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Abstract: The Pythagorean fuzzy set is an extension of the intuitionistic fuzzy set and is an effective
approach of handling uncertain situations. Ring theory is a prominent branch of abstract algebra,
vibrant in wide areas of current research in mathematics, computer science and
mathematical/theoretical physics. In the theory of rings, the study of ideals is significant in many ways.
Keeping in mind the importance of ring theory and Pythagorean fuzzy set, in the present article, we
characterize the concept of Pythagorean fuzzy ideals in classical rings and study its numerous algebraic
properties. We define the concept of Pythagorean fuzzy cosets of a Pythagorean fuzzy ideal and prove
that the set of all Pythagorean fuzzy cosets of a Pythagorean fuzzy ideal forms a ring under certain
binary operations. Furthermore, we present Pythagorean fuzzy version of the fundamental theorem of
ring homomorphism. We also introduce the concept of Pythagorean fuzzy semi-prime ideals and give
a detailed exposition of its different algebraic characteristics. In the end, we characterized regular rings
by virtue of Pythagorean fuzzy ideals.
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1. Introduction

Zadeh [1] introduced the notion of fuzzy sets (FSs) which has numerous applications in different
branches of science and technology. A fuzzy subset & on a universe K is denoted as
{a, pg(a):a € K}, where pug is a function from K to [0,1] and is called membership function.
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Undoubtedly fuzzy set is a generalization of conventional set. In a conventional set A, the membership
function is the characteristic function y4. The utilization of fuzzy set theory can be observed in almost
every scientific field, particularly those involving set theory and mathematical logic. After the
invention of fuzzy sets, many theories were put forward to deal with uncertainty and imprecision.
Some of those are extensions of fuzzy sets, while others strive to deal with uncertainty in another
suitable way. Later, it has been found that only the membership function is not sufficient to describe
certain types of information. In this way, Atanassov [2] extended fuzzy sets to intuitionistic fuzzy sets
(IFSs) to give a proper illustration of the information and allow a greater degree of freedom and
flexibility in representing uncertainty. An IFS & of a conventional set K is an object

{(a, ,u%(a),vg(a)):a € K}, where pg:K — [0,1] and vg:K — [0,1] are membership and non-

membership functions respectively under the condition ug(@) +vg(a) <1 for all ¢ € K. As
compared to FS, the IFS handles uncertainty and vagueness in the field of decision-making [3,4] more
effectively but even then, there is room for improvement. There exist many cases where IFSs unable
to perform. For example: If a decision maker proposes ug(a) = 0.7 and vg(a) = 0.4 forsome a €
K. Then ug(a) + vg(a) > 1, therefore, such problems are beyond the limitations of IFS theory. To
cope with these situations, Yager [5] generalized the notion of intuitionistic fuzzy sets by defining the
Pythagorean fuzzy sets (PFSs). In [6], Zhang and Xu led the foundation of this novel concept. The

Pythagorean fuzzy subset & of K is denoted by {(a, ,ug(a),v%(a)) ‘a € K}, where ug:K — [0,1]

2 2
and vg:K — [0,1] such that (,u%(a)) + (vc&(a)) < 1 forall a € K. Thisidea is invented to transform

vague and uncertain circumstances into mathematical form and to find an efficient solution [7,8].

1.1 Background and importance of ring theory

The theory of rings [9] is one of the important branches of mathematics. The idea of the ring was
originally conceived to prove Fermat's Last Theorem, starting with Dedekind in the 1880s. After
commitments from different fields (mainly number theory), the notion of the ring was summarized and
firmly established in the decade of 1920 to 1930 by Noether and Krull. Present-day ring theory—an
exceptionally dynamic numerical control-ponders rings in their very own right. To investigate rings,
mathematicians have concocted different ideas to break rings into littler, better-reasonable pieces, for
example, ideals, quotient rings and basic rings. In addition to these abstract attributes, ring theorists
also make different qualifications between the theory of commutative rings and noncommutative rings.
The commutative rings have a place in algebraic geometry and algebraic number theory.
Noncommutative ring theory started with endeavors to extend complex numbers. The origins of
commutative and non-commutative ring theories can be traced back to the early 19th century, while
their maturity was achieved in the third decade of the 20th century. Over the past decade, ring theory
has been applied to various branches of science, especially computer science, coding theory, and

cryptography [10-12].

1.2 Literature review

In 1982, Liu [13] generalized the notion of the subring/ideal of a ring to the fuzzy subring/fuzzy
ideal of a ring. In [14], different operations between fuzzy ideals of a ring have been defined.
Mukherjee and Malik [15] published a fundamental paper on fuzzy ideals over Artinian rings. The
author presented a characterization of Artinian rings with respect to fuzzy ideals. Hur et al. [16] defined
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the notion of intuitionistic fuzzy ideals of a ring. The notion of w-fuzzy ideal of a ring is defined in [17].
Shabir et al. [18] investigated the approximation of bipolar fuzzy ideals of semirings. In [19], the notion
of anti-fuzzy multi-ideals of the near ring is discussed. Madeline et al. [20] defined fuzzy multi-ideals
of near rings and proved some fundamental theorems of this notion. A fuzzy version of Zorn’s lemma
is present in [21]. The author used it to demonstrate that every proper fuzzy ideal of a ring is contained
in a maximal fuzzy ideal. Addis et al. [22] proved some important results regarding fuzzy
homomorphism. The algebraic characteristics of (a, 8)-Pythagorean fuzzy ideals of a ring are discussed
in [23]. Hakim et al. presented a study [24] related to bipolar soft semiprime ideals over ordered
semigroups. The concept of fuzzy ideals of LA rings is described in [25]. The authors presented a
characterization of regular LA-rings with respect to fuzzy ideals.

1.3 Research gap in the current literature and motivation of the study

The above literature review highlights some research achievements in classical and intuitionistic
fuzzy ring theory. Additionally, although certain results about (a, §)-Pythagorean fuzzy subrings of a
ring and bipolar Pythagorean fuzzy subring of a ring have been demonstrated but some open questions
remain to be answered.

1) In classical ring theory, the interstation of two subrings/ideals of a ring K 1is a subring/ideal of K.
Therefore, a question arises, whether the intersection of two Pythagorean fuzzy subrings/ideals is a
Pythagorean fuzzy subring/ideal of K? Moreover, if S is a subring of aring K and [ is an ideal of
K, then SN is an ideal of S. The analogous version of this theorem in the Pythagorean fuzzy
framework needs to be studied.

2) The characterization of classical/intuitionistic fuzzy subrings/ideals with respect to
classical/intuitionistic fuzzy level sub-rings/ideals is given in the existing literature. Since a
Pythagorean fuzzy ring theory is a generalization of intuitionistic fuzzy ring theory, therefore, it is
important to understand the characterization of Pythagorean fuzzy subrings/ideals in terms of
Pythagorean fuzzy level fuzzy subrings/ideals.

3) In classical ring theory, cosets of subring/ideal of a ring K is an important notion because it gives
rise to quotient rings. It is well known that the set of all cosets of an ideal of K forms ring under a
certain binary operation. A natural question comes into mind, does the set of all Pythagorean fuzzy
cosets of Pythagorean fuzzy ideal of K, forms a ring under certain binary operations?

