))] 5 ——(w), (4.13)
J+2n+2

where

w = [Zla ce Bnt %(W(B(zl)))’ S 7%(9(3(271-‘:-1)))’
S(p(B(21))), - -+ S(p(B(zn41)))]-

Therefore the matrix

§j=2,...n+1

is given by multiplying
8R§R>
( ) )
Ow; ) it

by the matrix M, where M is a (3n + 2) x n matrix given by,
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0 0 g
M=11, ' M My |
0 0
for
R[B'(/1(1)e'(B(f1(1))] .. 0
M, = : :
0 o RIB(fa(1)e' (B(fa(1)))]
and
SB'(f1(t)e'(B(f1(1))] .. 0
My = : ' :
0 S[B'(fu(t)¢' (B(fu(t)))]
As the rows of .
(a;)j; _____ , (50

are linearly independent over R we have that the rows of

(5) . @

(9wj

are also linearly independent over R for all t € I’. Therefore the matrix

<€;§?>,i=1 ,,,,, n (w(t))

has maximal rank n for all ¢ € I’. So we have a system of real valued algebraic
functions RY, ..., RY in terms of real valued functions whose Jacobian matrix has
maximal rank n when evaluated at w(t) for all ¢ € I’. Therefore, after restricting
the functions £, /1, ., fu R(p(B())), RIG(B())), -, RIp(BU))), S(p(B(1))),
S(p(B(f1))), .- S(p(B(fn))) to some subinterval I” C I" if necessary, we may
apply Lemma 2.4.12 and obtain the upper bound,
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tr.degCC[t, fla cee 7fn7 éﬁ(p(B(t))),
R(p(B(f1))), - - R(p(B(fn))),
S(e(B(1))), S(p(B(f1))), - - S(p(B(fa)))] < 21 + 3.

As the real and imaginary parts of p may be written as polynomials in p and

© by the identities given at the beginning of this chapter we have that,

tr.deg Clt, f1,- .-, [n,
p(B(t))), p(B(f1)), .-, p(B(fn)),
O(B(t)), (B(f1))s-- -, 9(B(fa))] < 2n+ 3.

As in the previous chapter this is an upper bound on the transcendence degree
of a slightly different finitely generated extension of C than the one for which
we have obtained a lower bound on transcendence degree. As it and B(t) are
algebraically dependent and fi(t) = R(p(it)), fo(t) = S(p(it)) and p(it) are also

algebraically dependent and B is an algebraic function we have that,

tr.degCl[it, B(t),Bo f1,...,Bo f,,
p(it), p(B(t), (B(1)); - - -, 9(B(fa)),
pit), (B(1)), 9(B(f1)), - 9(B(fa))] < 2n + 3.

Therefore we have upper and lower bounds on the transcendence degree of

some finitely generated extension of C which are contradictory as required.

The Q ~ Q case

As noted at the beginning of this chapter we assume that all the lattices in this
section are of the form Q, = Z+77Z. Once again we assume that p|p is definable
in the structure (R, R(p o B),S(p o B),R(¢' o B),3(¢' o B), B, B;) for some
disc D C C. It can be assumed that the disc D contains i/ and therefore the
functions fi, fo : I — R defined by fi(t) = R(p(it)) and fo(t) = I(p(it)) are
definable in the structure (R, R(po B),3(po B),R(¢' o B), (¢ o B), B, B1). As
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in the Q ~ Q case we apply Theorem 2.4.3 to both of the functions f; and f, and
obtain a nonsingular system of equations. This is a system of algebraic functions
involving the real and imaginary parts of p o B, which can then be rearranged
into algebraic functions involving @ o B and ¢ o B in place of these real and
imaginary parts. Therefore there is some integer n > 1 and some subinterval
I' C I, algebraic functions P, ..., P,, certain functions f3,..., f, : I’ — R such
that for all t € I,

Fl(t>f1(t)7 e 7fn(t)) =0

Fn(t7f1(t)7 te fn(t)) =0

and

where fort=1,....,n

E(tv fl(t)7 cey fn(t)) - Pl[t7 fl(t>7 cey fn(t)7
p(B()), p(B(f1())), .-, p(B(fa(1))),
O(B(1)), 9(B(f1(1))), -, 9(B(fa(t)))] = 0.

As in the previous case the algebraic functions P, ..., P, are considered on a
domain that is a small open subset of C***3 which, perhaps after shrinking the

interval I’, contains the set

{[f@®), 0(B(f (1)), o(B(f(1)] : t € I'}

where f(t) = (¢, f1(t),..., fn(t)) and these algebraic functions are analytic on
this domain. Now we once again take n to be minimal so that there is an interval
I' and algebraic functions P, ..., P, in 3n + 3 variables and Fj(z1,...,2,11) =
Pi(zy,...,Tp41, 0(B(x1)), ..., 9(B(xns1)), 9(B(21)), . .., 9(B(zpy1))) and there

are also functions fs, ..., f, such that Fi(t, f1(¢),..., fu(t)) = 0 and det(0F;/0x;)
(t, f1(t),..., fa(t)) # 0 for all t € I" and Py,..., P, are analytic on this domain.
Once again observe that the subinterval I’, the functions fs,..., f,, and the alge-

braic functions Py, ..., P, may not be the same as those above.
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Now we show that the function ((z) may be written as a rational function
in terms of p(a~'z) for some o € C* and so the system of algebraic functions
involving p(z) and ¢(z) can be rewritten as a system of algebraic functions in-
volving p(z) and p(a~'z). This enables us to use the theorem of Brownawell and
Kubota for a single p-function in order to obtain the lower bound on transcen-
dence degree. As Q ~ ) there is some o € C* such that a2 C Q. From the

definition of the p-function, one may easily obtain the identity

0a(2) = a*paa(az). (4.14)

Now let w € af). Then,

pa(z +w) = pal2)

as a2 C Q. Hence pg is an elliptic function with respect to a2 and so pg may be
written as a rational function in terms of p,q and @/ . In fact as the Weierstrass
p-function is an even function we have that pg is an even elliptic function with
respect to af) and so pg may be written as a rational function in terms of p,q.
This along with the identity (4.14) gives that

pa(2) =U(pan(2)) = V(pala™'2))

for rational functions ¢« and V. So fori =1,...,n

Fi(l’l, R ,ZL’n+1) = R;(C(]l, sy Tpnt1, p(B(ZL‘l)), ey @(B([En+1)),
P(B(21)) -, 9(B(@n+1)))
= Bilwy, o g, 9(B(@1), - p(B(@n)),

V(p(a™'B(21))),. .., V(p(a™ B(zys1))))-
As the functions Py, ..., P, are algebraic functions and V is a rational function
this can be rearranged to give for i =1,...,n.

Fi(zy, o vpp) = Qi1 - g1, p(B(71)), - -+, 9(B(%n11)),
o' B(x1)), ..., p(a " B(wnt1))),
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where @4, ...,Q, are algebraic functions with a domain that is a small open
subset of C3"*3 containing the set {[f(t), o(B(f(t))), p(a 'B(f(t)))] : t € I'}

and which are analytic on this domain. Therefore for + = 1,...,n we have that

Fi(xy,...;xpn01) = Pi(x1, . xpgq, (B(21)),y - -+ o(B(Tna1)),
O(B(x1)),-- -, p(B(zn+1)))
= Qi(x1, ..., Tpy1, p(B(x1)), ..., p(B(xns1)),
p(a™' B(21)), ..., p(a” B(z41)))-

Differentiating with respect to z; for j = 2,...,n 4 1 gives that,

0F;
ﬁxj

(l’l, e ,.’L'nJrl) =

where

5= (21, 0uet, 9(B@1)), . p(B(nsr))s §(B(21)), ., §(B(@as1))

Aol

and

W= (21, Toy1, 9(B(1)), -, 9(B(2n11)), pla” B(x1)), ... pla B(xn11)))-

The functions B o fi,...,B o f, are real analytic and can be continued to
analytic functions on a disc D’ C C centred at § € I’ Now we prove the
corresponding linear independence claim for this case in order to apply Theorem
2.3.7. Let fo(t) = t.

Claim 4.1.3. Bo fy— B(8),...,Bo f,— B(f.(8)) are linearly independent over
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Q.

Proof. Assume that Bo fo — B(8),...,Bo f, — B(f.(8)) are linearly dependent
over Q. By the same arguments as in the corresponding claim in the previous

section, we may write

B(fn(t)) = B(fn(0)) + ao(B(t) = B(B)) + - -+ + an-1(B(fn-1(t)) — B(S))

for all t € I' and for rationals aq,...,a,_1 not all zero. Now we define the
functions A : R” — R and B : R* — R to be

and
B(tla s 7t7"b) = B(fn(o)) + aO(tl - B(ﬁ)) +-+ an—l(tn - B(ﬁ)),
so that
A(B(t), B(f1(t)), - - B(fa1())) = fu(t) (4.15)
and
B(B(t), B(f1(t)), ..., B(fa-1(t))) = B(fa(1)). (4.16)

As in the corresponding linear independence claim in the previous case we let

V1 and Vs, be algebraic functions in the variables sy, ..., s, such that,

Vi(p(B(21)), -, 9(B(za))) =
Va(p(a™ B(21)), .., pla ' B(z))) =

Differentiating (4.17) and (4.18) with respect to z; and evaluating at (¢, fi(¢), ...,
fn-1(t)) and using the expressions (4.15) and (4.16) gives that
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M,

B’(fjfl(t))@’(B(fjfl(t)))a—sj(vl(t)) = a; 1 B'(fi-1(0)e' (B(fu(1)))  (4.19)

and

a‘lB/(fj—l(t))@’(B(fj—l(t)))a—sj(w(t)) =a a1 B'(fi-1(1)9' (a7 B(fu())).
(4.20)

where

01(t) = [p(B(1), e(B(f1(1))), - -, p(B(fa-1(1)))]

and

(1) = [p(a™ B(1), p(a™ B(fi(t))),- .., p(a™ B(fa-1(1)))]-

Now for ¢ = 1,...,n we define

Si(v1, .., 03,) = Qi(vy, ..., vn, A(B(v1), ..., B(wy)),
Untty - V2, V1(Untt, -+, U2n),

Von+1y - -+ U3n, V2<U2n+17 . 7U3n>>

and

Gi(uy, ... un) = Si(ug, ..., up, p(B(uy)), ..., 0(Buy)),
pa™ B(w)), ..., p(a ' Bluy)))

where the functions S, ..., .S, are algebraic. Therefore for all ¢t € I’

Gi(t7 fl(t)v te ?fnfl(t» =0.

The algebraic functions 51, ..., S, have a domain that is an open subset of

C*" that contains the set
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{[t; 1), - fua(8), 9(B(1)), p(B(f1(1))), - - -, 9(B(fa-1(1))),
pla'B(t),p(a” B(A(1)), .- pla ' B(fur(t))] 1 t € I'}.

This gives a system of the same number of equations in fewer variables. If

one of the (n — 1) x (n — 1) minors of the matrix

.....

<gf;)i,—l R AORNAG)

is non-zero for some t € I’ then we have a contradiction to the minimality of
n. Therefore we assume that all these minors are zero when evaluated at such a

point. For7:=1,...,nand 7 =2,...,n+ 1 we have that

0G; 0Si | o\ o 08 OS
Ju; ~ Ou; + B'(u;)p <B(u]))a—1}j+n +a” B'(u)¢ (o B(“J))aijn
and so we have that
(952 o an / ) ! —
dv;  Ow; + a1 B'(u;)A'[B(fn(8)) + ao(B(ur) — B(B)) + . ..
0Q;
+ anfl(B(un) - B(fn,1(5)>>] 3wn+1 :
as well as,

95 0@ 0Q; OV,

Ojin OWjyny1  Owapya Os;

Furthermore differentiating \S; with respect to v, 9, gives that,

08, 0Q: 0Qi OV

OVjyan OWjionta  Owsnis Os;

Here the derivatives of Sy,..., .S, are evaluated at

(1, -ty 9(B(w)), - - p(B(un)), (e B(wa)), ..., pla™ B(un)))
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and the derivatives of (Q1,...,Q, are evaluated at

(U1, .., Uy, A(B(ul), .o, B(uy)),
o(B(u1)), ..., 0(B(un)), Vi(p(B(u1)), . .., 9(B(un))),
o(a ' B(u1)), ..., p(a ' B(u,)), Valp(a " B(w)), .. ., pla™" B(uy)))].

Putting this all together and using (2.13) as well as (4.19) and (4.20) we can
see that upon evaluating at (¢, f1(t), ..., fn—1(t)) we have for all i =1,... n and
7 =2,...,n that,

PP / / 05,
Ju; N v, + B'(fj-1(t))p (B(fjfl(t)))avﬁn
+a ' B(f; ()¢ (o B(f;1(t)) af S
J+2n
Qs : / 00
- a_w] +a; 1 B'(fj-1(t)A (B<f"(t)))8wn+1

+B'(fj—l(t))@'(B(fj—l(t)))( T 8V1>

OWjyny1  OWapga Os;

0Q; 4 0Q; 3V2>
OWjionta  Owsnis 0s;
OF; 0Q;

— dx; + (Zj—lB/(fj—l(t))A/(B(fn(t)))awn+1

9Q;

awszrz

+a T B ) Bl (6)

+ a1 B'(f-1 ()" (B(fa(1)))

+ a1 B'(fi-a(D)a™ g (a7 B(fa(t)))

OF; OF;

— d; + (Zj—lB/(fj—l(t))A/(B(fn(t)))a$n+1

0Q;
8w3n

+3

where the partial derivatives of Fy,..., F, are evaluated at (¢, fi(t),..., f.(1)).

Therefore as all the minors of the matrix

(gii)g it f1(t), ..., fa()))

are zero for all ¢t € I’ we have that the determinant
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8F1/3$n+1

P |G A® . fa) = 0
OF, /0x,1q

where F' is the matrix

OF; OF;
F= B A (B(x, .
(52 + o B ) A Bl )
and as in the © » Q case this is the same as the Jacobian matrix for the nonsin-
gular system Fi, ..., F), evaluated at (t, fi(t),..., fu(t)) up to column operations
and these column operations do not affect the determinant. In particular we have
that

oF;
det (a%) o WA 0) =0,

-----

for all ¢ € I’, which is a contradiction.

m
Suppose that
Bo fo—B(8),...,Bo fu — B(fﬂ(ﬁ))’
a '(Bo fo—B(8)),...,a (Bo fu— B(fu(B)))
are linearly dependent over Q. Then there are rational ay,...,ay, b, ..., b, not

all zero such that for all t € I’

ao(B(t) = B(B)) + ar(B(i(t)) — BU1(8)) + - + an(B(fu(t)) — B(fa(8)))+
o~ by(B(t) — B(A)) + o~ by (B(Ai(£) — BUA(B)) + .
+ a7 by (B(fa(t) — B(fulB))) = 0

and rearranging and rewriting the rationals by, ..., b, gives that,



80 CHAPTER 4. NONDEFINABILITY FOR ¢: GENERAL LATTICE

ao(B(t) — B(B)) + ar(B(f1(t)) — B(f1(0))) + -+ - + an(B(fu(t)) — B(fa(5)))
= o bo(B(t) — B(B)) + o bi(B(f1(t)) — B(f1(8))) + - .
+a7 b (B(fa(t)) — B(fa(8)))-

The left hand side of this final equality is real and the right hand side is non-
real as « is non-real by Lemma 4.0.5. Therefore we have a contradiction and
the linear independence is preserved. As the lattice €2 does not have complex
multiplication o # ¢i for some rational ¢. Therefore adding i(B(t) — B(3))
does not affect linear independence. Applying Theorem 2.3.7 to the functions
iB(t),B(t),Bo fi,...Bo fy,a™'B(t),a™'Bo fi...,a 'Bo f, gives that

tr.degClit, B(t),Bo fi,...,Bo f,
o 'B(t),a”'Bo fi,...,a'Bo f,,
o(it), p(B(t), p(B(f1)), - ., o(B(f)).
(a7 B(1), (o™ B(A)). ... p(a” B(f.))] > 2n + 4.

Now we shall obtain an upper bound on this transcendence degree that is
contradictory. As in the previous case we return to the original system of algebraic
functions involving the real and imaginary parts of p and by a repetition of the

argument in this case we obtain the upper bound,

tr.deg:Clt, f1,. .., fn,
%(@(B(t))% %(Q(B(fl))% Tt %(W(B(fn)))a
S(p(B())), S(p(B(f1))), - -, S(p(B(fn)))] < 2n+ 3.

As p and @ can be written as polynomials in R(p) and S(p) and @(z) can be

written as an algebraic function in p(a~'2) we have the upper bound,
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tr.deg:Clt, f1,. .., fn,
o(B(1)), o(B(f1)), -, p(B(fa)),
p(a ' B(t),p(a ' B(f1)),...,p(a™ B(fa))] < 2n+3.

However this an upper bound on the transcendence degree of a different ex-
tension of C. Clearly it, B(t), « ' B(t) are algebraically dependent over C as are
B(p(it)) and p(it) as well as p(a™*B(t)) and ¢'(a"'B(t)). For j =1,...,n we
have that f; and B(f;) as well as f; and o' B(f;) are also algebraically dependent
and so we have that

tr.degClit, B(t),Bo fi,...,Bo f,,
a 'B(t),a'Bo fi,...,a 'Bo f,,
p(it), p(B(t)), p(B(f1)), - -, 9(B(fn)),
p(a™ B(t)), p(a™ B(f1)), ..., p(a” B(f,))] < 2n +3.

This is a contradictory upper bound on this transcendence degree as required.



Chapter 5

Expanding R by a restriction of p

admits no new complex functions

The results in the previous two chapters are partially motivated by an earlier
non-definability result of Bianconi involving the expansion of the ordered real
field R by the real exponential function. In the introduction we saw that in fact
in the exponential case one can go further with Theorem 1.0.2, which is due to
Bianconi and is Theorem 4 in [6].

Returning to the p-function we recall that each complex lattice €2 is associ-
ated to a Weierstrass p-function denoted pq and so varying this lattice produces
a different p-function. A natural question is whether we can define restrictions of
oq for some other complex lattice € in the structure (R, pg|;) for some bounded
real open interval I that does not contain any points in the lattice {2 and whose
endpoints are also not in €. Let € be a real lattice which has complex multipli-
cation and consider a complex lattice 2" such that Q C €'. Then for all w € Q
it is clear that po/(z + w) = po/(z) as w € Q. In particular, pq is an elliptic
function with respect to the lattice Q. Therefore pqo/(2) = R(pa(z), po(2)) for a
rational function R. As gq|p is already definable in the structure (R, pg|;) by

Lemma 3.1.1 this proves the following lemma.

Lemma 5.0.1. Let Q be a real lattice with complex multiplication and let €)' be
a real lattice such that Q' D Q and also let I' be a bounded real open interval that
does not contain points from either lattice and whose endpoints are not in either
lattice. Then there is a disc D C C such that po|p is definable in (R, pqlr).

In this chapter we show that this does not hold when 2 does not have complex

82
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multiplication. This also shows that we get no new complex functions that are
definable in the structure (R, pq|;) in this case. This theorem can be thought of

as a g-function analogue of Theorem 1.0.2.

Theorem 5.0.2. Let D C R?N be a definable open polydisc and w,v : D — R be
two functions that are both definable in the structure (R, p|;), where Q is a real
lattice without complex multiplication and I is some bounded real interval that
does not contain a pole. Let f(x,y) = u(x,y) + iv(x,y) be holomorphic in D.

Then u and v are definable in R.

