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Abstract 
In accounting, a critical issue is the timing of revenues and expenses in the 
annual closing of accounts. If expenditures are expired as expenses faster than 
revenues are generated, the expense method is accelerated. In the opposite 
case, the expense method is decelerated. Thus, the timing (time lags) of ex-
penses and revenues is an important determinant of earnings and profitabili-
ty. The objective of this study is to analyze critically alternative methods to 
estimate the time lags of revenues and expenses. Six different methods based 
on correlation, return on investment, logarithmic differences, unrestricted 
OLS, restricted OLS, and Solver optimization are analyzed. Empirically, these 
methods are applied to nine-year time series of financial statements from a 
sample of 697 Finnish firms. Empirical analyses show that these methods still 
have deficiencies that potentially lead to unreliable results of timing. In fu-
ture, more research on this important topic is called for. 
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1. Introduction 

In accounting, earnings are regarded as an important summary measure of the 
financial performance of a firm used in valuation and contracting (Bauwhede & 
Willekens, 2003). Thus, managers can affect valuation and contracting using 
judgment in financial reporting. They can involve in earnings management 
(EM) and alter financial reports to mislead stakeholders (Healy & Wahlen, 
1999). It leads to losses of investor wealth and misdirects resources from their 
most productive use (Beneish, Lee, & Nichols, 2013). Since earnings are meas-
ured by the difference between revenues and expenses, managers can in EM 
consider revenues, expenses, or both. In EM, managers can speed up the accu-
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mulation of revenues or slow down the accumulation of expenses to improve 
earnings. Therefore, the time lag between expenditures and generated revenues 
(that is, revenue lag) and the time lag between expenditures and expired ex-
penses (that is, expense lag) are important determinants of earnings. If the rev-
enue lag is less than the expense lag, expenses are decelerated. In the opposite 
case, expenses are accelerated. If these time lags are equal, expenses are not de-
celerated nor accelerated. In this case, the timing of expenses coincides with the 
timing of expenses so that expenses are properly matched with revenues. In ac-
counting research, the methods to assess empirically these time lags are only lit-
tle investigated. Therefore, in this study, these methods are critically evaluated. 

In accounting, the quality of matching is an important issue, since it has many 
consequences. Dichev and Tang (2008) define perfect matching as the case 
where all expenses can be traced directly and specifically to specific revenues. 
This kind of tracing makes the timing of expenses coincide with the timing of 
revenues. Based on a specific framework, Dichev and Tang argue that the as-
sumption of perfect matching provides a series of implications. Firstly, in a 
competitive equilibrium earnings tend to gravitate towards the cost of equity 
capital. Secondly, deviations in earnings from the long-run mean will gradually 
diminish over time. Thirdly, according to their framework, there is an economic 
shock in every period, which is the noise in the matching relation and has a 
mean of zero. The variance of this economic shock represents the economic vo-
latility of the business environment. Fourthly, in a perfect matching situation, 
the volatility is driven entirely by economic factors. 

Dichev and Tang (2008) use their framework to argue that poor matching has 
also several implications. Firstly, poor matching decreases the time-series con-
temporaneous correlation between revenues and expenses. In poor matching, 
some of the perfectly matched expenses get scattered across different periods, 
which results in a lower synchronal correlation than the underlying economic 
correlation of advancing expenses to produce revenues. Secondly, poor matching 
increases the volatility of earnings. The volatility in earnings that are poorly 
matched is higher, because the mismatched expenses act as a noise that is not 
related to the economic process of creating earnings. Thirdly, the persistence of 
earnings will decrease with poor matching. Thus, poor matching can seriously 
distort the quality of earnings.  

In current matching studies, the contemporaneous correlation between reve-
nues and expenses plays an important role. This correlation or some of its va-
riants has been widely used to reflect the quality of matching, and thus, the qual-
ity of earnings (Sivakumar & Waymire, 2003; Dichev & Tang, 2008; Donelson, 
Jennings, & McInnis, 2011; Srivastava, 2011; He and Shan, 2016; Bushman, Ler-
man, & Zhang, 2016; Laitinen, 2020). This field of study is essential to account-
ing since earnings are the most important output of the accounting system hav-
ing a strong influence on the behavior of stakeholders (Graham, Harvey and 
Rajgopal, 2005). Furthermore, this field is directly related to the traditional pur-
pose of accounting that is properly to match the expenses against the resulting 
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revenues (Dichev & Tang, 2008; Paton & Littleton, 1940). Thus, matching of ex-
penses with revenues is one of the most important research areas of accounting 
emphasizing the importance of contemporaneous correlation. 

However, it is argued in this study that the contemporaneous correlation be-
tween revenues and expenses is a limited measure of matching quality. It is ar-
gued that this correlation is associated with the volatility of earnings but that it 
in steady circumstances cannot recognize a potential bias in earnings. The main 
limitations will arise when the firm is approaching a steady state. In steady cir-
cumstances, the time correlation between revenues and expenses will approach 
unity irrespective of the time lags. In this case, the volatility of earnings may be 
limited as indicated by the high correlation. However, depending on the time 
lags earnings may be strongly biased which, due to the bias, destroys the validity 
of earnings.  

Thus, it is argued in the present study that in order to assess the validity of 
earnings properly, the time lags of revenues and expenses should be separately 
estimated to detect the potential bias. The objective of the study is critically to 
introduce novel approaches to estimate the time lags. Many of these approaches 
are in this study considered for the first time in accounting research. The idea of 
the study is firstly to develop a simple analytic framework for accounting con-
cepts and describe the estimation methods in this framework. Secondly, in the 
empirical part of the study, the usefulness of these approaches is critically ana-
lyzed. The empirical data of the study is drawn from the nine-year time series of 
the financial statements from a sample of Finnish firms.  

The contents of the study are as follows. First, in this section the idea of the 
study was shortly discussed. In the second section, the analytic framework of the 
study is presented in several stages. First, relevant matching studies are shortly 
reviewed. Secondly, analytical approaches used to describe relevant accounting 
concepts are briefly discussed. These approaches are based on a narrow analyti-
cal research field on the validity of the return on investment ratio (accounting 
rate of return, ARR) to reflect earnings. Thirdly, an analytic approach is devel-
oped and used to extract several methods of estimation for the time lags. In the 
third section, the empirical data and statistical methods are described. The sam-
ple of the study consists of nine-year time series of financial statements finally 
from 697 Finnish firms. The fourth section includes a discussion of empirical 
findings. Empirical results indicated that the task to estimate the time lags is very 
challenging. Thus, all estimation approaches (considered here) potentially have 
deficiencies in empirical analysis. They should be further improved to get relia-
ble estimates for the time lags. Thus, a call for future research on the topic is 
presented. Finally, the last section shortly concludes the findings of the study. 

2. Framework of the Study 
2.1. Matching Studies 

Dichev and Tang (2008) introduced a model of matching, where a random vari-
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able represented mismatched expense that is unrelated to the well-matched ex-
pense and revenue. If expenses are not properly matched against the revenues, it 
is regarded as poor matching and as a noise in the economic relation of advanc-
ing expenses to obtain revenues. Dichev and Tang recommended the contem-
poraneous correlation of revenues and expenses as a measure of the quality of 
matching, since poor matching decreases this correlation. In poor matching, 
some of the perfectly matched expenses get scattered across different periods, 
which results in a lower synchronal correlation than the underlying economic 
correlation of advancing expenses to produce revenues. Sivakumar and Waymire 
(2003) had earlier used this time correlation between revenues and expenses to 
assess the effects of new rules for depreciation accruals hypothesizing, that new 
rules will lead to lower correlation due to restrictions on matching. 

Dichev and Tang (2008) themselves used the contemporaneous revenue-expense 
correlation to reflect the quality of matching in large firms showing a significant 
decline in quality over 40 years. Their results suggested that accounting factors 
such as the quality of accruals are a substantial determinant of the observed 
temporal patterns and changes in the real economy play only a secondary role. 
Donelson, Jennings and McInnis (2011) used a similar sample and concluded 
that none of the accounting standards has significantly affected special items, 
which they found to have an impact on the correlation. Srivastava (2011) found 
that the shift in the U.S. economy towards industries with higher period costs 
and more research and development activities contributed to the decline in 
matching quality. He and Shan (2016) investigated the time-series trend and de-
terminants of matching between revenues and expenses in a sample of 42 coun-
tries. They found that the decline in matching quality documented by Dichev 
and Tang (2008) is not unique to the United States, but is a worldwide pheno-
menon. 

In prior research, also different variants of the correlation have been used to 
reflect matching quality. Bushman, Lerman and Zhang (2016) measured match-
ing using a version of the correlation coefficient. They employed the adjusted 
coefficient of determination from the cross-sectional regression of revenues on 
lead, lag, and contemporaneous expense as a more direct measure of the random 
error component of expense recognition to measure matching. Basu, Cready and 
Paek (2016) used two different measures for matching. First, they focus how 
much expense is being matched to revenues. They measure the percentage of 
expense recognized as a linear function of contemporaneous revenue. The au-
thors multiply the estimate for the level of expenses that are being matched to 
revenues as a percentage of revenue by the ratio of average revenue to average 
expense over a ten-year period.  