4) The fundamental theorem of ring homomorphism is one of the finest results in classical ring theory.
Therefore, it is necessary to discuss this remarkable theorem in the context of Pythagorean fuzzy rings.
5) In the literature, various algebraic properties of fuzzy semi-prime ideals have been discussed.
Furthermore, the characterization of regular rings by virtue of fuzzy ideals is presented. In the context
of Pythagorean fuzzy theory, these studies have yet to be examined from a broader perspective.

Answering the above-mentioned open problems and bridging the knowledge gap in the existing
literature is the ultimate aim of this research.

1.4 Comparative study and limitations of the current research

The results proved in this paper are valid for Pythagorean fuzzy ideals. Since every IFS is a PFS,
therefore, the same hold for intuitionistic fuzzy ideals as well. Moreover, every fuzzy set is an IFS, so
the present study can also be applied to fuzzy ideals. However, we cannot apply these results directly
to q-rung orthopair fuzzy ideals, picture fuzzy ideals, neutrosophic fuzzy ideals, fuzzy soft ideals and
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fuzzy hypersoft ideals. Therefore, separate studies are recommended for these generalized structures.
This is the main limitation of our research.

The rest of the paper is set up in this way: Section 2 contains basic definitions and concepts that
are required to demonstrate our main results. In Section 3, the internal description of the Pythagorean
fuzzy ideal along with its fundamental properties are discussed. The notions of Pythagorean fuzzy
cosets of a Pythagorean fuzzy ideal is defined in Section 4. We prove that the set of all Pythagorean
fuzzy cosets of a Pythagorean fuzzy ideal forms a ring under certain binary operations. Moreover, the
Pythagorean fuzzy version of the fundamental theorem of ring homomorphisms has been proved. In
Section 5, the concept of the Pythagorean fuzzy semi-prime ideal is defined. We investigate some
important algebraic features of this newly defined notion. Furthermore, the characterization of regular
rings by virtue of PFI is presented. The conclusion of this paper is presented in Section 6.

2. Preliminaries

This section contains some notions and concepts which are needed to prove our main theorems.
Definition 2.1. [13] AFS & = {(a, ,ug(a)): a € K} of aring K is called a fuzzy subring (FSR) of
K if forall ay, @, € K, the following properties are satisfied:

L pg(ay — ay) = minf{ug(ay), pg(ay)},

ii. Hg(%az) = min{ﬂg(%)'ﬂg(az)}-
The fuzzy ideal (FI) of K has the same definition with the only difference that in condition (ii) “min”
is replaced by “max”.
Definition 2.2. [16] An IFS § = {(a, ug(a),v%(a)) :a €K } of K is called an intuitionistic fuzzy
subring (IFSR) of K if for all a4, a, € K, the following requirements are fulfilled:

1. lig(% —az) = min{ﬂﬁ}(%)#g(“z)} and Vg(% —ay) < max{V{g(%):Vg(az)},

i, pglagay) = min{ug(al),ug(az)} and vg(a;a;) < max{vg(al),vg(az)}.

By interchanging “min” and “max” by “max” and “min” respectively, in condition (ii), we obtain the
definition of intuitionistic fuzzy ideal (IFT) of K.

Next, we define Pythagorean fuzzy subrings (PFSRs) and Pythagorean fuzzy ideals (PFIs) of a
ring K.
Definition 2.3 A PFS & = {(a, ug(a),v%(a)):a € K} of K is called a PFSR of K if for all

aq,a, € K, the following requirements are fulfilled:

i (e — @) 2 min{ (@) (5(a) ] and (vsar — @) <
max {(vg(al))z , (vg(az))z},
ii. (ug(alaz))z > min {(,u%(al))z , (ug(az))z} and (vg(alaz))z <

2 2
max{(vg(al)) ,(vg(az)) }
2
The PFS & is known to be PFI of K, if condition (ii) is replaced with (,ug(alaz)) >
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2 2 2 2 2
max {(,ug(al)) , (u%(az)) } and (vg(alaz)) < min {(vg(al)) , (v%(az)) }

It is evident from Definitions 2.2 and 2.3 that every IFR/IFI is a PFR/PFI. The following example
demonstrates that the converse is not true.
Example 2.1. We know Z, = {0,1,2,3} is a ring with respect to addition and multiplication modulo 4.
It is easy to verify that & = {(0,0.9,0.3), (3,0.7,0.5), (2,0.8,0.4), (4,0.7,0.5)} is a PFSR/PFl of Z, =
{0,1,2,3}. Since the sum of membership and non-membership values is not less than or equal to one
for all elements in Z,, therefore, & is not an IFS and hence not an IFR/IFI.
Definition 2.4. Let § = {(a, pg(a), vg(a): a € K} be a PFS of K. Then the set F4p) =

2 2
{a EK: (,uc;g (a)) > o, (vg(a)) < p} is known as Pythagorean fuzzy level set (PFLS) of .
Definition 2.5. Let § and U be two PFS of K. The product & o A of ¥ and A is defined by

FoA= {(a, Ugogr (@), Vgogr (@): @ € K},

where (,ugo%(a))z = max{min ((,ug(al))z , (/,t% (az))z) ca,,a, EK,aqa, = a} and

2 _ 2 2
(V%Om(a)) = min {max ((vig(al)) ,(vm(az)) ):al,az EK a.a, = a}.
3. Some fundamental results

This section contains some internal description of the Pythagorean fuzzy ideal and its fundamental
properties.
Remark. 3.1. Every PFI of K isa PFSR of K.

In the following example, we see a PFSR of K which is not a PFI of K.
Example. 3.1. Consider S = {1,2,3}, then 25 is the power set of S, that is,

ZS = {¢: S: {1}: {2}: {3}, {112}' {1;3}; {2'3}}

forms ring under symmetric difference A and intersection N. Now, it is just a matter of simple
calculation to conclude that

_( (¢,0.90,0.20), (S, 0.90,0.20), ({1}, 0.60,0.70), ({2}, 0.60,0.70),
8= {({3},0.90,0.20), ({1,2},0.90,0.20), ({1,3},0.60,0.70), ({2,3},0.60,0.70)}

is a PFSR of 25. But

(15230 (D) = (51D) " = ©.60)?

and

mar{(151.29) (1) } = 09072

together imply that & is not a PFI of R.
Theorem 3.1. Let § be a PFl of aring K, then,
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2 2 2 2
i. (ua&(O)) > (,u%(a)) and (vg(O)) < (vg(a)) forall a € K.
i, pg(ay) # pg(ay) and  vg(ay) # vg(ay) for some a;,a, €K  inplies that

(5(@r=a))” = min(u5@)” (5(@2) | and (vala — @) =
max [(vg(al))z , (vg(az))z].
Proof. i. Let a € K., then (,13(0))2 = (upa - a))z > mm{(ug(a))z,(ug(a))z} = (u3(@)

2 2
Similarly, we can prove (vg(O)) < (vg(a)) forall a € K.

2

2 2
ii. Assume that ay,a, € K such that pg(a;) > pg(a,), then obviously (,ug(al)) > (,ug(az)) .

Consider
(15@) = (e = (@1 — @) 2 min[(s@n) " (sl — @) | G

2 2
Since (Hg(fh)) > (ug(az)) , therefore, Eq (3.1) yields
2

(k5@ = (gl — ) (62)

Furthermore,
(5 = )" 2 min{(15@) " (13(@) } = (us(@) 63)
The Eqgs (3.2) and (3.3) together imply that
(5@ — ) = (@) = min [(us(@) (@) |
In the identical way, it can be shown that
(vg(al — az))z = max [(vg(al))z , (v%(az))z].
Theorem 3.2. The intersection of two PFIs of K is a PFI of K.

