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Abstract—This paper studies a downlink system that combines
orthogonal-time-frequency-space (OTFS) modulation and sparse
code multiple access (SCMA) to support massive connectivity in
high-mobility environments. We propose a cross-domain receiver
for the considered OTFS-SCMA system which efficiently carries
out OTFS symbol estimation and SCMA decoding in a joint man-
ner. This is done by iteratively passing the extrinsic information
between the time domain and the delay-Doppler (DD) domain via
the corresponding unitary transformation to ensure the principal
orthogonality of errors from each domain. We show that the
proposed OTFS-SCMA detection algorithm exists at a fixed point
in the state evolution when it converges. To further enhance
the error performance of the proposed OTFS-SCMA system, we
investigate the cooperation between downlink users to exploit the
diversity gains and develop a distributed cooperative detection
(DCD) algorithm with the aid of belief consensus. Our numerical
results demonstrate the effectiveness and convergence of the
proposed algorithm and show an increased spectral efficiency
compared to the conventional OTFS transmission.

Index Terms—orthogonal time frequency space (OTFS), multi-
ple access, non-orthogonal multiple access (NOMA), sparse code
multiple access (SCMA), distributed cooperation, state evolution.

I. INTRODUCTION

A. Background

As the 5G networks commercially rolling out across the
world, the study of the mobile communication systems in
the beyond 5G (B5G) era has received much attention [1].
In the future wireless networks, the proliferation of connected
autonomous vehicles and unmanned aerial vehicles, as well as
the integration of terrestrial and non-terrestrial networks (e.g.,
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inter-satellute and satellite-to-ground communications), raise
the demands for extremely reliable and rapid data services in
high-mobility environments. While the 5G networks aim for
robust communications at moving speeds up to 500 km/h, this
target has been raised to 1000 km/h and higher in the current
6G research [2], [3]. The widely adopted orthogonal frequency
division multiplexing (OFDM) modulation may be incapable
as the system orthogonality could be severely destroyed by
the increased inter-carrier interference caused by the Doppler
effect [4].

Recently, orthogonal time frequency space (OTFS) mod-
ulation has emerged as a promising technique for robust
data transmission over high-mobility wireless channels [5]–
[8]. Compared to the OFDM modulation adopting the time-
frequency (TF) domain symbol multiplexing, OTFS modula-
tion considers the signal representation in the delay-Doppler
(DD) domain, in which the channel responses are relatively
sparse and compact [5]. Instead of the conventional doubly
selective channels, OTFS permits a separable and quasi-static
channel in the DD domain, which can be leveraged for more
efficient communication system designs [5]. Besides, OTFS
modulation spreads each information symbol modulated in
the DD domain to the whole TF domain, thus premitting
the exploitation of the full channel diversity to enhance error
performance [9], [11].

In addition to the requirement of high reliability, with the
increasingly congested spectrum yet more stringent quality-of-
service requirements, it is challenging to concurrently support
a massive number of communication links in high-mobility
channels. Against this background, non-orthogonal multiple
access (NOMA) has received tremendous research attention
in the past years as an enabling wireless paradigm to meet
the heterogeneous demands on spectral efficiency, latency,
and connectivity [12]. The existing dominant NOMA schemes
can be divided into two major categories: power-domain
NOMA and code-domain NOMA. Power-domain NOMA
distinguishes users by assigning them with different power
levels, in contrast to code-domain NOMA which relies on
carefully designed codebooks/sequences. In particular, sparse
code multiple access (SCMA) is a disruptive code-domain
NOMA technique by employing different sparse codebooks
[10], [13]. An efficient message passing algorithm (MPA)
can be carried out to exploit the codebook sparsity for near-
optimum multiuser detection performance [14].

In this paper, we aim to address the aforementioned tech-
nical challenges by integrating OTFS and SCMA to harness
the benefits of both schemes. Besides, observed by the fact
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that each user also receives the information of other users in
a downlink system, we further consider the use of cooperative
detection. By doing so, user diversity gains can be achieved by
cooperatively exchanging the detection results with different
users. Specifically, in a cooperative network, each user only
needs to share their local information with neighboring users.
Such a distributed cooperative scheme has been employed in
both sensing and communication systems [15]–[19].

B. Related Works

The design of OTFS aided multiple access in a high-
mobility environment has attracted much research attention
recently. An orthogonal multiple access (OMA) scheme for
uplink OTFS systems was proposed in [20], where the in-
formation symbols of different users are placed in a non-
overlapping manner in the TF domain. The authors in [22]
demonstrated that the achievable rates of two DD domain
multiple access schemes (delay-division and Doppler-division)
for uplink OTFS systems are noticeably improved compared
to the conventional orthogonal frequency-division multiple ac-
cess (OFDMA) systems. By integrating power-domain NOMA
with OTFS in the time domain, it was shown in [23] that
power-domain NOMA-OTFS provides a higher sum spectral
efficiency compared to OTFS-OMA. However, rapid real-time
power allocation in high mobility channels may be impractical.
By contrast, code-domain OTFS-NOMA is attractive as the
codebook/sequence assignment is independent of the specific
locations of users. An OTFS-SCMA scheme was developed in
[21] with a two-stage detector and a single-stage detector for
both downlink and uplink systems, respectively. However, the
non-iterative two-stage downlink detector that first conducts
linear minimum mean square error (LMMSE) equalization
and then performs MPA decoding in the DD domain may
not perform well. This is because the LMMSE estimator can
hardly achieve Bayes optimality with the superimposed SCMA
codebook, which potentially leads to performance degradation
in the subsequent MPA decoding part. To facilitate the OTFS-
SCMA detection, classical OTFS channel estimation methods
can be directly applied in the downlink OTFS-SCMA systems,
e.g., the threshold-based pilot-embedded method [24], the
sparse Bayesian learning-based method [25], the orthogonal
matching pursuit (OMP)-based method [26]. As for OTFS-
SCMA systems, there have been two methods discussed in the
literature [21], [27]. The authors of [21] proposed a channel
estimation scheme where a guard band between the pilot and
the SCMA codewords was adopted to avoid interference. In
[27] a convolutional sparse coding-based channel estimation
method was proposed by exploiting the convolution nature
of OTFS input-output relation and the sparsity nature of the
DD domain effective channel, where the spectral efficiency is
comparable with the single user case.

When rectangular pulse shaping waveform is adopted, the
fractional Doppler effect results in more channel coefficients in
the Doppler domain, leading to dense channel response in the
DD domain which in turn raises challenges for channel esti-
mation and signal detection. So far, very few works are known
on the tackling of the aforementioned fractional-Doppler shift

problem. For example, a zero-padded OTFS system with Rake
receivers was proposed in [28] by carrying out equalization
in the delay-time domain, where the channel sparsity is not
affected by the fractional Doppler shifts. The authors in
[29] considered fractionally spaced sampling in the time-
domain for enhanced pulse-shaped OTFS systems. Instead of
performing detection in a single domain, a cross-domain OTFS
detector was proposed in [30]. The idea of [30] is to carry
out equalization in the time domain to exploit the natural
sparsity of time-domain effective channels in OTFS systems,
whilst performing the denoising in the DD domain. Similar
to the core idea of orthogonal approximate message passing
(OAMP) [32], [33], the cross-domain detector passes extrinsic
information (e.g. means and covariance matrices) between
the two domains via corresponding unitary transformation to
ensure the principal orthogonality of errors from each domain.

