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Abstract

Advances in computing have enabled us to develop increasingly complex statistical models.
However, their complexity poses challenges in their evaluation. The central theme of the thesis
is addressing intractability and interpretability in model evaluations. The key tools considered in
the thesis are kernel and Stein’s methods: Kernel methods provide flexible means of specifying
features for comparing models, and Stein’s method further allows us to incorporate model
structures in evaluation.

The first part of the thesis addresses the question of intractability. The focus is on latent
variable models, a large class of models used in practice, including factor models, topic models
for text, and hidden Markov models. The kernel Stein discrepancy (KSD), a kernel-based
discrepancy, is extended to deal with this model class. Based on this extension, a statistical
hypothesis test of relative goodness of fit is developed, enabling us to compare competing latent
variable models that are known up to normalization.

The second part of the thesis concerns the question of interpretability with two contributed
works. First, interpretable relative goodness-of-fit tests are developed using kernel-based
discrepancies developed in Chwialkowski et al. [2015], Jitkrittum et al. [2016, 2017b]. These
tests allow the user to choose features for comparison and discover aspects distinguishing two
models. Second, a convergence property of the KSD is established. Specifically, the KSD is
shown to control an integral probability metric defined by a class of polynomially growing
continuous functions. In particular, this development allows us to evaluate both unnormalized

statistical models and sample approximations to posterior distributions in terms of moments.
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This thesis develops novel evaluation techniques for statistical models. A major contribution of
this thesis is enabling the evaluation of complex models that were previously difficult to assess,
such as latent variable models.

The techniques developed in this thesis would bring about scientific advances. Many
scientific and engineering disciplines depend on accurate descriptions of observed complex
phenomena; these include physics, economics, and artificial intelligence research. The develop-
ments in this thesis enable researchers to inspect and improve their models, allowing them to
treat a broader range of problems.

The use of statistical models is not limited to academia. Data-based decision-making
is becoming increasingly popular and is expected to permeate critical applications, such as
assigning medical treatments, examining criminal evidence, or policymaking. Unfortunately,
inaccurate data models could misguide our decisions and have dire consequences. Therefore,
the ability to inspect statistical models is critical, and the techniques introduced in this thesis

contribute to this purpose.



To my family, and to my father in loving memory.



Acknowledgements

This thesis would have not been possible without the support of many people. Before all else,
I want to express my gratitude to my supervisor, Arthur Gretton, for his excellent guidance
throughout this journey. I have been fortunate to work with and learn from someone who really
enjoys science and has a good sense of humour. I thank the Gatsby foundation for its financial
support, without which I would not have been able to experience this incredible journey. I
appreciate the Gatsby community for providing an inspiring, warm, and supporting environment.
I thank the administrative team for their support. Thank you to Barry Fong for being friends
with me in addition to the admin job. My special thanks go to my office mates: Antonin Schrab,
Dimitri Meunier, Kevin Li, Kevin Huang, Pierre Grasser, Sanjeevan Ahilan, and Wenkai Xu,
for allowing me to have random chats and listening to my complaints. I thank Anna Korba,
Hugo Soulat, Iryna Korshunova, Kevin Li, Virginia Rutten, and Wenkai Xu for their emotional
support; I am grateful to my collaborators: Wittawat Jitkrittum for being a great senpai, teaching
me about many things including life, and listening to my complaints; Lester Mackey for rigorous
feedback and teaching me Stein’s method; Michael Shvartsman for introducing me to the world
of cognitive science; Kenji Fukumizu for his thorough feedback and hosting me at the Institute of
Mathematical Statistics; Kevin Li for inviting me to work on interesting problems and research
chats. I thank William Dorrell for thorough proofreading. I thank my family (especially my late
father) and my then-partner for their unconditional care and support. Finally, I would like to
thank the two examiners, Prof. Brooks Paige and Prof. Gesine Reinert, for agreeing to assess

my thesis and fruitful discussions.



UCL Research Paper Declaration Form: referencing
the doctoral candidate’s own published work(s)

1. For aresearch manuscript prepared for publication but that has not yet been
published (if already published, please skip to section 3):

a) What is the current title of the manuscript?

A kernel Stein test for comparing latent variable
models

b) Has the manuscript been uploaded to a
preprint server? (e.g. medRxiv; if ‘Yes’,
please give a link or doi):

https://arxiv.org/abs/1907.00586

c) Where is the work intended to be
published? (e.g. journal names)

The Journal of the Royal Statistical Society: Series
B

d) List the manuscript’s authors in the
intended authorship order:

Heishiro Kanagawa, Wittawat Jitkrittum, Lester
Mackey, Kenji Fukumizu, Arthur Gretton

e) Stage of publication (e.g. in submission):

Under review

2. For multi-authored work, please give a statement of contribution covering all
authors (if single-author, please skip to section 4):

Heishiro Kanagawa constructed the propose test and wrote the paper; Wittawat Jitkrittum contributed to the experiment and

proofread the paper; Lester Mackey proofread and revised the paper; Kenji Fukumizu proofread the paper; Arthur Gretton

contributed to the writing and revision of the paper

3. In which chapter(s) of your thesis can this material be found?

3

4. e-Signhatures confirming that the information above is accurate (this form should
be co-signed by the supervisor/ senior author unless this is not appropriate, e.g. if the

paper was a single-author work):

Candidate: Heishiro Kanagawa Date: 25 August 2022
Superwsor/ Sgnlor Author Arhur Gretton Date: 25 August 2022
(where appropriate):




UCL Research Paper Declaration Form: referencing
the doctoral candidate’s own published work(s)

1. For aresearch manuscript that has already been published (if not yet published,
please skip to section 2):
a) What is the title of Informative features for model comparison
the manuscript?
b) Please include a https://proceedings.neurips.cc/paper/2018/file/550a141f12de6341fba65b0ad0433500-
. . Paper.pdf
link to or doi for the | —%
work:
c) Where was the work In Advances in Neural Information Processing Systems, 31 (pp. 816-827).
published?
d) Who published the .
Curran Associates Inc.
work? (e.g. OUP):
e) When was the work
) 2018
published?
a) Listthe
manuscript’s Wittawat Jitkrittum,Heishiro K Pat Sangkloy, J Hays, Bernhard
B Ittawat Jitkrittum, Heisniro Kanagawa, Patsorn sangkloy, James Hays, bernnar
authors in the order Scholkopf, Arthur Gretton
they appear on the
publication:
f) Was the work peer
. Yes
reviewed?
g) Have you retained Ves
the copyright? —
h) Was an earlier form

of the manuscript
uploaded to a
preprint server?
(e.g. medRxiv; if
‘Yes’, please give a
link or doi):

https://doi.org/10.48550/arXiv.1810.11630

[If no, please seek permission from the relevant publisher and check the box next to the
below statement]:

a

| acknowledge permission of the publisher named under 1d to include in this thesis
portions of the publication named as included in 1c.

2. For multi-authored work, please give a statement of contribution covering all
authors (if single-author, please skip to section 4):

Wittawat Jitkrittum designed the test statistics, conducted experiments, and wrote the paper. Heishiro Kanagawa contributed

to the design of the test statistics and the proposed test, conducted experiments, and wrote the paper. Patsorn Sangkloy

conducted the experiments concerning GAN models. James Hays, Bernhard Schdélkopf, and Arthur Gretton proofread and

revised the paper.

3. In which chapter(s) of your thesis can this material be found?

5

4. e-Signatures confirming that the information above is accurate (this form should
be co-signed by the supervisor/ senior author unless this is not appropriate, e.g. if the
paper was a single-author work):

Candidate: Heishiro Kanagawa Date: 25 August 2022

Supervisor/

(Svt/er?:r)é Author Arthur Gretton Date: 25 August 2022

appropriate):




Contents

1

2

Introduction
1.1 Challenges with modern statistical models . . . . . . ... ... ... .....
1.2 Structure of the Thesis . . . . . . . . . . . . . e

Background
2.1 Reproducing kernel Hilbert space . . . . . ... ... ... ..........
2.2 Integral probability metrics and the maximum mean discrepancy . . . . . . . .

2.3 Stein’s method and Stein discrepancies . . . . . . .. .. ...

Comparing latent variable models using the kernel Stein discrepancy — Part 1
3.1 Introduction . . . . . . . . ..
3.2 The kernel Stein discrepancy and latent variable models . . . . . .. ... ..
3.2.1 Stein operators and the kernel Stein discrepancy . . . ... ... ...
3.2.2 Kernel Stein discrepancies of latent variable models . . . . ... ...
3.3 Arelative goodness-of-fittest . . . . ... ... L oL
3.3.1 Problemsetup . .. .. .. ...
3.3.2 Estimating kernel Stein discrepancies of latent variable models . . . . .
333 Testprocedure . . . . . . ... ...
334 Kernelchoice . .. ... ... .. ... .. ...
34 EXperiments . . . . . . . . ... e e e e e
3.4.1 Probabilistic Principal Component Analysis . . . . .. ... ... ..
3.4.2 Dirichlet process mixtures . . . . . . . . . ...
3.4.3 Latent Dirichlet Allocation . . . ... ... ... ...........
3.5 Conclusion . . . ...
3.6 Proofs . . . . ..
3.6.1 Asymptotic normality of approximate U-statistics . . . . . . ... ...
3.6.2 Variance of a U-statistic . . . . . . . . .. ... ... ... ...,
3.A Kernel Stein discrepancy for bounded domains . . . . . ... ... ... ...
3.B Numerically stable Stein operator . . . . . . . ... ... ... ........
3.B.1 Univariate case . . . . . . .« . o b e e e e e
3.B.2 Multivariatecase . . . . . . ... ..o
3.B.3 Application to latent variable models . . . . ... ... ........
3.C Integrability condition for the KSD expression . . . . ... ... ... .. ..

9

13
13
16

17
17
20
23

25



10

CONTENTS

3.D Convergence assumption in the asymptotic normality proof . . . .. ... .. 64
3.E The maximum mean discrepancy relative goodness-of-fittest . . . . . . .. .. 66
3.F MMD and KSD for Gaussian distributions . . . . . . .. ... ... ... ... 69
3E1 MMD .. 69

3FE2 KSD .. 71

3.E3 Kernel choice and KSD: Gaussian models anddata . . . . . . ... .. 71

3.G The score formula for Dirichlet process models . . . . . . ... ... ..... 73
3.H Invariance properties of kernel Stein discrepancy . . . . . . .. ... ... .. 74
3.H.1 Modelinvariance . . . . . . . . ... .. .. e 74
3.H.2 Coordinate-choice independence . . . . . ... ... ... .. .... 75

3.1 Arvesen’s formula for the jackknife variance estimator . . . . ... ... ... 77
3.J Additional experiments . . . . . . ... L. oL o 80
3J.1 PPCA: type-lerrors and testpower . . . . . ... ... ........ 80

3J2 LDA . 82

3.J.3 Experiment: close models and type-lerrors . . . . ... ... ..... 83

3.J.4 Experiment: identical models . . . . . ... ... ... L. 85
Comparing latent variable models using the kernel Stein discrepancy — Part 2 87
4.1 Introduction . . . . . . . . . ... 87
4.2  U-statistics withrandom kernels . . . . . ... ... .. ... ... ... ... 88
43 Conclusion . . . . ... L 90
4.A Proof of asymptotic normality of random kernel U-statistics . . . . . . . . .. 91
4.B Detailsof thedeltamethod . . . . . . .. ... ... ... .. ... ..., . 92
4.C Proof of the asymptotic normality of the test statistic . . . . . ... ... ... 95
Interpretable features for model comparison 97
5.1 Introduction . . . . . . . . . L 97
5.2 Measures of Goodnessof Fit . . . . . ... ... ... ... ... 99
5.3 Proposal: Rel-UME and Rel-FSSD Tests . . . . . . ... ... ......... 101
54 Experiments . . . . .. ... 103
5.4.1 Tlustration of Rel-UME and Rel-FSSD Power Criteria . . . . . . . . . 104

5.4.2 Test Powers on Toy Problems . . ... ... ... .. ......... 105

5.4.3 Informative Power Objective . . . . . . ... ... ... ........ 107

544 TestingGANModels . . . . ... ... ... ... ... ... 107

5.4.5 Examining GAN Training . . . . . .. .. ... ... .. ....... 109

5.5 Conclusion . . . . . . .. e 110
5.A Optimization of Test Locations in Rel-UME and Rel-FSSD . . . . . ... .. 111
5.B Trained Models for Generating Smiling and Non-Smiling Images . . . . . . . . 111
5.C Proofof Theorem 5.1 . . . . . . . . . . ... . . 112
5.D Details of Experiment 5: Examining GAN Training . . . . . ... .. ... .. 113
5.E Comparing Different GAN Models Trained on MNIST . . . . . ... ... .. 115



CONTENTS

6 Controlling moments with kernel Stein discrepancies
6.1 Introduction . . . . .. ... . ...
6.2 Background . . . ... ... ... oo
6.2.1 Definitions and symbols specific to this chapter . . .
6.2.2  Generators of Itd diffusions and their Stein equations
6.2.3  Diffusion Stein operators and their Stein equations .
6.2.4 The diffusion kernel Stein discrepancy . . . . . ..
6.3 Mainresults . . . .. .. oL
6.3.1 Uniform integrability and DKSD bounds . . . . . .
6.3.2 The DKSD detects non-uniform integrability . . . .
6.3.3 Recommended kernel choice . . ... ... .. ..
6.3.4 The DKSD detects convergence . . . ... ... ..
6.4 Experiments . . . . . . . ... ...
6.4.1 TheLangevinKSD . ... ... ..........
6.4.2 The DKSD and heavy-tailed distributions . . . . . .

6.4.3 Failure mode: distribution mixtures with isolated components . . . . .

6.5 Conclusion . . ... ... ... ... ...
6.A Proofsof mainresults . ... ... ... ... ... ...
6.A.1 Characterization of pseudo-Lipschitz metrics . . . .
6.A.2 Uniform integrability and a DKSD lower bound . .
6.A.3 The diffusion Stein operator and zero-mean functions
6.A4 DKSDupperbounds . .. ... ...........
6.B Auxiliaryresults. . . . ... ... ... ... ... ...
6.B.1 Results from previouswork . . . .. ... ... ..
6.B.2 Miscellaneousresults . . . ... ... ... ....
6.B.3 Results concerning approximation . . . . . . .. ..
6.B4 Resultsfor DKSD . ... ... .. ...... ...

6.B.5 Polynomial functions are pseudo-Lipschitz functions

7 Conclusion and further research

11

119
119
121
121
122
124
126
126
127
129
131
131
132
133
135
137
140
141
141
143
149
150
151
151
152
159
163
167

171



12

CONTENTS



Chapter 1

Introduction

Statistical models describe processes underlying data generation and express uncertainty associ-
ated with observations. These models are used to extract meaningful information and patterns
from the data. Model assessment is therefore a critical operation, as the quality of our subsequent
inference depends on the accuracy of the models.

This thesis addresses the problem of evaluating statistical models. Mathematically, a
statistical model is a probability distribution over the space in which data lie — the language
of probability allows us to characterize uncertainty stemming from our incomplete knowledge
of the data-generating process. We therefore take a probabilistic approach, where we compare
probability distributions using some metric that quantifies closeness of distributions. We
emphasize, however, that there is no single canonical way of evaluating statistical models, since
what makes a model preferable depends on the purpose. Some application domains might
have specific metrics; for example, visual fidelity might be preferred in image synthesis, where
probabilistic models are fitted to datasets of images to generate new content. Our goal is not
to address specific applications, but to provide general tools that apply to a broad range of
statistical applications. Statistical models are also called probabilistic (generative) models, and

we use these terms interchangeably in what follows.

1.1 Challenges with modern statistical models

A standard approach to specify a statistical model is using a probability density function.
A model may be designed by imposing such assumptions on the data generating process,
such as unobserved variables causing the observed variables [Bishop, 2006] or conditional
independence relations among variables (e.g., Bayes networks and Markov random fields)
[Koller and Friedman, 2009]. Discrepancy measures such as the Kullback-Leibler divergence
(or likelihood evaluation) allow us to quantify the mismatch of a model using a density function,
and those are standard approaches when the density of a model is available and tractable. A
challenge of modern statistical models is that their densities are typically intractable, especially
those describing high-dimensional complex phenomena. For example, models with latent
variables have density functions defined by intractable integrals; normalization constants are

intractable to compute for models that only specify dependence among variables (e.g., Markov

13



14 CHAPTER 1. INTRODUCTION

random fields); some models are specified only by sampling procedures and do not admit
explicit densities (e.g., the generative adversarial networks [Goodfellow et al., 2014], simulation-
based models [Lintusaari et al., 2017, Cranmer et al., 2020]). Intractability precludes the
direct application of density-based evaluation techniques, and it is vital to develop alternative
approaches that accommodate such complex models.

An alternative strategy is to inspect the expectations of test functions under distributions.
These test functions may be interpreted as some features of interest; differences in expected
features (e.g., coordinate functions yield expected locations) reveal disagreements between two
distributions. Although the represented discrepancy can be enriched using many test functions,
the number of test functions must be finite for numerical implementation. Their specification
also requires knowledge of the distributions in question; without prior knowledge, such manual
specification could be sub-optimal and does not generally come with guarantees, therefore
calling for a principled procedure.

One viable solution is the maximum mean discrepancy (MMD) [Gretton et al., 2006, 2012a].
The MMD is a powerful approach emerging from the machine learning literature that allows us
to use infinitely many test functions; the MMD takes the maximum difference over a class of
functions called a reproducing kernel Hilbert space (RKHS) [Aronszajn, 1950]. An RKHS is
determined by a reproducing kernel, a function that measures similarity between two points.
Thus, one can specify a discrepancy measure by choosing an appropriate kernel. Indeed, the
reproducing kernel theory has established theoretical properties guiding kernel choice: e.g.,
the MMD is a metric over probability distributions for characteristic kernels [Fukumizu et al.,
2004, Sriperumbudur et al., 2010] and metrizes weak convergence under certain topological
and kernel conditions [Sriperumbudur et al., 2010, Simon-Gabriel et al., 2020]. Moreover, a
practically appealing property of the MMD is that we can estimate it straightforwardly from
samples; the estimation only requires sample evaluations of the kernel function, resulting in
tractable estimators such as two-sample U-statistics [Hoeffding, 1948, Kowalski and Tu, 2007]
or V-statistics [von Mises, 1947]. Consequently, the numerical tractability of the MMD allows
us to treat a wide range of statistical models.

Despite its practical and theoretical advantages, the MMD’s performance critically depends
on the choice of the kernel function and its ability to represent features relevant to the problem
at hand. There have been extensive studies on tuning kernel parameters in the context of two-
sample testing [Gretton et al., 2012b, Sutherland et al., 2016, Jitkrittum et al., 2016, 2017b,
Liu et al., 2020]. An alternative emerged from the studies of goodness-of-fit testing based
on Stein’s method, which creates a bespoke kernel for a given model. Stein’s method was
originally developed to obtain explicit rates of convergence to normality [Stein, 1972]. The key
construction in Stein’s method is a Stein operator, which characterizes a distribution so that a
function if modified by the operator, has zero expectation under the target. The combination of
a reproducing kernel and a Stein operator induces a model-dependent kernel function that may
be considered as representing tailored features for model criticism; the resulting discrepancy
is called the kernel Stein discrepancy (KSD). The utility of the KSD has been vindicated
by the KSD goodness-of-fit tests [Chwialkowski et al., 2016, Liu et al., 2016, Yang et al.,

2018, Fernandez et al., 2020], where a model structure in the kernel boosts power in some
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situations. Remarkably, we can obtain a tractable Stein operator for density models having
unknown normalization constants; this feature eliminates the need for sampling from models, a
demanding requirement for such intractable models. The KSD has therefore resulted in diverse
applications in recent years, including parameter inference for intractable models [Barp et al.,
2019, Matsubara et al., 2021], sampling [Liu and Lee, 2017, Chen et al., 2018, 2019, Riabiz
et al., 2021], and sample quality checks for Monte Carlo integration [Gorham and Mackey,
2017, Huggins and Mackey, 2018].

Objectives and contributions. The primary objective of this thesis is to improve model
evaluation practices, emphasizing kernel-based methods. In this regard, the contribution of this
thesis is twofold.

The first is to extend the KSD’s reach, addressing the question of intractability. The KSD
is limited to a class of models with explicit density functions up to normalization constants.
While this is a larger class than previously treated, it still excludes a great majority of models
used in practice — even relatively simple models such as topic models [Blei et al., 2003] for
text or hidden Markov models [Rabiner, 1989]. This thesis deals with this challenge for the
class of latent variable models and proposes a hypothesis test. We consider a test for model
comparison (i.e., relative goodness-of-fit) rather than absolute evaluation as in the previous KSD
tests [Chwialkowski et al., 2016, Liu et al., 2016, Yang et al., 2018]. Relative goodness-of-fit is
more relevant to models of complex phenomena, where all models are imperfect; by contrast,
absolute goodness-of-fit tests are preferred for simple phenomena (e.g., testing normality).

The second contribution concerns interpretability in model evaluation. We treat the following

two problems:

1. The MMD and the KSD do not yield indications of how models disagree with the data.

2. It is challenging to interpret the features corresponding to a KSD due to the modification
by a Stein operator; hence, it is unclear what to conclude when the KSD is small or decays

to zero.

Jitkrittum et al. [2016] and Jitkrittum et al. [2017a] studied the first question in the context of
two-sample and goodness-of-fit testing, respectively. Their approach is to construct explicit
(kernel-based) feature dictionaries and maximize the test power to obtain interpretable features
that distinguish the model from the data. In this thesis, this approach is extended to model
comparison, which enables modelers to investigate what makes two competing models differ in
terms of the fit to the data. The second question has been in part addressed using Stein’s method.
Gorham and Mackey [2017] showed that the KSD controls the bounded-Lipschitz metric; a KSD
decay may be interpreted as diminishing expected differences of bounded Lipschitz functions.
In this thesis, we extend this result to functions of polynomial growth. This development enables
us to interpret the KSD in terms of moments, which are fundamental quantities in data analysis
(e.g., mean and variance). In particular, besides statistical model evaluation, this work also
contributes to Bayesian inference, as it enables assessing the quality of sample approximations

to target posterior distributions in respect of moments.
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1.2 Structure of the Thesis

We start in Chapter 2 with some brief background on kernel methods and Stein’s method. The
next three chapters concern statistical hypothesis tests for comparing statistical models: Chapter
3 presents a test for comparing latent variable models using the KSD; Chapter 4 treats the same
problem but presents a simple alternative to the one taken in Chapter 3 — we explain why this
approach fails; Chapter 5 addresses the lack of interpretability with discrepancy-based model
comparison approaches and presents a new hypothesis test. Finally, in Chapter 6, we address
the interpretability of the KSD by investigating its implication for moment convergence.

The four main chapters are based on the works completed over the course of this thesis.

Chapter 3 and 4 are based on a submitted paper

Kanagawa, H., Jitkrittum, W., Mackey, L., Fukumizu, K., & Gretton, A. (Revision
under review by the Journal of the Royal Statistical Society: Series B, 2019, July).
A Kernel Stein Test for Comparing Latent Variable Models. arXiv: 1907.00586

Chapter 5 is adapted from the publication

Jitkrittum, W., Kanagawa, H., Sangkloy, P., Hays, J., Scholkopf, B., & Gretton,
A. (2018). Informative Features for Model Comparison. In Advances in Neural

Information Processing Systems, 31 (pp. 816-827).

Chapter 6 builds largely on an unpublished ongoing work and in small part the following

workshop contribution

Wenliang, L. K. & Kanagawa, H. (2021, December). Blindness of score-based
methods to isolated components and mixing proportions. In NeurIPS Workshop

"Your Model is Wrong: Robustness and misspecification in probabilistic modeling".
Other contributions. The following published works are not included in this thesis:

1. Wenliang, L. K., Moskovitz, T., Kanagawa, H., & Sahani, M. (2020, February). Amor-
tised Learning by Wake-Sleep. In Proceedings of the 37th international conference on
machine learning, ICML 2020.

2. Jitkrittum, W., Kanagawa, H., & Scholkopf, B. (2020, June). Testing Goodness of Fit of
Conditional Density Models with Kernels. In Proceedings of the Thirty-Sixth Conference
on Uncertainty in Artificial Intelligence, UAI 2020.

3. Xu, L., Kanagawa, H., & Gretton, A. (2021). Deep Proxy Causal Learning and its
Application to Confounded Bandit Policy Evaluation. In Advances in Neural Information

Processing Systems 35.



Chapter 2
Background

This chapter presents a brief overview of the theory of reproducing kernel Hilbert space (RKHS),
integral probability metrics, and Stein’s method. The material presented in this chapter will
be the basis of the following chapters and assumed throughout the thesis. In the process, we

introduce our notation.

2.1 Reproducing kernel Hilbert space

We briefly recall the definition and key properties of an reproducing kernel Hilbert space (RKHS).
We refer the reader to Berlinet and Thomas-Agnan [2004] and Steinwart and Christmann [2008]

for comprehensive treatment of the subject.

Definition 2.1 (Reproducing kernel Hilbert spaces). Let X be a non-empty set. A reproducing
kernel Hilbert space £ C R< is a real Hilbert space of functions on X" equipped with inner
product (-, -)4 satisfying the following condition: for any x € X, there exists an element
©, € H such that for any [ € H,

f(@) = (f, pu)n- 2.1

The property (2.1) is called the reproducing property, as the function value f(z) is repro-
duced by the inner product with (. The map z — ¢, transforms the input z into a vector
. in H; in the context of machine learning, this process is interpreted as extracting features
relevant to the problem. Thus, the map and the RKHS are called a feature map and a feature
space, respectively. The reproducing property (2.1) indicates that an RKHS function is simply a
linear function of the feature vector ¢, with weight f € H.

Given an RKHS, we can define a function £ : X x X — R by

k(z,y) = @z (y) = (z, Py)u-

The function £ is called the reproducing kernel of the RKHS . From this definition, it follows
that a reproducing kernel k satisfies the following conditions: (a) k(z,y) = k(y,x) for any

17



18 CHAPTER 2. BACKGROUND

xz,y € X,and (b) forany n > 1 and {aq,...,a,} CR,

Z aiajk(a:i, a:j) > 0.
i=1

When a real-valued function on X x X satisfies these conditions, it is called a positive semi-
definite kernel. In what follows, following the literature, a positive semi-definite kernel is
simply called positive definite. We have seen that an RKHS H defines a positive definite
kernel. Conversely, the Moore—Aronszajn theorem states that any positive definite kernel
k: X x X — R admits a unique RKHS [Aronszajn, 1950] — we may therefore specify an
RKHS by choosing a positive definite kernel k. Because of this correspondence, we denote the
RKHS of a positive definite kernel k£ by #;, when we emphasize the dependency on the kernel.
From the above feature viewpoint, this implies that we can specify a feature map x — ¢, using
a positive definite kernel k(z, -); this feature map is called the canonical feature map [Steinwart
and Christmann, 2008, Lemma 4.19]. Although the explicit computation of (¢, ¢,)# seems
intractable if ‘H is high-dimensional, we can perform this operation simply by computing a
positive kernel. Thus, a positive definite kernel allows us to consider rich, nonlinear features
©z, while their similarities can be measured tractably. This view proved very useful in machine
learning, where flexible, nonlinear algorithms were created by considering classical linear
counterparts (e.g., principal component analysis, and linear regression) in RKHSs [see, e.g.,
Hofmann et al., 2008, for a review].

To illustrate the concepts introduced above, let us consider a homogeneous polynomial
kernel on RP x RP

k(z,y) = (z,y)"

= E TiyTig *** Tiyy * Yir Yi *** Yip
(i1,0eyip)E{1,...,D}P

with 2; denoting the i-th entry of z, (x,9) = z Ty = Zi’;l x;¥i, and integer p > 1. In this
case, the corresponding feature map ¢, maps x to the concatenation of all ordered products
of the entries of x [Poggio, 1975, Hoffman et al., 2010]. The feature represents interactions
between coordinates, which is absent in the linear case (p = 1). The explicit computation of
the feature map is prohibitive in higher dimensions, while the complexity of the kernel remains
linear in the dimension D. This example shows that a reproducing kernel allow us to obtain rich
features while their similarity can be measured tractably.

A hallmark of RKHSs is that we can construct a function space with desired properties by
designing an appropriate kernel. This point may be informally described as follows: since a
function in an RKHS is a linear function of the canonical feature map k(x, -), it inherits the
properties (preserved under linear transformations) of the kernel. In the following, we review

kernel properties and their implications for RKHS functions.

Growth. We begin with conditions to characterize the growth rate of functions in an RKHS

Hi. Any function f € Hj, satisfies, by the reproducing property and the Cauchy-Schwarz



2.1. REPRODUCING KERNEL HILBERT SPACE 19
inequality, the following relation:

[f @) < N0 R, )4,
= £l v K, ),

where || fll#, = \/(f, f)#,- The inequality above shows that any function in a closed ball
Br(Hi) = {f € Hi : || flln, < R} grows at the rate at most of R\/k(z, z).

Differentiability. Next, we look at the differentiability of RKHS functions. Let X be an open
subset of RP (D > 1) and k be a kernel on X x X’. Before we present the characterization,
we set up our notation. Let J; denote the partial derivative operator with respect to the d-th
coordinate. Let &« = (a1,...,ap) be a multi-index where each element is a non-negative
integer, and |a| = ZdD:1 ag = o > 0. We write 9% = 9" --- 95" ; analogously, we de-
fine an differential operator 9®“acting on a kernel function k£ : R” x R” — R on to be
ot - 0P otp-- 955 by regarding k as a function on R?P, For m > 0, we define a kernel
k to be m-times continuously differentiable if 0k exists and continuous for all multi-indices
a with |a| < m [Steinwart and Christmann, 2008, Definition 4.35]. We denote by C' (m.m) the
set of m-times continuously differentiable kernels. With these definitions, the differentiability

of RKHS functions is summarized as follows:

Lemma 2.2 (Corollary 4.36 of Steinwart and Christmann [2008]). Let X C RP be an open
set, m > 0, and k be m-times continuously differentiable kernel on X with RKHS Hy,. Then,
every [ € Hy is m-times continuously differentiable, and for x € X and a multi-index

a=(ay,...,qq...ap) with each a4 negative integer and || < m, we have

0% f (@)] < £l v/ Ok (2, ).

Universality. Function approximation is a ubiquitous task in statistics and machine learning.
Universality is a concept describing the approximation capacity of a given function class. For
our purposes, we present the notion of Cy-universality. Let X be a locally compact Hausdorff
space (such as R”) and Cy be the space of real-valued functions vanishing at infinity equipped
with the uniform norm || f||oc = sup,cx|f(2)|; A function f is said to vanish at infinity if for
each € > 0, there exists a compact set K. C X such that |f(z)| < e forany x € X \ K.. An
RKHS H C Cj is called Cp-universal if it is dense in Cy with respect to the uniform norm;
i.e., for each f € Cjy and € > 0, there exists a function f. € H such that ||f — f:]|eo < €
[Carmeli et al., 2010, Sriperumbudur et al., 2011]. The definition of Cy-universality is known to
be equivalent to other concepts [see Sriperumbudur et al., 2010, for a review]. The first of these
is LP-universality [Carmeli et al., 2010, Theorem 4.1], i.e., the density of A in LP (X, ) with
respect to the p-norm || f || zo(x ) = ([1f (:n)|pdu(x))1/ P for all Borel probability measures
p and some p € (1,00|. Here, LP(X, ) is the Banach space of p-integrable p-measurable
functions [Steinwart and Christmann, 2008]; we sometimes omit the space X" and write LP(u)

if it is clear from the context. The second equivalent concept is the integrally strictly positive
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definiteness of the kernel [Sriperumbudur et al., 2010]. An kernel is said to be ISPD if it is
measurable and [ k(z, y)du(z)dp(y) > 0 for any non-zero finite signed measure .

Expectation and kernel mean embedding. We finally show that the expectation of a function
in an RKHS can be characterized by a tool called kernel mean embedding [Berlinet and Thomas-
Agnan, 2004, Smola et al., 2007]. Kernel mean embedding is a technique to represent a
probability distribution in an RKHS. Formally, let P be a probability measure on X', and k be a
positive definite kernel. The kernel mean embedding pp of P is defined as the expectation of

the canonical feature map
() = [ (e )dP(@) = Exeplk(X, )

Let Pz = {P € P:Ex~p[/k(X,X)] < oo} with P the set of all probability measures. If
P € P, then the kernel mean embedding 4.p exists and belongs to the RKHS Hy, [Fukumizu
et al., 2004, Sriperumbudur et al., 2010]. In particular, for any f € Hj, we have

Ex~p[f(X)] = (f, nP)2,-

Intuitively, since an RKHS function is a linear function of the canonical feature, taking the inner
product between its weight f and the expected feature pp yields the expectation of the function.

According to Berlinet and Thomas-Agnan [2004, p. 189], the study of kernel mean embed-
ding was originated by Denis Bosq and C. Guilbart. Mean embedding allows us to manipulate
probability distributions using various vector operations resulting from the Hilbert space struc-
ture; e.g., we can quantify the similarity between probability distributions using the norm, as
introduced in the next section. The technique has resulted in a wide range of applications such
as two-sample testing [Gretton et al., 2006, 2012a], independence testing [Gretton et al., 2007],
and nonparametric Bayesian inference [Fukumizu et al., 2013]; see the survey by Muandet et al.

[2017] for other applications.

2.2 Integral probability metrics and the maximum mean discrep-

ancy

Various statistical tasks can be formulated using a distance over probability distributions,
including parameter inference and hypothesis testing. Given a family of probability measures
{Py}oco, the task of parameter inference is to choose an appropriate parameter 6,, given a
sample {z1,...,x,}. If the sample is generated according to a law R, an appropriate choice
might be the closest one to R in some distance d(FPy, R). A distance can also be used to
specify a statistical hypothesis. For example, the problem of goodness-of-fit testing is to test
the hypothesis that a model P is equal to the unknown distribution 12 underlying an observed
sample; this hypothesis may be equally written as Hy : d(P, R) = 0 for some distance d
powerful enough to distinguish any distributions.

One practical class of distance is integral probability metrics [I[PMs, Miiller, 1997]. For a set
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F of real-valued measurable functions on a measure space &', the IPM between two probability

distributions P, Q on X is defined as the worst-case difference of integrals:

dr(P, Q) = sup [Ex~p[f(X)] = Ey~Q[f(Y)]|.
feF
An IPM is an intuitive summary of the difference between two distributions: if we think of
F as a set of features of interest, then the IPM characterizes expected disagreements in those
features and summarizes them by the worst-case error. Note that an IPM is in general a pseudo
metric and becomes a metric if and only if the function class F separates two distributions, i.e.,
Ex~p[f(X)] # Ey~q[f(Y)] for some f € F [Miiller, 1997]. As in goodness-of-fit testing
mentioned above, ensuring the separability is of theoretical interest. Following are examples of

function classes ensuring this condition:

L. F=A{f:|[fllo < 1}, where || f|loc = sup,ex|f(z)|. This choice yields the total

variation metric.

2. F = {l(_ocy : t € R}, where X = R and 14 denotes the indicator function of a set
A. The corresponding distance dr is called the Kolmogorov metric . The Kolmogorov
metric characterizes the maximum discrepancy between cumulative distribution functions

and is used for the Kolmogorov-Smirnov test [Kolmogorov, 1933, Smirnov, 1948]

3. F=A{f : Iflloo + Ifll. < 13, where || fl|r, = sup,, | f(z) = f(y)|/d(z,y) and d is a
metric on X (so that A" is a metric space). The dr is known as the bounded-Lipschitz

metric (or the Dudley metric) [Dudley, 2002, Chapter 11]. The Dudley metric is known to
metrize weak convergence (or narrow convergence) [Dudley, 2002, Section 11.3]. Here,
the weak convergence of a sequence of probability measures { P;, P, . .. } is defined as
having [ fdP, — [ fdP for any continuous bounded function f.

Despite well-understood theoretical properties, not all IPMs are suitable to statistical applications.
IPMs may not admit computable forms due to the optimization formulation and may also be
challenging to estimate [Sriperumbudur et al., 2010]. For example, for two distributions on
RP, the Dudley metric above may be estimated using samples; however, the convergence rate
depends on D and can be slow for a large D [Sriperumbudur et al., 2012].

An IPM can be constructed using an RKHS to overcome these challenges. The maximum
mean discrepancy (MMD) [Gretton et al., 2006, 2012a] is an IPM defined by the unit ball in an
RKHS H, :

MMD(P, Q) = W [Ex~p[f(X)] = Ey~q[f(Y)]]-

An attractive property of the MMD is that it admits a closed-form expression. If P,Q € P,
one can show that the MMD is given by their mean embeddings: the supremum is attained by a

function f* o pp — g, yielding
MMD(P, Q) = [lup = pQli,- (2.2)

The optimal function f* is called the witness function [Gretton et al., 2012a, Section 2.3]. The



22 CHAPTER 2. BACKGROUND

MMD uses the RKHS norm to measure the departure of the witness f* from zero. A different
norm gives rise to a different discrepancy [Chwialkowski et al., 2015, Jitkrittum et al., 2016];

we will see this in Chapter 5.

A distinctive property of the MMD is that it admits tractable and well-studied estimators.
The expression (2.2) leads to a closed-form solution involving kernel expectations [Gretton
et al., 2012a, Lemma 6]

MMD?(P, Q) = Ex x'~pepk(X, X)] + Eyyqeqk(Y,Y")] (2.3)
—2Ex y~poqlk(X,Y)] ,
where X ® Y ~ P; ® P> means that X and Y are independent and X ~ P;, Y ~ P5. Given

mutually independent samples {x; }!" ; i pand {vi}i™, b @, we can estimate the squared
MMD with a two-sample U-statistic [Hoeffding, 1948, Kowalski and Tu, 2007, p. 131]

) Z ngll’xll’yﬂ’yjz)

J1 <g2 11<12

MMD2(P R)

with
1
Uz, 2y, y) = k(z,2') + k(y,y') — k(@ y) + k(z, y)+ k(' y) + k(L y)}

Note that this statistic is equal to the unbiased estimator of Gretton et al. [2012a, Eq. 3].
Alternatively, one can estimate the MMD using a V-statistic [von Mises, 1947]

MMD?(Py, Q) = Z k(i ;) ZZk i, Y5) % > ki yy),

3,j=1 i=1 j=1 i,j=1

where P, = n~ 130 8y, Q= mT! > ik, 8y, and , denotes the Dirac measure having
unit mass at . Note that these two estimators are asymptotically equivalent. In fact, when the
kernel is bounded or translation invariant (i.e., k(z,y) = ¢(x — y) for some function ¢), then
their difference decays at a rate of O(m~! 4+ n~1). Moreover, it is known that the V-statistic
estimator achieves \/'nm -consistency at a rate independent of D for bounded kernels
[Sriperumbudur et al., 2012, Corollary 3.5].

The MMD is a metric on probability measures if the kernel function is characteristic.
A kernel k is characteristic if and only if the mean map P — pup(-) = Ex.plk(X,-)] is
injective [Fukumizu et al., 2004, Sriperumbudur et al., 2010]. It is easy to see that the MMD’s
separability follows from the expression (2.2). Examples of characteristic kernels are the
exponentiated quadratic kernel k(z,y) = exp(—||z — y||3/2A?) for any A > 0 and the Matérn
class kernels [Matérn, 1986, Stein, 1999]; see Sriperumbudur et al. [2010] for other examples.
It can intuitively be understood that the RKHS defined by a characteristic kernel is rich enough
to distinguish any two distributions. An obvious example of non-characteristic kernels is the
linear kernel k(z,y) = (x,y), as the mean embedding of P simply becomes the mean of P; in
this case, the MMD is only informative of the mean difference (the RKHS consists of linear

functions). A concept related to the richness of an RKHS is that of universality introduced in the
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previous section. The relation between characteristic and universal kernels has been investigated
by Sriperumbudur et al. [2011]. For example, for bounded continuous translation-invariant
kernels on R” (such as the aforementioned two characteristic kernels), Cp-universality and

characteristicness are equivalent [Sriperumbudur et al., 2011, Section 4.3].

2.3 Stein’s method and Stein discrepancies

Stein’s method is a technique to compare distributions, introduced in the seminal paper by Stein
[1972]. Stein’s method provides a characterization of probability distributions and enables us
to upper bound an IPM. This section serves as a brief introduction to the subject. We refer the
reader to the expository papers by Ross [2011] and Anastasiou et al. [2021] for more detailed
descriptions of the technique; the latter reference also provides an overview of applications in
computational statistics.

A starting point of Stein’s method is identifying an operator characterizing a probability
distribution. Formally, for a distribution P on X, let Tp be a linear operator that acts on a set
G(Tp) of functions on X such that

Ex~p[Tpg(X)] = 0 for each g € G(Tp). (2.4)

Such an operator 7p and a set G(7p) are respectively called a Stein operator and a Stein set; the
identity of the form (2.4) is known as Stein’s identity. For simplicity, we assume that Tpg is a
real-valued function in the following.

Using a Stein operator of P, one can measure the dissimilarity between () and P by
examining the deviation of the expectation Ex g [7pg(X)] from zero, where g € G(Tp).

Following this idea, for any subset G C G(7p), one can construct a discrepancy measure

§(Q.Tp.9) = sup[Ex-q[Trg(X)]| (2.5)
This worst-case discrepancy measure is called a Stein discrepancy, introduced by Gorham and
Mackey [2015] (the term usage differs from Ledoux et al. [2015]). Remarkably, by choosing an
appropriate Stein operator and a Stein set, one can construct a computable Stein discrepancy
[Gorham and Mackey, 2015, Chwialkowski et al., 2016, Liu et al., 2016, Oates et al., 2017,
Gorham et al., 2019].

This thesis builds on a class of computable Stein discrepancies, the kernel Stein discrepancy
(KSD) [Chwialkowski et al., 2016, Liu et al., 2016, Oates et al., 2017]. This section aims
to provide an overview of the idea and thus only describes an informal description of the
KSD; see Chapter 3 for its rigorous construction. The KSD is an instance of the MMD; it is
similarly constructed by specifying the Stein set G to be the unit ball B; () of an RKHS. As
we have seen in Section 2.1, an RKHS function g is a linear function of the canonical feature

vz = k(z,-). As a Stein operator Tp is a linear operator, we informally obtain

Trg(x) = Tp(g, ¢z) = (9, TP¥z)-
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This relation implies that the Stein-modified function 7pg(x) is a linear function of the modified

feature Tp(,.. This feature induces a new kernel function,

hP(l', y) = <7338017 73390y>7

and Tpg(x) is an element of the RKHS determined by % p. In particular, we have Ex . p[hp(X,y)] =
0 for each y € X, and that all elements of the RKHS has zero-mean under the target P (under
appropriate conditions). This viewpoint turns the KSD S(Q, Tp, Bi(H},)) into a special MMD

defined by kernel h p, resulting in a closed-form expression:
KSD (P[|Q)? = Ex x/~geq [hr(X, X")].

As with the MMD, if h p is possible to evaluate, the KSD admits tractable estimators. In contrast
to the MMD, the KSD does not involve integrals with respect to the target P. This feature is
particularly useful when sampling from P is challenging; an example of this situation is where
the target is defined by a density with an unknown normalizing constant. Chapter 3 introduces a
KSD that deals with this class of distributions.
Stein discrepancies and IPMs are closely related. The key to connecting these is the Stein
equation
Trgs = f — Ex~p[f(X)], (2.6)

where f is a function of interest, and g5 € G(7p) is a solution to the Stein equation (2.6). The
existence of a solution depends on the properties of the test function f and the operator 7p. If

we can take expectations, then we obtain

Ey~olf (V)] = Ex~p[f(X)] = Ey~q[Trgs(Y)].

For a function class F, this relation yields

sup |Ey~q[f(Y)] — Ex~plf(X)]| = sup |Ey~q[Trg(Y)]]|, 2.7

feF 9€GF
where Gr = {gy : f € F} is the set of solutions to the Stein equation. The key point of Stein’s
method is that the study of the IPM dz(P, Q) can be reduced to the evaluation of the Stein
discrepancy on the RHS of (2.7). The evaluation is typically performed by upper bounding the
Stein discrepancy, as a solution gy to the Stein equation is often not explicit and only known
up to some regularity properties. By Stein’s method, in Chapter 6, we obtain a upper bound on
the IPM defined by a class of pseudo-Lipschitz functions; the upper bound is given by a kernel

Stein discrepancy.



Chapter 3

Comparing latent variable models
using the kernel Stein
discrepancy — Part 1

Summary We propose a kernel-based nonparametric test of relative goodness of fit, where the
goal is to compare two models, both of which may have unobserved latent variables, such that
the marginal distribution of the observed variables is intractable. The proposed test generalizes
the recently proposed kernel Stein discrepancy (KSD) tests [Chwialkowski et al., 2016, Liu
et al., 2016, Yang et al., 2018] to the case of latent variable models, a much more general class
than the fully observed models treated previously. The new test, with a properly calibrated
threshold, has a well-controlled type-I error. In the case of certain models with low-dimensional
latent structure and high-dimensional observations, our test significantly outperforms the relative
Maximum Mean Discrepancy test, which is based on samples from the models and does not

exploit the latent structure.