Basu, Cready and Paek also measure mismatching focusing on the total 
amount of expense that is explained by the introduction of the adjacent period 
revenue terms. That is, they examine the reduction in residual error obtained by 
supplementing the contemporaneous revenue with the lag revenue variable in 
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regression using the difference of the mean squared errors. The authors found a 
more sizable decline in matching quality than Dichev and Tang (2008) since the 
turn of the century. Laitinen (2020) used logarithmic correlation between reve-
nues and a weighted function of different types of expenses to measure the qual-
ity of matching. He also introduced a concept of matching elasticity to describe 
the functional relationship between revenues and matched expenses. In the 
present study, the properties of the contemporaneous correlation are analytically 
investigated. It is argued that the correlation is not a proper measure of timing 
quality especially in steady circumstances. 

In addition to specific matching research, the timing of revenues and expenses 
is an important issue in earnings management (EM) research in general. EM 
makes a negative influence on the quality of earnings and weakens the credibility 
of financial reporting. The traditional way to detect EM in time series analysis is 
to estimate nondiscretionary accruals from the past levels of the firm during pe-
riods when systematic EM is not assumed. Healy (1985), DeAngelo (1986), Jones 
(1991), and modified Jones (Dechow, Sloan, & Sweeney, 1995) models are ex-
amples of these kinds of time series models. The major problem in these ap-
proaches is that accruals vary with changes in business circumstances and 
growth. Therefore, there is missing a reliable benchmark. The recent models try 
to control for these changes with parameters adjusting accruals to these changes 
(Spohr, 2005). However, practically all these techniques assume that the residual 
from a linear regression represents EM (Gerakos, 2012). In this study, time series 
analysis is used to estimate time lags of revenues and expenses to assess the qual-
ity of timing. This kind of approach to estimate time lags from time series is 
novel and differs notably from the traditional EM time series models. 

2.2. Studies on Accounting Rate of Return 

The timing of revenues and expenses is in this study analyzed using a similar 
approach as employed already in early research concentrating on the relation-
ship between the reported accounting rate of return (ARR) (the return on in-
vestment ratio, ROI) and the internal rate of return (IRR). Examples of these 
early studies are Harcourt (1965), Solomon (1966), Kay (1976), Fisher & McGo-
wan (1983), Whittington (1988), and Peasnell (1982, 1996). IRR is a central con-
cept of profitability used by economists in discounting cash flows and assessing 
profitability of capital investments. Therefore, it is often called the economic rate 
of return (ERR) (Luckett, 1984; Feenstra & Wang, 2000; Brief, 2013). This body 
of research is also motivated by the importance of EM. Managers have discre-
tionary power in expense allocation that can yield errors in timing of expenses 
and thus measurement errors in ARR. In this field of study, researchers usually 
address the issue whether a periodic ARR serves as a reliable measure of con-
stant IRR. This research however concludes that the reported ARR is generally a 
poor proxy for IRR reflecting poor quality of earnings (Feenstra & Wang, 2000).  

The models used in this research field are useful especially in depicting the re-
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lation between revenues and expenses. A typical way to construct a model in 
ARR research is to use a steady-state approach that leads to tractable mathemat-
ical solutions. However, a steady model is not enough to describe revenue-expense 
correlation properly. Laitinen (2017) introduced a non-steady model depicting 
the early time-series of startups. For startups, the time-series are usually in the 
first phases of development non-steady and they will approach a steady state 
only in the passage of time. Laitinen concluded that in startups, the early ARRs 
are very poor approximations of IRR and they can easily mislead investors and 
financers. In this study, a similar non-steady approach is used to investigate the 
timing of revenues and expenses. It is assumed that the periodic expenditures of 
the firm grow at a constant rate and generate revenues according to a lag struc-
ture following a fixed geometric distribution. The parameter of the distribution 
describes the form of the lag structure and the length of the revenue lag. It thus 
reflects timing of revenues. Furthermore, at the end of each accounting period, 
the firm is assumed to expire a constant proportion of unexpired expenditures as 
expenses. Thus, this constant proportion reflects the timing of expenses and can 
compared with the lag parameter of revenues. In the perfect timing, the lag pa-
rameter of revenues equals the lag parameter of expenses. 

2.3. Non-Steady State Analysis 
2.3.1. Expenditures, Expenses, and Revenues 
The framework of this study assumes that the expenditures of the firm grow at a 
constant rate as follows: 

( )0 1 t
tM M g= +                         (1) 

where M0 is the initial expenditure in period 0, Mt is expenditure in period t, and 
g is the constant rate of growth. The constant growth rate is an assumption that 
remarkably simplifies the framework and makes the analysis mathematically 
tractable. Although the growth of expenditures is assumed steady, the resulted 
time series of expenses and revenues are in the early stage non-steady, but con-
verge towards steady growth in the passage of time.  

If a firm (for instance, a limited company) runs business, it is obliged to pre-
pare periodically an income statement and a balance sheet according to the ac-
counting law, conventions and doctrine. The going concern convention is based 
on continuity of activity assuming that the business will be operating indefinite-
ly. The doctrine of consistency requires that financial statements for different 
accounting periods are based on the same accounting principles making finan-
cial results comparable across periods. These general rules justify us to assume 
that certain accounting parameters are fixed over time although managers are 
able to change policies on certain reasons (Keating & Zimmerman, 1999). 
Therefore, it is assumed that the firm periodically expenses a fixed proportion C 
of periodic expenditure and unexpired expenditure in the balance sheet. This 
systematic accounting procedure leads to the following time series of expenses 
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Dt when t goes from 0 to n: 
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Equation (2) shows that the growth of expenses is a function of the growth 
rate of expenditure g and the fixed expense proportion C. In this kind of ex-
penditure-based expense, expenses, and thus C, are independent of the revenues 
generated by expenditures. Since a constant proportion of expenses leads to a 
geometric series of expenses over expiration time of expenditure, C reflects the 
time lag between an expenditure and the series of expenses. Thus, the average 
expense lag can be expressed as (1 − C)/C. The higher C, the lower is the average 
lag and the faster expenditure is expired as expenses. 

The framework further assumes that each periodic expenditure generates an 
infinite series of revenues with an identical lag structure and IRR. It is assumed 
that the series of revenues follow an infinite geometric distribution with a con-
stant lag parameter q. Thus, the growth of revenues from period 0 to n can be 
expressed as follows: 

( ) ( )
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( ) ( )
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           (3) 

where K is the level parameter of the lagged revenue distribution. Since the series 
of revenues follows an infinite geometric distribution, the average lag between 
revenue and expenditure is q/(1 − q). Thus, in timing of revenues and expenses 
the lag parameters q and 1 − C play the key roles. In the perfect timing, 1 − C = 
q. The perfect timing in this framework means that the expiration of expenditure 
as expenses perfectly follows the realization of revenues leading to a simultane-
ous recognition of revenue and expense. If C > 1 − q, expenditure is expired 
faster as expenses than revenues generated by this expenditure, are recognized 
leading to an accelerated pattern of expenses. Similarly, if C < 1 − q, a decele-
rated pattern of expenses is followed.  

In Equation (3) K refers to the level parameter of the lagged revenue distribu-
tion. It gives the revenue contribution recognized in the same period as the ex-
penditure is invested, as a proportion of this expenditure. This constant level 
makes it possible to incorporate IRR or r into the framework. This level K can be 
solved in the following way assuming that n approach infinity: 

( ) ( )
0

11
1

n tt
n n

t

r qM M K q r K n
r

−

=

+ −
= + → = →∞

+∑            (4) 

Equation (4) shows that the level K is the higher, the higher is r and the lower 
is q (the faster revenues are generated by expenditures). 
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The comparison of Equation (2) and Equation (3) shows that if 1 − C = q, 
then the synchronal developments of expenses Dt and revenues Rt over time are 
parallel. If q = 1 − C, revenues grow at the same rate as expenses and, thus, the 
expense-revenue ratio stays constant. However, if q > 1 − C, expenses grow fast-
er than revenues and the expense-revenue ratio is increasing over time. If q < 1 − 
C, revenues are growing faster than expenses leading to a decreasing ex-
pense-revenue ratio.  

2.3.2. Correlation Coefficient 
The interpretation of the time series (2) and (3) can be facilitated by moving to 
the analysis of deflated time series. If expenses Dt in (2) and revenues Rt in (3) 
are deflated (discounted) by the growth rate of expenditure g, the following re-
sults are obtained: 

( )
1

0

11 1
1

n

d
n

Cg g
g

D CM
g C

+  −
+ − +  +  =  +

 
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              (5a) 
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n

d
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qg g
g

R KM
g q

+  
+ − +  +  =  + −

 
  

              (5b) 

where d
nD  and d

nR  refer to the deflated time series of expenses and revenues, 
respectively.  