Proof. Suppose that &; = {a, ug, (@), vg, (a:)} and &, = {a, ug, (@), vg, (a:)} are PFIs of K. Then
forall a4,a, € K, we have

(.u‘[f;ln‘{yz (a; — az))z = min [(#gl (“1_0‘2))2 ) (#‘gz (“1‘“2))2]
> min [min (15, @) (45, (@) ) min ((5,@)) " (15, (@) )|
= min [min ((u5, @) (45, (@) ) min (15, @2)) " (15, (@) )|

= min :(#glngz (“1))2 ) (H%lngz (“z))z]-

AIMS Mathematics Volume 8, Issue 2, 4280-4303.
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Therefore, (pt, o, ( — az))z > min [(#glngz (al))z (5,0, (az))z]. Similarly, (v, ng, (a1 -
@) <max [(vglngz @)’ (vsu0, (0(2))2]. Next,
(5100 (12))” = min [ (115, (302))* (ks (@) |
> min [max ( (5, @) (13, (@) ) max (g, @) (5, (@) )|
> max [min (5, @) (15, (@) ) min (15, @) (15,@)) )]

= max :(Mglnz‘gz (“1))2 ) (l«lz‘glngz (“z))z]-

2 2 2
That is, (,u&nc&z (alaz)) > max [(,uc&n%z (al)) ,(#glnz‘gz(az)) ] The utilization of the same

2 2 2
arguments gives (V‘Zslnﬁz (alaz)) < min [(v&ngz (al)) '(V"&ln&z (az)) ] Thus, &, N, is a PFI
of K.
Theorem 3.3. Let § = {a, ug(a), vz(@)} be a PFIof K. Then,

L Fy = {a € K: (u%(a))z = (,ug(O))Z} is an ideal of K.
i, F._ = {a €EK: (V%(a))z = (vg(O))z} is an ideal of K.

2 2 2 2
. &, = {a €EK: (,uc&(a)) = (/Jg(())) and (vg(a)) = (v%(O)) } is an ideal of K.
Proof. i. By definition of &,,, we have 0 € &, . Therefore, §,, is non-empty subset of K.

Let a4, a, € §.,, then (,ug(al))z = (,ungf(O))2 = (,ug(az))z. Consider

(56 — ) 2 min (@) () | = min [ (5@ (us@) |
= min| (1) ", (150) | = (1)’

2 2
Moreover, from Theorem 3.1, it can be obtained (/““8(0)) = (,ug(al —az)) . Therefore,

2 2

(,u%(al — az)) = (/Jg(())) implying that a; — a, € §...

Now, suppose that a € ,, and B € K. Then,

2 2 2 2
(Mg(aﬁ)) = max[(#g(“)) '(#g(ﬁ)) ] = (#3(0)) .

‘ 2 2 2 2
In view of Theorem 3.1, (ucg(O)) > (ug(aﬁ)) . So, (,ug(aﬁ)) = (,u%(O)) =>af €.y .
Similarly, it can be proved that fa € §,,. Thus, &, isanideal of K.
ii. The proof is similar to that of (i).

iii. The proof is straightforward by using (i) and (ii).
Theorem 3.4. The intersection of a PFSR & and a PFI U of aring K is a PFI of ..
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Proof. Let ay, @, € ., then,
(Hgoa(es — @) = min :(ug(al—az))z : (um(al—az))z]
> min [min (@) (@) ) min ((ua(@)’, (1a(@)’)]
= min :min ((ug(al))z : (uu(al)f) ,min ((ﬂg(“z))z : (ua[(az)f)]
= min :(H%nﬁl(al))z : (ugnm(az))z]-

Therefore, (Hgnm(% — az))z > min [(ugnm(al))z , (ugnm(az))z] . Similarly, (V{f;nm(% —
2 2 2

az)) < max [(V?gnm(%)) ,(V%nm(cxz)) ].Next,
(Hgnm(%“z))z = min [(ﬂ%(%az))z ’ (P‘?I(alaz))z]

= min [min ((Mg(al))z ’ (ﬂg(az))z) ,max ((ﬂ%[(Ch))Z’ (M%I(az))Z)]

[max ((,ug(al))z , (ﬂg(az))z),
| max ((.UQI(UH))Z' (ﬂm(“z))z)

= min

, as (ug(al))z =0= (#g(az))z

> max :min ((ug(al))z ) (,ui’l(al))z) ,min ((ﬂg(“z))z : (ﬂm(“z))z)]
= max :(Iulgn?l(%))z ) (ﬂgn%{(“z))z]-

2 2 2
That is, (Hgnm(%az)) > max [(Hgnm(%)) , (,ugnm(az)) ] By using the same arguments, it can

2 2 2
be obtainable that (Vc&n%(dlaz)) < min [(Vc&ngl(al)) ,(vgngl(az)) ] Thus, F N A isaPFlof §,.

We present the following example to explain Theorem 3.4.

. ~ (080, ifa€t, _
Example 3.2 Consider a PFSR T = {(a, ug(a) = {0.70, otherwise’ vg(a) =
(030, ifa€Z } _ {( _ { 0.90, if a =0, _
0.40, otherwise> ‘@ ER and a2 PFI  A=jia,py(a) = 0.75, otherwise’ va(@) =

(0.25, if a =0,

0.50, 0therwise>:aER} of the ring of real numbers R . Then, ¥, =7Z and FNA=

0.80, if a=0, 0.30, if a=0,
(a, Ugnu(a) = {0.75, if a € Z—{0}, vgny(a) = {0.50, ifa€Z— {0}) :a € ]R}. It can be easily
0.70, otherwise 0.50, otherwise

validated that § N A is a PFl of &, = Z.

Theorem 3.5. APFS & ofaring K is PFlof K if and only if &4 ,) is anideal of K forall o €

2 2
[o, (Mg(O)) ] and p € [(vg(O)) ,1].
Proof. Suppose that § = {(a, pg(a), vg(a):a € K } is PFI of K. We want to prove that §4 , is an
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ideal of K forall o € [O, (,ug(O))z] and p € [(vg(O))z , 1].

2 2
For all such o and p, clearly (,ug(O)) > o and (vg(O)) < p . Therefore, 0 € F(4 )
implying that 4 ,) is a non-empty set.

2 2
Suppose @y, € F(zp) » Which means that (/,l%(al)) ,(,ug(az)) >0 and
2 2
ve(ay)) , (ve(a < p. Since § is PFI of K, therefore,
(vs(a) ", (vs(a)) < p. Since § is PFI of K, theref

(ug(al - az))z > min{(ug(al))z , (ﬂg(“z))z} > min{o,0} =0
and

(vaer — @) < max{(vy(@n) " (vg(@)) '} < maxo, p) = p

together imply that a; — a; € F(4 ).
2 2
Again, assume that a € ¥, ) and B € K, then (ug(a)) > o0 and (v%(a)) < p. Since &

is PFI of K, therefore,

(ug(aﬁ))z > max {(ug(a))z ) (#g(ﬁ))z} > max {0, (#g(ﬁ))z} >0

and
(v%(aﬁ))z < max {(vg(a))z , (vc&(ﬁ))z} < min {p, (vg(ﬂ))z} <p

together imply that af € (4 ). In a similar way, we can prove that fa € §(q ). Thus, Fsp) 1S an
ideal of K.