C. Motivations and Contributions

Despite the above-mentioned works on OTFS-aided mul-
tiple access systems [20]–[23], the enabling of massive con-
nectivity in high mobility channels is a largely open research
topic. Inspired by [30], [32], [33], we propose to perform
OTFS symbol estimation and SCMA decoding in different
domains to fully exploit the advantages of OTFS and SCMA.
Furthermore, we observe that the OTFS frames of all SCMA
users carry the same information symbols, and different users
may experience different physical channels. Based on this
observation, we conceive distributed cooperative detection
(DCD)1 [19] in our proposed cross-domain OTFS-SCMA
detector with a novel multi-layer detection structure to achieve
user diversity gains.

The main contributions of this paper are as follows:
1) We propose a single-layer joint OTFS-SCMA detector

based on the cross-domain detection, where the OTFS
equalization is conducted in the time domain with a
linear minimum mean squared error (L-MMSE) equalizer
and the SCMA signals are decoded in the DD domain
by a conventional MPA decoder [14]. The extrinsic
information from each domain is iteratively passed and
updated through unitary transformation, namely cross-
domain message passing [30]. With the aid of extrinsic
message passing, the estimation/decoding errors in one
domain are principally orthogonal to that in the other.
Due to the sparsity of SCMA codebooks, the covariance
matrices of decoded codewords are rank-deficient, posing
difficulties for low-complexity calculation. Such difficul-
ties may not be addressed by straightforward application
of the techniques in [30]. To proceed, we assume that the
superimposed codewords in each DD domain resource
are independent and identically distributed (i.i.d.). The
covariance matrices can thus be regarded as diagonal,
yielding a simple calculation of the matrix inverse.

1DCD aims to reach consensus on the global message and offers user
diversity gain from all downlink users by using belief consensus [34].
Belief consensus is a belief propagation algorithm that allows distributed
computation of the products of several local functions in a factor graph over
the same variable node [19].
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2) We extend the single-layer OTFS-SCMA detector to a
novel multi-layer one by allowing cooperation between
downlink users, which is performed over all downlink
users while the single-layer detection is performed in
one downlink user only. Specifically, we first propose
a joint cross-domain and DCD, where iterative belief
consensus between each layer (user) is conducted in each
cross-domain message passing iteration (after the time
domain equalization). Different from the joint structure,
we consider a separate structure in which we perform
several iterations of belief consensus, followed by an
additional MPA decoding after the local OTFS-SCMA
cross-domain detection. Furthermore, to further reduce
the energy consumption during cooperation, we present
a reduced belief consensus scheme that only broadcasts
partial local information.

3) We analyze the state evolution (SE) [35] of the proposed
OTFS-SCMA cross-domain detector and derive a fixed
point of SE. We prove that when the detector converges,
the average mean square error (MSE) values of the time
domain coincide with that in the DD domain at the fixed
point. The existence of the fixed point means that the
proposed detector potentially achieves Bayes optimality,
i.e., the proposed detector can converge to the MMSE if
there is exactly one fixed point for SE.

D. Notations
Ck×n denotes the (k × n)-dimensional complex matrix

spaces; XT and XH denote the transpose and the Hermitian
transpose of matrix X; ⊗ denotes the Kronecker product; ∝
denotes equality up to a constant normalization factor; tr(X)
and diag(X) give the trace and a vector composed of the main
diagonal elements of the matrix X. IM is an identity matrix
with size M × M ; X[i, j] denotes the entry in row i and
column j of the matrix X; | · | denotes the modulus of a
complex number or the cardinality of a set; E[·] denotes the
expectation operator; vec(·) denotes the vectorization operator;
δ(·) represents the Dirac delta function; (·)a,T, (·)p,T, (·)e,T
denote the a priori, the a posterior, and the extrinsic infor-
mation for time domain, respectively; The counterparts of DD
domain are denoted as (·)a,DD, (·)p,DD, (·)e,DD; The mean
and the covariance matrix of variable x are denoted as mx

and Cx, respectively.

II. PRELIMINARIES

A. OTFS
We consider an OTFS system in Fig. 1 that transmits sym-

bols X[m,n] over the DD domain grid Γ =
{(

m
M∆f ,

n
NT

)
,

m = 0, ...,M − 1, n = 0, ..., N − 1
}

, where M∆f is the
bandwidth of an OTFS frame, and NT is the OTFS frame
duration with ∆f = 1/T . The OTFS transmitter first maps
the symbols X[m,n] to the TF domain grid Π = {(l∆f, kT ) ,
l = 0, ...,M−1, k = 0, ..., N−1} via inverse finite symplectic
Fourier transform (ISFFT) as [5] as follows:

XTF[l, k] =
1√
NM

N−1∑
n=0

M−1∑
m=0

X[m,n]ej2π(
nk
N −ml

M ), (1)
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Fig. 1. A system diagram of OTFS modulation/demodulation.

where XTF[l, k] denotes The TF domain transmitted symbols.
The time-domain signal s(t) can thus be produced by the
conventional OFDM modulator, i.e., the TF domain symbols
XTF[l, k] are then converted to a continuous time waveform
s(t) by the conventional OFDM modulator with the transmitter
shaping pulse gtx(t) with duration T , i.e.

s(t) =

N−1∑
k=0

M−1∑
l=0

XTF[l, k]gtx(t− kT )ej2πl∆f(t−kT ). (2)

The signal s(t) is transmitted over a time-varying wireless
channel characterized by the impulse response h(τ, ν) with
delay τ and Doppler ν, given by

h(τ, ν) =

P∑
i=1

hiδ(τ − τi)δ(ν − νi), (3)

where P denotes the number of paths, hi, τi, and νi denote
the path gain, delay, and Doppler shift of the i-th path,
respectively. Note that τi and νi depend on the delay and
Doppler indices of the i-th path, which are given by [36]

τi =
li

M∆f
, νi =

ki + κi

NT
(4)

with the integers li, ki, and the fractional Doppler term
−1/2 ≤ κi ≤ 1/2. At the receiver side, the received signal
r(t) is given by

r(t) =

∫ ∫
h(τ, ν)s(t− τ)ej2πν(t−τ) dτ dν + n(t)

=

P∑
i=1

his(t− τi)e
j2πνi(t−τi) + n(t),

(5)

where n(t) is the additive white Gaussian noise (AWGN) sig-
nal with one-sided power spectral density N0. After receiving
r(t), the OTFS receiver converts the time domain signal to the
TF domain symbols YTF[l, k] with the matched filter grx(t), i.e.
[5]

YTF[l, k] =

∫
r(t)g∗rx(t− kT )e−j2πl∆f(t−kT ) dt. (6)
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Finally, the DD domain received symbols Y [m,n] can be
obtained by performing the SFFT to YTF[l, k] as

Y [m,n] =
1√
NM

N−1∑
k=0

M−1∑
l=0

YTF[l, k]e
−j2π(nk

N −ml
M )+ñ[m,n],

(7)
where ñ[m,n] represents the corresponding AWGN sample in
the DD domain.

Next, we can rewrite the input-output relationship of differ-
ent domains into a vectorized form to simplify the subsequent
derivation. In this paper, we follow the same notations for the
matrix/vector representation of the OTFS system in [28]. Let
X, Y ∈ CM×N be the transmitted and received DD domain
symbol matrices and the counterparts of TF domain are de-
noted by XTF ∈ CM×N and YTF ∈ CM×N , respectively. For
the time domain, the transmitted symbol matrix and received
symbol matrix are denoted by S ∈ CM×N and R ∈ CM×N ,
respectively.

Let FM and FN be the normalized M -point and N -point
discrete Fourier transform (DFT) matrices. Eq. (1) can be
reformulated as

XTF = FMXFH
N . (8)

The transmitted time domain signal from the TF domain
samples with the rectangular pulse can be rewritten as

S = IMFH
MXTF = XFH

N . (9)

Thus, the time domain transmitted vector s ∈ CNM×1 is given
by

s
∆
= vec (S) = (FH

N ⊗ IM )x, (10)

with the notation of that x ∆
= vec(X).