The time-dependent parts of the discounted time series (5a) and (5b) depend 
geometrically on the terms (1 − C)/(1 + g) and q/(1 + g), which makes it possible 
to approximate the correlation coefficient between the time series. The correla-
tion coefficient between two infinite geometric time series with parameters G1 
and G2 can be presented as follows: 

( )( ) 1 22 2
1 2

1 2

1 1

1

G G

G G

 − − 
−

                      (6) 

where G1 < 1 and G2 < 1 to make the series converge. In this analysis, G1 = q/(1 + 
g) and G2 = (1 − C)/(1 + g). Equation (6) shows that if 1 − C = q, the correlation 
coefficient equals unity which correctly refers to the perfect timing. The larger 
the difference between 1 − C and q, the lower is the correlation coefficient. Thus, 
in this case, low contemporaneous correlation refers to a poor timing quality 
between revenues and expenses as expected by prior research.  

Thus, in theory, the correlation coefficient may be a reliable measure of tim-
ing. However, in its standard form, it only gives a rough estimate how much the 
lag parameters of expenses and revenues in absolute terms potentially differ 
from each other. It can however also be used to approximate the lag parameter q 
when 1 − C is known. The lag parameter of expenses 1 − C is quite simple to es-

https://doi.org/10.4236/tel.2022.123040


E. K. Laitinen, T. Laitinen 
 

 

DOI: 10.4236/tel.2022.123040 720 Theoretical Economics Letters 

 

timate from time series of expenditures and expenses. However, the lag parame-
ter of revenue q is a latent variable and very difficult to estimate properly (Hall, 
2007; Laitinen, 2017). Therefore, correlation coefficient may be useful in draw-
ing a rough estimate of q from estimated G2 = (1 − C)/(1 + g) in the following 
way: 

( )2 4 2 4 2 2 2 2
2 2 2 2 2

1 2 2 2
2 2

2 2 1

1

G P G P G G P G P
G

G P G

− − + + − − +
=

− +
       (7a) 

or 

( )2 4 2 4 2 2 2 2
2 2 2 2 2

1 2 2 2
2 2

2 2 1

1

G P G P G G P G P
G

G P G

+ − + + − − +
=

− +
       (7b) 

where G1 = q/(1 + g) and P is the Pearson time correlation between the dis-
counted time series of revenues and expenses. The equation has two roots be-
cause q can either exceed 1 − C or be below 1 − C so that both roots give the 
same P. If the expense-revenue ratio is increasing, q is higher than 1 − C and 
(7a) holds. In the opposite case when the ratio is decreasing, 1 − C exceeds q and 
(7b) is valid. The choice of the root is crucial, because it determines whether the 
expiration of expenses is decelerated or accelerated. This method to estimate q 
can give useful results if 1 − C can first be estimated properly. However, the se-
lection of the root as either (7a) or (7b) should be made carefully. Furthermore, 
in the passage of time the differences in the growth rates of expenses and reve-
nues diminish, when the firm is approaching a steady state. This kind of devel-
opment will increase correlation, but this increase is not a consequence of im-
proving timing but of approaching a steady state.  

2.3.3. Logarithmic Differences of Discounted Time Series 
The correlation method of estimation makes it possible to approximate the time 
lag parameter of revenues q, when the lag parameter of expenses 1 − C and the 
correlation coefficient P between the time series are known. However, it is also 
possible to estimate the lag parameter of revenues q directly from the time series 
of discounted revenues (5b) in the following way. The first-order difference of 
the time series in period n can be presented as follows: 

1 0
1 1

1 1 1

n
d d
n n

g q qR R KM
g q g g−

     +
− = ⋅ ⋅ ⋅ −     + − + +     

           (8) 

which gives the following solution as presented in the (natural) logarithmic 
terms: 

1 0
1log log log 1

1 1 1
d d
n n

q g qR R n KM
g g q g−

      +  − = ⋅ + ⋅ ⋅ −        + + − +       
   (9) 

Following Equation (9) the coefficient q/(1 + g) can now be estimated by an 
ordinary linear model as the exponent of the coefficient of the time index n. 
However, this estimation procedure for q in a linear form can be carried out on-
ly using the logarithmic discounted time series of revenues. 
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The estimation of the lag parameter 1 − C can be carried out following the 
similar procedure. Taking the difference of the discounted time series of ex-
penses in Equation (5a) and, then, transforming it to the logarithmic form, the 
following equation is obtained: 

1 0
1 1 1log log log 1
1 1

d d
n n

C g CD D n CM
g g C g−

      − + −  − = ⋅ + ⋅ ⋅ −        + + +       
   (10) 

which makes it possible to estimate the coefficient (1 − C)/(1 + g) by a linear 
model as the exponent of the coefficient of the time index n similarly as q/(1 + g) 
in (9).  

The estimation methods that are based on logarithmic difference time series 
are not problem-free. The estimation models (9) and (10) are properly applica-
ble only for increasing monotonic discounted time series. The first-order differ-
ences of the discounted time series should be positive to make it possible to use 
logarithmic transformation. Otherwise, the negative differences should be ex-
cluded from the estimation data or they must be replaced by appropriate positive 
values to enable taking logarithms. This limitation can be restrictive in estima-
tion if the firms in the sample report very low or even negative growth rates.  

2.4. Steady state Analysis 
2.4.1. Approaching the Steady State 
Equation (1) assumes that the expenditures of the firm grow at a steady rate g. 
Moreover, Equations (2) and (3) show that in this framework the non-steady 
time series of expenses and revenues are converging towards a steady state with 
the passage of time. In the steady state, these three variables grow at the same 
rate g and the ratios of the variables are constant over time so that the time 
(contemporaneous) correlations between them equal unity. In this steady case, 
correlation is thus supposed to indicate that the timing of expenses and revenues 
is perfect. However, this indication does not necessarily hold.  

The steady state will be reached regardless of the values of 1 − C (<1) and q 
(<1) since the growth rates of expenses and revenues are continuously converg-
ing towards g. Thus, the correlation coefficient between the (discounted) time 
series of expenses and revenues continuously increases towards unity, when the 
growth rates of revenues and expenses are approaching each other. Factually, 
this convergence means that on steady state circumstances the correlation equals 
unity although q and 1 − C may significantly differ. The correlation coefficient 
can therefore be a biased measure of the quality of timing for a firm approaching 
a steady state. In an extreme case, this characteristic of steady state can lead to 
the situation where the contemporaneous correlation is unity and the volatility 
of earnings is limited but, at the same time, earnings are strongly biased due to 
low quality of timing when 1 − C and q notably differ from each other.  

2.4.2. Steady Proportion of Expenses 1 − C 
If the firm has reached a steady state so that expenditures, expenses, and reve-
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nues grow at the same rate g, expenses Dt in Equation (2) converge towards the 
following steady value: 

( )1
n n

gD CM n
g C

 +
= →∞ + 

                (11) 

Equation (11) shows that the steady ratio of periodic expenses to periodic ex-
penditures depends on g and C. This relation (11) in the steady state is decreas-
ing in g whereas the marginal effect of C is positive for g > 0 and negative for g < 
0. If g = 0, Dn = Mn and Equation (11) holds for any value of C.  

Equation (11) makes it possible to estimate C using the following solution: 

( )1 1

n

n n

D gD g MC
DM g D g
M

= =
+ − + −

               (12) 

which shows that C is closely associated with the steady rate of growth g. In Eq-
uation (12), D/M refers to the constant ratio of expenses to expenditures. The 
estimate of C in (12) is obviously sensitive to the growth rate. Moreover, ac-
cording to the assumptions of the method, the firm should grow approximately 
at steady rates to get an appropriate estimate of C. When C is estimated through 
(12), the time lag of expenses is obtained as 1 − C. Similarly to (9) and (10), the 
use of (12) can be questioned when the firms in the sample data grow at very low 
or even negative rates. When the growth rate g is close to zero, the estimate of C 
can be very slippery due to the sensitiveness for g.  

2.4.3. ROI as an Approximation of r 
Equation (3) shows that the steady value of revenues Rn can be presented in the 
following form: 

( )( )
( )( )

( )( )
( )( ) ( )

1 1 1 1
1 1 1 1n n

r q g r q gRR M n
r g q M r g q

 + − + + − +
= → = →∞ 

+ + − + + −  
   (13) 

where R/M is the constant steady ratio of revenues to expenditures. Equation 
(13) implicates that the ratio R/M equals unity for r = g. It exceeds unity if r > g 
and is below unity if g > r. Thus, in summary, R/M is symmetric with respect to 
r and g.  

Equation (13) shows the steady ratio of revenues to expenditures that can be 
useful in approximating the lag parameter q. However, since the ratio is a func-
tion of parameters r and q, it only allows calculating the relation between these 
parameters as follows: 

( )1 1

1
1

R g
Mq

R g
M r

 − + + 
 =

+
− +

+

                       (14) 

Because r is a latent variable that cannot be directly observed, it must be ap-
proximated in some way to get an estimate for q. In Equation (14), q is sensitive 
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to the estimate of r (=: r*) making this estimation challenging, since even small 
errors in r* may distort the estimate of q. Equation (13) implies that r* should 
exceed g for R/M > 1 and be below g for R/M < 1. If R/M = 1, r* simply equals g. 

