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Abstract. Unified constitutive equations have been developed in recent years to predict 
viscoplastic flow and microstructural evolution of metal alloys for metal forming applications. 
These equations can be implemented into commercial FE code, such as ABAQUS and 
PAMSTAMP, to predict mechanical and physical properties of materials in a wide range of metal 
forming processes. These equations are normally stiff and need significant computer CPU time 
to solve. In this research, a series of numerical analyses are performed to investigate the 
difficulties within MATLAB of solving these stiff unified constitutive equations. A metric is 
introduced to allow evaluation of the numerical stiffness to assess the most appropriate numerical 
integration method. This metric is based on the ratio of maximum to minimum eigenvalue. This 
metric allows for an appropriate numerical method to be chosen giving more effective modelling 
of deformation and plasticity processes. Based on the theoretical work described above, a user-
friendly system, based on MATLAB, is then developed for numerically integrating these types 
of stiff constitutive equations. This is particularly useful for metal forming engineers and 
researchers who need an effective computational tool to determine constitutive properties well 
based on numerical integration theories. 

1. Introduction 
Many problems in the simulation of viscoplastic flow processes for metal forming applications can be 
described by systems of ordinary differential equations. These problems are often multiscale and stiff 
and hence are only amenable to implicit solvers. Commonly used implicit solvers require extensive 
matrix processing whilst standard explicit methods have limited stability and progress in smaller time 
increments. This means the simulation of these viscoplastic flow/creep processes is computationally 
intensive. Consequently, improvements in numerical integration and algorithm efficiency can always be 
utilized. Whilst much research has been performed to solve stiff equations and a variety of implicit 
solvers have been developed [1-3], many more advanced recently developed numerical methods, due to 
their algorithmic complexity, are left unused [4-7]. In this research, several stable numerical methods 
are examined. The proposed algorithms are found to be best in their class, combining computational 
efficiency and strong stability. In addition, these methods make more efficient use of current computer 
resources and are particularly well suited to viscoplastic flow/creep constitutive equations, where the 
solution is determined implicitly by choice of the material dependent variables [8-11]. Three implicit 
numerical integration methods are outlined for used for numerical integrating stiff mechanism-based 
constitutive equations. These techniques have been recently developed to navigate more efficiently 
regions of numerical instability. One stiffness index or metric, based on the eigenvalues of the Jacobian 
matrix, has been introduced to assess localised stiffness within first order non-linear ODE systems as 
found for many constitutive equations. This provides an assessment of the most suitable numerical 
method.  The main objective of this research is to provide a graphical user interface which provides 
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consistent, efficient numerical integration. Additionally, functionally to add new constitutive equations, 
to the three embedded equation sets listed in appendix A, has been introduced, so a user/researcher can 
investigate any given equation set. 

2. Numerical solution to ODEs 
Explicit and implicit numerical integration methods are two approaches often employed in numerical 
analysis, for obtaining numerical solutions to first order differential equations, as often required in 
physical processes: 

 𝑦̇𝑦 = f(𝑡𝑡,𝑦𝑦), 𝑦𝑦(𝑡𝑡0) = 𝑦𝑦0                        (1) 

The most classical examples being the explicit and implicit Euler method [12]. The implicit Euler 
method is known to be most suitable for stiff constitutive equations due to improved stability. The 
stability of a numerical method is determined by considering the following test equation: 

 𝑦̇𝑦 = 𝜆𝜆𝑖𝑖𝑦𝑦, 𝑦𝑦(0) = 1                        (2) 

For Re(𝜆𝜆𝑖𝑖) < 0 (real part less than zero) the solution decays exponentially fast as t increases. So, the 
performance of a method on the test equation will indicate how well, it will perform on more general 
systems. A method is considered A-stable if �𝑦𝑦𝑘𝑘+1𝑦𝑦𝑘𝑘

� → 0 as 𝑘𝑘 goes to infinity for all the values satisfying 
Re(ℎ𝜆𝜆𝑖𝑖) < 0 (real part less than zero). An L-stable method is a stronger condition than A-stability 
concerned with the asymptotic behaviour of the solution. Again, its definition is based on linear test 
problem equation (2). A method is considered L-stable if its A-stable and additionally �𝑦𝑦𝑘𝑘+1𝑦𝑦𝑘𝑘

� → 0 as 
ℎ𝜆𝜆 → ∞.  