3.1 Introduction

A major approach to statistical modeling is the use of variables representing quantities that are
unobserved but thought to underlie the observed data: well-known instances include probabilistic
PCA [Roweis, 1997, Tipping and Bishop, 1999], factor analysis [see, e.g., Basilevsky, 1994],
mixture models [see, e.g., Gilks et al., 1995], topic models for text [Blei et al., 2003], and hidden
Markov models (HMMs) [Rabiner, 1989]. The hidden structure in these generative models
serves multiple purposes: it allows interpretability and understanding of model features (e.g.,
the topic proportions in a latent Dirichlet allocation (LDA) model of text), and it facilitates
modeling by leveraging simple low-dimensional dynamics of phenomena observed in high
dimensions (e.g., HMMs with a low dimensional hidden state). Statistical modelers ultimately
use such models to reason about the data; to guarantee the validity of the inference, modelers
desire to choose accurate models and therefore are in need of model diagnostics.

This chapter addresses the problem of evaluating and comparing generative probabilistic

25
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models, in cases where the models have a latent variable structure, and the marginals over the
observed data are intractable. In this scenario, one strategy for evaluating a generative model
is to draw samples from it and to compare these samples to the modeled data using a two-
sample test: for instance, Lloyd and Ghahramani [2015] use a test based on the maximum mean
discrepancy (MMD) [Gretton et al., 2012a]. This approach has two disadvantages, however: it
is not computationally efficient due to the sampling step, and it does not take advantage of the
information that the model supplies, for instance the dependence relations among the variables.

Recently, an alternative model evaluation strategy based on Stein’s method [Stein, 1972,
Chen, 1975, Stein, 1986, Barbour, 1988, Gotze, 1991] has been proposed, which directly em-
ploys a closed-form expression for the unnormalized model. Stein’s method is a technique from
probability theory developed to prove central limit theorems with explicit rates of convergence
[see, e.g., Ross, 2011]. The core of Stein’s method is that it characterizes a distribution with a
Stein operator, which, when applied to a function, causes the expectation of the function to be
zero under the distribution. For our purposes, we will use the result that a model-specific Stein
operator may be defined, to construct a measure of the model’s discrepancy. Notably, Stein
operators may be obtained without computing the normalizing constant.

Stein operators have been used to design integral probability metrics (IPMs) [Miiller, 1997]
to test the goodness of fit of models. IPMs specify a witness function which has a large difference
in expectation under the sample and model, thereby revealing the difference between the two.
When a Stein operator is applied to the IPM function class, the expectation under the model
is zero, leaving only the expectation under the sample. A Stein-modified /2> Sobolev ball
was used as the witness function class in [Gorham and Mackey, 2015, Gorham et al., 2019].
Subsequent work in [Chwialkowski et al., 2016, Liu et al., 2016, Gorham and Mackey, 2017]
used as the witness function class a Stein-transformed reproducing kernel Hilbert ball, as
introduced by Oates et al. [2017]: the resulting goodness-of-fit statistic is known as the kernel
Stein discrepancy (KSD). Conditions for using the KSD in convergence detection were obtained
by Gorham and Mackey [2017]. While the foregoing work applies in continuous domains, the
approach may also be used for models on a finite domain, where Stein operators [Ranganath
et al., 2016, Yang et al., 2018, Bresler and Nagaraj, 2019, Reinert and Ross, 2019, Hodgkinson
et al., 2020, Shi et al., 2022] and associated goodness-of-fit tests [ Yang et al., 2018] have been
established. Note that it is also possible to use Stein operators to construct feature dictionaries
for comparing models, rather than using an IPM: examples include a test based on Stein features
constructed in the sample space so as to maximize test power [Jitkrittum et al., 2017b, 2018]
and a test based on Stein-transformed random features [Huggins and Mackey, 2018]. While the
aforementioned tests address simple hypotheses, composite tests that use Stein characterizations
have been proposed for specific parametric families including gamma [Henze et al., 2012, Betsch
and Ebner, 2019c] and normal distributions [Betsch and Ebner, 2019b, Henze and Visagie,
2019], and general univariate parametric families [Betsch and Ebner, 2019a] (note that these
tests are not based on IPMs).

While an absolute test of goodness of fit may be desirable for models of simple phenomena,
it will often be the case that in complex domains, no model will fit the data perfectly. In this

setting, it is more constructive to ask which model fits better, either within a class of models
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or in comparing different model classes. A likelihood ratio test would be an alternative choice
for this task, since it is the uniformly most powerful test [Lehmann and Romano, 2005], but
this would require the normalizing constants for both models. A purely sample-based relative
goodness of fit test was proposed by Bounliphone et al. [2016], based on comparing maximum
mean discrepancies between the samples from two rival models with a reference real-world
sample. A second relative test was proposed by Jitkrittum et al. [2018], generalizing Jitkrittum
et al. [2017b] and learning the Stein features for which each model outperforms the other.

A major limitation of the foregoing Stein tests is that they all require the likelihood in closed
form, up to normalization: if latent variables are present, they must be explicitly marginalized
out. While certain previous works on Stein’s method for model comparison did account for
the presence of latent variables, they did so by explicitly marginalizing over these variables in
closed form. Two examples are the Gaussian mixtures studied by Gorham et al. [2019] and the
Gaussian-Bernoulli restricted Boltzmann machine studied by Liu et al. [2016, Section 6], where
there are a small number of hidden binary variables. In many cases of interest, this closed-form
marginalization is not possible.

In the present work, we introduce a relative goodness-of-fit test for latent variable models,
which does not require exact evaluation of the unnormalized observed-data marginals. Our test
compares models by computing approximate kernel Stein discrepancies, where we represent the
distributions over the latent variables by samples. Our approach differs from Bayesian model
selection [Jeffreys, 1961, Schwarz, 1978, Kass and Raftery, 1995, Watanabe, 2013] in which
posterior odds (or Bayes factors) are reported. As in our proposed test, these quantities can be
computed using Monte Carlo techniques [see, e.g., Friel and Wyse, 2012, for a review], but they
do not come with calibrated thresholds to control false rejection rates. Our interest is in the fit of
models, measured in kernel Stein discrepancy, and in the associated frequentist test of relative
goodness of fit. Additionally, in contrast to the aforementioned quantities, our discrepancy
measure does not require the likelihood function to be normalized (see Section 3.3).

We recall the Stein operator and kernel Stein discrepancy in Section 3.2, and the notion of
relative tests in Section 3.3. Our main theoretical contributions, also in Section 3.3, are two-fold:
first, we derive an appropriate test threshold to account for the randomness in the test statistic
caused by sampling the latent variables. Second, we provide guarantees that the resulting test
has the correct Type-I level (i.e., that the rate of false positives is properly controlled) and that
the test is consistent under the alternative: the number of false negatives drops to zero as we
observe more data. Finally, in Section 3.4, we demonstrate our relative test of goodness-of-fit
on a variety of latent variable models. Our main point of comparison is the relative MMD test
[Bounliphone et al., 2016], where we sample from each model. We demonstrate that the relative
Stein test outperforms the relative MMD test in the particular case where the low dimensional

structure of the latent variables can be exploited.

3.2 The kernel Stein discrepancy and latent variable models

In this section, we recall the definition of the Stein operator as used in goodness-of-fit testing, as

well as the kernel Stein discrepancy, a measure of goodness-of-fit based on this operator. We
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will then introduce latent variable models, which will bring us to the setting of relative goodness

of fit with competing models in Section 3.3.

Before proceeding, we call attention to our setting: in this chapter, we treat both continuous-
and discrete-valued observations, as formally defined at the outset of Section 3.2.1. It is our
intention to study these two data modalities as they admit the same treatment. The subsequent
definitions and analysis of our test are independent of whether a continuous or discrete Stein
operator is used, besides in experiments concerning discrete-valued observations. Thus, the
detail about discrete models in Section 3.2.1 may be initially skipped if desired.

3.2.1 Stein operators and the kernel Stein discrepancy

Let X be the space in which the data takes values; for D > 1, the space X is either the Euclidean
space R” or a finite lattice {0, ..., L — 1}? for some L > 1. Depending on X', we shall assume
that the densities below are all defined with respect to the Lebesgue measure or the counting

measure; i.e., the term density includes probability mass functions (pmfs).

Continuous-valued observations. Suppose that we are given data {x;}]" ; R from
an unknown distribution R, and we wish to test the goodness of fit of a model P. We first
consider the case where the probability distributions P, R are defined on R” and have respective
probability densities p, r, where all density functions considered in this chapter are assumed
strictly positive and continuously differentiable. We treat the case of densities defined on
bounded domains in the supplement, Section 3.A. For differentiable density functions, we define

the score function,

Vp(z)
s,(z) e RP = = Vlogp(x),
(@) o (x)
where the gradient operatoris V := [0y, . . ., 8D]T . The score is independent of the normalizing

constant for p, making it computable even when p is known only up to normalization. Using
this score, we define the Langevin Stein operator on a space F of differentiable functions from
RP to RP [Gorham and Mackey, 2015, Oates et al., 2017],

[Tef](z) = (sp(x), f(2)) +(V, f(x)), [feF.

A kernel discrepancy may be defined based on the Stein operator [Chwialkowski et al.,
2016, Liu et al., 2016, Gorham and Mackey, 2017], which allows us to measure the departure
of a distribution R from a model P. We define F to be a space comprised of D-dimensional
vectors of functions f = (f1,... fp) where the d-th function f; is in a reproducing kernel
Hilbert space (RKHS) [Aronszajn, 1950, Steinwart and Christmann, 2008, Definition 4.18] with
a positive definite kernel k(-, -) : X x X — R (we use the same kernel for each dimension). The
inner product on F is (f, g) r := ZdD:l (fd,94) 7, » and Fy denotes an RKHS of real-valued

functions with kernel k.
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The (Langevin) kernel Stein discrepancy (KSD) between P and R is defined as

KSD (P||R) = ||f7\l1p<1 |EenrTpf(z) — Eyu pTrf(y)l- (3.1

Under appropriate conditions on the kernel and measure P, the expectation E,.pTp f(y) =0
for any f € F. To ensure this property, we will require that & € C(1:1), the set of continuous
functions on X x X with continuous first derivatives and that E,p [||s,(y)|l,] < oo with |||
the Euclidean norm. We further assume that the following tail condition holds outside a bounded
set : p(z)\/k(z, z) < C||z||3 for some constants C' > 0 and § > D — 1 [see the clarification
by South et al., 2021, p.12, on the tail condition for the Stein’s identity]. With the vanishing
expectation By p7p f(y) = 0, the KSD reduces to KSD (P||R) = supy s <1 [Ec~rTP f(2)].
The use of an RKHS as the function class yields a closed form expression of the discrepancy by
the kernel trick [Chwialkowski et al., 2016, Gorham and Mackey, 2017, Proposition 2],

KSD? (P||R) = By aimrer|hp(z, )],

if By r[hy(z, 2)/?] < co. Here, the symbol R ® R denotes the product measure of two copies
of R (so x and z’ are independent random variables identically distributed with the law R). The
function h,, (called a Stein kernel) is expressed in terms of the RKHS kernel & and the score

function s,
hyp(z,2") = sp(x) "sp(zVk(z, ') + s, (2) ki (2!, ) + sp(2”) "1 (z,2") + Era(z, 2'),
where we have defined

kl (a, b) = v:ck(x; x/)’r:a,x’:by
kl?(a7 b) = V;crvx’k(x7 x,> ‘x:a,x’:b'

For a given i.i.d. sample {z;}" ; ~ R, the discrepancy has a simple closed-form finite sample
estimate, )

KSD? (P||R) ~ mth(xi,mj), (3.2)

i#]

which is a U-statistic [Hoeffding, 1948]. When the kernel is integrally strictly positive def-
inite (ISPD) [Sriperumbudur et al., 2011, Section 2], and R admits a density 7 that satisfies
Ezwr ||V1og(p(x)/r(x))||, < oo, we have that KSD (P||R) = 0iff P = R [Barp etal., 2019,
Proposition 1]. The earlier results of Chwialkowski et al. [2016] and Liu et al. [2016] require
more stringent integrability conditions. Gorham and Mackey [2017, Theorem 7] showed that
KSD can distinguish any Borel measure R from P by assuming conditions such as distant
dissipativity (satisfied by finite Gaussian mixtures) [Gorham et al., 2019, Section 3]. However,
such conditions may be difficult to validate for latent variable models. Thus, hereafter, we

assume the former condition on the data distribution R.
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Discrete-valued observations. We next recall the kernel Stein discrepancy in the discrete
setting where distributions are defined on X = {0,..., L — 1}? with L > 1, as introduced
by Yang et al. [2018]. In place of derivatives, we specify Ay as the cyclic forward difference

w.rt. k-th coordinate: Apf(z) = f(zb,...,2% ..., 2P) — f(z',..., 2%, ... 2P) where
#* = 2¥ 41 mod L, with the corresponding vector-valued operator A = (Ay,...,Ap). The
inverse operator A ! is given by the backward difference A, ' f(z) = f(2,... 2%, ... 2P)—
f(zt, ..., 7% ..., 2P), where zF = ¥ —1 mod L,and A~ = (Afl, .. ,ABl). The score is

then s, () = p(x) "1 Ap(z), where it is assumed that the pmf is strictly positive (i.e., it is never
zero). The difference Stein operator is then defined as Ap f(x) = tr [f(ac)sp(m)—r + A f ()],
where it can be shown that E,.p[Apf(z)] = 0 [Yang et al., 2018, Theorem 2] (note that we
include a trace for consistency with the continuous case—this does not affect the test statistic
[Yang et al., 2018, Eq. 10]). We have defined the Stein operator and the score function slightly
differently from Yang et al. [2018]; the change is only in their signs, but this results in the same
discrepancy. The difference Stein operator is not the only allowable Stein operator on discrete
spaces: other alternatives are given by Yang et al. [2018, Theorem 3], Hodgkinson et al. [2020],
and Shi et al. [2022]. Although we focus on the Stein operator above, in practice, one might
want to consider different Stein operators depending on the application. For instance, the score
function s, can be numerically unstable, as it contains the reciprocal 1/p(z); this can occur
when the support of the model is severely mismatched to that of the data. In this particular case,
one might choose the Barker-Stein operator proposed by Shi et al. [2022], an instance of the
Zanella-Stein operator of Hodgkinson et al. [2020, Example 2]. See Appendix 3.B for details.
We compare this operator to the difference operator in an experiment where this mismatch
occurs (Section 3.4.3.3).

As in the continuous case, the KSD can be defined as an IPM, given a suitable choice of repro-
ducing kernel Hilbert space for the discrete domain. An example of kernel is the exponentiated
Hamming kernel, k(z,2') = exp (—dg (z,2')), where dg (z,2') = D10 T(xd # /9).
The population KSD is again given by the expectation of the Stein kernel, KSD? (P||R) =
E(z,2/)~rRar[Mp(T, )], where hy, is defined as

hy(z,2") = sp(x)Tsp(x’)k(a:, 2') + sp(x)Tkzl(x', x) + Sp(:L'/)Tkl(.%', ') + kio(z, 2'),

and the kernel gradient is replaced by the inverse difference operator, e.g., ki(z,2') =
A7 k(x, "), where ALl indicates that the operator A~! is applied with respect to the ar-
gument . From Yang et al. [2018, Lemma 8], we have that KSD (P||R) = 0 iff P = R, under
the conditions that the probability mass functions for P and R are positive and that the Gram
matrix defined over all the configurations in X is strictly positive definite (i.e., the kernel is
integrally strictly positive definite). One can define a kernel satisfying the required condition,
for example, by embedding X’ into R“* P with one-hot encoding and using a Taylor-type kernel

such as the exponentiated quadratic kernel [Christmann and Steinwart, 2010, Theorem 2.2].
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3.2.2 Kernel Stein discrepancies of latent variable models

Our objective is to use the KSD to evaluate latent variable models, and here we formally specify
our target model class. Let Lyz = {p(:|z) : 2 € Z} be a family of probability density
functions on X (called likelihood functions), which are indexed by elements of a set Z. A latent
variable model P is specified by such a family £y z and a (prior) probability measure Pz over
Z. The combination of these defines the marginal density function p(z) = [ p(z|z)dPz(z)
and the posterior distribution Pz (dz|x) = {p(z|z)/p(x)}Pz(dz); The dlstrlbutlon P induced
by the former acts as a model of the distribution R underlying the observation, and the latter

enables us to draw an inference over the unobserved variable.

Remark 3.1. In our notation, the variable z can represent multiple latent variables. The likelihood
p(z|z) often contains parameters, but the dependency on these is suppressed here. If a prior
is defined on a parameter, we may treat it as a latent variable; this consideration is relevant
to predictive distributions. The likelihood and the prior in a model may be conditioned on
some fixed data (i.e., they can be posterior predictive distributions), which we require to be
independent of the data used for testing — in such a case, we omit the dependency on the held-out

data. For examples, we refer the reader to Section 3.4.

The definition of the KSD remains the same for latent variable models, but an additional
difficulty arises in its estimation. Unfortunately the U-statistic estimator given in (3.2) requires
the score function of the marginal p, which is challenging to obtain due to the intractability
of marginalizing out the latent variable. We will address this challenge by rewriting the score
function in terms of the posterior distribution of the latent. In the following, we focus on
continuous variable models, but the same conclusion holds for discrete counterparts by replacing
gradient operation with cyclic differences.

Under a regularity condition, the score function can be expressed as

sp(e) = Bz [sp(22)], (3.3)

where s,,(|2) is the score function of the conditional p(x|2); i.e., sp(z]2) = p(z]2) " V.p(z|2)

for continuous-valued x. The reasoning is as follows:

pr( ) _
p(x

/pr x|z)dPz(2)

/pr (z]2) p(z]2)dPz(2)
p(x)

= Ez|x[sp(m|z)]7

where we have assumed the exchangeability of differentiation and integration: V,p(z) =
| Vap(x|2)dPz(z). The identity (3.3) is an analogue of Fisher’s identity [Fisher, 1925, Demp-
ster et al., 1977], which pertinently formed the basis for Stein control variate methodology
in [Friel et al., 2016] and Bayesian model selection with Hyvirinen score [Dawid and Mu-
sio, 2015, Shao et al., 2019]. Note that the conditional score s, (z|z) is typically possible to
evaluate. For example, consider the following simple form of an exponential family density
p(z]2) o exp(T(x)n(z)) defined on RP with T'(z) : R? — Rand n : Z — R; for this
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density, s, (z|z) = 7(2)V,T'(x). As can be seen in this example, the normalizing constant of
the likelihood p(z|z) is not required.
With this identity, the KSD is rewritten as follows.

Lemma 3.2. Let

Hy(x,2), (', 2)] = sp(xl2) "sp(a[)k(, 2') + sp(x]2) ka2, 2)

+k NT 1ot / (G.4)
1z, 2")  sp(2|2") + kia(z, 2').

Assume B, .\ o .1 rerl Hpl(2: 2), (', 2)]| < oo with the joint distribution R(d(z,z)) =
Py (dz|x)R(dx). If the formula (3.3) holds, then,

KSD2 (PHR) :E(x,z),(m/,z’)~R®RHp[(l‘, Z)> ($/, Z/)]-

Proof. Substituting the formula (3.3) in the definition of KSD gives the required equation by
the Tonelli-Fubini theorem. 0

Remark 3.3. The integrability assumption holds trivially if the input space X is finite, while
care needs to be taken otherwise. The condition can be checked by examining the absolute
integrability of each term in (3.4). The integrability assumption on the fourth term is mild, and
is satisfied by common kernels, e.g., the exponentiated quadratic or the inverse multi-quadratic
kernels. The condition on the other terms needs to be checked on a model-by-model basis. It
can be shown that the example models in Section 3.4 satisfy the assumption (please see Section

3.C in the supplementary material for details).

The new KSD expression is an expectation of a computable symmetric kernel, and con-
structing an unbiased estimate is straightforward once we obtain a sample. In practice, when the
model is complex, sampling from the posterior distribution generally requires simulation, as the
posterior is not available in closed form. Therefore, we propose to approximate the expectation
by Markov Chain Monte Carlo (MCMC) methods and construct an approximate U-statistic
®) _ (Z(t) O

= Fi1s

estimator as follows. Let z; ) 2m) € Z™ be a latent sample of size m drawn
by an MCMC method having Pz(-|z;) as its invariant measure after ¢ burn-in iterations. Let
sp(zilzt”) = L S sp(:ci\zi(?). Given a joint sample { (z;,2.”) }i |, we estimate the KSD

7
by

1 4 t t
i#j
where
Hy[(202"), (27,27)] = 8p(il2") T, (212 k(i 25) + Sp(il2?) Tk (25, 20)
+ k(@i ) Sp(aglal) + ko, z),

and the sum is taken over all distinct sample pairs. If Pg) (dz|z) denotes the distribution of
an MCMC sample z() = (ZY), ... ,zﬁ,?), then this estimator is indeed a U-statistic, but its
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expectation is that of kernel H,, with respect to Pg) (dz|z)R(dz) instead of Pz(dz|z)R(dx).
Thus, the estimator is biased against the target estimand, the model’s KSD, for a finite burn-in
period ¢, and can therefore be seen an approximation to the true U-statistic U,(LOO). Designing a
statistical test requires understanding the behavior of the statistic (3.5), and we will provide its
analysis in the next section. Although we focus on MCMC for its approximate unbiasedness in
our proposed test, different posterior approximations may be considered in other applications;
for example, with a more computationally efficient approach (e.g., variational approximation),
the new KSD expression in Lemma 3.2 might allow us to consider parameter estimation for

unnormalized statistical models with latent variables [Barp et al., 2019].

3.3 A relative goodness-of-fit test

We now address the setting of statistical testing for model comparison. We begin this section
with our problem settings and notation, and then define a test by showing the asymptotic

normality of approximate U-statistics.

3.3.1 Problem setup

We consider the case where we have two latent variable models P and (), and we wish to
determine which is a closer approximation of the distribution R generating our data {z;}}" ;.
The respective density functions of the models are given by the integrals p(z) = [ p(x|z)dPz(z)
and ¢(z) = [ q(z|w)dQw (w). As with P, the latent variable w is assumed to take values in a
set YW with prior Q. We assume that p(x) and ¢(x) cannot be tractably evaluated, even up to
their normalizing constants. Our goal is to determine the relative goodness-of-fit of the models
by comparing each model’s discrepancy from the data distribution. Our problem is formulated

as the following hypothesis test:

Hy : KSD (P||R) < KSD (Q||R) (null hypothesis),
Hy : KSD (P||R) > KSD (Q||R) (alternative).

(3.6)

In other words, the null hypothesis is that the fit of P to R (in terms of KSD) is as good as @,
or better. Note that the KSD in (3.6) is defined by a particular reproducing kernel, and thus
different kernels yield distinct hypotheses. For kernel selection, we refer the reader to Section
3.34.

We next provide an overview of the formal assumptions made throughout this chapter.
Let (2, S,1I) be a probability space, where € is a sample space, S is a o-algebra, and IT is a
(t)

probability measure. All random variables (for example, data points x; and draws z,; ’ from
a Markov chain sampler) are understood as measurable functions from the sample space 2.
The input space X is equipped with the Borel o-algebra generated by its standard topology.
We assume that Z, V¥ are Polish spaces with the Borel o-algebras defined by their respective
topologies, on which the priors Pz, Qyy are defined. Finally, we require that the two models

are distinct; i.e., their marginal densities disagree on a set of positive R-measure.
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3.3.2 Estimating kernel Stein discrepancies of latent variable models

The hypotheses in (3.6) can be equally stated in terms of the difference of the (squared) KSDs,
KSD? (P||R) — KSD? (Q|| R) , which motivates us to design a test statistic by estimating each
term. Let U,\" (P,Q) = Ut (P)— 9 (@) be the difference of KSD estimates, where, U (Q)
is defined as for U\’ (P) in (3.5). Note that U,(f)(P, Q) is an approximate U-statistic (in the
sense of the final paragraph in Section 3.2.2) defined by the difference kernel

Hyq((z,2,w), (', 2", W) = Hp[(2,2), (2, 2)] = Hy(z, W), (', w')]

()

evaluated on the joint sample { (:c,, z, , W,

) }:.L:l. The statistic takes as input random variables
with evolving laws, and defining a test require us to understand the behavior of such statistics.
This section delivers an analysis in a general setting.

We first characterize the asymptotic distribution of an approximate U-statistic. The following
theorem shows that such a statistic is asymptotically normal around the expectation of the true
U-statistic provided its bias vanishes fast.

Theorem 3.4 (Asymptotic normality). Let {~y;}72, be a sequence of Borel probability measures
on a Polish space Y and v be another Borel probability measure. Let {Yi(t) }?:1 L Ve, and
for a symmetric function h : Y x Y — R, define a U-statistic and its mean by

Ul = Zh » 0t = E(v,y ) MY, Y],
Z#J

Let 0 = Eiyyneyay [R(Y,Y')]. Let vy = E(yy i)y, 0v, [[ﬁt(Y, Y’)\?’} e with hy = h — 6y,
and assume lim sup,_,., vy < 0o. Assume that o} = 4Vary ., [Ey ., [A(Y,Y")]] converges
to a constant o*. Assume that we have the double limit /n(0; — 0) — 0; i.e., for any ¢ > 0,
there exists N > 1 such that \/n(0; — 0) < e for any n,t > N. Then, if o > 0, we have

vn (Uét) — (9) g>./\/'(O,G2) asn,t — oo,

where % denotes convergence in distribution. In the case o0 = 0, \/ﬁ(UT(Lt) —6) = 0in
probability.

The proof is in Section 3.6 in the supplement. Note that in the preceding and following
results, the limit of n and ¢ is taken simultaneously rather than sequentially, such that the
condition y/n(f; — ) — 0 holds: see discussion below and in Section 3.3.3. By letting

(t) ( Z®) (t))

T, 2, , and h = H,, , in the foregoing theorem, we obtain the same conclusion
for the difference estimate U’ (P Q).

The asymptotic normality allows us to define a test procedure. Theorem 3.4 involves
unknown variance 02, however; in order to construct a test, we need to be able to estimate it

consistently. For our test, we propose to use the following jackknife variance estimator

TS (08, ~up)’ (3.7)

i=1
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where Uq(f) is defined as in Theorem 3.4, and U ff{ ; the U-statistic computed on the sample with
the ¢-th data point removed. We defer the discussion on this choice until we introduce our test
procedure in Section 3.3.3. Here, we present the required consistency, the proof of which can be

found in Appendix 3.6.2 (see Lemma 3.8).

Lemma 3.5. Define symbols as in Theorem 3.4 and the jackknife variance estimator as in (3.7).
Assume

limsup Ey,y- [h(Y,Y")] < cc.

t—o00

Let 0% = limy_o0 07 where 07 = 4C1 4 = 4Vary ~y, [Eyrery, [M(Y,Y")]] . Then, we have the

double limit E(vm — 02)2 — 0 as n,t — oo. In particular, the limit holds regardless of the

)~ @7t

growth rate of t as a function of n.

We have shown that the jackknife estimator allows consistent estimation of the asymptotic
variance of UT(Lt) (P, @). Using the results obtained in this section, we present our test procedure

in the next section.

3.3.3 Test procedure

We are finally ready to define the test procedure. Recall that our objective is to compare
model discrepancies, which can be accomplished by estimating the difference KSD? (P||R) —
KSD? (Q|| R). The previous section has established the asymptotic normality of the difference
estimate U,gt) (P, Q) and provides a consistent estimator of its asymptotic variance. Therefore,
we define our test statistic to be
t
Ty = ﬁw, (3.8)

On,t

where 0, ; = (vm)l/ 2 with v, the jackknife variance estimator in (3.7) computed using
(1) @

i Wy

the joint sample {(:cz, / i

)}?:1 and kernel h = .F_Ipﬂ. The following property follows
from Theorem 3.4 and Slutsky’s lemma [see e.g., van der Vaart, 2000, p. 13] along with the

consistency of o, ; from Lemma 3.5.

Corollary 3.6. Let ip = KSD? (P||R) — KSD? (Q||R). Let y%t) and yét) be i.i.d. variables;
ygt) represents a copy of random variables (z, z(t),w(t)); the variables z!), w® are draws
from the respective Markov chains of P and ) conditioned on x after t burn-in steps, and
z obeys R (the starting points zV), w() for the two Markov chains are shared). Assume
lim sup;_, o E[an[yg), ygt)]ﬂ < 00. If the assumptions in Theorem 3.4 hold for the statistic
U7(lt) (P, Q) with asymptotic variance J%,’Q > 0, we have \/ﬁ(Uét) (P,Q) — prqQ)/ont 4

N(0,1) asn,t — .

Remark 3.7. Corollary 3.6 holds for any choice of the Markov chain sample size m > 1.
However, in practice, a small value of m leads to large variance of the score estimates S, S, and
hence the test statistic 75, ;, which results in a conservative test. To improve the test’s sensitivity,

we therefore recommend using as large an m as possible.
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Corollary 3.6 leads to the following simple model comparison test (summarized in Algorithm
1): for a given significance level o € (0, 1), we compare the test statistic 77, ; against the (1 — «)-
quantile 71 _,, of the standard normal, and reject the null if 7}, ; exceeds 7. By this design,
under the null hypothesis Hy : pp,g < 0, we have limy, ¢—,00 II(T5, ¢ > T1—o|Ho) < «, and the
test is therefore asymptotically level « for each fixed R satisfying H( [Lehmann and Romano,
2005, Definition 11.1.1]. On the other hand, under any fixed alternative H; : upg > 0,
it follows from /nupg — oo (n — o0) that we have lim,, ;oo (T, ¢ > T1_o|H1) = 1,

indicating that the test is consistent in power.

Algorithm 1: Test procedure

Input: Data {z;}" ;, models P, (), and significance level o

Result: Test the null Hy

/*Form a joint sample {(z;, th), Wgt)) }?:1 */
1 fori < 1tondo

2 Generate m samples z = ( Z( ) zz(?n) after ¢ burn-in steps with an MCMC
algorithm to simulate Pz (dz|z;);
3 Generate m samples W( ) = = (w; (t) e wz(tr)n) after ¢ burn-in steps with an MCMC
algorithm to simulate Qw(dw]xz),
4 end
5 Ti—q < (1 — a)-quantile of (0, 1);
/*Compute test statistic T in equation (3.8) */

6 Compute KSD difference estimate Ut ( . Q);
7 Compute variance estimate vy, ;;
/*Direct computation of T, ; = \/ﬁUr(Lt)(P, Q)/\/Un¢ can be numerically
unstable */

8 if U (P,Q) > (\/tni/ /1) - T1—a then Reject the null Hy ;

We remark that the above analysis will not apply in particular extreme cases, where both
models are identical, or both perfectly match the data distribution. When these occur, then
opg = 0and upg = 0 (note that if u, o # 0, the test statistic diverges as the sample size
increases). Applying our procedure as above to this setting, the normal approximation might
fail to correctly capture the variability of the test statistic, and the type-I error could exceed the
significance level. To detect this failure mode, we would need to independently check that the
two models are not identical, either by inspection or via two-sample testing. A more systematic
treatment could be performed, e.g., by preventing degeneracy using a sample splitting technique
as proposed by Schennach and Wilhelm [2017], and we leave this refinement for future work.

We empirically found that our choice of the variance estimator acted as a safeguard against
the failure mode mentioned above. The jackknife estimator is nonnegative, while individually
estimating the variances and covariance of the two U-statistics might yield a negative estimate.
The jackknife is also known to overestimate the variance [Efron and Stein, 1981], and its use
may result in a more conservative test. This estimator is not the only allowable choice, as the
variance estimation in U-statistics has been extensively studied [for other concrete estimators see,

e.g., Maesono, 1998, and references therein]. In our preliminary analysis, we considered two



3.3. A RELATIVE GOODNESS-OF-FIT TEST 37

other estimators, but the jackknife estimator controlled type-I errors better than these alternatives
in the near degenerate case. For details, we refer the reader to experiments in Sections 3.J.3 and
3.J.4 in the supplement.

The limiting behaviors of the test are only guaranteed when an appropriate double limit is
taken with respect to the burn-in size ¢ and the sample size n. Theorem 3.4 suggests that the
bias of the statistic U.” (P, Q) should decay faster than 1/+/n in the limit of ¢. Our practical
recommendation is to take a burn-in period as long as the computational budget allows; this
heuristic is justified if the bias vanishes as t — co. For KSD? (P||R) and its estimate, the bias

(t) (®)

is due to that of the score estimate s, () = EY alz

Z‘x[ép(x\z)], where E

denotes the expectation
with respect to Pg) (dz |x). If the score’s bias is confirmed to converge to zero, we can check
the bias of the KSD estimate by examining the convergence of E¢, .\ rgrlhpt(2,2')], with
hp+(x,x") a Stein kernel defined by the approximate score Sg . The convergence of sl(,t) can
be established by assuming appropriate conditions on s,(x|z) and the sampler; for instance,
for the exponential family likelihood p(z|z) o exp(T'(z)n(z)), if the natural parameter 7,
is a continuous bounded function, the weak convergence of the sampler implies the desired
convergence (the score s, (x|z) is factorized as 1(z) VT (x)). The quantification of the required
growth rate of ¢ relative to n needs more stringent conditions on the employed MCMC sampler,
which we discuss in the supplement, Section 3.D. Admittedly, it is often not straightforward
to theoretically establish an explicit relation between the growth rates of ¢ and n. We therefore
experimentally evaluate the finite-sample performance of our test in Section 3.4.

The overall computational cost of the proposed test is O{n? + n(t +m)}, assuming that the
cost of sampling a latent is constant. The test statistic in (3.8) requires evaluating the U-statistic
kernel H,, , on all distinct sample pairs. Note that we need to perform this computation only
once if we memoize the evaluated values; in particular, the cost of the variance estimate (3.5) can
be made O(n?) with memoization. Thus, assuming that we have evaluated and stored the score
values {8, (z;]2\"), 5, (w;|w'") }i_ the cost of evaluating the U-statistic kernel is O(n?), but
this operation can be easily parallelized over sample pairs. The additional O{n(t + m)} cost
comes from evaluating the approximate score functions, as it requires running Markov chains
for each data point (see the loop between Lines 1-4 in Algorithm 1). We can improve the
sample-size n dependency in score evaluation by parallelization, since MCMC can be performed

independently over sample points x;.

3.3.4 Kernel choice

A discrepancy measure such as KSD encodes a particular sense of how two distributions differ.
In the case of KSD, the magnitude of this discrepancy is affected not only by evaluated models
but also the choice of a reproducing kernel. Ideally, we should choose a kernel that makes the
KSD reflect the discrepancy of features relevant to the problem at hand. We provide general

guidance on kernel selection as follows:

Continuous observations: As mentioned in Section 3.2, ISPD kernels enable the KSD to
distinguish any two distributions satisfying certain regularity conditions. Of ISPD kernels,

in the light of practical performances reported in prior work in goodness-of-fit testing



38

CHAPTER 3. KSD MODEL COMPARISON

[Gorham and Mackey, 2017] and distribution approximation [Chen et al., 2019, Riabiz
et al., 2021], we advocate for the use of the preconditioned IMQ kernel [Chen et al., 2019]

Ko, 2') = (4 A2 - a)) (39

with A a strictly positive definite matrix, and scalars ¢ > 0 and 0 < 8 < 1; as a default
choice, we recommend to take 5 = 1/2 and ¢ = 1. Following the kernel method literature,
we recommend to choose the pre-conditioner A in a data-dependent way so that the KSD
can capture relevant features of the data. We suggest two default options: the median
heuristic, where A = A\?I with A = median{||lz; — x|l : 1 < i < j < n} and I
the identity matrix; the sample covariance A = Y"1 | (z; — Z)(x; — Z) " /(n — 1) with
T =), x;/n, which should be suitably regularized. Each of these choices has its own
merits, as we illustrate in a simple example with Gaussian distributions in the supplement
(Section 3.F.2). Moreover, in general, the KSD is not invariant to a change of coordinates
representing the data. The above choices partially address this issue, as they ensure that
the KSD is invariant to rotation and displacement [see Section 3.H.2 in the supplement;
Matsubara et al., 2021, Section 5.1] . For continuous observations, we additionally need
to examine the integrability of the Stein kernel to use the KSD expression of Lemma
3.2. To this end, one might want to make an assumption about the tail decay of the data
distribution. The integrability condition can be alternatively enforced by reweighting
the reproducing kernel so that the Stein kernel is uniformly bounded; i.e., for a kernel
k, define a new kernel ky, by ky(z,2") = k(z, 2 )w(x)w(z’) where w : X — (0, 00)
is some decreasing function dominating the growth of the score function. We discuss
how to choose such w in the supplement, Section 3.C. This reweighting might reduce
the sensitivity of the KSD and break the aforementioned property of coordinate-choice

independence, however.

Discrete observations: We have given a condition for a kernel to be ISPD at the end of Section

3.2; e.g., the exponentiated quadratic kernel on one-hot encoding, which can be efficiently
implemented in a sparse tensor format. In general, however, it is challenging to compute
such an ISPD kernel for discrete objects in high-dimensions. Note that ISPD-ness is
only required to distinguish any two distributions. In practice, we only require the KSD
to capture aspects relevant to model evaluation, and might therefore choose a kernel
insensitive to some differences, as long as they represent computationally affordable
alternatives suited to the given problem. An instructive example is testing on distributions
over graphs. Graphs of V nodes can be represented as adjacency matrices that are
elements of {0, 1}V*V. The Dirac delta kernel that examines if two graphs are identical is
an ISPD kernel but computationally intractable (no polynomial algorithm is known). This
notion of graph identification is in practice too restrictive, and therefore one typically uses
kernels that convey other relevant graph properties [see e.g., Borgwardt et al., 2020, for
more details]. We also demonstrate this trade-off in our experiment with latent Dirichlet

allocation models in Section 3.4.3, where we can ignore the sequential structure of the
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data.

Use of multiple kernel functions: As we have seen, there are often multiple choices of the
kernel function, and they might represent distinct features. Our recommendation is to test
the hypotheses corresponding to the kernel choices simultaneously, as it makes evaluation
more rigorous. However, one has to correct for multiple comparisons such as controlling
the family-wise error rate. It should be noted that a correction typically makes the test
more conservative as the number of kernels grows. The user thus needs to control the
number of kernels to be used (e.g., using a handful of values of scale parameter A for the
above IMQ kernel with A = diag(), ..., \)).

Finally, we note that specific kernels can be employed that encode domain-specific expertise in
particular problem settings: for instance, kernels have been defined on groups [Fukumizu et al.,
2008] and graphs [Borgwardt et al., 2020]. KSDs and associated statistical tests can likewise
be defined for certain of these cases [e.g., Xu and Matsuda, 2020]. That being said, it may
sometimes be preferable to favor an MMD with goal-specific features over an omnibus KSD

test.

3.4 Experiments

We evaluate the proposed test (LKSD, hereafter) through simulations. Our goal is to show the
utility of the KSD in model comparison. To this end, we compare our test with the relative MMD
test [Bounliphone et al., 2016], a kernel-based frequentist test that supports a great variety of
latent variable models. Note that this test and ours address different hypotheses, as the MMD and
LKSD tests use different discrepancy measures; it is indeed possible that they reach conflicting
conclusions (e.g., a model is better in terms of KSD but worse in MMD). To align the judgement
of both tests, we construct problems using models with controllable parameters; for a given
class, a reference distribution, from which a sample is drawn, is chosen by fixing the model
parameter; two candidates models are then formed by perturbing the reference’s parameter such
that a larger perturbation yields a worse model for both tests. We show that there are cases
where the MMD fails to detect model differences whereas the KSD succeeds. For completeness,
we provide the detail of our implementation of the MMD test in the supplement (Section 3.E),
since it requires modification to yield satisfactory performance in our setting. Code to reproduce
all the results is available at https://github.com/noukoudashisoup/lkgof.

Following are details shared by the experiments below. All results below are based on 300
trials, except for the experiment in Section 3.4.2 (see the section for details). In the light of the
discussion in Section 3.3, unless specified, the MMD test draws nyogel = m + t samples for
each model so that its cost matches the additional computation afforded to LKSD test, which is
of O{n(m +t)} from MCMC.
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3.4.1 Probabilistic Principal Component Analysis

We first consider a simple model in which the score of its marginal is tractable. This allows
us to separately assess the impact of employing a score function approximation. Probabilistic
Principal Component Analysis (PPCA) models serve this purpose since the marginals are given
by Gaussian distributions. Let X = R” and Z = RP= with 1 < D, < D. A PPCA model
PPCA(A, ) is defined by

p(z|z, A,p) = N(Az,¢*L,), Pz = N(0,1,),

where A € RP*P= [ € RP*P T, ¢ RP=*D= are the identity matrices, 1 is a positive scalar,
and 0 is a vector of zeros. The conditional score function is s,(z|z) = —(z — Az)/¥?. In
particular, the marginal density is given by p(z) = N (0, AAT +21,).

While the posterior in this model is tractable, it is instructive to see how KSD estimation is
performed by MCMC. By using an MCMC method, such as the Metropolis Adjusted Langevin
Algorithm (MALA) [Besag, 1994, Roberts and Tweedie, 1996] or Hamiltonian Monte Carlo
(HMC) [Duane et al., 1987, Neal, 2011], we obtain latent samples z; € Z™ for each x;, which
forms a joint sample {(x;,2;)}}, ; samples z; are used to compute a score estimate at each

point x;,
S ) — A 1 ¢ . 2
Sp($z|zz)—_ T, — <mzlzz,j> /7/}7
j:

and these approximate score values are used to compute the U-statistic estimate in (3.5). By
choosing suitably decaying kernels (Section 3.C), we can guarantee the integrability condition
in Lemma 3.2. The vanishing bias assumption in Theorem 3.4 corresponds to the convergence
in mean, which can be measured by the Kantorovich—Rubinstein distance [Kantorovich, 2006]
(also known as the L'-Wasserstein distance [see, e. g., Villani, 2009, Chapter 6]). Note that the
negative logarithm of the unnormalized posterior density is strongly convex, and its gradient is
Lipschitz; the strong convexity- and Lipschitz constants are independent of x. Therefore, using
HMC for example, by appropriately choosing a duration parameter and a discretization step size,
we can show that the bias of the above score estimate diminishes uniformly over = [Bou-Rabee
et al., 2020].

3.4.1.1 Type-I error and test power

We investigate the finite-sample performance of the proposed test in terms of type-I error and
power rates. We generate data from a PPCA model R = PPCA(A, ). The dimensions of
the observable and the latent are set to D = 100, D, = 10, respectively. Each element of the
weight matrix A is drawn from a uniform distribution U0, 1] and fixed. The variance parameter
1 is set to 1. As PPCA models have tractable marginals, we also compare our test with the KSD
test using exact score functions (i.e. no MCMC simulation), which serves as the performance
upper-bound. The MCMC sampler we use is HMC; more precisely, we use the NumPyro [Phan
et al., 2019] implementation of No-U-Turn Sampler (NUTS) [Hoffman and Gelman, 2014]; we

take ¢ = 200 burn-in samples and m = 500 consecutive draws for computing a score estimate
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We use two kernel functions: (a) the exponentiated quadratic (EQ) kernel k(x,2') =
exp{—|lz — #’[|3/(2A?)}, and (b) the IMQ kernel (3.9) with 3 = 0.5,c¢ = 1, and A = \?I.
All three tests use the same kernel function, which allows us to investigate the effect of using
the Stein-modified kernel. The length scale parameter A is set to the median of the pairwise
(Euclidean) distances of holdout samples from R so that the parameter (and thus the hypothesis)
is fixed across trials. We include the EQ kernel in our comparison, as the population MMD is
possible to compute, allowing us to verify the hypothesis in advance.

We simulate null and alternative cases by perturbing the weight parameter A; we add a
positive value § > 0 to the (1, 1)-entry of A. Let us denote a perturbed weight by As. Note that
the data PPCA model has a Gaussian marginal (0, AAT +1)2I,). Therefore, this perturbation
gives a model N(0, A(;A(;r + 21,), where the first row and column of AaA;— deviate from
those of AAT. The perturbation is additive and increasing in d, as each element of A is positive.
We create a problem by specifying perturbation parameters (dp, dg) for (P, Q). For the EQ-
kernel MMD, we numerically confirmed that the perturbation gives a worse model for a larger
perturbation. While the population KSD is not analytically tractable, this perturbation affects
the score function through the covariance matrix, and the same behavior is expected for KSD;

see Section 3.F in the supplement for details.

Table 3.1: Type-I errors the MMD test of Bounliphone et al. [2016], the proposed LKSD
test, and the KSD test in PPCA Problem 1. Rejection rates are computed on 300 trials with
significance level & = 0.05. The columns EQ-med and IMQ-med denote EQ and IMQ kernels
with the median bandwidth, respectively.