The proof of this theorem is given in Section 5.1 and heavily adapts that of
Theorem 1.0.2, which involves an argument similar to those seen in the previous
two chapters. The main differences between the proof given in Section 5.1 and the
proof of Bianconi involve an implicit definition which arises from a model com-
pleteness result due to Gabrielov, which is Theorem 2.4.7. The implicit definition
can be seen in Proposition 2.4.10. As noted in Section 2.4.2 this is as far as I am
aware the first application of this result in order to obtain an implicit definition of
this kind. The other main difference comes at the end of the proof, which applies
the penultimate lemma in a different way to that of Bianconi. The main reason
for this difference is that it is not clear how some of Bianconi’s assumptions are
justified.

5.1 Proof of Theorem 5.0.2

We can assume that N = 1. To see this consider the N > 1 case. As the function
f + D — C is holomorphic, it is holomorphic in each variable. We fix all the
variables except one and then apply the N = 1 case for each variable. Therefore
each coordinate function of f is a semialgebraic function that is also holomorphic.
Therefore the function f is an algebraic function in each variable with all other
variables fixed and so by Theorem 2 in [33], the function f : D — C is also
algebraic and therefore definable in R.

By applying the addition formula for p we may shift and shrink the interval
I if necessary and assume that I C [0,1]. Assume for a contradiction that v is
not definable in R. Firstly we give a claim on the definability of u. The proof of
this claim is the same as the proof of Claim 1 in the proof of Theorem 4 in [6]

and so the proof given here is a simply a rewrite of the proof in [6].



84 CHAPTER 5. NO NEW COMPLEX FUNCTIONS

Claim 5.1.1. The function u(x,y) is not definable in R. In fact the functions

x,y,u(z,y),v(x,y) are algebraically independent over R.

Proof of Claim 5.1.1. Let z = z + 7y. From the usual identities for the real and
imaginary parts of a complex function we have that
fla+iy) + [z + iy)

u(z,y) = 5 :

Now let = 2/2 and y = z/2i and so we have that

f(2) = 2u(2/2, z/2i) — £(0). (5.1)

Hence if u is definable in R and therefore semialgebraic we have that f is
definable in R, a contradiction as v is not definable in R. By a similar argument

we have that

f(2) = 2iv(z/2, 2/2i) + f(0). (5.2)

Therefore if x, y, u and v are algebraically dependent there is a polynomial P &

R[X1, Xo, X3, X4] such that P(z,y,u(x,y),v(z,y)) = 0. Letting x = 2/2,y =

z/2i and using the identities (5.1) and (5.2) gives that there is a complex poly-

nomial @ such that Q(z, f(z)) = 0. Therefore f is algebraic and so u and v are
semialgebraic and definable in R, a contradiction.

]

Consider the graph X = I'(u,v) C R*. Clearly dim X = 2. We now wish to
apply Proposition 2.4.10 to the function (u,v) in order to obtain a non-singular
system of equations.

Firstly we may translate the disc D and replace D with a smaller disc in order
to assume that D C I? C [0,1]%. If f is algebraic on this smaller disc then it will
be algebraic on the original disc and therefore it suffices to prove the theorem on
this smaller disc. The images of u and v restricted to this disc will be bounded
and therefore by translating and scaling if necessary we may suppose that these
images are also contained in I. Furthermore we may assume that the interval [
is an open interval whose endpoints are not in €2. As discussed in earlier chapters
we have that the set {p|r, ©'|/} is closed under differentiation and so by Theorem
2.4.7 the structure (R, p|7, ¢|7) is model complete and we may apply Proposition
2.4.10.
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Let fo(x,y) = wu(z,y) and f5(z,y) = v(z,y). By Proposition 2.4.10, for
some integer n > 1 and an open box B C D there are polynomials P, ..., P, :

R3"*3 — R in Clyo, . . . , Y3ns2] and non-zero rationals ay, . . . , a,, certain functions
fay--oy fn: I' = I such that for all (x,y) € B,

Fy(z,y, folz,y), ..., falz,y)) =0

Fn(l',y, f2($ay)> SR fn(ﬂf,y)) =0

and

oF;
det (ai)zg (:Cay7f2(xay)a"'>fn(x,y))7£0,
j:

where for ¢ = 2,...,n we have that

Fi(xo,...,x,) = P(xo, ..., Tn, 9(aoT0), - - ., 9(anTyn), © (aoxo), - . ., 9 (anxy)).

Therefore for all i =2,... ,nand 7 =0,...,n

OF, 0P, , or, , op,
al'] (.Z’(), s an) - ay] (y) + a]p (ajxj>ayj+n+1 (y) + a’]p (CL].T])

OYjtan+2
(5.3)

where

U= (zo,...,%n, plaoro), ..., plar,), o (aozo), ..., ¢ (anr,)).

Now we take m to be minimal such that there exists an open box B, some
non-zero rationals ay, ..., a, and polynomials P, ..., P, in 3n + 3 variables and
Fi(xo,...,z,) = Pi(xo,...,zn, plaozo), ..., planty,), ¢ (aozo), ..., ¢ (anx,)) and
there are also some functions fy, ... f,, whose domain is I’ such that F;(fo(z,y),. ..,
fo(z,y)) = 0 and det(0F;/0x;)(fo(x,y), ..., fu(z,y)) # 0 for all z,y € I'. Note
once again that the rationals ay, . .., a,, the functions f, ..., f, and the open box
B may not be those given here.

The functions fy, ..., f, are real analytic on a disc D’ C B centred at some

a € B. The rest of the proof involves finding contradictory upper and lower
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bounds on transcendence degree. Before applying Ax’s theorem to obtain a lower
bound we prove the corresponding linear independence claim. For notational

convenience we write f;(a) = f;(«,0) for all i =0,...,n.

Claim 5.1.2. Over Q we have that fo — fo(a), ..., fn — fu(c) are linearly inde-
pendent.

Proof. Suppose that fo — fo(a),..., fn — fu(a) are linearly dependent over Q.

Then we have that for some integers by, . . ., b, not all zero and for all (z,y) € B

bo(fo(,y) = fola)) + -+ bu(fulz,y) = fula)) = 0. (5.4)

Now suppose that for some integers by, b1, by, b3 that are not all zero we have

bo(fo(w,y) — fola)) + -+ b3(fs(z,y) — fs(a)) = 0.

Then we have an algebraic relation between fy, f1, fo and f3, contradicting
Claim 5.1.1. Therefore for some ¢ = 4, ..., n the integer b; is non-zero. We take
this to be b,. As b; = b;a;/a; for all i = 0,...,n we can multiply both sides of
(5.4) by a common denominator for the rationals ay, . . ., a,,, which are all non-zero
and change the b; to the product of the original b; with this common denominator
and get that

aobo(fo(x,y) — fola)) + -+ + anbu(fu(x,y) — fu(a)) =0

for integers by, . .., b, where b, remains non-zero. This can be rearranged to give
that

apbo
by,

an—lbn—l

bn

(fo(@,y)—fola))+- -+ (fo-1(z,y) = fra(a)).
(5.5)
Observe that there exist rational functions U; and Us (depending on b,,) such

that

anfn($7 y) = anfn(a)+

Ur(p(aiz/by), 9'(aiz/bn)) = p(aiz)

and
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Us(p(aiz/bn), ¢ (aiz/bn)) = ¢ (a;2)

foralli=0,...,n— 1. So we have that forall:=0,...,n—1

plaifi(r,y)) = Us(p(aifi(z,y)/bn), ' (ai fi(z,y)/bn))
and
9 (aifi(2,y)) = Us(p(ai fi(w,y)/bn), 9 (@i fi(z,y)/bn)).

Define rational functions s, ..., Q, by

Qz‘(wm - >w3n+2) = Pi(wo, cen 7wn7ul(wn+1a w2n+2)7 e ,Ul(wzn, w3n+1)7 Won+1,

Uz(wn+1, w2n+2)7 ce ,Uz(wm, w3n+1), w3n+2)-

Therefore,

Fi(xo,...,xn) = Pi(xo, ..., %Tn, p(aoTo), ..., 0(anTn), 9 (a0xo), . .., @ (anx,))
- Qi(wOa vy T,y p(aox()/bn)a cee p(a’n—lmn—l/bn)a @(anxn)7
0 (axo/bn), - -, @ (an—1Zn_1/bn), ' (anzy)).

The rational functions @); may be written as Q; = R;/S; for polynomials R;, S;.
We show that the system of polynomials R; has a corresponding non-singularity

condition. Differentiating gives that

0Q; _ 10R, R, 05,
awj a Sz awj SZQ 0wj'

Upon evaluating at the points
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i = () = (foley),- . S (2.9), Ful, ),
p(a()f(](‘rv y)/bn)v R p(an_1fn_1($, y)/bn)v @(anfn(J;; y))?
pl(a0f0($7 y)/bN)7 AR @/(an—lfn—l(xv y)/bn)v @/(anfn(xa y)))

for (z,y) € B the second term vanishes. Then at the points w(z,y) we have that,

OR;

8wj

9Q;

3wj

(w) = Si(w) 7—=(w)

where S;(w(x,y)) is non-zero for all i = 2,...,n and for all (z,y) € B. For

1=2,...,n let

Hi(z0,...,2n) = Ri(20,- -+, 2n, ©(a020/bn), - - -, 9(@n-12n-1/bpn), p(anzy),
p,(CLOZO/bn>7 DRI p/(an—lzn—l/bn)a @/((ann))

where Ry, ..., R, are the polynomials above. Therefore for any fixed (z,y) € B

the matrix

0H;
. 1:2 n 7y E ) n b)
( ) o y)s- s Ful )

R}

is the same as the matrix

(Z]y?)w ,,,,, B8 ol )

under the row operations which multiply the kth row by the non-zero constant
Sk+1(w(z,y)) for all k =1,...,n — 1. Therefore if the determinant of

(gzi)i_z (ol g fuly)

,,,,,

(25)1_2 . (fo(z,9), ..., fulz,y))

,,,,,

is also zero, a contradiction. By the minimality condition, n is minimal such
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that there is an open box B C I?, polynomials R, ..., R, as above and functions
fa, .., fn and rationals ag /by, . .., an_1/by, a, where H;(fo(x,y), ..., fu(z,y)) =0
and det(0H;/0z;)(fo(x,y),..., fa(z,y)) # O fori =2,...,nand j = 2,...,n
Now using this new system Ho,..., H, we complete this linear independence
claim using a similar method to that used for the corresponding claims in earlier
chapters. The above discussion means that we may write a, f,,(x,y) — a, fn(a) as
a linear combination in a;(f;(x,y) — fi(a))/b, for i = 0,...,n — 1 with integer
coefficients by, ..., b,—1. We shall see that we may therefore write p(a, fn(x,y))
and ©'(a,fn(x,y)) as rational functions in p(a;fi(x,y)/by), ¢ (a;fi(x,y)/b,) for
all i = 0,...,n — 1, which enables us to obtain systems of polynomials in fewer
variables as opposed to the systems of algebraic functions that were obtained in

the proofs of earlier linear independence results. Here we give the details.

Now we define the function f :R™ - R by

apbo

Flsr, w50 = anfule) + 251 — fofo) +-- 4 U p ()

and so by (5.5) we have that f'(fo(x,y), ooy oo (z,y) = anfu(z,y). Let V) and

Vs be rational functions in the variables vy, ..., vs, such that,

Vi(p(agz1/bn), - s 9(an_120/bn), 9 (a021/bn), - -, @ (@n_12,/by))

= o(f(z1,.. ., 20)) (5.6)
Vs ( (aOZl/b ) ) @(an—lzn/bn)a p/(aﬂzl/bn)7 Sy @/(an—lzn/bn))
= o' (f(z1, ., 20))- (5.7)

In particular,

Vi (f}) = p(anfn<x> y))

and

Vg(@) = @/(anfTL(x? y))
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where

v = (p(aofo(z,y)/bn), .., 9(an-1fa-1(x,y)/bn),
o' (aofo(x,9)/bn); -, 9 (an-1fu1(z,y)/bn))-

Differentiating (5.6) and (5.7) with respect to z; for j = 1,...,n and evaluat-
ing at (21,...,2,) = (z,y, fo(z,y), ..., fa_1(x,y)) gives that,

aj_19'(aj—1fj-1(x,y)) OV i aj 19" (aj1fj-1(x,y)) OV

b, ov; (0) by, OVjin (%)
= S22 0 fo0,) 63
and
aj19' (a1 fj-1(z,y)) OVy (3) + aj19"(aj1fi-1(x,y)) Ve ()
b, ov; b, OVjin
= S 00 o) (5.9
Now for ¢ = 2,...,n define,

Q:(th s 7t3n) = Ri(tb s 7tn7 f(tla s 7tn)/a'na
thrla cee >t2navl(tn+1a v 7t3n>7

tant1y -« tans Va(tni1s -, tan))

and also define

Gi(ur, ... up) = QF (ug, ..., Upn, p(aouy /by), ..., p(an_1Un/by),
@ (agur /by), ..., 9 (an_1un/by)).

Therefore for all ¢ = 2,...,n and (z,y) € B we have that

G:(l’,y, f?(xay)v ceey fn—l(x,y» = 0.
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Hence we have a system of rational functions @3, ..., Q) in fewer variables
than the system of polynomials R, ..., R,. In other words for i =2,...,n
R*
= 5.10

for polynomials R} and S}. Let,

H(uy, ... up) = Ri(ug, ..., Up, p(aguy /by), . .., p(an_1un/by),
p/<a0u1/bn)7 SR p/(anflun/bn))-

Then for all (z,y) € B

Hf(x,y, f2<xay)v ceey fnfl(x,y)) =0.

The polynomials R;, ..., R} are a system of polynomials in fewer variables.

Therefore if an (n — 2) x (n — 2) minor of the matrix

OH*
(852)1'_2 n(x7y7f2(x,y>,..-7fn—1(x7y))

.....

7=3,...,n
is non-zero for some (z,y) € B we have a contradiction to the minimality of n.
Therefore we assume that all such minors are zero. Differentiating (5.10) with

respect to t; for j =1,...,n gives that

0Q; 1 0R; = Ry 9S;
ot; Sy ot;  (SH2 ot

Upon evaluating at

L:: tN(‘xa y) = (f()(x?y)’ R fn*1<x7 y),
p(CLOfO(x7 y)/bn)7 cey @(an_1fn_1<l’, y)/bn>7
@l(GOfO(x7 y)/bn>’ trt p/(an—lfn—l(x7 y)/bn))

the second term on the right hand side vanishes and the polynomial S} does not.

In particular when evaluated at ¢,

OR; o 0Q)
(0 = Si0 50
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Fori=2,...,nand j = 3,...,n we have that

0GT _ 997 | aj19'(aj14/bn) OQF | aj-19"(aj-1;/bn) OQ

8uj (915] bn 8tj+n bn atj+2n ’
Now differentiating ()7 with respect to ¢;,%;1n,tj12,, for j = 3,...,n, in turn
gives that

8@*-‘ . 8RZ i Cljflbjfl aRl

7

at]’ N ij_l anbn 8wn’

0Q; OR; OR; 0V OR;, 0V,

th+n (9wj+n 8w2n+1 an 8w3n+2 (%j

and

0Qr _ OR 0RO OR; 0OV,
atj—i—?n awj+2n+1 Owap 11 (%j+n Owsp 42 anJrn‘

Here all the partial derivatives of @)} are evaluated at

(f()(l’,y), cee 7fn<'r7y)7 p(ao.fO(x?y)/bn)? SRR p<an—1fn—1(x7 y)/bn)v
@,(aof()(CC, y)/bn)7 crt @/(an—lfn—l(xa y)/bn))

and the derivatives of R; are evaluated at

(folw, ), ful, ), F(fo,y), -, ful, ) fan,
o(aofo(z,y)/bn), - plan—1fa-1(z,y)/bn),
Vi(p(aofo(z,y)/bn), - s 9(an-1fo1(2,9)/0n)),
¢ (aofo(w,y)/bn);s -, 9 (an-1fu1(z,y)/bn),
Va(9' (a0 fo(x,9)/bn), - - ' (an—1fa1(2,9) /bn))).

Using the expressions (5.8) and (5.9) and evaluating at (z,y, fa(z,y),. ..,
fn1(z,y)) gives that for all i =2,... , nand j =3,...,n,
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8G: _ 8RZ X Clj_lbj_l 8Rz 4 aj_lp’(aj_lfj_l(x,y)/bn)( 8Rz
an 8wj,1 anbn 8wn+1 bn (9wj+n
8RZ 8V1 8Rl 8V2) 4 aj,lp”(aj,lfj,l(x,y)/bn) < 8RZ
8w2n+1 81)]- 8w3n+2 8Uj bn
OWan 11 8Uj+n Owsp 4o (%j+n
_ OB | ap(aifia (@ y)/ba) OF:
8wj_1 bn 8wj+n
aj19"(aj1fi-1(x,y)/b)  OR;
bn au’j—f—2n-{-1
L G ORi (aj—lp'(aj—lfj—l(%y)/bn) W
anbn awn bn 8'11]'
aj—19" (a1 fi-1(,y)/bn) OV ) OR;
by, OVjin/ Owan iy
bj_1 OR; n (aj—lpl(aj—lfj—l(%y)/bn) Vs
b, Ow, b, 0v;
aj19"(aj-1fi—1(z,y)/bn) Vs ) OR;
bn avj-‘rn au)?)n—‘r2
_ 8H,J i aj_lbj_l 8R,, I aj_lbj_lp’(anfn(x,y)) 8RZ
(9zj_1 anbn 811)” bn (9w2n+1
_‘_ajflbjflp”(anfn(xvy» OR;
bn aU)S’m+2
_ GHZ 4 ajflbjfl 8H1
0z anb, 0z,

awj+2n+1

_|_

+

+

+

where the derivatives of H; are evaluated at = = Z(x,y) = (z,y, f2(x,y), . . .,

fn(z,y)). Therefore for all (x,y) € B we have that

L o ol ) a9 = 16,00

J

8HZ - aj,lqu aH’L ~
Dzj_1 () + anb, 0z, ($)) )

As all the (n — 2) x (n — 2) minors of the matrix

OH*
(617;{]1)12 n(x’y7f2($7y)7'"7fn_1(x’y))

1111

7j=3,...,n

are zero for all (x,y) € B we have that the determinant
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* (1 OHo asbo OHo Py OHo an—1bn—1 OHo OHo
SQ (t) ( 0zo + anbn Ozn ) e S2 (t) <8zn71 + anbn Ozn > Ozn
x(1\ [ OH, asbo OH, P OH, an—1bn—1 0H, OH,
Sn(t) ( 0z2 + anbn Ozn > e Sﬂ(t) <8zn,1 + anbn Ozn ) Ozn

This determinant is the same as the determinant of the Jacobian matrix of

the non-singular system Hs, ..., H, up to a non-zero constant. In particular we
have that

8H2/822 8H2/82n

: .. ($7yaf2(m7y)7'"afn—l('r7y)):0
O0H,/0zy ... OH,/0z,

for all (x,y) € B, a contradiction.

]

Therefore by applying Theorem 2.3.7 to the functions fy, ..., f, we have that,

tr'degCC[f07 ) fn> p(fO)a ] p(fn)] >N+ 2.