2.1. Implicit Euler 
The implicit Euler method is usually combined with the trapezoidal rule to provide accurate error 
estimation [1]. The IE-TR method (Implicit Euler-Trapezoidal Rule) combines the stronger stability 
from the L-stable Implicit Euler method with the higher order trapezoidal rule to obtain: 
 𝑦𝑦𝑘𝑘+1 = 𝑦𝑦𝑘𝑘 + Δ𝑡𝑡 f𝑘𝑘+1                        (3) 

 𝑦𝑦�𝑘𝑘+1 = 𝑦𝑦𝑘𝑘 + Δ𝑡𝑡
2

(f𝑘𝑘 + f𝑘𝑘+1)                        (4) 

where 𝑦𝑦k+1 and y�k+1 are the numerical solutions obtained by each respective method of order one and 
two:  fk = f(𝑡𝑡𝑘𝑘 ,𝑦𝑦𝑘𝑘), fk+1 = f(𝑡𝑡𝑘𝑘+1,𝑦𝑦𝑘𝑘+1) are the derivatives of the system and Δt is the time increment 
of the integration. The method achieves a local truncation error estimation of order one and two 
respectively. The leading order local truncation error is calculated as 𝑒𝑒𝑘𝑘 = 𝑦𝑦𝑘𝑘+1 − 𝑦𝑦�𝑘𝑘+1  with a suitable 
norm applied and therefore achieves an error estimation of order one. 

2.2. Rosenbrock method 
Implicit methods are computationally more expensive, since one must solve the resulting non-linear 
difference equations. The implicit Rosenbrock method provides a compromise by reducing the 
computational complexity whilst still providing good accuracy and stability. The most widely used 
method [4] consists of two semi-implicit modified Rosenbrock methods of orders 2 and 3 (Rosenbrock-
23) such method is considered a DIRK (Diagonally Implicit Runge-Kutta) and is given by: 

 𝑘𝑘1 = 𝑊𝑊−1f𝑘𝑘                        (5) 

 𝑘𝑘2 = 𝑊𝑊−1[f𝑘𝑘+0.5 − 𝑘𝑘1] + 𝑘𝑘1                        (6) 

 𝑘𝑘3 = 𝑊𝑊−1[f𝑘𝑘+1 − 𝑐𝑐32(k2 − f𝑘𝑘+0.5)) − 2(k1 − f𝑘𝑘)]                        (7) 

 𝑦𝑦𝑘𝑘+1 = 𝑦𝑦𝑘𝑘 + Δt𝑘𝑘2                        (8) 
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where the matrix 𝑊𝑊 = 𝐼𝐼 − 𝑎𝑎Δ𝑡𝑡 𝐽𝐽 which is assumed to be invertible. This is with 𝐽𝐽 the Jacobian matrix, 
𝐼𝐼  is the identity matrix, 𝑎𝑎 = 1

2+√2
, 𝑐𝑐32 = 6 + √2  and  𝑓𝑓𝑘𝑘+0.5 = 𝑓𝑓(𝑡𝑡𝑘𝑘 + 0.5Δt,𝑦𝑦𝑘𝑘 + 0.5Δt k1) . The 

leading order local truncation error is calculated as the difference between the second and third order 
numerical solution and is shown below: 

  𝑒𝑒𝑘𝑘 ≈ Δt
6 (𝑘𝑘1 − 2𝑘𝑘2 + 𝑘𝑘3) (9) 

It should be noted that the local truncation error achieves an estimation of 𝒪𝒪(𝛥𝛥𝛥𝛥3) (of order three) and 
the method is L-stable under a step size restriction, see [4] for a full proof. Analysis of the stability 
function also reveals that improved stability property is not obtained from more accurate Jacobians 
therefore numerical Jacobian are often employed are. Additionally, in practice the same Jacobian can be 
used for some subsequent steps provided the solution changes slowly. 

2.3. TR-BDF2 
The L-stable methods found to be most successful in this research, in dealing with systems, with severe 
stiffness, is the TR-BDF2 method [13]. The TR-BDF2 is defined as a composite one-step method 
resulting from the composition of the trapezoidal rule in the first sub-step, followed using a second-
order backward differentiation formula (BDF2) method in the second sub-step. This method has been 
found to be particularly promising for stiff ODEs due to its strong stability (L-stability) and improved 
order of accuracy achieved due the use of a higher order BDF method [7]. The TR-BDF2 method is 
shown below: 

 𝑦𝑦𝑘𝑘+𝛾𝛾 = 𝑦𝑦𝑘𝑘 + 𝛾𝛾 𝛥𝛥𝛥𝛥
2

(f𝑘𝑘 + fk+γ)                        (10) 