Sample size n Rejection rates
EQ-med IMQ-med

MMD LKSD KSD MMD LKSD KSD
100 0.000 0.013 0.000 0.000 0.010 0.000
200 0.000 0.000 0.000 0.000 0.000 0.000
300 0.003 0.007 0.000 0.003 0.003 0.000
400 0.003 0.007 0.000 0.003 0.000 0.000
500 0.007 0.013 0.000 0.007 0.007 0.000

Problem 1 (null) We create a null scenario by choosing (0p,dg) = (1,1 + 1075) (P has
a smaller covariance perturbation and is closer to R than Q). For different null settings, we
refer the reader to Section 3.J.3 in the supplement. We run the tests with significance levels
a = 0.01,0.05. Table 3.1 reports the finite-sample size of the three tests for significance level
a = 0.05. The result for « = 0.01 is omitted as none of the tests rejected the hypotheses. The
size of the proposed LKSD test is indeed controlled. The extremely small type-I errors of the
KSD tests are caused by the sensitivity of KSD to this perturbation; the population KSD value
is negative and far from zero, and the test statistics easily fall in the acceptance region. The
other two tests also have their error rates lower than the significant level. Note that their test
thresholds are determined by treating the population discrepancy differences as zero, resulting

in conservative tests.
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Figure 3.1: Power curves of the MMD test of Bounliphone et al. [2016], the proposed LKSD
test, and the KSD test with the exact score function in PPCA Problem 2. The perturbation
parameters are set as (0p, dg = 2,1). each result is computed on 300 trials. The significance

level & = 0.05. Markers: V (the LKSD test); W (the KSD test); () (the relative MMD test).

Problem 2 (alternative) We investigate the power of the proposed test. We set up a alternative
scenario by fixing dp = 2 for P and i = 1 for (). The significance level « is fixed at 0.05.
All the other parameters are chosen as in Problem 1. Figure 3.1 shows the plot of the test
power against the sample size in each problem. The KSD reaches a near 100 percent rejection
rate relatively quickly, indicating that information from the score function is helpful for these
problems. The effect of the score approximation is negligible in this experiment, as the power
curve of the LKSD test overlaps with that of KSD. The power of the MMD test is substantially

lower than the other tests, indicating that the MMD is insensitive to this perturbation to the

covariance.
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Figure 3.2: Power curves of the proposed LKSD test and the MMD test in PPCA Problem 2.
The perturbation parameters are set as (0p, dg = 2, 1). each result is computed on 300 trials.

The significance level o = 0.05. Markers: Vv (LKSD test with IMQ kernel); O (LKSD test
with EQ kernel); () (MMD test with IMQ kernel); x (MMD test with EQ kernel).

3.4.1.2 Effect of kernel parameter choice

Dependency on scaling parameter. Using Problem 2 above, we examine how the test power
is affected by the scaling parameter. We use the EQ and IMQ kernels as above, and choose
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their scaling parameter A\ from {1072,1072,...,103}. For each n € {100, 300} we run 300
trials and estimate the test power of the LKSD and MMD tests. Figure 3.2 plots the power
curves of the tests. We can see that the high-power region of the EQ kernel is localized while
the IMQ kernel’s power curves are flat, indicating that the IMQ kernel does not depend on the
parameter as much as the EQ. Therefore, for this problem, the IMQ kernel can be seen as more
robust against misspecification of the scaling parameter. Nonetheless, with the right choice of
the scaling parameter, the EQ kernel yields higher power for both MMD and KSD tests. It can
be considered that the distinction arises because of the local nature of the difference between
the two distributions; the EQ kernel is more sensitive in choosing features used to compute the
KSD (see Section 3.F).

Different parameterization. We also consider a different parameter choice for the precondi-
tioning matrix. Here, we compare the median-scaled IMQ kernel with the same kernel having a
covariance preconditioning matrix, as suggested in Section 3.3.4. Figure 3.3 shows the power
curves of the three tests. Here, the relation between the MMD and KSD tests is overturned, and
the KSD test struggles to detect the perturbation to the covariance. This result demonstrates
that certain kernel choices can make the testing problem more challenging than others. Using
multiple kernels, rather than relying on a single choice, could therefore robustify the evaluation,

at the expense of a loss of power due to multiple testing correction.
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Figure 3.3: Power curves of the MMD test, the proposed LKSD test, and the KSD test in
PPCA Problem 2. All the test use the covariance-preconditioned IMQ kernel. The perturbation
parameters are set as (0p, dg = 2, 1). Each result is computed on 300 trials. The significance

level & = 0.05. Markers: V (the LKSD test); A (the KSD test); O (the relative MMD test).

3.4.1.3 Quality of Markov chain samplers

The asymptotic property of our test (Corollary 3.6) hinges on the quality of the Markov chain
samplers. This section studies the effect of these Markov chains on the inference. We vary the
burn-in size ¢ and the score approximation sample size m, which is expected to affect the type-I
error rate and the power of the test. In the experiments below, we set a = 0.05. We choose ¢
from {50, 100, . ..,600} and m from {1, 10, 100, 1000}.
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Figure 3.4: The effect of MCMC quality on the test’s performance. Rejection rates against burn-
in size ¢ with varying Markov chain sample size m. PPCA Problems 1 and 2 with oo = 0.05.
Both samplers use NUTS. Markers: V (m = 1); < (m = 10); & (m = 100); > (m = 1000).
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Figure 3.5: The effect of a poor MCMC sampler on the test. Type-I error rates against the
burn-in size ¢ with varying Markov chain sample size m. PPCA Problem 1 (the null Hy is
true). The dark dashed line indicates the significance level o = 0.05. The samplers for P and
(@ are respectively MALA and NUTS. Markers: V (m=1); ;< (m = 10); & (m = 100); >
(m = 1000).

In our first experiment, as in the previous sections, we use the NUTS with the same
initialization strategy for both models. With n = 300, we run the test using Problems 1 and 2
above. Figure 3.4 shows rejection rates of the test for different settings of ¢ and m. In both cases,
the burn-in length ¢ does not affect the test’s performance, indicating the fast convergence of the
sampler. The importance of a larger value of m can be seen when the alternative hypothesis
holds, since the test power improves as m increases. The improved performance is likely due to
reduced variance.

We next consider a slow-converging sampler for which the burn-in length ¢ becomes crucial.
We consider the null case (Problem 1) and replace the sampler for the first model P with
MALA. We set the step size for the MALA sampler to make its convergence slow; we use
the step size of 10*4DZ_1/ % We initialize the two samplers differently to make sure that the
resulting distributions differ when the samplers have not converged: the MALA sampler for P
is initialized with samples from a Gaussian A/ { (1,...,1), IZ} and the NUTS sampler for @

a uniform distribution U[—2, 2]P=. Figure 3.5 demonstrates the relation between type-I error
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rates and choices of ¢t and m. In contrast to the previous experiment, the burn-in has a clear
effect on the type-I error: insufficient burn-in leads to uncontrolled error rates. The right panel
(n = 300) shows that the test has substantially higher type-I error rates than in the left (n = 100).
Comparison between these cases illustrates that a larger sample size n requires more intensive
burn-in, as the test becomes more confident to reject. A large value of m improves the test as
in the previous experiment. It can be understood that the contribution of burn-in samples is
negligible in the score approximation. Although our analysis in Corollary 3.6 requires long burn-
in, taking large m appears to be more important in practice, especially under a computational

budget constraint. This experiment thus confirms the importance of the quality of the sampler.

3.4.2 Dirichlet process mixtures

Our next experiment applies our test to a Dirichlet process mixtures (DPM) model. Let ¢(z|z)

be a probability density function on R”. We consider a mixture density

/ (a]2)dF(2)

where F' is a Borel probability measure on a Polish space Z. A DPM model [Ferguson, 1983]
places a Dirichlet process prior DP(a) on the mixing distribution . Thus, a DPM model
DPM(a) assumes the following generative process:

nd ii.d.

x|z, 6, F "N (2]2), z|F "< F, F ~ DP(a).

Here, a is a finite Borel measure on Z. Note that the marginal density is given by

Er | [val)ar)|.

Although the prior has an infinite-dimensional component, the required conditional score
function is simply s, (|2, ¢); thus we only need to sample from a finite-dimensional posterior
Py (dz|x). Practically, DPM models are of limited use without observations to condition them;
i.e., we are interested in their predictive distributions. If a model is conditioned on held-out data
D, then the predictive density p(z|D) is Epp [ [ ¢(x[2)dF(z)], and its score is given by the
expectation of sy, (z|z) with respect to the posterior

with Fip the mean measure of Pr(dF|D). Sampling from the posterior can be performed with a
combination of the Metropolis-Hastings algorithm and Gibbs sampling [see e.g., Ghosal and
van der Vaart, 2017, Chapter 5]. For the score formula and the MCMC procedure, we refer
the reader to Section 3.G in the supplement. By setting v to an isotropic normal density, for

example, we can guarantee the integrability assumption in Lemma 3.2 (see Section 3.C).
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Experiment details. We consider the following simple Gaussian DPM model GDPM(p),

2 " N (z,2D), 2z ™ F,F ~ DP(a), a = N(u, 1),
where ;1 € RP, and I is the identity matrix of size D x D. Note that without conditioning on
observations, the model’s marginal density is simply a Gaussian distribution N (1, 3T), which
does not require approximation.

We therefore compare predictive distributions, i.e., we compare two GDPM models con-
ditioned on training data Dy, = {Z;}; L0 R. We consider two GDPM models with wrong
priors, where their prior means are shifted. Specifically, we take R = GDPM(0), and two
models chosen as Q = GDPM(1) and P = GDPM(é1) with 1 = 1/v/D. Unlike the preced-
ing experiments, we condition the two models on the training data, and obtain the predictive
distributions, denoted by Pp,, and ()p,,, respectively; our problem is thus the comparison
between Pp,, and ()p,,. The distributions now require simulating their posterior, and we use
a random-scan Gibbs sampler and the Metropolis algorithm with a burn-in period ¢ = 1, 000
and the size of the latents m = 500. For sampling observables from the models, we use a
random-scan Gibbs sampler with a burn-in period 2, 000. We expect that if the training sample
size ng, is small, a larger perturbation would give a worse model as the effect of the prior is still
present; we thus set ny, = 5. Due to the small sample size, the expected model relation might
not hold, depending on the draw of D;,. Therefore, we examine the rejection rates of the LKSD
and MMD tests, averaged over 50 draws; for each draw of D;,, we estimate the rejection rates
based on 100 trials. Our problem is formed by varying the perturbation scale  for Pp,,, which
is chosen from a regular grid {0.5,0.6,---,0.9,1.1,--- ,1.5}. This construction gives a null
case when ¢ < 1, the alternative otherwise. We set the dimension D to 10 and the significance
level o to 0.05. As in Section 3.4.1, we use the IMQ kernel with median scaling.

Figure 3.6 reports the rejection rates of the two tests for each of n € {50, 100,200}. Note
that the curves in the graph do not represent type-I errors nor power, as they are rejection rates
averaged over draws Dy, each of which forms a different problem. It can be seen that on
average, both tests have correct sizes (0 < 1). In the alternative regime (6 < 1), the LKSD
test underperforms the MMD with a small sample size (n = 50); however, its improvement in
power is faster and exceeds the MMD at n = 200. These results imply that the LKSD estimate
has a large variance for a small sample size, whereas its estimand (the population difference) is
also larger, and thus the mean of the test statistic diverges faster. Thus, it may be understood

that the KSD is more sensitive to model differences in this setting.

3.4.3 Latent Dirichlet Allocation

Our final experiment studies the behavior of the LKSD test on discrete data using Latent Dirichlet
Allocation (LDA) models. LDA is a mixed-membership model [Airoldi et al., 2014] for grouped
discrete data such as text corpora. We follow Blei et al. [2003] and use the terminology of text
data for ease of exposition. Accordingly, the following terms are defined using our notation.
A word is an element in a discrete set (a vocabulary) {0, ..., L — 1} of size L. A document

z is a sequence of D words, i.e., x € {0,..., L — 1}” is a D-dimensional discrete vector. A



3.4. EXPERIMENTS 47

o 1.0 o 1.0 1 1.0 Rk
= = ::j .y..@"o
= 0 = .B'"O —~ So
=1 Iog =1 £ =}
05 o 205 L 05 4
S Ry = # g
= [y = g 2,
[} R4 Q R Q 2
~ Y o~ o [at S
0.0l gngrgngignTE T T 0.0L9n@iTgnpnige T 0.019°% 6o e
0.5 1.0 1.5 0.5 1.0 1.5 0.5 1.0 1.5
Perturbation parameter & Perturbation parameter § Perturbation parameter §
(a)n =50 (b) n =100 (c)n =200

Figure 3.6: Comparison in Gaussian Dirichlet mixture models. Rejection rates plotted against
the perturbation parameter 0. The sample size n is chosen from {50, 100, 200}. The rejection
rates are averaged over draws of D;,. The supposed null and alternative regimes are § < 1 and
6 > 1, respectively. Markers: Vv (the LKSD test); () (the relative MMD test). The dark dashed
line indicates the significance level o = 0.05. The errorbars indicate the standard deviations of

the estimated rejections rates.

prominent feature of LDA is that it groups similar words assuming they come from a shared

latent topic, which serves as a mixture component. An LDA model assumes the following

generative process on a corpus of documents {z;}" ;:

1. For each document i € {1,...,n}, generate a distribution over K topics 6; Lig Dir(a)

(the Dirichlet distribution), where 6; is a probability vector of size K > 1.

2. For the j-th word x{,j € {1,...,D} in a document 7,

(a) Choose a topic 2/ B Cat(6;).

1
(b) Draw a word from xf - Cat(by), where by, is the distribution over words for topic

k, and the topic assignment zf = k.

Here, a = (ay, ..., ar) is a vector of positive real numbers, and b = (by,...,bg)" € [0, 1]E*L
represents a collection of K distributions over L words. In summary, an LDA model P =

LDA(a, b) assumes the factorization

n n D
[ p(ilzi, 63 0,0)p(2i, 65:0,0) = T] § T p(adl], b)p=(2]16:) 3 po(8sla),

i=1 i=1 | j=1

where z; and 6; act as latent variables.
Because of the independence structure over words, the conditional score function is simply

given as

AN . .
p(‘”’Z’)—l) , where # = 27 +1 mod L.
7=1

(]2, 8, a,b) = 8,(2]2,b) = (p(xj,zj7 R

Score approximation requires the posterior distribution p(z|x; a, b) with respect to z. Marginal-
ization of 6 renders latent topics dependent on each other, and thus the posterior is intractable. A
latent topic is conjugate to the corresponding topic distribution given all other topics. Therefore,
an MCMC method such as collapsed Gibbs sampling allows us to sample from p(z|z; a,b). As
the observable and the latent are supported on finite sets, the use of Lemma 3.2 is justified;
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Table 3.2: Rejection rates of the MMD test and the LKSD test in LDA experiments. Each result
is based on 300 trials.

(a) Type-I errors of the KSD and MMD tests (b) Power of the KSD and MMD tests in LDA Problem 2;
in LDA Problem 1; (6p,dg) = (0.5,0.6). (0p,dq) = (1.0,0.5). The significance level « is chosen from

The significance level o = 0.05. {0.01,0.05}.
Sample size n  Rejection rates Sample size n Rejection rates

MMD LKSD Level « = 0.01 Level @ =0.05
100 0.003 0.013 MMD LKSD MMD LKSD
200 0.010 0.007 100 0.000 0.010 0.007 0.070
300 0.007 0.003 200 0.003 0.030 0.010 0.183
400 0.003  0.007 300 0.000 0.097 0.003 0.283
500 0.007 0.010 400 0.000 0.197 0.010 0.463

500 0.000 0.280 0.007 0.570

the finite moment assumptions in Corollary 3.6 are guaranteed; and the consistency of the
population mean and variance of the test statistic follows from the convergence of Eit\)x [Sp(z|2)]
and E\(:/)kn [Sq(x|w)] for each x € X. Note that we have implicitly ordered the vocabulary set to
define the score function X'. A naive ordering might induce a discrepancy measure not useful
for model comparison with respect to a given dataset (e.g., the score function might not vary
on the data points). One might consider data-dependent ordering such as sorting by the word
frequency in the given data. Investigating ordering choices appropriate for model evaluation is

an interesting research topic and remains an open question.

3.4.3.1 Synthetic data — prior sparsity perturbation

In the two problems below, we observe a sample {z;}"_; from an LDA model R = LDA(a, b).
The number of topics is K = 3. The hyper-parameter a is chosen as a = (ag, ag, ag); for model
R, we set ag = 0.1. Each of three rows in b = (b1 b2, b3) " € [0, 1]>*F is fixed at a value drawn
from the symmetric Dirichlet distribution with all the concentration parameters one, and the
vocabulary size is L = 10, 000. Each z; € {0,...,L— 1}D is a document consisting of D = 50
words.

We design problems by perturbing the sparsity parameter ag. Recall that Dir(a) is a distri-
bution on the (K — 1) - probability simplex. A small ag < 1 makes the prior py(6;|a) = Dir(a)
concentrate its mass on the vertices of the simplex; the case ag = 1 corresponds to the uniform
distribution on the simplex; choosing ag > 1 leads to the prior mass concentrated on the center
of the simplex. The data distribution R (with ag = 0.1) is thus intended to draw sparse topic
proportions 6;, and a document z; is likely to have words from a particular topic. By increasing
ag, we can design a departure from this behavior. Therefore, as in the PPCA experiments, we
additively perturb ag with parameters (dp, dg) for respective candidate models (P, Q).

As LDA disregards word order, we need a kernel that respects this structure. We use the
Bag-of-Words (BoW) IMQ kernel k(z,2') = (1 4 ||B(z) — B(2')||3)~"/?; it is simply the
IMQ kernel computed in the BoW representation B(z) € {0,1,2,..., D} whose /-th entry

(counting from 0 to L — 1) is the count of the occurrences of word ¢ € {0,...,L — 1} ina
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document x. By Lemma 3.17 in Section 3.H.1, this choice ensures that arbitrary reordering of
text sequences does not change the KSD value; i.e., the KSD does not assess models by their
ability to generate sequences. We also tested differing input-scaling values and found that the
bandwidth of the IMQ kernel did not have a significant effect on the test power (Section 3.J.2.2).

For score estimation in the LKSD test, we use a random scan Gibbs sampler; we generate

m = 1,000 latent samples after ¢ = 4, 000 burn-in iterations.

Problem 1 (null) We create a null situation by having (dp,dg) = (0.5,0.6). In this case,
Q’s prior on 6 is less sparse than that of P. Table 3.2a shows the size of the different tests for
significance levels a = 0.05; the result for « = 0.01 is omitted as both tests did not reject the

hypothesis. It can be seen that the rejection rates of both tests are bounded by the nominal level.

Problem 2 (alternative) We consider an alternative case in which the sparsity parameters
are chosen as (0p,d¢g) = (1.0,0.5). Here, the model () is expected to have less mixed topic
proportions. Table 3.2b demonstrates the power of the MMD and LKSD tests. The power of the
LKSD test improves as the sample size n increases, whereas the MMD has almost no power in
this case. In this problem, the topics b are not sparse enough for each topic to have a sufficiently
distinctive vocabulary. Thus, the problem is challenging for the MMD, as it is unable to find
distinguishing words, in addition to the high-dimensionality. By contrast, the KSD is able to

distinguish the models by taking advantage of their underlying structure.

3.4.3.2 Synthetic data — topic perturbation

We provide a negative example to illustrate a failure mode of the LKSD test for discrete data.
The data is generated as in the previous section, whereas we construct two models differently.
We set up a model by perturbing the topics of the data model R. That is, a model is given by
LDA(a, bs) with bs = (1 — 0)b + dbpe1, with 0 < § < 1. We choose by, as we did for b; the
value is drawn independently of b. We set the perturbation parameter for () as 6 = 0.01 and
vary it for P, where the value is chosen from {0.06,0.11,...,0.51}. Thus, P is morphed from
b to by, and therefore expected to underperform () as perturbation ¢ increases. We run trials
with n = 300. For score estimation, we take m = 10,000 and ¢ = 4, 000.

Figure 3.7 shows the plot of rejection rates against perturbation parameters. We see that the
power of the LKSD test degrades as the perturbation increases. As P’s topic becomes close
to bpw, some words in the target’s topic b become rare and therefore fall in the low probability
region of P. This situation leads to increasing variance of the test statistic as § increases,
because the score function contains the reciprocal 1/p(x). The LKSD test can therefore fail
when the support of the model is severely mismatched to that of the data, since the high variance
of the statistic makes is difficult to detect significant departures from the null. Note that this
observation does not apply to the continuous counterpart as the score can be written as the

gradient of the logarithm of the density, which is typically numerically stable.
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Figure 3.7: Power estimates plotted against perturbation parameters J. The significance level
a = 0.05; the sample size n = 300. Markers: \Y% (the LKSD test); () (the MMD test).

3.4.3.3 Comparing topic models for arXiv articles

Our final experiment investigates the test’s performance using the arXiv dataset [Cornell Univer-
sity, 2020]. The dataset consists of meta information of scholarly articles on the e-print service
arXiv. We treat the abstract of an article as a document, and use paper categories to set up a
problem. Specifically, we construct a problem by choosing three paper categories for model
P, and the data distribution R. Unlike the preceding experiments, for a model category, we
fit an LDA model to the dataset of abstracts in the category. As the KSD requires the number
of words to be fixed, then for a given data category, we extract abstracts of length no less than
D = 100 and subsample excess words. This process yields a dataset of articles of equal length
D; for each trial, we obtain the data {x;}! ; by subsampling from the larger set of articles.
Thus, our problem is to compare two LDA models trained on different article sets, and assess
their fit to the dataset.

In the following experiments, we examine the power of LKSD and MMD tests. We vary the
sample size n from 100 to 500. We fix the dataset category to stat. TH (statistics theory) and
inspect two combinations of model categories. To train an LDA model LDA (a, b), we use the
Gensim implementation [Rehurek and Sojka, 2011] of the variational algorithm of Hoffman
et al. [2010]. For sparsity parameters a, we use the parameter returned by this algorithm; we
point-estimate topics b using the mean of the topics under the variational distribution. The
number of topics is set to 100. The vocabulary set is comprised of words that appear in the
abstracts of three chosen categories. As in the previous experiments, we use the IMQ-BoW
kernel for both tests. We fix the significance level « at 0.05.

As we have seen the numerical instability issue in the previous section, we also consider an
alternative KSD that is stable but computationally more expensive, as mentioned in 3.2.1 and
the supplement (Section 3.B). For this, we take a burn-in size ¢ = 500 and a Markov chain size
m = 1,000. We denote this method by LKSD-stable.

Probability theory vs Statistical methodology. We choose math.PR (mathematics probability
theory) for P and stat. ME (statistics methodology) for (). In addition to the taxonomic proximity
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Table 3.3: Rejection rates of the MMD test and the LKSD test in the math.PR vs. stat. ME
experiment. Each result is based on 300 trials.

Sample size n Rejection rates
MMD MMD-extra LKSD LKSD-extra LKSD-stable
100  0.150 0.157 0.333 0.673 0.437
200 0.160 0.167 0.807 0.880 0.845
300 0.197 0.207 0913 0.980 0.950
400  0.180 0.187  0.950 0.986 0.970
500  0.267 0.263  0.966 0.993 0.983

to stat. TH, the category stat. ME has a larger proportion of articles shared with the target category:
3,121 of 18,973 (stat. ME) vs. 2,884 of 46, 769 (math.PR). Thus, we expect () to outperform
P. This combination results in a vocabulary set of size L = 126, 190. For score estimation, we
set the burn-in length ¢ to 500 and the Markov chain sample size m to 5, 000. Additionally, we
run the LKSD test with m = 15, 000 (labeled LKSD-extra) and the MMD test with the model
sample size nyoqe] = 10, 000 (labeled MMD-extra). The ny,q4e) is thresholded at 10, 000 as
the computational cost exceeds that of the LKSD test (in fact, sampling in this case makes the
MMD by an order of magnitude slower due to the large vocabulary size).

Table 3.3 summarizes the result. The MMD test underperforms all the KSD-based tests;
extra sampling did not lead to a significant improvement. We can see that increasing the Markov
chain size m boosts the LKSD test, as it reduces the variance of the score estimator. The low
power of the MMD test indicates that the model difference is too subtle to discern from the
word compositions of generated documents; the LKSD tests offers a different viewpoint based

on the model information.

Table 3.4: Rejection rates of the MMD test and the LKSD test in the cs.LG vs. stat ME
experiment. Each result is based on 300 trials.

Sample size n Rejection rates
MMD LKSD LKSD-stable
100 1 0.000 0.287
200 1 0.007 0.643
300 1 0.013 0.833
400 1 0.013 0.873
500 1 0.113 0.923

Machine learning vs Statistical Methodology. Our second experiment uses cs.LG (computer
science machine learning) for P, while () uses the same category as the previous experiment.
With this combination, the vocabulary size L is 208, 671. By the same reasoning as above, the
second model () is expected to be better than P. We run the same tests as above and compare
their performances.

Table 3.4 shows the result. This experiment serves as a negative case study for the LKSD
test: the MMD tests achieved power 1 for all sample-size choices (MMD-extra is omitted
here), whereas the power of the LKSD test does not exceed even the significance level a for

most sample size settings (LKSD-extra is omitted as increasing the Markov chain size did not
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improve the power). We attribute this failure to the unmatched support of the model P in the test
distribution. This reasoning is supported by the high power of the MMD, as the BoW feature
easily detects deviation of document patterns in this case. Thus, as we noted in the synthetic
experiment in Section 3.4.3.2, the LKSD test fails when there is a severe mismatch in data and
model support. The stable LKSD test approaches the same level as the MMD at n = 500, but
still underperforms. While stable, the KSD used for this test can also suffer from the mismatch

of the support, since it depends on the same density ratio as in the unstable counterpart.

3.5 Conclusion

We have developed a test of relative goodness of fit for latent variable models based on the
kernel Stein discrepancy. The proposed test applies to a wide range of models, since the
requirements of the test are mild: (a) models have MCMC samplers for inferring their latent
variables, and (b) likelihoods have evaluable score functions. The proposed test complements
existing model evaluation techniques by providing a different means of model comparison,
which takes advantage of the known model structure. Our experimental results confirm this
view — the relative MMD test was unable to detect subtle differences between models in several
of our benchmark experiments.

Our asymptotic analysis of the test statistic indicates that the test could suffer from bias if
the mixing of the deployed MCMC sampler is slow. Removing the assumptions on the bias and
the moments in Theorem 3.4 is certainly desirable; we envision that the recent development of
unbiased MCMC [Jacob et al., 2020] could be used to construct an alternative unbiased KSD
estimator, and leave this possibility as future work. While we have focused on comparing two
models, extensions to ranking multiple models are possible as in [Lim et al., 2019]. Finally, the
technique used in this chapter can be applied to other Stein discrepancies requiring the score
function [Barp et al., 2019, Xu and Matsuda, 2020]; one interesting application would be the
KSD for directional data [Xu and Matsuda, 2020], where densities with computable normalizing

constants are scarce.
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3.6 Proofs

This section provides proofs for the results concerning the asymptotic normality of our test

statistic: (a) Theorem 3.4, and (b) an estimator of the variance of a U-statistic and its consistency.

3.6.1 Asymptotic normality of approximate U-statistics

Theorem 3.4 (Asymptotic normality). Let {;};2 be a sequence of Borel probability measures
iid.

on a Polish space ) and ~y be another Borel probability measure. Let {Yi(t)} 7 v, and

n
i=1

for a symmetric function h : Y x )Y — R, define a U-statistic and its mean by

1
b _ S RO ¥, 6, =
UT(L) ~n(n—1) &= h(YZ ¥ )7 00 = Eqvyneyey (Y, Y.
i#£]
/ 7 N3 13 s
Let 0 = E(yyryoyan[B(Y, Y')]. Let v = E(yyn oo, [|ht(Y,Y W with by = b — 6,

and assume limsup,_, ., vy < 0o. Assume that o7 = 4Vary ., [Ey -, [h(Y,Y")]] converges
to a constant o*. Assume that we have the double limit \/n(0; — 0) — 0; i.e., for any ¢ > 0,
there exists N > 1 such that \/n(0; — 0) < ¢ for any n,t > N. Then, if o > 0, we have

vn (U,St) - 9> i>./\/(O,(72) asmn,t — 0o,

where S denotes convergence in distribution. In the case o = 0, \/ﬁ(U,gt) —0) = 0in
probability.

Proof. Recall that (€2, S, II) is the underlying probability space, and U,gt) is a random variable

on it. We show that the cumulative distribution function (CDF) of v/n (U,(f) — ) converges to
that of a normal distribution.
First we consider the case o > 0. Note that we can express the CDF as

O (1) _ N
- \/ﬁ<Un 9)<T Ul — 6, + 6, 9><a ]
ag

=1I

—T

7 Ot

a
. (07‘ — /a0, - 9)>

Ot

where F}, ; denotes the CDF of \/ﬁ(UT(f) — 6;)/0. Let ® be the CDF of the standard Gaussian
distribution. Then, for 7 € R,

) _
I \/ﬁ(Un 9><T

— (1)

o ¢ ¢

v <m—\/ﬁ(9t—9)> e <m—\/ﬁ(9t—9)>‘

. ’(I) <a¢—\/ﬁ(9t—«9)) e,

Ot

(i)

We show that both terms on the RHS converge to zero simultaneously. Let v = lim sup,_, . v+
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and ¢ be a fixed constant such that 0 < § < o. Note that by the convergence assumptions on
v and oy, there exists ¢, 5 > 1 such that vy < v 4+ < oo for any t > ¢, 5; and there exists
ty,s > 1suchthat oy > o — 9 > 0 forany ¢t > ¢, 5. By the Berry-Esseen bound for U-statistics
[Callaert and Janssen, 1978], for t > max(t, s, ts,s) and any n > 2, the term (i) is bounded as

(i) < sup }Fm(T’) — CI)(T’)‘
co(2)'
Ot
3
<C<V—i—5> nt,
o—90

where C' is a universal constant. For the term (ii), by the continuity of ® and our assumptions

[

N

on \/n(6; — 6) and oy, we can make the term (ii) arbitrarily small. Formally, for ¢/2 > 0, we
can take N /o > 1 such that the term (ii) is bounded by € /2 for any n,t > N, /2- Thus, for any
€ > 0, choosing n and ¢ such that

2
anaX<<QC-V+5) 7Ne/2>7
€ o—90

and t > max(t, s, ts,s, Nej2), we have

0 _
ﬁ(Une) -

II

o

Next, for the case o = 0, consider the squared error nE(UT(Lt) — 0)2, which is decomposed

as
nE(UY — 0)? = nE(UY — 0,)% + n(6;, — 0)2.

The first term is the variance of the U-statistic UT(Lt), and so according to Hoeffding [1948, Eq.
5.18], we have, for any n > 2,

(n—2) 2
nE(UWY — 6,)% = D) AVary ., [Eyrq, [R(Y, Y')] + e 1)Vary,y/N%®% [h(Y,Y")]
o}
< 0152 + n— 1VE%YY,Y'~%®% [h(Y, Y/)]

We have w = limsup;_, ., Vary,y’~,e+, [M(Y,Y”)] < oo by the finiteness of (the limit supre-
mum of) the third central moment, and 67 — o2 = 0 by assumption. Therefore, for any ¢ > 0,
we can take ?. , > 1 such that

€

Vary,yr e [M(Y,Y')] < w +1,and o2 < T

for any t > tc,. Choosing n > 4(w+1)/e+ 1, we have nIE(UT(f) —6;)% < /2. For the second
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term, we can take N/, > 1 such that n(f; — 0)? < e/2 for any n, t > N¢/2. Thus, having

w+1

n,t > max(tm,,éli + 1, NE/Q)

leads to nIE( o —0)? < e. We have shown nIE(U,(Lt) —6)? — 0, which implies \/H(U,(f) —0) —
0 in probability. O
3.6.2 Variance of a U-statistic

We first recall known facts about U-statistics. For an i.i.d. sample {y;}!" ; ~ R, let us define a

Up Zh Yir Yj)s

@#J
where h is a symmetric measurable kernel. According to Hoeffding [1948, Eq. 5.18], the

U-statistic

variance of U, is
4(n — 2) 2

n(n — 1)Cl + n(n —1)

Var[U,] = G, (3.10)

where (; = Varyr [Ey~r [h(y,y)]] and (o = Vary yror [2(y, )] . To obtain the asymp-
totic variance of the /n(U, — E[U,]), we only need the first term (; as nVar[U,] — 4(
(n — 00), assuming K, . rer[h(y,y)?*] < oc.

Recall that our test statistic in Section 3.3.3 requires a consistent estimator of the asymptotic
variance in Corollary 3.6 (see also Theorem 3.4). To accommodate the setting of our test, we
consider the following situation: we are given samples {yz(t) ", ~ R; where {R:}{°; is a

sequence of distributions approximating R. This defines a sequence of U-statistics

Uy = Zh i),
#J

and the variance Var[Ur(Lt)] is given by the corresponding parameters (1 ; and (2 ¢ (see Eq. (3.10)).
In the following, we address the estimation of 02 = lim;_,, 07 with 07 = 4(;;, assuming
that the limit exists. As Theorem 3.4 suggests, the quantity o is the asymptotic variance of
V(U ~ E[U,)).

In the main body, we define our test using the jackknife estimator

o= | (=1 (O, - U)? 3.11)

=1

(see also the test statistic 7}, ; in Section 3.3.3), where Uétli the U-statistic computed on the
sample with the ¢-th data point removed. In the following, we provide a consistency proof for

this estimator.

Jackknife estimator and its consistency. We first revisit the definition of the jackknife

variance estimator and its properties. For simplicity, we first drop the dependency on ¢. The
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jackknife estimator of the variance of a (scaled) U-statistic \/n(U,, — E[U,,]) is defined as

n

vy =(n—=1)> (Un—i—Un)?, (3.12)

i=1

where U,, _; is the U-statistic computed with the sample with the i-th data point removed.
According to Arvesen [1969, Eq. 25, see also Section 3.I], the jackknife estimator has the

expansion

2
vl = an U, (3.13)

2 () o))

with () the indicator function; each term in the sum is a U-statistic

where

—1
. n
UC: (4-6) Z h‘Sym(yap"'7yacay,317"'7y[32_c7y’y17"'ay’7275)7 (314)
(a7,377)€Cn,4—c

where the sum is over all combinations of (4 — ¢) integers chosen from {1, ...,n}. If indices
end with 0 as in (aq,...,ap), it should be understood that the corresponding variables are
omitted. The function hsym (Yo, s - - > Yae> Ysrs - - > YBs_os Yyas - - - » Yo ) i (3.14) is defined as

a symmetric kernel

Z P (Yo(ar)s -+ > Yo(ae)s Yo(Br)s - -+ Yo(Bo) M Yo (ar)s s Yo(ae)s Yo(n)s s Yo(rac))

4 —c)!
ceX(a,B,7y) ( C)

with h = h — E[U,] and X(a, 8,7) the set of all permutations of given 4 — ¢ integers

(041, ce s ey By ey Borey Yy - ,’)/Q_C). Note that we have E[UC] = (. with (;, = 0. For

large n, the coefficient a,, . behaves as

1 1’
an,c ~ 4— < ) n=¢ (e >1),

c!

anpo = 0O(1).

J

~ converges to the asymptotic variance 4¢; of the

Therefore, if Eh(y,y’)? < oo, the estimator v
U-statistic \/n (U, — E[U,]), a.s.
Next, we recover the dependency on ¢ and define a jackknife estimator

n

v,{yt =(n-1) Z:(Uqgt)_Z - U,(f))2,

i=1

which is the estimator in (3.12) computed on the sample {yi(t)}nzl. The following lemma

i

provides the required consistency.
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Lemma 3.8. Assume

lim sup E(yhyQ)NRt@Rt [h(y1, y2)4] < 0.
t—o00

Let 0% = limy_,o0 07 where 07 = 4¢1 = 4Varyop, [Ey g, [M(y,y')]] . Then, we have the
double limit]E(U;{’t - 02)2 —0asn,t — oo.

Proof. Note that we have the following relation

El(vns — 0%)%] = El(vn; — Elvn))?] + (Elvy ] — 0*)?
= El(vi1, — E[v; )] +{Elv;] ] — 07} =2(Ev;1] — 07) (07 — 0?) + (07 — 0*)".

variance (squared) bias

(3.15)

The decomposition indicates that as long as the bias and the variance terms in (3.15) decay
as n,t — oo, the estimator v;{’t serves as a consistent estimator of o2 (note that we have
02 — 0% — 0 by assumption). In the following, we show that the assertion holds.

For the bias term, note that by the decomposition (3.13), we have
E[U;{,t} =0+ O(nil)@,t-

By the assumption on the fourth moment, the limit supremum of (> ; = Varg,gr, [h(y1,y2)?]
is finite. Therefore, for any € > 0, we can take N, > 1 such that (E[v;{t] —04)? < e for
n, t> Nb,e-

For the variance term, using the decomposition (3.13), we have

2
E[(UJ _E[UJ ])2} = Z aC,nac’,nCOV[Aét)af]c(It)]
0

c,c/=

IN

2 2
().
c=0

where U is the U-statistic U, computed with the sample {yy)}?zl. According to Serfling
[2009, Section 5.2.1, Lemma A],

4—c

Var[U®)] <

n Var[hsym(yocla s Yo yﬁlv e 7y527ca y’}qa R y’yz_c)]7

where the variance is taken with respect to the product measure ®§;f R;. Note that the variance
on the RHS is bounded as, for each ¢ € {0, 1,2},

I
o
S~—

Var|hsym (y192, y3,y4)] < E [Bt(yl, 3/2)4} (c
Var([hsym (Y1, Y2, y3)] < E [Bt(ylagﬂ)ﬂ (c=1), and
Var [hsym (1, y2)] < Elhi(y1,y2)*] (c=2),

where hy = h—Ep, g, [h(y1,y2)]. By the assumption lim sup;_, . E (g1 yo)~Re R, [P (Y1, 92)*] <
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00, the above observation implies that for each ¢ € {0, 1,2},

lim Supvar(@?z_th.[hSym(yap s Yoy Yy YBa ey Ynyrs e - 7y’yz_c)] < 0.

t—o00

Therefore, taking appropriate n, ¢ diminishes Var| Ac(t)]. In consequence, as for the bias term,

we can take Ny, > 1 such that E[(v;] , — E[v;] ;])?] < € for n,t > N, . Thus, the bias and

variance terms can be made arbitrarily small by taking n,t > max (N, ¢, Np ). ]

3.A Kernel Stein discrepancy for bounded domains

We detail the case where data take values in a bounded open set ¥ C RP. For a density
p, we require that p € C(X) N C(X) with X the closure of X. The kernel is assumed
to satisfy the same conditions everywhere; i.e., k(x, ) € C(X) N C1(X). Additionally, we
require the following conditions : (a) The domain & is assumed to be sufficiently regular —
we assume that X" is convex or C''; (b) for any boundary point z € X, p(x)k(z,-) = 0;
and (¢) Ezuplsy(2)]l2 < o0, Epupl[k(z,z)'/?] < oo, and Eyuplkiz(z, 2)/?] < oco. The
first assumption allows us to use the divergence theorem, and the third one ensures the P-
integrability of (s, f) and (V, f) [Steinwart and Christmann, 2008, Corollary 4.36]. By the
divergence theorem, the second condition on the kernel implies that any f = (fi,...fp)
of the corresponding RKHS F satisfies E,.p[Apf(z)] = 0 [Gorham and Mackey, 2015,
Proposition 1]. We can fulfill the required condition by choosing a kernel k., defined by
ko(z,2') = p(x)p(2')k(z,2’) where ¢ : X — [0,00) such that ¢ € C(X) N CHX) and
@(x) = 0 forz € RP \ X. The KSD is then defined similarly as in Section 3.2.

3.B Numerically stable Stein operator

As we note in Section 3.2, the Stein operator of Yang et al. [2018] can induce numerically
unstable functions, as it contains the reciprocal 1/p(x). This appendix provides a more stable
alternative using the Zanella-Stein operator proposed by Hodgkinson et al. [2020]. We focus
on the Barker-Stein operator of Shi et al. [2022] below, but other operators can be considered
depending on the application. For instance, when the size L of the discrete domain is small
(e.g., binary domains such as adjacent matrices of graphs), we may use the Gibbs-Stein operator
[Bresler and Nagaraj, 2019, Reinert and Ross, 2019, Shi et al., 2022], as it is manageable to

perform the required conditional expectation.

3.B.1 Univariate case

We first consider the univariate case X = {0, ..., L — 1} with L > 1, as the multivariate case
builds on the construction here. Let be a density p on X. The Zanella-Stein operator is defined
by

A = 3 0 (B (70 - fa).

vl p(x)
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where the function a : [0,00) — [0,00) is referred to as a balancing function, which is
assumed to satisfy a(0) = 0, and a(r) = ra(1/r) for r > 0. The symbol N, C X denotes the
neighborhood of x. The operator is derived from the infinitesimal generator of a Markov jump
process with the jump rate given by a as a function of p(y)/p(z). In the following, we use the

Barker balancing function a(r) = r/(1 + r); this results in

. (p(y)) o) p(y)

This choice of the balancing function was proposed by Shi et al. [2022] and is referred to as
the Barker-Stein operator. The above ratio takes values between 0 and 1 (it saturates to one as
the ratio p(y)/p(x) gets large), and is thus numerically stable even when p(z) is close to zero.
The neighborhood N, is chosen such that the process can transit from any starting point to any
other point, and admits p as the invariant distribution [see Example 2 of Hodgkinson et al., 2020,
for details]. In the following, N, is assumed to be the two adjacent points of = with respect to
the cyclic difference. This construction is not limited to D = 1, but it can be challenging to
compute the sum in a high-dimensional space when applied to the KSD, since the number of

neighbors typically grows with the dimension.

3.B.2 Multivariate case

We next consider the multivariate case X = {0, ..., L—1}" with D > 1. We follow the product
space construction of a Stein operator [Hodgkinson et al., 2020, Proposition 2]. We define an

operator A, that acts on a D-dimensional vector-valued function f = (f1,..., fp) : X — RP
by
D
Apf(2) =Y A Pifa(x),
d=1

where py is the distribution given by conditioning on all but the d-th coordinate, x_; =
(1,...,%4—1,%d+1, - - - TD), and P7 is the projection defining a function on the d-th coordinate

by freezing all the other coordinates; i.e.,

Pif:ye{0,...,L -1} — f(z1,...Z4-1,Y, Td41s---,TD).

We can define the KSD using a vector-valued RKHS F = H(?ZI Fi. with Fj, the RKHS of a
scalar kernel k£ : X x X — R. With this choice, we can define the KSD as in 3.2.1; in particular,

for this operator, we have
KSD? (P||R) = E, o rar[hp(z, 2")]

where

ZAUm )®AUn1 )k(l‘,y)

z,pq(-|r_q Y,Pd(|Y—d
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forany z,y € X, with AEZ; (| acting on *. Specifically, the Stein kernel h, is given by

z_4)
D

m(a ) =3 S0 S a@any){kv(a), 7(9)) + bz, ) — bz, 5(y) — k), )}
d=1 VGNm,d DENy,d

Here, \V, 4 denotes the set of neighborhood points with respect to the dth coordinate; we identify

this as a set of functions, each of which maps x to the corresponding neighboring point. The

s (5452)

From this expression, we can conclude that the KSD is possible to estimate as long as we can

weight a,, is defined by

evaluate a, . Note that a single evaluation of the Stein kernel h,, requires O(DN) with N being

the maximum of the sizes of the neighborhood N, 4 (in our case, N = 2).

3.B.3 Application to latent variable models

The KSD defined above admits essentially the same treatment as in the main body. The Stein
operator above requires evaluating the marginal density p(z) = [ p(z|z)Pz(dz). Following the

approach in Section 3.2.2, we can circumvent this issue as

:/ p(v(z)|2) p(z|z) + p(v(x)|2)
p(zlz) +p(v(2)]z)  p(z) +pv(z))

Pyz(dz).
The weight a, () can be estimated by sampling from the modified posterior
Pz (dz|z) o< {p(z]z) + p(v(z)|2)} Pz(dz).

Given a sample z = {z;}}" for simulating Py, (dz), we can estimate a, (x) by

w(olz) = L 30— P@z)
v(z]z) : m;p(ﬂzi)—i—p(V(xﬂzi)?

which is possible to evaluate as long as the likelihood p(z|z) is tractable. In contrast to the
difference operator KSD, this approach requires simulating O(D) posterior distributions, as
each dimension generates distinct modified posterior distributions. Thus, while numerically
stable, this approach is computationally more expensive. The user might want to consider this
limitation when they choose between the operator defined here and the difference Stein operator

considered in the main body.
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3.C Integrability condition for the KSD expression
We give sufficient conditions for the integrability condition
E(m,z),(z,z’)~R®R|Hp[(x7 Z)7 (LL‘/, Z/)” < 0. (316)

By the triangle inequality, we have

E(, ) (o)~ iek Hpl(@, 2), (27, 2)]]
<y ooiioi [59(@12) 8p(@ |2k, )| + [sp(a]2) (o, )|
(2]}
)], bz, a) + B sp(al 2l [l (2, 2)]

21, + iz, 2]}

) sp(a’]2)

—i—‘kl(x,:c

< E(I,I’)~R®R {Ez|:1: HSp((IZ‘Z)HQ Ez’|a:’
+ Hkl(l’, I’l) H2 Ez’|x’

From this, the integrability condition is satisfied if
L. Eqanmror (B I8p(@]2)lly Exrper lIsp(z'2') [l k(z, 2')] < oo,
2. B aymrsr [Eape I8p(@]2)ll; k1 (2, 2)]5] < oo, and

3. E(m7II)NR®R |]{312(ZE,{L‘/)| < Q.

Note that for a finite domain X = {0,--- , L — 1}D , these conditions are trivial, as
HAzp z, 2 ||2 p(z, 2)
dP,
R 0 2(2)

2
< —— <max ——.
p(x) = wex p(x)
In what follows, we consider continuous-valued z. As mentioned in the main body, the third
condition is mild, and fulfilled by e.g., the exponentiated quadratic kernel. Unfortunately we
do not have a handy test for the other requirements, and therefore deal with specific scenarios
below. To this end, we clarify the growth of E.|,, [[s,((2)]|, as a function of z so that the user

can check the required conditions above.