2 2
Conversely, let ¥, ) be an ideal of K for all o € [0, (,ug(O)) ] and p € [(vg(O)) ,1]. To
2 2
show & is a PFI of K, firstly suppose that a;,a@, € K and let (yg(cxl)) = 0y, (yg(cxz)) =
2 2
02, (Vg(%)) = p; and (v%(az)) = p2. Then,
L a1, 02 € S(minoy,00)max(pyes))> SNCC B(min(oy,0,)max(prpy)) 1S an ideal of K, therefore
2
A1 = @2 € F(min(oy,0,)max(prp)) »  Which  yields (,ug(al - az)) > min(oy, 0,) =
. 2 2 2
min{(is(@)) (a2 } and (vs(@r = @) < max(py,p) =
2 2
max{(vg(al)) ,(vg(az)) }

ii.  Either a1 € E(max(ay,00)min(orp) O @2 € E(max(oy,05)min(prp,))- 1 both the case, we
yield a1 € §(max(o,,00)min(prp,)) > SNCC T(max(oy,op)min(pipy)) 18 a0 ideal of K, which

2 2 2
further implies that (,ug(alaz)) > max(ay, 0,) =max{(,u$(a1)) ,(ug(az)) } and

(V?;(alaz))z < min(py, pz) = min {(Vg(%))z ) (V?g(az))z}-
Thus, & 1s a PFSR of K.
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4289

Theorem 3.6. Suppose that K is a division ring Then, a PFS & is a PFI of K if and only if

(u%(a))z = (ug(l))z < (,113;(0))2 and (vg(a)) (vg(l)) (vc&(O)) forall @ € R\ {0}.
Proof. Let § be a PFI of K. Then,

(15@)" = (3@ D) 2 mar{(i5@) ", (150) } 2 (5) " = (slaa™)’
> max {(1s(@) " (5@ ) } 2 (15@)

2 2 2 2
= (,uc&(a)) = (ug(l)) . Similarly, we can obtain that (vg (a)) = (vg(l)) . Finally, the
application of Theorem 3.1 (i) gives the desired result.

Conversely, let (,ug(a))z = (,u;;(l))2 < (,u;;(O))2 and (v%(a)) (V%(l)) (vg(O))
forall ¢ € R\ {0}:

(i) For all «a,a,€K, if a #a, , then, (,ug(al - az))z = (ug(l))z >
min{(us(@))  (us@) | and (vylen - @) = (vp(0)" = max{(vy(an) (@)}
2 2 2 2
and if a; = a,, then, (Mg(% - az)) = (,u%(O)) > min {(ug(cxl)) ,(u%(az)) } and (vcg(oz1 -
az))z = (vag;(O))2 < max {(v%(al))z , (vg(az))z}.
2 2 2
(ii) For all a,a, €K, if a; =0 or a, =0, then (,ug(alaz)) > max{(ug(al)) ,(ug(cxz)) }

and (vg(alaz))z < min {(vg(al))z,(vg(az))z} is obvious, and if a; # 0 and a, # 0, then
(5@ @) = (1) = max{(i5@)) . (13(@)) ] and  ((@a)) = () =

min {(vg(al))z , (v%(az))z}.

Thus, & is a PFI of K.
4. Pythagorean fuzzy cosets of a Pythagorean fuzzy ideal

In this section, we define the notion of Pythagorean fuzzy cosets of a Pythagorean fuzzy ideal and
prove that the set of all Pythagorean fuzzy cosets of a Pythagorean fuzzy ideal forms ring under certain
binary operations. Furthermore, we prove Pythagorean fuzzy version of fundamental theorem of ring
homomorphism.

We start this section with following theorem which provides basis to define Pythagorean fuzzy
cosets (PFCs) of PFl in aring K.

Theorem 4.1. Assume that § = {(a, ,u%(a),vg(a)) ‘€ K} isaPFlofaring K and pr: K/g, —
[0,1] and vr: /‘& [0,1] are defined by ur (a + &.) = pg(a) and pr (a+F.) = vg(a)
respectively. Then Iy = {(a + ‘{(;*,,upg(a + &), VF%(C{ + ‘Zf*)) a+F. € K/%, } is a PFI of K/?f )

Proof. Since & is a PFI of K, therefore, &, is an ideal of K. Firstly, we show that Hrg and Vrgs

used to define PFS T, are well-defined. For this, let
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0(1 +g* = 0{2 +8*, Where 0(1,0(2 € K,
=>CZ1—CZ2 Eg*ﬁal,az Eg*

= (i3(@) = (3@ and (vg(@) = (vpla)’
2 2 2
= (#rg(% + ‘{’;*)) = (Hrg(az + 3*)) and (Vrg(‘h + &)) = (Vrg(az + &))

Next, we prove that Iy is a PFI of K/c& ,solet a; + &, a, + G, € K/{(; . Then,

2

(ury (a1 + 5 = (@2 + )
= (ury (@ — @) +.)) = (g o — )
> min (i, (@) (e, (@) }
= min {(yry (s + ) (g (e + )}

Similarly,

(Vrg((‘h + &) — (a + Cf‘)‘*)))z < max {(Vrg(% + g’*))z ) (Vrg(az + &))2}

Moreover,
(1ry (@ + 8@z +5))
= (urg(alaz + &))2 = (ug(alaz))z
> max f(uy(@)  (u5@) |
= max {(ury (s + ) (g (e + )}
Similarly,

(v (€ + B +8)) < min{(vry (s +8) (v ez +8) |

Thus, we conclude that Ty is a PFI of K /c&k

The Example 4.1 describes the result proved in Theorem 4.1.
Example 4.1. Consider a PFI § of Zg, a ring of integers modulo 6, that is,

o — {(0,0.95,0.15), (1,0.70,0.40), (2,0.95,0.15),}
~ 1(3,0.70,0.40), (4,0.95,0.15), (5,0.70,0.40) J’

Then, we have &, = {0,2,4} and the quotient ring Z6/€§ = {{0,2,4}, {1,3,5}}. Now, following the

*

technique described in Theorem 4.1, we construct a PFS Ty of 26/8; as follows:
Iz = {({0,2,4},0.95,0.15), ({1,3,5},0.70,0.40) }.

As can be seen, the constructed PFS Ty is a PFI of Z6/% .
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Theorem 4.2. Suppose that | and O are ideal and PFI of a ring K and K / ; respectively. If
uola +1) = ug(I) and vo(a +1) =vg(l) © a €1, then there exists a PFI § of K such that

8. =1
Proof. Let us define a PFS & of K in the following way:
pg(a) = puo(a +1) and vg(a) = vo(a + 1), forall a € K,

(15— )" = (o ) +1))’
= (to((@s + D = (@ + D))’
> min {(ug(al + 1))2, (po(ay + 1))2}

= min {(H{g(oﬁ))z ) (Hi}(az))z}-

Similarly,
(5@ az))2 < max{(vc&(al))z , (vg(az))z}.
Also,
(@) = (uo(@a, + D) = (us((@ + D@ + D))’
> max{(yD(a1 + D)%, (uo(at, + 1))2}
= mar{(u(@)) " (u5@) }
Similarly,

(ug(alaz))z < min{(Vg(al))z , (Vg(az))z}-
This implies that §& is a PFI of K.
2 2 2 2
Next, a€f, & (,uc&(a)) = (,u%(O)) and (vc;g(a)) = (vg(O)) =3 (,LLD(OC + I))2 =

2 2 2
(,uc&(,ub(l))) and (vc;g(,ub(a + I))) = (V%(‘U.D(I))) © a €1.Thus, &, = 1.
We verify the result proved in Theorem 4.2 in the following example.