 𝑦𝑦𝑘𝑘+1 −
1−𝛾𝛾
2−𝛾𝛾

Δ𝑡𝑡 f𝑘𝑘+1 = 1
𝛾𝛾(2−𝛾𝛾)𝑦𝑦𝑘𝑘+𝛾𝛾 −

(1−𝛾𝛾)2

𝛾𝛾(2−𝛾𝛾)𝑦𝑦k                        (11) 

where the parameter γ is given in the range of 𝛾𝛾 ∈ (0,1) and f𝑘𝑘+𝛾𝛾 = f�𝑡𝑡𝑘𝑘 + 𝛾𝛾Δ𝑡𝑡,𝑦𝑦𝑘𝑘+𝛾𝛾�. The trapezoidal 
rule (TR) first advances the solution to tk+γ , an intermediate point 𝑦𝑦𝑘𝑘+𝛾𝛾 , where 𝑡𝑡𝑘𝑘+𝛾𝛾 = 𝑡𝑡𝑘𝑘 + 𝛾𝛾Δ𝑡𝑡 . 
Secondly, the BDF2 method (equation 11) uses three contributions of points at 𝑦𝑦𝑘𝑘, 𝑦𝑦𝑘𝑘+𝛾𝛾 and 𝑦𝑦𝑘𝑘+1 to 
advance to the final point at tk+1. The leading order truncation error for the TR-BDF2 scheme [4] can 
be computed as: 

 𝑒𝑒𝑘𝑘 ≈  2𝑘𝑘𝛾𝛾Δ𝑡𝑡 �
1
𝛾𝛾

fk −
1

𝛾𝛾(1−𝛾𝛾) fk+γ + 1
(1−𝛾𝛾) fk+1�                        (12) 

where 𝑘𝑘𝛾𝛾 = −3𝛾𝛾2+4𝛾𝛾−2
12(2−𝛾𝛾)  . The choice of parameter of 𝛾𝛾 = 2 − √2 provide three overall advantages, first 

it minimizes the local truncation error in equation (12). see [4]. A higher order estimate of the local 
truncation error is achieved with this method of 𝒪𝒪(Δt3) . Also, the region of absolute stability is 
improved as well as L-Stability. Most conveniently, the Jacobians used to converge to the solution, in 
trapezoid rule equation (10) and BDF scheme equation (11) are identical, reducing the complexity of 
solving the non-linear systems. 

2.4. Error control and step size selection 
The choice of error control and step-size algorithm is key to ensuring accurate numerical solutions. In 
numerical integrations, local truncation error is controlled, by introducing an allowable truncation error, 
known as the tolerance. In some cases, such as in multi-scale constitutive equations, this is difficult to 
introduce for every material state-variable. Therefore, many unitless errors have be developed based on 
the local truncation error: 

𝑒𝑒𝑘𝑘 = 𝑦𝑦𝑘𝑘+1 − 𝑦𝑦�𝑘𝑘+1, 𝑟𝑟𝑘𝑘 =
𝑒𝑒𝑘𝑘
𝑦𝑦𝑘𝑘

, 𝑒̅𝑒𝑘𝑘 =
𝑒𝑒𝑘𝑘
∆𝑦𝑦𝑘𝑘

 

where ∆𝑦𝑦𝑘𝑘 = 𝑦𝑦𝑘𝑘+1−𝑦𝑦𝑘𝑘, 𝑟𝑟𝑘𝑘 is the relative error [4] and 𝑒̅𝑒𝑘𝑘 is the normalised error [1]. Additionally, these 
two unitless errors, based on the local truncation error provide more convenient error control within a 
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step-size control algorithm. In some cases, the absolute and relative error and both controlled 
dynamically by use of a relative Tolerance and an Absolute Tolerance. Alternatively, the normalised 
error first introduced in [1] allows for unitless error control based on one tolerance. 

2.5. The phenomenon of numerical stiffness 
Stiff systems of ordinary differential equations are a very important special case of the systems taken up 
in Initial Value Problems. There is no universally accepted definition of stiffness meaning it is difficult 
to assess. The most practical definition of stiff equations are those where certain implicit methods, in 
particular backward differentiation methods, perform much better than explicit ones (see [6]). Therefore, 
stability requirements rather than accuracy contain the step-size. The stability of a numerical method 
can be found by using test equation (2), where the eigenvalue of the test method uniquely defines the 
region of absolute stability for each numerical method. The Jacobian used within the iterative solver for 
each non-linear system is given by the 𝑛𝑛 × 𝑛𝑛 matrix: 
 𝐽𝐽 = 𝜕𝜕𝑦𝑦f(𝑡𝑡,𝑦𝑦) = �𝜕𝜕f𝑖𝑖

