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Summary. The goal of this article is to clarify the relationship between
Riemann’s improper integrals and Lebesgue integrals. In previous articles [6], [7],
we treated Riemann’s improper integrals [I], [I1] and [4] on arbitrary intervals.
Therefore, in this article, we will continue to clarify the relationship between
improper integrals and Lebesgue integrals [8], using the Mizar [3], [2] formalism.
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1. PRELIMINARIES

Let s be a without —oco sequence of extended reals. One can check that
>k g s(a))ken is without —oo.
Let s be a without +00 sequence of extended reals. One can verify that
(>oh_ s(@))ken is without +oo.
Now we state the propositions:
(1) Let us consider a without —oco sequence f; of extended reals, and a wi-
thout 400 sequence f5 of extended reals. Then

(D) (Ca=o(f1 = f2)(@))ren = (a0 f1(a))rxen — (Za=0 f2(@))ren, and
(i) (XCa=0(f2 = f)(@))ren = (Xa=0 f2(@))ren — (Za=0 f1(@))ren-
PROOF: Set P, = ( 320 fi(@))ken. Set Py = ( 320 fg(a)),ieN. Set Pjs =
(XF _o(fi—f2)(@))ken- Set Po; = (35 _o(f2—f1)())xen- Define C[natural
number] = Pi2(31) = Pi($1) — P2($1). For every natural number k such
that C[k] holds C[k+1]. For every natural number k, C[k]. For every element
k of N, Pio(k) = (Py — P2)(k). Define C[natural number] = P ($1) =
P5($1) — P1($1). For every natural number k such that C[k] holds C[k +1].
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For every natural number k, C[k]. For every element k of N, Py (k) =
(P2 = P1)(k) by [5, (7)]. O

(2) Let us consider sets X, A, and a partial function f from X to R. If f is
non-positive, then f[A is non-positive.

(3) Let us consider a set X, and a partial function f from X to R. If f is
non-positive, then — f is non-negative.

Let us consider a partial function f from R to R, a real number a, and a real
number x. Now we state the propositions:

(4) If f is left convergent in a and non-decreasing, then if z € dom f and
x < a, then f(z) < lim,- f.

(5) If f is left convergent in a and non-increasing, then if x € dom f and
x < a, then f(z) > lim,- f.

(6) If f is right convergent in a and non-decreasing, then if € dom f and
a <z, then f(z) > lim,+ f.

(7) If f is right convergent in a and non-increasing, then if x € dom f and
a < z, then f(z) <limg+ f.

(8) If f is convergent in —oo and non-increasing, then if x € dom f, then
f(z) <lim_o f.
(9) If f is convergent in 400 and non-decreasing, then if z € dom f, then
f(z) <limyoo f.
Let us consider real numbers a, b and a partial function f from R to R. Now
we state the propositions:

(10) Suppose a < b and [a,b] C dom f and f[[a,b] is bounded and non-
b
negative. Then /f(x)dac > 0.
(11) Suppose a < b and [a,b] C dom f and f[[a,b] is bounded and f is
b

integrable on [a,b] and f[[a,b] is non-positive. Then /f(x)da: < 0. The

theorem is a consequence of (3) and (10).
Let us consider real numbers a, b, ¢, d and a partial function f from R to

R. Now we state the propositions:

(12) Suppose ¢ < d and [¢,d] C [a,b] C dom f and f[[a,b] is bounded and
d

f is integrable on [a,b] and f[[a,b] is non-negative. Then /f(:l:)dm <
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b
/ f(z)dz. The theorem is a consequence of (10).

(13) Suppose ¢ < d and [¢,d] C [a,b] C dom f and f[[a,b] is bounded and
d

f is integrable on [a,b] and f[[a,b] is non-positive. Then /f(a:)dac >

b
/f(x)d:c The theorem is a consequence of (2) and (11).

a
2. FUNDAMENTAL PROPERTIES OF MEASURE AND INTEGRAL

Now we state the propositions:

(14) Let us consider a non empty set X, a partial function f from X to R,
and a set F. Then R(f)|E = R(f]E).

(15) Let us consider a non empty set X, a o-field S of subsets of X, a o-
measure M on S, a partial function f from X to R, an element A of S, and
a sequence F of subsets of S. Suppose f is A-measurable and A = dom f
and F is disjoint valued and A = JFE and ([t max, (f)dM < +o0 or
[T max_(f)dM < +00). Then there exists a sequence I of extended reals
such that

(i) for every natural number n, I(n) = [ f[E(n)dM, and

(ii) I is summable, and

(i) [ fdM =>"1.
ProoF: Consider I; being a non-negative sequence of extended reals such
that for every natural number n, I;(n) = [maxy(f)[E(n)dM and I; is
summable and [ max(f)dM = Y I. Consider I» being a non-negative
sequence of extended reals such that for every natural number n, Io(n) =
Jmax_(f)[E(n)dM and I is summable and [ max_(f)dM =} I. For
every natural number n, E(n) is an element of S and E(n) C dom f. For
every natural number n, I;(n) = [T max (f)[E(n) dM. For every natural
number n, Ir(n) = [T max_(f)[E(n)dM. O

(16) Let us consider a non empty set X, a o-field S of subsets of X, a o-
measure M on S, a partial function f from X to R, and elements A, B of
S. Suppose AU B C dom f and f is (AU B)-measurable and A misses B
and ([T max, (f](AUB))dM < +ooor [T max_(f]|(AUB))dM < +o0).
Then [ f[(AUB)dM = [ flAdAM + [ fI|BdM.