The rest of the proof of Theorem 5.0.2 consists of finding a contradictory

upper bound on this transcendence degree. Let

T = j(l‘ay) = (x,y, fg(l’,y), . '7fn(x7y))

and

y= g(l‘, y) = (I7ya fg(l’,y), cey fn(xa y)7
@(aox}v @(aly)v p(a2f2(xv y))7 ) @(anfn(xa y))7
p’(aox), p/(aly)v p/(agfz([l?, y))> R p/(anfn(xv y)))

for all (z,y) € B.
Firstly we show that the matrix
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has the maximal rank of n — 1 for all (z,y) € B. From (5.3) it is clear that

aFg/a[EQ aFg/ﬁmn 8P2/8y2 8P2/8y3n+2
8Fn/8x2 N 8Fn/3xn 8Pn/8y2 Ce 8Pn/8y3n+2

where M is the (3n + 1) x (n — 1) matrix

T
00 0 0
0 0 00
where
asg'(as fo(z,y)) ... 0
M, = : - 3
0 Ce anp'(anfn(% y))
and
azg” (az fo(x,y)) ... 0
M, = : ' 3
0 C.. G,np,/(anfn(x7y))
The rows of
OF,/0xy ... 0F/0x,
: : (@)
OF,/0xy ... OF,/0x,

are linearly independent over R and so the rows of

8P2/8y2 . 8P2/8y3n+2
: - : (9)
8Pn/(7y2 . 8Pn/8y3n+2

are also linearly independent over R. Therefore the matrix
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0P,/0yy ... OP»/0ysni2
: - : ()
OP,/0ys ... OP,/0ysnio

has maximal rank n — 1. As in earlier chapters this upper bound is the number of
variables minus the number of equations. However this produces an upper bound
on the transcendence degree of some finitely generated extension of C of 2n + 4,
which is not contradictory. In order to lower this upper bound we add n + 3
new equations to the non-singular system. Two of these equations arise from the
Cauchy-Riemann equations for the functions u and v and the final n+ 1 equations
correspond to the differential equation for p in each of our n+1 variables. Namely

for each © = 0,...,n we define

Pivns1(Yigni1, Yisont2) = 311'2+2n+2 - 4y?+n+1 + 92Yitn+1 + g3,

where gy are g3 are real numbers depending on the lattice €2 known as the invari-
ants of p as seen in the background chapter.
Clearly for all (z,y) € Band i =0,...,n,

Piinyi(p(aifi(z,y)), @/(aifi(xa y))) = 0.

Lemma 5.1.3. For alli=0,...,n the expression
8l% n-+1 a}% n+1
T (Yt Yirons2) + @i (@i fi(2, ) 5 (Yiknt 1, Yisons2)
0y OYitnt1
8}% n+1
+ ai@”(aifi(xa y))%(?hmﬂ, yi+2n+2) (5-11)
Yi+-2n+2

equals zero when evaluated at (Yiini1, Yironi2) = (plaifi(x,y)), ¢ (a; fi(x,y))) for
all (z,y) € B.

Proof. For allt =0,...,n+ 1 we have that,

a})i-‘rn-i-l

Bl (yi+n+17 yi+2n+2> = _12%'2+n+1 + 92

and

8})i—i-n—I—l

P) (yz'+n+17 yi+2n+2) = 2Yitont2-
Yit+2n+2
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Substituting this into (5.11) and evaluating at

(Yitnt1, Yirante) = (plaifi(z,y)), K’/(az’fi(l"ay))),

which we denote 3, gives that

8R n ~ "
D ot () + aig"(aifi(x,y))
Yi+n+1

= ai@/<aifi(xa y))(—12p2(a¢fi(3§, Yy)) + 92)

+ az‘p//(aifi(x7 y))zp/(alfl(xv y))
= a;¢(ai fi(z,y)) (= 120%(a: fi(z, ) + g2 + 20" (ai fi(z, y)))
— 0,

a-Pz'—l—n—l-l N

OYiront2

—
<
N~—

aip/(aifi(xvy))

by the formula for ¢".

By the definition of P, 1 for ¢ = 0,...,n it is clear that all the other
derivatives of these functions are zero. Now we show that the (2n) x (3n + 1)

matrix

has maximal rank 2n for all (z,y) € B.

Firstly note that the lower (n + 1) x (3n + 1) block of this matrix is simply

the matrix
8Pn+1 8Pn+1
OYnt+1 7 0 Oyonys 0
; . .
P = On—l
0Py, 0Py,
0 ont1 0 ont1
Oyan+2 Oy3n+3

the rows of which are clearly linearly independent over the reals. In particular
P'(g(x,y)) has maximal rank n+1 for all (z,y) € B. The upper (n—1) x (3n+1)

block is the matrix
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which we have already shown has maximal rank n — 1 when evaluated at the

points g(z,y) for all (z,y) € B.

So the matrix

OF; _
(8yj) i=2,...n41 ()

=2, 302
consists of two blocks which are (n — 1) x (3n + 1) and (n + 1) x (3n + 1)
matrices. Both of these matrices have maximal rank. Therefore to show the

desired maximality of the rank of the matrix

0P, .
(8yj) i=2,...n41 ()

it suffices to show that the rows of the matrix P(f) can not be written in terms

of the rows of P’(y). It suffices to check this for a single row of the matrix P'(7),
which we take to be the first. Assume for a contradiction that this row and the

rows of the matrix P(7) are linearly dependent over R. Therefore there are reals

ba, ..., b, not all zero such that,
T T
OPy1/0ys OP, /0y, OP,/0ys
: (7) = bs : (F) + -+ by : (7)-
8Pn+1/ay3n+2 8P2/ay3n+2 aPn/8y3n+2
Hence for j =2,....n
0P oP, .
0=byo—(y)+---+b,—(y
23%‘( ) Jy; @)
0P . oP, . oP, .
y)=> y)+ -+ b——(y
ayj—f—n—&-l( ) 2ayj+n+1( ) ayj-HH-l( )
aPn—i—l ~ (3P2 - 8Pn ~
——(y)=0b y)+--+bpy———
ayj+2n+2( ) 2ayj+2n+2( ) ayj+2n+2

By multiplying these equations by the appropriate factors and using Lemma
5.1.3 we have that



5.1. PROOF OF THEOREM 5.0.2 99

T
OF, /0 OF, 0z
O1xn—1 = b2 : (Z)+ -+, : (7).

As the matrix

(22)1:2 n (2.9, o(@,y), - fal2,9)

77777

has maximal rank n then its rows are linearly independent over R and in par-
ticular by = --- = b, = 0, a contradiction. Therefore we have the desired linear

independence. Hence we have that for all (z,y) € B the matrix

op, )
(ayg>2 2,..., §n+1 (y(x,y))

has maximal rank 2n. So by Lemma 2.4.12 we have that,

tr.deg(c@[fo, ey fm p(a’of())’ ey p<anfn)7 @%(lofg), ey @,<anfn>] S n+ 3.

Now we define two further equations using the Cauchy-Riemann equations
for uw and v. These are then added to the system and we may then obtain a

contradictory upper bound.

By the implicit function theorem the derivatives of f;(xg,z1) fori=2,....n

are given by

Ofs OFy
oxy, oxy,

. = _Ail . )
Ofn OFy,
Oy Ozy,

where k& = 0,1 and A = (0F;/0z;) and the right hand side is evaluated at
(oy .-y Tn) = (fo,.. ., fu). Multiplying both sides by the determinant of A and
using the Cauchy-Riemann equations for f, and f;5 gives two new equations, Fj

and F;. These are of the form,
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Fy = [First line of — det A - (A™'(0F;/0x))
minus the second line of — det A - (A™'(0F;/021))]

and

Fy =[First line of — det A~ (A™Y(9F;/0x1))
plus the second line of — det A - (A™'(9F;/9x0))],

which each have corresponding polynomials Fy and P;. Once these equations are
added to the system P, ..., P, the upper bound on transcendence degree can
be further reduced by two giving a contradictory upper bound of n+ 1 as we now
show, which thus completes the proof of Theorem 5.0.2. In order to lower this

upper bound we first require a lemma.

Lemma 5.1.4. For each k = 0,1 there is a point z € C3"3 such that Py(z) # 0
and P_(2) =0 and Pi(z) =0 for alli=2,...,2n+ 1.

Proof. This adapts the proofs of Claims 5 and 6 in the proof of Theorem 4 in [6].
Let V be the subset of R***3 defined by

V={(z,y,2) e R x R"™ x R"' 1 y = p(ax), 2 = ¢ (ax)}

where p(az) = (p(aozo), ..., p(anzn)) and @'(az) = (p'(aozo), ..., O (antn)).
Also let W be the subset of R3**3 defined by

W ={2z€R*"3: Py(2)=0,..., Pyi1(2) = 0 and (OP;/0y;)(z) # 0
fori=2,...,2n+ 1,7 =2,...,3n + 2 has maximal rank }.

Let X be the subset of R*"3 defined by {y(x,y)|(x,y) € B}. Then it is clear
that X CV NWW.

The subset V' may also be written as

V =A{(z,y,2) € R x R x R Fg(x,y,z) =... = F2n+1(x,y,z) =0},
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where for : =0,...,n

Fz‘(% Y, Z) =Yi— @(aﬂz‘)

Fi+n+1($, Y, Z) =% — p/(@i%)-

We denote the Jacobian matrix for this system by ® and this is a (2n + 2) x
(3n + 3) matrix given by

—agp/(agl‘o) 0 1 ... 00 ... 0
& — 0 —an ' (anx,) O
—aog" (apwo) 0
0 cor —ape(anz,) 0 ... 0 0 ... 1

The normal space to V' at a point is generated by the rows of ® evaluated at
this point. Recall the matrix M,

T
0 0 00
M - Infl M1 M2
0 0 00
where
asg(az folz,y)) .. 0
Ml _ . .
0 . an@/(anfn(mv y))
and
CLQ@"(Gzﬁ(ﬂ?,y)) 0
M, = : i :
0 Ce an@/l(anfn(x7y))

Let M’ be the matrix
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Then the matrix product M’ (®())T gives the (n—1) x (2n+2) zero matrix.
Therefore the kernel of the linear transformation from R332 to R*"*2 given by

the matrix M’ is generated by the rows of the matrix ®(g). Let P be the matrix

P= : s (9)-
8P2/8y3n+2 e 8Pn/8y3n+2
Then we have that
0F,/0xy ... OF,/0x,
M- P= : : (Z).
0F,/0x, ... OF,/0z,

The columns of the matrix on the right hand side of this equation are linearly
independent over R. Therefore the subspace of R332 generated by the columns
of P has trivial intersection with the kernel of the linear transformation given
by M’. As the normal space to W at a point is generated by the columns of P
evaluated at this point we have that in particular the normal spaces to V and W
at each point in X have trivial intersection and so the intersection of V' and W

is transversal.

Therefore if the subspace V' is shifted locally then the intersection of V' and
W is still transversal. We shall now give such a shift explicitly. For real numbers
n and £ we let V, ¢ be the subset given by applying the following operations to V.
In other words V, ¢ = (V) for ¥ : R3*3 — R3"*3 where ¥ does the following,
for (yo, ..., ysn+2) € R¥H3

Yo = Y2 + nyo +

Yoyont2 — & (a2(nyo + Ey1))
Yornt1 — p(az(nyo + Ey1))

1 2
Y24+n+1 7 1 ( ) — Yorns1 — P(az(nyo + Y1)
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and

(@(CLQ(WO + &y1))y2t2nt2 — ' (a2(nyo + Y1) ) Yornt1
—p(az(y2 +nyo + €y1)) (Y212nt2 — ¢’ (a2(nyo + 5@/1)))
Yo2rnt1 — 9(az2(nyo + Ey1))

Y24+on+2 >

and the rest of the variables are fixed. The projection of W onto the variables

Yo, Y1, Y2, Y3 contains the set

{(fos frs f2(fo, f1), f3(fo, f1))| o, f1 € B}

in its interior. If it did not then as dim7W = 4 we have dim OW < 3 and so
there is an algebraic relation between fy, f1, fo and f3 contradicting Claim 5.1.1.
So for each real 1 and & there is a positive real number ¢ such that for all real f
and f; with f3+ f# < 62 the intersection of X with V; ¢ is non-empty. The effect
of ¥ on the subset X is the following.

fo—= fotnfo+&f
p(azafa) = p(az(fa +nfo+&f1))
©'(axf2) = @' (az(fo +nfo +ES)).

The real numbers 1 and £ may be chosen so that at least one of the Cauchy-
Riemann equations for v and v are not satisfied. Therefore there is a point
z € R such that Py(z) # 0 for some k& = 0,1 and P,_x(z) = Pj(z) = 0 for
7 =2,...,2n+ 1 and so the lemma is proved. [

Now we may lower the upper bound on transcendence degree and therefore

obtain a contradiction.

Lemma 5.1.5.

tr‘degCC[f()) EIR fn7 @(00f0>7 R p(anfn)a p/<a0f0>7 ERCR) @/<anfn)] S n+ 1.

Proof. Recall that for all (z,y) € B,
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By(z,y, falz,y), - falz,y)) = 0

F2n+1(£lf,y, fQ(xay)a <. 7fn<w7y)) = 0.

Also for allt=2,...,2n+ 1,

Fi(fo(l',y), LR fn(x,y)) = Pi(f0($7y>7 ER fn(xvy)a
p<a0f0<x7y))7 M) p(anfn(x,y)),
p/(a()fO(‘rv y))? M) p/(anfn(l’,y))),

where P, ..., Py, are polynomials and fo(z,y) = = and fi(z,y) = y. By

shrinking and shifting the disc D if necessary we may assume that all the points

g('T?y) = (.CE, Y, fZ(xay)a s >fn(x>y)a
p(aol'), p(aly)a p(a2f2($, y))v SRR p(anfn(x> y))?
¢ (aox), 9'(ary), ¢'(azfo(x, 1)), - -, ¢ (an fu(z, 1))

such that the above system is satisfied are contained in a single irreducible com-
ponent of the variety V((Ps, ..., Py,+1)) denoted W. Now we shall add each of
the polynomials Py and P; to the system P, ..., P,,; and consider the variety
corresponding to the ideal generated by each of these new systems in turn. We
shall then show that the dimension of each of these varieties decreases. This

lowers the transcendence degree, proving the lemma.

Suppose that dim(W N V((F))) = dimW. Then W N V((F)) = W as
W is irreducible. By Lemma 5.1.4 we may find a point z € C3>**3 such that
Py(z) = -+ = Pypi1(z) = 0 and FPy(z) # 0, a contradiction. Now by once again
shifting and shrinking the disc D we may suppose that all of the points 7(z,y)
satisfying the above system are contained in an irreducible component of the
variety V((FPo, Pa, ..., Pant1)), denoted W'.

Suppose that dim(W' NV ((P;))) = dim W', then again as W' is irreducible we
have that WNV((P)) = W'. By Lemma 5.1.4 we may also find a point z € C3"3
such that only one of Py(z) and P;(2) equals zero and Py(z) = -+ - = Pap11(2) = 0.
Therefore there is a point z € C3*3 such that = € W' and z ¢ V((P)), a
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contradiction as required.

Therefore we have a lower bound

tr.degeClfo, - - fn, 9(f0), -, o(fu)] > n+2

and an upper bound

tr.degC(C[fo, s 7fn7 p(OJOfO)a SRR p(anfn)v pl(a’of(])? SRR @(anfn)] <n+1

on the transcendence degree of different finitely generated extensions of C. How-
ever as ao, . . ., a, are rational we may write p(a;z) and ¢'(a;z) as algebraic func-
tions in @(z) for all ¢ = 0,...,n after perhaps shrinking to smaller interval as

discussed in Remark 2.1.13. Hence we have the upper bound,

tr'deg({:(c[fba cee 7fn7 p(.fO)a ceey @(fn)] S n+ 1.

In particular we have upper and lower bounds on the transcendence degree of

a finitely generated extension of C which are contradictory, as required.



Chapter 6

Nondefinability for the modular

j-function

In this chapter we prove the following theorem, which is essentially a version of
Theorem 1.0.1 of Bianconi for the modular j-function. Recall that the restriction
of 7 to the intersection of the upper half plane and the imaginary axis is a real

valued function.

Theorem 6.0.1. Let I C R>? be an open interval that is bounded away from zero
and let D C H be an non-empty disc. Then the restriction of j to the disc D is
not definable in the structure (R, j;).

6.1 Proof of Theorem 6.0.1

Assume for a contradiction that there is a disc D C H such that the restriction
jlp is definable in the structure (R,j|;;). For notational convenience we can
suppose that the disc D contains the horizontal line segment ¢+ I and so the real
and imaginary parts of the function j|;4; are definable in the structure (R, j|;;).

Rearranging the differential equation satisfied by j given in (2.8) gives that

o SB(())? ([ 2(it) — 1968;(it) + 2654208
U = 55 ( 272(it) (j(it) — 1728)2 >(” (it)) (6.1)

and so 4j"”(it) may be written as a polynomial in j(it),dj'(it), 5" (it), (i'(it)) ™"
and (25%(it)(j(it) — 1728)*)~!. By shrinking the interval I if necessary we may

assume that the denominators do not vanish for any ¢ € [I. Therefore by

106
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differentiating this equation with respect to ¢ we can see that all the higher
derivatives of j(it) may also be given as polynomials in these functions. Con-
sider the auxiliary structure given by expanding R by the functions jg(t) =
JEB), jp(t) = i GB(), 74() = "(B®), () = (i/(B(£)™" and ja(t) =
(25(iB(t))*(j(iB(t))—1728)?)~" as well as B and B; where B : R — [ is the semi-
algebraic function as described in Chapters 3 and 4. These structures are equiva-
lent in the sense of having the same definable sets. They also have the same uni-
versally and existentially definable sets. Therefore the real and imaginary parts of
the function j|;,; are definable in the structure (R, jg, j%, 1%, j1, j2, B, B1). As in
previous chapters it suffices to prove Theorem 6.0.1 in this auxiliary structure. It
is clear from construction that the set {jg, j%, j%, j1, J2, B, B1} is closed under dif-
ferentiation. By the theorem of Gabrielov, Theorem 2.4.7, and the same argument
as in Chapter 3 we have that the auxiliary structure (R, jg, j%, %, ji, jo, B, B1) is
model complete. Again by a similar argument to that seen in Chapter 3 we have

that the ring of terms of this auxiliary structure is closed under differentiation.

Let fi1, fo : I — R be defined by fi(t) = R(j(i +t)) and fo(t) = S(j(i + 1)).
By applying Theorem 2.4.3 to both f; and f5, we have that for some integer
n > 1 and a subinterval I’ C I there are polynomials Py, ..., P* : R¥"® — R in
Rly1, ..., Ysnis), certain functions fs,..., f, : I’ = R such that for all t € I’,

Fy(t, f1(t), -+ fult) = 0

Fn<t7f1(t)7 e 7fn<t)) =0

and

det (aFi) o B L) £ 0

0x; ) i=1,.,

where for ¢ = 1,...,n we have that
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Fi(t, fi(t), ..., fu(t)) = Br(t, f1(t), ..., fu(t),

JiB(1)), '(iB(fl( )+ 3B (fa(t))),
(1 )s i (iB(fa(1))),
v J (@B (fa(1))),

By the definition of the functions j; and j; as well as B and B; we may write
Fi, ..., F, as algebraic functions in ¢, f1(t),..., f.(t),7(iB(t)), j(:B(f1(t))), - . .,
JEB(fult))) and i B(1)), i (B((1)); - .. i7' ((B(fa(1))) as well as "(iB(2)),
J"(@B(f1(t))),...,j"(@B(fn(t))). In defining these algebraic functions square roots
are introduced from the definition of B, which may affect the analyticity of these
algebraic functions. The domain of these algebraic functions is a small open

subset of R*"** containing the set

Ly ={[F(0), 5GBS (1)), 4" iB(f(1))), 5" (@B(f(1)))] : t € I'}

where f(t) = (¢, fi(t),..., fa(t)) and the algebraic functions are taken to be

analytic on this domain. Hence for ¢« = 1,...,n we have that

F’i(ﬂfl, PN ,l’n+1) = .Pi(flfl, PN ,$n+1,j(iB(ZE1)), PN ,j(iB(ZEn+1)),
i (iB(21)), - 15 (iB(xn11)), 5" (1B(21)), -, " (iB(2n41)))

for algebraic functions Py, ..., P, and in particular for all t € I’

)
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Ei(t, f1(@), -5 fu(8)) = Bilt, f1(2), - - fu(2),
J(iB (), 3GB(f1(1)), -, 3 (@B(fa(t))),
i (1B(t)), i (iB(f1(1))), - ., 5 (iB(fa (1)),
3@B(), 5" @B(fi()), - -, 5" (iB(fa(1)))] = 0.