𝜕𝜕𝑦𝑦𝑗𝑗
�                        (13) 

Some attempts to understand stiffness for the system 𝑦̇𝑦 = f(𝑡𝑡, 𝑦𝑦) therefore examine the eigenvalues of 
the Jacobian, 𝜆𝜆𝑖𝑖  since they also satisfy equation (2) meaning they determine the stability. Many 
definitions have been proposed to explain this phenomenon, but in practice, a stiff system occurs when 
some components of the solution decay more rapidly than others. This is often the case when one 
eigenvalue with a large negative real part exists in the system. To account for the true scale of the 
stiffness, a ratio is introduced. The introduced stiffness index, locally of a system, is the positive real 
number:  
 𝑠𝑠 = Re(𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚)

Re(𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚)                        (14) 

where 𝜆𝜆𝑖𝑖 are the eigenvalues of the Jacobian, of equation (13) and  𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 and 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 are the smallest and 
largest eigenvalues with Re(𝜆𝜆𝑖𝑖) < 0. This index describes the local stiffness and is helpful in assessing 
the most appropriate numerical method. Systems are considered stiff on the interval of [𝑡𝑡0, 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚] if  
𝑆𝑆(𝑡𝑡0 − 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚) ≫ 1, as indicated in table 1. 
 

Table 1. Stiffness level assessment and the recommendation for selecting numerical integration 
methods. 

Stiffness Index 𝑆𝑆(𝑡𝑡0 − 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚) ≤ 10 10 < 𝑆𝑆(𝑡𝑡0 − 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚) < 105 𝑆𝑆(𝑡𝑡0 − 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚) ≥ 105 

Classification Not considered stiff Mild stiffness Severe stiffness 

Suggested 
Outcome 

Explicit methods can 
be used 

Semi-implicit methods can be 
most efficient 

Implicit methods can 
only be used 

3. Numerical integration system development  
The numerical integration system is developed based on the algorithms and functions available in 
MATLAB. Figure 1 shows the overall structure of the system, which consists of three major parts. The 
first part is the ‘model input’ where a user can input their own constitutive equations, into the system or 
choose from the list of embedded equations within the GUI (Graphic User Interface) allowing modelling 
of a wide range of metal forming conditions and materials. For the initial system development, three 
sets of constitutive equations listed in Appendix A have been embedded into the system for user 
selection. The system chooses the most appropriate numerical method to be employed or the numerical 
method selected by the user. Some “post processing” options have been provided to allow further 
analysis or export of the raw data obtained from numerical integration. Some additional analysis can 
also be obtained to view the performance of each numerical method, as well the accumulated error and 
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step-size used throughout each integration. This has been found to be useful in diagnosing difficulties 
in numerical integration. 

 
Figure 1. Structure of the numerical integration system based on the algorithms and functions 
available in MATLAB for integrating unified viscoplastic constitutive equations with 
developed GUI for pre- and post-processing.   

As an example, the creep age forming equations ODE_10 (see Appendix A.2) for Aluminium alloy 
AA2050-T34 at 428 K [9], have been successfully numerically integrated, as shown in figure 2 where 
creep strain versus time (in hours) has been plotted within the interface, for four different stresses of 
120, 160, 200 and 240 MPa, using the TR-BDF2 method.  

 
Figure 2. GUI system and computational results for creep ageing constitutive equations. Creep strain 
versus time (hours) for different stresses (120, 160, 200 and 240 MPa) for creep-ageing of Aluminium 
Alloy (AA2050-T34 at 428 K) see [9], solved using the TR-BDF2 method.  
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The initial values for creep strain, new precipitate radius, dissolving precipitate radius, solute 
concentration, normalised dislocation density, new precipitate stress and dissolving precipitate stress 
can be also adjusted (in appropriate units) according to requirements. 

4. Conclusions 

In this research, an efficient and user-friendly numerical integration system is established based on the 
available numerical algorithms and functions in MATLAB for solving unified viscoplastic constitutive 
equations in metal forming applications. The user-friendly graphical interface has been developed, 
which enables users to define constitutive equations which are then input into the system. The system 
has been tested by users, who are not familiar with numerical integration theories, and very encouraging 
comments have been received. 