Exponential families with bounded natural parameters. Let us first consider an exponential
family likelihood p(z|2) o< exp (S5, Ts(x)ns(2)), Ts : RP? — R, 75 : Z — Rfor1 < s < S.
For this likelihood, we have

S

Z ns(2)VTs(x)

s=1

IE:z|:1: ||Sp(‘7:‘z)H2 = Ez\x

2

S
Z IVaTs (@)l Bzjelns(2)]-

The conditions concerning the score function are satisfied provided that we have
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L Egay~ror [IVaTs(@)llo Eapens ()| Ve Lo ()| Erpar g (2) (2, 27)] < 00
forany s,s" € {1,...,S}.

2. B ary~rer [IVaTs(@)lly Eapelns(2)] ||k (a”, 2) 1] < oo forany s € {1,..., S}.

Leta(z) = ||V Ts(z) ||y E.2|ns(2)]. These conditions can be verified if both the kernel and its
derivative decay faster than a(z). This can be challenging in practice as we have a posterior
expectation in a(z) whose dependency on x may not be easily analyzed. If we restrict the
likelihood to have bounded parameters (i.e., 775(z) is bounded), then the posterior expectation is

bounded, so we only need to choose a kernel such as

1 1
\/1+281HVT 21+, VLT

for a given kernel x. We summarize this observation in the following lemma:

k(z, Kk(z,2")

Lemma 3.9. Consider a latent variable model with likelihood p(x|z) exp(Z:sS:1 Ty(x)ns(2)),
Ts :RP - R, ns : Z = Rfor1 < s < S and an arbitrary prior Pyz. If sup,c z ns(z) < oo,
then

B llsp(w]2)ll, < maxsupny(z ZIIV Ts(@)lly -

Furthermore, for a given bounded kernel r, reweighting it by

k(x, :L‘):(1+Z||VT ) ( —I—ZHVT ) éla(x,x')

with some 6 > 1/2 ensures that the condition (3.16) holds.

The boundedness assumption on the natural parameter 7,(z) may not be satisfied for some
models. For instance, if we consider a normal mixture model with prior on the mean of the

mixture component, the support of the prior could be unbounded.

Location-scale mixtures. Alternatively, we consider a location-scale family given by a radial-
basis function ¢ : [0, 00) — (0, 00),

p(lz = (1,0%) o~y (”””) ,

o2
with prior P, , placed on the parameters. Here, we make the following assumptions:
Assumption 3.10.

The function 1 is monotonically decreasing. The derivative-to-function ratio |¢)' /9] is

uniformly upper-bounded by a constant M, > 0.

Assumption 3.11.
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The prior satisfies [||u||3/0%dP, - (1, 0) < oo and [ 0~*dP,(0) < oco. Furthermore, it

/(wmx;g%m%>zﬂmﬂmay<m‘

Isotropic normal- and Student’s t-densities satisfy Assumption 3.10. As % is monotonically

satisfies

decreasing, the third condition in Assumption 3.11 can be verified alternatively by

1
Lap, .
/ 5dPy(0) < o0

These assumptions effectively prevent the density from being peaky and thus control the growth
of the score function.

Under these assumptions, we can quantify the growth of the score function as follows.

Lemma 3.12. Consider a latent variable model having likelihood

oty o Ly (= sl
plalz = (1.0%) o —po [

with radial-basis function 1 : [0,00) — (0, 00) and prior P, 5. Under Assumptions 3.10, 3.11,

in the limit of ||z||2 — oo, we have

Eje Isp(z]2)]l; = O([l2)-

Furthermore, for a given bounded kernel r, reweighting it by
-6 -6
k(z,a’) = (L4 [|2]3) " (L + [|2']3) " w(z, 2)

with some 6 > 1/2 ensures that the condition (3.16) holds.

Proof. First, note that we have

Ez\:p ||Sp(x|Z)H2
- [ Sl o[£l ¥z — I /o)
plz/o®) | [ 559 (e — pl3/0?) dPuo (i, o)
| soelle = pll2v (o — pl3/0®)dPue (s, 0)
J o5 (Il = ull3/0?) dPug(u, o)

-~

dPy o (1, 0)

< 2M,

9(x)

We therefore show that the growth of the function g is of the order of ||z||, by examining the
limit
9(x)

2,00 [|]ly

Let j (1, 0) = (||x — p||3/0?)/oP. For the numerator of g, note that we have

x — pf|2 ¥( x—u o -
/” 2 (] ”“ Dap,(n.0) < ¢/nxmwﬂ) o (10 - [l o
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Asm.3.11
< o0,

where the first inequality is given by the Cauchy-Schwartz inequality. Thus,

) _ VI Ule = /o) AP (1.0 - el agr, .

lzlly — [ ll2llPell 2, (7,.0)

§ \/f(nw—u|2/a2)2dPM,g<u,a>

I[13

\/ [ Qe+l Ul +lelel Ly, (). (3.17)
EE |

The second line is obtained with the relation between the L;- and Lo-norms: ||pz| 1, (p, ) <

P22, (P,..)- The function inside the integral in (3.17) is monotonically decreasing at each

(1, 0) as
(1ol BEY 1
lzl|2—00 Izl [|=l3) o* 04’

and by Assumption 3.11, it is integrable when ||z||2 = 1. Thus, by the monotone convergence

1) <[ Zarso,

llzlla—o0 |||

theorem, we have

where the upper-bound is finite by Assumption 3.11, indicating that g(z) = O(||z||2). Therefore,
for the location-scale family, we have that the score part grows at the speed at most of ||z||,.

Therefore, modifying kernel x by

k(z,2') = (14 22 (1 + [|2/]12) sz, 2') with § >

N =

ensures that the decay of the kernel is as fast as the score part. O

3.D Convergence assumption in the asymptotic normality proof
To apply Theorem 3.4 to the KSD estimate, we need to verify that the bias
B, y~rek HpW:Y) ~ By rertls(yy) (3.18)

decays at some rate. Here, R;(d(z,2)) = Pg) (dz|z)R(dz) (see the paragraph before Theorem
3.4 for the notation).

In what follows, we assume that the MCMC sampler satisfies
Ez(mmép,d(x\z(t)) —spd(z)| <r(t,x) = M(x)r(t), ford=1,...,D, (3.19)

for some function 7(t) : N — (0, 1] decreasing to 0 in ¢ and a positive function M (z), where

Sp,a denotes the d-th element of the conditional score §,, (the same rule applies to s,). There
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is usually dependency in M (z) on the initial state of the chain, but this is suppressed here for
simplicity. This assumption can be understood as the convergence of the ¢-step transition law
of the Markov chain Pg) (dz|x) to the target Pz(dz|x) in terms of the test functions s, 4(z|-).
The convergence can then be checked with the assumption that the test functions belong to a
certain class, and the upper-bound of (3.19) can be stated as a worst-case convergence rate in
that class. For example, the convergence in total variation distance corresponds to the class of

nonnegative measurable function bounded uniformly by 1.

A specification of the decay rate r and the function class relates the condition (3.19) to
standard notions of ergodicity studied in the Markov chain literature [Roberts and Rosenthal,
2004, Meyn et al., 2009]. For instance, suppose that we have the geometric rate r(t) = p
for some 0 < p < 1, and that the function class is such that all members are measurable and
bounded uniformly by a function V' : Z — [1, 00). Then, the corresponding convergence is
known as V -uniform convergence (if V' = 1, this corresponds to the uniform ergodicity) [Meyn
et al., 2009, Chapter 16].

We can reduce the convergence of the bias (3.18) to that of the score estimate (3.19). To see

this assertion, we first note that

‘The first term of (Ey Y NR@RtH (v, y/) - Ey,y'~R®RHp(ya y')) ‘
D

k(z,2") Z {Ez(t)‘wép,d(x]z(t))Ez,(t)‘xxépyd(x/\z’(t)) — sp,d(a})spd(m’)}‘

d=1

< Em,m’

IN

E; o [/{(m, 2') {

E o Spa(el2 )| r(t, ) + 7(t,2) [spa(e)]}]

IN

M= £

E, o [k(z,2') {r(t,2)r(t, ) +r(t,2') |spa(z)] + 7t 2) |spa(a’)|}]

.
Il
—

IN
S

T(t)2Ex,x/ [k‘(l‘, :L‘,)M(l‘) + 2T Z Egp o M(‘T/) ’sp,d(x,) H :

That is, if By [k(z, 2")M(2)M(2')] < oo and -5 By [k(z, 2/ )M (2') |sp.a(2")]] < oo,
the difference in the first terms can be bounded by r(¢). A similar argument can be applied to
the second and third terms. The constant M (x) in the bound in (3.19) often depends on certain
properties of the target Pz (dz|z). If those properties hold uniformly over z (i.e., M (x) can be
treated as a constant), then the validation of these conditions is straightforward. A concrete
example of such properties is strong log-convexity and having a Lipschitz continuous gradient
of the target (assuming the target is given by a density p(z|z)) [Dalalyan, 2017, Dwivedi et al.,
2019, Bou-Rabee et al., 2020]. In this situation, the bias (3.18) is determined by the rate ()
at which the score function converges. Hence, ¢ has to grow as a function of n such that
t(n) = O{r=1(n=%)} with s > 1/2 to apply Theorem 3.4.
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3.E The maximum mean discrepancy relative goodness-of-fit test

We provide the detail of the MMD relative goodness-of-fit test proposed by Bounliphone et al.
[2016] and describe our modification to correct for underestimation of the variances required in
the test (see Appendix 3.J.3).

Given a sample {z;};% "1 R and two competing models P, (), the relative MMD test is
defined as follows:

Hy : MMD(P, R) < MMD(Q, R) (null hypothesis),
H, : MMD(P, R) > MMD(Q, R) (alternative).

Note that here we use a different symbol for the data in the main body (there, the data variable
is x). Their procedure does not consider the case where the sample size nr does not match the
sizes np, ng of respective samples {x;}17,, {y;},<, from P and Q. Therefore, we provide the
test procedure accommodating this case.

The test statistic is defined by the difference between estimates of the squared MMDs

MMD?(P, R) — MMD*(Q, R)

1 1 1
= (np) (n2Q) (n2R) Z Z Z gdiﬁ(xim y Ligas Yiy1s Yiyas Rizis Zizz)u

2 b1 <iz2 iy1<iy2 121 <022

where

baier (2, 25y, 2,2") = Uz, 25 2,2)) — Uy, s 2, 7),
and / is the kernel from Section 2.2. This statistic is a three-sample U-statistic; its asymptotic
distribution is normal under the same assumptions on the relations between the models and
data distribution as in the main body (the second paragraph of Section 3.3.1). Let ngym, =
np + ng + ngr. Assume the following growth condition on the sample sizes

Nsum 9 Mgsum
pP7
np

n,
— pQQ, and —= 5 p2
n

PR

with finite constants pp, pg, and pr. Assume E[lqig(z,2';y,y'; 2, 2")?] < oo. Then, according
to Kowalski and Tu [2007, Theorem 3, p.168], the limit of (np,ng,nr) gives

T [{MZ(P, R) — MMD2(Q, R)} — {MMD*(P, R) — MMD*(Q, R)} |
i} N(07 U%,Q,R%
where
U%D,Q,R =4 (p%Varw [E[ﬁdlﬁ]:r]] + ,OQQVaI'y [E[ﬂdiﬁ’y“ + p%%\/arz [Ewdlﬁ’ZH) R

with
Ellaig|z] = Ellag (z, 2" y,9'; 2, 2')|x],
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and the same notation applies to the conditional expectations of £4;r of y and z.

With a consistent estimator 6 p g g, Bounliphone et al. [2016] proposed an asymptotically
level-« test that rejects the null hypothesis if 1\6432 (P, R) %\ﬁEQ (Q,R) > (6p,Q,R/\/Nsum)"
T1—o With 714 the (1 — a)-quantile of the standard normal distribution. We found that the
estimator given by Bounliphone et al. [2016] tends to underestimate the target variance, and
that their test exceeded the nominal level in some problems where two models are close to each

other. We therefore consider another estimator for our experiments, as described below.

Variance estimators Following are the variances required for 0% OR:

Var, [E[fgg|x]] = Var,

= Var, Ex/,z — k:(z,x)|$]] ,
Var, [E[lag|y]] = Var, [E[f(y,y 2,2 \yH

= Vary [E. [k —k(z,9)ly]] , and
Var, [E[lqig|z]] = Var, [E[ﬁ v, 2'52,2) — Uy, Y2, 2 )]zH

= Var, [E, y[k(z,2) — k(2,y)|2]] .

The first two quantities are symmetric in terms of x and y, and therefore we only need to

consider one of them. An estimator for the first variance is given by

(Fite) — Fi(a)”

1
Vi E, .k N—k R~ 3.20
ary | Boralb(o,2') — k(z,@)la]| & e ; 5 . 620
/(@) ’
where f;(z;) is an approximation to f(z;) defined by
. 1 2R
fl(xl Zk ‘Tl)',rl Zk(zlvxi)'
z;m "R
We similarly estimate the third variance using
gz Zz _g Z'))2
Vars | Eoylh(z,2) — bz y)lE]| ~ e Z 2 (3.21)
9(2) #
where
1 &
9i(2i) = EZ 1, 2i) Zk (Y1, 2i) (= g(2i)) -
=1

The estimators (3.20) and (3.21) are simple to compute and always nonnegative. The consistency
of these estimators can be checked by expanding the expressions. The derivation is tedious, and

therefore we only prove it for (3.20).

Lemma 3.13. Assume E, /.poplk(z,2)%] < 0o and E, y1.pork(z, 2)?] < co. Then, Eq.
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(3.20) estimates
Var, [Ezgz[k(w,x') — k(z,a;)|x]]

consistently in the limit of (np,ng) such that the ratio np /ng converges to a finite constant.
Lemma 3.14. Assume that the following quantities are finite:
Eq:n@orlk(2,2)%], Byznprarlk(y, 2)°], and B, nrerlk(z,2')?).
Then, Eq. (3.21) estimates
Var, [Ey 4 [k(z,2) — k(2,v)|%]]

consistently in the limit of (np,ng,nr) such that the ratios np/ng and ng/ng converge to

finite constants.

Proof. Note that the estimator (3.20) is the (approximate) sample variance

np 2
Zfz xz _nP (T:P;fl($l)>

p—l

Showing the consistency is equivalent to proving the following limits (the symbol 2, denotes

convergence in probability):
1 & 1 &
— Z fi(zi) 5 Ey[f(2)) and — Z filzi)? B Bo[f()?].
g g
The first limit is immediate as

1 & -
il E () = E k( _ E k(
np £ fz(SUz) nP — 1 CL‘[,SUZ np nR Zla*xz

l;éz

which is a U-statistic of E,[f(x)].

For the second convergence claim, we expand the expressions as follows:

. 1
filzy)? = np =12 ZZI@ zj, xi)k(x, ;) % Zk(zj,xi)k(zj/,xi)
3.3

J# l#
o S S e k)
np ];ézl 1
b P
= k JU]axz $la$z)
(np—1) (np—l (np—2) ];éz !
1
— mZk l'j,l‘@ Zk ZJ,IE@ Z]/,ﬂfi)
JFi R j#j

A
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1
+@Zk(zj7xi)2 nP_l ZZI{: xj,xz zl,:ni), and
J

j;ézl 1

B
E(f (2:)?] = Ea, [Baor [k(@i, ") i]® + Bolk(z, 20)|i]? — 2B [k(as, ) | 2] Ea [k (2, ) |2i]] -

Note that the terms in n Pl Sk Az(:zsz)2 corresponding to A and B above vanish in the limit,

since by the law of large numbers for U-statistics,

1 nr
<—1>Z§’“> 5, (e, )] < o0

2
p— Zk (2, 2:)? 2 E[k(z, 2)?] < oc.

The other three terms are U-statistics (up to scaling negligible in the limit) of their counterparts

in E,[f(2)?]. Thus, by the same reasoning, the second limit holds. O

3. F MMD and KSD for Gaussian distributions

We provide explicit forms of MMD and KSD measured for Gaussian distributions. These results
are used in constructing the PPCA experiment in Section 3.4 in the main body. In the process,

we also obtain an understanding of the role of the reproducing kernel in the KSD.

3.F.1 MMD

This section provides an explicit formula for MMD between two normal distributions, defined

by the exponentiated quadratic kernel

2
! — Hx_:U/H2
k(m,l' ) = exp (2)\2 ,Whel”e A > 0.

The MMD expression in this setting has been shown [see e.g., Sriperumbudur et al., 2012,
Example 3]. We use this formula to compute the difference of MMDs so that we can construct a

problem as in Section 3.4.1.

Lemma 3.15. Let k(z,2') = exp { — |z — 2|3 /(2)\2)} with A > 0. For three D-dimensional
Gaussian distributions P = N(0,%,), Q = N(0,%,), and R = N(0,%,) with full-rank

covariance matrices, we have

1

\22 + )\21\ \/28q + N2 |
1

(\/2 + %, 4 A20) _\/]Zq—kzr—i-)\zl‘

MMD?(P, R) — MMD?(Q, R) = \P
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where |-| denotes the determinant.

Note that we can numerically evaluate this expression given covariance matrices. For

completeness, we provide a proof below.

Proof. Recall that the MMD between two distributions P, R is given by
MMD2(P7 R) = E(x,m’)~P®P[k5($v x/)] - 2EENP7$'NR[k(x7 :L',)] + E(x,x’)NR@)R[k(x? m/)]

Letp(z) = N (x; pp, Xp), r(z) = N(z; pur, Xy ). Note that when properly scaled, the exponenti-
ated quadratic kernel can be also seen as a Gaussian density function. Therefore, by convolution,

we have
Em’wP[k(xv lj)] = (271—)‘2)D/2N(x; Hp, Ep + )‘21)
Then, the first term is

E; wpoplk(z,z)] = /Ex/,vp[k(a:,:c/)]/\/’(az;up,Zp)dac

= e [ N(ws g, Sy + XN (w3 )

by 1 . )
_/\D\/’ >p +’)‘§|I HEP‘ < { » Sp fip = iy (Sp+ N1 1#1)—#;2;71/@}),

where |-|denotes the determinant, and

= _ _1y—1 - = _ _
Sp = (Ep+ DT+ iy =S5 ((Sp + A0y + 2, ).
The second term is

EmNP,x’NR [k(xa x,)]

= o) [ Nas g, Sy + PDN (i 21

[Zpr|
[ES

1 B
< {:U’przpr,upr pp (Sp+ N0y — ) S lﬂr}),

where

_ _1y—1 _ _
Ypr = (Zr 14 (Ep + AZI) 1) s Hpr = Xpr {(Ep + )‘2-’) 1“19 + X, 1“?“} :

The third term is similarly obtained, but its form is not necessary for comparing models. We

then impose the condition p, = p, = 0. In this case, we have

2 _\D ip‘ P, /
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1 1
b —2 + E(x,waR@R[k(xu x/)]
VIS I8+ 5+ 021

Thus, substituting three Gaussian distributions P = N (0,%,), Q@ = N(0,%,), and R =
N(0,%,), we obtain the desired equality. O

=A

3.F.2 KSD

The KSD can be equivalently written in terms of the difference of score functions [Liu et al.,
2016, Definition 3.2]:

KSD? (P||R) = Eqy op~rer | (8p(11) = 80(21)) T (p(22) — 87 (22) k(a1 w2)} :

For two Gaussian densities p(z) = N (z;0,%,), r(z) = N (z;0,%,), the difference between

their score functions is

Therefore,

KSD? (P||R) = Bay aprion |(Sp(@1) = 5,(21)) (,(22) = 8, (22)) (w1, 22)|

2
= Ex1,x2~R®R |:< (2;1 - E;1> 7k(x17x2)x1x;>:|

(s v R k T
= » v ) By gonrar k(21 22)T122 ] )

My r

where (-, -) denotes the matrix inner product, and M}, r is a matrix depending on the kernel k&
and the data distribution 1. Therefore, it can be informally understood that the KSD depends on
the difference between the covariances X, and X,; if X, is given by additive perturbation as
>+ E, the difference depends on the perturbation matrix E. Note that in the PPCA experiments,

the perturbation matrix is an increasing function of 9, element-wise.

3.F.3 Kernel choice and KSD: Gaussian models and data

We illustrate how kernel choice affects the sensitivity of the KSD. We consider the following
setting:
P ~ N(0,diag(1,,1,...,1)), R ~ N(0,diag(c%,...,1))

for some positive o; # 1. The model P misestimates the variance of the first coordinate of
the data. Let us consider the effect of a parameter choice for the IMQ kernel. We specifically
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compare the following kernels:

1 scale 1

kg (@, y) = —=———ms, ki (2,y) = :
L+ [z —yll3 \/1+Zi>1(xi_yi)2+gl—2(x1 —y1)2

where ! denotes the first coordinate of . The latter kernel can be considered as the (precon-
ditioned) IMQ kernel with dimension-wise scaling A = diag(a%, 1,...,1) where the scale is
determined by the dimension-wise variance of the data. The KSDs corresponding to these kernel

choices are given as follows:

X'y!
Vo Y2 4 B (X0 -y

KSD (P||R; kivq)® = (01 — 1)°E

)

E kg (X,Y) X1Y1]
X1yt
I =Yz s (X -y

2
KSD (Pl Rskisi (2.9)) = (01 — 1)°E

E [kigs (X.Y)X1Y1]

where the expectations are taken with respect to independent standard Gaussian random variables
X, Y. For the KSD to be sensitive to this deviation in variance, the expectations on the RHS have
to be large. In this regard, the key difference between these expressions is that the variance o2
appears in the coefficient of (X' — Y1)?. When o >> 1, the non-scaled IMQ kernel kg pays
more attention to the first coordinate than the scaled counterpart kfﬁ‘}j, and we can therefore
expect a higher expectation value for kp\vq. On the other hand, when o1 < 1, the relation
flips as o1 reduces the contribution of the first coordinate. Note that this relation holds more
starkly in high dimensions, as the rest of the coordinates have greater influence on the kernel
output. These considerations show that the ability to choose an effective kernel depends on the
problem (not surprisingly). In particular, it shows that dimension-wise scaling (or covariance

preconditioning) could hurt the performance in some problems.

Finally, if we instead use the exponentiated quadratic (EQ) kernel
kg (e, y) = exp (=l - yl3),
then we have

KSD (P||R)? = (01 — 1)*Ex.y [exp(— Yxi- Yi)Q) exp(—o(X" - Yl)Z)lel} .
i>1

Elkpq(X,Y)X1Y1]

When o1 > 1, the EQ has higher selectivity in the first coordinate than the IMQ because
of its exponential decay; the KSD with the EQ kernel could be more useful in revealing this

perturbation. However, in practice, we do not know the discrepancy of our models a priori. At
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least in terms of local sensitivity such as the example above, the IMQ kernel could be considered
more robust against poor specification of input scaling than the EQ, as the effect of input scaling

is less significant.

3.G The score formula for Dirichlet process models

We provide an explicit formula for the score formula (3.3) for Dirichlet process mixture models,

mentioned in 3.4. We first note that the density p(x|D) is given by

7

p@un:=EFL/¢wﬂAdFu>

— [ [ wtal)arn(z)

where Fp is the mean measure of the posterior distribution of F given D. Note that F'p is the

mean of a mixture of Dirichlet processes with the mixing distribution given by the distribution

ntr

of the latents of the training data {Z;}"; conditioned on D [see Ghosal and van der Vaart, 2017,
Remark 5.4]. We can interchange the 1ns1de integral and the expectation of F, which results in

the second line. This expression immediately gives

!D)

//Sw x|z, ¢ ||D))dFD( ).

We discuss how to evaluate the expectation with MCMC. Our target distribution is

P(als) -
plalD) P

Note that this distribution is a mixture of two distributions written as

p(z|D) (z|D) | n+1 C, n+1 Cy n < Zi
b(dz)
- mwgz)da(z) + ﬂbw(élz)db(z),
where C, = [(z|z)da(z = [Y(z|z)db(z2), T = Cy/(Cq + nCh), and m, = 1 — 7.

For the Gaussian DPM model in 3.4.2, we can sample from the posterior ¢ (x|z, ¢)/Cyda(z),
and it can be used for initializing the Markov chain. The distribution in the second term is not
given in closed form as the mean measure b is unknown, but we can sample from b (and so from
Fp) by Gibbs sampling [Ghosal and van der Vaart, 2017, Theorem 5.3]. Assuming that we

can generate samples from Fp, we can use the random walk Metropolis algorithm where the
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acceptance probability of the transition from z to 2’ is given by

i <1’ ﬁiﬁ',j;)

with the proposal distribution Fp. However, sampling from Fp cannot be performed exactly,
and therefore we use Gibbs sampling after sufficient burn-in. Consequently, the use of Gibbs

and Metropolis samplers allows us to sample from v(x|2)/p(z| D) Fp approximately.

3.H Invariance properties of kernel Stein discrepancy

3.H.1 Model invariance

In some applications, models are designed to be invariant to certain transformations. When
comparing a class of models invariant under a transformation, model comparison should be
made so that the ranks of the models remain unaffected under the transformation of the data. We
show that essentially for rotational transformations, we can make the KSD invariant by choosing
a rotationally invariant kernel. In the following, fora map 7" : X — X and a distribution P,
we denote T-push-forward of P by T'y P;i.e., T P is defined as the distribution of a random

variable T'x with x ~ P.

Lemma 3.16. Assume that for an orthogonal matrix O, the following conditions hold: (a)
P has a density p such that p(Ox) = p(x) for any x € RP, and (b) kernel k satisfies
k(Ox,Oy) = k(z,y) for any x,y € RP. Then, we have KSD (P||OxR) = KSD (P||R).

Proof. When we push forward the data distribution by O, the KSD becomes
KSD (P|OxR)* = E, yror[hp(Ox, 02')].

The assumption p(Oz) = p(x) implies that

1 _ D
5p(02) = —— (Ohp(w + hO ™ eq) o

p(z) =
~ (0T — Os,(0)
where {ej,...,ep} denotes the standard basis of RP. For the kernel derivatives k; and k12, we
obtain
k1(Oz,0x") = Oky(x,2') and k12(Ox, Oz') = kio(z, 7).
Thus,

hy(Oz,0x') = s,(0x) "s,(0x")k(Ox, 0x') + s,(0x) " k1 (O, Ox)
+ k1(Oz,02") Ts,(02') + k12(Ox, Ox')

= sp(2) 'sp(a”)k(x,2') + sp(2) k1 (2, @)
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+ kl(x,x')Tsp(x') + kiz(z, 2") = hy(z,2'),
and therefore KSD (P||OxR) = KSD (P||R) . O

An analogous result holds for the KSD for discrete observations.

Lemma3.17. Leto : {1,...,D} — {1,..., D} be a permutation represented by a permutation
matrix Oy. Assume that P is invariant to Oy, ie., (Oy)4P = P. Assume that kernel k
satisfies k(Oyz,05y) = k(z,y) forany z,y € {0,..., L — 1}P. Then, KSD (P||(O,) 4 P) =
KSD (P||R) .

Proof. The proof proceeds as in the previous lemma. Note that taking the cyclic forward

difference with respect to the i-th coordinate gives

Aip(Opz) = p(z®D . 7, 7PNy = p(aD) 270 o))y
=p(z!,... e ON

= A, 1)p(),

?)

where £ = z + 1 mod L. Thereby,
$p(05) = O, 'sy(x) = Og 5p(2).
Similarly, for the kernel derivatives ky and k15, we have

k1(Opz,002") = O; ki(z, ")
klg(ogl', Ogajl) = klg(l', l‘l).

Thus,
hp(Oo, Op’) = 5,(00) "8p(0pt Yk (O, Opz’) + 5,(0p) k1 (Op’, Opx)
+ k1(Op2, O x) $p(Op’) + k12(Opx, Opz’)
sp(a) "sp(a)k(z, a") + sp(a) Tk (2, 2)
+ ki (2, a") Tsp(a') + kia(x,2') = hy(z,2'),
and therefore KSD (P||(O,)#R) = KSD (P||R). O

3.H.2 Coordinate-choice independence

In general, the KSD is not invariant to a change of coordinates, and the KSD may be affected
if we transform both the model and the data distribution. Precisely, for some one-to-one map
T : X — X, we might have KSD (T4 P| T4 R) # KSD (P||R). The following result is
essentially the same as the previous lemmas except that here we do not have the invariance
assumptions for the model; it shows that the KSD can be made invariant at least under rotation

and translation.
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Lemma 3.18. Let T be an affine transform such that Tx = Ox + b where O is an orthogonal
matrix and b is a vector. Let P, R be probability distributions. Let k = kg be a data-dependent
kernel kg such that kr,g(x,z') = kr(T 'z, T~'a') for any x,2' € RP. Then the KSD
between P and R is invariant under T that is, KSD (Tx P||Tx R) = KSD (P||R) .

Proof. Let us denote the density of T P by pr(z) = p(T~'z). Then, its score function satisfies
Spr () = Os,(T\2).
Similarly, for the kernel derivatives k; and k2, we have

kryri(z,y) = Vakp(T ', T7'y) |50
= OkRJ(T*lx,T*ly), and
ke, r2(2,y) = Vi Vikp(T 2, T7'Y) 50—y
= (VOO Vy)kp(&, §)|i=s,5=y = kra2(2,y).

These relations imply that the Stein kernel satisfies

hpr (T2, T2') = $p, (T) "5, (Ta" e, p(Tx, Tx') 4 s, (ac)TkT#RJ(Tx', Tx)
+kr,r1 (T, Tx') s, (2') + kr,ri2(Tx, Ta')
= 5,(2)0 " Os,(2')kp(w, ') +5,(2) O Okpy (2, )
+kri(z,2) O™ 0sy(2') + (Vi O OV ko (T2, T719) ls=ra g1/
= sp(2) "sp(a”)kr(z, 2') + sp(2) Tk (o, 2)

+ kra(z,2") 'sp(2)) + kpaa(z, @) = hy(z,2").
Thus,

KSD (TyPl|TyR)? = By prer | hpr (T, Ta!)|

— Eparenon | hp(e,a)] = KSD (P|[R)”.

An example of the data-dependent kernel is a covariance-preconditioned kernel

k}p%recond(x’ y) _ ¢(($ _ y)Tiél ($ _ y))

where 35, is the sample covariance matrix of R and ¢ is some positive-definite function. Another

example is the median-scaled kernel

ki (2,y) = ¢(Ilz — ylI3/0% mea)

where 0 g med is the sample median: median{||z; — z;||2|1 < i < j < n}. In fact, radial basis

kernels with data-independent scaling also satisfy the required condition since k7, r(z,y) =
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]{TR(J7, y) = kR(T_l:Ea T_ly)'

3.0 Arvesen’s formula for the jackknife variance estimator

The formula in [Arvesen, 1969, Eq. 25] has minor errors. For completeness, we provide a proof

for the decomposition (3.13).

Lemma 3.19. For an i.i.d. sample D,, = {y;}!'_, from some distribution, define a U-statistic
with symmetric kernel f : Y° — R,

-1
Un = <Z> Zf(yilv'”vyis)7

Cn,s
where C,, ¢ denotes the set of s combinations of integers chosen from {1,... n} withn > s > 1.
Then, we have

n

v = (n—-1) Z(U"v_i —U,)*
=1

1
S

= g an,cUCa
c=0

with Uy, —_; the U-statistic computed with Dy, \ {y;},

= 2 () e () (2 ()

and U, is a U-statistic given in Eq. (3.27) in the proof.

Proof. For a combination in C, 5, we fix a order of integers (say, sorted in ascending order)
and evaluate f. We may assume that the statistic is centered so that E[U,,] = 0. The jackknife

estimator is expressed as

n

v) =(n—-1) Z(Un,—i —U,)?
i=1

= (n = D{D_(Ua)* = n(U.)?

=1

_ —2 n
~o-0(" ) S o) X S fa)

=1 OZEC%’571 IBECTiL,sfl
(n—s)?
_T Z f(yal7"'7fas) Z f(y/ﬁlv"-afﬁs) 5
a€Ch s BeCh,s
(3.22)
where wa_l denotes the set of all s combinations of integers chosen from {1,...,i — 1,7 +

1,...,n}, and C, ; denotes the set of all s combinations of integers chosen from {1, ..., n}.
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The first sum can be expressed as

Z Z f(yal""7fas) Z f(yﬁ1’7fﬁs)

i=1 aeCi,_, BeCi

n,s—1

:zn: (Z FWar - fa) = D f(yi,yal---,fas_l))
=1

a€Chn,s acC?

n,s—1

(X fwsfo) = X fwws o)

Becn,s ﬁGCihsil

Note that we have

Z Z f(yiayOQ"‘?fasl):(S_ll)!Z Z f(yivyoc1"‘7f045—1)

=1 qeC?

n,s—1 i=1 aeP’ZL,sfl
1
= m Z fWar -5 fa)
’ CYGPn,s
s!
= Z f(ya1"'7fas>

_ |
(s —1)! N

=S Z f(ya1~~'afas)7

a€Chn,s

where Pfl’ <1 is the set of all ordered (s — 1)-tuples of integers chosen from {1,...i — 1,7+
1,...,n}, and P,  denotes the set of all ordered s-tuple of integers chosen from {1,...,n}.
The first and third lines are due to the symmetry of f. The second lines holds as the indices on
the RHS on the first line runs all over P, ;. Moreover, we have

Z Z FWisyay -+ faay) Z f(yi?yﬁl"‘%fﬁsfl)

=1 06027571 ’BEC’:IIL,Sfl
= 3 FWarsees Fa) f W F2),
a,B€Ch,s
lanB|>1

where |o N 3| expresses the number of common elements between two sets of integers «, 3.
Thus, we have

Z Z f(ya?'[:"'vfai) Z f(y/jiaafﬂg)

=1 aecjl,s—l ﬁec’riz,s—l
=n Z fWas -+ fa) Z [y, -, fa,) — 2s Z fWas -+ fa)
Oéecn,s ﬁecn,s aecn,s
+ Z f(yOZl?“‘?fOés)f(yBl"'7fﬁ.s)'
,BECH,s

lanB|=1
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Now, the expression (3.22) can be summarized as
1\ /n-1)?
<" > (“ ) x (3.22)
n S

Z{n —2sn+nl(c>0)} Z FWars---s fas) f sy, -5 f3,) (3.23)

« /Becn s
lang|=c

—n =52 " " fWars- - fa) FWars - f5.)

=0 o,8€Chs
v

—Z{nﬂc>0 )= Y fWars - Sa) F W f30)- (3.24)

a,B€Ch,s
lanB|=c

Finally, we show that each term of the RHS (3.24) is written by a U-statistic U, with kernel
fsym(yoqa R yauyﬁlu R 7y,357c7y’)/17 e 7y"/sfc)

_ Z f(ya(a1)7 s Yo(ae)r Yo (Br)s - - ’ya(ﬂsfc))f(ya'(oq)a o Yolae)s Yo(yr)s - oo ya('ysfc))
(2s —¢)! ’

g

where the sum is over X(a, 3,7), the set of all permutations of given integers («, 3, ) with

a=(ay,...,a.), 8= (01,---,8s—c), and vy = (71, ...,7s—c). The reasoning is as follows:

A~

Ue

n
= (28— > Z fsym yalv"'7yac7y517"'7y,33_c7y’y17--'ay’ysfc)

n29 c
(n—2s+c
= Z fsym Yoy - "ayamyﬁlv"'7yﬁsfcay’ylv"'>y’ys_c)
n2s c
_(n—2s4¢) 1
N n! (25 —¢)!

Z Z (f(yo(oq)a s Yo(ae)r Yo (Br)r - oo ya(ﬁsfc))

Pn,2sfc O'EZ(OC,B,’Y)

f(ya(al), o Yolae)r Yo(y1)s -+ yo('ys_c))) (325)

_(n—2s+c) 1
(25 —¢)!

Py Z 2 Do (FWetar e Yoty Yo+ o)

(@)€Pn,c 0(B)EP s—c o(Y)EPp,s—c
o(a)No(B)=0 o (v)N{o()Uc(B)}=0

) f(ya(oq), 9 Yo(ae) Yo(yr)s - 7y0('ysfc)))
(3.26)
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The second line follows from the permutation invariance of fgyy,. The third line is obtained
by inserting the definition. The fourth line is a result of exchanging the sums. Continuing to

manipulate the expression, we obtain

U, = (n—is'—i—c)'(s —o)l(s =)l

: Z Z Z f(ya17~--7yac7y,81?'"7yﬁs—c)f(ya1,-"7yacay’}/1a'"5y’Ys—c)'

aecn,c IBECn,sfc VGCn,sfc
anp=0 ~yN{auB}=0

(n=2s54¢c)l(s—c) (n—s5)l(s—c)cl(n—c)

(n—s)! (n—c)! n!

: Z Z Z f(yCYl?""yac?yﬁl?'"7yﬁs—c)f(ya1,"'7y01c7y')/1?"'7y’ysfc)

aecn,c Becn,s—c ’Yecn,sfc
anp=0 ~yn{aup}=0

-1 -1 -1
_ n—s n—=c n
(=2 (2 ()
: Z Z Z f(y()ﬂ?"‘?y@éc?y,gl""7yﬁsfc)f(y0417“'7y04c7y'71""7y'77c)‘

aecn,c BECH s—c 'Yecn,s—c
anp=0 ~yn{aUp}=0

(3.27)

The first line holds because the inner sum (3.26) in >, has the same value for each ¢ and

because of the permutation invariance of f. Note that the sum in the final expression is

Z f(yOqa"-7fas)f(yﬂ1a"~afﬁs)'

a,B€Ch s
|anBl=c
Therefore,
n
ol = (0= 1) > (Ui = Un)?
i=1
S
= Z an,cUm
c=0
with

0 = ”;1(”;1)‘2{71]1(@ S0y 32}(7;) (Z:;’) (Zi‘S)-

3.J Additional experiments

3.J.1 PPCA: type-I errors and test power

We provide results supplementary to the results in Section 3.4.3.1.
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Problem 1 (null) Table 3.J.1 summarizes the result for the experiment with (0p,dg) =
(1,14 107°) in (3.J.1), where all the tests use the IMQ kernel with covariance preconditioning.

The result for « = 0.01 is omitted as none of the examined tests rejected the hypotheses.

Table 3.J.1: Type-I errors the MMD test of Bounliphone et al. [2016], the proposed LKSD test,
and the KSD test with the covariance preconditioner in PPCA Problem 1. Rejection rates are
computed on 300 trials for significance level oo = 0.05.

Sample size n Rejection rates
MMD KSD LKSD
100 0.000 0.017 0.010
200 0.013 0.000 0.003
300 0.020 0.000 0.007
400 0.017 0.000 0.007
500 0.013 0.000 0.007

Problem 2 (alternative) We present the result of the same experiment with o = 0.01 (Figure

3.J.1) to show power decay due to the conservatism.

1.0 o — 1.0 v 1.0 pP—
g 7’ 2 e 2 e
] 4 < = -
; 7/ ; ; ,;f
20 / .20.5 20.5 e
£ 7 £ ' £001
BER / 2 . L 9
e |7 =] r = .
0.0 —s——o——6-.—» 0.018 0 0 Deeernnns Oerrerenn © 0.0 L L L
200 400 200 400 200 400
Sample size n Sample size n Sample size n
(a) (@): PPCAp =2,00=1.EQ (b)PPCA ép = 2,590 = 1.IMQ  (c) PPCA 6p = 2, ¢ = 1. IMQ
kernel with median scaling. kernel with median scaling. kernel with covariance precondition-

ing.

Figure 3.J.1: Power curves of the MMD test of Bounliphone et al. [2016], the proposed LKSD
test, and the KSD test with the exact score function in PPCA Problem 2. The perturbation
parameters are set as (6p, 6o = 2, 1). Each result is computed on 300 trials. The significance

level @ = 0.01. Markers: V (the LKSD test); YAS (the KSD test); () (the relative MMD test).

Next, we provide the result for the same power experiment with a different choice of
perturbation parameters (dp,dg) = (3,1). Figure 3.J.2 shows the power curves of the tests.

The MMD test with the covariance pre-conditioner achieves power 1 at n = 100.
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Figure 3.J.2: Power curves of the MMD test of Bounliphone et al. [2016], the proposed LKSD
test, and the KSD test with the exact score function in PPCA Problem 2. The perturbation
parameters are set as (0p, dg = 3, 1). Each result is computed on 300 trials. The significance

level & = 0.05. Markers: V. (the LKSD test); W (the KSD test); () (the relative MMD test).

3.J.2 LDA

3.J.2.1 Type-I error and test power

LDA models with more sparse topics We run the same experiment as in Section 3.4.3
except that the topics b are made sparse by sampling from the Dirichlet distribution with all
the concentration parameters 0.1. The results are summarized in Tables 3.J.2 and 3.J.3. The
LKSD test underperforms the MMD test in this case. As the topics are more sparse, generated
documents tend to have words from a particular topic; this trend escalates as we increase the
concentration parameter of the topic proportion prior. Models thus observe compositions of
words that they would not generate, resulting in a high-variance test statistic for the same reason
as in Section 3.4.3.2 (In fact, the topics have probabilities as low as 10~4%, which comes close

to violating the assumption on the density).

Table 3.J.2: Type-I error for LDA Problem 1 (6p,dg) = (0.5,0.6)

Sample size n Rejection rates
EQ BoW IMQ BoW

MMD LKSD MMD LKSD
100 0.007 0.013 0.007 0.013
200  0.007 0.007 0.003 0.007
300 0.007 0.017 0.000 0.017
400 0.013 0.017 0.003 0.020
500 0.020 0.010 0.003 0.010
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Table 3.J.3: Power estimates for LDA Problem 2 (dp,d¢) = (1.1,0.6)

Sample size n Rejection rates
a = 0.01 a = 0.05
EQ BoW IMQ BoW EQ BoW IMQ BoW
MMD LKSD MMD LKSD MMD LKSD MMD LKSD
100  0.000 0.003 0.023 0.003 0.013 0.040 0.083 0.037
200  0.000 0.000 0.030 0.000 0.017 0.040 0.170 0.043
300 0.003 0.013 0.047 0.013 0.010 0.053 0290 0.053
400 0.003 0.007 0.093 0.007 0.013 0.080 0373 0.077
500 0.000 0.000 0.146 0.000 0.000 0.050 0.477 0.050

3.J.2.2 Kernel parameter

As in the PPCA experiment, we investigate the performance dependence on the kernel choice.
Using LDA problem 2 , we examine how the test power is affected by the scaling parameter.
We use the EQ and IMQ BoW kernels as above, and choose their scaling parameter A\? from
{1076,107°,...,103}. For each n € {100,300} we run 300 trials and estimate the test power
of the LKSD and MMD tests. Figure 3.2 plots the power curves of the tests. We can see that the
MMD test fails for any choice of the kernel. For the LKSD test, the IMQ kernel has a flat curve,
indicating its independence from the bandwidth (at least in this candidate range), whereas the

EQ kernel benefits from a small bandwidth value.
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Figure 3.J.3: Power curves of the proposed LKSD test and the MMD test in LDA Problem 2.
The perturbation parameters are set as (dp, dg = 2, 1). Each result is computed on 300 trials.

The significance level o = 0.05. Markers: Vv (LKSD test with IMQ kernel); O (LKSD test
with EQ kernel); () (MMD test with IMQ kernel); x (MMD test with EQ kernel).

3.J.3 Experiment: close models and type-I errors

We investigate the behavior of the LKSD test when two models are close to each other. In
this case, the difference of the U-statistic kernels defined by the models is small, which could
therefore lead to the degeneracy of the U-statistic; i.e., the normal approximation of the test
statistic is not appropriate. In the following, we investigate the three variants of the LKSD test
defined by different choices of the variance estimator. We compare the jackknife estimator

(3.11) with the following two estimators: (i) a U-statistic variance estimator where (; and (2 in



84 CHAPTER 3. KSD MODEL COMPARISON

(3.10) are estimated by U-statistics, and (ii) a V-statistic variance estimator where ( is estimated
by a V-statistic. The U-statistic estimation was considered by Bounliphone et al. [2016] and
Jitkrittum et al. [2018]. The issue with the U-statistic estimator is that it underestimates the
actual variance. In fact, we observed that the variance estimator sometimes returns negative
values. This can occur since the statistic is given as a difference between unbiased estimates of
quantities close to zero (this issue applies to the V-statistic estimator). We made the (arbitrary)
choice to accept the null hypothesis when the variance estimate was negative to avoid false

rejections. For this reason, we recommend against using the U-statistic estimator.

3.J.3.1 PPCA

Our first experiment concerns PPCA models. Specifically, we choose a PPCA model for the data
distribution as in Section 3.4.1 with D = 50. The difference is that we fix the perturbation pa-
rameter 0p for P at 1, and vary the parameter J) by choosing it from {107 : i € {2,3,...,9}}
(this choice yields null Hy scenarios). We set the significance level a = 0.05. For each
n € {100,200, 300}, we run the tests for 300 trials and examine the behavior of the tests under
the null.