Now we take n to be minimal such that there is some interval I” and algebraic
functions Py, ..., P, in 4n + 4 variables (possibly taking complex values) and for
all i =1,...,n we have that F;(z1,...,2,11) =Pi(21,. .., @11, (@B (21)),- - -,
J(iB(2n41)), 15" (iB(21)),- - - 15 (iB(2n4a)), 7" (iB(21)),- - - 5" (iB(2n11))) and there
are also functions fs, ..., f, whose domain is I’ such that F;(¢, f1(t),..., fu(t)) =0
and det(0F;/0x;)(t, fi(t),..., fu(t)) # 0 for all t € I’ and Pi,..., P, are ana-
lytic on their respective domains. Observe that the subinterval I’, the functions
f3,..., fn and the algebraic functions Py, ..., P, may be different to those given
above.

Fori=1,...,nand j = 2,...,n+1 differentiating F; with respect to x; gives
that,

OF; 0P, 0P,
A z_+-B/'./»B. i
5 (3) = 5L0) + B0 (B(r,)) 5o
NI 8-P’L _ . / NI 8P’L
— B'(z;)j"(iB(2;)) 53— (9) + iB'(x;) " (iB(;)) 5~ :
aL'E]—|—277,—i-2 8yj+3n+3
(6.2)
where,
T=(x1,...,Tnt1)

and

g = (Il, Ce ,$n+1,j(iB<$1)), . ,j(iB($n+1)),
ij'(iB(21)), - ., ij (iB(xn41)), " (iB(21)), .., )" (iB(2n11))).

For the lower bound on transcendence degree we shall use Theorem 2.3.9. In
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order to apply this theorem we show that there is no positive integer M and no
k,1=0,...,nsuch that ®y(j(iB(fx)),7(iB(f;))) =0, where k # [ and fy(t) = t.

Lemma 6.1.1. There is no integer M and no k and l for k,1 = 0,...,n with
k # 1 such that

p(j(iB(fr)), 3 (iB(f1)) = 0.

Proof. Suppose for a contradiction that there are such a M, k and [. For conve-

nience we suppose that k£ and [ are n — 1 and n. Therefore we have that,

Py [ (B (fa-1(1))), J(iB(fu(t)))] = O (6.3)

for all t € I' and that there is some v € GLJ (Q) such that y(iB(f,_1(t))) =
iB(fn(t)) where M(vy)y € GLy(Z) and det(M (v)y) = M. Therefore j(iB(f.(t)))
= j(v(iB(fn-1(t)))). Let Vy be a rational function such that Vy(z) = vz.

From (6.3) we have upon shrinking the interval I’ if necessary that there is

an algebraic analytic function V; such that

Vi((iB(fn-1(1)))) = (Vo (iB(fn-1(1))))- (6.4)

Differentiating both sides of (6.4) with respect to ¢ and cancelling the
B'(fu-1(t)) fl_,(t) factor that appears on both sides gives that

i (iB(fa1 ()1 EB(fa-1(t)))) = Vo B((fa-1(E))[id" Vo (i B(fu-1(1))))];
(6.5)

which may be rearranged to give that

Va(fu-1(), (B (fn-1(t))), 45 (iB(fo-1(1)))) = i Vo(iB(fu-1(t))))

for an algebraic analytic function Vs in variables vy, v9, v3. Differentiating both
sides with respect to ¢t and cancelling the f)_,(¢) factor that appears on both

sides gives that,
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2 00)) + B 1 0GB () G2 (0
- B'(fn_l<t>>j"<z'B<fn<t>>>2—2@2@))
= B s OWVB(far () Vol B(far (1)) (6.6)

where

U2(t) = (fu-1(2), J(iB(fa-1(1))), i3 (i B(fa-1(1))))-

We can rearrange (6.6) to give an algebraic analytic function V3 such that

V3(03(t)) = 7" (Vo(iB(fn-1(1))))

where

U3(t) = (fa1(£), J(iB(fo1 (1)), i (1B(fa-1 (1)), 5" (iB(fn-1(1)))).

Finally differentiating both sides of this expression with respect to t and can-

celling the f/ () factor that appears on both sides gives that,

Vs

S 0(0) + B aa (01 B ar () 2 350
/ e 8V3 ~ o 11 aV3 ~
= B s0)" (B (05 05(0) + 1B s ()1 B () 52 550

= iB'(fna(O))Vo (i B(fa-1()))5" Vo(iB(fn-1(1))))- (6.7)

Now we rewrite the nonsingular system Fi,

..., F, as a new system of equa-
tions in fewer variables. Observe that

A(=Vo(iB(fn-1(1)))) = A(=i(iB(fu(1)))) = A(B(fu(t))) = fu(t)

as A is the compositional inverse of B as defined in Section 2.4.1. Fori=1,...,n
define
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Qi(wy, ..., wa) = Pi(wy, ..., wy, A(=iVo(iB(wy))),

WnA41y -+ - Wan, Vl(wZn)a
Won+1,y - -+ W3n, VQ(wna Wan, w3n)7
W3n+1y - - -y Wan, V3(U}n, Wap, W3n, w4n))

and then define,

Gi(ug, ... up) = Qi(ur, ..., up, (1B (u1)), ..., j(iB(uy,)),
i (iB(u1)),...,i5 (iB(uy)), 7" (iB(u1)), . .., " (iB(uy))).

Hence for all t € I,

Gi(t, fi(t),..., fu1(t)) =0

for i« = 1,...,n. Hence we have a system of algebraic functions @)q,...,Q, in
fewer variables. These algebraic functions have a domain which is an open set in

R*" that contains the set

{[F®),5(B(f(1))),if (iB(f(1))), 5" (iB(f(1)))] : ¢ € I'}

where f(t) = (¢, fi(t),..., fa_1(t)) and these functions are analytic on this do-
main. If one of the (n—1) X (n—1) minors of the matrix of partial derivatives for
this new system of equations is non-zero when evaluated at (¢, fi(t),..., fn_1(t))

for some ¢t € I’ then we have a contradiction to the minimality of n. Therefore

we may assume that all such minors are zero. For ¢ = 1,...,n we have that
0G; 0Q; . " 0Q; - 0Q;
= B'(u,)j'(iB(uy, — B'(u,)7"(iB(u,
G =Gt + 1B ()5 (B (0,)) o= = B (1) (B () 5=
+iB (uy) 5" (iB(un)) ;i; :

Also we have that
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0Qi 0P | L. o
Jw, + B'(iun) Vo (i B(un)) A (—iVo (iB(un)))))
oP;, 0V, n 0P, 0Vs
OYsnt3 OV OYanta Oy
0Q); 0P, or, dV; oP;, 0V, OP;, 0Vs

= +
Oway, OYan+1 OYonta dv O0Y3n+3 vy OYanta Ovy
0Q); 0P, N or, o0V, 0P, 0Vs

oP;
OYn+1

Owsy, - OYsn+2 OY3nt3 Ovs OYanta Ov3
0Qi _ 0P 0P oV
OWsn  Oanta  OYanis Ovg

Here the derivatives of the functions @)4,...,Q, and P,..., P, are evaluated
at
(ur, sty J(iB(un)), - .. j(iB(un)), 5 (iB(wr)), . .., 5 (iB(un)),
§"(iB(w1)), ..., j"(iB(uy)))
and

(u, sty A(=0Vo(iB(un))), j (iB(w1)), - ., j(iB(un)), Vi (j (1B (un))),
7B (u1)), .., 5 (iB(un)), Va(un, j(iB(un)), j'(iB(un))),
3 (iB(ur)), .-, 5" (iB(un)), Vs(un, j(iB(un)), j'(iB(un)), j" (iB(un))))

respectively. Putting this all together and using (2.13), evaluating at (¢, f1(t),

.+, fu_1(t)) and using the equations (6.5), (6.6) and (6.7) gives foralli = 1,...,n
that

oG, oP » , oP, 9P OV
G = G+ B U OB A (B ()5 + 528

OP;, 0Vs . . 0P, opr;, dv,
— + 3B (£ 1) (i B( fr_1(t
ay4n+4 ovy ! (f 1( ))j (Z (f 1( )))(aan—H 8y2n+2 dv
OP, 9V, 0P, 9V, ) op,
+ — B'(fn_1(t B(fn_1(t +
T aU) (Fa1(£)5"(iB(f 1<>>>(8y3n+2

0P, 0V, 0P, 0Vs

+
0Y3n43 Ovs OYanta Ov3
oF %)
OYanta Oy

OF;
OYan+3

) + 0B (fu1() 7" (iB(fn-1(t))) (
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and so
0G;  OF; / ' (i ' on
S0, = g+ B Ut OVAB U (A (Bfalt) 5 —
iB'(fu1(t))j'(iB (fnl(t>>>%a§j+2
+ <g_);12 +iB (fnl(t))j/@B(f”l(t)))g_:jj
- B a0 (B 0) 52) 5o
+ (2—‘;;” +iB (fn_l(t))j’(z'B(fn—l(t)))g_];j B B’(fn_l(t))j”(iB<fn—1<t>))Z_:j§
./ I % 8PZ
+ 1B (fu1(£))5" (i B(fn-1(1))) vy ) OYanta
:gZ+BU5NM%W%MJWVWMh®»£iJ

where the partial derivatives of F; are evaluated at (¢, fi(¢), ..., fu(t)). Therefore

as all the (n — 1) x (n — 1) minors of the matrix

.....

(5) o 6 0 a0

4y

are zero and 0G;/0u; = OF;/0z; foralli=1,... ,nand j =2,...,n—1 we have
that

O OB L VIGB(fua (1) A (B(ful() 2 2
o : (£, Fi(8).. . ()
O O VI (fua () A(B(fu(0) L 2

equals zero. This is the same as the matrix of the partial derivatives for the
system Fi, ..., F,, up to column operations, which do not affect the determinant.

In particular

OF,
det(ax]) i (t, FL(E), - ) = 0

for some t € I’, a contradiction and so the lemma is proved. O
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In order to obtain a large enough lower bound we wish to apply Theorem 2.3.10
to i+ t,iB(t),iB(f1),...,1B(f,). Suppose that there is some non-zero positive
integer M such that CIDM( (i +1),j(iB(fx))) = 0 for some k =0,...,n. We may
assume that &k = 1 and so there is some v € GL*(Q) such that i+t = v(iB(f1(t)))
for all t € I'. Therefore

aiB(f1(t)) +b
ciB(f1(t)) +d

for a,b,c,d € Q and ad — bec > 0. Rearranging and comparing real and imaginary

i+t=

parts gives that

dt — eB(A(1) = b
d+cB(fi(t))t = aB(fi(t))

and so

cdt® — (ad + be)t + ba + cd = 0.

Therefore there are at most two values of ¢t € I’ for which we can not apply Theo-
rem 2.3.10. We therefore shrink the interval I’ to avoid these values. For all t € I’
we have that i + ¢,iB(t),iB(f1(t)),...,iB(f.(t)) € H and we may assume that
Jli+1),7@B(t)),7(iB(f1)),...,j(@B(f,)) are non-constant. Applying Theorem
2.3.10 to i +t,iB(t),iB(f1),...,iB(f.) gives that,

tr.degCli + t,iB(t),iB(f1),...,iB(fn),
Ji+1), OEK@%J@f%fﬂ)-~,j@B(ﬂJ%
J(i+1),5(iB(t)), 5 (iB(f1)), - - -, J' (iB(fn)),
7"(i+ 1), 5" (iB(t), 7" (1B(f1)), -, 5" (iB(fa))] = 3n + 7.

The rest of the proof consists of obtaining a contradictory upper bound. For all
t € I’ define,

F=3(t) =, fi(t),..., fa(t))

and
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g=yt) =t [(t),.., (), 5(@B(2)), j @ B(f1(1))), - -, 5 (i B(fu(1))),
ij' (iB(1)), i (iB(fi(t))), - .-, ij (iB(fu(1))),
J"@B(), 5" @B(fi(1)), - -, 5" (@B(fa(t)))]-

Firstly it must be shown that the matrix

(gZ):i—l ,,,,, n (4(t))

0 0 0 '
M = I, M, : M, M;
0 0 0
for
iB'(f1(8)))' (iB(f1(t))) 0
M, = z g : ’
0 o iB(fa(1)5'(B(fa(1)))
—B'(f1(1))j"(iB(f1(t))) 0
My = :

0 o =BU(a()7"(iB(fa(1)))
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and

iB'(fi(1))7"(iB(H1(1)) - 0
M, — : , :

0 o AB(fa())3" (B (fu(1)))

As the rows of

(5) oy 0O

has maximal rank n as required. Now after restricting to a subinterval [” C [’
if necessary we apply Lemma 2.4.12 as in Chapter 2 to obtain a contradictory

upper bound on transcendence degree. Namely we have that,

tr.degcClt, f1,. .., fn,
JAB®), JGB()), - J(B(f),
ij'(iB(t)), 45" (iB(f1)), - - -, 15 (iB(fa)),
7"(iB(t)),j"(iB(f1)),...,7"(iB(f.))] <4n+4 —n = 3n + 4.

Recall the lower bound,
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tr.deg:Cli + t,iB(t),iB(f1),...,iB(fn),
Ji+1),5(@B(#)), j(iB(f1)), - -, 3(@B(fa)),
30 +1),5'(iB(1)),j' (iB(f1), -, ' (iB(fn)),
7 (i +1), 3 (B (1)), i (iB(f1), .-, " (iB(fa))] = 3n + 7.

Clearly these are upper and lower bounds on different finitely generated ex-
tensions of C and so to complete the proof we must obtain these contradictory
upper and lower bounds on the transcendence degree of the same finitely gener-
ated extension. Firstly we can observe that removing j'(i +t) and j”(i +¢) from

the lower bound expression gives that

tr.deg:Cli + t,iB(t),iB(f1),...,1B(fn),
Jli+1),j(iB(1)), j(iB(f1)), - -, 3 (@B(fn)),
J'(iB(#)),J' (@B (1)) - 3" (iB(fa)),
J"(@B(t)), 5" (ZB(fl))v - 3" (iB(fa))] 2 3n +5.

As B is an algebraic function we have that ¢, B(t), By(t),iB(t),i 4+ t are al-
gebraically dependent and that f, and iB(f;) are algebraically dependent for
k = 1,...,n. From the construction of our non-singular system we know that
the real and imaginary parts of the function j(i + t) are among the functions

fi,--+, fu. Therefore adding j(i + t) does not affect the transcendence degree.
Hence we have that,

tr.deg Cli + t,iB(t),iB(f1),.-.,iB(fn),
3 +1), j(iB(1)), j(iB(f1)), -, j(iB(fa)),
3'(iB(t)), 3" (iB(f1)) -, 3" (iB(fy)),
3" (iB(t)), " (iB(f1)), .., j"(iB(fa))] < 3n+4.

Therefore we have obtained contradictory upper and lower bounds on the
transcendence degree of some finitely generated extension of C and so we have a

contradiction as desired.



Chapter 7

Interdefinability of restrictions of
the exponential maps of abelian

varieties

Throughout this thesis we have considered definability questions on certain re-
strictions of the Weierstrass g-function in structures given by expanding the or-
dered real field, R, by restrictions of the same g-function to an interval. In Chap-
ter b we also considered the definability of different p-functions in this structure
before proving a theorem showing that there are no new complex functions de-
finable in these structures. Now we turn to a different question.

Consider the N + 1 complex lattices §2q,...,Qy.1 and let ©1,..., pny1 be
the associated Weierstrass g-functions for some integer N > 1. The question
we consider is the following. When is some restriction of the real and imaginary
parts of 41 definable in the structure given by expanding R by the real and
imaginary parts of some restriction of @y,...,pn. More precisely the definable
restrictions considered here are the following. Let F be a set of real valued maps
each defined on an open subset of R" for some n. Recall that a function f € F
is said to be locally definable in some expansion of R if the restriction of f to
some neighbourhood of each point in its domain is definable. Then the smallest
expansion of R in which all of these maps are locally definable is denoted Rp R(F)-

Recall from the introduction to this thesis the following theorem of Jones,

Kirby and Servi which answers this question and is Theorem 1.2 in [21].

Theorem 7.0.1. Let F; consist of complex exponentiation and some Weierstrass

o-functions and let Fo consist of Weierstrass @-functions. Suppose that none of

119
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the functions in Fy is isogenous to any p-function from Fi or isogenous to the
Schwarz reflection of a p-function in Fi. Then any set which is definable in both

Rprr) and in Rppr,) is definable in R.

In the introduction we observed that the Weierstrass p-function arises in the
exponential map of elliptic curves over C. In fact elliptic curves are the abelian
varieties of dimension 1. An abelian variety is a complete algebraic group. It is
therefore natural to ask whether the previous theorem can be extended to the
exponential maps of general abelian varieties. Recall from the introduction that
in order to formulate this question more precisely we must choose the set F more
carefully. Here all abelian varieties are defined over C.

Let G be an abelian variety over C and let F; be the set consisting of: the
exponential map of G, the exponential maps of all abelian subvarieties of G,
the exponential maps of all abelian varieties isogenous to an abelian subvariety
of GG, the exponential maps of the products of these abelian varieties and the
exponential maps of all abelian varieties isogenous to an abelian subvariety of
these products as well as the Schwarz reflections of all these exponential maps.
Then we have the following theorem, which is joint work with Gareth Jones and
Jonathan Kirby.

Theorem 7.0.2. Let G and H be abelian varieties and let Fo and Fg be their
associated sets of exponential maps. Suppose that Fg N Fg = 0.

Then any set definable in both Rprr,) and Rpgr,) is semialgebraic.

The format of this chapter is the following. The general strategy in the proof of
Theorem 7.0.2 is to follow that used by Jones, Kirby and Servi to prove Theorem
7.0.1 and use the method of predimensions due to Hrushovski in [19]. Here the
predimension is different to that used in [21]. Instead we introduce the notion
of G™**  an abelian variety that is defined up to isogeny and determines which
points on the graphs of the exponential maps in F are in B and not in C. Here
C C B are subfields of C and C' is closed under a pregeometry that we shall
define. This G™* is defined more precisely in Lemma 7.3.2 and it is here that we
use an Ax type result, which follows from a result due to Kirby in [22].

In the next section we give some background material on local definability
and its connections to linear relations between differential forms. This involves
recalling a pregeometry introduced by Wilkie in [40] and giving Wilkie’s charac-

terisation of this pregeometry in terms of differential forms. In Section 7.2 we
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define the set of exponential maps F explicitly and explain how we may define
certain differential forms. These are vector spaces of differential forms spanned
by the forms associated to the exponential map of an abelian variety and some
point on its graph. In Section 7.3 we define and explain the notions of G™**, pred-
imension, self-sufficiency and hull and prove results on the interactions between
these notions. These results can then be used to prove Theorem 7.4.1, which is
the main technical theorem needed in the proof of Theorem 7.0.2. The rest of
Section 7.4 consists of the proof of Theorem 7.0.2, which follows that of Theorem
7.0.1, where Theorem 7.4.1 takes the place of Theorem 7.1 in [21].