Appendix A: List of unified constitutive equations used for the system development 

SET 1: General viscoplastic constitutive equations 
During warm metal forming processes, the workpiece/material is deformed viscoplastically. To model 
the elastic–viscoplastic deformation and material hardening, the following set of constitutive equations 
is proposed and determined for micro-alloyed air-quenched steel in warm/hot forming:  

 
𝜀𝜀𝑝̇𝑝 =  �𝜎𝜎−𝑅𝑅−𝑘𝑘

𝐾𝐾
�
+

𝑛𝑛

𝜌̇̅𝜌 = 𝐴𝐴(1 − 𝜌̅𝜌)𝜀𝜀𝑝̇𝑝 − 𝐶𝐶𝜌̅𝜌𝛾𝛾0

𝜎̇𝜎 = 𝐸𝐸�𝜀𝜀𝑇̇𝑇 − 𝜀𝜀𝑝̇𝑝� ⎭
⎪
⎬

⎪
⎫

 (A.1) 

Where (−)+  ensures the base is positive; where 𝑅𝑅 = 𝐵𝐵𝜌̅𝜌
1
2   is isotropic hardening, where E is the 

Young’s modulus with 𝐸𝐸 =  110 GPa (at a temperature of 850 ◦C). The material constants of the system 
are k, K, n, A, C, 𝛾𝛾0 and B. The equation set was determined for micro-alloyed air-quenching steel in 
warm forming conditions and the material constants within the equations are listed in table A1 [1]. 

Table A1. Determined material constants used to model elastic-viscoplastic deformation and material 
hardening of micro-alloyed steel. 

𝑘𝑘 (MPa) 𝐾𝐾 (MPa) 𝑛𝑛 (-) 𝐴𝐴 (-) 𝐶𝐶 (s-1) 𝛾𝛾0 (-) 𝐵𝐵 (MPa) 

0.34 51.67 1.31 10.49 0.25 1.01 200.18 

The initial conditions for this model involving micro-alloyed steel are given by:  ɛ𝑝𝑝(0) = 0, 𝜌̅𝜌(0) = 0 
and 𝜎𝜎(0) = 0. 

SET 2: Creep ageing constitutive equation 
The constitutive model for creep-ageing of aluminium alloy AA2050-T34 was proposed in [9] where 
the creep strain rate is controlled by an applied stress, as well as the increasing dislocation density, 
dissolving precipitates, other metallurgical/microstructural features in the metallic alloys and 
temperature. As shown below: 
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𝜀𝜀𝑐̇𝑐𝑐𝑐 = 𝐴𝐴4 sinh[𝐵𝐵1(𝜎𝜎 − 𝜎𝜎𝑡𝑡ℎ0)(1 − 𝐻𝐻)]    

𝐻𝐻 = 𝑘𝑘1𝜌̅𝜌 + 𝑘𝑘2𝑐𝑐̅ + 𝑘𝑘3 �𝑟̅𝑟𝑛𝑛2 + 𝛽𝛽
1
2𝑟̅𝑟𝑑𝑑  �

𝑟̇̅𝑟𝑛𝑛2 = 𝐶𝐶𝑟𝑟(𝑄𝑄 − 𝑟̅𝑟𝑛𝑛2)𝑚𝑚3(1 + 𝛾𝛾0𝜌̅𝜌𝑚𝑚4)   
𝑟̇̅𝑟𝑑𝑑 = −  𝐶𝐶𝐶𝐶1

𝑟𝑟𝑑𝑑����
    

𝑐𝑐̅̇ =   − 𝐴𝐴2(𝑐𝑐̅ − 𝑐𝑐𝑎̅𝑎)(1  +  𝛾𝛾0𝜌̅𝜌𝑚𝑚4)
𝜌̇̅𝜌 = 𝐴𝐴1(1  −  𝜌̅𝜌)|𝜀𝜀𝑐̇𝑐𝑐𝑐|𝑚𝑚1 − 𝐶𝐶𝑝𝑝𝜌̅𝜌𝑚𝑚2

𝜎̇𝜎𝑛𝑛2 = 𝐶𝐶𝑎𝑎𝑟̇̅𝑟𝑛𝑛2𝑚𝑚5�1 − 𝑟̅𝑟𝑛𝑛2𝑚𝑚6�
𝜎̇𝜎𝑑𝑑  =  𝐶𝐶𝑎𝑎1𝑟𝑟𝑑𝑑𝑚𝑚7 𝑟̇̅𝑟𝑑𝑑
𝜎̇𝜎𝑠𝑠𝑠𝑠 = −𝐶𝐶𝑠𝑠𝑠𝑠|𝑐𝑐̅̇|𝑚𝑚5 (𝑐𝑐̅ − 𝑐𝑐𝑎𝑎���)
𝜎̇𝜎𝑑𝑑𝑑𝑑𝑑𝑑 =  𝐴𝐴3𝑛𝑛𝜌̅𝜌𝑛𝑛−1𝜌̇̅𝜌 