(17) Let us consider a non empty set X, a o-field S of subsets of X, a o-
measure M on S, a partial function f from X to R, an element A of S, and
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a sequence F of subsets of S. Suppose f is A-measurable and A = dom f
and F is non descending and imF C A and M(A \ (im F)) = 0 and
(ST max, (f)dM < 400 or [T max_(f)dM < +oc). Then there exists
a sequence I of extended reals such that

(i) for every natural number n, I(n) =
J f1(the partial unions of E)(n)dM, and

(ii) I is convergent, and
(ifi) [ fdM = lim1.

PROOF: Reconsider Lo = lim E as an element of S. Reconsider F =
the partial diff-unions of E as a sequence of subsets of S. Set g = f[Ls.
Consider J being a sequence of extended reals such that for every natural
number n, J(n) = [g[F(n)dM and J is summable and [gdM =} J.
Reconsider I = (3°4_ J(@))xen as a sequence of extended reals.
For every natural number n, g[(the partial unions of F')(n) =

f1(the partial unions of E)(n). For every natural number n, (the partial
unions of E')(n) C |J E. Define P[natural number] = I($;) = [ g[(the part-
ial unions of F')($;) dM. For every natural number n such that P[n] holds
P[n + 1]. For every natural number n, P[n]. For every natural number n,
I(n) = [ f[(the partial unions of E)(n)dM. O

(18) Let us consider non empty sets X, Y, a set A, a sequence F of X, and
a sequence G of Y. Suppose for every element n of N, G(n) = AN F(n).
Then JrngG = ANYJrng F.

(19) Let us consider a non empty set X, a o-field S of subsets of X, a sequence
E of S, and a partial function f from X to R. Suppose for every natural
number n, f is (E(n))-measurable. Then f is (|J E)-measurable.

PROOF: For every real number r, | J E N LE-dom(f,r) € S. O

(20) Let us consider real numbers a, b, and a natural number n. If @ < b, then
b—a

a<b-—%<banda<a+ 2 <.

Let us consider real numbers a, b. Now we state the propositions:

(21) Suppose a < b. Then there exists a sequence E of subsets of L-Field such
that

(i) for every natural number n, E(n) = [a,b — Z;Jr‘i] and E(n) C [a,b]

and E(n) is a non empty, closed interval subset of R, and
(ii) £ is non descending and convergent, and
(iii) UE = [a, b].

PROOF: Define F(element of N) = [a, b— é’;fl]. Consider FE being a function

from N into 2% such that for every element n of N, E(n) = F(n). For
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every natural number n, E(n) = [a,b — TH] For every natural number
n, E(n) = [a,b — :’;‘i] and E(n) C [a,b[ and E(n) is a non empty, closed
interval subset of R. [J

(22) Suppose a < b. Then there exists a sequence E of subsets of L-Field such

that

(i) for every natural number n, E(n) = [a + +17b] and E(n) C |a, b
and E(n) is a non empty, closed interval subset of R, and

(ii) F is non descending and convergent, and
(iii) UE = ]a, b).
PROOF: Define F(element of N) = [a+ 2= TENE

from N into 2% such that for every element n of N, E(n) = F(n). For every
natural number n, F(n) = [a+ z;ﬁ, bl and E(n) C ]a,b] and E(n) is a non
empty, closed interval subset of R. [

|. Consider E being a function

Let us consider a real number a. Now we state the propositions:
(23) There exists a sequence E of subsets of L-Field such that

(i) for every natural number n, F(n) = [a,a + n], and
(ii) E is non descending and convergent, and
(i) UF = [a, +o0.

PROOF: Define F(element of N) = [a, a+ $1]. Consider E being a function
from N into 2% such that for every element n of N, E(n) = F(n). For every
natural number n, E(n) = [a,a +n]. O

(24) There exists a sequence E of subsets of L-Field such that
(i) for every natural number n, E(n) = [a — n,a], and
(ii) E is non descending and convergent, and
(iii) UF = ]—00,al.
PRrROOF: Define F(element of N) = [a —$1, a]. Consider E being a function
from N into 2% such that for every element n of N, E(n) = F(n). For every
natural number n, F(n) = [a — n,a]. O
(25) Let us consider a set X, a o-field S of subsets of X, a o-measure M on
S, and a set A with measure zero w.r.t. M. Then A € COM(S, M).

