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Substitution and Flip BDDs

Rune M. Jensen and Henrik R. Andersen

Abstract

This report introduces two novel approaches for representing transition functions of finite transition systems
encoded as Binary Decision Diagrams (BDDs). The first approach is substition BDDs where each transition is repre-
sented by a corresponding substitution on state variables. The second is flip BDDs where each transition is defined by
the set of state variables with flipped value. We show that substitution BDDs can be used to find and propagate write
conflicts in synchronous and asynchronous compositions. Furthermore, our experimental evaluation suggest that
the complexity of image computations based on flip BDDs may compare positively to the usual relational product
computation.

1 Introduction

Binary Decision Diagrams (BDDs,[2]) have been successfully applied to implicitly search large transition systems in a
wide range of fields including formal verification, planning, control, and game theory (e.g., [3, 4, 1, 9, 5]). Two major
approaches for representing the transition function have been developed. The first represents the transition function
as a vector of Boolean functions where each function defines the value in the next state of a single state variable
(e.9.,[8]). The approach, however, is limited to deterministic transition functions. The second approach is probably
the most popular. It represents the transition function as the characteristic function of the transition relation [7]. It can
represent deterministic as well as nondeterministic transition functions.

In this report, we introduce two novel transition function representations. Both can represent deterministic as
well as nondeterministic transition functions. The first is called substitution BDDs and is based on representing each
transition by a substitution on state variables. Since this representation is redundant, it allows write conflicts on
state variables to be detected and propagated. The second approach is called flip BDDs. The idea is to represent each
transition by the set of state variables it changes. This set is uniquely defined. Thus, flip BDDs are non-redundant. Our
preliminary experimental evaluation indicates that image computations based on flip BDDs may have lower complexity
than the relational product operation used to compute the image when the transition function is represented by the
characteristic function of the transition relation.

The remainder of the report is organized as follows. In Section 2, we introduce a guarded command language and
substitution BDDs for representing its semantics. We also define specialized BDD operators for making synchronous
and asynchronous compasitions of guarded commands and computing the image of a set of states given a transition
system represented as a substitution BDD. In Section 3, we introduce flip BDDs. We show how to build a flip BDD
from a transition system definition. In addition, we define the image operation for a transition systems represented
by a flip BDD and present preliminary experimental results comparing the performance of fixed point computations
based on flip BDDs and fixed point computations based on the usual relational product. Finally, we draw conclusions
and discuss directions for future work in Section 4.

2 Substitution BDDs

Substitution BDDs represent synchronous and asynchronous compositions of guarded commands. The abstract syntax
of the guarded command language is given by

COM

a = g—TF:=anyZ.p,

a| clle| cxe.

o
|



The operators = and || denote synchronous and asynchronous composition. The variables g and ¢ are Boolean expres-
sions on a nonempty set of Boolean state variables, Var = {x1,---,z,} given by

g = x | true | false | -g | gAg,
n= gz |2 |true |false | ~p | p Ay, where z € Var.

An atomic command a is executable in a state that satisfies the expression g on the current state variables. If it executes,
the k state variables in & = (), --,Z;x)) change value to one of the assignments of &' = (m;(l), - -,xg(k))
satisfying ¢ such that z;(;) = :c;(l), S, Tig) = m;(k) in the resulting state. We regard the set of possible assignments
of the k state variables in Z as substitutions. Example 1 shows four atomic commands.

Example 1 Four atomic commands are shown below

a: 1 A T2 — x1 := any x}. z),
as : Lo A Tz — T2 := any xh. T,

. o— ! ! ! !
az: 1 Axy = (21,32) := any (2, 25). 22} A @y,

as: T ATy — (T1,22) := any (z], zh). ) A ).

<

In an asynchronous composition ¢; || ¢z of two guarded commands ¢; and ¢, at most one transition (or substitution)
takes place in each time step. Thus, the substitutions of each state in the resulting command is equal to the union of
substitutions for that state of ¢; and c,. Synchronous composition ¢; * ¢, is more complicated, since a substitution
in both ¢; and ¢, happens simultaneously. For a given state this means that any combination of substitutions of ¢;
and ¢, can happen. In addition, substitutions may conflict by writing to the same state variable. We assume that a
conflict occur even when the two substitutions agree on the new value of the variable. Obviously other models of
synchronous composition could be used. In order to define the semantics of a guarded command formally, we first
define a substitution as a partial mapping from variables to truth values or the error substitution, L

Subst = (Var — B) U {L}.
A command ¢ denotes a domain C[c] : D, where D is a mapping from states to sets of substitutions

D = IB|Var\_>2Subst
= R = QSubst

The semantic function C[¢] is defined by structural induction on the abstract syntax

Clg = % :=any &'. ¢]s {lz1 /b1, @r/b] | Blgls A Blel(s,5)}
Clei || e2]s = Clea]sUClei]s
Cler xe2s = {o1+ 02| 01 € Clei]s, 02 € Ce2]s}, where

L : dom(oy) Ndom(oz) # 0

1 o =1
01+ 02 = L oop=1
o1 Uos : otherwise.

The function C[[¢] defines the usual semantics of a Boolean expression ¢». Example 2 shows various compositions
of the four atomic commands introduced in Example 1.