𝜎𝜎𝑦𝑦   =  𝜎𝜎𝑠𝑠𝑠𝑠  +  �𝜎𝜎𝑛𝑛22 +  𝜎𝜎𝑑𝑑2 + 𝜎𝜎𝑑𝑑𝑑𝑑𝑑𝑑2

 

⎭
⎪
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎪
⎫

      (A.2) 

where 𝜀𝜀𝑐̇𝑐𝑐𝑐  is the creep strain rate, H is a microstructural-controlled creep variable. The variables, 
𝑟̅𝑟𝑛𝑛, 𝑟̅𝑟𝑑𝑑 , 𝑐𝑐̅ and 𝜌̅𝜌 are the normalised microstructural variables representing the new precipitate 
radius, dissolving precipitate radius, solute concentration and dislocation density. The 
normalised dislocation density is defined as: 𝜌̅𝜌 = (𝜌𝜌 − 𝜌𝜌𝑖𝑖)/𝜌𝜌𝑠𝑠  [9], where 𝜌𝜌𝑖𝑖  is the initial 
dislocation density and 𝜌𝜌𝑠𝑠 is the saturated dislocation density of the alloy during creep-ageing. 
The variables, 𝜎𝜎𝑛𝑛2, 𝜎𝜎𝑑𝑑, 𝜎𝜎𝑠𝑠𝑠𝑠 and 𝜎𝜎𝑑𝑑𝑑𝑑𝑑𝑑 are the strength contributions to the yield strength (𝜎𝜎𝑦𝑦) of 
the alloy from new precipitates, dissolving precipitates, solutes and dislocations respectively. 
The initial conditions for initial value problem for creep-ageing of AA2050-T34 at 428 K [9] 
are presented in table A2. 

Table A2. The initial conditions of this system at 𝑡𝑡 = 0 for equation SET 2. 

ɛ𝑐𝑐𝑐𝑐 (-) 𝑟̅𝑟𝑛𝑛2 (-) 𝑟̅𝑟𝑑𝑑 (-)  𝑐𝑐̅ (-) 𝜌𝜌𝜌 (-) 𝜎𝜎𝑛𝑛2 (MPa) 𝜎𝜎𝑑𝑑 (MPa) 𝜎𝜎𝑠𝑠𝑠𝑠(MPa) 𝜎𝜎𝑑𝑑𝑑𝑑𝑑𝑑 (MPa) 

0 0 1 0.978 10-6 0 110 120 100 

 

The material constants for creep-ageing of AA2050-T34 at 428 K, determined in [9], are presented in 
table A3. 

Table A3. Determined material constants for creep-ageing of AA2050-T34 at 428 K. 

𝑐𝑐̅a (-) 𝐶𝐶𝑟𝑟 (h-1) 𝑄𝑄 (-) 𝑚𝑚3 (-) 𝐶𝐶𝑎𝑎  (MPa) 𝑚𝑚5 (-) 𝑚𝑚6 (-) 𝐶𝐶𝑟𝑟1 (h-1) 𝐶𝐶𝑎𝑎1  (MPa) 

0.316 0.108 1.1 1.25 180 0.65 6.5 0.108 120 

𝑚𝑚7 (-) 𝐴𝐴2  (-) 𝐶𝐶𝑠𝑠𝑠𝑠 (MPa) 𝑚𝑚8  (-) 𝐴𝐴1 (h-1) 𝑚𝑚1 (-) 𝑚𝑚2 (-) 𝐶𝐶𝑝𝑝 (-) 𝐴𝐴3 (-) 

0.10 0.45 40 0.02 1.7 0.03 2.1 0.07 12 

𝑛𝑛 (-) 𝐴𝐴4   (-) 𝐵𝐵1 (-) 𝑘𝑘1 (-) 𝑘𝑘2  (-) 𝑘𝑘3 (-) γ0 (-) 𝑚𝑚4 (-) 𝜎𝜎𝑡𝑡ℎ0 (MPa) 

0.8 4.5E-4 1.32x10-2 0.618 0.622 0.226 0.08 1.28 18 

SET 3: CDRX viscoplastic constitutive equations for aluminium alloys 
A continuous dynamic recrystallisation (CDRX) based constitutive model was developed for hot 
deformation of aluminium alloys [10] as shown below: 
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𝜀𝜀𝑝̇𝑝 = 𝐴𝐴1 sinh[𝐴𝐴2(|𝜎𝜎| − 𝐻𝐻 − 𝑘𝑘)] ∙ 𝑆𝑆𝐻𝐻𝐻𝐻𝐻𝐻
𝛾𝛾𝑑𝑑   