(26) Let us consider a real number r. Then {r} € L-Field. The theorem is
a consequence of (25).

(27) Let us consider a non empty set X, a o-field S of subsets of X, an element
E of S, and a partial function f from X to R. If E = (), then f is E-
measurable.
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(28) Let us consider a non empty set X, a o-field S of subsets of X, an element
E of S, and a partial function f from X to R. If E = (), then f is E-
measurable. The theorem is a consequence of (27).

(29) Let us consider a real number r, an element F of L-Field, and a partial
function f from R to R. If E = {r}, then f is E-measurable.
PROOF: For every real number a, £ N LE-dom(f,a) € L-Field. O

(30) Let us consider a real number r, an element E of L-Field, and a partial
function f from R to R. If E = {r}, then f is E-measurable. The theorem
is a consequence of (29).

Let us consider real numbers a, b, a partial function f from R to R, and
an element E of L-Field. Now we state the propositions:
(31) Suppose [a,b] C dom f and f is right improper integrable on a and b.
Then if E C [a,b], then f is E-measurable. The theorem is a consequence
of (21), (19), and (28).
(32) Suppose |a,b] C dom f and f is left improper integrable on a and b.
Then if E C ]a,b], then f is E-measurable. The theorem is a consequence
of (22), (20), (19), and (28).
(33) Suppose Ja,b[ C dom f and f is improper integrable on a and b. Then if
E Cla,b[, then f is EF-measurable. The theorem is a consequence of (32)
and (31).
Let us consider a real number a, a partial function f from R to R, and
an element E of L-Field. Now we state the propositions:
(34) Suppose [a,+0o] C dom f and f is improper integrable on [a, +o0o[. Then
if £ C [a,+o00[, then f is E-measurable.
PROOF: Set A = [a,+oo[. Consider K being a sequence of subsets of
L-Field such that for every natural number n, K(n) = [a,a 4+ n| and K is
non descending and convergent and |J K = [a, +oo[. Reconsider K; = K
as a sequence of L-Field. For every natural number n, R(f) is (K1(n))-

measurable by [8, (49)]. R(f) is A-measurable. (]

(35) Suppose |—00,a] C dom f and f is improper integrable on |—o0, a]. Then
if £ C|—o00,al, then f is E-measurable.
ProOF: Consider K being a sequence of subsets of L-Field such that for
every natural number n, K(n) = [a — n,a] and K is non descending and
convergent and |J K = ]—o0, a]. For every element n of N, K(n) is a non
empty, closed interval subset of R. Reconsider K1 = K as a sequence of
L-Field. For every natural number n, R(f) is (K;(n))-measurable by [,

(49)]. R(f) is (U K1)-measurable. [

(36) Let us consider a partial function f from R to R. Suppose dom f = R and
f is improper integrable on R. Let us consider an element E of L-Field.
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Then f is E-measurable. The theorem is a consequence of (34) and (35).

3. RELATION BETWEEN IMPROPER INTEGRAL AND LEBESGUE INTEGRAL

Now we state the propositions:

(37) Let us consider a non empty set X, a o-field S of subsets of X, a o-
measure M on S, a partial function f from X to R, and an element A of
S. Suppose A = dom f and f is A-measurable. Then [ —fdM = —[ fdM.

(38) Let us consider a non empty set X, a o-field S of subsets of X, a o-
measure M on S, a partial function f from X to R, and elements A, B,
FE of S. Suppose £ = dom f and f is E-measurable and non-positive and
ACB. Then [ flAdAM > [ fIBdM.
PROOF: For every set x such that x € dom(R(f)) holds (R(f))(z) < 0.
[R(fIA)dM > [B(f)[BAM. [R(flA)dM > [R(f[B)dM. O
Let us consider a partial function f from R to R, real numbers a, b, and
a non empty subset A of R. Now we state the propositions:
(39) Suppose [a,b] C dom f and A = [a,b[ and f is right improper integrable
on a and b and f[A is non-negative. Then
(i) right-improper-integral(f,a,b) = [ fIAdL-Meas, and
(i) if f is right extended Riemann integrable on a, b, then f[A is inte-
grable on L-Meas, and
(iii) if f is not right extended Riemann integrable on a, b, then [ f[AdL-
Meas = +00.
The theorem is a consequence of (12), (21), (31), (14), (17), (20), and (4).
(40) Suppose [a,b] C dom f and A = [a,b[ and f is right improper integrable
on a and b and f[A is non-positive. Then
(i) right-improper-integral(f,a,b) = [ flAdL-Meas, and
(i) if f is right extended Riemann integrable on a, b, then f[A is inte-
grable on L-Meas, and
(iii) if f is not right extended Riemann integrable on a, b, then [ f[AdL-
Meas = —o0.
The theorem is a consequence of (3), (39), and (31).
(41) Suppose |a,b] C dom f and A = |a,b] and f is left improper integrable
on a and b and f[A is non-negative. Then
(i) left-improper-integral(f,a,b) = [ f]|AdL-Meas, and
(ii) if f is left extended Riemann integrable on a, b, then f]A is integrable
on L-Meas, and

37
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(iii) if f is not left extended Riemann integrable on a, b, then [ f[AdL-
Meas = +o00.