Example 4.2. Consider an ideal 4Z of Z. Then, Z/ 47 = 42,1+ 4Z,2 + 4Z,3 + 4Z}. Keeping in
mind the condition given in Theorem 4.2, we design a PFI O of Z/ 47 as follows:

O = {(47,0.90,0.20), (1 + 4Z,0.70,0.40), (2 + 47, 0.80,0.35),(3 + 4Z,0.70,0.40)}.

0.90, if n € 4Z, 0.20, if n € 4Z,
Again, we obtain a PFI & = {n, pgz(n) = {0.80, ifn€2+4Z,vz(n) = {0.35, ifne2+ 42,} of
0.70, otherwise, 0.40, otherwise,
Z by using the membership and non-membership functions defined in Theorem 4.2. It is easy to find
&« = 4Z, which affirms Theorem 4.2.
Definition 4.1. Let ¥ be a PFI of a ring K and B €K . Then, the PFS %y =
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2

{(a,ugﬁ(a),vgﬁ(a):ael(} of K , where (ugﬁ(cx)r:(u%(a—ﬁ))z and (vgﬁ(a)) =

2
(vg(a - ﬁ)) , is called Pythagorean fuzzy coset (PFC) of PFI & inaring K associated with .

The concept of PFC of a PFI & inaring K is explained in the example below.
Example 4.3. Consider a PFI & of Zg as follows:

5 = {(0,0.80,0.40), (1,0.70,0.50), (2,0.70,0.50),}
~ 1(3,0.80,0.40), (4,0.70,0.50), (5,0.70,0.50) J°

Next, we find PFCs g of § associated with all g€ Z.
(1) The PFC of J with respect to 0 is

_ {(0, 500 = 0),v5(0 = 0)), (L, p5(1 = 0),v5(1 = 0)), (2 152 = 0), v5(2 - 0)) }

(3,153 = 0),v53 = 0)), (4,15 (4 = 0),v5 (4 = 0)), (5, u5(5 — 0), v5(5 — 0))
_ {(0,0.80,0.40), (1,0.70,0.50), (2,0.70,0.50),}
~ 1(3,0.80,0.40), (4,0.70,0.50), (5,0.70,0.50)

(i) The PFC of J with respect to 1 is

_ (0,150 = 1), v50 = 1), (L s (1 = D, v5(1 = D), (2152 - D, v5(2 - 1)),
! (3,153 = Dvg3 = 1), (4,54 = 1,v5(4 = D), (5,15(5 — 1, v5(5 — 1))
 [(0153),v5()), (1150, v5(0)) , (2,15 (D, v5(D)),

) { (3,15, v5@), (4.153), v5(3)), (5. 458, v5(®) }
B {(0,0.70,0.50), (1,0.80,0.40), (2,0.70,0.50),}
~ 1(3,0.70,0.50), (4,0.80,0.40), (5,0.70,0.50) J°

(iii) The PFC of J with respect to 2 is

_ (01150 = 2),v5(0 = 2)), (1L s (1 = 2),v5(1 = 2)), (2,152 = 2), 952 - 2)),
(3,#?3(3 —2),v5(3 — 2)) , (4, e (4 — 2), vy (4 — 2)) , (5,,1%(5 —2),v5(5 — 2))
({0 k5@, v5@®), (1. 15(5),v5(5)) (2,15 (0), v5(0))

) { (3,150, v (D), (4152, v5(@), (5,453, v 3)) }
_ {(0,0.70,0.50), (1,0.70,0.50), (2,0.80,0.40),}
~ 1(3,0.70,0.50), (4,0.70,0.50), (5,0.80,0.40) J°

(iv) The PFC of J with respect to 3 is

_ (01150 = 3),v5(0 = 3)), (L s (1 = 3),v5(1 = 3)), (2152 = 3), %52 - 3)),
(3,#?3(3 —3),v5(3 — 3)) , (4, s (4 — 3), vy (4 — 3)) , (5,,1%(5 —3),v5(5 — 3))
{(o, 153),v53)), (L@, v @), (2,15(5),5(5) }

(38502, v5(0) ), (4 15D, v5 (D)), (5,15 (2), v5 ()
_ {(0,0.80,0.40), (1,0.70,0.50), (2,0.70,0.50),}
~ 1(3,0.80,0.40), (4,0.70,0.50), (5,0.70,0.50) J°
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(v) The PFC of ] with respect to 4 is

(011500 = 4,50 = D), (L s (1 = D, v5(1 = ), (2152 - 1, %32 - 4),
(3156 - D,vsG = D), (4 1z — D, v5 (4 = 1), (5,155 — 1), v5(5 - 4)
(0,852, v5(2), (1153, v5(3)) (2, 15(®), v (),

(31552, v5())., (4 15(0),v5 (), (5, 15 (1), v5 (D))
_ {(0,0.70,0.50), (1,0.80,0.40), (2,0.70,0.50),}
~ 1(3,0.70,0.50), (4,0.80,0.40), (5,0.70,0.50) J'

(vi) The PFC of J with respect to 5 is

(011500 = 5),v5(0 = ), (115 (1 = 5),v5(1 = 5)), (2,152 = 5),v5(2 - 5)),
(3,153 = 5),v5 = 9)), (4154 = 5),v5(4 = 5)), (5,155 — 5),v5(5 - 5))
(0,150, v5 (D), (1152, v5()) (2,153, v5(3)),

(3,15, v5 @), (4,15(5),v5(9)) (5, 15(0), v5(0) )
_ {(0,0.70,0.50), (1,0.70,0.50), (2,0.80,0.40),}
~ 1(3,0.70,0.50), (4,0.70,0.50), (5,0.80,0.40) J

4-=

5=

Thus, there are three distinct PFCs of | in terms of all elements of Zg, namely &y = &3, &1 = &a

and &, = Fs.
Theorem 4.3. Let § be a PFI of K. Then Rg, the set of all PFCs of § in K, forms ring with the

following binary operations:
Ip + &y = Tp+y and FpF, = Fp, forall B,y € K.
Proof. Firstly, we will prove that both the binary operations defined on Rg are well-defined.