The material in this chapter is in collaboration with my supervisor Gareth
Jones and Jonathan Kirby. It also uses some ideas from earlier unfinished work
in the case of Weierstrass elliptic functions that come from the exponential maps

of groups of Jones, Kirby and Schmidt.

7.1 Background on local definability and differ-

ential forms

In this section we give some background on local definability as well as holomor-
phic closure and differential forms. This follows the presentation in Section 2 of
[21]. Firstly we discuss local definability, where definability is now taken to mean
0-definable. Recall that R denotes the first order structure R := (R, +, x, 0, 1, <).

Definition 7.1.1. Let U C R" be an open subset and f : U — R a function.
The function f is said to be locally definable with respect to an expansion R of

R if for every a € U there is a neighbourhood U, of a such that the function f|y,
is definable in R.

Now we turn to a more general setting, namely that of definable manifolds.
The following definition can be seen in [13], however the version given here is
from Section 2 of [15].

Definition 7.1.2. An (abstract) definable manifold, of dimension n, is a triple
(M, M;, ¢;)icr where {M; : i € I} is a finite cover of the set X and for each i € I:

1. we have injective maps ¢; : M; — R" such that ¢;(M;) is an open definably

connected definable set.
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2. each ¢;(M; N M;) is an open definable subset of ¢;(M;)

3. the map Qbij . ¢2(Mz N M]) — qu(MZ N M]) given by ¢z’j = ¢j @) ¢Z—1 is a
definable homeomorphism for all j € I such that X; N X; # 0.

If we have a definable manifold M, then amap f : U — M is locally definable if
for every a € U there is a neighbourhood U, of a, an open set W C M containing
f(U,) and a definable chart ¢ : W — R™ such that each of the components of
the restriction (¢ o f)|y, is definable.

Upon making the usual identification of C with R?, we can see that a complex
function is locally definable if and only if its real and imaginary parts are locally

definable.

Definition 7.1.3. Let U C R" be an open subset and f : U — R™ a map. Also
let A = (r1,81) X -+ X (ry, $,) be an open rectangular box whose corners are
rational and where the closure A C U. A proper restriction of f is a restriction
of the form f|a and if @ € A we say that f|a is a proper restriction of f around

a.

Let F be a set of maps each of which is defined on an open subset of R” and
takes values in R™ for some positive integers n and m. We write PR(F) for the
set of all proper restrictions of maps in F and Rpg(r) for the expansion of the
real field R by the graphs of all the component functions of the maps in PR(F).

Using this terminology we can consider R,, to be the expansion of R by all
proper restrictions of all real-analytic functions. (This is equivalent to the usual
definition of R,,,, which was given in the introduction, in the sense of having the
same definable sets.)

We finish this discussion on local definability by stating a lemma from [21].

Lemma 7.1.4 (Lemma 2.3 in [21]). A function f : U — R is locally definable in
an expansion R of R if and only if all of its proper restrictions are definable in

R.

This shows that Rpg(r) is the smallest expansion of R in which all functions
from F are locally definable and therefore this definition agrees with the one
given at the beginning of this chapter, in the discussion before Theorem 7.0.2.

Now we discuss holomorphic closure.
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Definition 7.1.5. Let A C C and b € C. Suppose that there is an n € N,
an open set U C C", a holomorphic function f : U — C which is definable in
Rpr(r) and a point a € U N A" such that f(a) = b. Then we say that b is in the
holomorphic closure of A with respect to F. This is denoted by b € hclx(A).

The following is an improved version of Proposition 3.3 in [21].

Proposition 7.1.6. Let F be a countable set of holomorphic functions, which is
closed under partial differentiation and under Schwarz reflection. Let C' C C be a
countable subfield. Let U C C™ be open and f : U — C be a holomorphic function.
Assume that we have f(a) € helg(C(a)) for all a € U except in some subset
X CU of measure 0. Then the subset U' == {a € U|f is locally definable at a} is
open in U and U \ U’ has measure 0. Furthermore, if n =1 and X is countable
then U \ U’ is countable.

Proof. From the definition of local definability it is clear that U’ is open in U.
Now we show that U \ U’ has measure zero.

Since C' is countable we can enumerate the pairs (U, g;)ien where U; is a
C-definable connected open subset of U and g; : U; — C is a (C-definable holo-
morphic function. Now define J = {i € N : g; # f|y,} and for each i € J
let

Vi = {a € Uj|gi(a) = f(a)}.

Then V; is locally the zero set of the holomorphic function ¢g; — f and is
therefore an analytic set with a well defined C-dimension. Furthermore, since
f # gi, the set V; is a proper closed subset of U; and so this dimension is less
than n and V; has measure 0. If n = 1 then each V; is countable.

Now suppose that a € U \ U’. Then either a € X or f(a) € hclx(C(a)) and
in the latter case the point a € V; for some i € J. So U\ U' C X UJ,., Vi, a
set measure 0. If n = 1 then this set is countable as X is countable and V; is

countable for all 7 € J. O]

icJ

We next consider differential forms and the connection between local definabil-
ity and differential forms following Wilkie. Let C' C B C C be fields. Associated
to the field extension B/C in C we have the B-vector space Q(B/C) of Kéahler dif-
ferential forms together with the universal derivation d : B — Q(B/C'). We define
Q(B) :=Q(B/Q). For B C C we have inclusion maps Q(B) C Q(B)®C C Q(C).

Let F be a collection of holomorphic maps.
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Definition 7.1.7. Let U C C" for some integer n > 1 and let a € U. Let
f:U — C™ be in F, with component functions fi,..., f,,. Let C C C. For
Jj=1,...,m we define wy, , € Q(C/C) by

gy = d(fy(a) Y O

=1

(a)da;.

Definition 7.1.8. With F, B and C as before, we define Wx(B/C') to be the
subspace of Q(B/C') spanned by those wy, o such that there is U € C" in F, and
a € UNB" with f(a) € B™ and all partial derivatives (0f;/0x;)(a) € B. Then
we define Qz(B/C') to be the quotient of Q(B/C) by Wx(B/C).

Now we define a closure operator related to this space of differential forms.

Definition 7.1.9. Let A C C and b € C. Define b € Dclz(A) if db is in the span
of {dala € A} in Qx(C). We say that C' C C is Dclg-closed in C if C' = Delg(C).

The critical fact that connects local definability with these differential forms

is due to Wilkie. This fact can be seen in [40] and is the following.

Fact 7.1.10. Suppose that F is closed under partial differentiation and Schwarz
reflection. Then Dclr is a pregeometry on C and this pregeometry coincides with
hCl]:.

Throughout the rest of this chapter the sets F are closed under partial differ-

entiation.

Definition 7.1.11. We write dim# for the dimension function associated with

the pregeometry Dclr.
The following lemma gives some useful consequences.

Lemma 7.1.12. 1. For C C A C C, dimz(A/C) is equal to the C-linear
dimension of the image of Qx(A/C) in Qx(C/C).

2. dimr(A/C) < dim Qr(A/C).

Proof. The second part of this lemma follows from the first as the function from
Qr(A/C) to the image of the natural map between Qz(A/C) and Qx(C/C) is
surjective. For the first part, let dimz(A/C) = n. Then there is a basis 4o C A
with cardinality n such that for all @ € A we have that a € Declx(AgU C) and Ay
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is independent over C. By definition we have for all a € A that da € span{da’ :
a € AyUC} in Qx(C). Therefore, da € span{da’ : a’ € Ay} in Qx(C/C). So
the dimension of the image of Qx(A/C) in Qx(C/C) is equal to dimz(A/C) as
required.

]

Definition 7.1.13. We define Derx(C/C) to be the space of F-derivations on C
which vanish on C. These are the maps 0 : C — C which are additive, vanish on
C, satisfy the Leibniz rule, and for each component f; of each f: U — C™ in F
and each a € U satisfy

n (9fj
(fi(a)) — ; A ()9 = 0.

Note that Derz(C/C) is canonically isomorphic to the dual space of Q(C/C).
Also if C' C A C C then we may may define Derz(A/C) by simply replacing C
with A and considering all points a € U N A in the above definition.

7.2 Abelian varieties and differential forms

In this section we explain precisely how the set of exponential maps F seen in
the statement of Theorem 7.0.2 are defined. Firstly we give some background
material on abelian varieties that we shall need. The following definition can be
seen Definition 3.7 in [31]. Everything here is defined over an algebraically closed
subfield C' C C.

Definition 7.2.1. An (abstract) variety is a set G with a covering V;,...,V,,
and an atlas of charts ¢; : V; — U; where for each ¢« = 1,...,m we have that
U; € C™ is an affine variety (and therefore definable in R) and ¢; is a bijection

and we require that for all 1 <4,5 < m,
1. Uj; = ¢i(ViN'V;) CUj is open.

2. The map ¢;; = ¢; o o7t Ui; — Uj; is an isomorphism of quasi-affine

(2

varieties (and is definable in R).

Remark 7.2.2. On V; NV, we have that ¢; 0 ¢;' 0 ¢; = ¢;.

The following definitions can be seen in 3.15, 4.1 and 4.6 of [31] respectively.
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Definition 7.2.3. A variety X is said to be complete if for any variety Y the
projection map 7 : X XY — Y is a closed map in the Zariski topology.

Definition 7.2.4. An algebraic group G is by definition a variety V together

with a pair of morphisms g : V xV — V and p: V — V, such that p yields a

group operation on V and p is the map  — z~ 1.

then we say that G is defined over C'. Notationally we identify G with V.

If V), p are defined over C

Definition 7.2.5. An abelian variety is a connected algebraic group whose un-
derlying variety is complete. An abelian variety is simple if it has no proper

abelian subvarieties that are not the zero variety.

An abelian variety is an example of a Lie group. In this chapter we take the
exponential map of an abelian variety G to be the exponential map of G as a Lie

group. The following definition can be seen in Chapter 8 of [§].

Definition 7.2.6. Let G be a Lie group and let LG be its Lie algebra. For
X € LG let p: R — G be an integral curve for the left-invariant vector field X
with p(0) = 0. Then we define exps(X) = p(1).

The following is Proposition 8.2 in [8].

Proposition 7.2.7. Let G, H be Lie groups and let LG, LH be their respective
Lie algebras. Let f : G — H be a homomorphism and df : LG — LH be the
induced map on the Lie algebras. Then expy odf = f oexpg.

Remark 7.2.8. Over the complex numbers abelian varieties can be defined using
an alternative approach. One considers them as complex tori, which can be
embedded into projective space. This gives rise to a map exp : C* — C™,
which arises from the composition of the abstract exponential map for G with
this projective embedding. This allows us to consider the definability of the
exponential map in this setup. Using Definition 7.1.7 we may then define forms
associated to exp at a point a € C". However there are many possible choices for
this projective embedding. The advantage of the abstract variety definition is that
we may talk about the unique exponential map for the abelian variety G denoted
exp. and differential forms associated to exp at a point. This uniqueness allows
us to talk about definability in this setup. These differential forms shall be

described in more detail later in this section.
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Throughout the rest of this chapter we take an abelian variety G to be an
abelian variety with a fixed choice of atlas, unless specified otherwise. Recall that
G is defined over the algebraically closed subfield C' C C. The following fact can
be seen in Example 4.6 in [31].

Fact 7.2.9. If f is a morphism from G to H where G is an abelian variety and

H is an algebraic group then f is the translate of a homomorphism.
This next definition can be seen in page 81 of [36].

Definition 7.2.10. Let G; and G5 be abelian varieties. A homomorphism f :

G1 — G4 is an isogeny if it is surjective, has finite kernel and dim G; = dim G».

The following theorem is due to Poincaré and can be seen in Theorem 1 of
Section 19 in [29].

Theorem 7.2.11 (Poincaré’s Reducibility Theorem). If G is an abelian variety
and H is an abelian subvariety of G there is an abelian subvariety H' such that
H N H' is finite and H+ H' = G. In other words, G is isogenous to H x H'.

The next theorem can be seen in Corollary 1 in Section 19 of [29].

Theorem 7.2.12 (Poincaré’s Complete Reducibility Theorem). Given an abelian

variety G there is an isogeny defined over C

G GMx - x G,

where the abelian varieties Gy, ..., G, are simple and the integers ny,...,n, are

uniquely determined up to isogenies defined over C' and permutations.

Definition 7.2.13. Let GGy, ..., G, be non-isogenous simple abelian varieties and
let F be the set of exponential maps for G, ..., G, composed with each of the
charts in their atlas. The set of complex numbers definable without parameters in
Rpr(r) is denoted C. Then the set of basic abelian varieties B = B(Gh, ..., G,)
is the set containing all the simple abelian varieties G such that G is defined
over Cz and G is isogenous to either G; or the Schwarz reflection of G; for some

1=1,...,7.

The set Cp is an algebraically closed field that is the algebraic closure of the
set {x + 1y : x,y € R such that x,y are 0-definable in Rpp(#).}.
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Definition 7.2.14. Given abelian varieties G,...,G, as in Definition 7.2.13,
we define § = S(B) to be the smallest set of abelian varieties containing B that

satisfies the following conditions,

o If G and H are in § then the product G x H € S.
e If G € S and H is an abelian subvariety of G defined over Cg, then H € S.

o If G € S and H is an abelian variety defined over Cz which is isogenous to
G, then H € S.

Remark 7.2.15. Suppose that G and H are abelian varieties where G € § and
H is defined over C. Let ¢ : G — H be a surjective algebraic homomorphism
defined over C. Then there is an abelian subvariety G’ of G such that G/G’ ~ H.
Then by Theorem 7.2.11 there is a complimentary abelian subvariety H' of G
defined over Cp such that G’ x H' ~ G and the induced map f : H' — H is an
isogeny and so H' ~ H. Therefore by the above definition we have that H € S.
Also it follows from the reducibility theorem that quotients of abelian varieties

are isogenous to abelian subvarieties.

Now consider two abelian varieties G and H with corresponding exponential
maps expg and expy. The exponential map of the product G x H can be defined
as exXPey (2, w) = (expa(2), expy(w)). Similarly if G and H are isogenous then
one may define the exponential map exp; by using exp, and this isogeny. The
same may be done for the Schwarz reflection of G and abelian subvarieties of G.

Therefore we have the following definition.

Definition 7.2.16. Given non-isogenous simple abelian varieties G, ..., G, we
define F = F(B) to be the set of maps given by composing the exponential maps
built from the exponential maps expg,,...,expg, with each chart in the atlas of
charts associated to the corresponding abelian variety. We shall refer to this as

the set of exponential maps for the abelian varieties in S(B).

Now consider an abelian variety G' and the set of maps Fg given by composing
expe with the charts in the corresponding atlas for G and consider the set of com-
plex numbers definable without parameters in the structure Rpg(#.), denoted Cg.
By Theorem 7.2.12 applied over the algebraically closed field C, we have that G

is isogenous to a product of simple abelian varieties G}* x - - - x GJ'". Here each of
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the simple abelian varieties G, ..., G, is defined over C. Using the above def-
initions we may define the sets of abelian varieties B(Gy, ..., G,),S(Gy,...,G;)
and exponential maps F(Gy, ..., G,) associated to these simple abelian varieties.

Then the corresponding sets of abelian varieties and exponential maps associated
to G are then defined to be B(G) = B(Gy,...,G,),S(G) = S(Gy,...,G,) and
F(G) = F(Gy,...,G,) respectively.

Now we discuss the differential forms that we associate to the exponential
map of an abelian variety evaluated at a certain point. Firstly we give a useful

background lemma.

Lemma 7.2.17. If 0 : U — V for open subsets U and V of C™ and C", re-
spectively, is a regular map (algebraic morphism) defined over C and 6(a) = b
then

"L 96,
db;j =" 3;- (a)da;
i=1 v

and setting Jy = (%) , the Jacobian matriz we have the vector and matriz
1 ]’7/

equation

db = Jp(a)da.

Furthermore if f and g are any analytic (or continuously differentiable) maps
then

Jyor(a) = Jy(f(a))Js(a).

Proof. As 6 is regular, its coordinate functions are rational functions and so the
above expression follows by the Leibniz rule for d. The second part follows from

the usual chain rule. O

Let GG be an abelian variety of dimension n and denote its cover by V;,...,V,
and collection of charts by ¢; : V; — U; C C™ for some integer m; > 1 for all
i=1,...,7. Let a = (a,expg(a)) be a point in the graph G of exp,. Consider
the chart ¢; such that exps(a) € V;. Then we can define the Kahler differentials
for e; = ¢; o exps at a using Definition 7.1.7. The space generated by these
differential forms over C' is denoted V,, , and is a subspace of Q(C/C). However
it is likely that there is some j # ¢ such that exp,(a) € V;. Therefore for some

neighbourhood of expg(a) in V; we may define the differentials for e; = ¢; oexpg
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at a and therefore define the vector space Ve, o. In order for this vector space
to be well defined we must show that it does not depend on this choice of chart.
In other words that V., o and V,, o are isomorphic. It turns out that we can go
further.

Claim 7.2.18. For 1 <4,j <m with i # j and a = (a,expgs(a)) € Gg,

Vei,a - Vej,a-

Proof. We may assume that ¢ = 1 and j = 2. If o is a C-point then both V,, ,
and V., » are {0} and we are done and so we may assume that « is not a C-point.
By definition and the above remark we have that ¢ = @1 20¢; on V;NV; and that
¢1,2 is an isomorphism. Also ¢;2 and e; are continuously differentiable and so
we may apply Lemma 7.2.17. For i = 1,2 we denote the tuple of the differential

forms associated to e; at a by we, 4.

and s0 Ve, o C Ve, o. Similarly we get that Ve, o C Ve, 4.
O

Before developing the theory of these spaces of differential forms further we
prove a lemma, relating the spaces of differential forms and isomorphisms of

abelian varieties. Here everything is defined over an algebraically closed subfield
C cC.

Lemma 7.2.19. Let G, H be abelian varieties and let f: G — H be an isomor-
phism such that f(expg(a)) = expy(b). Let f : LG — LH be the induced map
and assume that f(a) = b. Also let o = (a,expg(a)) and B = (b,expy (b)) be
the corresponding points on the graphs of exps and expy respectively and assume

that neither of these points are C-points. Then, Ve, o = Ve, 5-
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Proof. Let ¢g, ¢y be charts such that the functions eqg, ey are defined at a,b

respectively. Therefore,

d(er (b)) = Je, (b)db

(0r(expy (b)) — Jep (b)db
(¢n(f(expg(a)))) — Jey (f(@)df(a)

(¢1 0 f 0 96 (ec(a)) = Jey (f(a))Tp(a)da
Jogosoot (€ala))d(expg(a)) — J,, o f(a)da,

Wep,b =

d
d
d

where the last two lines follow from Lemma 7.2.17 applied to ey, f and ¢pgof oqﬁ&l.

By Proposition 7.2.7, we have that expy Of = f oexps and so

erof=c¢goexpyof =¢rofoexps=duofopg oeq.

Therefore,

)d(ec(a)) — Jd)HofquG oec (a)da
Jd(ec(a)) = Jy, 000t (€a(a) Jeg (a)da
)

where the penultimate equality follows from applying Lemma 7.2.17 to ¢y o f o
¢g' o eg. Therefore V., 5 C V.. o Similarly we get the reverse containment and

SO Veg,a = Vey,3 as Tequired. O

Corollary 7.2.20. Let (G; Vi, ..., Vin, @1, .., Om) and (G VY, VX @7, ..., )

be abelian varieties of dimension n and assume that idg is an isomorphism be-

tween these abelian varieties. Let expg(a) € V; NV} for some i =1,...,m and
j=1,...,r andleteq = p;oexpg and ey = ¢joexpg and a = (a,expg(a)) € Ga-
Then Ve, o = Veg,a

Proof. This follows immediately from the previous lemma, using the isomorphism

idg. [l
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Therefore the space of differential forms associated to the exponential map at

a particular point does not depend on the choice of atlas.