Considering the reduced cyclic prefix frame format, at the
receiver side, after discarding the CP, we can rewrite (5) in
the vectorized form by discretizing the time-domain received
signal at a rate fs = M∆f as [36]

r[q] =

P∑
i=1

hie
j2π

(ki+κi)(q−li)

MN s [[q − li]MN ] + n[q], (11)

where [·]MN denotes mod-MN operation and q =
0, ...,MN − 1. Therefore, the discrete time-domain input-
output relation in a vector form can be given by

r = HTs+ n, (12)

where the effective time-domain channel matrix HT is given
by

HT =

P∑
i=1

hie
−j2π

(ki+κi)li
MN ∆ki+κiΠli , (13)

where ∆ = diag
([

1, ej2π
1

MN , ..., ej2π
MN−1
MN

])
is the phase

rotating matrix and Π is the permutation matrix (forward
cyclic shift) given by

Π =


0 · · · 0 1
1 · · · 0 0
...

. . .
...

...
0 · · · 1 0


MN×MN

. (14)

Fig. 2. Factor graph for an J = 6, K = 4 SCMA system with dv = 2,
dc = 3.

According to (6)-(10), and by assuming rectangular pulse
shaping waveform, the DD domain received symbol vector
y

∆
= vec(Y) is given by

y = (FN ⊗ IM ) r = HDDx+ ñ, (15)

where the DD-domain effective channel matrix HDD is given
by

HDD = (FN ⊗ IM )HT
(
FH

N ⊗ IM
)
. (16)

It can be seen that the effective channel matrix HDD in the
DD domain in (16) may become dense in the presence of the
fractional Doppler shifts, whereas the time domain effective
channel matrix HT in (13) remains sparse. In particular, there
are at most lmax non-zero entries in each row and column of
HT. The sparsity of HT motivates us to perform equalization in
the time domain. Also, we are able to perform low-complexity
near maximum likelihood (ML) detection in the DD domain
once the channel is equalized in the time domain.

B. SCMA

Consider a downlink K × J SCMA system, where J users
communicate over K resource nodes for multiple access.
Typically, J > K indicates that the number of users that
concurrently communicate is larger than the total number of
orthogonal resources, and the overloading factor is defined by
λ = J/K > 1.

Each user is pre-assigned a codebook Xj ∈ CK×Mmod ,
and j ∈ {1, 2, ..., J}, consisting of Mmod codewords with
dimension of K. We consider the power budgets such that
Tr(XjXH

j )/Mmod = 1. The SCMA encoder of user j selects a
codeword from codebook Xj corresponding to the input binary
message bj with log2(Mmod) bits. Let the codeword for user j
be Xj = [Xj,1, Xj,2, ..., Xj,K ]T ∈ CK×1. Then the codewords
of J users are superimposed on K resource nodes, i.e.,

xSCMA =

J∑
j=1

Xj , (17)

where xSCMA ∈ CK×1 is called superimposed codewords and
can be regarded as points in a large superimposed constellation
whose size is MJ

mod. For SCMA, codebooks are sparse, i.e.
each codeword in Xj , ∀j, consists of K − dv zeros and dv
non-zero elements, and each resource node carries dc users’
symbols. The relationship between user nodes (VNs) and
resource nodes (FNs) can be represented by a factor graph,
as shown in Fig. 2 with J = 6, K = 4, dv = 2, and dc = 3.
An edge is assigned between the two nodes if and only if the
j-th user node occupies the k-th resource node, i.e., Xj,k ̸= 0.
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Fig. 3. An illustration of SCMA encoding and allocation, with M = 8, N = 4, Mmod = 4, J = 6 and K = 4. The codeword 1 carries the information
“013021” of 6 users.

An alternative representation of the factor graph is an
indicator matrix, where each row indicates a specific resource
node and all the non-zero entries in that row correspond to the
active users on that resource node. In specific, the indicator
matrix for the factor graph shown in Fig. 2 is given by

Find =


1 1 1 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1

 . (18)

Given a channel matrix HDD, the received signal ySCMA of
a downlink SCMA system can be denoted by

ySCMA = HDDxSCMA + ñ = HDD

J∑
j=1

Xj + ñ, (19)

where ñ is the corresponding AWGN sample vector in the DD
domain.

Based on the SCMA factor graph, MPA decoder can be
employed to decode the SCMA codewords [10].

C. Allocation of SCMA codewords in the OTFS grid

Without loss of generality, we consider that the SCMA
codewords are allocated on the DD domain plane along the
delay direction in blocks of size K×1. It is worth pointing out
that the proposed OTFS-SCMA detector can also work with
other allocation schemes.

Thus, an OTFS frame comprises
⌊
MN
K

⌋
SCMA codewords.

And the transmitted DD domain symbol vector of the j-th user
can be denoted by (with the assumption that MN is exactly
a multiple of K in the following)

xj = [xT
SCMA,1,x

T
SCMA,2, ...,x

T
SCMA,MN

K
]T, (20)

where xSCMA,i denotes the i-th SCMA codeword of user j.
Then, the transmitter superimposes the symbol vectors for
all users in the DD domain and constructs the corresponding

Fig. 4. An example of E(ssupsH
sup) with M = 16, N = 8 and the codebook

given in [31].

superimposed codeword vector xsup, i.e.

xsup =

J∑
j=1

xj . (21)

For the downlink user j, the received DD domain symbol
vector can be modeled as

yj = Hj,DDxsup + ñj , (22)

where the subscript j is used to distinguish the channel and the
received signal for different users. Similarly, we can obtain the
transmitted and received vectors of user j in the time domain,
i.e.

ssup = (FH
N ⊗ IM )xsup, rj = Hj,Tssup + nj . (23)

Fig. 3 illustrates the SCMA encoding and allocation in the
DD domain. For ease of exposition, we only illustrate the
scenario for M = 8, N = 4. Nevertheless, the proposed
algorithm can be extended to a larger OTFS-SCMA system
since SCMA codewords are allocated in blocks.
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III. JOINT OTFS-SCMA DECODING WITH CROSS-DOMAIN
DETECTOR

In this section, we propose a cross-domain OTFS-SCMA
detector with a single-layer structure as shown in Fig. 5,
which is performed locally in a downlink user. In particular,
we assume that the normalized superimposed codewords on
each resource node are independently identically distributed
(i.i.d.), i.e. E(xsupx

H
sup) = IMN . Fig. 4 shows an example

of E(xsupx
H
sup) by Monte Carlo simulation with 1000 frames,

indicating that this assumption is valid to a large extent. Based
on the unitary transformation, the i.i.d. assumption of ssup is
also suitable, i.e.,

E(ssups
H
sup) = (FH

N ⊗ IM )E(xsupxsup
H)(FN ⊗ IM ) = IMN .

(24)
Also, we assume that the entries in ssup is Gaussian variables
due to the spreading effect of ISFFT.

Inspired by the priciple of errors orthogonality of OAMP
[32], [37], we design a cross-domain OTFS-SCMA detector
consisting of a linear estimator (LE) in the time domain and a
non-linear estimator (NLE) in the DD domain with unitary
transformation. To satisfy the orthogonality of errors, we
develop a cross-domain message passing algorithm as shown
in the yellow area of Fig. 5. In the view of orthogonal LE
and NLE, the proposed cross-domain detector can also be
illustrated in Fig. 6. Denote the NLE and orthogonal NLE
in Fig. 6 by ϕ̂(x) and ϕ(x), respectively, and the LE and
orthogonal LE by γ̂(x) and γ(x), respectively. Thus, the cross-
domain OTFS-SCMA detector can be written as2

2The details of the derivation of the (25) and (26) will be described in the
following subsections.
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Fig. 6. An illustration of cross-domain OTFS-SCMA detector in the view of
orthogonal LE and NLE.