Example 2 The semantics of the four atomic substitutions presented in Example 1 and a few compositions are illus-
trated below



[1/0] .
ai 11— 01 a1 ||CL2 11 % 01

[2/0]
az 11 = 10 [22/0]

z1/0,22/1
S (VAL 72
10

a1 /Las/1]

[1/0] ik
ail|lag 11 ———— "% (a1]laz) xas 11 —

[£1/0,22/1]

L
ajp x as 11 >

2.1 Domain Embedding

In order to use BDDs to represent the substitution domain of a guarded command, we embed D in a pair of Boolean
functions

D = ]B|Var| _)25ubst
B _)2(Var—\]]¥)U{L}

~ (IB" — 2Var—\]B) x (IB|Var| — 2{L})

D < (B xBY> 5 B) x (B 5 B)
= (B - B) x (B" > B).

The first function encodes all the non-conflicting substitutions, while second encodes all the error substitutions. To
define these functions, we introduce some auxiliary notation

e Forapairp=(l,r), let fst(p) = l and snd(p) = r,

e For a Boolean function ¢ (y1, - - -,ym), let the variable names and domain of ¢ be simultaneously defined by
e By ym}
e For a Boolean function ¢ : B{v1:%1¥m.m} and an assignment of the arguments ¢t = (by, b}, - - -, by, b)) €

IB2m! let t(yl) = bi' t(y;) = b;’ t|?7 = (b17 B bm)! and t|17' = ( 117 too 7b'lm)
A domain embedding is defined by the function e
e : D (BYAR 5 B) x (BY> — B)

where VAR = {z,2',z" | x € Var}. Given a domain d € D, a substitution transition ¢t = (by, b}, bY,---, by, b, b!'),
and a state s = (b1, - -, by,), we have

fst(e(d)t = 3Fo ed(t|z)\{L}.subval(o,t) A subdom(o,t),
snd(e(d))s = L ed(s), where

subval (o, t)
subdom(o,t)

Va € dom(o). (t(z') = o(z)),
Vz € Var. (t(z") = z € dom(0)).



Thus, snd(e(d)) and fst( (d)) encode a state with the & variables. In addition, fst(s(d)) encodes the value of a
substitution with the &' variables (see subval) and the set of variables in the substitution with the Z’ variables (see
subdom).

2.2 The BDD Representation of the Embedding

Let the set of BDD variables equal VAR, and assume without loss of generality that the variables are ordered ascend-
ingly
" ! " !
Ty '<-Z'1 < I '<'<.Z'n'<mn'<$n

The BDD representation of a command c¢ is given by the function
7(c) = (BYA® = B) x (B — B)

defined by
(g > Z:=any® .¢) = (G@ANGET)N AN--- ANxil Azl A--- A, 0)
(e lle2) = (fst(r(cr)) V fst(r(cz)), snd(7(c1)) V snd(7(c2)))
T(e1 xc2) = 7(c1) x7(ca),

where §(Z) and @(Z, Z') are BDD representations of g and ¢ using Z to encode the state and &' to encode the substitu-
tion values. The x operation is defined by structural induction on the BDD representation. To simplify the definition,
we assume that the BDD is non-reduced such that all nodes are present in the decision tree. Let L = 7(c;) and
L= T(CQ).

Base Case (L, R € B?)

LxR= (fst(L) A fst(R), fst(L) A snd(R) V snd(L) A fst(R) V snd(L) A snd(R))
Inductive Case

Let
/X”
v \,
v X
L= 7 -7 N
/X /X /X /X
SN SN N
a b c d e f,9 h
and

We then have

L*xR = Y _- \
X X X

/ / / /

/ / / /

aA bBcC dD €E fF, 9gG hH

X



where

aA = fst((a,9) * (4,Q))

bB = fst((b,h) = (B,H))

cC = fst((c,9) * (4,G)) Vv fst((a,9) * (C,G))

db = fst((d,h) = (B,H)) Vv fst((b,h) =* (D,H))

eE = fst((e,9) * (A,G)) Vv fst((a,9) * (B,G))

fF = fst((f,h) = (B,H)) Vv fst((b,n) = (F,H))

9G = snd((a,9) * (A,G)) VvV snd((c,9) * (4,G)) Vv snd((e,9) * (4,G)) V
snd((a,9) * (C,G)) V (c,9) ® (C,G) v (e,9) ® (C,G) v
snd((a,9) * (E,G)) Vv (c,9) ® (E,G) Vv (e,9) ® (E,G)

hH = snd((b,h) * (B,H)) VvV snd((d,h) = (B,H)) Vv snd((f,h) * (B,H)) Vv
snd((b,h) * (D,H)) V (d,h) ® (D,H) V (f,h) ® (D,H) V
snd((b,h) * (FH)) V (dh) © (FH) Vv (f;h) ® (FH)

where

L®R= ((3;;:“',33” fst(L)) V snd(L)) A ((ag:«'”,;;:“ st(R)) v snd(R)).l

The definition of synchronous composition is complex due to the induction on a pair of BDDs instead of just a single
BDD. The first BDD in the pair is easiest to understand. There are two symmetrically distinct cases

aA fst((a,9) * (A,Q)),
cC = fst((c,9) * (A,G) Vv fst((a,9) * (C,Q)).