The theorem is a consequence of (12), (22), (32), (14), (17), (20), and (7).
(42) Suppose |a,b] C dom f and A = |a,b] and f is left improper integrable
on a and b and f[A is non-positive. Then
(i) left-improper-integral(f,a,b) = [ f|AdL-Meas, and
(ii) if f is left extended Riemann integrable on a, b, then f[A is integrable
on L-Meas, and
(iii) if f is not left extended Riemann integrable on a, b, then [ f[AdL-
Meas = —o0.
The theorem is a consequence of (3), (41), and (32).
(43) Suppose Ja,b[ C dom f and A = Ja,b[ and f is improper integrable on a
and b and f[A is non-negative. Then
(i) improper-integral(f,a,b) = [ f[AdL-Meas, and

(ii) if there exists a real number ¢ such that @ < ¢ < b and f is left
extended Riemann integrable on a, ¢ and right extended Riemann
integrable on ¢, b, then f[A is integrable on L-Meas, and

(iii) if for every real number ¢ such that a < ¢ < bholds f is not left exten-
ded Riemann integrable on a, c or f is not right extended Riemann
integrable on ¢, b, then [ f]AdL-Meas = +oc0.

The theorem is a consequence of (31), (32), (41), (39), (26), and (33).
(44) Suppose ]a,b] C dom f and A = ]a,b] and f is improper integrable on a
and b and f[A is non-positive. Then
(i) improper-integral(f,a,b) = [ f[AdL-Meas, and

(ii) if there exists a real number ¢ such that a < ¢ < b and f is left
extended Riemann integrable on a, ¢ and right extended Riemann
integrable on ¢, b, then f[A is integrable on L-Meas, and

(iii) if for every real number ¢ such that a < ¢ < b holds f is not left exten-
ded Riemann integrable on a, ¢ or f is not right extended Riemann
integrable on ¢, b, then | f]AdL-Meas = —oc0.

The theorem is a consequence of (3), (43), (33), and (37).
Let us consider a partial function f from R to R, a real number b, and a non
empty subset A of R. Now we state the propositions:
(45) Suppose |—00,b] C dom f and A =]—o0,b] and f is improper integrable
on |—oo, b] and f is non-negative. Then
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b
(i) /f(x)dx: /f[AdL—Meas, and

(ii) if f is extended Riemann integrable on —oo, b, then f[A is integrable
on L-Meas, and

(iii) if f is not extended Riemann integrable on —oo, b, then [ f[Ad L-Meas
= +o00.
The theorem is a consequence of (12), (24), (35), (14), (17), and (8).

(46) Suppose |—o00,b] C dom f and A = ]—o0,b] and f is improper integrable
on |—oo, b] and f is non-positive. Then

b
(i) /f(x)dx: /f[AdL—MeaS, and

(ii) if f is extended Riemann integrable on —oo, b, then f[A is integrable
on L-Meas, and

(iii) if f is not extended Riemann integrable on —oo, b, then [ f[A d L-Meas
= —00.

PROOF: Reconsider A; = A as an element of L-Field. For every object x
b

such that x € dom(—f) holds 0 < (—f)(z). /(—f)(af)da: = /(—f)[AdL—

Meas. f]A is A;-measurable. [ —f[AdL-Meas = —[ f[AdL-Meas. O

Let us consider a partial function f from R to R, a real number a, and a non
empty subset A of R. Now we state the propositions:

(47) Suppose [a, +oo[ C dom f and A = [a,+o0] and f is improper integrable
on [a, +oo[ and f is non-negative. Then

+oo
(i) /f(x)dx: /f[AdL—Meas, and

(ii) if f is extended Riemann integrable on a, +o00, then f[A is integrable
on L-Meas, and

(iii) if f is not extended Riemann integrable on a, +o0o, then [ flAdL-
Meas = +00.

The theorem is a consequence of (12), (23), (34), (14), (17), and (9).

(48) Suppose [a, +0o] C dom f and A = [a, +00[ and f is improper integrable
on [a, +oo[ and f is non-positive. Then
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+oo
(i) /f(ar:)dx: /f[AdL—MeaS, and

(ii) if f is extended Riemann integrable on a, +00, then f[A is integrable
on L-Meas, and

(iii) if f is not extended Riemann integrable on a, +00, then [ f[Ad L-Meas

= —OQ.