𝐻̇𝐻 = 1
2� 𝐵𝐵𝜌̅𝜌−0.5𝜌̇̅𝜌

𝜌̇̅𝜌 = 𝑐𝑐0 �
𝑆𝑆𝐻𝐻𝐻𝐻𝐻𝐻0
𝑆𝑆𝐻𝐻𝐻𝐻𝐻𝐻

�
𝛾𝛾𝑆𝑆

(1 − 𝜌̅𝜌)𝜀𝜀𝑝̇𝑝 − 𝛼𝛼1𝜌̅𝜌𝑐𝑐1 − 𝛼𝛼2𝑆𝑆𝜌̅𝜌𝛾𝛾𝛼𝛼    

𝑆̇𝑆𝐻𝐻𝐻𝐻𝐻𝐻 = 𝑐𝑐2𝑆𝑆𝑙𝑙𝑙𝑙𝑙𝑙𝜃̇𝜃𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼3𝜌̅𝜌𝛾𝛾𝑙𝑙𝑙𝑙𝑙𝑙𝑆𝑆𝑙𝑙𝑙𝑙𝑙𝑙2 𝜃̅𝜃𝑠𝑠𝑠𝑠𝑠𝑠
𝛾𝛾𝜃𝜃 �1 − ln(𝜃̅𝜃𝑠𝑠𝑠𝑠𝑠𝑠)� − 𝛼𝛼2𝜌̅𝜌𝛾𝛾𝐻𝐻𝐻𝐻𝐻𝐻𝑆𝑆𝐻𝐻𝐻𝐻𝐻𝐻2     

𝑆̇𝑆𝑙𝑙𝑙𝑙𝑙𝑙 = 𝛼𝛼4𝜌̅𝜌𝛾𝛾1𝜀𝜀𝑝̇𝑝 − 𝑐𝑐2𝑆𝑆𝑙𝑙𝑙𝑙𝑙𝑙𝜃̇𝜃𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼3𝜌̅𝜌𝛾𝛾𝑙𝑙𝑙𝑙𝑙𝑙𝑆𝑆𝑙𝑙𝑙𝑙𝑙𝑙2 𝜃̅𝜃𝑠𝑠𝑠𝑠𝑠𝑠
𝛾𝛾𝜃𝜃 �1 − ln(𝜃̅𝜃𝑠𝑠𝑠𝑠𝑠𝑠)� − 𝛼𝛼5𝑆𝑆𝑙𝑙𝑙𝑙𝑙𝑙𝑆𝑆𝐻𝐻𝐴𝐴𝐴𝐴𝜌̅𝜌𝛾𝛾𝐻𝐻𝐻𝐻𝐻𝐻

𝜃̇̅𝜃𝑠𝑠𝑠𝑠𝑠𝑠 = 𝛼𝛼6𝜌̅𝜌𝛾𝛾2𝜀𝜀𝑝̇𝑝𝑆𝑆𝑙𝑙𝑙𝑙𝑙𝑙2 𝜃̅𝜃𝑠𝑠𝑢𝑢𝑢𝑢(𝜃𝜃𝑟𝑟𝜃̅𝜃𝑠𝑠𝑠𝑠𝑠𝑠 − 1) ln(𝑛𝑛 ∙ 𝜃̅𝜃𝑠𝑠𝑠𝑠𝑠𝑠) 
𝜎̇𝜎 = 𝐸𝐸�𝜀𝜀𝑇̇𝑇 − 𝜀𝜀𝑝̇𝑝� 
𝑆𝑆 = 𝑆𝑆𝐻𝐻𝐻𝐻𝐻𝐻 + 𝑆𝑆𝑙𝑙𝑙𝑙𝑙𝑙  
𝑓𝑓𝐻𝐻𝐻𝐻𝐻𝐻 = 𝑆𝑆𝐻𝐻𝐻𝐻𝐻𝐻

𝑆𝑆

𝑑𝑑 = 2
𝑆𝑆𝐻𝐻𝐻𝐻𝐻𝐻 ⎭

⎪
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎪
⎫

  (A.3) 

where 𝑛𝑛 = 𝜃𝜃𝑐𝑐
𝜃𝜃𝑚𝑚

, 𝜃𝜃𝑟𝑟 = 𝜃𝜃𝑐𝑐
𝜃𝜃𝑠𝑠𝑠𝑠𝑠𝑠

. The temperature-dependent parameters are given by the following 
temperature dependant relations: 