The BDD aA represents the continuation of non-conflicting substitutions where no value is substituted for z, and z is

false in the current state. This BDD is the first element of the synchronous composition of the subsystems represented
by (a, g) and (A4,G) of R and L since the substitutions represented by these systems are the only continuations of
substitutions not containing z, when z is false. Similarly, cC represents the continuation of non-conflicting substitu-

tions where z is assigned false. This can happen in two ways: L does not substitute on « and R assigns it to false,
or L assigns z to false and R does not substitute on it. The second BDD represents the error states. There is one
symmetrically distinct case

9G = snd((a,9) * (A,G)) Vv snd((c,9) * (A,G)) Vv snd((e,g9) * (4,G)) V
snd((a,g) * (C,G)) Vv (c,9) ® (C,G) V (e,9) ® (C,G) Vv
snd((a, g9) * (E, G)) Vv (c,9) ® (E,G) Vv (e,9) ® (E,G)

The five expressions on the form snd(z * y) are the conflicts happening in the previous or remaining levels, while the
four expressions on the form z ® y are conflicts happening at the current level: L assigns z to true and R assigns x
to true, L assigns z to true and R assigns x to false, L assigns x to false and R assigns x to true, and L assigns z to
false and R assigns z to false. Due to the synchronous composition, L & R is the intersection of all the possible states
reachable by L and R (notice that this includes error states). The correctness of the BDD implementation is proven in
Appendix A.

Theorem 1 (Correctness) For any command, ¢ € COM, e(C[c]) = 7(c).
Proof: See Appendix A.

2.3 Image Computation

The D ® R operation computes the image of a domain represented by the embedding D of a set of states R represented
in the usual way by a BDD. The image operation is undefined if D has a conflict substitution (L) for some state in R.
The © operation is defined by structural induction on D and R.

Base Case (D € B?, R € B)

undefined D = (1,1)and R=1

Dok= { fst(D)AR otherwise

1® can also be defi ned inductively in the same way as x.



Inductive Case

Let
/X”
W \,
s X
D= 4 TN
/X /X /X /X
SN SN
a b c d e f,0 h
and

G H
We then have
X
DOR= //\
gG hH
where
G = a®GVcOGEVIAdOH
hH = b0 HVfOHVe®G

The preimage computation can be defined in a similar way.

3 Flip BDDs

Flip BDDs are related to substitution BDDs except that there is a one-to-one correspondence between a flip BDD and
the transition system it represents. The flip BDD representation has been developed to investigate the computational
efficiency of the image computation based on this representation compared to the usual image computation based on
the characteristic function of the transition relation.

As usual let Var = {z1,---, z,} define a nonempty set of Boolean state variables. A possibly nondeterministic
transition system on Var is defined by the pair (Q,d) where @ = B is the finite state space spanned by Var and
§ : Q — 29 is atransition function. A flip BDD f is a BDD on the ordered set of variables

TR w <<z, <2y
defined by
f@i, 2, o0, 2) = 3s € 8(21, -+, 2,) Vo € Var. 2’ = (s(z) # s(2')).

Thus, an assignment to z1, 7, - - - , T, 2}, Uniquely defines a transition where the primed variables encode the set of
variables that have their truth value flipped by the transition.



3.1 Image calculation

The D @ R operation computes the image of a set of states. The set of states R is represented by a BDD in the
usual way, while the transition system D is given as a flip BDD. The ordering of the variables in R is the same as the
ordering of the pairs in D.

Base Case (D, R € {1,0})

D®R=RAD
Inductive Case
D R
_ \ @ T — T
T T / /
/ / / /
A N 7N
/ / / /
A B C D l h [l AV h & BV

3.2 Experimental Results

The following experiments are based on an implementation of & in the Buddy package [6]. The first experiment
compares the CPU time of 10 fixed point calculations using flip BDDs and the relational product operator?. The Buddy
package was initialized with 10000 BDD nodes and an operator cache varying from 10 to 100 percent of the number
of BDD nodes. The transition system and the set of initial states are randomly generated using 10 state variables and
1000 transitions. The results are shown in table 1. As depicted in the table, the flip BDD image computations seem to

Cache size (%) | Tg (seC) | Treiprod (S€C)
10 0.43 0.73
20 0.24 0.30
30 0.21 0.18
40 0.08 0.19
50 0.02 0.05
60 0.02 0.03
70 0.02 0.03
80 0.01 0.02
90 0.01 0.04

100 0.01 0.04

Table 1: CPU time of 10 fixed point calculations as a function of operator cache size for flip BDD image computations
(Te) and image computations based on relational products (Treiprod)-

be less cache dependent than image computations based on the relational product. This is an encouraging result since
cache efficiency is essential for keeping the complexity of BDD operations low. Moreover, these results were obtained
with a naive experimental implementation of & that actually unfolds the BDDs on the fly to perform the computation.
It is, however, surprising that the relational product operation has highest performance at 80% rather than 100%.

2Asmost other BDD packages, Buddy employs a highly optimized version of the relational product operation.



The second experiment compares the CPU time of 1000 fixed point calculations using flip BDDs and the relational
product operator. The Buddy package was initialized to 100000 BDD nodes and the cache to 50000 BDD nodes.
The transition system and the set of initial states are randomly generated using 10 state variables and 1000 to 10000
transitions. The results are shown in table 2. These results show some, but not an overwhelming, advantage of the flip

Transitions | T (SeC) | Treiprod (SEC)
1000 0.02 0.04
2000 0.00 0.00
3000 0.11 0.14
4000 0.10 0.12
5000 0.07 0.09
6000 0.24 0.26
7000 0.09 0.30
8000 0.09 0.11
9000 0.09 0.11

10000 0.09 0.11

Table 2: CPU time of 1000 fixed point calculations as a function of number of transitions for flip BDD image compu-
tations (Ti) and image computations based on relational products (T’ ciproa)-

BDD approach. For 1000 randomly generated experiments, it is surprising that the problems with 6000 transitions are
so much harder than the ones with 5000 transitions. Also, information about the cache miss rates for both approach
would be valuable. It seems necessary to conduct further experiments to get a deeper insight in the performance
differences between the two approaches. It is also a problem that the experiments are based solely on randomly
generated transition systems. It is well known that there often is a significant difference between the performance on
random and real-world problems for a particular approach.