Suppose that B,y,{,n € K and §p =F, and §F; = §;. Then for all a € K,

llgﬁ(a) = ugy(a) and Vgﬁ(a) = ng(a)a 4.1)
py (@) = pg, (@) and vy, (a) = vg, (a). 4.2)
So,

pgla — B) = pgla —y) and vg(a — B) = vg(a —y), (4.3)
pg(a —¢) = pg(a —n) and vg(a —{) = vg(a — 7). (4.4)

Putting a =f+{—n in(4.3), a ={ in(44)and a = [ in (4.3), we have
Hg(@—n) =pg(B+{—n —y) and vg({ =) =vg(B+{—n — ), (4.5)
pg(0) = ug (¢ —n) and vg(0) = vg(¢ — 1), (4.6)
Mg(o) = #g(ﬁ —7¥) and 1/3(0) = Vz‘g(ﬁ - 7). 4.7)
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Now,
(155 (“))2 " (“%c(“)>2 = (s (@)
= (us(@—y-m —(ﬁ—y+5—'7)))2
= min {(,ui,f(a —(y+ 77)))2 ’ (ﬂg(ﬁ —y+{— 77))2}

2

= (ugl@-p-0)

> min {(ug(a —(y+ n)))2 , (ug(O))z} (by using (4.6) and (4.7))

= (kale= 0+ m))’ = (130, @) = (s, @) + (1, (@)

2

So,

(15, @) + (15@) 2 (15, @) + (s, @) (4.8)
Similarly, we can prove that

(15, @) + (s, (@) 2 (1, @) + (@) 4.9)

The inequalities (4.8) and (4.9) yields

2

(13 @) + (15@) = (5, @) + (s, @) - (4.10)

By using (4.1) and (4.2), we obtain
K (a) + Mgg(“) = #gy(“) + Ug, (). (4.11)
The similar reasoning leads us to
Vg, (a) + Vg, (a) = vg, (a) + Vg, (a). (4.12)
Again, the utilization of the same method gives us
Mgﬁ(“)#gz(“) = #gy(“)ﬂz‘gn (a), (4.13)
and
Vg, (a)vgz (a) = Vg, (a)vgn (). (4.14)

The Eqs (4.11)—(4.14) yield that
8"[,’ + 8"( = %y + 8'17 and 8"[?8"( = L&y%n-
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Hence, both addition and multiplication defined on Rg are well-defined. Next, it is easy to verify
that §, = & serves as additive identity of Rg, and for each Fz € Ry there exists F_p € Ry such
that §p + F_p = Fo = F_p + &p. The remaining properties are routine computations.

The following example illustrates the fact mentioned in Theorem 4.3.

Example 4.4. In Example 4.3, we find that the set of all PFCs of &=

0,0.80,0.40), (1,0.70,0.50), (2,0.70,0.50),) . . . ,
{((3 0.80 0.40)) ((4 0.70 0.50)) ((5 0.70 0.50))} in Zg is Ry = {So,B1, T2} Consider the Cayley's

tables (see Tables 1 and 2) of Ry obtained by employing the operations defined in Theorem 4.3 as
follows:

Table 1. Cayley's table of (%g,, +).

+ 8o &1 &2
8o So 1 P
&1 &1 &2 &o
&2 &2 &o &1

Table 2. Cayley's table of (‘Rg, . )

: 8o &1 &2
TYO ?)'0 C&O 8:0
31 ?)'0 81 8:2
32 ?)'0 8:2 81

From Tables 1 and 2, we see that Rg is a ring under defined binary operations.
Remark 4.1. If § = {(a, pg(a), vg(a): a € K} is a PFI of a ring K such that ug and vg are
constant functions, then Rg = {Fo}.
Definition 4.2. Let ¥ be a PFI of a ring K, then the PFI &' of Ry defined by ug (?jﬁ) = uz(B)
and vy (?j[;) = vgz(p), for all B € K, is called Pythagorean fuzzy quotient ideal (PFQI) associated
with §.
Theorem 4.4. If § = {(a, pg(a), vg(a): a € K} is a PFI of a ring K, then a mapping 6: K — Rg
defined by 8(B) = &z for f € K is a ring homomorphism with kernel ..
Proof. Assume that 3,y € K, then,

0B +7y)=Fpry =8+ =0(B) +0()
and
0(By) = &py = Tp&y = 0(BO).
First, we prove that if (uﬁ(ﬁ))2 = (H%(O))2 and (v%(ﬁ))z = (V%(O))Z if and only if g = Fo.
Suppose that (/,u&(/;))2 - (/,Li,,(o))2 and (vg(/a))2 ~ (vg(O))z. Then for all @ € K, we
have (15(@)) < (15(8)) = (5®) and (@) = (v5(B) = (@) . 1F (@) <
(uﬁ(ﬁ))2 = (3l - ,8))2 = (uﬁ(oz))2 by Theorem 3.1 (ii). On the other hand, if (/,t%(a))z =
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(15®) , then,

apelyek:(50) = (1)} = (@-p) = (@) =(1O)

So, in either case, we have

(ug(cx — ﬁ))z = (yg(a))z forall a € K.

In a similar way, we can prove

(vg(a — ,8))2 = (vg(a))z forall a € K.

Thus, &5 = Fo.
2 2
Conversely, suppose that ¥ = &o, so for all a €K, (/,t%(a - ﬁ)) = (/,t%(a - O)) and

(v%(a — ,8))2 = (v%(a — 0))2. Then,
(15®)" = (ka(a— @= ) 2 min{(is(@) " (s = ) } = (5@)

2
Thus, for all a € K, we obtain (,ug(ﬁ))z > (,ug(a))z, hence, (,u%(ﬁ))z = (,ug(O))z.
The similar reasoning yields that (vg(ﬁ))z = (vg(O))z. Now,

Ker 6 = {B€K:0(B) =Fo) = (B EK:Fp = Fo)
={pex: (18))" = (15©)" and (v5(8)) " = (V%(O))Z} =5

The following example explains the fact given in Theorem 4.4.
Example 4.5. In Example 42, we computed Rg={F,, T, T} for PFI §F=
(0,0.80,0.40), (1,0.70,0.50), (2,0.70,0.50),
{(3,0.80,0.40), (4,0.70,0.50), (5,0.70,0.50)
we define 0:Zg > Rg as follows:

6(0) =6(3) =Fo, (1) =6(4) =F, and 6(2) =6(5) = F.

Now, 8(1+2)=03)=g, and (1) +6(2) = + &, =F3 =T, show that (1 +2) =
6(1) + 6(2). Furthermore, 8((1)(2)) = 0(2) =&, and 6(1)0(2) = ¥, = &, together imply
that 9((1)(2)) = 0(1).0(2). Similarly, it is easy to verify that 8(n +m) = 6(n) + 6(m) and
((n) (m)) = 0(n).0(m) forall n,m € Z,. It means that 6 is aring homomorphism. Also, since &,
is zero of R, therefore, Ker 8 = {0,3} = &, satisfying Theorem 4.4.

Next, we present an analogue of Fundamental theorem of homomorphism.
Theorem 4.5. Let ¥ be a PFI of a ring K, then every PFI of Rg corresponds in a natural way to a

PFI of K.
Proof. Let & be a PFI of Rg. Define PFS B of K in the following way:

(13 ) = (1 (55))” and (v ®) = (v (5s))

} of Z¢. By using the approach defined in Theorem 4.4,

2
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It is simple to verify that 8 is a PFI of K.
5. Pythagorean fuzzy semi-prime ideals and characterization of regularity

In this section, the concept of Pythagorean fuzzy semi-prime ideals is defined. We investigate
some important algebraic features of this newly defined notion. Furthermore, the characterization of
regular rings by virtue of PFI is presented.

Definition 5.1. A PFI § of aring K is called Pythagorean fuzzy semi-prime ideal (PFSPI) of K if
forany PFI P of K, P*" S F=>P S § forall n € N.
Theorem 5.1. APFI & ofaring K is PFSPIifand only if &, isasemi-prime ideal of K for all

2 2

o€ [0, (ug(O)) ] and p € [(Vﬁ;(O)) ,1].