Let us assume that there is the perfect timing of revenues and expenses so that 
1 − C = q. In this special case of perfect timing, the steady state assets of the firm 
At can be can be determined by summing up the unexpired proportions of peri-
odic expenditures to infinity as follows: 

( ) ( ) ( )

( ) ( )

0
0

1 1 1

1 11
1

i n i
n

i

n n

A C M g C

g gC M qM n
g C g q

∞
−

=

= − + −

   + +
= − = →∞   + + −   

∑
        (15) 

The steady return on assets ratio ROI can now be solved deducting Dt in (11) 
from Rt in (13) and finally dividing the result (that is, profit) by the assets in the 
beginning of the period t, that is by At−1.  

When simplifying the results, the following ROIt and r* are resulted from this 
procedure: 

( )*

1

1 1
1 1

t t
t

t

R D g ROIROI ROI r r q C
A r g ROI−

− +
= → = ⋅ → = = −

+ + −
   (16) 

If there is perfect timing so that q = 1 − C, r can be approximated by ROI fol-
lowing Equation (16). However, if perfect timing is assumed, q can be approx-
imated simply by 1 − C.  

If 1 − C = q is assumed, the firm is factually using a neutral (proportional) de-
clining-balance depreciation method leading to perfect timing of expenses and 
revenues. In a more general case where perfect timing is not assumed, another 
depreciation method must be assumed. For example, it can be assumed that the 
rate-of-return or realization theory of expense is considered. In this accelerated 
depreciation method, expenses are determined by the presents value of realized 
revenue, discounted by IRR to the moment of acquisition. Laitinen (2018) has 
shown that for this depreciation method, IRR can be approximated using the 
following relation: 

( )( )
( )( )
1 1
1 1

r q g R MROI r r r ROI
r g q M R

∗+ − +
= ⋅ = ⋅ → = ⋅

+ + −
         (17) 

Thus, in this case ROI is a biased measure of IRR. The relation between ROI 
and r* is proportional to the expenditure-revenue ratio M/R showing that ROI = 
r* only when r = g (that is, R/M = 1). A decelerated depreciation can be de-
scribed for example by the compound interest or annuity method (of deprecia-
tion). In this method, the assets of the firm are determined as the present value 
of future revenues generated by past and present expenditures. In this present 
value, IRR is used as the rate of discount. Laitinen (2018) among others has 
showed that for this depreciation method ROI = r leading to r* = ROI. If the 
firm uses this kind of decelerated depreciation, ROI may give a reasonable esti-
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mate of r.  

2.4.4. Koyck Transformation 
Equation (13) makes it possible to present the lag parameter q as a coefficient of 
the lagged revenue Rt−1 following traditional Koyck (1954) transformation. This 
transformation is a procedure used generally in time series analysis to transform 
an infinite geometric lag model into a model with lagged dependent variable 
(Franses & van Oest, 2004). In this case, the following equation is obtained: 

1

1 1
1 1t t t t

t t t

g g qR M K R K M
g q g

R K M q R −

+ + −
= ⋅ ⋅ → ⋅ = ⋅

+ − +
→ = ⋅ + ⋅

          (18) 

Equation (18) shows that it is possible to estimate K (and thus r) and q simul-
taneously from the time series of Rt and Mt. Although Equation (18) seems to be 
intuitively appealing for estimation, estimation of q may suffer from serious sta-
tistical problems. Firstly, the transformed model is likely to have serial correla-
tion in errors. Secondly, in steady circumstances Mt and Rt−1 are strongly corre-
lated leading to obvious multicollinearity. The distributed lag model as (18) 
generally gives statistically highly significant estimates that, however, can be re-
markably biased. 

Koyck transformation can also be applied to estimate the lag parameter 1 − C 
in the same way as q in Equation (18). In this application, the estimation is 
however simpler, since expenditures generate expenses exactly 100% of expend-
itures, provided that all expenditures are expired as expenses. This simplification 
means that, using concepts of revenue-expenditure flows in Equation (18), r = 0 
and so K = C. Therefore, Koyck transformation in this case only shows that: 

( ) 1
1

1

1 t t
t t t

t t

D D
D C M C D C

M D
−

−
−

−
= ⋅ + − ⋅ → =

−
            (19) 

If steady-state growth holds so that Dt−1 = Dt/(1 + g), C in Equation (19) 
equals to (12) that represents the steady value of C. Thus, r is a latent variable 
that makes it challenging to estimate the lag parameter q according to Equation 
(18) following Koyck transformation. However, the lag parameter of expenses 1 
− C is observable and can be calculated directly from observations using Equa-
tion (19) or (12). If the firm does not grow at steady rates, the estimate of C may 
not be reliable, since the proportion of expenses can strongly vary over time.  

2.5. Summary of the Framework 

The framework of this study is based on two important areas of accounting and 
financial reporting. Firstly, the matching research is fruitful when concentrating 
on the timing of accounting flows and introducing the contemporaneous corre-
lation between revenues and expenses as the measure of matching quality. Di-
chev and Tang (2008) recommended the contemporaneous correlation of reve-
nues and expenses as a measure of the quality of matching, since poor matching 
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decreases this correlation. In poor matching, some of the perfectly matched ex-
penses get scattered across different periods, which results in a lower synchronal 
correlation than the underlying economic correlation of advancing expenses to 
produce revenues. In perfect matching all expenses can be traced directly and 
specifically to specific revenues. This kind of tracing makes the timing of ex-
penses coincide with the timing of revenues and makes the correlation approach 
unity. Thus, the matching research provides us with a good accounting emphasis 
to consider the relation between the revenue lag and the expense lag.  

In order to analyze the lags an analytic framework is needed. The framework 
should allow us to analyze the revenue lag and the expense lag separately. The 
body of research analyzing the relationship between the internal rate of return 
(IRR) and the return on investment ratio (ROI) provides us with an appropriate 
framework to investigate the lags. The framework comes from the early studies 
of Harcourt (1965) (a continuous model) and Solomon (1966) (a discrete model) 
where the accumulation of revenues and expenses are investigated by a steady 
state model. The present framework includes a set of results derived on steady 
circumstances. However, many of the approaches are built beyond steady as-
sumptions. In this study, a similar model as developed by Laitinen (2017) for 
startups is employed here to analyze methods on less restricted circumstances. 
These kinds of models provide us with useful tools to analyze potential methods 
to estimate the lags. 

The theoretical framework allows us to analyze four different basic models 
potentially useful in the estimation of the lags. First, the non-steady framework 
makes it possible to analyze the contemporaneous correlation between revenues 
and expenses. This analysis showed that when the firm is approaching the steady 
state, the correlation approaches unity, irrespective of the lags. However, as-
suming steady growth for revenues and expenses it is possible to extract esti-
mates for the lags. Secondly, on steady conditions it is possible to get estimates 
for the revenue lag assuming an expense method and approximating the lag us-
ing the analytical relationship between IRR and ROI. Thirdly, using the first dif-
ferences of the logarithmic series of revenues and expenses it is possible to use a 
linear model to estimate the lags. Fourthly, the Koyck (1954) transformation of 
the geometric lag structure makes it possible to get estimates for both the reve-
nue lag and IRR. In this form, these parameters can be estimated by a set of sta-
tistical methods, for example OLS, restricted OLS, and a more general optimiza-
tion model. In the empirical part of the study, the performance of these methods 
is assessed. 

3. Empirical Data and Methods 
3.1. Original Sample 

The purpose of the empirical part is to assess the usefulness of alternative ap-
proaches in reflecting the timing of revenues and expenses according to the 
theoretical framework. The estimation of the lag parameters requires quite 
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steady and long time series of expenses, revenues, and expenditures. Therefore, 
empirical data are gathered from firms fulfilling a minimum size limit and hav-
ing a longer time-series of financial statements available. Very small firms 
usually exhibit an unstable development that is not consistent with steady as-
sumptions making estimation extremely challenging. The empirical data of the 
study are extracted from the ORBIS database of Bureau Van Dijk (a Moody’s 
Analytics Company) that includes detailed financial information on 41 million 
companies across the globe (see https://www.bvdinfo.com/en-gb/?). The extrac-
tion of observations was made under restrictions that the selected firm must be 
Finnish, have successive financial statements available for at least 10 years, and 
employ at least 50 employees in each year. For the sample firms, financial state-
ments from the last ten years were extracted. There were originally 1 015 firms 
fulfilling these preliminary three criteria set for the sample firms.  

The sample firms were consisted of middle-size and large firms. The average 
number of employees in the sample was in the last year 893.8 and in the first 
year (ten years earlier) 886.0 reflecting only a slow average growth. However, the 
median size was only 202.0 employees in the last year and 177.0 employees in the 
first year referring to a skewed size distribution. In fact, the size distributions in 
each year showed a high skewness and a high kurtosis. The last years of the 
time-series were selected from the period before the Covid-19 pandemic to avoid 
the effect of the crisis on the results. In spite of that, the average growth of the 
sample firms during the research period was slow or even negative (due to the 
earlier financial crisis). In the same way, the average profitability of the sample 
firms was not high.  