4 Conclusion

In this report, we have introduced two novel BDD representations of transition systems called substitution and flip

BDDs. The first representation is suitable for tracing variable assignment conflicts in synchronous and asynchronous
system compositions. The second provides a promising alternative to the relational product operation for state space
exploration. Future work includes developing efficient algorithms for manipulating these representations without un-
folding the BDDs on the fly. In addition, more experiments are necessary comparing the efficiency of image compu-
tations based on flip BDDs and the relational product. These experiments should include both real-world and random

problems.
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A Proof of Correctness

First we introduce some auxiliary definitions and lemmas.

Lemma 1 (®)
((Cla]) @ <(ClerD)s = Cleils # B ACLea]s # 0

Proof:

(E(C[[C1]]) ® E(C[Cl]]))s
- ((3 & . fst(e C[[cl]])))svsnd(s(C[[cl]]))s)/\
((35:”' fst(e C|[02]])))svsnd(e(C[[cz]]))s)
due to def. of ®

= Clei]s ZOAC[c1]s #0
due to def. of ¢

Definition 1 (7(c)|)
T()aqy),8) ()

= (M e BYARD W9 fit(r(0)) (¢ U {a(t(y")), Bt 2 (Hw)D),
As € BN snd(7(0)(s U {4(s)))

Definition 2 (e(C[¢])|)

E(C[C]]) |a(y”),f3(y’),7(y)
= (A e BARMY I fst(e(CleD)) (e U {alty"), B 1)),
Xs € BRNGD snd(e(CLe])) (s U {1(s(3))))

Definition 3 (aA)

Cle-yr—p] = As € BYaniv} {o] g € C[c](s U{—s(y)}) Ay ¢ dom(o)}
Lemma 2 (aA)
e(Clel) -y ,~y = e(Cleyr,-)])

Proof:

fst(e(CLAD) |y )ts t € BYARMG w0}
= fst(r(c))(t U {~t(y"), ~t(y)})
due to def. e(C[c])|
= Jo € Cleltzuq-ew)y \ {L}-
((Vz € dom(o).t(z") = o(z)) A
Vz € Var.t(z") = z € dom(o)) A
—t(y")

10



due to def. of ¢
= do € Cﬂc]]tju{—‘t(y)} \ {J_} .
((Vz € dom(o) .t(z") = o(z)) A
Vz € Var \ {y}.t(z") = z € dom(0)) A
y ¢ dom(o)
logic
= 0 € {olCleltuirn Ay ¢ dom(@)}\ {1
(Vo € dom(o) .t(z") = o(z)) A
Vz € Var \ {y}.t(z") = z € dom(0))
logic
= te(Cleyr D)t
due to def. aA

snd(£(CLeD)] -y ~y)e, s € BYANW
= snd(e(C[c]))(s U{-s(y)})
due to def. £(C[¢])]

= Le{oloeClc](sU{-s(y)}H}
due to def. of ¢

= Le{ofo €Clc](sU{~s(y)}) Ay ¢ dom(o)}
logic

= snd(e(Cle(-yr,-»)]))
due to def. aA

Definition 4 (cC)
Cle”,~y',~w)] = As € BN (5] 6 € C[(s U {=s()}) A (ly/0] € o V o = 1)}

Lemma 3 (cC)
e(CLeDly,~y,y = 5(C[C(y”ﬁy’my)]])

Proof:

Sty )t t € BYARNY 00}
= fst(e(CleD) (¢ U {t(y"), ~t(y'), ~t(y)})
due to def. e(C[¢])|
= do € Clc]tzuf-sm)y \ {L}-
(Vz € dom(o).t(z") = o(z)) A
Vz € Var.t(2") = z € dom(o)) A
t(y") A t(y')
due to def. of ¢
= Jo € Clc]tzug-e(yy \ {L}-
(Vz € dom(o) \ {y}.t(z") = o(z)) A

11



Vz € Var \ {y}.t(z") = 2 € dom(0)) A
y € dom(o) A —o(y)
logic
= 30 € {olCleltas o A /0] € 3\ {1}
(Vz € dom(o) \ {y}.t(z") = o(2)) A
Vz € Var \ {y}.t(z") = z € dom(0))
logic
= 30 € {olCleltsoqoion A (/0] € 0V o = LI\ {1}.
(Vz € dom(o) \ {y}.t(z") = o(z)) A
Vz € Var \ {y}.t(z") = = € dom(0))
logic
— 5t ECletyr D)
due to def. cC

snd(e(Cle])|y,~y',—y)e, s € pVar\{y}

= snd(e(C[c]))(s U {=s(y)})
due to def. £(C[c])|

= Le{ofo eClc](su{-s(y)}}
due to def. of ¢

= Le{ooeClc](sU{-s(y})A(y/0]€oVvo=1)}
logic

= Snd(E(C[C(y//,ﬁy”_‘y)]]))
due to def. cC

Definition 5 (eE)
Cley". v, )] = As € BN (o]0 € Cle](s U {~s()}) A (/1] €0 Vo = 1)}

Lemma 4 (eE)
eCleDlyr .y, = e(Clegyry -

Proof: Symmetric to the proof of lemma cC

We are now ready to prove the main theorem
Theorem 1 (Correctness) For any command, ¢ € COM, £(C[c]) = 7(c).