γ(xϕ→γ) =
(
Ce,T

s

(
Cp,T

s

)−1
)
γ̂(xϕ→γ)

−
(
Ce,T

s

(
Ca,T

s

)−1
)
xϕ→γ ,

(25)

ϕ(xγ→ϕ) =
(
Ce,DD

s

(
Cp,DD

s

)−1
)
ϕ̂(xγ→ϕ)

−
(
Ce,DD

s

(
Ca,DD

s

)−1
)
xγ→ϕ.

(26)

We can observe that the above iterative process is indeed a type
of expectation propagation (EP). Furthermore, by [37], the EP
and OAMP are equivalent when locally optimal prototypes are
employed, e.g., LMMSE estimator and SCMA MPA decoder.
Therefore, the errors between the time domain LMMSE and
the DD domain SCMA MPA decoder are orthogonal with
the help of cross-domain message passing, thus giving rise
to enhanced convergence in iterative decoding. Note that
the proposed OTFS-SCMA iterative detector based on error
orthogonality is fundamentally different from the turbo-based
iterative detectors, e.g., turbo-based LDPC SCMA detector
[38] and the joint polar-SCMA detector [39], which require
independent input-output errors of each local estimator. More-
over, the proposed method exploits the unitary transform that
replaces the conventional interleaver in turbo-based detectors.

A. Time domain L-MMSE equalization

The conventional L-MMSE equalizer is employed to es-
timate the time domain OTFS-SCMA superimposed symbol
vector ssup. The received time domain symbol vector r and
the time domain channel matrix HT with the aid of the a
priori mean ma,T

s and the a priori covariance matrix Ca,T
s ,

are fed to the L-MMSE equalizer to calculate the estimation
matrix and return a rough estimate. Note that due to the i.i.d.
assumption, Ca,T

s is diagonal matrix and thus initialized as an
identity matrix IMN . And the a priori mean ma,T

s is initialized
as zeros. Based on the L-MMSE estimation matrix, the a
posteriori estimation mean mp,T

s and covariance matrix Cp,T
s

of ssup are given by

mp,T
s = ma,T

s +WMMSE(r−HTm
a,T
s ), (27)

Cp,T
s = Ca,T

s −WMMSEHTC
a,T
s , (28)

where WMMSE is the L-MMSE estimation matrix, and it is
defined as [40]

WMMSE = Ca,T
s HH

T

(
HTC

a,T
s HH

T +N0IMN

)−1
. (29)
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Note that the non-diagonal entries in Cp,T
s are treated as zeros

since only diagonal entries are of interest according to the i.i.d.
assumption.

Having the a posteriori mean mp,T
s and covariance matrix

Cp,T
s in hand, the extrinsic information for time domain can be

calculated and passed to DD domain SCMA decoder via the
unitary transformation, which will be discussed in Subsection
III-C.

B. MPA based SCMA decoder

The a priori mean ma,DD
x and covariance matrix Ca,DD

x

calculated by the extrinsic information from the time domain
equalizer are fed to the SCMA decoder. Since the a priori
mean ma,DD

x can be viewed as rough estimates of the su-
perimposed codewords, the SCMA detection problem can be
formulated in the DD domain by

ma,DD
x = xsup + n̂, (30)

where n̂ is modeled as a white Gaussian noise sample vector
characterizing the uncertainty of the time domain estimates
with zero mean and a covariance matrix Ca,DD

x [37], [41].
Note that xsup is the summation of xj ,∀j and xj is stacked

by MN/K SCMA codewords. Therefore, we can conduct
the SCMA decoding in a codeword-by-codeword manner. In
particular, we define that Xi,j ∈ CK , 0 ≤ i ≤ MN

K − 1 is the
i-th codeword in xj , Xi,sup ∈ CK is the i-th superimposed
codeword in xsup, i.e., Xi,sup =

∑
j Xi,j , and mi ∈ CK is the

i-th roughly estimated superimposed codeword in ma,DD
x . In a

codeword-by-codeword manner, Eq. (30) can be rewritten as

mi = Xi,sup + n̂i, ∀i, (31)

where n̂i is the Gaussian uncertainty term corresponding to
the i-th codeword. For an SCMA decoder, the maximum a
posteriori (MAP) detection of the i-th codeword is given by

{X̂i,j}1≤j≤J = arg max
Xi,j∈Xj ,∀j

p(Xi,sup|mi). (32)

However, the complexity of MAP detection is O(MJ
mod),

which is extremely high when the number of users is large.
With the aid of the factor graph (e.g., Fig. 2), the MPA
decoder can be employed to decode SCMA codewords and
approach the error performance of the MAP detector [10],
[14]. Specifically, the decoding can be divided into three steps.

1) Initialization: Given a factor graph Find (see (18)), the
position sets of Find are defined as ζj = {k|Find[k, j] = 1,∀k}
for ∀j, and ξk = {j|Find[k, j] = 1,∀j} for ∀k. Then, for each
FN, i.e., for the k-th resource node, the likelihood function is
initialized as

f
(
mi[k]

∣∣Xi,sup
)
= exp

{
− 1

2σ2
n̂

∣∣∣mi[k]−
∑
j∈ξk

Xi,j [k]
∣∣∣2},

∀ Xi,j ∈ Xj ,
(33)

where σ2
n̂ = 1

MN Tr(Ca,DD
x ) due to the i.i.d. assumption in the

DD domain.

The initial message passed from VNs to the k-th FN is set
to be 1

Mmod
, i.e.

pa = η0j→k(Xi,j) =
1

Mmod
, (34)

due to the assumption of equal prior probability for each
codeword.

2) Exchanges extrinsic information between VNs and FNs
iteratively: In the q-th iteration, the message passing is given
by

ηqk→j(Xi,j)

=
∑

X̃i,sup:X̃i,j=Xi,j

f(mi[k]|X̃i,sup)
∏

j̃∈ξk\j

ηq−1

j̃→k
(X̃i,j̃)

 ,

(35)
and

ηqj→k(Xi,j) = normalize

pa
∏

k̃∈ζj\k

ηq
k̃→j

(Xi,j)

 , (36)

where X̃i,sup : X̃i,j = Xi,j denotes all possible superimposed
codewords with X̃i,j = Xi,j , j̃ ∈ ξk\j denotes that all VNs
carried by FN k expect for the j-th VN, and k̃ ∈ ζj\k denotes
that all FNs connected to j-th VN expect for the k-th FN.

3) Selection of codewords: After Iq iterative computing,
the i-th codeword for each j is estimated as

X̂i,j = arg max
Xi,j∈Xj

∏
k∈ζj

η
Iq
k→j(Xi,j)

 . (37)

Note that the term P (Xi,j = (Xj)m|mi) =

pa
∏

k∈ζj
η
Iq
k→j(Xi,j) is the a posteriori probability of

arbitrary codeword of the j-th user Xi,j ∈ Xj , where (Xj)m
is the m-th codeword of the codebook Xj with size Mmod.
Therefore, we can formulate the a posteriori probability set
consisting of all P (Xi,j) for ∀i, j, i.e.

P =
{
P
(
Xi,j = (Xj)m

∣∣mi

)
,

1 ≤ j ≤ J, 0 ≤ i ≤ MN/K, 1 ≤ m ≤ Mmod

}
.