Figure 3.J.4 shows the tests’ rejection rates. We first note that as the perturbation parameter
decays (the models get closer to each other), the test with the U-statistic estimator rejects more
and has higher type-I errors than the nominal level a = 0.05. These plots demonstrate that the

jackknife and V-statistic versions of the test are more robust in this setting.
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Figure 3.J.4: The behaviors of the two LKSD tests under the null. The nominal level « is set
to 0.05. The test with the U-statistic variance estimator has higher type-I errors as the models
get closer to each other. Markers: V (LKSD test with the jackknife variance estimator); ()

(LKSD test with the U-statistic variance estimator); O (LKSD test with the V-statistic variance

estimator).

3.J.3.2 LDA

We conduct a similar experiment with LDA models. The problem setup is the same as in
Section 3.4.3, except that the vocabulary size L = 100. We perturb the sparsity parameter of
the Dirichlet prior of an LDA model. We set 6p = 1 and dg = 1 + 9, where 0 is chosen from
{1072 : 4 € {1,...,5}}. For each n € {100,200, 300}, we run the tests for 300 trials with
significance level o = 0.05.

Figure 3.J.5 shows the rejection rate of each test. The test with the V-statistic estimator is

more conservative than the other tests. The U-statistic variance appears to underestimate the
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actual variance.
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Figure 3.J.5: The behaviors of the two LKSD tests under the null. The nominal level « is set
to 0.05. The test with the U-statistic variance estimator has higher type-I errors as the models
get closer to each other. Markers: Vv (LKSD test with the jackknife variance estimator); ()

(LKSD test with the U-statistic variance estimator); O (LKSD test with the V-statistic variance

estimator).

3.J.4 Experiment: identical models

We look into the behaviors of the LKSD test when the models are identical. Our test procedure
provides no guarantee in this case, as the asymptotic distribution would deviate from the normal
distribution. As in the previous section, we compare the performance of the tests with the three
proposed variance estimators. In the following, we fix the significance level « at 0.05. As in
Sections 3.4.1, 3.4.3, we choose perturbation parameters for the candidate models, and run 300
trials for a differing sample size n € {100,200, 300}. For both PPCA and LDA models, we
choose 0p = dg = 1. Figure 3.J.6 shows the plot for each problem. We note that the U-statistic
test has higher type-I error rates in this setting, although they are closed to the design level.
Notwithstanding that our test assumptions are violated, the jackknife and V-statistic approaches

reject the null at a rate well below 0.05, and remain conservative in this example.
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(a) Identical PPCA models. (b) Identical LDA models.

Figure 3.J.6: Plots of type-I errors when two models are identical. Markers: V (LKSD test with
the jackknife variance estimator); () (LKSD test with the U-statistic variance estimator); O
(LKSD test with the V-statistic variance estimator). The LKSD test with the U-statistic variance

estimator has higher errors than the nominal level a = 0.05.
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Chapter 4

Comparing latent variable models
using the kernel Stein
discrepancy — Part 2

This chapter addresses the same problem as in the previous chapter. We consider an alternative
approach to the score function estimation discussed in Section 3.2.2. This short chapter examines
the relative merit of the MCMC approach over this alternative. While the approach taken in
this chapter is theoretically sound and straightforward to implement, it results in an extremely

conservative test, and is therefore not useful in practice.

4.1 Introduction

For a distribution R and a latent variable model P defined by a density function p(z) =
| p(z|z)dPz(z), the previous chapter considered the estimation of KSD (P|| R) using Fisher’s
identity and MCMC. Use of MCMC has its own disadvantages. One major shortcoming is that
it requires the chain to converge to the stationarity; this may result in a long computational time,
and it may not be simple to diagnose the convergence.

This chapter considers a more straightforward alternative. Instead of using the Fisher’s
identity, we directly estimate the numerator and the denominator of the score function s, =
p(z)~'Vp(x). Specifically, assume that we have an i.i.d. latent sample {z; ¥ Lig Py, and

we simply replace the marginal p(x) with an empirical estimate,

m

1
pm(@) = — > plalz),

m“

7j=1
yielding a plug-in score estimator
VaDm (l‘)
Sp,, (r) = —————.
Pm ( ) Do (l‘)

As with the MCMC estimator, this score estimator is also biased; i.e., Ez,, [sp,, ()] # sp(z) for

87



88 CHAPTER 4. ALTERNATIVE APPROACH TO SCORE ESTIMATION

eachx € X', where Zy, = {z;}].;.
Given a sample {z;}7" , R (independent of the latent sample), this score estimate allows

us to consider an approximate U-statistic of KSD? (P||R),

Unn(P) = s D By (a1,25). @1
i#j

where h,,, is the Stein kernel introduced in Section 3.2.1 of the previous chapter, defined by
the approximate density p,,. As in the previous chapter, we can consider the same U-statistic
Un,m(Q) for another model () and take the difference Uy, , (P)-Up, m(Q) to draw inferences
about the KSD difference KSD? (P||R) — KSD? (Q||R) . Below, we show that the estimator of
(4.1) has two issues: slow bias decay, and challenges in characterizing asymptotic variance of
the null. For simplicity, the following discussion only deals with the continuous observation

case. We follow the same notation as in Chapter 3.

4.2 U-statistics with random kernels

The technique to construct a model comparison test closely follows that of Chapter 3. We
obtain an analogous result of asymptotic normality, where it is crucial to ensure the decay of
the bias induced by the approximation. To facilitate our discussion on the estimator (4.1), we
first present the advertised result. As in Section 3.3.1 of Chapter 3, we take (£2,S,1I) as an
underlying probability space, and assume that all random variables are measurable functions

from this space.

Theorem 4.1 (Asymptotic normality). Let H,, : Q — L3(X x X, R ® R) be a measurable
random element independent of the data {x;}}_, U R Lert Un,m be a U-statistic defined
by H,, and U,, be a U-statistic defined by a fixed U-statistic kernel h : X x X — R. We
assume that the random kernel H, satisfies the convergences O'%{m 262> 0and v3(Hpy,) 2
V3 < oo, where a?{m = Varg.p [Ex/NR[Hm(a:,x’)]] and v3(H,,) = Em,x/NR@@R‘Hm(ac,x’) —
By omror Hmn(2,2)]|". Let 0 = Eq o pop[h(z, ')). Let 0(Hy) = Eq o o[ Hm (2, 2')]
the expectation of the random kernel with respect to the data distribution. Suppose that the two
kernels H,, and h are related by the following condition: Y, = \/E(Q(Hm) — 0) converges

to a random variable Y in distribution. With ry, ,, = n/m — 1 € [0, 00), we have

lim I [vn(Unm —0) <t] =Ey [CD <t_;/;y>] , 4.2)

n,Mm—00

where ® is the cumulative distribution function (CDF) of the standard normal distribution

N(0,1).

Theorem 4.1 allows us to construct a hypothesis test for model comparison. However, there
are two challenges associated with the use of the approximate U-statistic (4.1) and Theorem 4.1.
First, the convergence Y, 4y effectively requires that the bias E[U,, ,,,|Hy,| — 6 induced by
the random kernel H,,, decays at a 1//m-rate. Second, Theorem 4.1 needs the existence of the
random variable Y for which the RHS of (4.2) can be computed.
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As discussed in Appendix 3.D, the bias decay depends on how fast the approximate score
function s,,, () converges to the target s, (x). Establishing fast convergence is a challenging
task for this ratio estimator, however. For simplicity, we illustrate the challenge in the case
D = 1. By the law of large numbers, under suitable assumptions, we have almost-sure converges
pl, () — p'(x) and py, (z) — p(z) for each x € X'. This being said, the convergence rate may
be slow, particularly when p(x) is small. To see this, decompose the score difference as

P(®) — p(x) + p(2) <1 B p(%))) N (pin(w) —p’(x))

p(z) pm(z p(z)

Spm () = 8p(2) =

We can see that both terms decay as p) . (x) — p/(x) and p,,(z) — p(x). However, the division
by p(x) amplifies the errors; a smaller p(z) makes it more challenging to attain a certain
precision. This situation is likely to occur when the support of the model p substantially
deviates from that of the data. Hence, the naive ratio estimator could result in a slow bias decay.
In contrast, the MCMC approach taken in the previous chapter successfully avoids directly
estimating the ratio.

Deriving a random variable Y with a tractable expectation (4.2) requires substantial effort.
The bias mentioned above may be solved by a more sophisticated ratio estimator, but a complex
estimator might render the task of finding Y more demanding. Fortunately for our ratio estimator,

we can show that the scaled bias of Y,,, follows a normal distribution asymptotically.

Lemma 4.2. Let p(z) = [ p(z|2)dPz(2). Let pp(z) == L > iy p(|zy) with {2}, Rk
Py. Assume X is bounded and open. Assume that the set of likelihood functions L = {p(z|-)|z €
X'} and their partial derivatives PDy = {0p(z|-)|z € X}, (d = 1,...,D) belong to Pz-
Donsker classes [van der Vaart, 2000, Section 19.2], where 0, denotes the partial derivative
operator with respect to the d-th coordinate. Assume Ogp € L*>(X, R) for eachd = 1,. .., D.

Assume inf ey p(x) > 0. Then,

V(B zrmrorllpn (2, 2)] = By i norlhp(z, 2)]) S N(0,72),

where the convergence is in the sense of outer integrals [van der Vaart, 2000, Section 18.2].

Here the variance 'yz is defined by
D D
75 = Varj.g [(Z(Ll,dfd + L2,de+1)> (Z(Ll,d/fd/ + L2,d/fD+1)>] ,
d=1 d'=1

where L1 4, Lo q are linear operators defined in the proof (see Equation4.4), f = (f1,..., fp+1) ~
G with G = {G, }zex a zero-mean multivariate Gaussian process defined by the covariance

function
Cov [Gx,d, Gx’,d’} =Ez~p, [Vp,d(z!Z Woa (| Z )} —Ez~p, [V}z,d(ﬂf 1Z )} Ez~p, [Vp,d' (2’12 )} :
where V), 4(x|z) denotes the d-th component of V,(x|2) = (0, p(x|2), ..., 0zpp(x|2), p(x|2)).

This result makes additional assumptions on the model p. The most stringent is inf ;e x p(z) >
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0, which rules out distributions supported on the entire space R”. In contrast, the MCMC ap-
proach can handle this situation, as showcased in the experiment with PPCA models. The
Pz-Donsker assumption states that a uniform central limit theorem holds for £ and PDy
(d=1,...,D);i.e. the empirical process with index sets £ and PD, converges to a Gaussian
process. This condition requires regularity assumptions on the likelihood and the partial deriva-
tives, such as a variant of Lipschitz-continuity for bounded X’ [van der Vaart, 2000, Example
19.7]. For details, we refer the reader to van der Vaart [2000, Chapter 19].

Unfortunately, the normal approximation of Lemma 4.2 may be inadequate. The variance
'yg in Lemma 4.2 involves an integral with respect to z, where the integrand depends on the
reciprocal of the likelihood 1/p(x|z). The variance could therefore be enormous due to the
reciprocal dependence. Moreover, estimating this quantity is challenging, as the reciprocal
can easily blow up the estimator (we observed this trend in our preliminary experiment). The

following result illustrates the role of the variance yf, in constructing a test.

Corollary 4.3. Assume the latent samples for P and Q) are independent. Let U,, ,,(P, Q) =
Unm(P) = Upnm(Q). Let hy o(x,2") = hyp(z,2") — he(z, 2"). Assume that the kernels hy,, 4,.
and hy, 4 satisfy the conditions in Theorem 4.1. Assume n/m — r € [0,00). Then, under
the conditions given in Lemma 4.2, we have limy, 1m0 /T (Upm (P, Q) — pipg) — N (0, c?)
with ¢ = o, /1 +10% p* = (v} +12)/0}, . wp = KSD (P||R)” = KSD (Q||R)*, and

a,%p’q = Varg~ g [Eywrlhpq(z, 3')]].

When » > 0, the variance 75 + ’yg coming from the normal approximation (Lemma

2
hp.q

Therefore, the utility of the test critically depends on the additional variance 'yz + 73. A large

4.2) amplifies the asymptotic variance o;  of the U-statistic without score approximations.

value of this variance therefore makes the test conservative.

4.3 Conclusion

In this section, we have considered a ratio estimator of the score function derived from the
empirical approximation of the marginal density. The resulting KSD U-statistic provides a
similar test based on the asymptotic normality of the statistic. However, we have shown that
the test has the following shortcomings compared to the MCMC approach in Chapter 3. First,
the bias of the KSD estimate may decay undesirably slowly, thereby requiring a large number
of latent sample points for the approximation. Second, the resulting test applies in theory only
to densities bounded away from zero over the domain. Finally, even in bounded domains, the
test threshold is challenging to estimate and may be overly conservative. These observations

support the test proposed in Chapter 3.
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4.A Proof of asymptotic normality of random kernel U-statistics

Theorem 4.1 (Asymptotic normality). Let H,, : Q — L3(X x X, R ® R) be a measurable
random element independent of the data {x;}}_, R Ler Un,m be a U-statistic defined
by H,, and U,, be a U-statistic defined by a fixed U-statistic kernel h : X x X — R. We
assume that the random kernel H,, satisfies the convergences U?{m 262> 0and v3(Hpy,) 2
V3 < oo, where 03, = Varg B pg[Hp (2, 2)]] and v*(Hy) = By g por|Hm (2, 2') —
By o ror [ Hin(2,2)]|". Let 0 = Eq i pop[h(z, ")), Let 0(Hpn) = Eq o[ Hm (2, 2')]
the expectation of the random kernel with respect to the data distribution. Suppose that the two
kernels H,,, and h are related by the following condition: Y,, = \/M(H(Hm) — (9) converges
to a random variable Y in distribution. With ry, ;,, = n/m — 1 € [0, 00), we have

t—rY
=)

lim I [vn(Unm —0) <t] =Ey [cb ( , 4.2)

n,M—00
where ® is the cumulative distribution function (CDF) of the standard normal distribution

N(O,1).

Proof. Recall that (€2, S,II) is the underlying probability space, and H,,, Uy, and U, are
random variables on it. The probability on the LHS can be expressed as

Proof.

I [V/n(Upm — 6) < t]
=Eg,, [H<\/5(Unm_0(Hm)> P XYm t

OH,, mog,, OH,,

t— /Tnm¥Ym
[ (|

OH,,

o)

where F,, 7, denotes the CDF of \/n{Up m—0(Hy,)} /o n,, conditioned on H,,. The difference

between the two quantities in Equation (4.2) is bounded as follows:

t— STnmYs _
lim ‘EHmFMHm (”m m) —Ey® <t ﬁY)‘

n,m—00 OH,, Oh
t— STrmYs t— STrmYs
< lim Eg, |Fum, ( \/nmm) o ( \/"mm>'
n,Mm—00 O'Hm O'Hm
t— Y, t— Y
+ lim 'EHmcb <”mm) —Ey® <ﬁ> ’ (4.3)
n,m—o0 O'Hm Oh

For the second term, by Slutsky’s theorem [van der Vaart, 2000, p.11], we have

t— VoY o t— VY

OH,, Ohp

as m — oo. Therefore, the second term in Equation (4.3) also converges to zero by the fact

the CDF of a Gaussian distribution is bounded and continuous and by the definition of weak
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convergence.

The first term is dealt with as follows. For some § > 0, let A,, be the event {|v3(H,,) —
v(h)| < 8} and A,, denote its complement. Similarly, let By, be the event {|oy, — 0| < €}
for 0 < € < op,. Then, the first term is bounded by

t— \/Tn,mym t— \/Tn,mYm
Fanrn - @

lim Eg,
O—H’!?L JHm

n,Mm—00

> ‘ 14,08, (Hm)

< lim SUEEHm}Fn\Hm(U)*(I)(U)“AmmBm(Hm)y

n,M—00

where we have the fact that the integrand is bounded and lim;;, 0o H(Am U Bm) = 0. By the
Berry-Esseen bound for U-statistics [Callaert and Janssen, 1978], the expectation on the RHS is
then

V3(Hm>

3
O'Hm

EHm }Fn‘Hm (u) - Q(UM ]‘AmmBm (Hm) S Cn_%EHm [ . 1AmnB77L (Hm)]

-n ,

C(v2+6
= <fr—t>3)

(S

where C'is a universal constant. The RHS thus goes to zero as n — oo, which concludes the

proof.

O]

4.B Details of the delta method

We prove two preliminary lemmas.

Lemma 4.4. Let (X,(X) = {f € £>°(X) s infcx f(x) > 0} be a subset of the space {*°(X)
of bounded functions on X equipped with the norm || f||cc = supycx|f(z)|. Assume p’ €
L%(X,R). Assume § = infyex p(z) > 0. Then, the map s : L*(X, R) x {3,(X) — L*(X, R)
defined by s(f,g)(x) = f(x)/g(x) is Hadamard differentiable at 6 = (p',p) tangentially
10 £°°(X) x {>(X); Its Hadamard derivative is given by sjp(h1 ha) = hi/p — hop' /p*. In
particular, sp({> x (*) C L*(X, R).

Proof. By the assumption on p’ and p,we have the following: (a) § = (p, p’) is included in the
domain of s, and (b) the range of s, is included in L?(X, R). By the definition of the domain
of 5, we have the range is included in L?(X, R). In the following, we verify the Hadamard
differentiability and derive the derivative. For a converging sequence t,, — 0, take arbitrary
sequences {h1,}2%, C L*(X, R) and {ho,}3°; C ¢*°(X) such that hy ,, — hy € L?(X, R)
and hg , — hg € (°°(X), respectively, as n — co. We prove

(0 + tnhin, P + tnhan) = s(p', p)
th

=0.
2

lim
n—oo

— sg(h1,ha)
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As we have
5(]7/ + 75nhl,nap + tnhQ,n) - 5(p/7p) _ hl,n p/ ( *h2,n )
tn p + tnh2,n p(p + tnh2 n) ’
h h
sp(hihg) = — —p/—2,
p
it suffices to show

— 0 (n — 00).
2

)

Hhﬂz_m
p+ tnh2,n b

S G5
p \p+tihon p

Note that p + t,ho, € £3,(X) is guaranteed if we take sufficiently large n. For any £1 > 0,

2

there exists n1,0 € N such that ||y, — 1|, < 1 for n > nqo. Similarly, for any e5 > 0,
we can take n2 9 € N such that ||ha;, — hol|, < €2 for n > nog. Let ng > 1 such that
tn < (0 —b)/(e2 + M) A ey A eg for n > ng, where My = ||ha|loc and 0 < b < 4.
Then, taking n > max(nog,no) gives p(z) + tyhon(z) > b for all 2 € X. Thus, for

n > max(ng, n1,0,n2,0), with M; = ||h1||ec, we have

(hin — h1)
p + tnhZ,n

hi(ha,n — ha)
p(p+thay)

hyihs
p(p+thay)

n n

e
p+tnh2,n p

2 2 2 2

and

’p’(fw_hz)
p \p+ityhoy p
<[ (L)

p \p+thhop,

! tn M.
< b (e 22 1)

2
P’ ha(hon — ha)
p p(p + tnhoy)

Vo h
p p(p + thhon)

+]

n

2 2

0

/ M.
< ||Z()5l|)|2 <62 + 72(62 + MQ)(€1 A\ 52)> .

Thus, the convergence of the two terms have been proved. O

Lemma 4.5. For a differentiable kernel k € COY: x¥ x X - R, define its partial derivative

ko,a(z,2") = Oy k(x, x") with respect to the d-th coordinate of the second argument. Let

¢d(f) = <f7 ka>L2(R) +2 <f7 Tk2,d1>L2(R) ’

where Ty f (-) = Eprwglk(-, 2') f(2')] and Ty, ,1(-) = Egrnrlk2,a(-, 2')]. Assume k € L*(X x
X,ROR) and By gk a(-,7")] € L*(X, R). Then, 1q : L*(X, R) — L*(X, R) is Hadamard
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differentiable at any f € L*(X, R), and its derivative 111&, Ix L*(X,R) — R is given by

w&7f(h) =2 <h7ka>L2(R) +2 <haTk2,d]‘>L2(R) :

Proof. Take any h € L?(X, R). As we have

¢d<f + tnhn> - ¢d<f) -9

tn <hna ka>L2(R) +2 <hn7 Tkzg,d1>L2(R) +tn <hn> Tk:hn>L2(R) ’

for any sequence {h,},>1 C L*(X, R) such that h,, — hin L?>(X, R) and t,, > 0. Thus, if
t, — 0, we have

wd(f + tnhn) — wd(f)
ln

- %,f(h)’ < 2[|hn = hllp2(x,R) <”kaHL2(X,R) + HTkz,lem(x,R))

+ b s oo k(@ ') Vol 32 )

— 0 (n — 00).

Proof of Lemma 4.2

Proof. We use the functional delta method [van der Vaart, 2000, p.291]. We first rewrite the
KSD KSD? (P||R) = E, .~rer[hp(z,2')] as a functional of the density p and its partial
derivatives. Let £°°(X) be the set of all bounded functions equipped with the supremum norm
| flloo = supgex|f(z)]- Let £ be its subset of functions having positive minimum values.
Define s : L2(X, R) x (3(X) — L*(X, R) by s(f, 9)(x) == f(x)/g(x) and ¢ : L*(R) — R
by

a(h) = By { (@) F(@)h(w, ') + f(2)hr (e, 2) + [(2Yhrale, 7))}
= <h7Tkh>L2(R) +2 <haTk2,d1>L2(R) !

where we have used k1 4(a, b) = ko 4(b, a). Here, T, : L*(R) — L?(R) is the integral operator
given by Ty, f(-) = Exr [k(-, %) f(x)] [Steinwart and Christmann, 2008, Theorem 4.27], and
(£,9)12(ry = Eo~rl[f(z)g(z)]. Then, the expectation E; ;- rgr[hp(z,2')] is written as a
functional as follows:

WE

E; o~rorlhp(z,2")) =) 1ba(s(d4p,p)) + const.,

d=1
where the second term involves second derivatives of the kernel and is constant in p and Jyp. By
Lemmas 4.4, 4.5 and the chain rule of Hadamard differentiation [van der Vaart, 2000, Theorem
20.9], the composite functional 14 0 s : [*°(X) x Dy — R is Hadamard differentiable at
04 = (Oap, p) tangentially to [*°(X) x *°(X) ford = 1,..., D. The derivative is given by

(tha o 8)p,(tastps1) = 2 (sp, (ta, tp41), TkS(Qd)>L2(R) + 2 (sy,(ta, tpy1), Tk2,41>L2(R)
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1 19)
=2 <td7 Tks(ed) + Tk2d1> -2 <d2ptD+17 Tks(ed) + Tkg’d1>
D "/ L2(R) b L2(R)

(4.4)

=t Ly gtqg+ Logtpi1.

Therefore, the derivative of ¥ = > 1q{s(04p,p)} at @ = (O1p,...,0pp,p) is given as
\I/g(tl, e ;tD—H) = Zd(wdos)led@dvtD-f—l) for (tl, - ;tD-i-l) S H(?_-i_ll KOO(X) Let Vp(ac) =

(O1p(x),...,0pp(z),p(x)) denote the concatenation of the density p and its partial derivatives.
Note that we can write

1 m

=S plale), Vila) = Bz [p(al2)],

j=1

Vo () =

which defines an empirical process {\/Fn (Vo (@) = Vp(2)) }xe - In the limit of m — oo, by

the definition of Pz-Donsker class [van der Vaart, 2000, Section 19.2], we have the convergence
{Vm(V,, (@) = Vo(@))} ver = G,

where G is the zero-mean multivariate Pz- brownian bridge process with covariance function

Cov |G, Gorar| = Ezupy [Voa @) 2) V(@1 2)| ~B ey [Voa(@12) | Ep, Vi (21 2) .

In consequence, by the functional delta method [van der Vaart, 2000, Theorem 20.8], we have

VI (Ey o rorlhp,, (@, 3")] — By arorer[hp(z,2')])
= Vm (U(Vp,,) = ¥(V)) 5 N0, Var[W)(G))).

Specifically, with f = (f1, ..., fp4+1) ~ G, the variance is given by

D D
Var[¥y(G)] = Vary.q [(Z(Ll,dfd + L2,de+1)> <Z(L1,d’fd’ + L2,d’fD+1)>] :

d=1 d'=1
(4.5)

4.C Proof of the asymptotic normality of the test statistic

Proof of Corollary 4.3

Proof. Apply Theorem 4.1 with Hy,(z,2") = hy,, q..(x,2") and h = h,, 4. In this case, Y}, is
given by

Vi = v/ (E[Un (P, = KSD (P R)*) = v/ (E[Unm(Q)lhg,,] — KSD (QIR)?).

Y7$1p) Y’rqu )
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By Lemma 4.2, ¥;¥) and V,'? converge to N(0, ~3) and N (0,~7), respectively. The two
variables are independent of each other, so the difference between them converges to a normal

variable Y ~ N(0,7) + 7). As =Y ~ N(0,77 + 7)., we have

lim I [Vn(Unm(P,Q) = npq) <t] =Ey [q) <_ o t)]

n,Mm—00
t o> t
@(ﬁpy—i—) e Tdy=9 | ——|.
/ Ohp,q OhpqV 1+ 7“p2

5l
3



Chapter 5

Interpretable features for model

comparison

Summary Given two candidate models, and a set of target observations, we address the
problem of measuring the relative goodness of fit of the two models. We propose two new
statistical tests which are nonparametric, computationally efficient (runtime complexity is linear
in the sample size), and interpretable. As a unique advantage, our tests can produce a set of
examples (informative features) indicating the regions in the data domain where one model fits
significantly better than the other. In a real-world problem of comparing GAN models, the test
power of our new test matches that of the state-of-the-art test of relative goodness of fit, while

being one order of magnitude faster.

5.1 Introduction

One of the most fruitful areas in recent machine learning research has been the development of
effective generative models for very complex and high dimensional data. Chief among these
have been the generative adversarial networks [Goodfellow et al., 2014, Nowozin et al., 2016,
Arjovsky et al., 2017], where samples may be generated without an explicit generative model or
likelihood function. A related thread has emerged in the statistics community with the advent
of Approximate Bayesian Computation, where simulation-based models without closed-form
likelihoods are widely applied in bioinformatics applications [see Lintusaari et al., 2017, for a
review]. In these cases, we might have several competing models, and wish to evaluate which is
the better fit for the data.

The problem of model criticism is traditionally defined as follows: how well does a model
@ fit a given sample Z,, := {z;}I" ") R? This task can be addressed in two ways: by
comparing samples Y, := {y;}1_; from the model () and data samples, or by directly evaluating
the goodness of fit of the model itself. In both of these cases, the tests have a null hypothesis (that
the model agrees with the data), which they will reject given sufficient evidence. Two-sample
tests fall into the first category: there are numerous nonparametric tests which may be used
[Alba Ferndndez et al., 2008, Friedman and Rafsky, 1979, Gretton et al., 2012a, Székely and
Rizzo, 2004, Rosenbaum, 2005, Harchaoui et al., 2008, Hall and Tajvidi, 2002, Jitkrittum et al.,

97
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2016], and recent work in applying two-sample tests to the problem of model criticism [Lloyd
and Ghahramani, 2015]. A second approach requires the model density ¢ explicitly. In the case
of simple models for which normalization is not an issue (e.g., checking for Gaussianity), several
tests exist [Baringhaus and Henze, 1988, Székely and Rizzo, 2005]; when a model density is
known only up to a normalization constant, tests of goodness of fit have been developed using a
Stein-based divergence [Chwialkowski et al., 2016, Liu et al., 2016, Jitkrittum et al., 2017b].

An issue with the above notion of model criticism, particularly in the case of modern
generative models, is that any hypothetical model () that we design is likely a poor fit to the
data. Indeed, as noted in Yamada et al. [2019, Section 5.5], comparing samples from various
Generative Adversarial Network (GAN) models [Goodfellow et al., 2014] to the reference
sample Z,, by a variant of the Maximum Mean Discrepancy (MMD) test [Gretton et al., 2012a]
leads to the trivial conclusion that all models are wrong [Box, 1976], i.e., Hy: (Q = R is rejected
by the test in all cases. A more relevant question in practice is thus: “Given two models P and
@, which is closer to R, and in what ways?” This is the problem we tackle in this chapter.

To our knowledge, the only nonparametric statistical test of relative goodness of fit is the
Rel-MMD test of Bounliphone et al. [2016], based on the maximum mean discrepancy [MMD,
Gretton et al., 2012a]. While shown to be practical (e.g., for comparing network architectures
of generative networks), two issues remain to be addressed. Firstly, its runtime complexity is
quadratic in the sample size n, meaning that it can be applied only to problems of moderate
size. Secondly and more importantly, it does not give an indication of where one model is
better than the other. This is essential for model comparison: in practical settings, it is highly
unlikely that one model will be uniformly better than another in all respects: for instance, in
hand-written digit generation, one model might produce better “3”’s, and the other better “6”’s.
The ability to produce a few examples which indicate regions (in the data domain) in which
one model fits better than the other will be a valuable tool for model comparison. This type of
interpretability is useful especially in learning generative models with GANs, where the “mode
collapse” problem is widespread [Salimans et al., 2016, Srivastava et al., 2017]. The idea of
generating such distinguishing examples (so called fest locations) was explored in Jitkrittum
et al. [2016, 2017b] in the context of model criticism and two-sample testing.

In this chapter, we propose two new linear-time tests for relative goodness-of-fit. In the
first test, the two models P, () are represented by their two respective samples X, and Y, and
the test generalizes that of Jitkrittum et al. [2016]. In the second, the test has access to the
probability density functions p, ¢ of the two respective candidate models P, () (which need
only be known up to normalization), and is a three-way analogue of the test of Jitkrittum et al.
[2017Db]. In both cases, the tests return locations indicating where one model outperforms the
other. We emphasize that the practitioner must choose the model ordering, since as noted earlier,
this will determine the locations that the test prioritizes. We further note that the two tests
complement each other, as both address different aspects of the model comparison problem.
The first test simply finds the location where the better model produces mass closest to the test
sample: a worse model can produce too much mass, or too little. The second test does not
address the overall probability mass, but rather the shape of the model density: specifically, it

penalizes the model whose derivative log density differs most from the target (the interpretation
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is illustrated in our experiments). In the experiment on comparing two GAN models, we find that
the performance of our new test matches that of Rel-MMD while being one order of magnitude
faster. Further, unlike the popular Fréchet Inception Distance (FID) [Heusel et al., 2017] which
can give a wrong conclusion when two GANs have equal goodness of fit, our proposed method

has a well-calibrated threshold, allowing the user to flexibly control the false positive rate.

5.2 Measures of Goodness of Fit

In the proposed tests, we test the relative goodness of fit by comparing the relative magnitudes
of two distances, following Bounliphone et al. [2016]. More specifically, let d(P, R) be a
discrepancy measure between P and R. Then, the problem can be formulated as a hypothesis
test proposing Hy: d(P, R) < d(Q, R) against H; : d(P, R) > d(Q, R). This is the approach
taken by Bounliphone et al. who use the MMD as d, resulting in the relative MMD test
(Rel-MMD); we have considered the kernel Stein discrepancy [Chwialkowski et al., 2016, Liu
et al., 2016] as d in Chapter 3. The proposed Rel-UME and Rel-FSSD tests are based on two
recently proposed discrepancy measures for d: the Unnormalized Mean Embeddings (UME)
statistic [Chwialkowski et al., 2015, Jitkrittum et al., 2016], and the Finite-Set Stein Discrepancy
(FSSD) [Jitkrittum et al., 2017b], for the sample-based and density-based settings, respectively.
We first review UME and FSSD. We will extend these two measures to construct two new
relative goodness-of-fit tests in Section 5.3. We assume throughout that the probability measures

P, @, R have a common support X C RP.

The Unnormalized Mean Embeddings (UME) statisticc. = UME is a (random) distance
between two probability distributions [Chwialkowski et al., 2015] originally proposed for
two-sample testing for Hy: Q = Rand Hi: Q # R. Let ky: X x X — R be a positive
definite kernel. Let ;1) be the mean embedding of (), and is defined such that pg(w) =
Ey~qlky (v, w)] (assumed to exist) [Smola et al., 2007]. Gretton et al. [2012a] shows that when
ky is characteristic [Sriperumbudur et al., 2011], the Maximum Mean Discrepancy (MMD)
witness function witg r(w) = pg(w) — pr(w) is a zero function if and only if @ = R.
Based on this fact, the UME statistic evaluates the squared witness function at J; test locations
W= {w; }jil C X to determine whether it is zero. Formally, the population squared UME

statistic is defined as

U*(Q,R) := 1

<~

J
Z(MQ(%‘) — pr(w;))?.

For our purpose, it will be useful to rewrite the UME statistic as follows. Define the feature

function .

Yw(y) = ﬁ (

kY(ya U)l), ey kY(vaJq))T € RJL]'

Define the feature expectation 1/1‘6,9[, = Ey~q[¢Yw(y)] with respect to @, and its empirical
estimate 1&% = n"13""  Yw(y;). The squared population UME statistic is equivalent to
U%Q,R) = ng/ — f¥||3. For W ~ 1 where 7 is a distribution with a density, Theorem 2 of
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Chwialkowski et al. [2015] states that if ky is real analytic, integrable, and characteristic, then
n-almost surely H’(/J‘C/%/ — ¢f%||3 = 0if and only if @ = R. In words, under the stated conditions,
U(Q, R) := Ug defines a distance between () and R (almost surely).1 A consistent unbiased

estimator is

n

> {vw (i) —vw(z)}

i=1

2 _
UQ_

2 n
- =3 lew () — dw(=)lI3 ]
n(n—1) 9 i=1

which clearly can be computed in O(n) time. Jitkrittum et al. [2016] proposed optimizing the
test locations W and ky so as to maximize the test power (i.e., the probability of rejecting Hy
when it is false) of the two-sample test with the normalized version of the UME statistic. It was
shown that the optimized locations give an interpretable indication of where () and R differ in

the input domain X'

The Finite-Set Stein Discrepancy (FSSD). FSSD is a discrepancy between two density
functions ¢ and 7. Let ¥ C R” be a connected open set. Assume that (), R have probability
density functions denoted by g, r respectively. Given a positive definite kernel ky-, the Stein
witness function [Chwialkowski et al., 2016, Liu et al., 2016] ¢g¢": X — R between ¢ and
r is defined as ¢9"(w) = E, g [£9(z,w)] = (¢ (w),..., 95 (w))", where £(z,w) :=
ky (z,w)V.logq(z) + V ky(z,w). Under appropriate conditions (see Chwialkowski et al.
2016, Theorem 2.2, Liu et al. 2016, Proposition 3.3, and Barp et al. 2019, Proposition 1), it
can be shown that g¢" = O (i.e., the zero function) if and only if ¢ = . An implication of this
result is that the deviation of g?" from the zero function can be used as a measure of mismatch
between g and r. Different ways to characterize such deviation have led to different measures of
goodness of fit.

The FSSD characterizes such deviation from 0 by evaluating g%" at J, test locations.

s the squared FSSD is defined as follows

Formally, given a set of test locations W = {w; }}%,,

[Jitkrittum et al., 2017b]:

Ty
1 T
FSSDY(r) = o 3l ()3 o=
q j=1

Under appropriate conditions, it is known that almost surely F, qQ = O if and only if ¢ = 7. Using
the notations as in Jitkrittum et al. [2017b], one can write Fq2 =E(..)~ror[Aq(z, 2')] where
Ag(z,2') = 7] (2)14(2), T4(2) = vec(BY(z)) € RP’s with vec(M) denoting a column
vector of concatenated columns of M, and 29(z) € RP*7a is defined such that [29(z)]4; :=
&z, w;)/\/DJg ford = 1,....,Dand j = 1,...,J,. Equivalently, F} = ||p1,]|3 where
g = E, g[7(2)]. Similar to the UME statistic described previously, given a sample Z,, =
{zi}_, ~ R, an unbiased estimator of F, (12, denoted by F/? can be straightforwardly written as a
second-order U-statistic, which can be computed in O(J,;n) time. It was shown in Jitkrittum

et al. [2017b] that the test locations W can be chosen by maximizing the test power of the

'In this chapter, since the distance is always measured relative to the data generating distribution R, we write Ug
instead of U(Q, R) to avoid cluttering the notation.
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goodness-of-fit test proposing Hy : Q = R against H; : () # R, using ]/7;2 as the statistic. We
note that, unlike UME, }4/22 requires access to the density g. Another way to characterize the
deviation of g%" from the zero function is to use the norm in the reproducing kernel Hilbert
space (RKHS) that contains g¢". This measure corresponds to the kernel Stein discrepancy

having a runtime complexity of O(n?) [Chwialkowski et al., 2016, Liu et al., 2016].

5.3 Proposal: Rel-UME and Rel-FSSD Tests

Relative UME (Rel-UME) Our first proposed relative goodness-of-fit test is based on UME
and tests
Hy: U?(P,R) < U*(Q, R) versus Hy: U*(P,R) > U*(Q, R).

The test uses \/ﬁgg = \/ﬁ(ﬁ]\% - ﬁg) as the statistic, and rejects /1y when it is larger than
the threshold T,,. Here, we assume that the model sample sizes are equal to the data sample
size. The threshold is given by the (1 — a)-quantile of the asymptotic distribution of \/ﬁﬁf{
when Hj holds i.e., the null distribution, and the pre-chosen « is the significance level. It is
well-known that this choice for the threshold asymptotically controls the false rejection rate
to be bounded above by « yielding a level-a test [Lehmann and Romano, 2005, Definition
11.1.1]. In the full generahty of Rel-UME, two sets of test locations can be used: V = {vj}

for computing U 5,and W = {wj} , for UQ The feature function for UPQ, is denoted
by Yy (z) := Jp_l/2 (kx(z,v1),..., k:X(x,va)T R7», for some kernel kx which can be
different from ky used in ¢y. The asymptotic distribution of the statistic is stated in Theorem
5.1

Theorem 5.1 (Asymptotic distribution of SU). Define C‘?V = covyo[Uw (v), Yw (y)], OF =
COVz~P[¢V($)7 wV(x)]r and C\];W = COVzNR[wV'(Z)v ¢W(Z)] € R7r*Ja. Ler SV := UI%_UC?)’
P _ R 0
and M := v =Yy 0 R e RUpH1a)X2 - Agsume that 1) P,Q and R are all
0 Yy — Y
distinct, 2) (kx, V') are chosen such that U3 > 0, and (ky , W) are chosen such that Ug) >0,
2 CP CR CR
3) P CPQ = MT v ; ¥ 0 v R M is positive definite. Then, as
Crq b (CYw) Oy +Cy

n — 00,

Vi (8Y = 87) 5 N (0,4(CE — %pg +B)) -

A proof of Theorem 5.1 can be found in Section 5.C (appendix). Let v := 4(C123 —2¢pg +C%).
Theorem 5.1 states that the asymptotic distribution of Sf{ is normal with the mean given by
SV .=U3 - Ué. It follows that under Hy, SY < 0 and the (1 — )-quantile is SV + /o7 _q
where 71, is the (1 — a)-quantile of the standard normal distribution. Since SV is unknown
in practice, we therefore adjust it to be \/v® (1 — «), and use it as the test threshold T},.
The adjusted threshold can be estimated easily by replacing v with ,, a consistent estimate
based on samples. It can be shown that the test with the adjusted threshold is still level-a (more
conservative in rejecting Hy). We note that the same approach of adjusting the threshold is used
in Rel-MMD [Bounliphone et al., 2016] and in the KSD test in Chapter 3.
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Better Fit of ) in Terms of W. When specifying V and W, the model comparison is
performed by comparing the goodness of fit of P (to R) as measured in the regions specified
by V to the goodness of fit of () as measured in the regions specified by W. By specifying V'
and setting W = V, testing with Rel-UME is equivalent to posing the question “Does @ fit to
the data better than P does, as measured in the regions of V' ?” The regions might represent
predictive points, or objects intended to generate. For instance, the observed sample from R
might contain smiling and non-smiling faces, and P, ) are candidate generative models for face
images. If we are interested in checking the relative fit in the regions of smiling faces, V' can
be a set of smiling faces. In the following, we will assume V' = W and k := kx = ky for
interpretability. Investigating the general case without these constraints will be an interesting
topic of future study. Importantly we emphasize that test results are always conditioned on the
specified V. To be precise, let U‘% be the squared UME statistic defined by V. It is entirely
realistic that the test rejects H in favor of Hy: Uy, (P, R) > U, (Q, R) (i.e., Q fits better) for
some V1, and also rejects Hy in favor of the opposite alternative Hj : U‘Q/2 (Q,R) > U‘2/2 (P,R)
(i.e., P fits better) for another setting of V5. This is because the regions in which the model
comparison takes place are different in the two cases. Although not discussed in Bounliphone
et al. [2016], the same behavior can be observed for Rel-MMD i.e., test results are conditioned

on the choice of kernel.

In some cases, it is not known in advance what features are better represented by one model
versus another, and it becomes necessary to learn these features from the model outputs. In this
case, we propose setting V' to contain the locations which maximize the probability that the test
can detect the better fit of (), as measured at the locations. Following the same principle as in
Gretton et al. [2012b], Sutherland et al. [2016], Jitkrittum et al. [2016, 2017a,b], this goal can
be achieved by finding (k, V') which maximize the test power, while ensuring that the test is

level-a.. By Theorem 5.1, for large n the test power Pr(\/ﬁﬁg > Ta) is approximately

o <¢755\UFV—T> _p (ﬁf}i - i"@%l—a)) :

where ® is the cumulative distribution function of the standard normal distribution. Under H1,
we have SY > 0. For large n, ®~'(1 — a)v/?,,/\/v approaches a constant, and \/nSY /,/v

dominates. It follows that, for large n,
(k*,V*) = arg gﬁl‘% Pr (\/ES*,({ > Ta> A arg {22‘% SY /.

We can thus use SU /(v + v/7r,) as an estimate of the power criterion objective SU //v for the
test power, where v > 0 is a small regularization parameter added to promote numerical stability
following Jitkrittum et al. [2017b, p. 5]. To control the false rejection rate, the maximization
is carried out on held-out training data which are independent of the data used for testing. In
the experiments (Section 5.4), we hold out 20% of the data for the optimization. A unique
consequence of this procedure is that we obtain optimized V* which indicates where @ fits

significantly better than P. We note that this interpretation only holds if the test, using the



5.4. EXPERIMENTS 103

optimized hyperparameters (k*, V*), decides to reject Hy. The optimized locations may not be

interpretable if the test fails to reject Hy.

Relative FSSD (Rel-F'SSD). The proposed Rel-FSSD tests
.2 2 . 2 2
Hy: Fp < Fq versus Hj : Fp > Fq.

The test statistic is \/nSY = \/ﬁ(ljﬂ;2 - 13;2) We note that the feature functions 7, (for F?)
and 7, (for F, q2) depend on (kx, V') and (ky, W) respectively, and play the same role as the
feature functions vy, and vy of the UME statistic. We only state the salient facts of Rel-FSSD,
as the rest of the derivations closely follow Rel-UME. These include the interpretation that
the relative fit is measured at the specified locations given in V' and W, and the derivation of
Rel-FSSD’s power criterion (which can be derived using the asymptotic distribution of Sf
given in Theorem 5.2, following the same line of reasoning as in the case of Rel-UME). A
major difference is that Rel-F'SSD requires explicit (gradients of the log) density functions of
the two models, allowing it to gain structural information of the models that may not be as easily
observed in finite samples. We next state the asymptotic distribution of the statistic (Theorem
5.2), which is needed for obtaining the threshold and for deriving the power criterion. The proof

closely follows the proof of Theorem 5.1, and is omitted.

Theorem 5.2 (Asymptotic distribution of SF). Let 255" := cov,,[1(2), s (2)] for 5,5 €
{p, q} so that £P1 € RP»*DJa s2ap .— (3p4) T 33pp = 3P € RPH* DIy gpd 3299 = 324 ¢
RPJaxDJq Define ST .= FZ? - Fq2. Assume that 1) p, q, and r are all distinct, 2) (kx, V') are

2
chosen such that F:t? > 0, and (ky, W) are chosen such that qu >0,3) ( I  Ipq ) =
Opg O
T T
P g

H_llf Hr Hp_l_ Ha ) i positive definite. Then, as n — 0o,

Ky XPlpg g 39
vn (§5 - SF) 4N (0,4(07 = 20pg + 07)) -

5.4 Experiments

In this section, we demonstrate the two proposed tests on both toy and real problems. We
start with an illustration of the behaviors of Rel-UME and Rel-FSSD’s power criteria using
simple one-dimensional problems. In the second experiment, we examine the test powers of
the two proposed tests using three toy problems. In the third experiment, we compare two
hypothetical generative models on the CIFAR-10 dataset [Krizhevsky and Hinton, 2009] and
demonstrate that the learned test locations (images) can clearly indicate the types of images that
are better modeled by one of the two candidate models. In the last two experiments, we consider
the problem of determining the relative goodness of fit of two given Generative Adversarial
Networks (GANs) [Goodfellow et al., 2014]. Code to reproduce all the results is available at
https://github.com/wittawatj/kernel-mod.
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Figure 1: One-dimensional plots (in green) of Rel-UME’s power criteria. The dashed lines
indicate MMD’s witness functions.