Proof: We prove by structural induction on c.
Basis

In the base case, ¢ is an atomic command

12



We have

fst(e(Cla]))t

= o€ {ler/h, -, mp/23] | Bly(tlz)] A Blo(tls, tl=)]} -

((Vz € dom(o) .t(z") = o(z)) A
Vz € Var.t(z") = z € dom(0))
due to def. of ¢ and C

= @@ NAPET)NT AN AN Axiqg A

logic

= fst(r(a))t

due to def. of 7

and

snd(g(C[a]))s
= 1 e([a]s
due to def. of ¢
= (0)s
logic
= snd(7(a))s
due to def. of 7

Thus, £(C[a]) = 7(a).

Inductive Cases (c = ¢1 || e2 and ¢ = ¢ * ¢3)
The structural induction hypothesis (IH 1) is

() = &(Cle])
7(c2) = &(Cle2])

I. Assume c = ¢1 || ¢a.

We have

fst(e(Clex || e2]))t
= 3o e Claltls UCelts \ {L}.
((Vz € dom(o) .t(z") = o(z)) A
Vz € Var.t(z") = z € dom(o))
due to def. of e and C
= JoeCla]ts\ {1}
(Vz € dom(o) . t(z") = o(z)) A

13
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Vz € Var.t(z") = z € dom(0))

\Y

o € Clea]tls \ {L}.

(Vo € dom(o) .t(z") = o(x)) A

Vz € Var.t(z") = z € dom(0))
logic

= fst(r(c1))t V fst(r(e2))t
dueto IH |

= fst(r(cr ]| e2))t

due to def. of 7

and

snd(e(Cler || e2]))s
= 1 e(Cla]sUC[e]s
due to def. of ¢ and C
= 1 eC(C[a]sVLeCl[e]e
logic
= snd(7(c1))s V snd(7(c2))s
dueto IH |
= snd(7(c1]|c2))s
due to def. of 7

Thus, E(Cl[Cl || 02]]) = T(Cl || 02).

Il. Assume c = ¢; * co.

Consider the BDD, ¢, representing the command ¢,
¢ =1(c).

Without loss of generality we assume that ¢ is a non-reduced BDD. Let |¢| equal the number of (2,2, x) levels é.
Since ¢ is assumed to be non-reduced, we have

|7(c)| = [Var|.
Consider the property p(n) with the definition
p(n) Sdet T(c1 % c2) = e(Cer * ca])) for|T(e1 * c2)| = n.

We want to prove that p(n) holds for all n > 0. We do this by induction on n.

Basis (n = 1)
Assume |7(cq * ¢2)| = 1 and Var = {x}. First we prove

fst(T(c1 % ¢2)) = fst(e(Cler * c2]))-
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Caset = (0,0,0)

fst(r(c1 % ¢2))(0,0,0)
= fst(r(e1) x 7(c2))(0,0,0)
due to def. of 7
= fst(e(Cler]) x&(Cle2]))(0,0,0)
dueto IH |
= Jst(e(CLea]))(0, -, 0) A fst(e(Clea])) (0, -, 0)
due to base case def. of
(Fo € C[c1](0) \ {L} .z ¢ dom(o)) A (o € Ce2](0) \ {L}.z ¢ dom(o))
due to def. of ¢
= do € {01+ 02| 01 € C[c1](0),02 € C[c2](0)} \ {L}.2 ¢ dom(o)
due to def. of +
= 3o €Cler x 2]tz \ {L}. ((Vz € dom(0) .t(z") = o(z)) A
Vz € Var.t(z") = z € dom(0)), fort = (0,0,0)
logic
fst(e(Cler x ¢2]))(0,0,0)
due to def. of ¢

Caset = (0,0,1),t = (0,
Symmetric to case ¢t = (0

1,0)and ¢t = (0,1,1)
(0,0,0

)

Caset = (1,0,0)

fst(r(c1 * ¢2))(1,0,0)
fst(e(Clea]) * e(Cle2]))(1,0,0)
using the same steps as in case ¢ = (0,0, 0)
fst(e(Cle1]))(1,0,0) A fste(Cle2]))(0,, 0) V
fst(e(Clex]))(0,, 0) A fste(Cle2]))(1,0,0)
due to base case def. of x
(Fo € C[e1](0) \ {L}.[z/0] € o) A (Fo € C[e2](0) \ {L}.z ¢ dom(o)) V
(Fo € Cle1](0) \ {L}.z ¢ dom(o)) A (Fo € C[e2](0) \ {L}.[z/0] € 0)
due to def. of ¢
do € {01 + 02| 01 € C[c1](0),02 € C[e2](0)}\ {L}.[x/0] €0
due to def. of +
Jo € Cler * e2])t]z \ {L}. ((Vz € dom(o).t(z") = o(x)) A
Vz € Var.t(z") = z € dom(0)), fort = (1,0,0)
logic
fst(e(Cler x ¢2]))(1,0,0)
due to def. of ¢