PRrROOF: Reconsider A; = A as an element of L-Field. For every object x
+oo

such that = € dom(—f) holds 0 < (—f)(z). /(—f)(a:)d:c - /(—f)[AdL-

Meas. f]A is A;-measurable. [ —f[AdL-Meas = —[ f[AdL-Meas. O

(49) Let us consider a non empty set X, a o-field S of subsets of X, a o-
measure M on S, a partial function f from X to R, and elements A,
B of S. Suppose there exists an element E of S such that £ = dom f
and f is E-measurable and f is non-negative. Then [T f](AU B)dM <
JTfIAAM + [T f1BdM.

(50) Let us consider a non empty set X, a o-field S of subsets of X, a o-
measure M on S, a partial function f from X to R, and sets A, B. Suppose
A C domf and B C dom f and f[A is integrable on M and f[B is
integrable on M. Then f[(A U B) is integrable on M. The theorem is
a consequence of (49).

(51) Let us consider a non empty set X, a o-field S of subsets of X, a o-
measure M on S, a partial function f from X to R, and sets A, B. Suppose
A C domf and B C dom f and f[A is integrable on M and f[B is
integrable on M. Then f[(A U B) is integrable on M. The theorem is
a consequence of (14) and (50).

Let us consider a partial function f from R to R, a real number a, and a non
empty subset A of R. Now we state the propositions:

(52) Suppose dom f = R and f is improper integrable on R and f is non-
negative. Then

+oo
(i) /f(a:)d:n: /de—Meas, and

(ii) if f is co-extended Riemann integrable, then f is integrable on L-Meas,
and

(iii) if f is not co-extended Riemann integrable, then [ f d L-Meas = +o0.
The theorem is a consequence of (45), (36), (26), (47), and (51).
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(53) Suppose dom f = R and f is improper integrable on R and f is non-
positive. Then

+oo
(i) /f(x)da:: /de—Meas, and

(ii) if f is co-extended Riemann integrable, then f is integrable on L-Meas,
and

(iii) if f is not co-extended Riemann integrable, then [ f d L-Meas = —oc.
PROOF: For every object x such that x € dom(—f) holds 0 < (—f)(z). Re-

“+oo
consider E' = R as an element of L-Field. f is F-measurable. — / flx)dx =
+00 o
| —fdL-Meas. — /f(a:)d:c = —[ fdL-Meas. O

4. ABSOLUTELY INTEGRABLE FUNCTION

Let us consider a partial function f from R to R and real numbers a, b. Now
we state the propositions:

(54) Suppose [a,b] = dom f. Then there exists a sequence F' of partial func-
tions from R into R such that

(i) for every natural number n, dom(F'(n)) = dom f and for every real

number z such that x € [a,b — n%rl] holds F(n)(z) = f(x) and for

every real number x such that = ¢ [a,b — n%rl] holds F(n)(x) = 0,

and
(i) limR(F) = f.
PROOF: For every element n of N, [a,b— n%rl} C dom f. Define P|element

of N, object] = $2 = X A s- For every element n of N, there exists
’ 1

an element ( of R5R such that P[n, (]. Consider C being a sequence of
R—-R such that for every element n of N, P[n, Cs(n)]. Define Qfelement

of N,object] = $2 = f - C2($1). For every element n of N, there exists
an element F' of R-R such that Q[n, F]. Consider F' being a sequence of

],dom

R-5R such that for every element n of N, Q[n, F'(n)]. For every natural
number n, dom(F(n)) = dom f and for every real number x such that

x € [a,b— %H] holds F'(n)(z) = f(x) and for every real number x such
that = ¢ [a,b — n%rl] holds F'(n)(x) = 0. For every element 2 of R such

that 2 € dom(lim R(F)) holds (imR(F))(z) = (R(f))(z) by [9, (16)]. O
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(55) Suppose a < b and [a,b] C dom f and f is right improper integrable on
a and b and |f] is right extended Riemann integrable on a, b. Then

(i) f is right extended Riemann integrable on a, b, and
(ii) right-improper-integral(f,a,b) < right-improper-integral(|f|, a,b) <
+00.

PRrROOF: Consider I being a partial function from R to R such that dom I =
[a,b] and for every real number z such that x € dom [ holds I(z) =

T
/ f(x)dx and I is left convergent in b or left divergent to +o00 in b or

a
left divergent to —oo in b. Consider Aj being a partial function from R
to R such that dom A; = [a,b] and for every real number x such that

x € dom Ay holds Aj(x) = /]f\(x)dx and Ay is left convergent in b. For

every real numbers 71, 7o SflCh that r1, 79 € dom A; and r; < 79 holds
Ar(r1) < Ar(rg). Consider r being a real number such that 0 < r < b—a.
For every real number g such that g € dom I N]b—r,b[ holds I(g) < Ar(g)
by [10, (8)]. O

(56) Suppose a < b and ]a,b] C dom f and f is left improper integrable on a
and b and |f] is left extended Riemann integrable on a, b. Then

(i) f is left extended Riemann integrable on a, b, and
(ii) left-improper-integral( f, a,b) < left-improper-integral(|f|, a,b) < +oc.