5.4.1 Hlustration of Rel-UME and Rel-FSSD Power Criteria

We consider k = kx = ky to be an exponentiated quadratic, and set V' =W = {v} (one test
location). The power criterion of Rel-UME as a function of v can be written as

1 Wit%R(U) - Wit%ﬂ(v)
2 (G (v) — 2Cpq(v) + 3 (v)) /2’

where wit(-) is the MMD witness function (see Section 5.2), and we explicitly indicate the
dependency on v. To illustrate, we consider two Gaussian models p, ¢ with different means
but the same variance, and set r to be a mixture of p and ¢. Figure 1a shows that when each
component in 7 has the same mixing proportion, the power criterion of Rel-UME is a zero
function indicating that p and ¢ have the same goodness of fit to r everywhere. To understand
this, notice that at the left mode of r, p has excessive probability mass (compared to ), while ¢
has almost no mass at all. Both models are thus wrong at the left mode of . However, since the
extra probability mass of p is equal to the missing mass of ¢, Rel-UME considers p and q as
having the same goodness of fit. In Figure 1b, the left mode of  now has a mixing proportion
of only 30%, and r more closely matches q. The power criterion is thus positive at the left mode

indicating that ¢ has a better fit.

The power criterion of Rel-F'SSD indicates that g fits better at the right mode of r in the case
of equal mixing proportion (see Figure 2a). In one dimension, the Stein witness function g%
(defined in Section 5.2) can be written as 7" (w) = E,, [ky (2, w)V (log q(2) — logr(2))],
which is the expectation under r of the difference in the derivative log of ¢ and r, weighted by the
kernel ky . The Stein witness thus only captures the matching of the shapes of the two densities
(as given by the derivative log). Unlike the MMD witness, the Stein witness is insensitive to the
mismatch of probability masses i.e., it is independent of the normalizer of ¢ (this property will
be revisited in Chapter 6). In Figure 2a, since the shape of ¢ and the shape of the right mode of
r match, the Stein witness g?" (dashed blue curve) vanishes at the right mode of r, indicating a
good fit of g in the region. The mismatch between the shape of ¢ and the shape of r at the left

mode of r is what creates the peak of g¢". The same reasoning holds for the Stein witness gP".
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Figure 2: One-dimensional plots (in green) of Rel-FSSD’s power criteria. The dashed lines
indicate FSSD’s Stein witness functions.

The power criterion of Rel-F'SSD, which is given by

1 @t w)?
2 (03(w) — 2059 w) + 72(w)) 72

is thus positive at the right mode of r (shapes of ¢ and r matched there), and negative at the left
mode of r (shapes of p and r matched there). To summarize, Rel-UME measures the relative
fit by checking the probability mass, while Rel-FSSD does so by matching the shapes of the

densities.

5.4.2 Test Powers on Toy Problems

The goal of this experiment is to investigate the rejection rates of several variations of the two
proposed tests. To this end, we study three toy problems, each having its own characteristics.

All the three distributions in each problem have density functions to allow comparison with
Rel-FSSD.

1. Mean shift: All the three distributions are isotropic multivariate normal distributions:
p=N([0.5,0,...,0],1),qg = N([1,0,...0],1),and r = N(0, I), defined on R*. The
two candidates models p and ¢ differ in the mean of the first dimension. In this problem,

the null hypothesis Hy is true since p is closer to r.

2. Blobs: Each distribution is given by a mixture of four Gaussian distributions organized in
a grid in R2. Samples from p, ¢ and r are shown in Figure 4. In this problem, q is closer
to r than p is i.e., [ is true. One characteristic of this problem is that the difference
between p and ¢ takes place in a small scale relative to the global structure of the data.
This problem was studied in [Gretton et al., 2012b, Chwialkowski et al., 2015].

3. RBM: Each of the three distributions is given by a Gaussian Bernoulli Restricted Boltz-
mann Machine (RBM) model with density function p's , () = >}, pg (2, h), where
Pipe( h) =exp(z"Bh+b Tz +c"h—1|z|?) /Z, h € {~1,1}P" is a latent vec-
tor, Z is the normalizer, and B, b, c are model parameters. Let 7(z) := pz;, .(2),p(z) =

Do p.o(2), and ¢(z) := plge, (). Following a similar setting as in Liu et al. [2016],
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Figure 3: (a), (b), (d) Rejection rates (estimated from 300 trials) of the five tests with a = 0.05.

In the RBM problem, n = 2000. (c) Runtime in seconds for one trial in the Blobs problem.
Jitkrittum et al. [2017b], we set the parameters of the data generating density r by uni-
formly randomly setting entries of B to be from {—1, 1}, and drawing entries of b and ¢
from the standard normal distribution. Let £ 1 be a matrix of the same size as B such
that the (1, 1)-entry is one, and all other entries are 0. We set B¢ = B + 0.3E;; and
BP = B + eFE 1, where the perturbation constant € is varied. We fix the sample size n
to 2,000. Perturbing only one entry of B creates a problem in which the difference of
distributions can be difficult to detect. This serves as a challenging benchmark to measure
the sensitivity of statistical tests [Jitkrittum et al., 2017b]. We set D = 20 and D}, = 5.

We compare three kernel-based tests: Rel-UME, Rel-FSSD, and Rel-MMD (the relative
MMD test of Bounliphone et al. 2016), all using an exponentiated quadratic. For Rel-UME
and Rel-FSSD we set kx = ky = k, where the Gaussian width of k, and the test locations
are chosen by maximizing their respective power criteria described in Section 5.3 on 20%
of the data. The optimization procedure is described in Section 5.A (appendix). Following
Bounliphone et al. [2016], the Gaussian width of Rel-MMD is chosen by the median heuristic
as implemented in the code by the authors. In the RBM problem, all problem parameters B, b,
and c are drawn only once and fixed. Only the samples vary across trials.

Figure 3 shows the test powers of all the tests. When Hj holds,

| eidd . o *5*;’" all tests have false rejection rates (type-I errors) bounded above by

ER]

a = 0.05 (Figure 3a). In the Blobs problem (Figure 3b), it can be seen

&

= 2
. ¥ & o °
] 723K
N3 .

-5

By

‘*" ‘| that Rel-UME achieves larger power at all sample sizes, compared

-10 0

® to Rel-MMD. Since the relative goodness of fit of p and ¢ must

be compared locally, the optimized test locations of Rel-UME are
Figure 4: Blobs prob- gyiiable for detecting such local differences. The poor performance of
lem samples: p, g, r- Rel-MMD is caused by unsuitable choices of the kernel bandwidth.
The bandwidth chosen by the median heuristic is only appropriate for capturing the global
length scale of the problem. It is thus too large to capture small-scale differences. No existing
work has proposed a kernel selection procedure for Rel-MMD. Regarding the number J of
test locations, we observe that changing J from 1 to 5 drastically increases the test power of
Rel-UME, since more regions characterizing the differences can be pinpointed. Rel-MMD
exhibits a quadratic-time profile (Figure 3c) as a function of n.

Figure 3d shows the rejection rates against the perturbation strength € in p in the RBM
problem. When € < 0.3, p is closer to r than q is (i.e., Hy holds). We observe that all the tests

have well-controlled false rejection rates in this case. At e = 0.35, while q is closer (i.e., H;
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Figure 5. P = {airplane, cat}, () = {automobile, cat}, and R = {automobile, cat}. (a)
Histogram of Rel-UME power criterion values. (b), (c) Images as sorted by the criterion values
in ascending and descending orders, respectively.

holds), the relative amount by which ¢ is closer to r is so small that a significant difference
cannot be detected when p and q are represented by samples of size n = 2, 000, hence the low
powers of Rel-UME and Rel-MMD. Structural information provided by the density functions
allows Rel-FSSD (both J = 1 and J = 5) to detect the difference even at ¢ = 0.35, as can be
seen from the high test powers. The fact that Rel-MMD has higher power than Rel-UME, and
the fact that changing J from 1 to 5 increases the power only slightly suggest that the differences
may be spatially diffuse (rather than local).

5.4.3 Informative Power Objective

In this part, we demonstrate that test locations having positive (negative) values of the power
criterion correctly indicate the regions in which () has a better (worse) fit. We consider image
samples from three categories of the CIFAR-10 dataset [Krizhevsky and Hinton, 2009]: airplane,
automobile, and cat. We partition the images, and assume that the sample from P consists of
2,000 airplane, 1,500 cat images, the sample from @ consists of 2,000 automobile, 1,500 cat
images, and the reference sample from R consists of 2,000 automobile, 1,500 cat images. All
samples are independent. We consider a held-out random sample consisting of 1,000 images
from each category, serving as a pool of test location candidates. We set the kernel to be the
exponentiated quadratic on 2,048 features extracted by the Inception-v3 network at the pool3
layer [Szegedy et al., 2016]. We evaluate the power criterion of Rel-UME at each of the test
locations in the pool individually. The histogram of the criterion values is shown in Figure Sa.
We observe that all the power criterion values are non-negative, confirming that () is better than
P everywhere. Figure 5b shows the top 15 test locations as sorted in ascending order by the
criterion, consisting of automobile images. These indicate the regions in the data domain where
Q fits better. Notice that cat images do not have high positive criterion values because they can

be modeled equally well by P and (), and thus have scores close to zero as shown in Figure 5b.

5.4.4 Testing GAN Models

In this experiment, we apply the proposed Rel-UME test to comparing two generative adver-
sarial networks (GANSs) [Goodfellow et al., 2014]. We consider the CelebA dataset [Liu et al.,

2015]? in which each data point is an image of a celebrity with 40 binary attributes annotated

’CelebA dataset: http://mmlab.ie.cuhk.edu.hk/projects/CelebA.html.
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Table 1: Rejection rates of the proposed Rel-UME, Rel-MMD, KID and FID, in the GAN
model comparison problem. “FID diff.” refers to the average of FID(P, R) — FID(Q, R)
estimated in each trial. Significance level & = 0.01 (for Rel-UME, Rel-MMD, and KID). S
and N stand for Smile and Non-smile. The prefix R indicates that real data points are used.

P @ R Rel-UME Rel- KID FID FID diff.
J10 J20 J40 MMD

S S RS 00 00 00 00 00 053 -0.045+0.52
RS RS RS 00 00 00 003 002 07 0.04=+0.19
S N RS 00 00 00 00 00 00 -15224+0.83
S N RN 057 097 10 10 10 1.0 525+0.75
S N RM 00 00 00 00 00 00 -45540.82

AR S

e.g., pointy nose, smiling, mustache, etc. We create a partition of the images on the smiling
attribute, thereby creating two disjoint subsets of smiling and non-smiling images. A set of
30,000 images from each subset is held out for subsequent relative goodness-of-fit testing, and
the rest are used for training two GAN models: a model for smiling images, and a model for
non-smiling images. Generated samples and details of the trained models can be found in
Section 5.B (appendix). The two models are trained once and fixed throughout.

In addition to Rel-MMD, we compare the proposed Rel-UME to Kernel Inception Distance
(KID) [Binikkowski et al., 2018], and Fréchet Inception Distance (FID) [Heusel et al., 2017], which
are distances between two samples (originally proposed for comparing a sample of generated
images, and a reference sample). All images are represented by 2,048 features extracted from
the Inception-v3 network [Szegedy et al., 2016] at the pool3 layer following Binkowski et al.
[2018]. When adapted for three samples, KID is in fact a variant of Rel-MMD in which a
third-order polynomial kernel is used instead of an exponentiated quadratic (on top of the pool3
features). Following Binkowski et al. [2018], we construct a bootstrap estimator for FID (10
subsamples with 1,000 points in each). For the proposed Rel-UME, the J € {10, 20,40} test
locations are randomly set to contain .J/2 smiling images, and .J/2 non-smiling images drawn
from a held-out set of real images. We create problem variations by setting P, @, R € {S, N,
RS, RN, RM} where S denotes generated smiling images (from the trained model), N denotes
generated non-smiling images, M denotes an equal mixture of smiling and non-smiling images,
and the prefix R indicates that real images are used (as opposed to generated ones). The sample
size is n = 2,000, and each problem variation is repeated for 10 trials for FID (due to its
high complexity) and 100 trials for other methods. The rejection rates from all the methods
are shown in Table 1. Here, the test result for FID in each trial is considered “reject Hy” if
FID(P, R) > FID(Q, R). Heusel et al. [2017] did not propose FID as a statistical test. That
said, there is a generic way of constructing a relative goodness-of-fit test based on repeated
permutation of samples of P and () to simulate from the null distribution. However, FID
requires computing the square root of the feature covariance matrix (of size 2048 x 2048), and
is computationally too expensive for permutation testing.

Overall, we observe that the proposed test does at least equally well as existing approaches,
in identifying the better model in each case. In Problems 1 and 2, P and () have the same

goodness of fit, by design. In these cases, all the tests correctly yield low rejection rates, staying
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Figure 6: Examining the training of an LSGAN model with Rel-UME. (a), (b) Samples from
the two models P, () trained on MNIST. (c) Distributions of power criterion values computed
over 200 trials. Each distribution is formed by randomly selecting J = 40 test locations from
real images of a digit type. (d) Test locations showing where () is better (maximization of the
power criterion), and test locations showing where P is better (minimization).

roughly at the design level (o« = 0.01). Without a properly chosen threshold, the (false) rejection
rates of FID fluctuate around the expected value of 0.5. This means that simply comparing FIDs
(or other distances) to the reference sample without a calibrated threshold can lead to a wrong
conclusion on the relative goodness of fit. The FID is further complicated by the fact that its
estimator suffers from bias in ways that are hard to model and correct for (see Binkowski et al.
[2018, Section D.1]). Problem 4 is a case where the model () is better. We notice that increasing
the number of test locations of Rel-UME helps detect the better fit of (). In problem 5, the
reference sample is bimodal, and each model can capture only one of the two modes (analogous
to the synthetic problem in Figure 1a). All the tests correctly indicate that no model is better

than another.

5.4.5 Examining GAN Training

In the final experiment, we show that the power criterion of Rel-UME can be used to examine
the relative change of the distribution of a GAN model after training further for a few epochs.
To illustrate, we consider training an LSGAN model [Mao et al., 2017] on MNIST, a dataset
in which each data point is an image of a handwritten digit. We set P and () to be LSGAN
models after 15 epochs and 17 epochs of training, respectively. Details regarding the network
architecture, training, and the kernel (chosen to be an exponentiated quadratic on features
extracted from a convolutional network) can be found in Section 5.D. Samples from P and @)
are shown in Figures 6a and 6b (see Figure 5.D.2 in the appendix for more samples).

We set the test locations V' to be the set V; containing J = 40 randomly selected real images
of digit 7, for i € {0,...,9}. We then draw n = 2,000 points from P, ) and the real data
(R), and use V' = V; to compute the power criterion for ¢ € {0,...,9}. The procedure is
repeated for 200 trials where V' and the samples are redrawn each time. The results are shown
in Figure 6¢c. We observe that when V' = V3 (i.e., box plot at the digit 3) or Vy, the power
criterion values are mostly negative, indicating that P is better than (), as measured in the
regions indicated by real images of the digits 3 or 9. By contrast, when V' = Vj;, the large mass
of the box plot in the positive orthant shows that () is better in the regions of the digit 6. For
other digits, the criterion values spread around zero, showing that there is no difference between

P and @, on average. We further confirm that the class proportions of the generated digits
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from both models are roughly correct (i.e., uniform distribution), meaning that the difference
between P and () in these cases is not due to the mismatch in class proportions (see Section
5.D). These observations imply that after the 15th epoch, training this particular LSGAN model
two epochs further improves generation of the digit 6, and degrades generation of digits 3 and 9.
A non-monotonic improvement during training is not uncommon since at the 15th epoch the
training has not converged. More experimental results from comparing different GAN variants
on MNIST can be found in Section 5.E in the appendix.

We note that the set IV does not need to contain test locations of the same digit. In fact,
the notion of class labels may not even exist in general. It is up to the user to define V' to
contain examples which capture the relevant concept of interest. For instance, to compare the
ability of models to generate straight strokes, one might include digits 1 and 7 in the set V. An
alternative to manual specification of V' is to optimize the power criterion to find the locations
that best distinguish the two models (as done in experiment 2). To illustrate, we consider
greedily optimizing the power criterion by iteratively selecting a test location (from real images)
which best improves the objective. Maximizing the objective yields locations that indicate the
better fit of (), whereas minimization gives locations which show the better fit of P (recall from
Figure 1). The optimized locations are shown in Figure 6d. The results largely agree with our
previous observations, and do not require manually specifying V. This optimization procedure

is applicable to any models which can be sampled.

5.5 Conclusion

We have developed two interpretable test of relative goodness of fit. The proposed tests are based
on two distributional discrepancies with interpretable features and come with the following
two advantages. First, the user can formulate hypotheses based on features of their choice and
interpret the test’s result accordingly. Second, these tests allow the user to discover features
distinguishing two models by optimizing their power proxies. Regarding the second benefit,
our real-data experiment focused on discrete optimization, where we specified a finite set of
test locations. Extending this procedure to continuous optimization is an interesting direction to

explore, as considered in Jitkrittum et al. [2016].
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5.A Optimization of Test Locations in Rel-UME and Rel-FSSD

This section describes the optimization procedure we use to select the test locations V' and
the bandwidth of the exponentiated quadratic kernel in the experiment “Test Powers on Toy
Problems.” Since the two sets V, W of test locations are constrained to be the same i.c.,
V' = W consisting of J = J, = J; locations, in total, we have Jd + 1 parameters. We
follow a similar implementation of the optimization procedure for finding the test locations
in FSSD.? All the parameters are optimized jointly by gradient ascent. We initialize the
test locations by randomly picking J points from the training set. The Gaussian width is
initialized (for gradient ascent) to the square of the mean of med xtr_ 7t and medytr jztr,
where med 4 := median ({ |z — 2|2}y e A). This is a similar heuristic used in Bounliphone
et al. [2016] to set the bandwidth of the exponentiated quadratic for Rel-MMD.

5.B Trained Models for Generating Smiling and Non-Smiling Im-

ages
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(a) Samples from the smiling model (b) Samples from the non-smiling model

Figure 5.B.1: Samples from the two trained models (smiling, and non-smiling) used in "Testing
GAN Models" experiment in Section 5.4.

This section describes the details of the two GAN models (smiling, and non-smiling models)
we use in the "Testing GAN Models" experiment in Section 5.4. We use the CelebA dataset
[Liu et al., 2015] in which each data point is an image of a celebrity with 40 binary attributes
annotated e.g., pointy nose, smiling, mustache, etc. We create a partition of the images on
the smiling attribute, thereby creating two disjoint subsets of smiling and non-smiling images.
To reduce confounding factors that are not related to smiling (e.g., sunglasses, background),
each image is cropped to be 64x64 pixels, so that only the face remains. Cropping and image

alignment with eyes and lips are done with the software described in Amos et al. [2016]. We

3Code for FSSD released by the authors: https://github.com/wittawatj/kernel-gof.
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use DCGAN architecture [Radford et al., 2015] (for both generator and discriminator) for both
smiling and non-smiling models, coded in PyTorch. Subsampling was performed so that the
training sizes for the two models are equal. Each model is trained on 84,822 images (i.e., 84822
smiling faces, and 84822 non-smiling faces) for 50 epochs. The training time was roughly three
hours using an Nvidia Titan X graphics card with Pascal architecture. We use Adam optimizer
[Kingma and Ba, 2014] with 5; = 0.5 and 32 = 0.999. The learning rate is set to 102 (for
both discriminator and generator in the two models). Some samples generated from the two

trained models are shown in Figure 5.B.1.

5.C Proof of Theorem 5.1

Let all the notations be defined as in Section 5.3. Recall Theorem 5.1:

Theorem 5.1 (Asymptotic distribution of S¥). Define Cl(j‘?, = covyg[Yw (), Yw (v)], CF =
coVanp v (), Yy (2)], and Clyy == covaur[tby (2), Yw (2)] € R *a. Let SV = U}%—Ué,
P _ R 0
and M := v~y 0 R e RUrtIa)>X2 Assume that 1) P,Q and R are all
0 Uy — Yy
distinct, 2) (kx, V') are chosen such that U > 0, and (ky, W) are chosen such that Ué > 0,
2 OP CR CR
3) S gsz = MT V; ¥ 0 vw R M is positive definite. Then, as
§2) CQ (CVW) CW + OW

Y

Vi (SY = 8Y) SN (0,4(cE —26pq + ).

Proof. Consider a random vector t := (z,y,z) € X3, where z,y, and z are independently
drawn from P, (), and R, respectively. Let {t;} ; = {(@i, vi, zi) }"y T beiid copies of

t. Define two functions

SE(6,6) == (v (2) — v (2))T (v (@) — v (),
52 (8,8)) = (Y (y) — vw (2) T (Ww (W) — vw (),

where t’ := (2,9, 2’). It can be seen that 6/ (t,t') = 61/ (t/, t) and 5%(‘5, t') = 59‘,(’5’, t) for
all t,t’ € A3, and that both functions are valid U-statistic kernels. It is not difficult to see
that U]% and U, (?2 (estimator given in Section 5.2) can be written in the form of second-order

U-statistics [Serfling, 2009, Chapter 5] as

—1 n

U2 = (Z>_li255(t,t’) and U, = (Z) 3686, t).

i=1 j<i i=1 j<i

Since w‘]; #* 1/15 (because U]% > 0), the U-statistic &;23 is a non-degenerate U-statistic. Since
@DI?V #* w%, UC% is also non-degenerate [Serfling, 2009, Section 5.5.1]. By Hoeffding [1948,

Theorem 7.1], asymptotically their joint distribution is given by a normal distribution:

@, U? d (b CPQ
L N{o,4 , 5.1
ﬁ((v@) (UE;))% ( (ch 3 o
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where

(3 = Varger [Eoor[50 )] 2 (0 — o) (CF + C) @l — vlf),

& = Vareor [Buor 63 (4] © 0 — o) T(CF + O - v,
Cpq = cover (Bomr 004, 6)], Eulo 6,6))) 2 0F — o) Ol (0 - lh).
and Cf4y = cov.ur[y (2),Yw(2)] € R7»*Ja. At (a), (b), (c), we rely on the independence

among z, ¥y, and z. A direct calculation gives the expressions of C]%, {é, and (pg. By the

continuous mapping theorem, and (5.1),

a)=a( ) ((3)-(3)

Remark 5.3. The assumption that P, (), and R are all distinct in Theorem 5.1 is necessary for

l};% and l;g to follow a non-degenerate normal distribution asymptotically. If R € {P, @}, then

U/;g for S € {P, Q} asymptotically follows a weighted sum of chi-squared random variables,
and Ug = 0. If P = @, the covariance matrix in (5.1) is rank-defficient.

5.D Details of Experiment 5: Examining GAN Training

LSGAN Architecture We rely on Pytorch code* by Hyeonwoo Kang to train the LSGAN
[Mao et al., 2017] model that we use in experiment 5. Network architectures of the generator
and the discriminator follow the design used in Chen et al. [2016, Section C.1]. We reproduce

here in Table 5.D.1 for ease of reference.

Table 5.D.1: Discriminator and generator of LSGAN used in experiment 5.

Discriminator Generator

Input: 28 x 28 grayscale image Input noise vector z ~ Unif][0, 1]%2

4 x 4 conv. 64 LRELU. Stride 2. FC. 1024 RELU. Batch norm.

4 x 4 conv. 128 LRELU. Stride 2. Batch norm. FC. 7 x 7 x 128 RELU. Batch norm.

FC. 104 Leaky RELU. Batch norm. 4 x 4 upconv. 64 RELU. Stride 2. Batch norm.
FC 4 x 4 upconv. 1 channel.

conv. refers to a convolution layer, FC means a fully-connected layer, RELU means a rectified
linear unit, LRELU means Leaky RELU, and upconv is the transposed convolution.

*https://github.com/znxlwm/pytorch-generative-model-collections (commit: 0d183bb5ea)
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Figure 5.D.1: Proportions of generated digits from the LSGAN models at 15th and 17th epochs.
Classification of each generated image is done by a trained convolutional neural network
classifier (see Section 5.D).

Kernel Function The kernel k is chosen to be an exponentiated quadratic kernel on features
extracted from a convolutional neural network (CNN) classifier trained to classify the ten digits
of MNIST. Specifically the kernel k is k(z, y) = exp(—||f(z) — f(y)||3/2v?), where f is the
output (in R'?) of the last fully-connected layer of a trained CNN classifier.’ The architecture
of the CNN is

Input: 2828 grayscale image — 5 x 5 conv. 10 filters. 2x2 max pool
— b5 X 5 conv. 20 filters. 2x2 max pool
— FC. 50 RELU.
— FC. 10 outputs.

We train the CNN for 30 epochs and achieve higher than 99% accuracy on MNIST’s test set.
The Gaussian bandwidth v is set with the median heuristic.

Class Proportion of Generated Digits To examine the proportion of digits in the generated
samples, we sample 4000 images from both models P (LSGAN-15, LSGAN model trained
for 15 epochs), and @) (LSGAN-17, LSGAN model trained for 17 epochs), and use the CNN
classifier to assign a label to each image. The proportions of digits are shown in Figure 5.D.1.
We observe that the generated digits from both LSGAN-15 and LSGAN-17 follow the right
distribution i.e., uniform distribution, up to variability due to noise. There is no mode collapse
problem. This observation means that the difference between P and () studied in experiment 5

in the main text is not due to the mismatch of class proportions.

3Code to train the CNN classifier is taken from https: //github.com/pytorch/examples/blob/master/
mnist/main.py (commit: 75e7¢75).


https://github.com/pytorch/examples/blob/master/mnist/main.py
https://github.com/pytorch/examples/blob/master/mnist/main.py
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Figure 5.D.2: Samples from LSGAN models trained on MNIST. Samples are taken from the
models at two different time points: after 15 epochs, and after 17 epochs of training.

5.E Comparing Different GAN Models Trained on MNIST

This section extends experiment 5 in the main text to compare other GAN variants trained on
MNIST. All the GAN variants that we consider have the same network architecture as described
in Table 5.D.1. We use the notation AAA-n to refer to a GAN model of type AAA trained for n
epochs. We note that the result presented here for each GAN variant does not represent its best

achievable result.

WGAN-GP-10 vs. LSGAN-10 Here we compare P = Wasserstein GAN with Gradient
Penalty [Gulrajani et al., 2017] and Q = LSGAN [Mao et al., 2017] trained for ten epochs on
MNIST. The results are shown in Figure 5.E.1. From the generated samples from the two models,
it appears that LSGAN yields more realistic images of handwritten digits, after training for ten

epochs. The positive power criterion values in Figure 5.E.1c further confirm this observation
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Figure 5.E.1: Comparing WGAN-GP (Wasserstein GAN with Gradient Penalty) and LSGAN,
trained for ten epochs on MNIST.

GAN-40 vs. LSGAN-40 In this part, we compare P = GAN-40 [Goodfellow et al., 2014]
and = LSGAN trained for 40 epochs on MNIST. The results are shown in Figure 5.E.2. It
can be seen from visual inspection that LSGAN-40 is slightly better overall, except for digits 1
and 5 at which LSGAN-40 appears to be significantly better. This observation is also hinted by

the power criterion values at digits 1 and 5 which tend to be positive (see Figure 5.E.2c).
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¥3333371 7 % 000 %%%%%%%%
sHSSEE 6y $-001f [ ¥ [, st
77777502 *-0.02 .
???QQTCT“:} 0123Sigi5t6789
(a) Sample from P = GAN trained (b) Sample from Q = LSGAN (c) Power criterion

for 40 epochs. trained for 40 epochs.

Figure 5.E.2: Comparing GAN (the original formulation) and LSGAN, trained for 40 epochs on
MNIST.

WGAN-30 vs WGAN-30 As a sanity check, we also run the same procedure on a case where
P = Q. We set P = @ = Wasserstein GAN [WGAN, Arjovsky et al., 2017] trained for 30
epochs on MNIST. The results are shown in Figure 5.E.3. As expected, the power criterion
values spread around zero in all cases. We note that we did not modify the procedure to treat

this special case. In particular, in each trial, two samples are drawn from P and () as usual.
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(a) Sample from P = Q = WGAN trained for 30 epochs. (b) Power criterion

Figure 5.E.3: Comparing two models which are the same for sanity checking. The model is set
to WGAN trained for 30 epochs.
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Chapter 6

Controlling moments with kernel Stein
discrepancies

Summary The kernel Stein discrepancy (KSD) enables us to measure the similarity between
a given distribution and a distribution defined by a density having an intractable normalizing
constant. To use the KSD in practice, one needs to know what can be interpreted from the
discrepancy. This chapter investigates the interpretability of the KSD in terms of moments;
fundamental statistical quantities. The result in this chapter extends that of Gorham and Mackey
[2017], who showed that the KSD controls the bounded-Lipschitz metric. Specifically, we prove
that the KSD controls the integral probability metric defined by a class of continuous functions

of polynomial growth, generalizing Lipschitz functions.

6.1 Introduction

Consider two probability distributions P and Q) over R”, where P is defined by a density
function p and () is arbitrary. We assume that the density p may contain an unknown normalizing
factor. Suppose we are interested in comparing the expectations of a test function fy under
these two distributions. As a test function is usually only known up to certain properties (e.g.,
differentiability or growth conditions), a natural measure to consider is the worst case error, or

an integral probability metric [Miiller, 1997],

sup [Ex~p[f(X)] = Ey~qlf (V)]

over a function class F containing fq. This setting may be interpreted as either evaluating
the goodness of fit of a statistical model P against the data distribution (), or assessing an
approximation () to a posterior distribution P in Bayesian inference. Our particular focus in this
chapter is on continuous functions of polynomial growth. In this case, the IPM above implies
disagreement in terms of moments, since they are defined by monomials of coordinates.

As the expectations are rarely analytically tractable, one might compare empirical estimates
using samples from both distributions. In some scenarios, however, assuming access to samples

from P may be problematic; e.g., correct samples from P are unavailable if the goal is to assess

119
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the quality of a Markov chain Monte Carlo sampler () targeting intractable P. One possible way
to sidestep the intractable integral is using a Stein discrepancy [Gorham and Mackey, 2015]

sup|Ey~o[Trg(Y)l;
9€g

where 7Tp is a Stein operator inducing functions whose expectations under P are zero, and G
is some function class included in the domain of 7p. Different choices of the operator and
the function class yield distinct Stein discrepancies. Two major classes are the graph Stein
discrepancies [Gorham and Mackey, 2015, Gorham et al., 2019] and the kernel Stein discrepancy
(KSD) [Chwialkowski et al., 2016, Liu et al., 2016, Oates et al., 2017]. Notably, it is possible to
compute these discrepancies. As we have seen in Chapter 3, the KSD circumvents the supremum
and admits a closed-form expression involving kernel evaluations on samples, whereas the graph

Stein discrepancy requires solving a linear program.

While successfully avoiding the intractable expectation, a drawback of Stein discrepancies is
that they lack interpretability: the test functions 7pg in a Stein discrepancy are not immediately
interpretable in terms of a given class F of interest. Following the spirit of Stein’s method,
this problem has been addressed by lower bounding a Stein discrepancy by a known IPM —
convergence in the Stein discrepancy then implies the IPM convergence. Gorham and Mackey
[2015] showed that the Langevin graph Stein discrepancy controls the L'-Wasserstein distance
(the IPM defined by 1-Lipschitz functions) for distantly dissipative target distributions; Gorham
et al. [2019] later generalized this result to heavy-tailed targets with diffusion graph Stein
discrepancies. Gorham and Mackey [2017] proved that the Langevin KSD with the inverse
multi-quadratic kernel (IMQ) controls the bounded-Lipschitz metric; Chen et al. [2018] offer
other kernel choices.

Despite its computational appeal, the KSD is limited in that it need not control convergence
in unbounded functions, particularly functions of polynomial growth. This issue has been
in part addressed by the aforementioned works on the graph Stein discrepancies. However,
their analyses are limited to linearly growing functions — it is unclear how these results extend
to functions of faster growth. Polynomially growing functions are of practical interest since
they are related to fundamental statistical quantities, such as mean and variance (the latter
corresponds to a quadratically growing function). Our objective is thus to extend the reach of

the KSD to functions of arbitrary polynomial growth.

In this chapter, we investigate conditions under which the KSD controls the convergence of
expectations of polynomially growing functions. Specifically, we prove that the KSD controls the
IPM defined by a class of pseudo-Lipschitz functions, a polynomial generalization of Lipschitz
functions. Our KSD bound builds on the result of finite Stein factors by Erdogdu et al. [2018].
Our specific contributions are twofold. First, our analysis considers the diffusion kernel Stein
discrepancy (DKSD) [Barp et al., 2019], a generalization of the Langevin KSD [Chwialkowski
et al., 2016, Liu et al., 2016, Oates et al., 2017]; this extension allows us to consider heavy-
tailed targets. Second, we provide reproducing kernels required for the advertised convergence

property to hold.
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6.2 Background

We begin with background material required to present our main results.

6.2.1 Definitions and symbols specific to this chapter

Pseudo-Lipschitz functions. A function h : RP — R is called pseudo-Lipschitz continuous

(or simply C-pseudo-Lipschitz) of order q if it satisfies, for some constant C' > 0,
[A(z) = h(y)] < CA+ llzl§ + [yll$) |z — yllz for all 2,y € R, (6.1)

where ||-||2 denotes the Euclidean norm. We denote the smallest constant C' satisfying (6.1)
by fipLip(h)1,4- We denote by pLip, , the set of pseudo-Lipschitz functions of order ¢ with
fipLip(h)1,¢ < 1. The pseudo-Lipschitz continuity generalizes the Lipschitz continuity (corre-

sponding to the case ¢ = 0) and allows us to describe functions of polynomial growth.

Vectors, matrices, and tensors. For a real vector v, ||v||op = ||v||2. We identify an order L
tensor 7' € RP1*XDL a5 a multilinear map from RP1 x - . x RPZ to R via the natural inner

product

11 1 0

T: (ui,... uy) € RP>xPL 5 R <T»U(1) ®-® U(L)> - Z El,-.‘,’iLU(l) D)

U100 L

and define the operator norm || 7’|}, by

|T||op = sup ‘<T,u(1)®...®U(Z)®...®U(L)>“
”u(l)”2:1

Derivatives. The symbol V = (9y,...,0p)" denotes the gradient operator with 9, denoting
the partial derivative with respect to the d-th coordinate. The symbol V"* denotes the operator
that outputs all the m-th order partial derivatives, defined as (V™ g(z))s,...i,, = O, - - - 0i,,, 9().
For a vector-valued function g : RP — R’ we define Vig : RP — RP @ - .- @ RP @R’ by

7 times
(Vig(x))kl7...7ki_1,d = (Vigd(x))kl,..,,ki_l; i.e., V' is applied to g element-wise. For a matrix

valued function f, we define its column-wise divergence by (V, f(z)); i.e., (V, f(z)); =

Zj 9; fji(x).

Generalized Fourier transform. Our main result (Proposition 6.13) requires an analogue
of the Fourier transform of a function that is not an element of L' or L?, where L", r € {1,2}
denotes the Banach space of r-integrable functions with respect to the Lebesgue measure. For

our purpose, we use the following generalized Fourier transform.

Definition 6.1 (Generalized Fourier transform [Wendland, 2004, Defintion 8.9]). Let ® be a
continuous complex-valued function on R? such that for some constant ¢ > 0, ®(x) = O(||x||3)

in the limit of ||z[2 — oo. A measurable function ® is called the generalized Fourier transform
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of @ if it satisfies the following conditions: (a) the restriction of $ on every compact set

K c RP\ {0} is square integrable, and (b) there exists a nonnegative integer m such that

[ear@as = [ dends

is true for all Schwartz functions ~ satisfying v(w) = O(||w||3™) for ||w]||2 — 0. The integer m
is called the order of ®.

The Fourier transform of ® coincides with the generalized Fourier transform, if it exists. In

the following, we limit ourselves generalized Fourier transforms of order zero.

6.2.2 Generators of Ito diffusions and their Stein equations

We first consider the generator of an It diffusion as a Stein operator. This object is related to
the diffusion Stein operator considered in the next Section; the diffusion Stein operator is a
first-order differential operator, whereas generators considered in this section are of the second
order.

For a function f pseudo-Lipschitz of order g, consider the Stein equation
Apuy = f —Ex.p[f(X)], (6.2)

defined by the generator .Ap of an Itd diffusion with invariant distribution P, where u, : RP —
R is a solution to the equation. The diffusion is defined by the following stochastic differential
equation:

dzZf =v(Zf)dt + o(ZF)d B, with Z§ = x. (6.3)
Here, (B;)¢>0 is a D’-dimensional Wiener process; b € Cl:RP 5 RPando e C': RP —
RP*D’ represent the drift and the diffusion coefficients. The drift coefficient b is chosen so that

the diffusion has P as an invariant measure:

o) = 5o (V.p(a)a(e) +e@)}).
where a(z) = o(x)o(x)' is the covariance coefficient, c(z) = —c(z)’ € RP*P is the

skew-symmetric stream coefficient. Then, the generator .4 p is an operator defined by

Apug(x) = (b(a), Vg () + 5 (o(@)o()T, Vus(a)).

Characterizing the regularity of a solution u ¢ to (6.2) requires additional assumptions on the
diffusion. Erdogdu et al. [2018] revealed that a solution is a pseudo-Lipschitz function for a

fast-converging diffusion. To introduce their result, we first detail required assumptions.

Condition 6.2 (Polynomial growth of coefficients). For some ¢, € {0,1} and any 2 € R”, the
drift and the diffusion coefficients of (6.3) satisfy the growth condition

Ao

)\b )\a a
lb@)ll2 < A+ l2ll2), lo@)llr < T (1+z]l2),and o(@)o (@) [lop < ZH(1+ ] ),
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with Ay, As, Aqg > 0.

Condition 6.3 (Dissipativity). For a, 3 > 0, the diffusion (6.3) satisfies the dissipativity
condition
Apllz[l3 < —allz[l3 + 8.

The operator Ap is the generator of an It6 diffusion with coefficients b and o, and Ap||z||3 =
2(b(z), z) + [lo(2) |-

Condition 6.4 (Wasserstein rate). For ¢ > 1, the diffusion Z} has L-Wasserstein rate p, :
[0,00) = R if

ntE[I2F - 22109 < (D)l — yla for z,y € B and > 0,
couplings(Z¥,Z})

where the infimum is taken over all couplings between Z and Z;. We further define the relative

rates

p1(t) = log(p2(t)/p1(t)) and p2(t) = log[p1(t)/{p2(t)p1(0)}]/ loglp1(t)/p1(0)].

Erdogdu et al. [2018] shows that the solution u to the Stein equation (6.2) satisfies the
following property:

Theorem 6.5 (Finite Stein factors from Wasserstein decay, Erdogdu et al. 2018, Theorem 3.2).
Assume that Conditions 6.2, 6.3, and 6.4 for the LY-Wasserstein distance hold and that fis
pseudo-Lipschitz of order q with at most degree-q polynomial growth of its i-th derivatives
fori = 2,3,4. Then, the solution uy to the equation (6.2) is pseudo-Lipschitz of order q with

constant (1, and has i-th order derivative with degree-q polynomial growth for i = 2,3,4 :
IV up(@)llop < G(1 + [|2]|3) for i € {2,3,4}, and = € R”.
The constants (; (called Stein factors) are given as follows:
oo
G=mi+ fi/ p1(t)wgq+1(t 4 — 2)dt fori =1,2,3,4,
0

where

w1 (t) = 14 4pr ()Y p1(0)2 |14 7 {(1V pgar (1) 2Xag + (g + 1)BY|
(Ia.+1

with a1 = «, Qg = inftzo[a — q)\a(l vV ﬁg(t)]+,

71 =0, Ti = fpLip(f)1,¢7 (f)2:i,471:4(0)Eq, (6q) for i = 2,3, 4,
&1 = fipLip(F)1,0:6 = fipLip(F)1,071:(D)P0:i-2(0 1) p1(0)wge +1(1) g, 11(69)" " fori = 2,3, 4,

where @(f)ig = sup,erp | V' f(2)llop/ (L+ [2]19), 7 (f)ang = maXi—a,..p 7()ig: Pan(g) is
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a constant whose precise form is given in the proof of Erdogdu et al. [2018, Theorem 3.2], and

26 ¢, @ Ao +6(gq + 1
faat(@) =2+ 22 4 o Gaent (A +6lgu + DB
@ do a 2raQa+1

There are two known sufficient conditions for establishing exponential Wasserstein decay
(Condition 6.4). The first is uniform dissipativity, which is a simple (but more restrictive)

condition leading to exponential L'- or L?- exponential decay rates.

Proposition 6.6 (Wasserstein decay from uniform dissipativity, Wang 2020, Theorem 2.5 ). A
diffusion with drift and diffusion coefficients b and o has L1-Wasserstein rate p,(t) = e Tt/2, if
forall xz,y € RP,

2(b(x) = b(y),z — y) + lo(z) = oW)IIF — (= 2)[lo(z) = o(W)llz, < —rllz —yll5.

The second and more general condition is distant dissipativity. Explicit L'-Wasserstein
decay rates from distant dissipativity are obtained by the following result of Gorham et al. 2019,
which builds upon the analyses of Eberle [2015] and Wang [2020].

Proposition 6.7 (Wasserstein decay from distant dissipativity, Gorham et al. 2019, Corollary
12). A diffusion with drift and diffusion coefficients b and o is called distantly dissipative if for

the truncated diffusion coefficient
5(x) = (o(z)o(x)" — s*1)Y? with s € [0,1/My(c™"))
with Mo(o™1) = sup,epp |07 ()]|op, it satisfies

(bw) —by)z —y)  Nlo@) —5WlE _ | (3(2) = 5(y) (@ -y}
sllz — yll3 s2[lz — ylI3 52|l — yll3

K flz—ylla>R
L -yl <R

for some K > 0 and R,L > 0. If the distant dissipativity holds, then the diffusion has
Wasserstein rate p(t) = 2elL R /8o—Tt/2 for

“AR? + eV8K 1R+ 4K ! if LR* <38,
SV2rRILYV2 (L7 + K1) exp(LTRQ) +32R2K~2  otherwise.
These two conditions also conveniently lead to the dissipativity condition (Condition 6.3)

defined above. Therefore, we assume that the diffusion satisfies either of these conditions in the

following.

6.2.3 Diffusion Stein operators and their Stein equations

In this section, we recall the diffusion Stein operator of Gorham et al. [2019]. For a diffusion

process defined in (6.3), the diffusion Stein operator is defined as an operator that takes as input
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a vector-valued differentiable function g : R” — R and outputs a real-valued function as

follows:

where b(x) = (V, p(x)m(z))/(2p(x)) and m(xz) = a(z) + c¢(x). Note that we can recover the
Langevin Stein operator [Gorham and Mackey, 2015] by taking a = I and ¢ = 0.

Recall the Stein equation for the second-order Stein operator Apus = f — Ex..p[f(X)].
By relating the definition of Ap to 7p, we have that the function gy = Vu /2 solves the Stein
equation Tpg = f — Ex.p[f(X)] [Gorham et al., 2019, Section 2]. As a result of Theorem

6.5, we have the following corollary:

Corollary 6.8. Let g > 0. Let f € C3 be a pseudo-Lipschitz function of order q with derivatives
satisfying the polynomial decay condition in Theorem 6.5. The solution gy = Vuy/2 to the
Stein equation Tpg = f — Exp[f(X)] belongs to the set

G={g:R” 5> R”:|g(x)ll2 < VDG (1 + []3),
IV g(@)llop < Giar (1 + [|2[13) fori € {1,2}, 2 € RP},
where (1, (2, and (3 are the Stein factors from Theorem 6.5.

Proof. The derivative norm bounds follow directly from Theorem 6.5. Note that the bound on

lg(z)||2 follows from the pseudo-Lipschitzness of u s as

us(@ + hej) —uy(z)

h
< Tim i1+ o+ hes |57 + g~y 1Rl
~ h—0 7112 2 ‘h|
=G+ 225" <200+ (2§,
where {e1, ..., ep} is the standard basis of R”. O

The following proposition shows that the diffusion Stein operator induces zero-mean func-

tions (see Appendix 6.A.3 for a proof).

Proposition 6.9 (The diffusion Stein operator generates zero-mean functions). Let ¢, € {0, 1}
be the additional growth exponent of ||a(x)||op from Condition 6.2. If q, = 0, assume P has
a finite q-th moment; if q, = 1, a finite (q + 1)-th moment. Let g € C* be a function with the

following growth conditions:

lg(x)ll2 < Co(1 + =[5,
IVg()]lop < Cr(L+ |25,

for each = € RP | and some positive constants Cy and Cy. Then, we have Ex..p[Tpg(X)] = 0.
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6.2.4 The diffusion kernel Stein discrepancy

We recall the definition of the diffusion kernel Stein discrepancy (DKSD) proposed by Barp et al.
[2019]. As with the Langevin KSD in Chapter 3, we can construct a computable Stein discrep-
ancy by combining the diffusion Stein operator with an RKHS. Let P and () be distributions
over RP. The DKSD is defined as follows:

S(Q,Tp,Bi(Gx)) = sup  |Ey~q [Trg(YV)]l,
gEB1(Gr)
where B1(Gy) is the unit ball of a vector-valued RKHS §,; determined by a matrix-valued
kernel k : RP x RP — RP*P [Carmeli et al., 2006]. In the following, by abuse of notation,
we denote S(Q, Tp, Bl(gﬁ)) by S(Q, Tp, G« ). Note that the Langevin KSD is obtained as a
specific instance of the DKSD by choosing a(x) = I, ¢ = 0, and k = kI for a scalar-valued
kernel k£ and the D-dimensional identity matrix . In particular, we obtain the KSD with a
reweighted kernel w(z)k(x, y)w(y) by choosing a(x) = w(x)I with w a scalar-valued positive
function. As with the Langevin KSD, the use of an RKHS leads to a closed-form expression for
the DKSD:
S(Q,Tr,Gx)? = Ex xmquqlhp(X, X)),
where
1

p(z)p(y)
provided that x — || T,k(z, -)||g, is integrable with respect to () [Barp et al., 2019, Theorem 1].

hyl,) = (Vs (Vs (p()m(@)(z, y)m(y) To(w) )

Although the majority of the following analyses focus on the simple RKHS « = kI, we present

results using a general vector-valued RKHS where possible.