Proof. Suppose that § isa PFSPIof K and f € K suchthat 8" € &4 ). Let us define a PFI B of
K in the following way:

(Hin (V))2 = {a, ity € B ond (V‘B (y))z _ {p, ify € (B),

0, otherwise, 1, otherwise.

2 2
Suppose that (u%(y)) # 0, then ¥ = ¥V, ..., ¥ such that (“‘-B (yl-)) + 0, forall i =1,2,..,n,

2
because otherwise, there exists y; in each representation y;y, ..., ¥, of y such that (“‘-B (yj)) =
0, therefore,

2 2
(u%(ﬂ) = (H‘Bﬂ%_l(yjhyz: s Vj-1¥j1 Vi, ---'Vn)) =0,
which is a contradiction.

2 2
Similarly, we can prove that (v%(y)) # 1 implies ¥ = ¥V, ..., ¥n such that (V;B (yi)) * 1,
forall i =1,2,...,n. Thus,

(10 0) = = (1) and (s 00)" =0 = (v300)
= y; € (B), by definition of B

=Y =YuY2-Vn € (ﬁn) c Cl.“)'(a,p)a since lgn € cl..()'(a,p)
2 2
>V Eqwp = (Mg(}’)) >0 and (Viy()/)) <p

= (15) 2 (13®) and (150)" = (vpn))

>PrCF
=P S F, since F isaPFSPlof K

= (1®) = (1) =0 and (®) < (w®) =p
= [)) € g’(o-,p).

Thus, §(s,p) 1S a semi-prime ideal of K.
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2
Conversely, suppose that § 4 ) is a semi-prime ideal of K forall o € [0, (M%(O)) ] and p €

2
[(V%(O)) ,1]. Assume that & is not a PFSPI of K. It means that there exists a PFI B of K such
that P* € F but P & F. Therefore, for some [ € K, we have
2

(1s(®)” > (158) " or (vs(®)” < (v (5.1)

2 2
Let (ug(ﬁ)) =0 and (1@(,6’)) =p, then B € F(gp), 0 B" € F(s,p). Moreover f & i}’(ar’p,)
forall ¢’ > o and p’ < p. Since g(a,,p,) is a semi-prime ideal of K, therefore, f" & C&(a,,p:).Thus,

(ug(ﬁn))z = ¢ and (vg(ﬁ”))z = p. Therefore,

(158™)” = (u3(®) " and (v5(8M) = (v3(8)) " (52)
Next, it can be easily verified that
(13®) 2 (1®) wd (v38) = (m®)" (53)

2 2
Then, (5.1)~(5.3) imply that, either (u%(ﬁ)) > (#3(/3"))2 or (v%(ﬂ)) < (vc&(ﬁ"))z. This
means that " € &, thus we reach at a contradiction.
(0,0.90,0.35), (1,0.80,0.60), (2,0.80,0.60), (3,0.80,0.60),
Example 5.1. Consider a PFI & =< (4,0.90,0.35), (5,0.80,0.60), (6,0.80,0.60), (7,0.80,0.60),
(8,0.90,0.35), (9,0.80,0.60), (10,0.80,0.60), (11,0.80,0.60)
of Z,. The Pythagorean fuzzy level ideal 8(0.902,0352) = {0,4,8} is not a semi-prime ideal of Z;,
since ({0,2,4,6,8,10})? = {0,4,8} < 8:(0.902’0.352) but {0,2,4,6,8,10} ‘{9(0.902,0.352).
Also, & 1s not a PFSPI ideal of Z;, because there exists a PFI P =
(0,0.90,0.35), (1,0.80,0.60), (2,0.90,0.35), (3,0.80,0.60),
(4,0.90,0.35), (5,0.80,0.60), (6,0.90,0.35), (7,0.80,0.60), of Z;, such that PZ=PoP =
(8,0.90,0.35), (9,0.80,0.60), (10,0.90,0.35), (11,0.80,0.60)
§ <& but P & F. This satisfies the conditional statement “if § is PFSPI of K, then (4, is a

2 2
semi-prime ideal of K forall o € [O, (,ug(O)) ] and p € [(v%(O)) ) 1]” expressed in Theorem 5.1.

. ~((0,0.90,0.30), (1,0.60,0.50), (2,0.60,0.50), (3,0.60,0.50),}
Example 5.2. Consider a PFI § = {(4,0.80,0.40), (5,0.60,0.50), (6,0.60,0.50), (7,0.60,0.50) f
Zg . It is not a PFSPI ideal of Zg Dbecause there exists a PFI =
(0,0.90,0.30),(1,0.60,0.50),(2,0.80,0.40),(3,0.60,0.50),} , e
{(4,0-80,0-40), (5,0.60,0.50), (6,0.80,0.40), (7,0.60,0.50) § ' Z8 Such that F=="F P =F
but P £ F.

2 2
Furthermore, for all o € [0, (,ug(O)) ] and p € [(vg(O)) ,1], we have the following three
Pythagorean fuzzy level ideals (g, 5):

i.  ®@p) =10} =1 where 0.80 <0 < 0.90 and 0.30 < p < 0.40,

ii.  Fp) =1{0,4} =1, where 0.60 <o < 0.80 and 0.40 < p < 0.50,
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lii. §g,p) = Zg =13 where 0 <0 <0.60 and 0.50 <p < 1.

The Pythagorean fuzzy level ideal I, = {0,4} is not a semi-prime ideal of Zg as ({0,2,4,6})% =

{0,4} < I, but {0,2,4,6} & I,. Thus, the conditional statement “if &4 ) is a semi-prime ideal of K
2 2

forall o € [0, (,uc&(O)) ] and p € [(vg(O)) ,1], then ¥ is PFSPI of K” revealed in Theorem 5.1,

is satisfied.
Theorem 5.2. If §§ is a PFSPI of K, then Rg, the set of all PFCs of & in K, has no non-zero

nilpotent elements.
Proof. Suppose that & is a PFSPI of aring K, then by Theorem 5.1, it follows that ;) is a semi-

2 2
prime ideal of K, where o = (,u%(O)) and p = (vg(O)) . Moreover, in view of Theorem 4.3 it
follows that Re = K .

¥ / cl’("(o.p)

Let @ + &) be non-zero nilpotent element of K /8‘( s Therefore,
o.p

n
(“ + g’(ap)) = &w.p)
= a" +8p) = o)

>ate Bwp) =« € Fop)
=+ Fo,p) = Sop)-

Thus, we have a contradiction, thus, K /c&( ) has no non-zero nilpotent element. This together with
a,p

R = K leads to the desired result.
5= B
Example 5.3. Consider a PFI § of Z, as follows:

% = {(0,0.80,0.40), (1,0.70,0.50), (2,0.70,0.50),}
~1(3,0.80,0.40), (4,0.70,0.50), (5,0.70,0.50) J°

Clearly, it has two non-empty Pythagorean fuzzy level subsets namely {0,3} and Z; which are semi-
prime ideals of Zg. Therefore, by Theorem 5.1, & is PFSPI of Zg.