Caset = (1,0,1),t = (1,1,

= Jandt = (1,1,1)
Symmetric to case ¢t = (1,0,

0
0)
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We then prove

Case s = (0)

snd(7(c1 * ¢2)) = snd(e(Cler * ¢2]))

snd(T(c1 * ¢2))(0)
snd((Cler]) * =(Clea]))(0)
using the same steps as in case t = (0, 0,0)

Fst(E(Cler)) (0, ,0) A snd(=(Cle]))(0) V
snd(e(Cle1]))(0) A fst(e(Cle2]))(0, -, 0) V
snd(£(C[e1]))(0) A snd(e(C[ez2]))(0) V
fst((Cler))(1,0,0) A snd(e(Cleal)) (0) v
snd(e(CLa]))(0) A fst((CLe]))(0, 0) v
snd(e(C[e1]))(0) A snd(e(C[e2]))(0) V
fst(e(Clea]))(1,1,0) A snd(e(C[e2]))(0) v

) A Jot((Clea1)) (0,,0) v
0) A snd(e(C[c2]))(0) v

- 0) A snd(e(C[e2]))(0) v

) A fot((Clea])) (1,0,0) v
0) A snd(=(Cle2]))(0) v
fst(e(Cler]))(0, -, 0) A snd(e(Cle2]))(0) V
snd(e(Cla]))(0) A fst((Cles])(1,1,0) v
snd(e(C[c1]))(0) A snd(e(C[e2]))(0) V
(Ga", 2" fot((Cler]))(1,0,0)) V snd(=(C[]))(0)
(3", 2" . fst(e(Ce2]))(1,0,0)) V snd(e(Cc2]))(0)
(32", 2" . fst(e(Cler]))(1,1,0)) V snd(e(Cler]))(0)
(32", 2" . fst(e(Ce2]))(1,0,0)) V snd(e(Cc2]))(0)
(32", 2" . fst(e(CLe1]))(1,0,0)) V snd(e(C[er]))(0)
(¢ (e(Cle2]) ) (e(Cle2]))(0)
(( (e(Cled) ) (e(Clea]))(0)
(( ) (e(Cle2]))(0)

snd(e(Cle1]
fst(e(Cled])
snd(e(Cle1]

)
)
)
)
)
)
)
snd(e(Cle1])
)
)
)
snd(e(Cle1])

)

)

)

)
)
a,
)0
)
a,
)(0
)
o,
)0
)
©
)
)

0

3z", 2" . fst(e(Cle2]))(1,1,0)) V snd(e(C[es]
3z", " . fst(e(Cler])) (1, 1,0
32",z . fst(e(Cle2]))(1,1,0
due to base case def. of x
(Fo € C[e1](0) \ {L} .z ¢ dom(o)) A L € C[e2](0) V
L €Cle](0) A (3o € Clea](0) \ {L} .z ¢ dom(0)) V
1 € Cle1](0) A L € C[e2](0) Vv
(3o € C[e1](0) \ {L}.[z/0] € o) A L € C[e2](0) V
1 € C[e1](0) A (Fo € Clea](0) \ { L} .z ¢ dom(o)) V
1 € Cle1](0) A L € C[e2](0) V
(Fo € C[ea](0) \ {L}.[z/1] € o) A L € C[e2](0) V
1 €Cle1](0) A (3o € Cle2](0) \ {L} .z ¢ dom(o)) V
1 € Clea](0) A L € C[e2](0) V
(Fo € C[er](0) \ {L} .z ¢ dom(c)) A L € C[e2](0) V

,\,—\AA,—\A,—\A

V snd(e(Cleq]
V snd(e(Clez]

)
)
)
)
)
)
)
)
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1 € Cle1](0) A (o € Cle2](0) \ {L}.[x/0] € o) V

1 € Cler](0) A L € Ce2](0) V

(3o € C[e1](0) \ {L}.z ¢ dom(0)) A L € C[e2](0) V
1 € Clen](0) A (o € Clea](0) \ {L}-[z/1] € o) V

L € Cler](0) A L € Ce2](0) V

(0).[z/0] € o) Vv L € C[ea](0)
(0).[z/0] € o) V L € C[c2](0)
(0).[z/1] € o) Vv L € C[e1](0)
(0).[z/0] € o) V L € C[c2](0)
(0).[z/0] € o) V L € Cea](0)
(0).[z/1] € o) V L € C[e2](0)
(0).[z/1] € o) v L € C[e1](0)
(0).[z/1] € o) Vv L € C[e2](0)
.ofe

0),02 € C[e2](0) .01 = L Vo2 = LV (dom)(o1) N (dom)(o2) # 0

due to de
Jo1 € Cled]
logic
= 1 €{o1 + 02|01 € C[e1](0), 02 € C[c2](0)}
due to def. of +
snd(e(Cler * ¢2]))(0)
due to def. of ¢

1
(¢ ]
(( ]
(( ]
(3o € Cla]
(¢ ]
(¢ ]
(¢ ]

f

(

Case s = (1)
Symmetric to case s = (0)

Thus 7(c; * ¢2) = €(C[[er * c2]) for |7(c1 * c2)| = 1.