(38)
The cardinality of P is |P| = MNJMmod

K .

Then the a posteriori mean mp
j,Xi,j

and covariance matrix
Cp

j,Xi,j
of the j-th user’s i-th codeword can be calculated as

mp
j,Xi,j

=
∑
β∈Xj

βP (Xi,j = β|mi) , (39)

and

Cp
j,Xi,j

=∑
β∈Xj

{(
β −mp

j,Xi,j

)(
β −mp

j,Xi,j

)H
P (Xi,j = β|mi)

}
.

(40)
Due to the i.i.d. assumption, the Cp

j,Xi,j
of Xi,j is a diagonal

matrix whose k-th element in the main diagonal is the a
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posteriori variance of Xi,j [k] which is given by

Cp
j,Xi,j

[k, k]

= E
[∣∣∣Xi,j [k]− E

[
Xi,j [k]|mp

j,Xi,j

]∣∣∣2]
=
∑
β∈Xj

|Xi,j [k]|2P (Xi,j [k] = β[k]|mi)− |mp
j,Xi,j

[k]|2.

(41)
It is worth noting that, there are only dv non-zero elements in
the main diagonal of Cp

j,Xi,j
due to the sparsity of the SCMA

codebooks, and Cp
j,Xi,j

is rank-deficient.
Then the a posteriori mean mp

j and covariance matrix Cp
j

of user j in the DD domain are formulated by stacking all
the mp

j,Xi,j
and Cp

j,Xi,j
for all i, in the order of the SCMA

allocation scheme in the DD domain grid.

C. Cross-domain message passing

In this subsection, we derive the extrinsic information
passing between the time domain and the DD domain, i.e.,
the yellow part in Fig. 5.

1) From time domain to DD domain: First, we calculate the
extrinsic mean and covariance matrix from the time domain
equalizer by

Ce,T
s =

((
Cp,T

s

)−1 −
(
Ca,T

s

)−1
)−1

, (42)

me,T
s = Ce,T

s

((
Cp,T

s

)−1
mp,T

s −
(
Ca,T

s

)−1
ma,T

s

)
. (43)

Note that (43) is equivalent to (25). With the aid of the unitary
transformation from the time domain to the DD domain “FN⊗
IM”, the a priori mean and covariance matrix of x are given
by

ma,DD
x = me,T

x = (FN ⊗ IM )me,T
s , (44)

Ca,DD
x = Ce,T

x = (FN ⊗ IM )Ce,T
s (FH

N ⊗ IM ). (45)

Note that for the large MN setting, the diagonal entries of
the diagonal matrix Ce,T

s tends to be the same value due to
the strong law of large numbers, and thus the matrix Ca,DD

x

tends to be diagonal.
2) From DD domain to time domain: After MPA decoding,

we have the a posteriori mean mp
j and covariance matrix Cp

j

in hand. However, the time domain OTFS symbol estimation
is carried out with respect to the superimposed codewords i.e.
ssup. We have to reconstruct the superimposed codewords by
summing the decoded SCMA codewords for each user. Hence,
the corresponding a posteriori mean and covariance matrix of
x in DD domain are given by

mp,DD
x =

J∑
j=1

mp
j , (46)

and

Cp,DD
x =

 J∑
j=1

(
Cp

j

)−1

−1

. (47)

Nevertheless, the j-th covariance matrix Cp
j is rank-deficient,

and thus may be non-invertable. Thanks to the i.i.d. assump-

tion, Cp,DD
x is a diagonal matrix and can be obtained by

Cp,DD
x [i, i] =

∑
j∈ξk

1

Cp
j [i, i]

−1

, (48)

where k = (i mod M) + 1 and 0 ≤ i ≤ MN − 1.
Then, we convert mp,DD

x and Cp,DD
x to the a posteriori mean

and covariance matrix of the time domain OTFS signal s by

mp,DD
s =

(
FH

N ⊗ IM
)
mp,DD

x , (49)

Cp,DD
s = (FH

N ⊗ IM )Cp,DD
x (FN ⊗ IM ). (50)

Similar to (35) and (36), the extrinsic information of s in terms
of the mean and covariance matrix is given by

Ca,T
s = Ce,DD

s =
((

Cp,DD
s

)−1 −
(
Ce,T

s

)−1
)−1

, (51)

and

ma,T
s = me,DD

s

= Ce,DD
s

((
Cp,DD

s

)−1
mp,DD

s −
(
Ce,T

s

)−1
me,T

s

)
.

(52)

Similarly, (52) is equivalent to the (26).
After a number of cross-domain message passing iterations,

e.g. Lmax, or 1
MN Tr(Ca,T

s ) < 10−3, the detector returns the
detected SCMA codewords by (37).

D. Complexity Analysis

The complexity of the time domain L-MMSE equalizer
is dominant by the matrix inverse in (29), whose complex-
ity order is O

(
(MN)3

)
. In the SCMA decoding part, the

complexity of the conventional MPA decoder is given as
O
(
IqMN(Mmod)

dcd2c
)

[13], where Iq is the number of MPA
iterations and dc is the number of non-zero entries in each
row of indicator matrix Find in (18). During cross-domain
message passing, the unitary transformation with respect to
FN ⊗ IM and FH

N ⊗ IM can be efficiently calculated by
fast Fourier transform (FFT) and inverse FFT with com-
plexity O (MN logN). And the computational complexity
of covariance matrix inverse in (42), (43), (51), and (52)
can be reduced by only calculating the diagonal entries,
according to the i.i.d. assumption, having the complexity
order of O(MN). The total detection complexity of the
proposed OTFS-SCMA detector per iteration can be given by
O
(
(MN)3 + IqMN(Mmod)

dcd2c +MN logN +MN
)
. The

complexity is high due to the high computational complexity
of matrix inverse in the L-MMSE equalizer. However, this
complexity can be further reduced by adopting some low-
complexity estimation/equalization algorithms that approxi-
mate the L-MMSE performance. For instance, the MMSE
equalizers with log-linear order of complexity proposed in
[42] and [43] can simply replace the time domain L-MMSE
equalizer in our proposed OTFS-SCMA detector.

E. Discussion

The proposed cross-domain detection leads to some advan-
tages of OTFS-SCMA compared to the conventional OFDM-
SCMA. The proposed cross-domain detection leads to some
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Fig. 7. The multi-layer structure of the proposed OTFS-SCMA cross-domain
detector.

advantages of OTFS-SCMA compared to the conventional
OFDM-SCMA. First, the OTFS-SCMA system inherits the
advantages of OTFS, e.g., potential ability to exploit full
diversity gain, resilience to narrowband interference, low peak-
to-average power ratio (PAPR), etc., which are not available
in OFDM-SCMA systems [5], [6]. On the other hand, the
error performance of SCMA systems mainly depends on
the minimum Euclidean distance (MED) and the minimum
product distance (MPD) between superimposed codewords.
In conventional OFDM-SCMA systems, a larger MED leads
to better BER performance over Gaussian channels, while a
larger MPD contributes to improve performance over Rayleigh
fading channels [44], [45]. However, the design of SCMA
codebook with both large MED and MPD is difficult [13],
[46]. The cross-domain detection for OTFS-SCMA systems is
promising to solve this problem. Based on the observation of
(30), the inputs of SCMA decoder in the DD domain may be
roughly regarded as the signal over AWGN channels. Thus,
the error performance of the SCMA decoder in the DD domain
mainly depends on the MED of superimposed codewords
instead of MPD. This observation gives us an insight that well-
designed SCMA codebooks for AWGN channel with large
MED work well in OTFS-SCMA transmissions. We validate
this observation by our numerical results in Section IV.