PRrROOF: Consider I being a partial function from R to R such that dom I =
la,b] and for every real number z such that x € dom/ holds I(z) =

b
/ f(z)dz and I is right convergent in a or right divergent to +oc in a

x
or right divergent to —oo in a. Consider A; being a partial function from
R to R such that dom A; = ]a, b] and for every real number = such that

b
x € dom Ay holds Af(z) = /\f\(a:)dx and Ay is right convergent in a. For
x

every real numbers 71, ry such that ry, ro € dom A; and r; < ro holds
Ar(r1) = Aj(re). Consider r being a real number such that 0 < r < b—a.
For every real number g such that g € dom INJa,a+7[ holds I(g) < A;(g).
U

(57) Let us consider a partial function f from R to R, and a non empty, closed
interval subset A of R. Suppose A C dom f. Then

(i) maxi(f [ A) =max;(f[A), and



(58)

(59)
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(ii) max_(f | A) = max_(f[A).

Let us consider a partial function f from R to R, and a real number b.
Suppose |—00,b] C dom f and f is improper integrable on |—oo, b] and | f]
is extended Riemann integrable on —oo, b. Then

(i) f is extended Riemann integrable on —oo, b, and

(ii) /bf(m)da: < /b\f|(:1;)d9c < +oo.

PROOF: Consider I being a partial function from R to R such that dom I =

]—00,b] and for every real number = such that z € dom I holds I(z) =
b

/ f(x)dx and I is convergent in —oo or divergent in —oo to +oo or di-

x
vergent in —oo to —oo. Consider A; being a partial function from R to
R such that dom A; = ]—o00,b] and for every real number x such that

b
x € dom Ay holds A;(z) = /\f|(az)dm and Ay is convergent in —oo. For

every real numbers 71, 7o sffch that r1, 7o € dom A; and r; < ro holds
Ajr(r1) > Aj(re). For every real number g such that g € dom I N]—oo,1]
holds I(g) < Ar(g). O

Let us consider a partial function f from R to R, and a real number a.
Suppose [a,+oo[ € dom f and f is improper integrable on [a, +oo[ and
|f| is extended Riemann integrable on a, +00. Then

(i) f is extended Riemann integrable on a, +o0, and

+oo +oo
(ii) /f(x)dw < /|f|(:c)dm < +oo.

PrOOF: Consider I being a partial function from R to R such that dom I =
[a, +00[ and for every real number x such that x € dom I holds I(z) =

T
/f(x)da: and [ is convergent in +oo or divergent in +o0o to +oco or di-
a

vergent in 400 to —oo. Consider A; being a partial function from R to
R such that dom A; = [a,+00| and for every real number x such that
€T

x € dom A; holds A;(z) = /\f|(az)dm and Ay is convergent in 4o00. For

every real numbers 71, ro sgch that r1, 7o € dom A; and r; < ro holds
Ajr(r1) < Aj(re). For every real number g such that g € dom I N1, 4o00]
holds I(g) < Az(g). O
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Let us consider a partial function f from R to R and real numbers a, b. Now
we state the propositions:

(60)

(61)

(62)

Suppose a < b and [a,b] C dom f and f is integrable on [a, b] and f[[a, b]
is bounded. Then

(i) max(f) is integrable on [a, b], and

(ii) max_(f) is integrable on [a, b], and

b b
(iii) /max x)dx) = /f(x)dx + /|f](x)dx, and

2. ( / max(f)(z)dz) = /b fla)dz + /b |f|(x)dz, and
V) /bf(:z:)da:: /bmfx(f)(:c)dx—/bm_ax(f)(a;)d:c

Suppose a < b and ]a,b] C dom f and f is left extended Riemann inte-
grable on a, b and |f] is left extended Riemann integrable on a, b. Then
maxy (f) is left extended Riemann integrable on a, b

PROOF: Set G = (R<) /f )dz. Set Ag = (R<) /\f\ )dz. Consider I
being a partial function from R to R such that dom I Ja, b] and for every

real number z such that x € dom I holds I / f(x)dx and I is right

convergent in a and G = lim,+ .
Consider A; being a partial function from R to R such that dom A; =
la,b] and for every real number x such that € dom Ay holds A;(z) =
b

/|f|($)d1‘ and Ay is right convergent in a and Ag = lim,+ A;. For every

x

real number d such that a < d < b holds max, (f) is integrable on [d, b]
and maxy (f)[[d,b] is bounded. There exists a partial function I3 from
R to R such that dom I3 = ]a b] and for every real number z such that

x € dom I3 holds I3(z / max(f)(z)dz and I3 is right convergent in a.