Inductive Step (n > 0)

The induction hypothesis (IH 1) is that p(n — 1) holds. That is
T(c1 % c2) = €(Cller * ea]) for|(c1 *x ¢c2)] =n—1

First we prove
fst(1(c1 * c2)) = fst(e(Cler * ¢c2]))
We have
fst(r(cr * c2))
= fst(r(c1) * 7(c2))

due to def. of 7
S N
= fst v g ~ /y\ * s, g - /y\
i i i 7 i I /7 /Y
/ \ / \ / \ / \ / / \ / \ / \
a b ¢ d e f, g h A B C D E F, G H
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_
Y Y Y
aA bBCC dD ¢E fF
where
aA = fst((a,9) * (A,QG))
bB = fst((b,h) * (B,H))
cC = fst((c,9) * (A4,G) Vv fst((a,9) * (C,Q))
db = fst((d,h) * (B,H)) VvV [fst((b,h) * (D,H))
eE = fst((e,9) * (4,G)) VvV fst((a,9) * (E,G)
fF = fst((f,h) * (B,H)) VvV fst((b,h) x (F,H)
aAt\ {ty"),t(y),t(y)})  —t(y") A —t(y)
bB(t\ {t(y"),t(y'),t(y)}) —t(y") A t(y)
— )\ e BYAR cC\ {t(y"),t(y"),t(y)}) = ty") A-ty')A-t(y)
T dD(N {t(W"), 1Y), t(w)}) : ty") A-t(y') Aty)
eE(t\ {t(y"), t(y'),t(v)}) : t(y") At(y') A—t(y)
RN\ {t(y"), t(¥),t(v)}) = ") Atly') At(y)

due to the semantics of BDDs

Case aA

We want to prove

aAt = fst(e(Cller * c2]))) (t U {=t(y"), ~t(y)})

where ¢ € BYAR\{v".v' v} We have

aAt

Fst(r(cr)|-yr,~y * T(e1) |-y~ )t

Fst(e(ClerD -y, ~y * (Clea]) [yt

duetoIH |

fSt(E(C[[Cl(ﬁy”,ﬁy)]]) * E(C[[CQ(ﬁy”ﬁy)]]))t
due to lem. aA

fSt(T(Cl(_'y”;_‘?/)) * T(c2(ﬁy”hy)))t
duetO IH |

Fst(T(er(-yr ) * Ca(-yr,-9)))E
due to def. of 7
Fst(e(Cler(=y,~y) * Ca(-y - D)2
due to IH 11
Jo € {01 + 02|01 € Cler(—yr~y)ltlz, 02 € Cleayr ]t} \ {L}-
(Vz € dom(o).t(z") = o(z)) A
Vz € Var \ {y}.t(z") = z € dom(0))
due to def. of ¢ and
3o € {01 + 02|01 € Cler1])t|zuq-t(y)y Ay & dom(o1) A
o2 € CleaDtlzuf-ty)y Ay ¢ dom(o2)} \ {L}.
(Vz € dom(o).t(z") = o(z)) A
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Vz € Var \ {y}.t(z") = = € dom(0))
due to lem. aA
= do e {01 + 02|01 S Cﬂ:cl]])tLiU{—‘t(y)} N
o2 € CleaDtlau-amr} \ {1}
(Vz € dom(o).t(z") = o(z)) A
Vz € Var \ {y}.t(z") = x € dom(0)) A
y ¢ dom(o)
due to def. of +
= 3o € {o1 + 02|01 € C[ea])t' |z A
o2 € Cle2])t' |23} \ {L}-
(Vz € dom(o).t'(z') = o(z)) A
Vz € Var.t'(z") = 2 € dom(0))
wheret' =t U {-ty", —ty}
logic
= 3Jo €Cfer xea])t' \ {L}.
(Vz € dom(o).t'(z") = o(z)) A
Vz € Var.t'(z") = € dom(0))
due to def. of
= te(Cler * D)t U ("), ~H0)})

due to def. of e

Case bB
symmetric to case aA
Case cC

We want to prove
cCt = fst(e(Cler x e2])) (¢t U t(y"), =t ('), —t(y')})

where ¢ € BYAR\{y".v' v} We have

cCt
= fst(e(Cleryr,~y~p) * Ca(-y,-)]))EV
fst(e(Cler-yr ) * Catr ) DE
using the same steps as in the proof of case aA
= o € {01 + 02|01 € Cleiyr,—y',~y)ltlz, 02 € Clea(—yr,~yp)tlz} \ {L}-
((Vz € dom(o).t(z") = o(z)) A
Vz € Var \ {y}.t(z") = 2 € dom(0))
\Y
o € {o1 + 02|01 € Cler(yr ~pltlz, 02 € Cleaqyr g,y Itz } \ {L}-
(Vz € dom(o).t(z") = o(z)) A
Vz € Var \ {y}.t(z") = z € dom(0))
due to def. of € and
= o0 € {01+ 09|
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Case dD,eE and fF