IV. JOINT CROSS-DOMAIN AND DISTRIBUTED
COOPERATIVE DETECTION

In this section, we consider the multi-layer structure of
the proposed OTFS-SCMA detector shown in Fig. 7. By
introducing a cooperative network, the single-layer structure
described in Section III can be extended into a multi-layer
structure to achieve large user diversity gains from other down-
link users compared to the previous single-layer detection. In
this paper, we assume that there exists a simple and efficient

communication scheme that supports proximity users to share
information with each other, e.g. Cellular V2X [47], which
does not consume many wireless resources.

Since the received signal for downlink users experience
different channels, we consider that all downlink users share
their extrinsic information of time domain to nearby users to
exploit the diversity gains. Specifically, in each cross-domain
message passing iteration, the extrinsic information from time
domain equalizer of the j-th user is broadcasted to several
nearby users depending on a given distance threshold or a
given neighboring set. At the same time, the j-th user updates
its local extrinsic information based on the received extrinsic
information from nearby users.

Let Sj be the neighboring set of user j, i.e., users in Sj

can receive the information from user j. Then our goal is to
obtain the product of all users’ messages distributively, i.e.,
to agree on the global message at each user with only local
processing and cooperation with nearby users.

A. Belief consensus-based method

The belief consensus method is efficient to compute the
product of several local functions over the same variable
distributively [34]. With the assumption of Gaussian messages,
users are able to exchange parameters of the messages instead
of the distribution, i.e., we can only broadcast means and
covariance matrices. In this case, the j-th user updates its local
belief according to standard belief consensus recursion, i.e.,

θc+1
i,j = γjjθ

c
i,j +

∑
g∈Sj

γjgθ
c
i,g, 0 ≤ i ≤ MN − 1, (53)

where the superscript c denotes the index of consensus itera-
tions and γ is the update rate defined as [34]

γjg = γgj =

{
1/max(|Sj |, |Sg|), for j ̸= g,

1−
∑

j′∈Sg
γj′g, for j = g.

(54)

For the proposed joint cross-domain and DCD algorithm,
the belief consensus iteration is integrated in cross-domain
message passing process. The local information to be shared
is constructed by the extrinsic mean and covariance matrix
from the time domain equalizer, i.e.

θci,j =
[
me,T,c

s,j [i]/Ce,T,c
s,j [i, i], 1/Ce,T,c

s,j [i, i]
]T

, (55)

where me,T,c
s,j and Ce,T,c

s,j denote the extrinsic mean and co-
variance matrix of user j in the c-th belief consensus iteration,
respectively.

Following Proposition 3 and Lemma 1 in [48], for a
connected graph that each user has at least one neighbor, given
a finite number of consensus iterations, e.g., Ic, all users are
able to reach consensus on the global message. In other words,
all SCMA users can achieve the same diversity order as that
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of the centralized process [19], i.e.,

me,T,Ic
s,j [i] → 1

J

J∑
j=1

me,T,Ic
s,j [i], (56)

1

Ce,T,Ic
s,j [i, i]

→ 1

J

J∑
j=1

1

Ce,T,Ic
s,j [i, i]

. (57)

Then the local extrinsic mean and covariance matrix of user
j are updated by me,T,Ic

s,j and Ce,T,Ic
s,j , respectively, which are

fed to SCMA decoder.
However, when exchanging extrinsic information between

users, users’ links may suffer from additive noise. To tackle
this problem, a vanishing parameter α is introduced and (53)
is reformulated by [19]

θc+1
i,j = θci,j + αc

∑
g∈Sj

γjg
(
θci,g + ωc

jg − θci,j
)
, (58)

where ωjg is the additive noise on the link between user j and
user g.

B. Reduced belief consensus-based method

The method described in the previous subsection requires
each user to broadcast all extrinsic information to neighboring
users in each cross-domain iteration, which may result in sig-
nificant energy consumption. To tackle this problem, a reduced
energy consumption method is presented in this subsection.

The basic idea is to share small values in Ce,T
s and their

corresponding means, since larger values in Ce,T
s indicate

less accurate estimates of the L-MMSE equalizer, and such
information passes between users with limited performance
gains. Specifically, for each belief consensus iteration, we di-
agonalize the covariance matrices due to the i.i.d. assumption,
i.e. ce,T,cs,j = diag{Ce,T,c

s,j }. Then we sort ce,T,cs,j in ascending
order and store the corresponding indices. Let c̃e,T,cs,j be the
sorted vector and I be the corresponding indices set. Define
the sharing rate 0 ≤ rc ≤ 1 that determines how much
local information should be shared to nearby users. We only
share the most reliable local information to nearby users. The
first ⌊MN × rc⌋ values in c̃e,T,cs,j and the corresponding mean
values are considered as reliable local information that is worth
sharing. Hence, the shared mean m̃e,T,c

s,j and covariance matrix
C̃e,T,c

s,j are given by

m̃e,T,c
s,j = me,T,c

s,j [I[rc]], C̃e,T,c
s,j [i, i] = ce,T,cs,j [i], (59)

where I[rc] denotes the first ⌊MN × rc⌋ elements of the set
I and 0 ≤ i ≤ ⌊MN × rc⌋− 1. Note that the transmission of
I[rc] can be made with negligible bandwidth increase, e.g.,
we can use additional decimal places to represent indices.
According to the belief consensus recursion, θci,j is given as

θci,j =
[
m̃e,T,c

s,j [i]/C̃e,T,c
s,j [i, i], 1/C̃e,T,c

s,j [i, i]
]T

.
In this way, the extrinsic information to be shared is

reduced, i.e., we only need to transmit part of the information
depending on the sharing rate rc, which leads to energy
consumption reduction. In practice, we may use a flag variable
to indicate whether the algorithm applies the reduced belief
consensus-based method or not.
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Fig. 8. An illustration of the proposed separate cross-domain and DCD. The
block “User j” denotes the local single-layer cross-domain detection of the
user j, which is illustrated in Fig. 5. {X̂i,j} is the set of decoded SCMA
codewords that is defined by (37).

C. Separate structure

The separate structure is shown as Fig. 8. Different from
the multi-layer OTFS-SCMA detector shown in Fig. 7, another
scheme of distributed cooperation is to share the a posteriori
information from the DD domain after Lmax cross domain
iterations. Specifically, we perform belief consensus followed
by an additional MPA decoding after the local OTFS-SCMA
cross-domain detection. This scheme is named as separate
cross-domain and DCD rather than the joint structure in
Fig. 7, since the cooperation is performed after cross-domain
detection. The cooperative process of the separated structure is
expected to bring some diversity gains, but the improvement of
the overall performance is limited since its cooperative process
does not exploit the further gains from cross-domain message
passing iteration as the joint structure does. Therefore, the
performance of the separated structure should be worse than
that of the joint structure under the same DCD settings.

V. THE FIXED POINT ANALYSIS OF THE PROPOSED
OTFS-SCMA DETECTOR VIA STATE EVOLUTION

In this section, we investigate the fixed point of the pro-
posed OTFS-SCMA cross-domain detection algorithm for
sufficiently large MN by using state evolution [35]. Note
that the SE derived in [30] may not be directly applied here,
due to the fact that the message passing process and NLE of
the proposed detector are fundamentally different from that
in [30]. Consequently, the SE process should be carefully re-
derived.