The sample firms were from different industries but the majority of firms 
were concentrated on few industries. In the sample, there were 393 (38.7%) 
firms from manufacturing industry, 177 (17.4%) from wholesale and retail trade, 
71 (7.0%) from professional, scientific and technical activities, 65 (6.4%) from 
information and communication, and 64 (6.3%) from construction. The sample 
mainly consisted of 971 (95.7%) industrial firms and only 37 (3.6%) financial 
companies. The legal forms of the firms were mainly private limited companies 
(86.8%) and public limited companies (10.3%). The most frequent status of the 
sample firms was active (93.6%), but the sample also included dissolved (5.2%) 
and few bankrupt (0.7%) firms. 

3.2. Statistical Methods 

The empirical part of the study is based on using time series models to extract 
estimates of the revenue and expense lags. In this estimation, different econo-
metric methods (Johnston, 1972; Fomby, Hill, & Johnson, 1984) are used to es-
timate distributed lag structures (Koyck, 1954; Hall, 2007) and parameters of 
steady and non-steady models (Laitinen, 2017; Laitinen, 2018). The present em-
pirical analysis of the lags is for the main part based on three nine-year time se-
ries, which are revenues, expenses, and expenditures calculated and analyzed for 
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each sample firm separately. These variables are measured by standard concepts. 
Firstly, revenues (Rt) are measured by net sales. Net sales are the result of gross 
revenue minus sales returns, allowances, and discounts. Secondly, expenses (Dt) 
are calculated as the difference between net sales and earnings before interest 
and taxes (EBIT). Thirdly, expenditures (Mt) are obtained as the sum of ex-
penses and changes in inventories and fixed assets. Using the time series of nine 
years, the steady growth rates for revenues and expenditures are estimated by the 
ordinary least squares (OLS) method explaining the (natural) logarithmic time 
series by the year index t as follows: 

( ) ( )0 01 e log log log 1t
t tR R g R R t gε ε= ⋅ + ⋅ → = + ⋅ + +       (20a) 

( ) ( )0 01 e log log log 1t
t tM M g M M t gε ε= ⋅ + ⋅ → = + ⋅ + +     (20b) 

where ε is a random residual. The estimate of firm-level steady growth rate g is 
calculated as the weighted average of these growth estimates using the sum of 
time-series over nine observations as weights. 

In the analysis of the timing of revenues and expenses, six different approach-
es are used. First, the correlation method of estimation is applied. The time se-
ries of Rt and Dt are discounted by the growth rate g, and the time (contempo-
raneous) correlation coefficient between these two series is calculated. The esti-
mate of C is calculated through Equation (12) using the final firm-level growth 
rate estimate and determining D/M as the relation of the sum of the time series 
of Dt and Mt for the nine years. This estimate is then substituted as (1 − C)/(1 + 
g) in Equations (7a) and (7b) to solve an estimate for the timing of expenses as 
q/(1 + g). The formula of correlation has two roots and, therefore, three different 
criteria were used to select the root to estimate q. Firstly, the higher root (7b) is 
selected if it less than 1. Secondly, the lower root (7a) is selected if it is positive. 
Thirdly, the higher root (7b) is selected if Dt/Rt is increasing referring to higher q 
according to Equations (5a) and (5b), otherwise the lower root (7a) is used in es-
timation. 

Secondly, ROI method of estimation is applied. Thus, an estimate for the lag 
parameter q is solved through Equation (14) when R/M is determined as the re-
lation of the sum of the time series Rt and Mt and r is approximated by ROI as-
suming alternative expense methods (neutral declining-balance, annuity (com-
pound-interest), and rate-of-return (realization) expense methods). The neutral 
declining-balance method is based on the assumption that 1 − C = q leading to 
the approximation r* presented in Equation (16). The annuity method is simply 
based on the approximation r* = ROI. Finally, the approximation for the 
rate-of-return method follows Equation (17). The estimate of steady ROI is cal-
culated dividing the sum of the time series of profit (EBIT) by the sum of the 
time series of assets (inventories and depreciable fixed assets) in the beginning of 
the period. This method to estimate q is sensitive to the approximation of r and, 
thus, the approach may give a slippery estimate.  

Thirdly, the lag parameters are estimated using the logarithmic difference 
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method. In this method, the lag parameters q and 1 − C are estimated from the 
logarithmic differences of the discounted time series of revenues Rt and expenses 
Dt by the linear regression analysis (OLS) following the procedures presented in 
Equations (9) and (10). However, since the method is based on logarithms, its 
full application requires that the time series are increasing so that the first-order 
differences are positive. However, due to slow average growth, this condition is 
not always valid in the sample firms. Therefore, a simplified transformation of 
log(−X) = −log(X) is used when negative differences are considered. This simpli-
fication obviously affects the estimates, which should therefore be interpreted 
cautiously. 

Finally, the last three estimation methods are associated with the Koyck 
transformation to estimate the timing parameter q simultaneously with r. This 
method is a challenging issue due to the sensitivity of estimates (Laitinen, 2017; 
Hall, 2007). The parameters q and r are in this analysis estimated using Equation 
(18) applied to the distributed revenue lag function. This transformation shows 
that the relation between the time series of Rt and Mt can be presented in the 
form of the following equation: 

1t t tR a K E q R ε−= + ⋅ + ⋅ +                   (21) 

where ε is a random variable. In Equation (21) the constant a  is expected to be 
zero and K = (1 + r − q)/(1 + r) according to Equation (4). The lag parameter q 
can be directly got as the coefficient of Rt−1 and, thus, r can be solved from the 
estimate of K as r = (1 – q − K)/(K − 1). The distributed lag equation will be es-
timated by three different statistical methods. Firstly, this equation is here esti-
mated using the ordinary least squares method (OLS) to give an estimate for the 
revenue lag parameter q.  

Secondly, the parameters q and r are simultaneously estimated using the di-
rect OLS estimation with incorporated equality restrictions. The first restriction 
is to set a  = 0. The second (linear) restriction is based on the relation (13) de-
scribing the revenue-expenditure ratio R/M. Because in a steady state R/M = 
K∙(1 + g)/(1 + g − q), there is the following relation: 

( ) ( )1 1R Rg K q g
M M

+ ⋅ + ⋅ = ⋅ +                (22) 

which together with a = 0 lead to the following matrices of restrictions: 

1 0 0

0 1 Rg
M

 
 =
 +
 

H                    (23a) 

( )

0

1R g
M

 
 =
 ⋅ +
 

h                     (23b) 

These restrictions can be presented in the matrix form as h = H·B where B is 
the 3 × 1 matrix of estimates. In these restrictions, the estimate of g and R/M are 
used to stabilize the estimates of q and r. Linear restrictions are incorporated in 
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the estimation to make the estimates more stable (Johnston, 1972: pp. 155-159; 
Fomby, Hill, & Johnson, 1984: pp. 82-85). The variance of the restricted estima-
tors is lower than that of the unrestricted ones. Factually, the linear restriction 
means that the relation between q and r is fixed as in Equation (13) so that there 
is only one parameter to be estimated.  

Thirdly, an optimization routine is used to solve q and r simultaneously 
from the Koyck transformation (21). In this method, Equation (13) of R/M is 
used as a restriction in the same way as in the restricted OLS model to make 
the solution consistent. In the restricted OLS model, the estimate of q fulfilling 
the restriction can however be negative. Therefore, in the optimization model, 
restrictions in an inequality form are set to lead to acceptable results. In this 
optimization, the squared sum of errors in (21) is minimized using inequality 
constraints r > −0.5, r < 1, q > 0, and q < 1 as restrictions. The optimization 
procedure is carried out by Excel Solver using the Generalized Reduced Gra-
dient (GRG) method (see Lasdon, Fox, and Ratner, 1973). This method looks 
at the gradient or slope of the objective function as the input values change 
and determines that it has reached an optimum solution when the partial de-
rivatives equal zero. 

3.3. Final Sample 

The original sample of 1 015 Finnish firms included a number of firms that ei-
ther had missing values in the research variables or did not conform properly to 
the assumptions of the theoretical framework. Firstly, the sample only included 
927 (91.3%) firms that did not have any missing values. Secondly, the consisten-
cy with the framework was tested simply by the steady estimate of C (or the lag 
parameter 1 − C). This estimate can be approximated by the steady values of 
time series of Dt and Mt and the estimated rate of growth g according to Equa-
tion (12). In the estimation of C, the number of non-missing observations was 
968 (95.4%) firms. However, only for 781 (77.0%) firms the estimate was within 
reasonable limits being positive or less than 1.5 (150%). Consequently, all firms 
with missing values or an estimate of C outside these broad limits were dropped 
from the sample.  