symmetric to case cC

o1 € C[Cl(y/l7_,yl,_,y)]]t|j Nos € Cl[CQ(_,yH,_,y)]]tli- V
o1 € Cl[cl(_,yu,ﬁy)]]ﬂi Noy € C|IC2(yu,_,yl,ﬁy)]]t|j
P\ {1}
(Vo € dom(o).t(z") = o(z)) A
Vz € Var \ {y}.t(z") = = € dom(0))
logic
o € {o1 + 03]
o1 € Cl[Cl]]ﬂ(iu{—'t(y)}) A(y/0)€eoVao=1)A
o9 € C[CQ]]t'(ju{_,t(y)}) ANy ¢ dom(o2) V
o1 € Cl[Cl]]tl(i'U{—'t(y)}) ANy ¢ dom(o2) A
o3 € Clea]lt|(zuf-eyn A ([y/0] €0 Vo = 1)
FA{L}.
(Vz € dom(o).t(z") = o(z)) A
Vz € Var \ {y}.t(z") = = € dom(0))
due to lem. cC
Jdo € {01 + 02|01 € Cﬂcl]])tL-EU{—‘t(y)} A
o2 € Clea])tlaug-ey)r} \ {L}-
(Vz € dom(o).t(z') = o(z)) A
Vz € Var\ {y}.t(z") = 2 € dom(0)) A
y € dom(o) A —o(y)
due to def. of +
Jo € {01 + 02|01 € Clea])t |z A
o2 € Clea])t' |2} \ {L}
(Vo € dom(o).t'(z') = o(x)) A
Vz € Var.t'(z") = z € dom(0))
wheret' =t U {t(y"), ~ty', ~ty}
logic
o € Cley x o))t \ {L}.
(Vz € dom(o).t'(z") = o(z)) A
Vz € Var.t'(z") = z € dom(0))
due to def. of %
fst(e(Cler x c2])) (2 U {t(y), ~t(y"), ~t(y)})

due to def. of ¢

Thus fst(7(c1 * c2)) = fst(e(C[er * c2])). We then prove

snd(7(c1 * c2)) = snd(e(Cler * c2]))
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snd(7(c1 * ¢2))
= snd(1(c1) * 7(c2))
due to def. of

7/ ) /"\’
=sd{l 0o el T Ty
a// bC//\d /\f g// \h // BC// \D E//\ //\
/y
g/G hH
where
9G = snd((a,9) * (A,G)) Vv snd((c,9) * (4,G)) V
snd((a,9) * (C,G)) V (c,9) ® (C,G) Vv
snd((a,9) * (E,G)) V (c,9) © (E,G) Vv
hH = snd((b,h) * (B,H)) VvV snd((d,h) * (B,H)) V
snd((b,h) * (D,H)) V (d,h) ® (D,H) V
snd((b,h) * (F,H)) V (d,h) ® (F,H) V
— \s € pVar 9G(s \ {s(»)}) —s(y")
=As B '{hH(s\{s(y)}) s(u")

due to the semantics of BDDs
Case gG

We want to prove
9Ge = snd(e(Cler x e2])) (e U{—t(y)})

where e € BVaN\{s},

we get

oGt
= snd(e(Cler(my",~y) * Co(=y,-p)]))s V
(Cleryr,~y ) * c2(yr ~)]))s V
(Clerwry =) * 2=y, ~p)]))s V
nd(e(Clev-yr,~y) * ey -y, -p)]))s V

V)

Cleiy -y, -pls # O A Cleagyr~yr~y)ls # 0V
Clewyry,~wls #0ACleayr g -y)ls 0V
C[cl(yrr,ﬁy/,_,y)]]s Z0A Cl]:c2(y/l,yl,_|y):[|$ #0V
Cleyy,~)ls # A Cleayryr,—y)Is # 0

using the same steps as in the proof of case aA and lemma ®

= 1le€ {(71 + (72|
o1 € Cler](s U {=s(u)}) Ay ¢ dom(on) A
o2 € Cle2](s U{-s(y)}) A (y ¢ dom(o2) V
[y/0] € o2V [y/l] €03 Voy =1)V
o2 € Cle2](s U{=s(y)}) Ay ¢ dom(oz) A

21

QR * ®® *

Py

Rl lev e QRN
TomaaQ

~_~ — —

N~ —



o1 € Cla](s U {=s(y)}) A (y & dom(o1) V
[y/0] € o1 V[y/l] €01 Vo1 = 1)}
\%
{olo € Clea](s U{~s()H A ([y/0] € o V[y/Ol € o Vo= 1)} £DA
{olo € Cleal(s U{~s(y)HD A ([y/0] € o V[y/Ol € o Vo= 1)} #0
logic and def. of ¢
= 1€ {o1+ 09|
o1 € Cler](s U {~s(y)}) Ay & dom(o1) A
o2 € Cle2](s U {=s(y)}) A (y ¢ dom(o2) V
[y/0) € o2V [y/l] €2 Vor = 1)V
o2 € C[e2](s U {—s(y)}) Ay ¢ dom(o2) A
o1 € Cle](s U{—s(y)}) A (y ¢ dom(o1) V
[y/0) € o1 V[y/1] €01 VoL = 1)}
\%
1 € {01 + 09|
o1 € Claa](s U{=s(y)}) A ([y/0] € 01 V [y/0] € 01) A
o2 € Clea](s U{=s(y)}) A ([y/0] € o2 V [y/0] € 02)}
logic
= 1 € {01+ 02|01 € C[c1]s',02 € C[e2]e'} A —(conflict iny substitution)
\%
1 € {01 + 03|01 € C[c1]s', 02 € Cc2]s'} A (conflict in y substitution),
where s’ = (s U —s(y)
due to def. of +
= 1 € {0y + 03|01 €Clc1]s, 02 € C[e2]s'}
logic
= snd(e(Cler * ) (s U {s(w)})
due to def. of ¢ and =

Case hH
Symmetric to case gG

Thus 7(c1 * ¢2) = e(C[e * ¢2]) for |7(c1 * e2)| = n.
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