Lemma 7.2.21. Let G be an abelian variety in S = S(B) of dimension n and let
a = (a,expg(a)). We fix a chart ¢ such that the function eq = ¢poexpg is defined
at a as discussed above. Let C be a subfield of the complex numbers containing

Cp. Then Ve, o € Wr(C(a)/C).

Proof. Let eq = ¢poexpy : C* — C™ for some m > 1 where ¢ is a chart such that
eq is defined at a. Throughout the rest of this proof we write e = eg. By the
definition of Wx(C(«)/C) and the differential forms we, 4, . .., we,, o it suffices to
show that w., , are in Q(C(a)/C). Therefore we must show that (Je;/0x;)(a) are
in the field C(«) for all i =1,...,n and j = 1,...,m. From the end of Chapter
2 of [36] we have that G is isomorphic to a complex torus 7' = C" /€2 where ()
is a complex lattice in C". The derivatives de;/dz; are meromorphic functions
and are in the field of meromorphic functions on 7', denoted F. By Theorem
28 in [36] the field F' is finitely generated with transcendence degree at most n.
Let F' = C(fi,..., fr) for some integer r > 1 and so for each j = 1,...,m and
i =1,...,n there exist polynomials P,Q € C[Xy, ..., X,] such that,

é)ej _ P(fh-..,fr)
axi Q(flu--wf?‘)'

One can quantify over polynomials which have bounded degree as P and @)

do. Therefore the structure Rppr) models the sentence

“There exist polynomials P, Q € C[X, ..., X,] of degree at most s

such that for all z = (xy,...,2,) in some fixed fundamental domain
8ej _ P(fl(j:)7afr(j))
Dej oy _ 7.1

Let M be the definable closure of the empty set. Then M is an elementary
substructure of Rpp(#) and also models the sentence (7.1). So as Cp is the alge-
braic closure of M we may identify Cz with M?2. Therefore we have that for all
j=1,...,mandi=1,...,n there exist polynomials P and @ in Cg[X3,..., X,]
such that de;/0x; = (P/Q)(f1,-.., fr). Therefore as C' contains C the expres-
sions (Je;/0x;)(a) are all contained in the field C(«) as required.

O
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7.3 Applications of Ax-Schanuel for differential

forms and abelian varieties

In this section we fix a set of abelian varieties B and its associated set of exponen-
tial maps as described in the previous section in Definitions 7.2.16 and 7.2.14 and
also fix a Dclr closed subfield C' C C. Observe that this subfield C' contains the
algebraically closed field Cg. For an abelian variety G of dimension n we write
LG for its Lie algebra as in the previous section. Finally, we write TG = LG x G
and denote the graph of exp, by Go = {(z,expgs(2)) : 2 € LG} C TG.

Now we state an Ax-type result that shall be used to prove the first lemma
in this section, Lemma 7.3.2. This lemma introduces the notion of G™**. For
any fields B O C with tr.deg-B finite, the abelian variety Ggﬁ%‘m is defined up
to isogeny and encodes all the points on the graph of the exponential maps of all

the abelian varieties in S that appear in B but not C.

Theorem 7.3.1. Let G be an abelian variety of dimension n. Suppose that
a € Gg 15 such that dimV,, o, < n. Then there is a proper abelian subvariety H
of G such that a € Gy + Ga(C).

Proof. This theorem follows from Proposition 3.7 in [22]. For j =1,...,m let

wi(@) = d((expa); (@) — 3 XEL (44,

ox;
i=1 v

be the forms associated to exp at a. These are the differential forms on the graph
Ge evaluated at the point a and are defined using the map exp, : C* — C™ for
some integer m > 1 as described in Remark 7.2.8. Now let A = Derz(C(a)/C)
the set of all F-derivations. As C' is Dclr closed in C it is also Dclz closed in
C(«). Therefore C is the intersection of all constant fields of the derivations in
A. Hence I'¢ is the solution set to the differential equations ()., D*w(x) = 0.
Therefore we are in the setting of Proposition 3.7 in [22]. Finally we show that
wi(a),...,wy() are in V,  , and so are linearly dependent and we are done. Let
¢ be a chart such that eq = ¢ o exp; is defined. We have that



134 CHAPTER 7. INTERDEFINABILITY OF EXPONENTIAL MAPS

w(a) = d(expg(a)) — Jexpg (@)da
=d(¢p ' oeg(a)) — Jy-10e,(a)da
= Jy-1(a) (d(eg(a)) — Jeg (a)da)
= Jyp-1(a)weg.a

by Lemma 7.2.17 as ¢~ ! is regular and so wi (), . . ., wy, () are in V., o as required.
U

Lemma 7.3.2. Let C' C B be subfields of C, where tr.deg.B 1is finite and C' is
Dclg closed. Then there is an abelian variety G in S of mazimal dimension such
that there is a point B € Go(B) not in a C-coset of Gy for any proper abelian
subvariety H of G.

Moreover for any S € S and o € Gg(B) there is an algebraic group homo-
morphism q : G — S and non-zero integer N such that Nao — T'q(B) € Gs(C).

Furthermore such a G is unique up to isogeny.

Proof. Suppose G € § has dimension n say and is such that there is a point £ in
Gg(B) that is not in a C-coset of T'H for any proper abelian subvariety H of G.
Then by Ax’s theorem, Theorem 7.3.1, the space of forms V., s has di-
mension at least n in Q(C(5)/C). By Theorem 16.14 in [16] we have that
dim(Q(C(8/C))) = tr.degC(F). Putting this all together gives that

n < dimV,, 3 < tr.deg,C(f) < tr.deg.B.

Since the trivial group is in S and has such a point, the set of all such G is
non-empty. In particular there is such an abelian variety GG of maximal dimension
as required, of dimension n say. Now assume that dim G = n is maximal.

Let S € S be an abelian variety such that dimS > 1 and let o € Gg(B).
Then by the definition of S the abelian variety G x S is in S and we also have
that (8,a) € Gaxs(B). By the maximality of dim GG, there is a proper abelian
subvariety J of G x S, and (71, 72) € Gaxs(C) such that (5, a) — (11,72) € G5 C
Ga X Gs. Moreover, dim J < n again by maximality. We write 5’ = § — 7, and
o = a — . Then ' does not lie in a C-coset of Gy for some proper abelian
subvariety H of G as if it did then so would £.

Let p: J — G be the projection map. Then p(J) = G as ' is not in a C-coset
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of Gy for any proper abelian subvariety H of G. Therefore dimJ = dimG = n
and so p is an isogeny. Hence there is another isogeny p’ : G — J such that
the composition p’ op : J — J is the multiplication by N map on .J, denoted
[N], for some non-zero integer N > 1. The graphs G5 and G, are divisible and
torsion free and so the restrictions of T'p and T'p’ respectively to these graphs are
mutually inverse modulo the integer V.

Let ¢' : J — S be the projection and let ¢ = ¢’ o p’. Then Tq(5') = Na/ and
so Nao—Tq(B) = Nyo — Tq(v1) and therefore Noao — T'q(f) € Gs(C') as required.

For the uniqueness of G suppose dim.S = dim G = n and that « is not in a
C-coset of G for any abelian subvariety K of S. By a repetition of the above
argument we have the functions p’ and ¢’ as above. Then o' does not lie in a
C-coset of G for any abelian subvariety K’ of S and so ¢’ is surjective and as
p’ is surjective we have that the function ¢ = ¢’ o p’ is surjective. Then the map

q: G — S isin fact an isogeny and (' is unique up to isogeny as required. O

Definition 7.3.3. If G and S are as in Lemma 7.3.2 then  is said to be an
S-basis for B/C and we write G as G§%/c- 1f the set of abelian varieties S is
clear, it is dropped from the notation. We also note that if G has dimension n
then n < dim V. 3.

Lemma 7.3.4. Let G = Grg% and let B be an S-basis. Let H be an abelian
variety in S and let o« € Gy (B). Then Ve, 0 C Ve, 5

Proof. By Lemma 7.3.2 there is an algebraic homomorphism ¢ : G — H such
that Nao— T'q(8) € Gu(C) for some integer N > 1. In other words there is some
v = (c,expy(c)) € Gu(C) such that Nao = T'q(5) + v and

(Na,expg(Na) = (a(b), alexve(®))) + (. expp(c)

— (q(b) + ¢, q(exps (b)) ® eXPH(C)>-

Here & denotes the group law on the abelian variety H. Also ¢ denotes the
induced map on LG and the addition for points on the graph is the group law on
the tangent bundle. Define f : H — H by f(z) = z®expy(c) and f : LH — LH
by f(z) = z+¢. Also define g : H — H by g(z) = z @ expy(—(N — 1)a) and
g: LH — LH by g(z) = z — (N — 1)a. The spaces of differential forms for the

functions eqg, ey at b, a respectively can be defined in the usual way. Let ¢g, opy



136 CHAPTER 7. INTERDEFINABILITY OF EXPONENTIAL MAPS

be charts so that e¢ = ¢ o expy and ey = ¢y o expy are defined at b and a
respectively. We wish to show that wie,),.a € Veg,p for all k = 1,...,my. This
is done by considering the vector given by the forms we,), q»- - - s W(ep)m o @S 1N

Claim 7.2.18, we denote this vector by w,,, .. We have,

Wepa = d(eg(a)) — Jey(a)da
= d(¢n(expy(a))) — Jey (a)da
= d(ou(g(expy(Na)))) — Je,, (9(Na))d(g(Na))
= d(¢nr(g(q(expe (b)) ® expp(c))) — Je,; (9(G(0) 4 €))d(g(q(b) +¢)), (7.2)

where the last two lines of this expression follow from substitution. Considering
the left hand term in (7.2) gives that

(61090 f o alexpe(®)
d(érrogo foqoeg (ec(h)))
J¢H090foq0¢51(eG(b))d(eG(b)),

d(¢u(g(q(expg(b))) & expy(c)))

by Lemma 7.2.17 as the map ¢y ogo foqo gbél is regular. Considering the right
hand term in (7.2) gives that

Jen (@(2(0) + )d(G(@0) + ) = ey, (@F @A) d (3(F(@0))
= JeH <§ © fo Q(b)> JgofO(j(b)db
=J (b)db.

eHogofO(j

From Proposition 7.2.7 we have that expy oG = q o exps. Let z € C". Then,
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expy 0§ © f 0 4(2) = expp(3(q(2) + )

i(
= expy(G(2) + ¢ — (N —1)a)
= expp (4(2)) ® expy (c) ® expy (—(N —1)a)
= q(expg(2)) @ expy(c) © expy(—(N — 1)a)

— F(g(expg(2))) @ expy (—(N — 1)a)
— go foqoexpy(z)

and so expy og o f oq=go fogqoexps. Therefore we have that,

enojofod=c¢uoexpyojofof=cdygogofoqoexpg
= puogofoqodg odaoexpg
:ngogofoqoqu&loeg.

Therefore,

‘]eHogofolj(b) = J¢Hogofoqo¢aloec (b>

= J¢Hogofoqo¢81 (eG(b))JEG (b)

by Lemma 7.2.17. Putting this all together gives that,

Wep,a = J(bHogofoqoqbg.l(6G(b))d<eG(b)) - J¢Hogofoqo¢g.1(€G<b))Jec (b)db
— yppagesoaeagt (ca(0) (d(ea(8) = Joo (D)D)

= ‘](j)Hogofoqod)&l <€G<b>>wecvb.

Hence Ve, o € Ve, 5, as required.
O

Corollary 7.3.5. Let G = G™(B/C) be of dimension n and let € Gg be an
S-basis. Then V., 3 =Wx(B/C).

Proof. By Lemma 7.2.21 we have that V.. 3 C Wx(C(B8)/C) C Wx(B/C). Let
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n € Wx(B/C). By definition n € V., , for some abelian variety H € S of di-
mension r and « € Gy (B). By Lemma 7.3.2 there is an algebraic homomorphism
q : G — H such that Na — Tq(8) € Gu(C) for some integer N > 1. By Lemma
7.3.4 we have that V., o C Ve,p and so n € V., 5 and Wx(B/C) C V., 3 as
required. O

In order to define this G™** the fact that our base field C' is Dclz closed is
crucial as this allows us to use the Ax statement, Theorem 7.3.1. However this
reliance on C' being Dclr closed does cause a problem. Consider for example the
tower of fields C C A C B C C and suppose that C'is Dclr closed. Then we may
define the abelian varieties G = Gg% and § = GQ% and define and compare
their group rank. Using this construction we cannot define G357}, as A may not
be Dclz closed. However by using Poincaré’s reducibility theorem we can in fact

define Gg?ﬁ in this case.

Lemma 7.3.6. Let C C A C B C C where C is Dclg closed and suppose that
tr.deg. B s finite. Let G = G%‘% and S = Gi‘;‘é. Then there is an abelian variety
S’ € S such that there is no abelian variety H in S with dimension greater than
dim S” such that there is a point v € Gy(B) not in an A-coset of Gk for any
proper subvariety K of H. Let € Gg(B) and o € Gs(A) be S-bases for B/C
and A/C respectively. Then in fact G = SxS" and = (o, ') where o/ € G/ (B)
is mot in an A-coset of Gy for any proper subvariety H of S'.

Also for any S" € S and ¢ € Ggn(B) there is an algebraic homomorphism
q : S" — S" and non-zero integer N such that Ne — Tq(a/) € Ggn(A). In

particular the abelian variety S’ is unique up to isogeny.

The abelian variety S’ therefore satisfies all the properties of G™** given in
Lemma 7.3.2 and so S’ is defined to be G??X Recall that as the abelian varieties

G, S and S’ are all in the set S they are therefore all defined over C.

Proof. Write n = dimG,m = dim S and r = n —m. As a € Gs(B) we have by
Lemma 7.3.4 that V., o C Ve, p and so grkr(A4/C) < grkr(B/C). As o is an
S-basis it is not in a C-coset of H for any proper subvariety H of S. Therefore
by a repetition of the argument in the proof of Lemma 7.3.2 the algebraic homo-
morphism ¢ : G — S is surjective and so the abelian variety S is a quotient of G.
As S is defined up to isogeny and as up to isogeny quotients of abelian varieties

are abelian subvarieties we can assume that S is an abelian subvariety of G. If
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G = S we are done and so we may assume that S is a proper abelian subvariety
of G. By the Poincaré Reducibility Theorem, Theorem 7.2.11, applied over the
subfield C, there is a complementary abelian subvariety S’ with dim S’ = r such
that G is isogenous to S x S’. By the definition of the set S, this S’ is also in S.
We may write 5 = («, ) for some o/ € Gg. Now we show that S’ is /4 in the
sense of the definition of G™* given in the statement. This requires two steps,
the first of which is to show that there is no subvariety H of G with dim H > r
such that there is a v € Gy (B) not in an A-coset of Gx for any subvariety K of
H. Then it is shown that the point o’ is not in an A-coset of Gy for any proper
subvariety H' of S’.

Firstly suppose that there is an abelian variety H € S, with dim H > r such
that there is a point v € Gy (B) not in an A-coset of Gx for any proper abelian
subvariety K of H. Consider (a,7) € Gsxu(B). By the definition of a and ~
there is no proper abelian subvariety H' of S x H such that (a+c,y+¢') € Gy (B),
where (¢,c) € Ggxu(C). Hence by Lemma 7.3.2 there isamap ¢: G — S x H
such that N(a,v) = T'q(5) for some non-zero integer N. As 7 is not in an A-
coset we have that py(S x H) = H and as « is not in a C-coset we have that
ps(S x H) = S. Therefore q¢ = ps o q and gy = py o q are surjective and so

q = (qs,qg) is surjective. So
dim(S x H) < dimG = m +r < dim S + dim H = dim(S x H),

a contradiction.

Now suppose that o/ is in an A-coset of Gy for some proper subvariety H’
of S’. Then there is ' € Gg/(A) such that o +d € Gy/(B). As H' is a proper
subvariety of S’, by the Poincaré Reducibility Theorem there is a complementary
abelian subvariety H” € S such that S’ is isogenous to H' x H”. So we may
assume that " = H' x H". Let a’ = (v/,7") and o/ = (¢,9"). As o' +d =
(0" ++,0"++") € Gy(B) we get that 8" +~” = 0. Therefore as 7" is an A point
so is 0”. By the maximality of S the point («, ") € Ggxp»(A) is in a C-coset.
Therefore 5 = («,d’,9"”) is in a C-coset, a contradiction.

Using the maximality of the abelian variety S’ a simple reproduction of the
argument at the end of the proof of Lemma 7.3.2 gives the rest of the statement.

0

Now we consider Wz (B/A) and give a version of Corollary 7.3.5 for Wx(B/A).
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Remark 7.3.7. Let C C A C B C C be a tower of subfields where C' is Dclr
closed. Define Wx(B/A) in the usual way as in Definition 7.1.8. Then we have
that Wr(B/A) ~ Wx(B/C)/Wx(A/C).

Lemma 7.3.8. Let G and H be abelian varieties with points o = (a,expgs(a)) €
Ga(B) and B = (b,expy (b)) € Gu(B). Then Veorm(a8) = Veg.a @ Ve -

Proof. Consider the varieties G and H and let oo = (a, expg(a)) and 8 = (b,
expy (b)). By definition these are equipped with covers Vi,..., V,,, and V", ...,

V., and atlases of charts fi,..., fi,, and f7 ..., f  respectively. Then G x H
has a cover V; x V" and atlas of charts (f;, ff) fori =1,... ,mgandj=1,...,mpy
respectively. In particular eqxy = (eg, en)-

Therefore differentiating (egxy); with respect to z; for | = 1,...,mg and
i=mg+1,...,mg+mpyg gives zero as does differentiating (egxp); with respect
tox; forl=mg+1,....mg+mygandi=1,...,mg. Hence forl =1,...,mg,

<< 0(e
Seomnon = dle)(@) — 3 2N ayda, = i
i=1 '

and for [ =mg+1,....,mg+myg

S\~ den)
Wleaxm)i(ab) = d((em)i(b)) — Z &Z l(b)dbi = Wlemnd

i=1

where k + mg = [ for kK = 1,..., my. Therefore the differential forms for eqyy
at (a,b) are simply the ones for eg at a and together with the ones for ey at b

respectively. Hence V..., (a,8) = Veg,a @ Vey 3, as required. O

Lemma 7.3.9. Let C C A C B C C be a tower of subfields where C' is Dclr
closed and tr.deg-B is finite. Let G = G%’;‘é, S = Gj}‘é and S" = G%l?j and let
B,a and o/ be S-bases for B/C, A/C and B/A respectively. Then Wx(B/A) is

isomorphic t0 Ve, o

Proof. By Corollary 7.3.5, Wx(B/C) = V., and Wx(A/C) = Vg . We may
take G to be S x S" and f to be (a,a’). By Lemma 7.3.8, we have that

Ve (@,a!) = Veg,a @ Ve ,or and so

Sx S’

Wr(BJ/A) ~ Wr(B/C)/Wr(A/C) = Veg8/Vesa = Veg o

as required. O
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Definition 7.3.10. Let C' C B C C be subfields and C be Dclr closed. Then the
group rank grk »(B/C) is defined to be the dimension of V., 5. The predimension
of B over C is defined to be

dr(B/C) = tr.deg-B — grk-(B/C).

Remark 7.3.11. Therefore in particular if G = G™*(B/C) and € Gg is an
S-basis we have that dim Wx(B/C') = grk-(B/C'). Consider a tower of subfields
C C A C B C C where C is Dclg-closed and tr.deg-B is finite. Then we may
define G’ = G7¢ and S = G}% and S-bases 3 € Gg(B) and a € Gs(A) for B/C
and A/C respectively. As a € Gg(B) Lemma 7.3.4 gives that V.., C V., 3 and
by the definition of the group rank we have that grk»(A/C) < grk(B/C).