Define the error terms in the l-th iteration of cross domain
as h(l) ≡ ŝ(l)− s and q(l) ≡ x̂(l)− x. We assume that h(l)
consists of IID entries independent of HT and n, and q(l)
consists of IID zero-mean Gaussian entries independent of x.
Then we define two error measures as

vp,Ts (l) =
1

MN
E
{
∥h(l)∥2

}
, (60)

vp,DD
x (l) =

1

MN
E
{
∥q(l)∥2

}
. (61)

With the i.i.d. assumption of both the DD domain symbols
and the time domain symbols, the covariance matrices are
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diagonal. Thus, the measures vp,Ts (l) and vp,DD
x (l) can be given

by

vp,Ts (l) = lim
MN→∞

1

MN
Tr
(
Cp,T

s

)
, (62)

vp,DD
x (l) = lim

MN→∞

1

MN
Tr
(
Cp,DD

x

)
. (63)

Given the a priori measures va,Ts (l), defined as va,Ts (l) ≡
limMN→∞

1
MN Tr

(
Ca,T

s

)
, for the l-th iteration, the SE for

OTFS-SCMA cross-domain-based detection is defined by the
following recursion :

L-MMSE equalizer:

vp,Ts (l) = va,Ts (l)

−
(
va,Ts (l)

)2
MN

Tr
(
HH

T

(
va,Ts (l)HTH

H
T +N0IMN

)−1
HT

)
,

(64)
From the time domain to the DD domain:

va,DD
x (l) = va,DD

s (l) = ve,Ts (l) =

(
1

vp,Ts (l)
− 1

va,Ts (l)

)−1

,

(65)
where va,DD

x (l) = va,DD
s (l) is satisfied due to the unitary

transformation in (44), and the extrinsic measure (state) ve,Ts (l)
can be obtained by some manipulations from (42).

SCMA MPA decoder:

vp,DD
x,j (l) = E

{[
Xi,j [k]− E

{
Xi,j [k] +

√
va,DD
x (l)Z

}]2}
= lim

MN→∞

1

MN
Tr(Cp

j ), ∀j,
(66)

where vp,DD
x,j (l)3 denotes the error measure of MPA decoder

for each user j, Z is the AWGN sample with Z ∼ N(0, 1)
and is independent of Xi,j [k], and the expectation in (66) is
with respect to the index i and k with 0 ≤ i ≤ MN

K − 1

and 1 ≤ k ≤ K. Unfortunately, a close form of vp,DD
x,j (l) may

be infeasible. But vp,DD
x,j (l) can be regarded as a function of

SNR with the SCMA system over the AWGN channels, i.e.,
vp,DD
x,j (l) = f(SNR), and this function can be obtained by

Monte Carlo simulation.
Superimposed codewords reconstruction:

vp,DD
x (l) = lim

MN→∞

1

MN
Tr
(
Cp,DD

x

) (a)
=

 j∑
j=1

1

vp,DD
x,j (l)

−1

,

(67)
where (a) is obtained by some simple manipulations from (48).

From the DD domain to the time domain:

vp,DD
s (l) = vp,DD

x (l), (68)

va,Ts (l + 1) = ve,DD
s (l) =

(
1

vp,DD
s (l)

− 1

va,DD
s (l)

)−1

, (69)

where vp,DD
s (l) = vp,DD

x (l) is satisfied due to the unitary
transformation in (50).

3Since the MPA decoder is a near-optimal method to approximate the
solution of the MAP detection, the error measure of MPA decoder can be
given in the MMSE form of (66) under the Gaussian assumption.

Based on the above analysis, the state evolution from state
va,Ts (l) to va,Ts (l+ 1) is now well-defined. Also, the MSE for
the proposed OTFS-SCMA detector is predicted as

MSE(l) =
1

MN
E
{
∥q(l)∥2

}
= vp,DD

x (l), (70)

since our goal is to detect the SCMA codewords in the DD
domain.

We next derive the fixed point of the state evolution.
Property 1: When the algorithm is converged, the average

of a posteriori variance with respect to the time domain
estimates and the DD domain detection outputs share the same
value, i.e.,

vp,DD
x = vp,Ts . (71)

Proof: If the algorithm is converged, the values of the states
va,Ts (l) and va,Ts (l+1) will not change with the increase of the
iteration number. Therefore, when the algorithm is converged,
va,Ts (l + 1) = va,Ts (l) is satisfied, yielding

va,Ts (l + 1) =

(
1

vp,DD
s (l)

− 1

va,DD
s (l)

)−1

(72)

va,Ts (l + 1) =

(
1

vp,DD
s (l)

− 1

vp,Ts (l)
+

1

va,Ts (l)

)−1

(73)
1

va,Ts (l + 1)
− 1

va,Ts (l)
=

1

vp,DD
s (l)

− 1

vp,Ts (l)
(74)

vp,DD
s (l) = vp,Ts (l). (75)

This completes the proof of Property 1. ■
Property 1 illustrates that when the proposed algorithm

converges, both time domain OTFS symbol detection and
DD domain SCMA codeword decoding can provide the same
accuracy regarding the data recovery. Furthermore, since the
proposed cross-domain OTFS-SCMA detector follows the
principle of error orthogonality, the proposed detector can con-
verge to the Bayes optimality if there is exactly one fixed point
for SE of it [37]. In other words, the proposed method has
the potential of achieving Bayes optimality. This is, however,
difficult for the two-stage detection in [21] since the LMMSE
estimator may not be optimal for the superimposed SCMA
codewords which generally follow a complex distribution.
Furthermore, when the channel is not well equalized, due to
the error propagation, it could degrade the decoding perfor-
mance of the subsequent MPA part in the two-stage detector,
especially in the presence of fractional Doppler. By contrast,
the proposed method improves the detection performance via
iterations between the equalizer and the decoder with the aid
of the error orthogonality principle.

VI. SIMULATION RESULTS

In this section, we carry out numerical simulations to
validate the BER rate performance and convergence of the
proposed OTFS-SCMA cross-domain detector.

To save the space, we summarize the simulation parameters
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TABLE I
SIMULATION PARAMETERS

Parameter Value Parameter Value

Bandwidth B = 10 MHz
Maximum Doppler index
(with fractional shifts) kνmax = 6

Frame duration Tf = 1 ms Maximum delay index lτmax = 3

Delay spread 1.6 us SCMA setting
K × J = 4× 6, Mmod = 4
with factor graph Fig. 2

Doppler spread 8 KHz SCMA Codebooks [31] and [10]
Number of subcarriers M = 16 Number of cross-domain iterations Lmax = 5
Number of time slots N = 8 Number of MPA decoding iterations Iq = 10

Number of paths P = 4 Number of belief consensus iterations
Ic = 2 for Sche.1
Ic = 10 for Sche.2

Channel Generated by (13) and (16) Monte Carlo (stop when 5000 bits encountered) 20000 frames

in Table I4. The channel suffers from fractional Doppler. We
assume the channel state information (CSI) is perfectly known
at the receiver.

We first consider different OTFS-SCMA detectors, includ-
ing the single-layer OTFS-SCMA cross-domain-based detector
described in Fig. 5 (termed as “Cross domain”), the multi-layer
OTFS-SCMA detector described in Fig. 7 (termed as “Sche.
1”), the separate cross-domain and distributed cooperative
detector described in Section IV-C (termed as “Sche. 2”)
and the two-stage detector proposed in [21]. The number
of cross-domain iterations Lmax, SCMA MPA iterations Iq ,
belief consensus iterations Ic in Sche. 1 and belief consensus
iterations Ic in Sche. 2 are respectively set to be 5, 10, 2 and
10, which leads to the same total number of belief consensus
iterations of Sche. 1 and Sche. 2. Without loss of generality, the
neighboring sets Sj ,∀j, are fixed in our simulations, which are
given by S1 = {6, 2, 3}, S2 = {1, 3, 5}, S3 = {1, 2, 4}, S4 =
{3, 5, 6}, S5 = {2, 4, 6}, and S6 = {1, 4, 5}, forming a
connected graph.