6.3 Main results

We formalize our objective in this chapter, as outlined in the introduction. Let P be a distribution
over RP defined by a twice continuously differentiable density function p. For a distribution Q,
we are interested in the maximum discrepancy over a function class F : sup s z|Ex~p[f(X)] -
Ey~q[f(Y)]]. Our focus is on functions with growing in the polynomial order of ¢ > 1.

Therefore, we specify the function class F to be a subset of pseudo-Lipschitz functions of order

qg—1
Fq=A

f: RP 5 R: fe C? with ﬂpLip(f)l,qfl <1
and supl[ V7 () op/ (1 + l2]471) < 1 for € (2,3)
x
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We define an IPM corresponding to the class F; by

dr,(P,Q) = sup [Ex~p[f(X)] — Ey~q[f(Y)]|. (6.4)
feF,
Appendix 6.B.5 shows that F, contains degree-g polynomial functions of (z1,...,zp) € RP,

if scaled appropriately. Note that for this class, we can take the Stein factors {1, (2, (3} that
are independent of test functions and only depend on the diffusion through b(x) and o(x).
Unfortunately, the IPM d, is not computable as it involves an intractable integral. Thus, we
aim to relate the IPM d g, to the DKSD, a computable discrepancy measure.

Before presenting results concerning the DKSD, we first show a convergence property of
dr,. In the following, we denote the set of probability measures with finite g-th moments by

P, = {probability measure s : [||z||ddu(z) < oco}.

Proposition 6.10. Let P € P, be a probability measure on RP with a finite q-th moment with
q > 1. For a sequence of probability measures {Q1,Q2, ..., } C Pq, the following conditions
are equivalent: (a) dr, (Qn, P) — 0asn — oo, and (b) as n — oo, the sequence Q,, converges
weakly to P, and Ex g, [|| X||3] = Ex~p ||| X|2].

Proof. We relate the metric dz, to the bounded-Lipschitz metric [see, e.g., Dudley, 2002,
Section 11.2] and make use of uniform integrability. See Appendix 6.A.1 for a complete

proof. O

The above result shows that the distance dz, characterizes both weak convergence (conver-
gence in distribution) and convergence with respect to the ¢g-th moment. For sequences in P,
another example of a metric characterizing this topology is L?-Wasserstein distance defined by
the Euclidean distance [see, e.g., Villani, 2009, Theorem 6.9].

In the following, we make an additional assumption on the growth of the stream coefficient
in the DKSD.

Condition 6.11 (Polynomial growth of the stream coefficient). For any z € RP, the stream

coefficient of (6.3) satisfies the growth condition

A
l[e(@)lop < f(l + [[]|2) %t
with A, > 0 and ¢, as in Condition 6.2.

Note that under Conditions 6.2, 6.11, we have

AoV Ae

lm(@)llp < VDlm(@)llop < VDAm(1+ [lz]l2)™* with A = =

6.3.1 Uniform integrability and DKSD bounds

To prove our main result, we make use of an analogue of uniform integrability for a family of

functions, defined as follows:
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Definition 6.12 (Uniform integrability with respect to g-th moments). Let ¢ > 0. A sequence
of probability measures Q = {Q1,Q2...,} C Py is said to have uniformly integrable g-th

moments if
lim limsup/ |z)|4dQp (z) = 0.
{llzl|2>7}

T p—oo

It is known that for weakly converging sequences, convergence of a moment is equivalent to
the uniform integrability of the moment [Ambrosio et al., 2005, Lemma 5.1.7] (see also Lemma
6.32 in Appendix 6.B.2). Intuitively, uniform integrability is a condition enforcing that the
probability mass does not diverge too fast along the sequence. If ¢ = 0, the above definition is
reduced to uniform tightness [see, e.g., Dudley, 2002, Chapter 9]. The uniform integrability is a
stricter condition in that it requires the decay rate of the tail probability to stay faster than a g-th
degree polynomial.

Our first result shows that for sequences with a uniformly integrable moment, the DKSD

implies convergence in dg, .

Proposition 6.13. Let ® € C? be a positive definite function with non-vanishing generalized
Fourier transform ®. Let w(x) = (v + ||z||2)® with real numbers v > 1 and q, > 0. Let
Gr1 be the RKHS defined by kernel kI with k(z,y) = @y (x,2') + (z,2"), where &, (z, 2") =
w(z)w(z)®(x — 2'),and ¢ is an optional positive definite kernel. Then, for a sequence of
measures Q = {Q1,Q2,...,} C Pgyq, with uniformly integrable (q + qq)-th moments, we
have S(Qn, Tp, Gr1) — 0 only if dr, (P, Qn) — 0.

Proof. We only provide a proof sketch here and refer the reader to Appendix 6.A.2 (see also
Proposition 6.26 for the precise statement) for the full proof. Our strategy is to bound the
IPM dz, explicitly by the DKSD. Consider the Stein equation 7Tpg; = f — Exp[f(X)] for
f € F,. We approximate 7,g by mollification. Specifically, we decompose the function Tpgy

into three parts:

TrgrKHS
Trgr = Trgs — TpGtrunc + TPGtrunc — TPRKHS + lgricus | .
— _— |l grkHs||
Step 1: truncation Step 2: approximation Step 3: measuring RKHS norm

In the first step, we truncate 7,g; to make it bounded and ignore the tail expectation. In the
second step, we approximate the truncated function with a smooth function. In the last step, we
show that the smooth function is an RKHS function if the kernel ® is chosen appropriately. The
expectations of truncation and approximation errors are evaluated using the characterization
of g derived in Corollary 6.8; the expectation of the third term can be bounded by the DKSD.
Thus, we obtain a bound on d Fq in terms of the DKSD. If the DKSD term vanishes, the rest of

the error terms can be made arbitrarily small. O

When ¢, = 1, i.e., we have a quadratic growth of the operator norm of the covariance
coefficient, we need approximating distributions {Q1, Q2, . . . } to have an extra moment. This
requirement is placed in order to make the Stein discrepancy upper bound well-defined; oth-
erwise, the upper bound is vacuous. Indeed, if one is willing to make the assumption Q) # P,

it is appropriate to assume a higher-order moment. For example, any numerical quadrature
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method is represented by a discrete measure with a finite support, thereby guaranteeing a finite
moment of any order. Note that in proving the uniform integrability of a sequence of measures
Q = {Q1,Q2 ...}, it is not sufficient to assume that each ) € Q has a finite moment of a

higher order (a sufficient condition is having their moments of that order uniformly bounded).

6.3.2 The DKSD detects non-uniform integrability

In the previous section, we assumed that the approximating distributions {Q1, Q2, ... } had
uniformly integrable g-th moments if ||a(z)||op grows linearly, or (¢ + 1)-th moments if quadrat-
ically. Proposition 6.13 indicates that we can use any kernel formed by a positive definite
function for diagnosing non-convergence. However, such a kernel alone is not enough when
the uniform integrability is violated. Indeed, in the case of weak convergence, Gorham and
Mackey [2017] demonstrated that an inadequate choice of the kernel yields a discrepancy that
converges to zero even when the sequence is not uniformly tight and hence non-convergent;
the IMQ kernel suggested by Gorham and Mackey [2017] ensures that vanishing KSD implies
the tightness of the sequence. Analogously, we explore conditions that allow us to check the

uniform integrability using the DKSD.

The following two lemmas characterize uniform integrability using the DKSD:

Lemma 6.14. Let Q = {Q1,Q2, ...} C Py be a sequence of probability measures for ¢ > 0.
Let G,. be the RKHS of RP -valued functions defined by a matrix-valued kernel k : RP x RP —
RP*P Suppose that for any € > 0, there exists r. > 0 and a function g € G, such that
Trg(z) > ||z||31{||z||2 > r.} — & for any * € RP. Then, Q has uniformly integrable q-th
moments if S(Qn, Tp,Gx) — 0 as n — oo.

Proof. For any € > 0, we have
T||2>Te

Letting n — oo concludes the proof. O

Lemma 6.15 (KSD upper-bounds the integrability rate). Let G, be the RKHS of RP-valued
functions defined by a matrix-valued kernel r : RP x RP — RP*P_ Suppose there exists
a function g € G, such that Tpg(x) > v for any x € RP with some constant v € R, and
liminf\|x||2_(q+9)7'pg($) > 1 for some ¢ > 0,n > 0,and 0 > 0 as ||z]2 — oco. Assume
S(Q,Tp,Gx) < oo for a distribution Q) € Py1g. Then, for sufficiently small € > 0, we have

R,(Q,¢) = inf {r >1: /{ . }HxH%dQ(m) < E}

< {2 (1 + %) (S(Q’TIZ];QH) —~ V)}évz.
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Thus, for a sequence of measures {Q1,Q2 ...} C Pyig, we have

limsup S(Qn, Tp, Gx) < 0o = limsup Ry(Qp, ) < oo.
n— 00 n—o0
In particular, if the sequence {Q1, Q2 . .. } does not have uniformly integrable q-th moments,

then Stein discrepancy S(Qy, Tp, Gx) diverges.
Proof. The proof is in Appendix 6.B.4.1. O

The quantity R,(Q, ¢) (termed an integrability rate) in Lemma 6.15 represents the radius
of a ball, outside of which the tail moment integral becomes negligible. Note that () € P, is
equivalent to having R, (@, e) < oo for each ¢ > 0. In particular, if a sequence {Qy, } ,>1 does
not have uniformly integrable ¢-th moments, the integrability rate R,(Q,,, €) diverges.

The above two lemmas require the Stein-modified RKHS to have a function growing at
a certain rate. The first lemma requires a stronger condition in that it requires a function that
approximates the power function ||z||J arbitrarily well. The existence proof for the first lemma is
left as future work, and we focus on the second lemma. Note that the second lemma in contrast
relies on the existence of a function that behaves as ||z||2 outside a ball; we can create an RKHS
that satisfy this requirement using a linear kernel and the diffusion Stein operator, provided that

the diffusion satisfies the dissipativity condition (Condition 6.3).

Lemma 6.16 (Tilted linear kernels have the lower bound properties). Suppose the diffusion
targeting P satisfies the dissipativity condition (Condition 6.3) with o, B > 0 and the coefficient
condition (Condition 6.2) with Ay > 0 and q, € {0,1}. Let w(x) = (v + ||x||3)9 % with
Gw >0, u>0, andv > 0. Assume (q, — u) < 2a/ g if Go = 1. Let

k(z,2') = wz)w(z){x,2’).

There exists a function g € Gy such that ||g||g,, = V'D and the corresponding diffusion Stein

operator Tp satisfies

Tpg(x) > v for any x € RP, and liminf Hx||272(qw7u+1)7‘pg(x) >

[lz[l2—o00

for some v € Randn > 0.
Proof. The proof can be found in Appendix 6.B.4.2. O

The next result is an immediate consequence of Lemma 6.16.

Corollary 6.17. Define symbols as in Lemma 6.16. For the RKHS Gy.1 of a kernel k = k1 + ko
with k1 an arbitrary positive definite kernel and ko the kernel from Lemma 6.16, there exists a

function g € Gy.1 such that the corresponding diffusion Stein operator Tp satisfies

Tpg(x) > v for any x € RP, and liminf HxH;Q(qwqu)Tpg(x) >

[|lz]|2— 00

for some v € R and n > 0. In particular, if the RKHSs of kernels k1 and ko do not overlap,

lgllg., = vVD.



6.3. MAIN RESULTS 131

6.3.3 Recommended kernel choice
We have established the conditions required for the DKSD to control the pseudo-Lipschitz

metric d g, . In the following, we present our recommended settings.

Linear growth case When ¢, = 0, we need the uniform integrability with respect to the g-th

moment. We recommend the following kernel function
ko.g0(z,2") = wyo(x;v)wge(z';v) (CI)(:B — ') + kyyn (2, 2; v)), (6.5)

where the weight w, ¢ is given by

g+6—1
wo(x;0) = (07 + [l23) 2

with v > 1, and /Elin denotes the normalized linear kernel:

Z: ({L‘ .’E/) UZ + <$7 1‘,>
lin\<) = .
V2 A+ lzl5v/ 02 + [[/]3

This choice ensures that the two kernels in the sum (6.5) have the same growth rate. The

kernel ®(x — ') can be any function with a non-vanishing (generalized) Fourier transform.
Examples are the exponentiated quadratic (EQ) kernel, the IMQ kernel, and the Matérn class
kernels [Matérn, 1986, Stein, 1999]. Note that the normalized linear kernel enables us to
use light-tailed kernels (e.g., the EQ or the Matérn kernels) that are recommended against by
Gorham and Mackey [2017]. In particular, one benefit of the Matérn class is that we can use
rougher functions: the RKHS of an IMQ kernel consists of infinitely differentiable functions,
whereas a Matérn kernel can specify an RKHS of finitely differentiable functions. The increased
complexity would render the DKSD more sensitive to the difference between distributions (see
Section 6.4.3).

Quadratic growth case When g, = 1, we need the uniform integrability with respect to the
(g + 1)-th moment. Therefore, we recommend to use the same form of the kernel as in (6.5)

except that wy ¢ is replaced with

ato
werr0(x) = (02 + [l2]3) =

6.3.4 The DKSD detects convergence

We have shown that vanishing DKSD implies convergence in dx,. Here, we clarify conditions

on which the DKSD converges to zero.

Proposition 6.18. Let G,. be the RKHS defined by a matrix-valued kernel k : RP x RP —
RP*D Let ¢ > 1. Assume that any function g in the unit ball B1(G,) satisfies the following:

there exist some constants Cy, C1, and Cs such that

IVig()]lop < Ci(1 + || T ") for any x € RP and i € {0,1,2}.
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Assume a linear growth condition on m (Conditions 6.2, 6.11 with q, = 0). Assume that b
is ¢1(b)-Lipschitz in the Euclidean norm, and m is ¢1(m)-Lipschitz in the Frobenius norm.
Suppose P € Pg. Then,

S(Q7TP7 gn) < Cb,mdpLiqu (Q) P)v

where

A 2¢~1
Cb7m _ b01(54+ )

A CaD(5 4 2471)

5 +2VDC1p (m)

+4Chp1(b) +

In particular, we have S(Qn, Tp,Gx) — 0if dr,(P,Qn) — 0.

Proof. The claim follows from showing that a Stein-modified RKHS function 7pg is pseudo-
Lipschitz of order g. The full proof is available in Appendix 6.A.4. O

Proposition 6.19. Let G,. be the RKHS of RP-valued functions defined by a matrix-valued
kernel k : RP x RP — RP*P_ Let ¢ > 1. Assume that any function g in the unit ball B1(G,.)

satisfies the following: there exist some constants Cy, C1, and Cs such that
IVig(x)]lop < Ci(1 + Hx||g_1)f0r any © € RP and i € {0,1,2}.

Assume a quadratic growth condition on m (Conditions 6.2, 6.11 with q, = 1). Assume that
b is ¢1(b)-Lipschitz, and m is pseudo-Lipschitz of order 1 in the operator norm with constant

frpLip(m)1,1. Suppose P € Pyy1. Then,

S(Qa TP7gI€) < Cb,mdpLip17q+1 (Qv P)a

where

MC1 AnCaD )
Com = (5+29) ( b4 L4 22 + ClDupLip(th) +4¢1(0)Co.

In particular, we have S(Qn, Tp, Gx) — 0 if dr,,, (P, Qn) — 0.

Proof. The proof proceeds as in the previous proposition and can be found in Appendix 6.A.4.
O

Note that the two propositions above require stronger convergence requirements than that of
dr,.

q

6.4 Experiments

We conduct numerical experiments to examine the theory developed above. In the first two
experiments, we investigate the behavior of the KSD using simple light-tailed and heavy-tailed
target distributions. Then, we present a negative case study, where the KSD fails to detect

discrepancies in moment estimates.
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6.4.1 The Langevin KSD

Our first problem studies the behavior of Langevin KSD corresponding to the choice a = I,
c = 0. This setting allows us to contrast with the IMQ kernel previously recommended by

Gorham and Mackey [2017], which is known to control the bounded-Lipschitz metric.

6.4.1.1 Non-convergence in mean

We first consider a problem where a sequence does not converge in mean to their target

and therefore not in d Fq (g = 1). We choose a target P and an approximating sequence
{Q1,Q2, ..., } as follows:

- 1 1 -
P=N(-1,1), =({l1—-—— | P+ —N N1, 1), n>1,
( ), Qn ( n—|—1> +n+1 (n+1D1,I), n>
where 1 = 1/+/D and N (u, ¥) denotes the multivariate Gaussian distribution over R” with
mean p and covariance 3. We take D = 5. While the sequence {Q1,Q2,. .., } converges
weakly to P, it does not converge in mean. Indeed, by construction, the approximating sequence

has the following biased limit:

1
n+ 1EZ~N((n+1)i,I)

lim Ey.q,[V] = lim (1— ! >EXNP[X]+ 7]

n—00 n—00 n+1

= EXNP[X} +1.

We examine the kernel choice (6.5) recommended in Section 6.3.3. For the weight function
wi 9, we take 0 = 0.5. We use v = 1 for the linear kernel and the weight function. For the
translation-invariant kernel ®, we use the IMQ kernel kg (2, 2') = (1 + ||z — 2/||3) /2. We

also consider the case # = 0.We compare these two choices against using knviq alone.

We estimate the KSD using the U-statistic estimator. Specifically, we draw an i.i.d. sample
of size 1,000 from (),, and compute a U-statistic; we repeat this process 30 times and take the

average of the computed U-statistics.
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Figure 1: Comparisons of KSD with different kernels. Settings: (a) IMQ; the IMQ kernel kinviq
(solid line), (b) IMQ sum (lin.) 8 = 0; the sum of the IMQ kernel and the normalized linear
kernel (dashed line), (c) IMQ sum (lin.) 8 = 0.1; the sum of the IMQ kernel and the normalized
linear kernel with tilting § = 0.1 (dash-dotted line).

Figure 1 shows the change of the KSD along the sequence for the three kernels. It can be
seen that the KSD decreases with the IMQ kernel alone. For the other two choices, the KSD
value does not decay; in particular, the kernel with the additional tilting § = 0.1 diverges as n
increases. By design, our kernel choices induce functions growing linearly or super-linearly, and
their KSD can therefore capture the non-convergence of the mean. Remarkably, although the
case # = 0 is not guaranteed by our theory, the KSD does not decay to zero, implying possibility

for theory improvement.

6.4.1.2 Non-convergence in variance

As in the previous section, we consider a case where a sequence does not converge in variance
to their target and therefore not in dz, (¢ = 2). We use the following target and approximating
sequence:

1 1

As with the mean shift problem above, this example is constructed so that the sequence converges
in distribution but not in variance, since the Gaussian in the second term always adds diagonal

covariance 21.
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Figure 2: Comparisons of KSD with different kernels. Settings: (a) IMQ; the IMQ kernel kinvq
(solid line), (b) IMQ sum (lin.) 8 = 0; the sum of the IMQ kernel and the normalized linear
kernel ¢ = 1 (dashed line), (¢) IMQ sum (quad.) 8 = 0; the sum of the IMQ kernel and the
normalized linear kernel with quadratic tilting ¢ = 2 (dotted line), (d) IMQ sum (quad.) § = 0.1;
The sum of the IMQ kernel and the normalized linear kernel with quadratic tilting ¢ = 2 and
additional reweighting # = 0.1 (dash-dotted line).

Figure (2) shows the KSD’s transition along the approximating sequence for our four kernel
choices. As in the previous experiment, the IMQ-KSD decreases; the mean-characterizing KSD
also decays , confirming that having a function of linear growth is not sufficient to detect the
non-convergence. For the two kernels yielding quadratically growing Stein-RKHS functions,
we see a similar trend as in the previous experiment; in particular, the behavior of the KSD with
6 = 0 closely follows that of § = 0.1.

6.4.2 The DKSD and heavy-tailed distributions

In this section, we turn to heavy-tailed distribution to investigate the performance of the DKSD.
Heavy-tailed distributions such as Student’s ¢-distribution have bounded score functions, and it
is known that the Langevin KSD fail to detect non-convergence for this target class [Gorham
and Mackey, 2017, Theorem 10].

As our target P, we use the standard multivariate ¢-distribution with the degrees of freedom
v > 1 defined by the density

v+D
) = 2 )

F( )V

14
2

_v+D
2

The t-distribution is uniformly dissipative with o(z) = /1 + v~=1||z||3/ and A\, = 4. If v > 2,
the diffusion is dissipative (Condition 6.3) with &« = 1 — 20! (see Lemma 6.38). With this
choice, the DKSD is reduced to the Langevin KSD with the kernel tilted by 1 + v~1||z]|3.



136 CHAPTER 6. KSD AND MOMENT CONVERGENCE

According to Lemma 6.16, the allowed power of the weight is ¢, < (o + 1)/2 < 1. As
Proposition 6.13 requires uniform integrability of the higher moment, this bound on ¢,, implies
that the DKSD can only be used for examining mean convergence. In the following, we take

v = 3 and consider the same perturbation as in the previous section:

1 1 -
=({l1-—— | P+ —— 1,7 > 1.
Qn ( n+1> +n+1/\/((n+),),n_

We consider the quadratic growth case in Section 6.3.3. We compare the following two
kernels: (a) ¢ = O (uniform integrability of the first moment), (b) ¢ = 1 (the second moment).
The case ¢ = 1 conforms to the requirement of Proposition 6.13, whereas the case ¢ = 0 violates

it. We also include the IMQ kernel as a baseline.

-—= IMQ sum (lin.) # =0.1 —-— IMQ sum (quad.) 6 =0.1
DKSD(P, Qn)
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R
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Figure 3: Comparisons of DKSD with different kernels in the #-distribution problem. Settings:
(a) IMQ sum (lin.) # = 0.1; the sum of the IMQ kernel and the normalized linear kernel ¢ = 0
(dashed line), (b) IMQ sum (quad.) 8 = 0.1; The sum of the IMQ kernel and the normalized
linear kernel with quadratic tilting ¢ = 1 and additional reweighting § = 0.1 (dash-dotted line).

Figure 3 demonstrates the result. The curve for the IMQ kernel is omitted, as its KSD
decayed extremely fast and sometimes yielded negative values. While our theory requires the
uniform integrability of the second moment, the linear-growth DKSD detects non-convergence;
the same trend is observed for the quadratic-growth counterpart as expected. Recall that as
the linear-growth DKSD characterizes the uniform integrability of the first moment, weak
convergence control is sufficient for determining convergence in mean. The success of the
linear-growth DKSD may therefore be attributed to its ability to control weak convergence; this
feature should be proved without the extra uniform integrability condition, and we leave this
task as future work. Finally, the stricter requirement may be considered as an artifact of the
strong claim of Proposition 6.13, which deals with the uniform convergence under a class of

pseudo-Lipschitz functions.
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6.4.3 Failure mode: distribution mixtures with isolated components

Our final experiment concerns the following distributions:
1 1 ~
P = 5/\/(#1,]) + §N(M2,I), Qn =roN (1, I) + (1 = )N (p2, 1),

where 1 = 0.05 and r,,  1/2 as n — oo. The target P is supported by our theory, since
the Gaussian mixtures are known to be distantly dissipative [Gorham et al., 2019, Example
3]. However, when the distance || — ps2||2 between the two modes is large, the KSD is
unable to capture the discrepancy of the mixture ratio r,,. Indeed, the Wasserstein rate p; (t) =
2¢L17?/8¢=Tt/2 in Proposition 6.7 has an exponent depending on R = 11 — p2ll2, and the
diffusion therefore suffers from the slow convergence when R is large, rendering the KSD

insensitive to this difference.

We detail our experimental procedure. In contrast to the previous experiments, rather than
estimating the KSD between P and Qn, we use a sample {xi}fvzlfrom Qn to form a sequence
of empirical distributions @, = N ™1, 0,,. In this case, the KSD between P and Q,,
is possible to compute exactly. This consideration is more relevant in practice since we are
interested in how well a particular sample approximates P. In the following, we set 1y = —30-1,
o = —10 -1 and D = 5. The mixture ratio 7, is chosen from a regular grid of size 30 on the
logarithmic scale with base 10. For each r,,, we draw 100 sample of size N = 500 and compute

the KSD; we repeat this procedure 100 times and report the average KSD.

Our main question is whether the KSD can detect convergence in the first moment. It is
clear that the mean of (),, changes significantly as r, increases. To this end, we consider the
sum kernel in (6.5) with ¢ = 1, ensuring that the Stein-modified RKHS has a function of linear
growth. As {Q1, Q2 ..., } has uniformly integrable first moments, we simply do not apply the
additional tilting (i.e., § = 0). We examine two choices of the translation invariant kernel @ :
the IMQ kernel kg (z,2') = (1 + ||z — ac’H%/oQ)_l/2 and the Matérn kernel

_ /
knat(x, 7)) = (1 + M) exp (—\(/Tng — :c'H2> )

First, we fix the bandwidth o to 1 for both kernels. Figure 4 plots the KSD value against the
mixture ratio with error bars representing standard deviations. For both kernels, their KSDs do

not change along the sequence.
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Figure 4: Comparison between the IMQ and the Matérn kernels in the mixture problem. Without

bandwidth optimization. Error bars represent standard deviations.
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This observation implies that the bandwidth choice may be suboptimal, making the KSD
too weak to detect the change in the mixing proportion. Therefore, we next consider optimizing
the bandwidth ¢ for each @Q),, to improve the sensitivity. Following the approaches in non-
parametric hypothesis testing [Gretton et al., 2012b, Sutherland et al., 2016, Jitkrittum et al.,
2016, 2017b], we choose a bandwidth by optimizing the power of a test using the objective
S(Qn, Tpy Gr1)?/ /Uiy, where vgr, = Varx~q, [Exi~q, [hp(X, X")]]. This objective is a
proxy of the power of the KSD goodness-of-fit tests [Chwialkowski et al., 2016, Liu et al.,
2016] and can be computed exactly. The optimization procedure may be interpreted as seeking
a bandwidth that allows us to conclude P # @), using as few sample points as possible, without

using the whole of Q).

Figure 5 shows the result. The IMQ kernel stays at the same value past the point r,, = 0.3,
whereas the Matérn kernel shows a decreasing curve and captures the discrepancy. The Matérn

kernel can therefore be thought of as more stable and inducing a stringent discrepancy measure.

-4= IMQ sum (lin.) —}="Matérn sum (lin.)

KSD(P, Q) KSD(P,Q,)
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Mixture ratio r, Mixture ratio r,
(a) IMQ kernel (b) Matérn kernel

Figure 5: Comparison between the IMQ and the Matérn kernels in the mixture problem. With
optimized bandwidth for each kernel. Error bars represent standard deviations.
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Figure 6: The KSD defined by the Matérn
kernel in the mixture problem. The kernel’s
bandwidth is optimized for each r,. Error
bars represent standard deviations.
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Figure 7: A two component Gaussian mix-
ture and its posterior probability 7(z) of
component assignment.

Although Figure 5b indicates that the optimization approach might be helpful, the following
result casts doubt on this observation. We raise the growth rate of the Matérn sum kernel to
g = 2 (and 8 = 0) in order to investigate the second moment convergence. Contrary to our
expectation, Figure 6 demonstrates that the KSD grows as the mixture ratio approaches to
the true value. We observed the same trend even without optimization. Note that since the
Stein-modified RKHS contains quadratically growing functions, the KSD takes larger values
with more samples observed around the mode p1y = —30 - 1 as r,, * 1/2. If the contribution of
the mixture ratio is negligible, the change in the KSD value is therefore largely determined by

the change of sampling locations.

We can attribute the KSD’s weak dependence on the mixture ratio to the score function. To

see this, consider a density
re(x) = mp1(z) + (1 — m)pa(z), 0< 7 <1.

The score function of 7 is given by

1 ()
mp1(z) + (1 = m)p2(w)

srr(2) = T(2)sp, (z) + (1 — T(x))sp, (), where 7(z) =

The function 7(x) represents the posterior probability of an observation x arising from the
mixture component p;. We claim that for any two m # 7', the difference between Srx and
Sy i8 virtually absent. Our reasoning is as follows: s, () becomes s, (or s, ) in the high-
probability region of p; (or p2); thus, the difference between two score functions is negligible
under 7, for any other configuration 7’ so long as two components are concentrated in separate
regions as in the Gaussian mixture example. This pathology is due to the following behavior of
the posterior density 7(z) : it becomes effectively a binary-valued function that outputs 1 in
the high-density region of p; and 0 in the counterpart of py(x). Indeed, if p1 () > pa(x), the
posterior 7(x) ~ 1 and is effectively independent of 7. Figure 7 illustrates this situation for

a Gaussian mixture in D = 1. Hence, in this case, varying the mixing proportion 7 does not



140 CHAPTER 6. KSD AND MOMENT CONVERGENCE

modify the score function s, . significantly.

As the KSD between two densities depends on the difference of their score functions [Liu
et al., 2016, Definition 3.2], the KSD is therefore insensitive to mismatches of the mixture ratios.
Our experiments shows that kernel choice and optimization alone cannot solve this issue, calling

for a more fundamental solution to this failure mode.

6.5 Conclusion

In this chapter, we have dealt with the question of the KSD’s interpretability. We have shown
that the KSD upper bounds the pseudo-Lipschitz metric dx,, the worst-case expectation error
over a class of polynomially growing function. A particular consequence of this result is that we
may interpret the KSD in terms of convergence of moments. Our experiments confirm that the
KSD with our proposed kernel choices indeed detect non-convergence in dg, .

A theoretical shortcoming of our result is that we need a coercive function to characterize
the uniform integrability (Lemma 6.15). Lemma 6.14 shows that we only need a function
dominating a function of the form = — ||z[|?1y)j;||>r} - A related question to address is whether
we can remove the uniform integrability of a higher order moment in Proposition 6.13. As
heavy-tailed distributions have finitely many moments, assuming a higher-order moment can be
restrictive.

Finally, we have seen a failure mode of the KSD in Section 6.4.3. Being unable to detect
a mixture-ratio mismatch affects our inference significantly. We should therefore combine
the KSD with other diagnostic tools if available. Given diverse applications of the KSD, it is

desirable to develop a new computable discrepancy addressing this shortcoming.
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6.A Proofs of main results

6.A.1 Characterization of pseudo-Lipschitz metrics

Proposition 6.20. Let P € P, be a probability measure on RP with a finite q-th moment with
q > 1. For a sequence of probability measures {Q1,Q2, . .., } C Pq, the following conditions
are equivalent: (a) dr,(Qn, P) — 0asn — oo, and (b) as n — oo, the sequence Q,, converges
weakly to P, and Exq, [|| X]|3] = Ex~p ||| X|2].

Proof. (a) < (b) Our goal is to show that the following quantity can be made arbitrarily small
by taking sufficiently large n :

sup
JEFq

fEFq

[ rae.- | fdP' —sup | [ (7= 0) (@0~ P)+ [ 10)d(Qu—P)
=0

)

—sup | [ 7@~ P)

feF,

where f denotes f — f(0). To this end, we smoothly truncate a function f using the bump
function 1 ; of Lemma 6.37 with = R and § = 1 for some R > 1 (the function 1 ()
vanishes if ||z||2 > R + 1). Specifically, we break up the integral on the RHS as

sup
feFy

/fd(%—P)]: -

feFy

/ Flrad(@n—P) + / F(1—151) d(Qn — P)

and evaluate each term below.

As a preparatory step, we clarify some properties of f. Note that for any f € Fy4, we have
1f(2)] = |f(z) — £O)] < 1+ [|2]|§")||z|| for 2 € RP. This implies that we have

1f1rllec = Sugf(fﬁ)la,l(w)l <(R+1)+(R+1)"=Cir
xe

and as f1p1(z) is everywhere differentiable,

|flri(z) — flra(y)|

[flrall = sup
z,y€RD x4y ”x__yHQ
< sup 11 (2)|[VF(@)]2 + F(@)IV1R1(2)]l2
z€RD

<VD{1+2R+1)7 '} +8 1+ R+ (R+1)7} = Cop

Let Cg = 2(C1 g V Ca g) Then, f1g1/Cr belongs to the set of bounded Lipschitz functions
BLy = {f :R” 5 R: || flleo + [[fllL < 1}.

We are ready to bound the quantify of interest. For € > 0, using the weak convergence



142 CHAPTER 6. KSD AND MOMENT CONVERGENCE

assumption, take n large enough so that

dpr, (P,Qn) = sup
feBLy

/fdQn—/fdP)‘ < e

which is possible as the bounded Lipschitz metric dpy,, metrizes weak convergence [Dudley,
2002, Section 11.3]. The definition of R has been left unspecified; here, we take R such that

/ |2|4dP(x) v sup / 24, () <
{llz]|2>R} n>1J{||z|2>R}

The existence of R is guaranteed by Lemma 6.32: for a weakly converging sequence of

ool ™

probability measures {Q1, Q2. ... }, the convergence in the ¢g-th moment is equivalent to the

g-th moment uniform integrability. Then,

sup /fd(cznm‘
feFy
< sup Cg /Clgbl-fleld(Qn—P’—i—sup /f 1-1g1)d(Qn P)‘
feFy feFy
< Cpg sup /fd(Qn_P ‘+ sup /f 1 —1p1)dQy| + sup /f(l_lR,l)dP‘
feBLy feFy feFq
< Cp sup / £ Q. —P)] + sup / F1AQn + sup / Flap
fGBLl F€Fq J{||zll2>R} feFq J{|lzll2>R}
< . e
Chg - QCﬁ-+ +-4

The third line follows from the bounded Lipschitzness of f1 r,1/Cr and the triangle inequality;
the fourth line is another application of the triangle inequality and 1 — 1 ; (z) < 1{||z|]2 > R};
the fifth line is true because |f(z)| = |f(z) — £(0)] < (1 + ||:cHgfl)||m||2 for any x € R” and
because of the definition of R.

(a) = (b) We first prove that convergence in dx, implies weak convergence. For any
e > 0and f € BLy, define the Gaussian convolution f.(z) = Eq[f(z — £G)] with G is a
standard Gaussian random vector. The function is infinitely differentiable and satisfies, by the

Lipschitzness of f,
sup |f(2) — fe(2)| < eBe[[|Gll2]-

zERP
By Lemma 6.30, we have constant bounds on the operator norms of the derivatives up to the third

order; the bounding constants depend on . With C. the maximum of the bounding constants,
dpL, (@n, P) = sup

we C- f. € F,. Then,
/ FAQn — / fdp) ’
feBLy

< sup /\f 1dQu + /!f _ AP+ C.

feBLy

~1f.d(Q, — P)

< 2eEq[||Gll2] + Cedr, (P, Q).
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Taking the successive limits of n, e shows that dpy,, (@, P) — 0, implying the weak conver-
gence of the sequence.

Next, we show that convergence in dz, implies Ex~q, || X |3 = Ex~p| X|3. As the weak
convergence has been established above, we only need to show that the sequence {Q1, Q2, ..., }

has uniformly integrable ¢-th moments. As P € P,, we can take IR satisfying
[l <<
l[z]l2>R

Consider the function f r(z) = [|z[|4(1 — 11 (z)) with the smooth bump function 1z of
Lemma 6.37. This function has derivatives, up to the third order, growing in the order of Hng_l,
and therefore with a proper scaling Cr > 0 (depending on R), we have fq, r=CRrfqr € Fy.
By the convergence in df,, for any € > 0 we can take N such that for any n > N,

/fq,RdQn < /f%RdP—I—CRE.

These choices yield,

[ eliaQu < [ gnae,
[[z]l2>R+1
<0y ( [ Fundp+ cRs>

< / |2l|9dP + & < 2¢.
> R41

Thus, we have arrived at the desired conclusion lim,_, lim sup,,_, fo”pr |2|2dQy (z) =
0. O

Corollary 6.21. For q > 1, let dpLip, ,_, (P, Q) be the IPM defined by pLip; ,_, the set of
functions that are pseudo-Lipschitz of order ¢ — 1 with its pseudo-Lipschitz constant bounded
by 1. For a sequence of probability measures {Q1,Q2, ..., } C Py, the following conditions
are equivalent: (a) dpLiqu,l(Qm P) = 0asn — oo, and (b) as n — oo, the sequence Q.

converges weakly to P, and Ex ¢, | X||4 = Ex~p| X||4.

Proof. The direction(a) = (b) results from Proposition 6.10, as d, (P, Q) < dpLip, ,_, (P, Q).
=

The other direction (b) = (a) can be shown as in the proof of Proposition 6.10. O

6.A.2 Uniform integrability and a DKSD lower bound

Our goal is to show a KSD bound on the IPM dr, (P, Q).
Let g be a solution to the Stein equation Tpg = f — Ex.p[f(X)] for f € F,. We
approximate 7,g by mollification. Specifically, we decompose the function Tpg into three parts:

TrPIrKHS

7}39 = TPQ - ﬁgtrunc + TPgtrunc - TPgRKHS + HgRKHSH .
—_— |l grxHS||

Step 1: truncation Step 2: approximation Step 3: measuring RKHS norm
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We elaborate on each step as follows.

Step 1: Smoothly truncating g. Let us start with the following notion.

Definition 6.22 (Integrability rate of order ¢). For any probability measure () and € > 0, the
integrability rate R,(Q, ¢) of order ¢ is defined as

R,(Q,¢e) = inf {r >1: /{ - }Hl‘”ng(I) < 5} )

where we use the convention inf ) = co.

Note that () € P, is equivalent to having R,((Q), ¢) < oo for each e > 0. In the following, for
each ¢ > 0 and a probability measure (), we consider the integrability rate R = R4, (Q,€).
Let where 11 be a smooth bump function from Lemma 6.37, which vanishes outside the
centered Euclidean ball of radius R + 1. For a function g € G, we consider a truncated version

gr,1 = 1g1 - g. The truncation results yields the following error estimate:

Lemma 6.23. Let Q € Py, a probability measure and R = Ryy4,(Q,€). For each e > 0,
we have

‘/TPQdQ - /TPQR,ldQ‘ <cpp-¢€

with cpp = 2v/D¢1 (A 4+ 8e 1) + DA o

Proof. Observe that for each = € RP,

[ Trg(x) — Trgra(z)|

< [(20(2), g(z)(1 = 1r1)(@))| + [(m(2), Vg(1 — 1g,1)(2))]

< 2[[p()[2llg(@)[l2] (1 = 1r1)(@)| + DI1 = 1r1(@)[[[m(2)]lop[ Vg (@) llop
+ [IV1ga(2)l2llg(2)l|2

< 1{llel > R} [ {3201+ lloll) + 867} DG+ Do (1.4 112)| 1+ ol ™),

By the definition of R, we have

[ elfeQs [ jelgtrag<e.
{llz]l2>R} {llzll2>R}
forany 0 < ¢’ < ¢+ q,. Thus,
‘ / Trgd@Q — / TpgR,ldQ‘
b -~ _
<[ LG bl + et VBG4 el
Ti2>

+DGAm (1 + l2§) (1 + 2§ | dQ()
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< {2VD¢: (3 +8¢7) + DAnGa} =

O]

Step 2: Constructing a smooth approximation to gz ;. We consider approximating the
function gg 1 with an RKHS function. For later use, we consider factorizing gg 1 using a

differentiable positive function w(z) : RP — [1, 00); i.e.,

gR,l(ﬂf) = w(l‘)gﬁ,h

where g} | == gr,1/w. We assume that sup,cgp ||VIogw(z)|y = My < co. We also define

a helper function
By(z) =  sup ﬂ
zeRP uel0,1] w(r — uz)

The form of w will be specified below, which will be of the form w(z) = (v? + ||z(|3)?"; for
this w, we have B, (z) = O(]|2]|3*). Note that 0 < p < 1, By, (pz) < By (2).

For fixed p > 0, we define a smooth approximation g,’ to by convolution,

95 () =Kz [gh1(x — pZ)],

where Z is a RP-valued random variable with E[|| Z||2B,,(Z)] < oo (its law will be specified
in the sequel). The following result quantifies the approximation error and mirrors the proof
of Lemma 12 of Gorham and Mackey [2017]; here, we do not assume the Lipschitzness of the
drift b (assuming the Lipschitzness will improve the D-dependency of the bound).

Lemma 6.24. Let g, = gr1/w,and gy (v) = Ey [g}“%l(x — pZ)} . For each fixed p €
(0, 1], the approximation g, satisfies the following:

‘/E(WQZU)dQ - /TPQR,ldQ’
<p-Uppw-(1+R+2)-{1+(R+1)7}
with
Uppw =4 {(2)\17 + MyDAm) - ﬂg)Dvw + D)\mﬂg)aw}

where ﬂ%)D » and fcg)D o are constants given respectively in Lemmas 6.39, 6.40 with § = 1.

Proof. By Lemmas 6.39, 6.40, for each x € R”, we have

[ Trwygy, (z) — Trwgp 1 ()]
< [2w(z)(b(2), g, (x) = g1 ()| + lw(z)(m(z), Vg, (2) = Vg 1 (2))]
+w(z)|(m(z), Viogw(z) ® (g, (x) — gk 5(2)))]
< w(@){2[|o(z)]|2 + [[m(z)lop||V Iog w(@) |2}y () = gi 6()l2
+ Dw(x)|lm(z)]lopl[Vgp () — Vg 5(2)llop
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b
<p {14 (R+1)0) H (1 + llell2) + MuAm <1+rxuqa“>}a%,w
at1y ~(2)
+DA - (1 2l )
Note that

/(1 + 28 )dQ(z) < 1+ R&H +/ (L+ [l )dQ()

{ll=ll2>R}
<14 R%t! 4 2¢.

Asa consequence,
] [ Teugraa- [ Tpg%,ldcz‘
< p(1+ R%+! 4 2¢) H L My } A9+ DA o | {1+ (R+1)171)
]

Step 3: Measuring the RKHS norm of wgy’. The RKHS norm of wgy’ is derived once we
specify the convolution distribution and the RKHS kernel function. The former will be specified

below; for the latter, we assume that the scalar kernel is given by a weighted kernel
k(z,2'") = w(z)w(zk(z, '),

where l;:(x, ') is another positive definite kernel. This choice yields

D D
lwg¥llg., = dZHw(gwdHék: dZH@z“)dHé,y
—1 =1

where (g}_,”)d is the dth component of g;’. Thus, we only need to check the G, norm of each
coordinate function of g,’.

We consider the tilting function w(z) = (v? + ||z||3)% with v > 1 and ¢, € [0, 0). We
specify the law of the convolution variable Z in 6.A.2 (i.e., the convolution kernel) with the sinc
density from Lemma 6.34
D sincidw (xq)

Sijw (.I') - S" ?
qu

d=1

where Sz, = [*_sinc'® (z)dz, Gy = [quw] + 1 with the symbol[z] denoting the smallest
integer greater than or equal to . Lemma 6.34 guarantees that s;,, is well-defined and has
a finite ¢,,-th moment. Note that by the convolution theorem and ||sg, ||,: = 1, the Fourier

transform 55, of s, satisfies

154, )\2 (2m) Dl{HwHoo < 4Gy} forw € RP,

where ||w||oc = maxg=1,. plwil.
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Lemma 6.25. Let gr1 = g - 1g1 with 1g 1 a smooth bump function from Lemma 6.37. Let
w(z) = (vV2 + ||x]|3)% withv > 1 and g, > 0. Let @, (z,2") = w(x)w(z')®(x — ') where
® € C? is a positive definite function with non-vanishing generalized Fourier transform P.

Define the convolution g}_,” of g}"m = 9gRr1 Jw by

gy (x) =Egz [g1(x — pZ)],

where Z has the law with density sg,, from Lemma 6.34 with Gy, = [qy | + 1. Let k = ®,,. Then,

the RKHS norm ||wgy ||g, , is evaluated as

lwgy llge, < (27T)_D/4D41\/ sup  (w) -/ Vol(Brer) - (1+ (R+1)772071),

[wlloo<4Guw /p

where Vol(Bg+1) is the volume of the Euclidean ball of radius R + 1. In particular, the same
conclusion holds if the kernel k is given by k = ®,, + £, where { is another positive definite

kernel.