The final sample included 697 (68.7% of the original sample) firms. In the fi-
nal sample, the average of the number of employees in the last research year was 
938.6 whereas the median was only 216. Thus, the size distribution is skewed 
conforming to the distribution of the original sample. Finally, it is also probable 
that the negative values of growth rate g and IRR (r) have an impact on the esti-
mation results due to the violence of the convergence conditions in the theoreti-
cal framework. Therefore, the sample was split into two parts. In the latter part, 
all firms have positive estimates for both g and r (as approximated by the 
weighted ROI) whereas in the former part this condition does not hold. The first 
sub-sample (part 1) includes 265 (36.6%) firms and the second sub-sample (part 
2) 442 (63.4%) firms.  
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4. Empirical Results 
4.1. Descriptive Statistics 

Table 1 presents descriptive statistics of the main variables of the research. For 
most firms, the steady estimate of R/M exceeds unity so that revenues exceed 
expenditures while the estimate of D/R tends to be less than unity. In part 1 of 
the sample (g, ROI, or both are non-positive), the steady estimates of these ratios 
are typically higher than in part 2 (g and ROI are positive). The estimate of D/M 
in part 1 exceeds unity for a majority of the firms, which refers to a negative 
growth rate of expenditure. This implication holds since for most firms in part 1 
the estimate of expenditure growth rate g(Mt) is negative. For part 2, the esti-
mate of growth rate is constrained to the positive value but it is generally very 
low telling that the research period is characterized by slow growth in Finnish 
firms. The multiple correlation squared R2 in the growth rate estimation equa-
tion tends, especially in part 1, be low implying that the growth of firms does not 
well conform to the steady rate assumption. 
 
Table 1. Descriptive statistics of the sample (697 firms). 

Estimate of Sample 
Percentiles: 

10 25 50 75 90 

R/M 
Part 1 0.96885 1.00185 1.03073 1.07179 1.13088 

Part 2 0.98941 1.00623 1.02862 1.06198 1.10914 

D/R 
Part 1 0.90108 0.95694 0.98161 1.01188 1.03719 

Part 2 0.87077 0.91071 0.94910 0.97005 0.98506 

D/M 
Part 1 0.97596 1.00016 1.00956 1.02759 1.05658 

Part 2 0.92957 0.96124 0.97924 0.99212 0.99789 

g (Mt) 
Part 1 −0.08932 −0.05630 −0.02422 −0.00193 0.00902 

Part 2 0.00620 0.02116 0.04221 0.07393 0.10579 

g (Mt) R2 
Part 1 0.00118 0.03470 0.32833 0.62827 0.76411 

Part 2 0.02542 0.17999 0.52155 0.79622 0.93060 

g (Rt) 
Part 1 −0.09289 −0.05659 −0.02717 −0.00673 0.01319 

Part 2 0.00821 0.02353 0.04206 0.07261 0.10668 

g (Rt) R2 
Part 1 0.01547 0.09050 0.40829 0.71903 0.86217 

Part 2 0.05284 0.27986 0.63978 0.87299 0.94683 

g (weighted) 
Part 1 −0.09024 −0.05566 −0.02609 −0.00423 0.00859 

Part 2 0.00906 0.02059 0.04153 0.07167 0.10660 

ROI (weighted) 
Part 1 −0.13142 −0.02723 0.04616 0.13658 0.27464 

Part 2 0.04207 0.07339 0.14560 0.29210 0.60789 

Legend: Part 2 = Estimates of g and ROI are both positive, Part 1 = other firms. R2 = Mul-
tiple correlation squared R2 of the estimation equation. 
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The statistical distribution of the growth rate of revenue g(Rt) is almost iden-
tical with that of g(Mt). However, the steady growth assumption fits with the 
time series of revenues better than with the time series of expenditures. In part 2, 
that is characterized by positive values of growth and profitability, the fit in the 
growth estimation as measured by R2 is better than in part 1. Since the distribu-
tions of g(Mt) and g(Rt) are nearly identical, the distribution of the weighted 
growth rate is also very similar to these. The percentiles of the estimate of ROI 
show that even in part 2 profitability in general is quite low the median value 
being less than 15%. Hence, the research period is characterized by both low 
growth and low profitability, which may have an impact on the estimation re-
sults. 

4.2. Estimation Methods for Revenue and Expense Lags 

Correlation method of estimation. The correlation method provides an estimate 
of the lag parameter q but this estimation requires that an estimate of 1 − C is 
firstly given. Thus, the accuracy of the estimate of q depends on the estimate of 
C. In this estimation, the steady estimate as in Equation (12) is used to approx-
imate C. Table 2 shows the results for this method of estimation. The correlation 
coefficient between expenses Dt and revenues Rt is generally very high reflecting 
a combination of a high quality of timing and a steady state potentially ap-
proached by the sample firms. Because the time series of Mt and Rt do not prop-
erly conform to the steady growth, the quality of timing may play an important 
role in this correlation. The correlation tends to be high also in part 1 where the 
steady-state growth assumption is not widely supported.  

In parts 1 and 2, the median estimate of 1 − C is about 0.34 referring to an av-
erage lag of 0.5 years between expenditure and expenses. Panel 1 shows the per-
centiles for the estimates of q when the higher root is selected if it is less than 
unity. In this case, the median estimate of q is in part 1 0.62 (referring to 1.7 year 
time lag) and in part 2 0.58 (referring to 1.4 year time lag) which significantly 
exceed the median estimates of 1 − C. This result is as expected since the higher 
root leads to higher q than 1 − C. Consequently, the differences 1 – C − q are 
heavily negative.  

However, Panel 2 shows that when the lower root is selected (if positive), the 
median estimates of q are in parts 1 and 2 around 0.38 referring to time lag of 
about 0.6 year time lag. The median differences between 1 − C and q are posi-
tive. This is again as expected, since the lower root gives for q a lower value than 
1 − C. Panel 3 shows that if the higher root is selected instead of the lower one 
when Dt/Rt is growing, the median estimates of q are lower than for the higher 
root but higher than for the lower root. The median estimate of q is in part 1 
0.55 (referring to 1.3 year time lag) but in part 2 only 0.45 (referring to 0.8 year 
time lag). These estimates may be most useful, since the selection of the root is 
based on Equations (5a) and (5b). Thus, the correlation method indicates that a 
majority of Finnish firms seems to use an accelerated expense policy, where  

https://doi.org/10.4236/tel.2022.123040


E. K. Laitinen, T. Laitinen 
 

 

DOI: 10.4236/tel.2022.123040 732 Theoretical Economics Letters 

 

Table 2. Results of the correlation method of estimation (697 firms). 

Estimate of Sample 
Percentiles: 

10 25 50 75 90 

Correlation 
(Dt, Rt) 

Part 1 0.73018 0.89273 0.96174 0.98775 0.99601 

Part 2 0.82554 0.92798 0.97431 0.99098 0.99593 

1 – C 
(steady) 

Part 1 0.06103 0.14648 0.33635 0.69659 1.04849 

Part 2 0.05850 0.18256 0.34368 0.55963 0.79686 

Panel 1. Higher root selected if less than 1, otherwise lower root 

q 
Part 1 0.19784 0.33708 0.62337 0.89003 1.00000 

Part 2 0.22867 0.40530 0.57726 0.76608 0.92879 

(1 − C) − q 
Part 1 −0.38813 −0.25546 −0.15754 −0.06181 0.02347 

Part 2 −0.42608 −0.26599 −0.15717 −0.09045 −0.02830 

Panel 2. Lower root selected if greater than 0, otherwise higher root 

q 
Part 1 0.08675 0.18713 0.39046 0.78051 1.00624 

Part 2 0.08937 0.18629 0.38071 0.62468 0.89691 

(1 − C) − q 
Part 1 −0.38813 −0.23840 0.02819 0.14755 0.26932 

Part 2 −0.45623 −0.26860 0.06851 0.16924 0.26545 

Panel 3. Higher root selected if Dt/Rt increasing, otherwise lower root 

q 
Part 1 0.11726 0.28606 0.55456 0.87979 1.00624 

Part 2 0.12116 0.25347 0.45110 0.68320 0.93688 

(1 − C) − q 
Part 1 −0.42036 −0.26083 −0.13418 0.00607 0.15660 

Part 2 −0.45931 −0.27150 −0.11431 0.10836 0.21140 

Legend: Part 2 = Estimates of g and ROI are both positive, Part 1 = other firms. Correla-
tion (Dt, Rt) = Correlation coefficient between Dt and Rt. 
 
expenditures are expired as expenses faster than expenditures generate revenues. 
This result is consistent with prior research (Laitinen, 2018). 

ROI method of estimation. The ROI method is based on the relationship be-
tween q and r according to Equation (14). This equation makes it possible to as-
sess the value of the lag parameter q if IRR (r) can be approximated properly. 
The usual approximation of r (r*) used in different situations is ROI (accounting 
rate of return, ARR) that is calculated from the financial statements. The rela-
tionship between ROI and r is not simple and ROI may be biased and unstable 
measure of r. The relationship between ROI and r depends on the expense (de-
preciation) method used by the firm. In this research, three kinds of expense 
methods are used to depict the relationship (Laitinen, 2018). Firstly, it is as-
sumed that the firm uses a neutral declining-balance method and selects the 
proportion of expense C so that 1 − C = q. Secondly, it is assumed that the firm 
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makes use of the annuity (compound interest) expense method. Thirdly, the 
rate-of-return (realization) expense method is assumed.  