O

Suppose a < b and [a,b] C dom f and f is right extended Riemann
integrable on a, b and |f| is right extended Riemann integrable on a, b.
Then max4 (f) is right extended Riemann integrable on a, b.
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PROOF: Set G = (R>)/f(x)d:v. Set Ag = (R>)/\f|(az)dx Consider I
being a partial function from R to R such that dom I = [a, b] and for every
real number z such that x € dom I holds I(z / f(z)dz and I is left

convergent in b and G = lim,- I.
Consider A; being a partial function from R to R such that dom A; =
[a,b[ and for every real number x such that z € dom Ay holds A;(z) =
€T

/ |f|(z)dz and Aj is left convergent in b and Ag = lim,- A;. For every

real number d such that a < d < b holds max, (f) is integrable on [a, d]
and maxy (f)[[a,d] is bounded. There exists a partial function I3 from
R to R such that dom I3 = [a,b[ and for every real number z such that

x € dom I3 holds I3(x / max(f)(z)dz and I3 is left convergent in b. OJ

(63) Let us consider a partial function f from R to R, and a real number b.
Suppose |—o00,b] C dom f and f is extended Riemann integrable on —oo,
b and |f| is extended Riemann integrable on —oo, b. Then maxy(f) is
extended Riemann integrable on —oo, b.

PROOF: Set G = (R<)/ f(z)dz. Set Ag = (R~) / | f|(z)dz. Consider I
being a partial function from R to R such that dom I = ] 00, b] and for

every real number x such that = € dom I holds I(z / f(x)dx and I is

convergent in —oo and G = lim_ .

Consider Aj being a partial function from R to R such that dom A; =

]—00, b] and for every real number z such that z € dom Ay holds Aj(x) =
b

/\f|(:1;)dx and Ay is convergent in —oo and Ag = lim_., A;. For every

T

real number d such that d < b holds max(f) is integrable on [d,b] and
max4 (f)[[d,b] is bounded. There exists a partial function I3 from R to
R such that dom I3 = |— oo ,b] and for every real number z such that

x € dom I3 holds I3(x / max(f)(z)dr and I3 is convergent in —oo. [J

(64) Let us consider a partial function f from R to R, and a real number
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a. Suppose [a, +oo[ C dom f and f is extended Riemann integrable on a,
+oo and |f] is extended Riemann integrable on a, +oco. Then max(f) is
extended Riemann integrable on a, +00.

PROOF: Set G = (R”) / f(z)dz. Set Ag = (R”) / | f|(x)dx. Consider I
being a partial functlon from R to R such that domI = [a,+oo[ and for
every real number x such that = € dom I holds I(z / f(x)dx and I is

convergent in +o0o and G = lim  I.
Consider Aj being a partial function from R to R such that dom A; =
[a, +oo[ and for every real number z such that x € dom A holds Aj(x) =
T

/|f|(;v)dm and Ay is convergent in +oo and Ag = limy Ar. For every

real number d such that a < d holds max, (f) is integrable on [a,d] and
max (f)[[a,d] is bounded. There exists a partial function I3 from R to
R such that domI3 = [a, —|—oo[ and for every real number z such that

x € dom I3 holds Is(x /max x)dx and I3 is convergent in +oo. [J

Let us consider a partial function f from R to R and real numbers a, b. Now
we state the propositions:

(65) Suppose a < b and |a,b] C dom f and f is left extended Riemann inte-
grable on a, b and |f| is left extended Riemann integrable on a, b. Then
max_(f) is left extended Riemann integrable on a, b. The theorem is
a consequence of (61).

(66) Suppose a < b and [a,b] C dom f and f is right extended Riemann
integrable on a, b and |f| is right extended Riemann integrable on a, b.
Then max_(f) is right extended Riemann integrable on a, b. The theorem
is a consequence of (62).

(67) Let us consider a partial function f from R to R, and a real number b.
Suppose |—o00,b] C dom f and f is extended Riemann integrable on —oo,
b and |f| is extended Riemann integrable on —oo, b. Then max_(f) is
extended Riemann integrable on —oo, b. The theorem is a consequence of
(63).

(68) Let us consider a partial function f from R to R, and a real number
a. Suppose [a,+00[ C dom f and f is extended Riemann integrable on a,
+oo and |f] is extended Riemann integrable on a, +oco. Then max_(f) is
extended Riemann integrable on a, +00. The theorem is a consequence of
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(64).
Let us consider a partial function f from R to R and real numbers a, b. Now
we state the propositions:

(69) Suppose ]a,b] C dom f and max4 (f) is left extended Riemann integrable
on a, b and max_(f) is left extended Riemann integrable on a, b. Then

(i) f is left extended Riemann integrable on a, b, and

(ii) left-improper-integral( f, a,b) = left-improper-integral(max, (f), a, b)—
left-improper-integral(max_(f), a, b).