𝐸𝐸 = 𝐸𝐸0 exp�−𝐾𝐾𝑔𝑔𝑇𝑇� 𝛼𝛼1 = 𝑐𝑐𝛼𝛼1 exp �−𝑄𝑄𝑎𝑎
𝑅𝑅𝑅𝑅
� α4 = cα4 exp �−𝑄𝑄𝑎𝑎

𝑅𝑅𝑅𝑅
� 

𝐵𝐵 = −𝑐𝑐𝐵𝐵𝑇𝑇 + 𝐵𝐵0 𝛼𝛼2 =
𝐶𝐶𝛼𝛼2
𝑇𝑇

exp �−𝐾𝐾𝑔𝑔𝑇𝑇 −
𝑄𝑄𝑏𝑏
𝑅𝑅𝑅𝑅
� α5 = cα5 exp �−𝑄𝑄𝑎𝑎

𝑅𝑅𝑅𝑅
� 

 𝑘𝑘 = −𝑐𝑐𝑘𝑘𝑇𝑇 + 𝑘𝑘0 𝛼𝛼3 =
𝐶𝐶𝛼𝛼3
𝑇𝑇

exp �−𝐾𝐾𝑔𝑔𝑇𝑇 −
𝑄𝑄𝑏𝑏
𝑅𝑅𝑅𝑅
�  𝛼𝛼6 = 𝑐𝑐𝛼𝛼6 exp �−𝑄𝑄𝑎𝑎

𝑅𝑅𝑅𝑅
� 

where, T is temperature in K. The initial values are presented in table A4, and the determined material 
constants used in the model are in table A5 [10]. 

Table A4. Initial conditions at 𝑡𝑡 = 0 for equation SET 3. 

𝜎𝜎 (MPa) 𝜀𝜀𝑝𝑝 (-) 𝜌̅𝜌 (-) 𝐻𝐻 (MPa) 𝑆𝑆𝐻𝐻𝐻𝐻𝐻𝐻 (μm-1) 𝑆𝑆𝑙𝑙𝑙𝑙𝑙𝑙 (μm-1) 𝜃̅𝜃𝑠𝑠𝑠𝑠𝑠𝑠 (-) 

0 0 0.978 10-6 0 110 120 

Table A5. List of the constant values used for the set of CDRX equations for 7050 Al alloy. 

 

 

𝐴𝐴1 (s-1) 𝐴𝐴2 (MPa-1) 𝑅𝑅 (J mol-1K-1) 𝐾𝐾𝑔𝑔(-) 𝑐𝑐0(-) 𝑐𝑐1(-) 𝑐𝑐2(-) 𝛾𝛾1(-) 

8.2x10-4 0.15 8.31 5.40x10-4 15.00 1.15 0.70 0.70 

𝛾𝛾2 (-) 𝛾𝛾𝑠𝑠 (-) 𝛾𝛾𝑑𝑑 (-) 𝛾𝛾𝜃𝜃 (-) 𝛾𝛾𝑙𝑙𝑙𝑙𝑙𝑙 (-) 𝛾𝛾𝐻𝐻𝐻𝐻𝐻𝐻 (-) 𝛾𝛾𝛼𝛼 (-) 𝑛𝑛 (-) 

0.15 5.00 0.01 6.18 0.77 2.10 4.20 0.75 

𝑐𝑐𝛼𝛼1  (s-1) 𝑐𝑐𝛼𝛼2 (μmKs-1) 𝑐𝑐𝛼𝛼3 (μmKs-1) 𝑐𝑐𝛼𝛼4(μm-1) 𝑐𝑐𝛼𝛼5 (μm-1) 𝑐𝑐𝛼𝛼6 (μm2) 𝑄𝑄𝑎𝑎 (J mol-1) 𝑄𝑄𝑏𝑏 (J mol-

1) 

38.11 2.92x102 1.46x107 14.15 2.00x103 1.61x105 1.78x104 1.34x104 

𝐸𝐸0 (MPa) 𝜃𝜃𝑐𝑐 (-) 𝜃𝜃𝑚𝑚 (-) 𝜃𝜃𝑠𝑠𝑠𝑠𝑠𝑠 (-) 𝑐𝑐𝐵𝐵 (MPaK-1) 𝑐𝑐𝑘𝑘(MPaK-1) 𝐵𝐵0 (MPa) 𝑘𝑘0 (MPa) 

7x104 15.00 20.00 6.00 0.40 0.14 2.96 x102 1.12x102 
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