Now we show that the group rank is upper semi-modular and the predimension

is submodular on the lattice of algebraically closed fields.

Lemma 7.3.12. Let By, By C C be algebraically closed field extensions of C' with
finite transcendence degree over C. Let By = By N By and By = (B; U BQ)alg
Then,

grkr(Bo/C) + grkz(Bs/C) = grkz(B1/C) + grkz(B2/C)
and

07 (Bo/C) + 67(B3/C) < dx(B1/C) + d5(Bs/C)

Proof. As transcendence degree is submodular we need only show that the group
rank is upper semi-modular and then apply the definition of the predimension
to complete the proof. For i = 1,2,3,4 let G; = ng‘;‘c and let 3; be an S-basis
for B;/C for all i = 1,2,3,4. Consider (f1,52) € Ga,xa,- Clearly (81, 52) €
Gy xa,(Bs3). By Lemma 7.3.4,

dim V€G1 <Gy (B1.52) = dim V6G3’53'

By Lemma 7.3.8 we have that

dlm V6G17ﬁ1 _I_ dlm VEGQ B2 = dlm VeGl ><G27(1817ﬁ2)‘

Therefore,
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dim Vec:l B +dim Vec2,,82 < dim Vec37ﬁ3
S dim V€G3753 + dim Ve

Gp+Bo
as required. O

Remark 7.3.13. Let A; and A; be finite sets of pairwise non-isogenous simple
abelian varieties and suppose that A; C A,;. Then as in Definition 7.2.13 we
can construct sets of basic abelian varieties B; and By and similarly we may use
Definition 7.2.14 to construct sets of abelian varieties S; and Sy. Each of these
sets has an associated set of exponential maps F; and F5 as in Definition 7.2.16.
It is clear from this construction that B; C By, 51 € Sy and F; C Fo.

Let G| = G?ﬁ’é/c and Gy = G?;j‘g/c and also let 3; be an S;-basis for B/C
and [y be an Sy basis for B/C respectively. By Lemma 7.3.2 there is an alge-
braic homomorphism ¢ : Go — G such that N5y — Tq(B2) € Gg, (C) for some
integer N > 1 and as f; does not lie in a C-coset of Gy for any abelian sub-
variety of G; we have that ¢ is surjective and therefore (G; is a quotient of G.
This quotient is isogenous to an abelian subvariety and as G™** is defined up
to isogeny we may take G to be an abelian subvariety of G5. Also as &) C S,
and (3 is a B-point then by Lemma 7.3.4 we have that Ve, 5 C Ve
in particular grkz (B/C) < grkz, (B/C). However it is not possible in gen-

G2 and
eral to compare the predimensions dz (B/C) and dx,(B/C). Similarly for a
chain of subfields C' C A C B we know that grk-(A/C) < grkz(B/C) and
tr.dego A < tr.deg-B. However it is also not possible to compare the predimen-
sions 0£(A/C) and 0x(B/C) in general.

We now consider extensions A O C' where these predimensions can be com-
pared, for any extension B of the subfield A. Such extensions A are called self-
sufficient.

Definition 7.3.14. Let A be as above. Then A is said to be self-sufficient if
for every B O A where B C C and tr.deg. B is finite we have that dx(A/C) <
dr(B/C).

Now we give an alternative condition for self-sufficiency for algebraically closed

A. This uses the submodularity of the predimension.
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Lemma 7.3.15. Let C' C A C C, where C' is Dclr closed and tr.deg-A is finite.
Also assume that A is algebraically closed. Then A is self-sufficient if and only if
for all C C X C C, with X algebraically closed and tr.deg.X s finite, we have
that 6x(X NA) < 0x(X).

Proof. Firstly we suppose that A is self-sufficient and let X be as given. By
the self-sufficiency of A we have that §x(A) < 0x((X UA)alg). Also by the
submodularity of the predimension, (Lemma 7.3.12)

——~alg

Putting these together gives that

——alg

5(X) = 62(X NA) > 62((X UA)") = 52(A) >0

and so 0x(X N A) < §x(X) as required.

For the converse suppose that 07(XNA) < dx(X) for all algebraically closed X
and let A C Y forsome Y C C. Let X = acl(Y). Then XNA = Aandso dz(A) <
d7(X) by our assumption. Also by definition we have that tr.deg,Y = tr.deg X
and grk(X/C) > grk-(Y/C') and therefore §£(X) < dx(Y) as required. O

Lemma 7.3.16. Let C' C C be Dclg-closed and I be a non-empty index set.
For all i in I suppose that B; are subfields of C that contain C' and have finite

transcendence degree over C' and are also algebraically closed and self sufficient.

Then (,e; Bi is self-sufficient.

el

Proof. This intersection is also algebraically closed and so we use the previous
lemma. Let X C C be algebraically closed and suppose that tr.deg-X is finite.
Every time a B; is added to the intersection, either the transcendence degree goes
down or the intersection does not change. Therefore we have a finite subset Iy C I
such that X N, Bi = X N{,¢p,
and so binary intersections By N By say. By the self-sufficiency of B; and B, and
Lemma 7.3.15 we get that

B;. Hence we can consider finite intersections

Ir(XN(B1NBy))=0r(XNB)NBy) <or(XNBy) <Ir(X).
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Definition 7.3.17. Let C C A C C with tr.deg-A is finite. The hull of A,
denoted [A]z, is the intersection of all algebraically closed and self-sufficient
B C C such that A C B and tr.deg. B is finite.

Lemma 7.3.18. Let C C A C C with tr.dego A is finite. Then [A]x has finite

transcendence degree over C.

Proof. Let B vary over all algebraically closed extensions of A that are of finite
transcendence degree. Then the predimension dz(B/C) takes values in N and
therefore there is a least such value for this predimension. In particular the ex-
tension B where §z(B/C') takes this smallest value is self-sufficient by definition.
Therefore self-sufficient extensions exist and we may take the intersection of all
the algebraically closed self-sufficient extensions which has finite transcendence

degree as required. O

Lemma 7.3.19. Let C C B C C be fields where C' is Dclg closed and tr.deg~B
1s finite. Then

57(B/C) > dim(B/C).

Proof. From Corollary 7.3.5 we know that grk-(B/C) = dim Wx(B/C). So we
have that,

dr(B/C) = tr.deg-B — grk(B/C)
=dimQ(B/C) —dim Wx(B/C)
— dim Qx(B/C)

by the definition of Qz(B/C), and Lemma 7.1.12 we have that

dim Qx(B/C) > dimz(B/C).
O

Now consider the fields C C A C C where C is Dclz closed and tr.deg-A
is finite. Let B = [A]x. Then as dimz(B/C) > dimz(A/C) we can apply
the previous lemma to get that dx(B/C) > dimz(A/C). Now we would like to
show the reverse inequality. This is done by showing that every derivation in
Derz(B/C') may be extended to one in Derz(C/C).
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Consider two extensions A C B of some Dclr closed subfield C' of C. Also
suppose that tr.deg-B is finite and A is self-sufficient over C. The difference
tr.deg. B —tr.deg A is also finite. As A is self-sufficient the difference 6x(B/C)—
dr(A/C) is at least zero. We shall now show that it is possible to reduce to the
case where this difference is zero or one providing that B is also self sufficient over
C and is algebraically closed. We also show that any F-derivation on A can be
extended to one on B in each of these cases. This involves an analogue of Lemma
6.4 and Propositions 6.5 and 6.6 in [21] and the argument is similar. Firstly we

recall some details on G™** and the associated space of differential forms.

Remark 7.3.20. Let C' C C be Dcl# closed and suppose that C C A C B C C.
Then there are abelian varieties in S associated to the field extensions B/C, A/C
and B/A. These are Ggje, Ghje and G7) as defined in Lemmas 7.3.2 and 7.3.6
and throughout the rest of this section these are denoted GG, .S and S’ respectively.
By Lemmas 7.3.2 and 7.3.6 each of these abelian varieties is equipped with a
certain point on the graph of its exponential map known as an S-basis. Let 3, «
and o be S-bases of B/C, A/C and B/A respectively. These S-bases are points
in Go(B),Gs(A) and Gg (B) respectively.

Using the work in Section 7.2 one may define the space of differential forms
associated to each of these S-bases. The spaces of differential forms associated
to the exponential maps of G, S and S’ evaluated at 3, o and o respectively are
denoted by V. 3, Veg,o and V,

isogenous to S x S’ via an isogeny whose induced map from Gg to Gsxs sends [

 respectively. Finally the abelian variety G is

SlHx

to (a,a’). As G is only defined up to isogeny we may assume that G is in fact
S x S and f = (a, ).

Lemma 7.3.21. Let C C A C B C C where C is Dclr closed and both A and B
are self-sufficient over C'. Also suppose that B is algebraically closed with finite

transcendence degree over C'. Then there is an ordinal X\ and a chain of subfields
(Aa)a<a such that Ay = A and Ay = B and

1. for each a < X either 0r(Aay1/C) — 65(Aa/C) =1 and tr.deg, Aqiq =1
or 05 (Aa+1/C) — 0x(Ay/C) = 0.

2. If 0 < a <\ then A, is self-sufficient over C.

Proof. Enumerate B as (by)a<x for some limit ordinal A and assume inductively
that we have Ag for 5 < « satisfying both of the conditions in the statement and
such that b, € Ag whenever v < 8. If a is a limit we take A, = (J,, Ap-
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Now we suppose that « is a successor say o = v + 1. If there is some field
extension F' C B of A, that contains b, such that dx(F/C) —dz(A,/C) = 0 then
we take A, to be F. Otherwise take A, to be the algebraic closure of A, U {b,}.
As A, is self sufficient over C' we have that 0(A,/C) — d#(A,/C) > 0 and as

this difference is not zero we have that

tr.degy Ao — (grkz(Aa/C) — grkx(A,/C)) > 1.

By Remark 7.3.11 we have that grk-(A,/C) < grkz(A,/C) and so

0 < grkz(Aa/C) — grkz(A,/C) + 1 < tr.degy Aq = 1.

Therefore grk (A, /C) — grkz(A,/C) = 0 and

0r(Aa/C) = 67(A,/C) = tr.degy Aa =1

as required. It remains to be shown that A, is self-sufficient over C'. Suppose for
a contradiction that there is some field extension K of A, such that tr.deg K is
finite and 0x(K/C) < dx(A,/C). Suppose that K C B. As A, is self-sufficient

over C we have that

57(A,/C) < 57(K/C) < 65(A,/C)

and so

0 < 67(K/C) — 67(A,/C) < 87(Aa/C) — 6(A,/C).

By construction we have that 07(A,/C) —dr(A,/C)is0or 1. If §7(A,/C) —
dr(A,/C) = 0 then we have that 0 < 0, a contradiction. If 6z(A4,/C) —
dr(A,/C) =1 then éx(K/C) —r(A,/C) =0 and K is a field extension F' C B
containing b, such that tr.deg, F is finite and 6z(F/C) — dx(A,/C) = 0. But
by construction there is no such F' and so we again have a contradiction and
A, is self-sufficient over C' as required. Now suppose that K is not contained in
B. We show that we may reduce to the above case. By Remark 7.3.11 we have
that grk-(K/C) < grkf(Falg/C). As tr.deg K = tr.degcfalg we have by the
definition of the predimension that o ;(falg /C) < 6x(K/C) and so

6#(A,/C) < 7(K™)C) < 07(Aa/C).
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As B is self-sufficient and algebraically closed we have by Lemma 7.3.15 that
5K N B/C) < 67(K"*/C) and so

65(A,/C) < 57(K™ N B/C) < 67(Aa/C),

where the inequality on the left continues to hold by the self-sufficiency of A,.
Therefore by a repetition of the argument in the previous case we have a contra-
diction as required.

O

Proposition 7.3.22. Let C C A C B be subfields of C and assume that tr.degB
s finite and that both A and B are self-sufficient over C. Also suppose that
0r(B/C) = 0£(A/C) and let 0 € Derr(A/C). Then O estends uniquely to
0" € Derg(B/C).

Proof. Let 0 € Derz(A/C). Let Q(B/0) be the quotient of (B/C') by relations
> a;db; = 0 for a;, b; € A such that > a;0b; = 0. Note that this includes relations
of the form n = 0 for all n € Wx(A/C). We have the chain of quotient maps

QB/C) — QB/0) — Q(B/A),

which induces the chain

Wr(B/C) - Wr(B/0) » Wr(B/A)

where Wx(B/0) is defined to be the image of Wx(B/C') under this quotient
map. Now define Der(B/9) = {n € Der(B/C) : (3X € B)[n|a = \J]}, a B-vector
subspace of Der(B/C) that is the dual of Q(B/0). Hence we have a sequence

dual to the one above, given by inclusion maps. Namely,

Der(B/A) < Der(B/0) < Der(B/C).

Now we define Derz(B/0) = Der(B/0) N Derz(B/C). As noted in Section
7.1 the set of F-derivations Derx(B/A) is isomorphic to the dual of Qz(B/A)
and so Derrz(B/A) is isomorphic to Ann(Wx(B/A)). Similarly we have that
Derz(B/C) ~ Ann(Wx(B/C)). Therefore Derz(B/0) is isomorphic to the in-
tersection of Ann(Wx(B/C)) and the dual of Q(B/9), which are subspaces of
Der(B/C). A derivation in this intersection is a linear functional on (B/0) that
vanishes on Wx(B/C'). More precisely this is a linear functional on Q(B/0) that
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vanishes on the image of Wx(B/C) in Q(B/0). By definition this is an element
of Ann(Wx(B/0)) and so this intersection is contained in Ann(Wx(B/0)). Now
let 6 € Ann(Wx(B/0)). By definition ¢ is a linear functional on (B/0), an
element of Der(B/0), that vanishes on the image of Wx(B/C) in Q(B/0) and so
by definition 6 € Derz(B/C). Therefore § € Derz(B/J) and so Derx(B/0) =~
Ann(Wx(B/0)).

As noted in Remark 7.3.20 we let G = Gg%,s = G‘X% and ' = G%}?’;}
and let 8, and o be S-bases for B/C, A/C and B/A respectively. Also let
dim Ve, g = n,dim Ve, o = m and dimV,, o = r. We can take G = S x &'
and f = (o, ). By Corollary 7.3.5 and Lemma 7.3.8 we can take Wx(B/C) =
Veg, sraa’) = Ves.a®Vey or and Wr(A/C) = Vg o Recall from Remark 7.3.7 that
Wr(BJ/A) ~ Wr(B/C)/Wx(A/C) and so Wr(B/A) ~ V., . By a repetition
of the argument in the proof of Lemma 7.3.8 we can see that if we consider a
basis for Vg o and a basis for V., o coming from the differential forms associated
to S and S’ and the points a and o’ respectively then the union of these bases
forms a basis for Wz(B/C). We denote these bases by ni(a),...,n,(a) and
&(d), ..., & () respectively. We denote the images of & (o) in Q(B/0) and
Q(B/A) by &,(c/) and &, () respectively for all k = 1,...,r. The corresponding
images of N1 (), ..., Mm(a) vanish. As V., o ~ Wr(B/A) the images &x(a) form
a basis for the quotient Wx(B/A) and so are linearly independent. Therefore
their preimages & (o) are linearly independent in Q(B/d) and we denote their
span by W C Wx(B/0), where dimW = dim Wx(B/A). As the images of
m(a),...,nm(a) in Q(B/J) vanish it is clear that W = Wx(B/0).

By Remark 7.3.7 it is clear that

dim Wz(B/A) = dim Wx(B/C) — dim Wx(A/C).

As Derz(B/A) is isomorphic to Ann(Wx(B/A)) we have that

dim Derz(B/A) = dim Q(B/A)—dim Wx(B/A) = dim Der(B/A)—dim Wx(B/A)

and this together with the fact that dim Der(B/A) = tr.deg, B gives that,
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dim Derx(B/A) = dim Der(B/A) — dim Wx(B/A)
= tr.degy B — (dim Wx(B/C) — dim Wx(A/C))
= tr.degB — tr.deg A — (grk-(B/C) — grk-(A/C))
= tr.degB — grk-(B/C) — (tr.dego A — grk-(A/C))
— 6-(B/C) — 6(A/C)
=0.

Therefore Derz(B/A) = {0}. If 0 = 0 then Derz(B/0) = Derz(B/A) and the

derivation 0 will only extend to the zero derivative on B.

If 9 # 0 we may choose some a € A\ C such that da = 1. By the above
chain of quotient maps we have that Q(B/A) is the image of (B/0) under some
quotient map. We now show exactly which relations we must quotient Q(B/0)
by in order to obtain (B/A). It is clear that (B/A) is obtained by quotienting
out Q(A/C) from Q(B/C). Here we wish to show what else must be quotiented
from 2(B/0) in order to obtain {2(B/A). Note that for any w € Q(A/C) we may
write w = Y b;da; where a;,b; € A. Consider > b;0a; which by definition equals
k for some k € A. From the construction of Q(B/0) we may assume that k is

non-zero. Then we have that

Z%aai =1=0Oa.

Therefore as w was arbitrary we can see that quotienting 2(B/J) by the
relation da = 0 gives Q(B/A) and so dim Q(B/0) < Q(B/A) + 1 and therefore
dim Der(B/0) < dimDer(B/A) + 1. However 0 does extend to B as a field
derivation by Theorem 5.1 in Chapter 8 of [24] and therefore dim Der(B/0) >
dim Der(B/A) + 1 and so

dim Der(B/0) = dim Der(B/A) + 1.

As dim(Wx(B/0)) = dim W = dim(Wx(B/A)) and dim Der(B/A) =
tr.deg, B we have that,
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dim Derx(B/0) = dim Der(B/0) — dim Wx(B/0)
= tr.degyB + 1 — dim Wx(B/A)
=0p(B/C)—6r(A/C)+ 1
= 1.

Therefore there is some 7 in Derz(B/0) not in Derz(B/A). This 7 is unique up
to scalar multiplication. So 7|4 = MA@ for some non-zero A and therefore A~'7 is
the unique element of Derz(B/C) that extends 0 as required.

O

Proposition 7.3.23. Suppose that C C A C B C C are subfields of C where B is
algebraically closed and tr.deg. B is finite and both A and B are self-sufficient over
C and tr.deg(B/A) = 6x(B/C)—06x(A/C) = 1. Letb € B be transcendental over
A and let 0 € Derr(A/C). Then for each ¢ € B, the derivation O extends uniquely
to & € Derg(B/C) such that O'b = c. In particular there is O € Dery(B/A)
such that 0'b = 1.

Proof. Again by Theorem 5.1 in Chapter 8 of [24] we have that the derivation
0 € Derg(A/C) extends uniquely to & € Der(B/C) such that b = c¢. As
tr.deg(B/A) = 0x(B/C) —dx(A/C) = 1 we have that grk(B/C) = grk-(A/C).
By Corollary 7.3.5 dim Wx(B/C) = dim Wx(A/C) and so dim Wx(B/A) = 0.
Therefore Der(B/A) = Derg(B/A) and so &' € Derg(B/C) as required. O

Corollary 7.3.24. Let C € B C C and O be as before and let B' be a field
extension of B such that tr.deg.B’ is finite and B’ is algebraically closed and

s self-sufficient over C'. Then O can be extended uniquely to a derivation in
Derg(B'/C).