Proof. We first address the case k(x,2') = @, (z,2'). As (g}f) , 18 given by the convolution
with s(z) = p~Ps;, (z/p), by the convolution theorem [Wendland, 2004, Theorem 5.16], its

Fourier transform of is expressed by the product

(2m) P2 (g8 )a(w)3(w) = (2m)2/2 (g8 )alw)35, (o),

(note that we are using the definition of Fourier transform in [Wendland, 2004, Definition 5.15]).
Thus, by [Wendland, 2004, Theorem 10.21], the RKHS norm of (g;")d is given by

—

H(gw)dH2 = (27r)_D/2/|(g’gﬁ)d(w)|2dw = (27r)D/2/ |(g%,1)d(f0)§qw(p@|2dw
P Ge P (w) P (w)
<@2m)7P? sup S(w)H|l(g8 )l
llwlloo <4Gw /p
=@2m)P?  sup Ow) - (I(g81)all3es
llwlloo<4Gw/p

where the last equality is a result of the Plancherel theorem, since (9%,1)61 € L' N L2 One can

check [[ (g, 1)allr> < /Vol(Bry1) - supzerp (9 1)al and

Bl

sup [(951)al < VDG sup 1ri(z) 1+ —5——=m—

zeRD ! z€RD (UQ + ||95Hg)q“’
< VDG (1 + (R+ 1)1 2001y,

Therefore, we obtain

||w9;f||gkz

D 2 D 2
= | 2_ lwigallg, = |2 l@allg,
d=1 d=1
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< (27T)D/4DC1\/ sup  D(w) ! \/Vol(Bryp) - (14 (R+1)97201),

[[wlloo <4Gw /p

We next deal with the case k = ®,, + £. According to Aronszajn [1950], because k is the
sum of two kernels, the RKHS norm of G, of a (scalar-valued) function g € Gy, is given by

l9llg, = inf{llg1llgs,, + llg2llg, : 9 = 91 + g2, 91 € Ga,,, 92 € G}

As we have shown that each component of wgy’ is an element of Gg,,, we have [|(wgy))allg, <

[(wgy)dllgs,, - The rest of the proof follows from the definition of the vector-valued RKHS
Gk1- O

The following proposition summarizes the above three steps.

Proposition 6.26. Let ¢ > 0 be an arbitrary fixed positive real number. Let p € (0, 1] be
a fixed number. Let ® € C? be a positive definite function with non-vanishing generalized
Fourier transform ®. Let w(x) = (v + ||z||2)® with real numbers v > 1 and q,, > 0. Let
G be the RKHS defined by kernel kI with k(z,y) = ®(z,2) + ((x, 2') where B, (z, z') =
w(z)w(x")®(x — 2’). Let Q be a probability measure in Pyiq, and R = Ry1q,(Q,€/cpD).

Then, we have
dr,(P,Q)
<e+pUppw- (14 R¥T +2e) - {1+ (R+1)7"}

+(2m) T DG \/V01(131 (RP))(R+1)P - (1+ (R+ 1)7 2 ) Fp(44uwp ")S(Q, Tr. Grr),

where Vol(B1(RP)) denotes the volume of the unit ball in the Euclidean space R”, Fg(t) =
SUD| ||| oo <t Ci)(w)*l, and Gy = [qw| + 1. Therefore, for a sequence of measures {Q1,Qa2, ..., }
in Pytq, with uniformly integrable (q + qq)-th moments, we have S(Qy, Tp, Gkr) — 0 only if
dr,(P,Qn) — 0.

Proof. Using the results obtained so far, we have for a function f € F,

Ey~@f(Y) = Ex~p[f(X)]| = [Ey~qTrg(Y)|
< [Ey~q[Trg(Y) — Trgra (Y]]
+ By~ [TPgr1(Y) — Tpwgy (Y)]| + [Ey~qTrwg, (V)|
< [Ey~[Trg(Y) — Trgra (Y|
+ [Ey~q[TPgr1(Y) — Tpwg, (Y)]| + HWQZUHQM S(Q,Tp, Grr)
<e+pUppw(l+R*+2¢) - {1+ (R+1)71}

+(2m) P/ DG Fa(4dup™ ")y Vol (BL(RP)) (R + 1)PS(Q. T, ).

Taking the supremum over F,; completes the proof of the first claim.
For the second claim, if the sequence has uniformly integrable g-th moments, we can take
finite > 1 such that Ry, (@Qn,e) < rforall n > 1. Thus, if S(Qp, Tp, Gkr) — 0, taking
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successive limits of n, p, € shows dx, (P, Qn) — 0. O

6.A.3 The diffusion Stein operator and zero-mean functions

Proposition 6.27 (The diffusion Stein operator generates zero-mean functions). Let ¢, € {0, 1}
be the additional growth exponent of ||a(x)||op from Condition 6.2. If q, = 0, assume P has
a finite q-th moment; if q, = 1, a finite (q + 1)-th moment. Let g € C* be a function with the

following growth conditions:

lg(@)ll2 < Co(L+ ]|,
IVg(@)llop < C1(1+ Jlz]57),

for each x € RP | and some positive constants Co and Cy. Then, we have Ex .p[Tpg(X)] = 0.

Proof. The proof is essentially that of Gorham et al. [2019, Proposition 3]. Note that by the
moment assumption on P, we have Exp | (1 + || X[ 2" (1 + | X[|27")| < oo and thus

Ex~p|Trg(X)| < 2Ex~p|[b(X)[l2llg(X) 2 + DEx~plm(z)lop[[Vg(X)lop < 0.

Thus, we may apply the dominated convergence theorem and then the divergence theorem to

obtain
ExplTpg(X)] = lim [ (V,p(r){ale) + c(@)}g(e)d

— lim [ (), fa(@) + c(0)}g(=))p(2)dz,

r—00 aBT

where dz denotes the (D — 1)-dimensional Hausdorff measure. Let

fr) = /BB la(2) + e(2)llopllg(2)[l2p(2)d=

Then we have

/ (nr(2), 9(2))p(2)dz < ().
OB,

By the coarea formula (and integration with polar coordinates), we have

/OOO fr)dr = /000 { /mlla(w) + c<x>||op||g<z>|2p<z>dz} dr

< 20Co /0 { /8 el |rzugl>p<z>dz} ar

— 20,.Co / (1 + 2l (1 + 2l )p(e)dz < oo.

Thus, we have lim inf,_,, f(r) = 0 and therefore Ex..p[Tpg(X)] = 0. O
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6.A.4 DKSD upper bounds

Proposition 6.28. Let G,. be the RKHS defined by a matrix-valued kernel k : RP x RP —
RPXD | Let ¢ > 1. Assume that any function g in the unit ball B1(G,) satisfies the following:

there exist some constants Cy, C1, and Co such that
||Vig(x)\|op < Ci(1+ Hx||%_1)f0r any x € RP and i € {0,1,2}.

Assume a linear growth condition on m (Conditions 6.2, 6.11 with q, = 0). Assume that b
is ¢1(b)-Lipschitz in the Euclidean norm, and m is ¢1(m)-Lipschitz in the Frobenius norm.
Suppose P € P,. Then,

S(Q7TP7 gn) < Cb,mdpLiqu (Q7 P):

where

AmCaD(5 + 297 1)
2

24—t
Gy — ApC1(5 +2977)

, 1 + 2V DCy (m)

+ 4Co¢1(b) +

In particular, we have S(Qn, Tp, Gx) — 0if dr,(P,Qn) — 0.

Proof. For any g € B1(G,), we show that Tpg is a pseudo-Lipschitz function of order ¢. By

the derivative assumptions, we have

Ch 1 -1
lg(x) — g(y)l2 < 7(1 25+ wlls ) llz =yl

and
C _ _
Vg(z) — Vg(y)ll2 < 72(1 g+ lylE ) e — ylla-

Also,
-1 -1
L+ flzll2) (T + 25 + [lylld )

L[|z ]3 + llyll3) <5+ 207"
L+ [I=l13 + 1yll3) ( )

Using these estimates, we obtain

Trg(x) = Trg(y)| < 2[[b(2)|2llg(x) — 9(v)ll2 + 2[[b(x) = b(y)ll2ll9()l2
+ Dlm(@)llop Vg (x) = Vg(®) lop + VDllm(x) — m(y)|[el| V() llop
< Com(1+ [[2]3 + Iz = yll2,

where

A CoD(5 + 247 1)

A 291
Cb m — bCl (5 + ) 2

, I + 2V DC1¢1(m).

+ 4Co¢1(b) +

As aresult, for any g € B1(Gx),

Ex~@Trg(X)| = ComCi 1, [Ex~@Trg(X) — EypTrg(Y)|
< Cb,mdfq (Qna P)>
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where the equality holds since Ey .. p7pg(Y) = 0 by Proposition 6.9. Taking the supremum
over B1(Gy) provides the required relation S(Q, Tp, Gx) < Cymdr, (Qn, P). O

Proposition 6.29. Let G,. be the RKHS of RP-valued functions defined by a matrix-valued
kernel k : RP x RP — RP*P_ Let ¢ > 1. Assume that any function g in the unit ball B1(G,)

satisfies the following: there exist some constants Cy, C1, and Cs such that
IVig(@)|lop < Ci(1 + 2|27 for any x € RP and i € {0,1,2}.

Assume a quadratic growth condition on m (Conditions 6.2, 6.11 with q, = 1). Assume that
b is ¢1(b)-Lipschitz, and m is pseudo-Lipschitz of order 1 in the operator norm with constant

fpLip(m)1,1. Suppose P € Pyi1. Then,

S(Qa TP7 gfi) S Cb,mdpLipl’q_‘_l (Q7 P)7

where

MC1 AnCaD
4 + 2

Chpm = (5+29) ( + ClD/j‘pLip(m)lvl) + 401 (0)Co.

In particular, we have S(Qn, Tp, Gx) — 0 if dr,,, (P, Qn) — 0.
Proof. The proof proceeds as in Proposition 6.18. For any g € 31(G,), we have
Trg(z) — Trg(y)]

< 2[jb(z)ll2llg(x) — 9(y)ll2 + 2[|b(z) — b(y)ll2llg(y)ll2
+ Dlm(@)[loplIVg(2) = VaW)llop + VDllm(z) —m()l|el V) lop

A Ch _ _ _
<— 4+ lzll2) (1 + 2015~ + [yl ) e — yll2 + 261(B)Co(1 + (21§l — ylla
AmC2D 1 1
+—5 1+ I l13) (1 + 25 + lyll5 ) llz = yll2

~ -1
+ C1DfipLip(m)1,1 (1 + [[z]I57 ) (L + [lzfl2 + [[yll2) [z = yll2
+1
< Com(1+ 257 + [yl T D) |z = yll2,

where

MC1 . AnCaD

Com = (5 + 29) ( Pt ClDﬂpLip(m)Ll) +4¢1(0)Co.

6.B Auxiliary results

6.B.1 Results from previous work

Lemma 6.30 (An extended version of Gorham et al. [2019, Lemma 17]). Let G be a D-
dimensional standard normal random vector, and fix s > 0. If f : RP? — R bounded and
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measurable, and fs(x) = E[f(x + sG)), then

Mo(f) < Mo(f), Mi(fs) < \f Mo(f
Ms(fs) < V2 sg ), and M3z(fs) < 3]\4303(”’

where Mo(fs) = sup,ern | fs(2)|, and M;(fs) = supgyern |V fs(@)]op for i € {1,2,3}.

Proof. We prove the bound on M3( fs), as the other bounds are given in Gorham et al. [2019,
Lemma 17]. Let ¢5 € C°° be the density of sG and * be the convolution operator. By Leibniz’s

rule,
(VP fo,ur @ ug @ uz) = ((f * V3¢s) (2), u1 @ ug ® uz) .

The RHS can be evaluated as

’<(f * V3¢s)($),u1 & Uz ®U3>}

= ’/f(x —y) (V20s(y), w1 ® uz ®“3>dy‘

3
< S0 [ ) = o 3 () ot
=1 ijk

2

3
< MO(f) / H Z/,Uz — 52 Z Us, Y ujaukz d)s(y)dy
1=1

ijk

:Moigf) $OF (Z<Ui;G><uj7uk>>2

ijk

3Mo(f)

< —3  lull2fluzll2flus]2-

where ), denotes the sum over the choices of (4, j, k) from {(1,2,3),(2,1,3),(3,1,2)}, the
equality holds by Isserlis’ theorem, and the last inequality follows from the Cauchy-Schwarz

inequality after expanding the square. O

6.B.2 Miscellaneous results

Definition 6.31 ( f-uniform integrability). Let Q be a set of probability measures on R”, and
f:RP — [0, 00) be a nonnegative function that is integrable for each € Q. The function f

is called uniformly integrable with respect to Q, or the set Q is called f-uniformly integrable if

lim sup/ fd@ = 0.
" QEQJ{f(z)>r}

Note that for a sequence@ = {Q1,Q2 ...}, the f-uniform integrability is equivalent to

having
lim lim Sup/ fd@Q, =0.
{f(@)>r}

r—00 n—oo
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The following lemma is an analogue of Kallenberg [2021, Lemma 5.11]:

Lemma 6.32. Let Q1,Qo, ... be a sequence of probability measures on a separable metric

space X weakly converging to Q). Then, for a nonnegative continuous function f, we have

1. [ fdQ <liminf, o [ fdQn,

2. limy oo [ fdQn — [ fdQ < 00 ©Q = {Q1,Qq, ... } is f-uniformly integrable.
Proof. The proof follows Kallenberg [2021, Lemma 5.11]. Below, we use the notation u(f) =
| fdu for a measure f.

For any » > 0, x — f(z) A r is a bounded continuous function. Thus, by the weak

convergence assumption,

liminf Q,(f) > liminf Q,(f A7)
n—oo n—oo
=Q(f A1),
The first claim follows as we let » — oco.

For the second claim, let us assume that Q is f-uniformly integrable. For any r > 0, we

have

Qn(f) — Q)]
< ‘Qn(f) - Qn(f /\T)| + |Qn(f /\T) - Qn(f /\7“)‘ + |Q(f/\T) - Q(f)|

The first term on the RHS satisfies

1Qn(f) = Qu(f AT = Qu((f =) 1{>r})
<2Qn (f1if>r})
< 2S%an(f1{f>r})-

Note that Q(f) < liminf @, (f) < oco. Thus, letting n — oo and then  — oo proves the claim.
For the other direction, assume @, (f) — Q(f) < oco. With a fixed r > 0, as n — oo,

Qn(fl{f>r}) < Qn(f_f/\(r_f)Jr)
= Q(Uf = f A= 1)),

where we denote (a)+ = max(a,0). Since x — f(z) A (r — f(x))+ converges to f point-wise

as r — oo, by the dominated convergence theorem we have Q( f—=fAnir—f )+) —0. O

Lemma 6.33. Let w(x) = (a + bH:cH%)q witha > 1,b > 0, and g > 0. Then,

By(z) =  sup L_x)
zeRP uel0,1] w(r — uz)

2 q
< <1 42 (1 n b”2”2>)
a
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and

2bq]| [l b
My, = sup [|[Viegw(z)|2 = sup ——5 < q\/—.
Y serp zerP @+ blz[f3 a

Proof. We have

w@www>_(a+mm+ww@>q<<y+lu+uﬂ%>q
w(@) a+ b)z|2 = (a/b) + |23

(13 + 112113 >q
<(1+42—=—=
( (a/b) + [l

2 q
< (1 +2 (1 + b”ZH2>) .
a

The first claim follows by observing

w(x
sup # < sup sup

z€RP u€l0,1] w(:v - UZ) u€[0,1] zeRP ’LU(I')

w(x + uz)

The second claim can be checked easily. O

Lemma 6.34 (A sinc function density and its moments). For an integer g > 1, let s : RP —
(0, 00) be a probability density function defined by

wm:(l)Dﬁ@mmW%

Lo ) 355

where

sin(x) T 7& 0

xT

sinc : R — R, sinc(z) = ,
1 z=0

and 1444 = 2 fot sinc®(x)dz for t € (0,00]. Let Z be a random variable with the law specified
by s4q. Then, the q-th moment E[|| Z||3] is finite. Specifically, it has the following upper bound:

3Dlog2 _
ElzIf)<{ * , 1Th
2 - Dq/ <I4q,1 + 1 1 ) > 1
I4q,oo 2q—q’ I4q,oo ) q )

where ¢ is an integer such that 1 < ¢’ < q.
Proof. The density s, is nonnegative due to the even power. We have
o0 oo T
LIigoo = / sinc(z)dx < / sinc?(z)dz = =,
0 0 2
where the inequality holds as |sinc?(x)| < 1 everywhere, and the integral value is obtained

by integration by parts and using [ sinc(x) = 7/2 [see, e.g., Abramowitz and Stegun, 1965,

Chapter 5]. Thus, 144, < 00, and the existence of the density s, is guaranteed.
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Assume ¢ > 1, the moment estimates are derived as follows:

4q ooE[”Z”Q ]

- / 1219 s4(2)d < / 1219 5 (2)d

-2 (Zl'lz >H2/0 Sllzjlm “i) <Sin2(;d)>2qd2d'

i1++ip=q’

The inequality holds because ||-||1 upper bounds ||-||2. By noting that sinc(z) < 1 for all z € R,

we can further evaluate the integral:

/ > §in%4(zq) (sin(zq) ) >
5o dzg
o |zl 'z

1 : 2q o)
sin(zq) 1
< _ d —d
- /0 ( 2d > “ +/1 | 24|24 “

g 1 - D 1
2 (2q—iwg)-17 2 (2¢—¢)-1

Thus, we have

, e 2 1 \?
E[llZ||2] < DY ( LIS ) .
[H HQ ] — I4q7oo (2q _ q/) -1 -[4q,oo

When g = 1, a similar computation shows

2D [ sin* sin?
{12l < 75~ 11 / Dy

d'#d

_ 2Dlog2 _ 3Dlog2
DL oW

O]

Remark 6.35. The tedious expectation estimate is derived to ensure that the inside of the power

function is small (typically less than 1).
Lemma 6.36. Let f(t) = 6*1/t1(07oo) (t). Let

flr+6—1t)

h<t):f(r+(5—t)+f(t—r)'

Then, h(t) = 0fort > r+0, h(t) = 1 fort < r,and 0 < h(t) < 1 otherwise. Moreover, the
first two derivatives of h satisfies the following: for any t > 0,

‘ §<1/2
8@1/5 2 §>1/2
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2 (558) + & (1+4e71/°) 0<6<1/2—/1/12,
2 _2v3
% (t) < (35115)46 va-1el/d 4+ 2 (1 4+ 4e71/0) 1/2—/1/12 <5 < 1/2,
_2v3
<(j§f§)4e VAT 4 32¢4(el/? +4)> e 5> 1/2

Proof. The cutoff property of h is well known, and therefore we focus only on the bounds on

the derivatives.

As a preparatory step, let us write down the first three derivatives of f, which are given, for
t > 0, as follows:

1 _
f/(t) = t726 1/t7
() = %eil/t(—% +1), and

@)1y — L 1/t _ _ 6 ), (1L (/1
f (t)_t6€ (6t 6t+1)—t66 {t <2+ 12)}{75 (2 12)}.

The first derivative f’ increases from 0 to 1/2 and then decreases. Thus, f'(t) < f/(6 A 1/2)

for 6 > 0and 0 < t < §. The second derivative f” increases from zero to its maximum at

t= (1/2 - \/1/12) ,and we have f”(t) < f"{6A(1/2— \/1/12)} ford > 0and 0 < t < 0.

Also, note that we have for 0 <t —r < 6,

1 _ 1
FO=(@t=n)+ flt—r) " [(0)

Now we evaluate the first derivative of /. We consider the region r» < t < r+4, as otherwise

h is constant. Using h < 1, we obtain

‘dh :‘ Flr+6—t)f(t—7) Flr+6—t)f(t—7)
dt (fr+6—t)+ft-7)" (flr+5—t)+f(t—1))°
<‘ f'(r+06—1) +‘ f(t—r)
T+ =t)+ft=r)| | fr+s—=t)+ f(t—7)
< o' (6A1/2)
- 1)
% §<1/2

8el/0=2 §>1/2 '
The second derivative can be similarly evaluated as follows:

h
dt?

_ ‘_f”(T”—t)f(t—T)—2f’(7“+5—t)f’(r—t)+f”(t—r)f(r+5—t)
(fr+6—t)+f(t—r))?
S L6 =0 f =)+ [t =) f(r 46— 1))°
(fr+6—t)+f(t—r)°
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<‘ fr+o—1) 2' Flr+8—t)f'(r—1)

> 2
flr+d—t)+f(t—r) (Flr+d—1t)+f(t—7))
e

f(r+5—t)+f(t—r)

+2—f@+5—wﬂr—ﬂ+f@—rﬁ&+6—wz |
(f(r+d—t)+f(t—r)) flr+6—t)+ f(t—r)
<‘ Flir+6—1) 2' Flir+6—t)f(t—r)
>~ 2
flr+o—t)+f(t—r) (fr+d—t)+ f(t—7))
N f't—r) HUf (r 46— 1) + /(¢ —7)|)?
flr+6—t)+ f(t—r)

flr+6—t)+ f(t—r)

Evaluating each term yields

Phl o N2 VITI} 1S EAL2)P I EAL/2)P
de2 £(0) £(9) ()
2 (152) + & (14461 0<5<d-
- &@;eVMQNJ 2 (14 4e1/9) - L<o<iy,
((\3@/15) A + 324 (e 1/5+4)) el 5> 1.

Lemma 6.37. Let f(t) = e_l/tl(o’oo) (t). Let 1,,5(x) = h(||z||2) be a smooth bump function
defined by

fr+6—1)
flr+6—t)+f(t—7)
Then, we have 1, 5(x) = 1 for||z||2 < 7,0 < 1,5(x) < 1forr < ||z|2 < r+6,and 1, s(x) =0
for ||z||a > r + 0; the gradient VI, 5(z) vanishes outside {x € RP : r < ||z|s < r + d}.

Furthermore, we can uniformly bound the derivative norms ||V 31, 5(x)||2 and ||V 1, 5(z)|2

h(t) =

by constants depending only on 6. Specifically,

2 -
IValrs(@)lle < 5510a/21(8) + 8¢ 113,000 (8)
and

d?h dh

V2@ lep < | T ()| + = [ ()
B+ 2 (5 + (14 4e) 0<b<i-
< L TR 2 (14 4071 Lo cs<)
Bello=2 4 <(3§\/1§)4e\/§1 + 324 (e? + 4)> el/d. 5> 1.

Proof. We restrict the evaluation of the derivatives to the region r < ||z||2 < r+ 4, as otherwise
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h is constant and has zero derivatives. According to Lemma 6.36, the first derivative satisfies

x dh
IVah(l[zll2)ll2 = |7 o7
lzllz dt |y,
dh
SEE

2 _
< 5 10,/2)(8) + 860711 /2,06) (9),

The second derivative can also be evaluated as

Vah(llzll2)

LPes w1 se )
de? =) dt || lz]|> /]

Consequently, we have

IVZh(lzll2)lop = sup  (u, Vih([lz]2)v)

[[ull2=(lvll2=1,
d?h

2 |dh
< ﬁ(”ﬂb)

+ @(HOCH?)

The rest of the proof follows from the estimates of Lemma 6.36. O

Lemma 6.38. For v > 2, let the standard multivariate t-distribution be

(V+D

r _viD
p(z) = ——257% (1+ lzll3)” 2 .
0 (3)0 7]

Then, the t-distribution satisfies the dissipativity condition in Proposition 6.6 with ¢ = 1 and
o(x) = \/1+v~1z|[31. For this choice, we have \, = 4, and the diffusion is dissipative
(Condition 6.3) with . = 1 — 2071,

Proof. For this density, we have

v+ D T B
Viegp(w) == — =g @) = v lel, and
D -2
2(x) = a(x)Vlogp(x) + (V,a(x)) = —— 0.

Thus,

2(b(z) = b(y), z — y) + llo(z) — o(W)lIE — lo(x) — ()3,

v+D—2 2
= e yl3+ (0 - 1) Wl T+ el3— 1+ ,,—1||y|g>
v+D—2 D—-1
< ————lz—yl3+ el yll3

1
=—(1-=) |z —y|3
(1= ) b= it
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In particular,

Ap|lz|3=2(b(z), z) + [|o(z)|IF
v+D—2 _
= —TH%II2 +D(1+ v Hz]3)

= —(1-2v7Y|z|* + D.

6.B.3 Results concerning approximation

Lemma 6.39. Let Byy(2) = sup,epnp e, w(T)/w(x—uz) and My, = sup,cgo ||V log w(z)]|2.
Let Z be a random variable with Ez ||| Z|2Bw(Z)] < oc. With fixed p € (0,1], define for

9 s = gr,s/w, the convolution

gy (x) =Bz [W] '

? w(l‘) ,0,7,Ww

with a constant
i) pw = [VDGME[ 2] Bu(p2)] +{Go + Csa}]
where Cj is a constant bounding ||V 1g 5(z)||2 satisfying Cs = 8¢~° for § > 1/2.

Proof. By the definition of g,, we have

1 1 9rs(x — pZ) — grs(7)
w _ LW — E _ Z _ ) ) .
97 () =iz (@) = Bz [gRﬁ(z pZ) {w(:c — pZ) w(:c)} " w(z)
To bound each quantity inside the expectation, we derive their norm estimates. For gg 5, we

have

Mo(gr,5) = sup ||gr,s(z)]lop
zERDP

_ _ -1
= e o)l = VDG {1+ (R+ 6"}

(6.6)

and
7(grs)1,0 = sup [[Vgrs(@)|lop
z’'eRD

< sup 1ps(2) [Vg(@)lly, + sup [[Vigs(z)ll2 [lg(2)l, (6.7)
x'€RD z/eRP

< (G +Cs¢) {1+ (R+6)71,

where Cjis a universal constant depending on d. Further, by the fundamental theorem of calculus,
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lgx.s(x —pZ) — grs(x)ll2 < p

1
/ Vors(x —tpZ)Zodt
0

2
1
<p / VR0 — tpZ)llopll Zll2dt>
0

< pllZ|27(gR,8)1,0-

We also have

1 1 Y/ Vw
— = —(x—tpZ),Z )| dt
sz~ at| =, |G- vn2)
1 b w(a) Vw
<plz —(x—tpZ)|| dt 6.8
<oVl s | gz | o0 9
_ PMy |1 Z]ly Bu(pZ)
B w(z) '
Combining these evaluations yields
1 1

ok @) = sia(oMl < Bz [lomsle = o2V | ot = i

)
< P [MwE[HZHQ Bw(pz)} Mo(gr.s) + fr(gR,a)l,o}

— w(z)
- [\/EgleE[HZHZ Bu(pZ)] + {Go + CéCl}} {1+ (f(;r) 5y-1y

9grs(x — pZ) — gr.s(x)
w(x)

—i—EZ[

Lemma 6.40. Define symbols as in Lemma 6.39. For each fixed p € (0, 1], we have

w w P - _
Vg, (z) = Vgg 5(2)|lop < w(x)“%aw(x) A1+ (R+0)771,

where

ﬂ%pw _ {(1 + My) (G + 205¢ 4 CrsCi) EZ[HZH?]

My (1+2My) (G + Co6)) Bz [1 211, Bu(2)] }

where Cs and C s are respective uniform bounds on ||V1g 5()||2 and |[V*1gs(2) | op, satis-
fing Cs = 8¢9 and

_ 8 152 96v/3 — 243 —4/.1/5 1/5
CR(S_Ee + me ‘/§1+326 (6 +4) e .

foré >1/2.

Proof. Before the proof, we introduce a notation. We denote the [-mode (vector) product of a
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tensor T € RP1X*DL with a vector v € RP! by T'x;v. The resulting tensor is of order L — 1;

its size is (D1,...,D;—1,Diy1,...,DL);

(T;(ﬂ])

i1 ig—17

First, note that

IV2 (@) = Vi s(@)lop = B2 [Vok @ - p2) — Vgi 5()]

it is expressed element-wise as
D,

L1ein T E T%l...”...LU”
=1

Vons(e —p7)  Vons()
= HEZ [ wle—pZ) () ] N
(a)
2 T2 D) & Gynsta - p2) - VEUD & )

161

(6.9)

)

op

(b)

In the first line, we have exchanged the gradient and the expectation operation. We evaluate

each term below.

The term (a) is evaluated as

Vyrs(® —pZ) Vgr 5(55)} H [ < 1 1 >]
E : — 2 <\|Ez |V —pZ -
H 7 [ w(zx — pZ) w(x) op z |Vora(w = pZ) w(x —pZ)  w(z) op
(i)
1
o IEz [Vgrs(z — pZ) = Vgrs(@)]ll,p
(i)
(6.10)
The term (1) is bounded as
. 1 1
0 <82 || ot — ot Va0 = 2)
< LG M (na)oBz 121, BulpZ).

The term (ii) is evaluated as follows. By the fundamental theorem of calculus,

1
Vors(x —pZ) —Vgrs(x) = —p/ V2grs(x —tpZ)x1 Zdt.
0
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Note that the operator norm of Vg s is bounded by

7(gr,5)2,0 = sup ||V2grs(x)|lop
zeRDP

< sup (1rs(@)V2g(@)llop + 2 V1Rs(2)ll2llgr.s(x) |2 + [V 1R5(2)l2]l9r,s(2)]]2)
xe

< sup (1rs(@)C + 2| V1rs(2)||l2C + [V 1Rs(2)2¢1) (1 + (=]l
xeR

< (G3+2C5¢ + Crs) {1+ (R+6)17'}.
(6.11)

Thus, the operator norm in the term (ii) is bounded as

|EZ[Vors(z — pZ) — Vgrs(@)]|,,
<Ez[IIVgrs(x — pZ) — Vgrs(@)llop]

| ! . Z §
=pEz ||| Z|l2 sup {/ Vigrs(r — tpZ)x1 Tz dt} xzul®
0 2

lu®]l2=1

J

1
{/ VzgR,g(.%‘ — th))?lu(l)dt} >_<3u(3)>_<2u(2)
0

< pEz HZH2 sup
[u®]l2=1,1€{1,2,3}

|

1
< pEy HZH2/ sup !<V29R,5(w—th),u(”®u(2)®u(3)>\dt]
0 [u®|=1

r 1

< o8z |12l [ uv2gR,a<x—tpz>||opdt}
L 0

< p7t(9r5)2,0Ez|| Z]|2.

Thus, the term (ii) is bounded by

[ .
E,|Z]ls.
w(x)ﬂ(gK,é)z,o 7|1 Z||2

Similarly, we can evaluate the term (b) in (6.9)

op

b) = [Ez[Vw(t — pZ) © Vgrs(x — pZ) = Vw(z) @ Vgrs(@)]|

w(x)

IN

e | [Fete 5 @ (Fonste =)= Vonso)
ww (e e
v H : lzzg(;u Etp_Z/;Z)

op

_l’_

> ® VQR,&(Q«“)}

op

1
w()

1
_ E
+ w(@) 1Vars(z)|l2Ez

IN

IVgrs(x —pZ) — Vgrs(@)|lop
2

Viogw(t — pZ) Vlegw(x)
w(x — pZ) w(x)

M,
E — /) — o
(@) zIVars(x — pZ) — Vgrs(x)|op

2

IN
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2
+ 2 R s 0Bz |21, Bulo2)]

< pM
~ w(w)

With B(pZ) < B(Z) in mind, combining the results, we obtain

(B2l Zltomstao + 2 7 (oma oz 121, Bu(o2)] ).

w w p ~ —
1995 () = Vi s(@)lop < o5 Tspu(@H1+ (R+6)71),

where

s poy = (1+ Mu)Ez| 2|27 (9r6)20
+ My (14 2Mu) Bz [ 2], Bu(2)| #(9r.)1.0
= {1+ My) (G +2Cs6 + CraG) B [1 211

+ My (1+2My) (G + Cs) B2 [1 21, Bu(2)] }.

6.B.4 Results for DKSD
6.B.4.1 DKSD and uniform integrability

Lemma 6.41 (KSD upper-bounds the integrability rate). Let G,. be the RKHS of RP-valued
functions defined by a matrix-valued kernel k. : RP x RP — RP*P_ Suppose there exists
a function g € G, such that Tpg(x) > v for any © € RP with some constant v € R, and
liminf||x||2_(q+0)7'pg(:p) > n for some ¢ > 0,7 > 0,and 0 > 0 as ||z|2 — oco. Assume
S(Q,Tp,Gx) < oo for a distribution QQ € Pyig. Then, for sufficiently small € > 0, we have

Ry(Q,¢) == inf {7“ > 1 /{ - Jeliaee) < g}

< {2 (1 4 %) (S(QTJ;EQR) - u)}évg'

Thus, for a sequence of measures {Q1,Q2 ...} C Pyig, we have

lim sup S(Qn, Tp, Gx) < 0o = limsup Ry(Qp, ) < oo.

n—oo n—oo

In particular, if the sequence {Q1, Q2 . .. } does not have uniformly integrable q-th moments,

then Stein discrepancy S(Qy, Tp, Gx) diverges.

Proof. Let g € Gy be a function with the stated properties. Let f(z) = ||z||1{||z|2 > r}. We

consider the integral

/{|x||2>r}|$”qu /f )dQ(x /Q{f ) > t})dt
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By dividing the range of the integral, we obtain

| ets@ > that = el > b+ [ QU@ >
=r1Q({||x||2 > r}) + /oo Q{l|z||2 > tY/7}dt,

where we regard the second term as zero when g = 0.

We evaluate the tail probabilities in terms of the Stein discrepancy. Following the proof
of Gorham and Mackey [2017, Lemma 17], we define v(r) = inf{Tpg(z) — v : ||z||2 > r}.
By assumption, there exists r,, > 0 such that Tpg > |z for ||z||s > ry. Define 7 =
oV 2(|v]/n)Y/ (@9 1t is straightforward to check that for 7 > r.,, we have y(r) > nr¢*? /2.
By Markov’s inequality,

Ex~@1(IX]l2) _ Ex~o[Trg(X) —v] _ S(Q,Tp,Grr) —v

Qlllely > r}) < ==L ST < ST o

These observations yield the following estimate of the above integral:

/ 1224Q () = r1Q({|lz]l2 > r}) + Lgs0) / Q{12 > t/1y)at
{llz|l2>7}

- rqS(Q7TP7gkI) —v 1{q>0}/ S(Q, TP QM) ~ Vs
v(r)

ST [ S0T G,

< 2S(Q’TP;7g“) - <1 +3 Te/ql{q>o}>

S 2 (1 + 6) (Q TP%gkI) - 1/7“9/}9/‘1

where we assume r > r., \V 1. Therefore, for € > 0, by taking sufficiently large . > 1 such that

9 (1 . %) S(Q,Tp,Grr) —v 1

<candr. > 1y,
n ?"g/\e/q

we have

/ ]4dQ < <.
lz||2>r.

Therefore, the order-q integrability rate R,(Q), €) satisfies

m@e < [2(14) (TG

ne

For sufficiently small ¢, the Stein discrepancy term dominates r.. Thus, the claim has been

proved. O
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6.B.4.2 The DKSD with the tilted linear kernel detects non-uniform integrability

Lemma 6.42 (Tilted linear kernels have the lower bound properties). Suppose the diffusion
targeting P satisfies the dissipativity condition (Condition 6.3) with o, 8 > 0 and the coefficient
condition (Condition 6.2) with A\, > 0 and q, € {0,1}. Let w(z) = (v + ||x[|3)% % with
Gw >0, u>0, andv > 0. Assume (q, — u) < 2a/Ag if G = 1. Let

k(z,2) = wz)w(z){x,2’).

There exists a function g € Gy such that ||g|g,, = V' D and the corresponding diffusion Stein
operator Tp satisfies

Tpg(x) > v for any x € RP, and liminf HﬂsH;Q(qwqu)Tpg(az) >

[|z]l2—o00

for some v € Randn > 0.

Proof. We prove that the function g(x) = —w(x)z satisfies the properties in the statement.
Note that the kernel & is the linear kernel tilted by (v* + ||z|3)% ~“.The function g then belongs
to the RKHS Gy, since each component is the product of two functions from the RKHSs of the
respective kernels. It is straightforward to check ||g||g,, = v/D. Applying the diffusion Stein
operator yields

Tral) = w(e) (~20(0).2) ~ (m(o). 1) — 242 mfa). o 00))

—w)||z|]2 {o(z)o(z)T,z @2
w(z) (—Apuxug—2<qw lall3 (o (@)o@)a @ >>.

v? + [|2]I3 113

We first address the case g,, — u < 0. In this case, we have
Try(x) > w(z)(a|z]3 - B),

where the inequality follows from Condition 6.3 and the nonnegative second term inside the
parentheses above. From this estimate, the following relation holds for ||z||s > R = /8/a + 1,

Trg(x) 2 nllz|@ =D,

where n = (1 + v?/R?)™ “afl — B/(a + B)} > 0. As Tpg(z) is continuous, it has the

minimum in the centered closed ball of radius R. Thus,

Tpg(z) >v:=0V min Tpg(x)
0<|zf2<R

= —Bul(0)

We next show the case g,, —u > 0. Using Condition 6.3 and the growth condition (Condition
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6.2), we obtain

—u |2
TPg(.’I}) 2 w(x) <CEH.’L'”% - /3 - )\a(qué ) (1)2 l_ HiH%> (1 + |’$’ga+1)>

This estimate provides us the lower bound
2(quw—u-+1
Trg(a) 2 ]

for ||| > R = Ro + Lwithnp = (1 +v2/R?)*™ " f(R;) where

s = fam % (54 2=ty ) |

r v2 412

and Ry is chosen such that f(Ry) = 0. The existence of such R is guaranteed if f is increasing
and achieves a positive value; the case g, = 0 automatically satisfies this requirement, whereas

the case q, = 1 further requires
)\a(Qw - u)
— o

To show a uniform lower bound, note that with Ry above, Tpg(x) > 0 for ||z||2 > R, and

a >

)\a(Qw - u) R% ga+1 }
Trg(z) > —w(R) {5 + 5 oy (1+R{™)

for HJIHQ S R1. ]

6.B.4.3 The KSD with the tilted IMQ kernel detects non-uniform integrability

Lemma 6.43. Suppose the diffusion targeting P satisfies the dissipativity condition (Condition
6.3) with o, f > 0 and the coefficient condition (Condition 6.2) with A, > 0 and q, € {0, 1}.
Let w(x) = (v + ||2]|3)% % with g, > 0, u > 0, and v > 0. Assume (g, — u) < 2a/ Ny if
Qo = 1. Let

k(z,2') = w(z)w(y)(vg + |z —2'|*) 7

fort € (0,1). Then, there exists a function g € Gir such that with any fixed s € (0, (t + 1)/2),

Tpg(z) > v for any = € R and lim ianac||2_2(q“’_u+s)7'pg(x) >n

llz]| =00
for some v € Randn > 0.
Proof. From the proof of Lemma 16 of Gorham and Mackey [2017], for any fixed 2s € (0,¢+1)
and w > vp/2, we have that the function

T
(w? + [|[|3)'

g(r) = 2«

is an element of Gj,; with the RKHS norm D(w, vy, 5,t)'/? < oo [see Lemma 16 of Gorham
and Mackey, 2017, for the norm estimate] The rest of the proof proceeds as in Lemma 6.16. [J
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6.B.5 Polynomial functions are pseudo-Lipschitz functions

We show that the class F; suffices for characterizing convergence in moments.

Lemma 6.44. Let ¢ > 1 be an integer. The q-th power ||z||% of the Euclidean norm is a
pseudo-Lipschitz function of order q — 1. Its pseudo-Lipschitz constant is bounded by 1V q/2.

Proof. The case ¢ = 1 follows from the triangle inequality. For ¢ > 2, the claim follows by

observing
! 1
=1 < a [ It + (1= ™ e+ (1= Oz =)
! —1
<allo =yl [l (1= olf e
0
! —1 —1
Sqll‘—yllz/o tloll3™ + @ =)yl dt
q -1 -1
= U137 + llyllz™)llz - wll2
q -1 -1
< SN2l + llyllz)lle =yl
where we have applied Jensen’s inequality to derive the third line. O

Lemma 6.45. Let g > 1 be an integer. Let ¢ = (q1,...,qp) € {0,...,q}" be a multi-index
such that Zf;l ga = q > 1. Then, 29 = ngl x3" is pseudo-Lipschitz of order q — 1. Its

pseudo-Lipschitz constant fiplip(29)1,g—1 is bounded by 1V (2(D — 1) +1)-q/2, and its degree
i+D—1)

q — 1 polynomial derivative coefficient 7w(x9)q—1,; is bounded by max4—1 .. p qd!( )
Proof. We first prove the following relationship:

|29 = y9| < CD%(H!EH(’_1 Y177l = yll2,
where Cp = 2(D — 1) + 1. From the proof of Lemma 6.44, for D = 1, we have

/- -
o7 = y?| < (2" + D)l = yl.

For D > 1, suppose that the relation is true for D — 1. Take a multi-index g of size ¢q. For
q = 1, the claim is true with Lipschitz constant 1. Without loss of generality, we may assume
llz|l2 > [ly|l2- Then, for ¢ > 1,

|29 — 49|
D—1 D—1 D—1 D—1

dd qap dad 4D qqd ap dd qap
H% "Tp _de YD +H$d “Yp _Hyd “Yp
d=1 d=1 d=1 d=1
D—1 D—1 D—1

dd dd dd
H La |- H La — H Ya
d=1 d=1 d=1

D—1
< ol 85 90 L2 (a1 4yl —

S |xQD

D _yg)D‘WLw%D :
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S 1 1
+ lyp] - dl (2 Z5 47 4 2 Y (@, 2po1) — 1, yp-1) 2
Pty 1 1
snx—ynz{ J2| % (2|22 + o)
Z qd SOl ga—1 SOl ga—1
HlyllP Cp- d; (][ Zo1 9 4y o

qD -1 Z qd 1 1
Sllw—yllz{22llm|!% +Cp-1 ‘“ (s + llylls™ )}

IN

q -1 -1
Mz = ylA(Co1 + 2)llz[37" + Co-allyllz "}

q -1 -1
< 5(Cpr+ 2z —yla(ll=lz +llyllz™).
Solving Cp = Cp_1 + 2yields Cp = 2(D — 1) + 1. Therefore,

q —1 —1
2% =y < 52D -1)+1)- 1+ zl137 + [lyl3 )l = yllo-

Next we check the degree g polynomial coefficient of the ith derivatives. We assume g > ¢

below, as the derivatives are zero otherwise. Note that we have

D
Vi ), _ H gld=md
( vt = LG =y {qa=ma}s

where mg = #{ly : lg = d}, and

D

; qa! (d)

||szq||op = sup Z H (_ ‘ led mdl{qdzmd}> uld
[ Dll2=1 |5~ =i d=1 (42 = ma)!

< qd— md
< maxgqq!  sup > H!H 13 @

=1 s a1

< maxgqy' sup Z HHQJqu deU ”2

d [Jul@||g= 1Zmd id—1

<maxqel Y [l
> omg=t

i+ D —
< !
< maxant (7)ol

Therefore,

#(29)g 14 SUp P
T e 14 ||z)|4 "

) q—i
||szqHOp 1+D—1 (HxHZ )
— < mgqu! sup ————.

D=1 ) erp 1+ ||z]§"

Consider the function f(r) = r™/(1 4+ r™+~1) on [0, 00) with m > 0,4 > 1. If i = 1, the
function is monotonically increasing and its supremum is lim, o f(r) = 1. If i > 1, the

function is nonnegative, and by taking the derivative, it can be shown that the function takes its
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maximum at 7* = {m/(i — 1)} "+ =1) with its value

Thus, we have

169

O]

The above result indicates that if we divide a given monomial x9 = HdD:1 zl? by the

3+D-1

maximum of 1V (2(D — 1) + 1) - ¢/2 and maxg—1,...,p ¢a! (",
J4 1s the psuedo-Lipschitz class used in (6.4).

), we have 9 € F,, where
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Chapter 7

Conclusion and further research

As modern applications involve increasingly complex statistical models, it is critical to provide
appropriate tools to investigate their limitations. This thesis addresses two main challenges
in assessing generative models: intractability, and interpretability. In Chapters 3, 4, we have
treated the question of intractability and developed a test for comparing latent variable models.
In an attempt to address the question of interpretability, in Chapter 5, we have introduced a
novel test for comparing generative models; in Chapter 6, we have established an interpretable
goodness-of-fit measure based on moments. In addition to proposals in each chapter, these
works suggest the following two potential research directions. The first direction concerns
intractability. The extension of the Kernel Stein Discrepancy to latent variable models enables us
to consider a large class of models defined by intractable marginals with unknown normalizing
constants. While this extension covers a large class, there are interesting model classes that are
ruled out from this framework. An example class is simulation-based models [Cranmer et al.,
2020], where the likelihood function is not explicitly given or is challenging to compute. While
discrepancy measures such as the MMD or the UME statistic in Chapter 5 apply to this class,
these may not be practical, especially when the simulation cost is high. However, as we have
seen in Chapter 3, information from the model helps us sample-efficiently detect discrepancies
that may be challenging to uncover absent a large number of observed samples. Building upon
this idea, it would be interesting to extend evaluation techniques such as the KSD to broader
model classes, including implicit models.

A related question arises in approximate Bayesian inference, where evaluating posterior
approximations remains challenging. A benefit of the KSD approach is that we can characterize
the deviation of an approximation from a given target distribution by exploiting the density
function. However, the KSD does not apply if the likelihood or the prior is not computable. Such
situations are typical for posterior distributions associated with sequential models (e.g., state
space models) [Chopin and Papaspiliopoulos, 2020] or simulation-based models [Lintusaari
et al., 2017, Cranmer et al., 2020]. Developing a characterization like the KSD for such
distribution classes is an important open question.

In respect of interpretability, the two tests developed in Chapter 5 are based on kernel-based
distributional discrepancies, where the user can specify features of interest; the test also allows

the user to search for features distinguishing two models. A limitation of the discrepancy
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measures used in our tests is that they can only measure the incompatibility of generative
processes in terms of the resulting marginal distributions. It would be of practical interest to
develop an informative measure of discrepancy for a specific, possibly latent component in a
generative process. Exploiting model structures as in Chapter 3 might allow us to achieve this

goal, and this task is an important direction to explore.
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