Table 3 in Panels 1 to 3 presents the estimation results for these three expense 
methods, when r is approximated by ROI in different ways. The results indicate 
that for each expense method in both part 1 and 2 the approximations tends to  
 
Table 3. Results of the ROI method of estimation (697 firms). 

Panel 1. Assuming ROI = r (1 + g)/(1 + r) (declining-balance expense for 1 − C = q) 

Estimate of Sample 
Percentiles: 

10 25 50 75 90 

1 − C (steady) 
Part 1 0.06103 0.14648 0.33635 0.69659 1.04849 

Part 2 0.05851 0.18256 0.34367 0.55962 0.79686 

q 
Part 1 0.03175 0.11841 0.23300 0.35103 0.61049 

Part 2 −0.00520 0.08901 0.20449 0.34512 0.67673 

(1 − C) − q 
Part 1 −0.12330 −0.02266 0.03807 0.29137 0.87987 

Part 2 −0.21477 −0.04396 0.09092 0.31696 0.66594 

Panel 2. Assuming ROI = r (the compound interest (annuity) expense) 

Estimate of Sample 
Percentiles: 

10 25 50 75 90 

1 − C (steady) 
Part 1 0.06103 0.14648 0.33635 0.69659 1.04849 

Part 2 0.05851 0.18256 0.34367 0.55962 0.79686 

q 
Part 1 0.02720 0.12279 0.24787 0.38842 0.61820 

Part 2 −0.00543 0.12552 0.24853 0.40325 0.70845 

(1 − C) − q 
Part 1 −0.13130 −0.03792 0.02849 0.28337 0.85969 

Part 2 −0.28984 −0.11683 0.04448 0.29725 0.64846 

Panel 3. Assuming ROI = r R/M (rate-of-return (realization) expense) 

Estimate of Sample 
Percentiles: 

10 25 50 75 90 

1 − C (steady) 
Part 1 0.06103 0.14648 0.33635 0.69659 1.04849 

Part 2 0.05851 0.18256 0.34367 0.55962 0.79686 

q 
Part 1 0.02730 0.12276 0.24390 0.36898 0.62189 

Part 2 −0.00544 0.12339 0.24156 0.38466 0.69081 

(1 − C) − q 
Part 1 −0.13113 −0.03189 0.03419 0.30576 0.86623 

Part 2 −0.26210 −0.10157 0.05089 0.30284 0.65036 

Legend: Part 2 = Estimates of g and ROI are both positive, Part 1 = other firms. Correla-
tion (Dt, Rt) = Correlation coefficient between Dt and Rt. C (steady) = (D/M)∙g/(1 + g − 
D/M). 
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lead intuitively to too low estimates of q. The lowest estimates for each expense 
method are negative. In fact, the differences in the estimates between the ex-
pense methods are small reflecting the small differences in approximations. 
These estimates show that ROI on these assumptions is not a proper approxima-
tion of r (r*). The median level of q corresponds to the median of 1 − C if r is 
approximated in the sample by r = 0.65∙ROI indicating that ROI significantly 
overestimates r. In conclusion, this ROI method is not efficient without a quite 
exact approximation of r.  

Logarithmic difference method of estimation. The third method of estimation 
extracts the estimates of the lag parameters q and 1 − C from the logarithmic 
first-order differences of the discounted time series of Dt and Rt. Table 4 shows 
the results for this estimation method. The correlation coefficients of the loga-
rithmic differences with time t are quite low and, against assumptions, positive 
for about 20% - 25% of the firms in part 1 and 2. Positive correlations mean that 
the estimates for 1 − C or q exceed unity. These kinds of estimates are more 
common in part 1(where g and ROI can get negative values) than in part 2. The 
estimates of 1 − C and q are on average higher than those got by the correlation 
method are and refer to time lags of 0.85 - 1.12 years.  

At the level of median, the differences between 1 − C and q are close to zero 
referring to a good quality of timing. However, for about 20% of the firms these 
differences are very large due to values of the lag parameters exceeding unity. 
The differences in the tails of the distributions are larger for part 1 than part 2. 
Thus, the results imply that about for half of the firms expenditures are expensed  
 
Table 4. Results of the logarithmic difference method of estimation (697 firms). 

Estimate of Sample 
Percentiles: 

10 25 50 75 90 

Correlation 
(logΔDt , t) 

Part 1 −0.62933 −0.47181 −0.24113 −0.00298 0.28927 

Part 2 −0.63863 −0.50194 −0.26094 −0.03635 0.19121 

1 − C 
Part 1 0.12036 0.26085 0.45795 0.94878 2.27895 

Part 2 0.13533 0.25493 0.50515 0.94460 1.79144 

Correlation 
(logΔRt , t) 

Part 1 −0.62989 −0.43587 −0.20841 0.02672 0.24986 

Part 2 −0.63506 −0.50346 −0.27972 −0.04633 0.17165 

q 
Part 1 0.12158 0.22995 0.53011 1.04047 2.10614 

Part 2 0.13475 0.24978 0.47760 0.94273 1.74323 

(1 − C) − q 
Part 1 −0.42802 −0.11648 0.00125 0.11390 0.43862 

Part 2 −0.24771 −0.05804 0.00423 0.07994 0.35360 

Legend: Part 2 = Estimates of g and ROI are both positive, Part 1 = other firms. Correla-
tion (logΔDt , t) = Correlation coefficient between logarithmic difference of Dt and t. 
Correlation (logΔRt , t) = Correlation coefficient between logarithmic difference of Rt and 
t. Logarithms of −X are substituted by −log(X). 
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faster than expenditures generate revenues referring to an accelerated expense 
method. The results should however be interpreted cautiously due to the low 
correlations and to the potential effect of the negative value transformation 
log(−X) = −log(X). If only positive differences are used in (partial) estimation, 
the results as expected significantly overestimate the lag parameters 1 − C and q. 

Unrestricted OLS method of estimation. Fourthly, an unrestricted OLS me-
thod is used in the estimation of the lag parameter q. Table 5 shows the results 
and the steady values of 1 − C to be compared with q. In general, the multiple 
correlations squared in the lagged estimation equation are very high for most 
firms implying a good fit with the data. However, high multiple correlations 
squared are typical for distributed lag models and do not ensure that the esti-
mates of the parameters are reliable. In the estimation equation, the estimates of 
the constant a do not deviate from zero which is also theoretically justified. 
However, the estimates of K are statistically significant. These estimates tend to 
be higher in part 1 than part 2.  
 
Table 5. OLS results of the unrestricted distributed lag model (697 firms). 

Estimate of Sample 
Percentiles: 

10 25 50 75 90 

Constant a 
Part 1 −8510.3 −2361.9 1090.5 8785.3 9223.4 

Part 2 −5961.9 −82.9 2667.6 9223.4 9223.4 

t-value of 
constant a 

Part 1 −0.00045 −0.00010 0.00002 0.00016 0.00070 

Part 2 −0.00017 0.00000 0.00008 0.00036 0.00157 

K 
Part 1 0.28938 0.64136 0.86466 1.00258 1.12081 

Part 2 0.20684 0.49737 0.76934 0.94916 1.09116 

t-value of 
coefficient K 

Part 1 6.22116 19.62353 49.34928 154.45664 376.61128 

Part 2 5.32221 14.59641 38.79490 101.58321 266.61773 

q 
Part 1 −0.09756 0.01757 0.10868 0.26881 0.45276 

Part 2 −0.08519 0.02952 0.18677 0.39920 0.63103 

t-value of 
coefficient q 

Part 1 −4.45864 0.82381 5.91334 18.98868 50.73440 

Part 2 −5.43711 1.29106 8.86826 27.15492 61.85473 

r (calculated) 
Part 1 −1.91919 −0.95307 −0.33320 0.20565 1.08154 

Part 2 −1.50085 −0.74743 −0.18397 0.09632 0.80535 

R2 of estimation 
model 

Part 1 0.57757 0.80048 0.93563 0.97767 0.99136 

Part 2 0.65608 0.86306 0.95383 0.98180 0.99339 

1 − C (steady) 
Part 1 0.06103 0.14648 0.33635 0.69659 1.04849 

Part 2 0.05850 0.18256 0.34368 0.55963 0.79686 

(1 − C) − q 
Part 1 −0.13141 0.03038 0.21544 0.50953 0.95686 

Part 2 −0.24224 −0.05920 0.12299 0.35275 0.60126 

Legend: Part 2 = Estimates of g and ROI are both positive, Part 1 = other firms. r (calcu-
lated) = (1 − K − q)/(K − 1). C (steady) = (D/M)∙g/(1 + g − D/M). 
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The estimates of q are generally significant but intuitively too low, especially 
in part 1. The median estimate of q in part 1 is about 0.11 referring to a time lag 
of only 0.12 years. In part 2, the median estimate is about 0.19 that refers to a 
time lag of 0.23 years. Intuitively, also this lag is too low. Since these estimates 
are used to calculate r, the low estimates of q lead to very low estimates of IRR or 
r. For at least half of the firms in both parts of the sample, the estimates of r are 
heavily negative. Consequently, the differences between the steady values of 1 − 
C and q are very large at the median level. In conclusion, an unrestricted OLS 
models seems to be an unreliable method to estimate q.  