Proof. This follows from combining the previous two propositions with Lemma
7.3.21.
]

Lemma 7.3.25. Let C C A C C be subfields where C' is Dclg closed and tr.deg-A
1s finite. Then,

0r([A]/C) = dimz([A]/C).
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Proof. Let B = [A]. This is equivalent to showing that the natural map from
Qr(B/C) to Qx(C/C) is injective. For if this map is injective then the function
defined from Qx(B/C) to the image of this natural map in Qx(C/C) is a bijection.
By part 1 of Lemma 7.1.12 we have that the dimension of this image is equal to
dimz(B/C) and so we have that

5(B/C) = dim Q#(B/C) = dims(B/C).

That the natural map from Qz(B/C) to Qx(C/C) is injective is in turn equivalent
to showing that any derivation in Derx(B/C) may be extended uniquely to one
in Derz(C/C'), which we now show. Let 0 € Derz(B/C) and let b € C and
consider B" = [B(b)|#, which is algebraically closed and self-sufficient over C
by definition. Then by the previous corollary 0 may be extended uniquely to
an F-derivation on B’. Now suppose that B” is some other algebraically closed
extension of B containing b that is self-sufficient and has finite transcendence
degree over C'. Then 0 may be extended uniquely to an F-derivation on B”. By
uniqueness these derivations agree at b and so d may be extended uniquely to a

derivation in Derz(C/C') as required. O

Before stating the penultimate proposition in this section we give some nota-

tion. For ¢ = 1,2, 3 we write Dcl; for Dclg,, 6; for 67 and so on.

Proposition 7.3.26. Let S and Sy be sets of abelian varieties in the sense of
Definition 7.2.14 such that S C Sy. Let C C C be a Dcly closed subfield and let
a € C4 be a tuple that is Dch-independent over C. Suppose b € Dely(Ca) and let
B = [Cabli. Then we have that B = [Cablsy and G'g)c = G3'g)c-

Proof. Let A= C(a)*#. As a is Dcly-independent it is immediate that dimy(A/C)
= d and so dim;(A/C) = d. As b is in the Dcly closure of Ca it is clear that
dim;(B/C) = d. Finally as the quantity dimz(X/C) is monotone increasing in
X and monotone decreasing in F then we have that dimy(A/C) < dimy(B/C) <
dim;(B/C) and so

dimy(B/C) = d. (7.3)

By Lemma 7.3.25,

dim(B/C) = 6,(B/C) = tr.deg.B — grk, (B/C)
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and so grk,(B/C) = tr.degoB — d. As a is Dcly-independent we have that
tr.deg~A = d. Hence by Lemma 7.3.19

02(A/C) = tr.dego A — grk,(A/C) > dimy(A/C).

Therefore d — grk,(A/C) > d and so grk,(A/C) < 0. In particular, grk,(A/C)
= 0 and therefore d5(A/C) = d. Now take any extension A’ of A. By definition
dimy(A’/C) > dimy(A/C) = d and again by Lemma 7.3.19

02(A’/C) = dima(A'/C) = d = 65(A/C)

and therefore A is F, self-sufficient. In particular d5(B/C) > 05(A/C) = d. In

other words,

tr.deg B — grky(B/C) > d = tr.degB — grk,(B/C)

and so grk,(B/C) < grk,(B/C). As §; C Sy we know from Remark 7.3.13 that
grk, (B/C) < grky(B/C) and so grk, (B/C) = grk,(B/C'). Therefore by definition
dimV,, , =dimV,, , and 6;(B/C) = (B/C).

By Remark 7.3.13, G; = G?%X/C is an abelian subvariety of G = Gg?gx/c. Sup-
pose that this is a proper abelian subvariety. Then there is an abelian subvariety
G’ such that G; x G| ~ G5 and as G+ is defined up to isogeny we may take G5 to
be Gy x G and 3, to be (51, 3;) for some 3 € Gg (B), which is not a C-point.
By Lemma 7.3.8 we have that

dim V

€G1.81

=dimV

€Ga.B2

=dimV,

€G1.81

+ dim V

“er8
and so dim YV, s = 0 and B] is a C-point, a contradiction. Therefore Grlrj%"/c
and ng%x/c are equal.

It remains to be shown that B = [Cabls. Let B’ = [Cab]s, firstly we show
that B’ C B, by showing that B is F, self-sufficient. Suppose for a contradiction
that B is not F; self-sufficient. Then there is some L O B such that d2(L/C) <
d2(B/C) = 0,(B/C). By Lemma 7.3.19 we have that dimy(L/C) < d2(L/C) and
by Lemma 7.3.25 we have that 6,(B/C) = dim;(B/C) = d. This together with
(7.3) gives that
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dimy(L/C) < dimy(B/C).

We know that dim; X is increasing in X, in particular
dimy(B/C) < dimy(L/C)

and so dims(L/C) < dimy(L/C), a contradiction.

Now we show that Gf%’f/o = Gg?%’f/c. Let G =Gy = Gg}%"/c and S = ng%’f/c
and let 5 and a be S-bases for B/C and B’/C respectively. Then € Gg(B)
and a € Gg(B') C Gg(B). Let dim G = n. Then by the maximality of G there
is a proper abelian subvariety J C G x S such that (3, «) is in a C-coset of G;.
Furthermore J has dimension at most n. Let (71,72) € Gaxs(C) be such that
(B,a) — (71,72) € Gaxs and write B=p— v and & = a — 3. Then 3 does not
lie in a C-coset of Gy for any H C G.

Consider the projection p : J — G, then p(J) = G and so dim(J) = dim G =
n. As p is an isogeny there is an isogeny p’ : G — J such that the composition
pop:J — J = [m] the multiplication by m map on J, where m is some
integer. Let ¢’ : J — S be the projection. Then there is an m € Z such that
g=q¢ op :G— S and Tq(f) = ma.

We claim that ¢ is surjective. Let S, = Im(q) € S. As ma € Gg, and Gg, is
divisible we have that & € Gg,. Hence o € Gg, + 72 and so « is in a C-coset of
the subgroup S, C S. Hence by the definition of o we have that S, = S.

As G7 = G5 we have that G € &7 and so by Remark 7.2.15 we have that
S € &) and therefore the pair («, S) is among those considered in the construction
of Grlrj%’f s As S has maximal dimension since S = Gg?%’i e this maximum is S.
Therefore S = G} (up to isogeny).

Finally we show that B C B’. It suffices to show that B’ is F; self-sufficient.
Suppose for a contradiction that B’ is not F; self-sufficient, then there is some
L D B’ such that 6,(L/C) < §;(B'/C). Let 8] be an S; basis for B'/C" and let
B35 be an Sy-basis for B'/C. Then as we have shown that GV} o = Gy} we
have ] = (5 and so VeG,l 8= Ve Therefore, grk, (B’/C) = grk,(B’/C) and
01 (B'/C) = 62(B'/C). Hence,

e By

02(L/C) < 81(L/C) < 0:(B'/C) = 62(B'/C),

which contradicts B’ being F3 self-sufficient. Therefore B = B’ as required.
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O
Consider two sets of non-isogenous simple abelian varieties {G1,...,G,} and
{Hy,...,Hs}. In Section 7.2 we saw that we can build basic sets of abelian va-

rieties denoted B; and B say. Using Definition 7.2.14 one can construct sets
of abelian varieties &7 and S, say. Here we do not assume that S € S;. In
Section 7.2 the corresponding sets of functions F; and F; were also defined.
Let F be the set of functions given by composing the exponential maps for
Gy,...,G,, Hy, ..., Hs; with their corresponding charts. Then Cp, denotes the set
of complex numbers definable without parameters in Rpgr). Let B3 be the set of
basic abelian varieties arising from the union of {Gy,...,G,} and {H, ..., H}
as in Definition 7.2.13 and let S3 = S(B3) be the corresponding set of abelian
varieties as in Definition 7.2.14 and also let F3 = F(Bs) be the corresponding set

of exponential maps.

Proposition 7.3.27. Let S; and S be sets of abelian varieties as described above
and let Sg = S1NSy. Let Sz denote the set of abelian varieties as is also described
above.

Let C C C be a Dcls-closed subfield and a € C? be Dcls-independent over C.
Then Dcl(C,a) N Dcly(Cya) = Dely(Ca).

Proof. 1t is clear that Dcly(C,a) € Dcly(C,a) N Dcly(C,a). Let b be a point in
Dcly (C, a) N Dely(C)a). We must show that b € Dcly(C, a).

Let B = [Cabl;. As & and S, are both contained in S we have by the pre-
vious proposition that B = [Cab]; = [Cab]s. In particular GV} = G350 =
G?%X/C and so Gg"%x/c € 8. Let B3 be an Ss-basis for B/C. Therefore the
pair (Gg’%"/c, Ps) is among those considered in the construction of ng%x/o and as
G3'5)c has maximal dimension Gg'% o = G3'5)o. Therefore Ve, g, = Veg 5, and
s0 03(B/C) = §y(B/C) = d and therefore dimy(b/C,a) = 0. Hence b € Dcly(C, a)

as required. O

7.4 Proof of Theorem 7.0.2

Theorem 7.4.1. Let S1 and S be sets of abelian varieties as in Definition 7.2.1/
with corresponding sets of exponential maps F1 and Fy. Let Fo = F1 N Fy and
let U C C" be an open subset and also let f: U — C be a holomorphic function.
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Suppose that f is locally definable with respect to Fy and F5. Then f is locally

definable almost everywhere in U with respect to Fy.

Proof. We denote F;UJF; by F3. Let C' be a countable subfield of C that contains
Cp,, where Cp, is as described above Proposition 7.3.27. Then C contains all the
parameters needed to define f with respect to both F; and F;. Assume that C
is also hcl; closed.

Let a € U be an hcls generic point over the subfield C' and denote f(a)
by b. By Wilkie’s fact, namely Fact 7.1.10 we have that for « = 1,2,3,4 the
pregeometries hcl; and Dcl; coincide. As f can be locally defined with respect to
F1 and F» we have that b € hely(C(a)) Nhely(C(a)). Therefore by Proposition
7.3.27 the point b is in helg(C'(a)).

The set of all points X C U not hcls generic over C' has measure 0. Therefore
the set of all points X C U not hcly generic over C' also has measure 0. Applying
Proposition 7.1.6 with the set of functions Fy gives us that the set U’ = {a € U :
f is locally definable at a} is open in U and U \ U’ has measure 0. Therefore f

is locally definable almost everywhere with respect to Fy as required. O

Now we are in a position to prove Theorem 7.0.2. The proof of this theorem
follows that of Theorem 7.0.1, which is Theorem 1.2 in [21]. Here Theorem 7.4.1
takes the place of Theorem 7.2 in that paper. Before giving the proof, we state
some facts from o-minimality that are needed. These are Proposition 8.1 and
Lemmas 8.2 and 8.3 in [21].

Proposition 7.4.2. Suppose that F is a collection of holomorphic functions.
If f U — R is an analytic function definable in the structure Rpgr(r), on U,
an open subset of R", then there exists an Rpgr)-definable subset X of U of
dimension at most n — 1, an open subset W of C" with W NR™ =U \ X and an
R pr(r)-definable holomorphic F': W — C such that F|inx = f.

Lemma 7.4.3. Suppose that R is an expansion of R in which every definable set

15 also definable in R,,. Then R has analytic cell decomposition.

Lemma 7.4.4. Suppose that C' C R" is an analytic cell definable in an o-minimal
expansion of R. Then there an open analytic cell U C R™ such that C' C U and
an analytic retraction 0 : U — C which are definable in the structure (R, C).

Proof of Theorem 7.0.2. Recall that G and H are abelian varieties with associ-
ated sets of exponential maps Fg and Fg and that Fg N Fy = (). Suppose that



156 CHAPTER 7. INTERDEFINABILITY OF EXPONENTIAL MAPS

X C R" is definable in both Rpg(r,) and Rpg(r,). In the structure (R, X) there
is an analytic cell decomposition of X by Lemma 7.4.3. This is also an analytic
cell decomposition in both Rppr,) and Rpgrr,) and it is therefore sufficient to
prove the theorem in the case where the set X is an analytic cell. This is done
by induction on n and the n = 1 case is trivial.

Now consider the case where X = gr(f) where f : X’ — R for an analytic
cell X’ C R*!. By induction X'’ is a semialgebraic cell. By Lemma 7.4.4 there
is a subset U’ C X’ and an analytic retraction 6 : U’ — X', which is definable
in the structures Rppr,) and Rpg(r,). Therefore the function fof : U’ — R
is both analytic and definable in the structures Rpgr(7,) and Rpg(r,). Hence the
holomorphic extension of f o # to some open W C C, denoted g, is definable in
the structures Rpp(z,) and Rpg(r,) by Proposition 7.4.2. As Fo = FoNFy =0
we have Rppr,) = R and so by Theorem 7.4.1 some restriction of g to an open
set is definable in R and is therefore a semialgebraic function. However g is
holomorphic and so it is in fact an algebraic function as are f o and f. Hence
X is a semialgebraic cell as required.

Now consider the case where X = (f, g)x+ for some analytic cell X’ C R"~1.
By the previous case the functions f and g are semialgebraic on X’ and therefore
X is also semialgebraic as required.

O



Chapter 8
Conclusion

Throughout this thesis we have seen various definability results for restrictions of
some transcendental functions and the exponential maps of abelian varieties. The
results in the first few chapters adapt essentially the same method of Bianconi
used in [5] and [6]. To finish this thesis we give a discussion on the ways that
some of these results could have been proved differently and discuss potential

further results that I will consider in future work.

Firstly we consider the definability results discussed in Chapters 3,4 and 6 and
observe that these results could all have been proved in a different way, although
this does not significantly affect the structure of the proofs. More precisely, in-
stead of using the implicit definition due to Wilkie and Jones, Theorem 2.4.3, in
Chapters 3,4 and 6 we could have used the implicit definition due to Gabrielov,
Proposition 2.4.10, that was used in Chapter 5. There is no obstruction to using
this Gabrielov definition in these chapters however it does not appear that the
proof of the theorem in Chapter 5 can be made to work using the method which
involves the initial implicit definition as done in Chapter 3 say. Suppose that we
used this implicit definition in the proof of Theorem 3.0.1 for the auxiliary struc-
ture (R, po B, ¢'o B, B, By). Then we would obtain a system of n— 1 polynomials
in the variables xy, ..., z, and (B(xo)), ..., p(B(xy,)), ¢ (B(xg)), ..., ¢ (B(x,))
as well as B(xy), ..., B(z,), Bi(xo), ..., Bi(x,) giving an initial upper bound of
4n 4+ 5. In Chapter 5 the corresponding upper bound was initially lowered by
adding an extra n + 1 equations to the system, which arose from the differential
equation for @ in each variable. One can add the same n 4 1 equations here. A
further 2(n+ 1) equations can be added to this system which are defined by using
the definition of B; and the fact that A is the compositional inverse of B for

157
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each variable. By a repetition of the argument in Chapter 5 one can prove that
the corresponding matrix of partial derivatives for this new system has maximal
rank at the appropriate points. The issue with this approach arises when we try
to reprove a corresponding version of Lemma 5.1.4 for this setup. As there is no
addition formula for the algebraic function, we need to shift B(ys) instead of ys
in this lemma. However in order to obtain a point z € C**5 that satisfies the
original system and does not satisfy the corresponding Cauchy-Riemann equa-
tions as in the proof of the Lemma 5.1.4, we require Cauchy-Riemann equations
for B(u) and B(v). However this is where the problem arises. If these Cauchy-
Riemann equations hold then one can show that B’(u) = B’(v). Therefore as
B is an algebraic function we have that v and v are algebraically dependent, a

contradiction to Claim 5.1.1.

Another approach one could take in Chapters 3 and 4 would be to consider
systems of polynomials rather than algebraic functions. The main alteration to
the proof would be to the linear independence claim as explained in Chapter 5,
which allows us to give this claim for a system of polynomials. This approach
does not depend on the choice of implicit definition. Therefore in Chapter 3 for
example the choice to consider a system of algebraic functions is essentially a
convenience. Otherwise, we would be working with a system of polynomials in
6n + 6 variables.

However when we work with the modular j-function it appears to be no longer
possible to work with a system of polynomials. In fact from the corresponding
independence claim we can see that algebraic functions are necessary, as the
expression for j(iB(f,(t))) in terms of j(iB(f,—1(t))) arising from the modu-
lar polynomial is certainly an algebraic function and may not be a polynomial.
Therefore, it is not apparent how we may reproduce a proof of the theorem in
Chapter 6 using a system of polynomials. This is the main obstruction to an
immediate extension of some of the work in this thesis, namely a version of the
theorem in Chapter 5 for the modular j-function. In order to reproduce the proof
in this chapter for the modular j-function we must construct a version of the ar-
gument at the end of this proof for a system of algebraic functions instead of a

system of polynomials.

Another possible future direction for the work in this thesis would be to ex-

tend the work in Chapter 7 on the exponential maps of abelian varieties to the
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exponential maps of semiabelian varieties and even general commutative alge-
braic groups. In order to achieve this one would need to remove the dependence
on Poincaré’s reducibility theorem from the work in Chapter 7. The main source
of this dependence arises when we consider the tower of subfields C C A C B C C
and wish to define the abelian variety Gg?ﬁl for example. The motivation for con-
sidering such a tower of subfields is in Lemma 7.3.25 where we wish to uniquely
extend an F-derivation on B = [ A] to an F-derivation on C. Upon removing the
need for this extending derivations result or providing an alternative proof of it
we should be able to extend Theorem 7.0.2 to the semiabelian case. As there does
not appear to be any other such restriction we should be able to extend this fur-
ther to the case of general commutative algebraic groups after first replacing the
version of Ax’s Theorem seen in Theorem 7.3.1 by one for general commutative

algebraic groups which can be seen in [3].

Finally, another direction that the work in this thesis could take in the future
would be to expand some of these nondefinability results for the Weierstrass -
function to other transcendental functions that are related to p. An example
of such a function is the Weierstrass (-function. For a complex lattice €2 the

Weierstrass (-function is defined as

() =1+ <L+l+%)
z Z-—w W w
a meromorphic function with simple poles at precisely the points in €2. Observe
that ('(2) = p(z) and so the restriction of ¢’ to a bounded real interval I that does
not intersect € is definable in the structure (R, p|;). However it seems unlikely
that such a restriction of ¢ is definable in (R, p|;) and this should be possible to
prove using similar methods to those seen in Chapter 3 for example. In order
to use these methods we would require an Ax statement which features the (
function as well as the p-function. This can also be seen in [7]. If we let D C C
be a disc such that D N Q = @, then (|p is not definable in (R, p|;) by Theorem
5.0.2 provided that the lattice €2 does not have complex multiplication. However
if we add the restriction of ¢ to the interval I to the structure (R, p|;) then we
can answer some of these definability questions positively. Consider as we did at
the start of this thesis the lattice 2 = Z + iZ. As () is real then the restriction
of  to the interval I is also real valued for the same reason as p as described in

Section 18 of [38]. By using the definition of the ( function one can show that
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((iz) = —i¢(z). From the corollary in Section 3 of Chapter 5 in [9] we have the

formula

19w -9 W)
2 olu) — plv)

Using these formulae and a repetition of the argument in the proof of Lemma

((u+wv) + ((u) + ¢(v).

3.1.1 we can show that the restriction of ( to a disc D in C is definable in
(R, 9|1, ¢|r) when the associated lattice is Z + iZ. A natural next step would
be to extend this to all complex lattices which have complex multiplication. A
converse to this result should follow from similar methods to those seen in Chapter
3 3. Extending this converse from the real lattice to the general lattice case should
follow by adapting methods from Chapter 4. Future research on nondefinability
results for these functions could also consist of obtaining analogues of Theorem
7.0.2 in Chapter 7 for the structure (R, p|7, 1)
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