Also, the set of all PFCs of & in Zg is Rg = {0, &1, &2} One can see that both non-zero
elements &; and &, are not nilpotent. Thus, Theorem 5.2 is satisfied.
Definition 5.2. Let K be a ring and U S K. Suppose that y;: K — [0,1] and y,¢:K — [0,1] are
defined by

W@ =7 oy m 0 @={ gy
Then,
v = {(@ 2@, 1" (@): a € K}
is a PFS of K.

Lemma 5.1. ¥ (U) is PFlof K if U is anideal of K.

The proof involves simple computation.
Theorem 5.3. Aring K isregularif and only if o O = F N O, where § and O are PFIs of K.
Proof. Suppose that K is a regular ring. We want to show that o O = F N O. From routine
computations, we get FoO € FNDO. Let f € K, the regularity of K ensures the existence of ¢
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and n in K such that f = {n. Now,

(Mgog(ﬁ))z = max {min ((Mg (5))2 (1o (TI))Z)}.

Since [ = fyp for some y € K. Then,

(45 ®) = (15 Br®) " = max (1 8 (15 ®) ] = (5 B1))’
> max {(1s ) (15 ) } 2 (15 ®)

tnshort, (5 (8))” = (5 50) 2 (5 (8)), therefore, (45 81)” = (1 () Then,

(,u%o,a([)’))z = max {min ((,ug; (Z))z , (1o (77))2)}
> min (5 (87)) . (1o (§))”) taking ¢ = By and n =
=min (15 8)) " (20 ®)°) = (500 )

2

2 2
Similarly, we obtain (T]%OD (,6’)) < (T];}nD (B )) , which gives §N O S Fo O.

Conversely, suppose that Fo O =FNO.Let Y and Z betwoidealsof K.Inviewof Lemma5.1,
Yy = {(a,)(y(a),)(yc(a)): a € K} and Y(Z) = {(a,)(z(a),)(zc(a)): a € K} are PFIs of K.

Assume that B € ¥ N Z, then (xy(8))° N (x,(8) =1 and (xy¢(B))" N (xz5(B))" = 0. Since

2 2 2 2
YE)NF(Z) = ¥(2) o ¥(Z), therefore, r@B) 0 (xB)" = (v B) °(x(A) =1 and
(XYC(,B))Z n (XZC(,B))Z = (XYC(,B)) ° (XZC(,B))Z = 0, therefore,

max {min (v (8))", (4:82))") : 1Bz = B, Br, Bz € K} = 1 and
min {max ((XYC(,BQ)Z, ()(Zc(ﬁz))z) :B1B2 =B, P15z E K} = 0.

It means that there exists y;,y, € K such that

(XY(V1))2 =1= (Xz(Vz))Z and (Xyc(h))z =0= (XZC(Vz))Z,

with B =y,¥,. Thus, f =y vy, € YZ, which gives Y NZ € Y.Z. Furthermore, Y.ZCSYNZ is
obvious. So, Y N Z =Y. Z, then the regularity of K is directly followed by using the theorem on page 184
of [26].
Theorem 5.4. Aring K is regular if and only if every PFI of K is idempotent.
Proof. Let K be a regular ring and § be a PFI of K. Then, in view of Theorem 5.3, it is
straightforward to show that &* = &.

Conversely, let every PFI of K. Assume that § and O are PFIs of K. In view of Theorem 5.3,
we require Fo O =FNO to prove the regularity of K. For this, we proceed as follows: be
idempotent

(Hgno(ﬁ))z = (#gnbz(ﬁ))z = max {min ((Mgnb(f))z;(ﬂgno(n))z) B = CTI}
< max {min ((#g(f))z , (HD(U))Z) B = 577} = (.u‘&oD(:B))z.
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2 2
The same reasoning leads us to (Vgng(ﬁ)) > (vgog(ﬁ)) . So, FNO S FoO. Furthermore F o
DS FNO isobvious. Thus, Fo O =FNO.

Lemma 5.2. (¥((8)))" = ¥((?)) forall B €K.

The proof is simple.
Theorem 5.5. A commutative ring K is regular if and only if every PFI of K is PFSPL
Proof. Suppose that K is a regular ring and & is a PFI of K. Let B be any PFI of K such that
P" € F. Since K is regular, therefore by Theorem 5.4, we obtain ™ = B. Thus, P < F. This
shows that & is a PFSPI of K.

Conversely, suppose that every PFI of K is PFSPL In view of Lemma 5.2, we have
(’P((ﬁ)))z = Y ((B?)) forall B € K.Since W ({B?)) is PFSPI of K, therefore, ¥ ({B)) € Y ((B?)).
Also, W({(B?)) € W((B)) is obvious. Hence, ¥({B)) € W ({B?)). It means that B € ¥({B?)),
therefore, B = af? = Baf forsome a € K. Thus, K is a regular ring.

Example 5.4. We know Z/ 57 1s aregular ring. We design a PFI § of Z/ gz as follows:

5 = {(0 + 57, 0.80,0.40), (1 + 5Z,0.70,0.50), (2 + 5Z, 0.70,0.50),}
- (3 + 57,0.70,0.50), (4 + 5Z,0.70,0.50) '

It is easy to find that & has two non-empty Pythagorean fuzzy level subsets namely {0 + 5Z} and
Z/ 57 Both of them are semi-prime ideals of Z/ 57 Therefore, by Theorem 5.1, § is PFSPI of Z/ 57
satisfying the conditional statement “if a commutative ring K is regular then every PFI of K is
PFSPI” expressed in Theorem 5.5.

(0,0.90,0.35), (1,0.80,0.60), (2,0.80,0.60), (3,0.80,0.60),
Example 5.5. Consider a PFI & =< (4,0.90,0.35), (5,0.80,0.60), (6,0.80,0.60), (7,0.80,0.60),

(8,0.90,0.35), (9,0.80,0.60), (10,0.80,0.60), (11,0.80,0.60)

of Z,,. Since Z;, contains zero divisors, therefore it not a regular ring. Moreover, in Example 4.6,
we see that & is not a PFSPI of Z;,. Thus, the conditional statement “if every PFI of a commutative
ring K is PFSPI then K is regular” revealed in Theorem 5.5 is verified.

6. Conclusions

The basic purpose of this paper is to study the notion of the ideal of a classical ring under
Pythagorean fuzzy environment. For this purpose, several notions of ring theory like cosets of an ideal,
quotient ideal and semiprime ideal are converted into Pythagorean fuzzy format. We have proved that
the intersection of two PFIs of aring K is a PFI. We also show that the intersection of a PFSR & and
PFI A of K is PFlof &,. We define the concept of Pythagorean fuzzy cosets of a Pythagorean fuzzy
ideal and prove that the set of all Pythagorean fuzzy cosets of a Pythagorean fuzzy ideal forms a ring
under certain binary operations. Furthermore, we present a Pythagorean fuzzy version of the
fundamental theorem of ring homomorphism. Next, we give the definition and related properties of
Pythagorean fuzzy semi-prime ideals. Lastly, the characterization of regular rings by virtue of
Pythagorean fuzzy ideals is presented.

By using the outcomes of present study, our future intention is to investigate the algebraic
properties of prime, maximal and irreducible ideals in Pythagorean fuzzy context. Moreover, in future
work, we will extend the present concepts under different extensions of the fuzzy sets such as g-rung
orthopair fuzzy sets, fuzzy soft sets and fuzzy hypersoft sets etc.
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