Fig. 9 compares the uncoded BER performance with the
above-mentioned detectors with two different SCMA code-
books. We can observe that the two-stage detector proposed in
[21] suffers from poor BER performance, since the fractional
Doppler shifts make the channel equalization worse, which
brings serious performance degradation to the subsequent
SCMA decoding. This is the drawback of the two-stage detec-
tor to separately perform equalization and decoding in the DD
domain without any iterations. The proposed OTFS-SCMA
cross-domain detector (the blue line and green line) avoids
the above drawback and outperforms the two-stage detector
in [21] significantly, thanks to the near ML detection in the
DD domain and the cross-domain iterations. Moreover, under
the proposed cross-domain detector, the codebooks of [31]
with large MED and small MPD outperforms the codebook of
[10] that enjoys large MPD but small MED, in high Eb/N0

regions. This verifies the insight described in Subsection III E.
Thus, the codebooks of [31] are employed by default due to

4The codebook in [31] has the largest MED (equals 1.3) among the known
SCMA codebooks that have been proposed, to the best of our knowledge.
The Huawei codebook [10] has large MPD and performs well over Rayleigh
channels in OFDM-SCMA systems. The insight presented in Subsection III-E
can be verified by comparing these two codebooks.

0 5 10 15 20

E
b
/N

0
(dB)

10-5

10-4

10-3

10-2

10-1

100

B
E

R

Cross-domain (CB in [31])

Cross-domain (CB in [10])

Two-stage detector [21]

Sche. 1

Sche. 2

Fig. 9. The BER performance of OTFS-SCMA systems with different
detectors. The “CB” here denotes the “codebook”. For simulations without
codebook notation, the codebook of [31] is employed by default.

its enhanced error performance. Next, we focus on the results
of Sche. 1 and Sche. 2. The simple introduction of distributed
cooperation after cross domain detection, i.e. Sche.2 (the red
line), brings in dramatic performance gains. With the aid of
cross-domain message passing and the multi-layer structure,
Sche. 1 (the yellow line) can further improve the performance
even though the total number of belief consensus iteration is
the same as Sche. 2, leading to about 5dB gain at BER = 10−4

compared to Sche. 2. Both Sche. 1 and Sche. 2 achieve
substantial diversity gains from other downlink users and thus
achieve significant performance gains compared to the other
two schemes.

Fig. 10 compares simulated MSEs with SE prediction for
the single-layer OTFS-SCMA detector in the DD domain,
where the MSE is defined in (70). First, we can observe that
the simulated MSEs coincide with the predicted MSEs by
SE, which demonstrates that the performance of the proposed
algorithm can be characterized by SE. Furthermore, the MSEs
first decrease with the increasing number of iterations and then
saturates close to 10−5 when Eb/N0 = 22 dB, indicating that
the proposed OTFS-SCMA detector can indeed converge after
a few cross-domain iterations (less than 5 iterations).

Fig. 11 shows the BER performance of the single-layer
OTFS-SCMA detector with different number of cross-domain
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Fig. 10. Simulated (solid line) and predicted (dashed line) MSEs in the DD
domain.
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Fig. 11. BER comparison of the proposed single-layer OTFS-SCMA detector
with [21].

iterations and that of [21]. The BER results in Fig. 11
consistent with the MSE performance shown in Fig. 10. It can
be observed that in Fig. 11, very few cross-domain iterations,
e.g. Lmax = 2, can lead to significant BER performance gains
compared to that of [21].

To illustrate the robustness of the proposed distributed
cooperation scheme, we consider different schemes of inter-
user links, including central, perfect and noisy inter-user links.
Specifically, the central link means that the local information
of user j is broadcast to all the other users, and the perfect
link means that the noise term in (58) is zero whereas the
noise term in (58) in the noisy link is a random value drawn
from the Gaussian distribution with zero mean and variance
of one. Fig. 12 shows the BER performance of two distributed
cooperation schemes (Sche. 1 and Sche. 2) with different inter-
user links. Although the Sche. 2 performs almost the same in
different inter-user link conditions, the Sche. 1 outperforms
Sche. 2 in all conditions under the same total number of belief
consensus iterations (I total

c = 10) when Eb/N0 ≥ 4dB. Due
to fewer number of belief consensus iterations in each cross-
domain iteration for Sche. 1 in our simulations, e.g., Ic = 2,
the noise in (58) can not be vanished in low Eb/N0 regions.
For the same reason, the Sche. 1 can only achieve full user
diversity gains in the central link, while Sche. 2 can achieve
full user diversity gains in both the central link and distributed
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Fig. 12. BER comparison of the multi-layer OTFS-SCMA detector and
the separate cross-domain and distributed cooperative detector with central,
perfect and noisy inter-user links.
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Fig. 13. BER comparison of the multi-layer OTFS-SCMA detector with
different sharing rates. The dotted line represents the single-user cross-domain
OTFS system [30] that transmits QPSK symbols.

links (i.e., the perfect link and the noisy link). Despite Sche.
1 cannot achieve full user diversity gains in distributed links,
its error performance is remarkably impressive, with less than
1 dB difference from the central scheme.

Fig. 13 shows the BER comparisons of the multi-layer
OTFS-SCMA detector with different sharing rates in perfect
links. The single-layer OTFS-SCMA detector and the single-
user cross-domain OTFS system proposed in [30] that trans-
mits 4QAM symbols are also considered. One can observe that
when the sharing rate equals 0.8, the performance is close
to the scheme of sharing all local information. When only
half (r = 0.5) local information is shared to nearby users, it
suffers from about 5 dB performance degradation. That said,
it has significantly outperformed the single-user OTFS cross-
domain system with about 7 dB gain at BER = 10−4. The
most impressive result is that when the sharing rate equals
0.2, meaning that only 20% local information is shared to
nearby users, the error performance of Sche. 1 is close to that
of the single-user cross-domain system and even better than
that in high Eb/N0 regions. Even though r = 0.2, the Sche. 1
still achieve about 5 dB gain compared with the single-layer
detector at BER = 10−4. This observation demonstrates that
the proposed multi-layer OTFS-SCMA cross-domain detector
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can support massive multiple access, leading to an increased
spectral efficiency (with the overloading factor that is larger
than 1) and can outperform the single-user cross-domain
system at a factional energy and delay cost. In a real-world
environment, we can adjust the sharing rate according to the
BER requirements.

VII. CONCLUSIONS

In this paper, we have proposed a novel downlink code-
domain NOMA scheme by integrating OTFS and SCMA. We
first proposed a single-layer cross-domain detection algorithm
for OTFS-SCMA systems. In the cross-domain OTFS-SCMA
systems, we have shown that SCMA codebooks designed for
AWGN channels with large MEDs are desired. Then, with the
introduction of the cooperative network, we have developed a
joint cross-domain and DCD algorithm (the multi-layer OTFS-
SCMA detector) to achieve large user diversity gains. Further-
more, the fixed point of the proposed OTFS-SCMA detection
algorithm has been analyzed based on the state evolution
technique. Our numerical results have shown that the proposed
schemes can converge with significant performance gains
compared with previous methods. Moreover, the simulation
results demonstrate that the proposed cooperative schemes can
outperform single-user systems and support massive multiple
access communications in high-mobility environments with
excellent error performance at very small energy cost.

Despite the great performance of the proposed downlink
OTFS-SCMA systems, it is interesting to investigate the uplink
OTFS-NOMA which is challenging for rapid and accurate
estimation of the CSI for different users.
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