Restricted OLS method of estimation. Table 6 reports the results for the fifth 
estimation procedure that is the restricted OLS method. It is expected to im-
prove some deficiencies in the unrestricted OLS. However, due to the restric-
tions, the multiple correlations squared are generally lower than for the unre-
stricted model. The estimates of K are for most firms very significant and gener-
ally, close to the estimates got for the unrestricted model. In part 2, the estimates 
tend to be lower than in part 1. For both parts, more than 10% of firms have a 
negative estimate for q that indicates that the model tends to give intuitively too  
 
Table 6. OLS results of the restricted distributed lag model (697 firms). 

Estimate of Sample 
Percentiles: 

10 25 50 75 90 

K 
Part 1 0.45372 0.69587 0.87361 0.99040 1.09030 

Part 2 0.30978 0.56901 0.80991 0.96353 1.06455 

t-value of 
coefficient K 

Part 1 11.05002 31.56482 89.69661 234.54489 556.88209 

Part 2 10.44087 25.42037 68.47945 167.46149 430.53420 

q 
Part 1 −0.03059 0.04273 0.15746 0.32360 0.54402 

Part 2 −0.01532 0.07884 0.22323 0.47691 0.71690 

t-value of 
coefficient q 

Part 1 −3.43128 4.50373 18.25859 42.37151 118.78322 

Part 2 −1.52260 5.55261 18.15828 44.41102 102.34282 

r (calculated) 
Part 1 −1.28853 −0.21657 0.01027 0.13427 0.60802 

Part 2 −0.71700 0.00975 0.08101 0.22566 0.67175 

R2 of estimation 
model 

Part 1 0.52903 0.78287 0.92913 0.97568 0.99014 

Part 2 0.63277 0.85090 0.94961 0.98072 0.99206 

1 − C (steady) 
Part 1 0.06103 0.14648 0.33635 0.69659 1.04849 

Part 2 0.05850 0.18256 0.34368 0.55963 0.79686 

(1 − C) − q 
Part 1 −0.12712 0.00771 0.16047 0.42360 0.83481 

Part 2 −0.28239 −0.09095 0.07781 0.28882 0.51344 

Legend: Part 2 = Estimates of g and ROI are both positive, Part 1 = other firms. r (calcu-
lated) = (1 − K − q)/(K − 1). C (steady) = (D/M)∙g/(1 + g − D/M). 
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low estimates similarly to the unrestricted model. In fact, the median estimate of 
q is for part 1 about 0.16 corresponding to a time lag of 0.19 years and for part 2 
about 0.22 referring to a time lag of 0.29 years.  

Consequently, the estimates of r are in general very low except for the upper 
25% of the sample firms. In part 1, the median estimate of r is only −0.33 that 
obviously significantly underestimates the actual IRR. The absolute differences 
between the steady value of 1 − C and the estimate of q are large. The differences 
are positive for about 50% of the firms indicating that, in the sample, both acce-
lerated and deferred expense methods are used frequently. Thus, in spite of high 
multiple correlations squared the estimates provided by the restricted OLS are 
not reliable. The statistical problems with both OLS models may be due to mul-
ticollinearity, since the correlation coefficients between Rt and Mt are very high. 
The median correlation coefficient in the whole sample is 0.95 indicating strong 
multicollinearity. 

Excel Solver optimization method of estimation. Table 7 presents the results 
for the sixth estimation method that is based on Excel Solver solution of a model 
including restrictions to r (r < 1 and r ≥ −0.5) and q (q < 1 and q ≥ 0) to improve 
the quality of estimates. This method suggests that the median estimates of r are 
positive and close to 2% in each part. However, in part 2 at least 25% of the op-
timal values of r are equal to −0.5 locating on the lower boundary of the esti-
mate. In general, the estimates of r are low in both parts and 90% of the firms 
have an estimate lower than 0.10. The median estimates of q are comparable 
with the estimates given by the correlation method. For part 1, the median 
equals 0.41 referring to a time lag of 0.70 years whereas for part 2 the median is 
0.47 indicating a time lag up to 0.90 years. 
 
Table 7. Results of the Excel Solver optimization (GRG) model (697 firms). 

Estimate of Sample 
Percentiles: 

10 25 50 75 90 

r (optimal) 
Part 1 −0.02456 0.00170 0.01978 0.04244 0.09204 

Part 2 −0.50000 −0.50000 0.02111 0.06322 0.09429 

q (optimal) 
Part 1 0.06297 0.26539 0.41280 0.55956 0.69618 

Part 2 −0.02100 −0.00568 0.47444 0.77460 0.90667 

1 − C (steady) 
Part 1 0.06103 0.14648 0.33635 0.69659 1.04849 

Part 2 0.05850 0.18256 0.34368 0.55963 0.79686 

(1 − C) − q 
Part 1 −0.32767 −0.16845 −0.00703 0.21464 0.56111 

Part 2 −0.62561 −0.37211 0.06095 0.28365 0.46670 

Legend: Part 2 = Estimates of g and ROI are both positive, Part 1 = other firms. GRG = 
Generalized Reduced Gradient method. Model is based on minimization of the sum of 
squared errors. Restrictions: r < 1, r ≥ −0, 5, q < 1, q ≥ 0. 
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In spite of the lower boundary for q, at least 25% of the estimates in part 2 are 
slightly negative (being approximate values around 0). The median values of the 
differences between the steady value of 1 − C and q are close to zero, especially 
in part 1. The absolute differences are larger in part 1 than in part 2, except for 
the highest values of q. The results imply that about half of the sample firms use 
an accelerated expense method and half a deferred one. The results are satisfac-
tory but not good due to the surprisingly low estimates of r and especially to the 
large number of boundary solutions in part 2. 

5. Conclusion 

The specific purpose of the study was to analyze the performance of six different 
approaches to estimate the lag parameters 1 − C and especially q. Mostly, the 
steady value of 1 − C was used as the estimate whereas q was estimated using a 
statistical modeling. The most challenging task in this issue is to get a valid me-
thod to estimate q. The first approach was the correlation method that gave in-
tuitively acceptable results. However, if the firm lives at the steady state, correla-
tion between revenues and expenses is approaching unity regardless of the val-
ues of C and q. Thus, the correlations on the steady-state circumstances do not 
factually include information about 1 − C and q to assess timing. However, in 
the present sample of Finnish firms, only few firms grew at steady rates. The re-
sults of the correlation analysis in the sample implied that the majority of Fin-
nish firms tend to use an accelerated depreciation method where expenditures 
are expensed faster than expenditures generate revenues.  

In the second approach, a modified version of ROI was employed as an ap-
proximation of IRR to give an estimate of q. The results showed that different 
expense methods used in this estimation lead to very similar approximations of 
IRR and therefore very similar estimates of q, although q is sensitive to IRR. 
Consequently, this approach gave intuitively too low estimates for q indicating 
that firms tend to use a decelerated expense method. In conclusion, this ap-
proach is not efficient without a more exact approximation of IRR. The third 
approach of estimation was the logarithmic difference method. This method ex-
tracts estimates for 1 − C and q from the logarithmic first-order differences of 
the discounted time series of expenses and revenues. The method performed sa-
tisfactorily but suffered from low negative or even positive correlations between 
the logarithmic time series and time. Moreover, there is an issue how to replace 
negative observations (differences) to be able to take logarithms. In this study, a 
simple transformation was used and log(–X) was replaced by –log(X). Therefore, 
the results should be interpreted cautiously. However, this approach is, in spite 
of its deficiencies, a promising method to estimate separately both q and 1 − C.  

The fourth approach was the unrestricted OLS model applying Koyck trans-
formation for the infinite geometric lag distribution. However, this approach 
was considered unreliable giving obviously too low values for q and, conse-
quently, for IRR. In the fifth model, equality restrictions were incorporated to 
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the OLS model using the steady revenue-expenditure ratio as a restriction. Un-
fortunately, also this method was unreliable giving intuitively too low, and even 
negative, estimates for q. In the sixth approach, inequality restrictions were in-
corporated in the estimation and an Excel Solver algorithm was used to search 
for the optimal estimates of IRR and q. The results were largely satisfactory but 
not good due to the many very low estimates of IRR and especially to the large 
number of boundary solutions.  

The present study showed that estimating of the time lag parameters is a chal-
lenging issue. It revealed many deficiencies in estimation methods. Thus, more 
research is called for. The logarithmic difference method provided one promis-
ing way to estimate the lags. However, more effort should be put to improve es-
timation and to develop new non-linear methods to avoid the problem with lo-
garithmic values. The validity of the Koyck models should be improved by me-
thods avoiding multicollinearity, such as the ridge regression. In the assessment 
of the approaches, a problem is the absence of the correct values of 1 − C and q, 
which makes it difficult to measure the bias associated with the estimates and, 
thus, the validity of the models. Therefore, experimental designs, where 1 − C 
and q are given and the effects of different factors on the estimates can be con-
trolled, are welcome. To conclude, it is obvious that the estimation of the time 
lag parameters to assess timing of expenses and revenues needs a lot of further 
research in the future.  
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