Proor: Consider I; being a partial function from R to R such that
domI; = ]a b] and for every real number z such that x € dom I; holds

/ max(f)(x)dz and I; is right convergent in a. Consider I3 being

a partlal function from R to R such that dom I, = ]a b] and for every real

number z such that z € dom I holds Iz(x / max x)dz and Iy is

right convergent in a. For every real number d such that a < d < b holds
f is integrable on [d,b] and f[[d,b] is bounded. For every real number x

such that = € dom(I; — I2) holds (I3 — /f )dx. O

(70) Suppose [a,b] € dom f and maxy(f) is right extended Riemann inte-
grable on a, b and max_(f) is right extended Riemann integrable on a, b.
Then

(i) f is right extended Riemann integrable on a, b, and

(ii) right-improper-integral(f, a,b) = right-improper-integral(max (f),
a,b) — right-improper-integral(max_(f), a, b).

Proor: Consider I; being a partial function from R to R such that
domI; = [a b[ and for every real number x such that * € dom I; holds

/ max(f)(z)dz and I; is left convergent in b. Consider Iy being
a partial functlon from R to R such that dom Iy = [a, b[ and for every real
number z such that z € dom I5 holds Iz(x / max x)dx and Iy is

left convergent in b. For every real number d such that ¢ < d < b holds
f is integrable on [a,d] and f[[a,d] is bounded. For every real number z
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such that = € dom(I; — I2) holds (I3 — /f )dx. O

Let us consider a partial function f from R to ]R, and a real number b.
Suppose |—00,b] € dom f and max(f) is extended Riemann integrable
on —oo, b and max_(f) is extended Riemann integrable on —oo, b. Then

(i) f is extended Riemann integrable on —oo, b, and

(i) /b fa)de = /b max(f) () dz — /b max(f)(z)da

ProoOF: Consider I; being a partial function from R to R such that

doml; = |—00 b] and for every real number z such that z € dom I}
holds I (x / max(f)(z)dz and I; is convergent in —oo. Consider Iy
being a partial functlon from R to R such that dom Iy = ] 00, b] and for
every real number x such that = € dom I3 holds Ix(z / max

and I is convergent in —oo. For every real number d such that d < b holds
f is integrable on [d,b] and f[[d,b] is bounded. For every real number x

such that 2 € dom([; — I5) holds (I; — /f Ydx. O

Let us consider a partial function f from R to R, and a real number a.
Suppose [a,+o0o] C dom f and max(f) is extended Riemann integrable
on a, 0o and max_(f) is extended Riemann integrable on a, +00. Then

(i) f is extended Riemann integrable on a, +o0, and

+o0 +o0 +00
() [f@)do = [max(f)@)da— [ max(f)(w)do

ProOOF: Consider I; being a partial function from R to R such that
domI; = [a, +oo [ and for every real number x such that z € dom I3

holds I (x / max(f)(x)dr and I; is convergent in +oo. Consider Io
being a partial functlon from R to R such that dom I» = a +oo[ and for
every real number z such that = € dom I3 holds Iz(x / max

and Iy is convergent in 4-oc0. For every real number d such that a < d holds
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f is integrable on [a,d] and f[[a,d] is bounded. For every real number z

T
such that z € dom(I; — I2) holds (I; — I2)(x) = /f(ac)d:v O

5. IMPROPER INTEGRAL OF ABSOLUTELY INTEGRABLE FUNCTIONS

Let us consider a partial function f from R to R, real numbers a, b, and
a non empty subset A of R. Now we state the propositions:

(73) Suppose Ja,b] C dom f and A = ]a,b] and f is left improper integrable
on a and b and |f| is left extended Riemann integrable on a, b and f[A is
non-negative. Then

(i) flA is integrable on L-Meas, and
(ii) left-improper-integral(f,a,b) = [ f]AdL-Meas.
The theorem is a consequence of (56) and (41).

(74) Suppose [a,b] C dom f and A = [a,b[ and f is right improper integrable
on a and b and |f| is right extended Riemann integrable on a, b and f[A
is non-negative. Then

(i) flA is integrable on L-Meas, and
(ii) right-improper-integral(f,a,b) = [ f[AdL-Meas.
The theorem is a consequence of (55) and (39).

(75) Let us consider a partial function f from R to R, a real number b, and
a non empty subset A of R. Suppose |—00,b] C dom f and A = ]—o0, b]
and f is improper integrable on |—oo, b] and |f| is extended Riemann
integrable on —oo, b and f is non-negative. Then

(i) flA is integrable on L-Meas, and

(ii) /b fx)de = / FlAdL-Meas.

The theorem is a consequence of (58) and (45).

(76) Let us consider a partial function f from R to R, a real number a, and
a non empty subset A of R. Suppose [a, +oo] C dom f and A = [a, +0o0]
and f is improper integrable on [a, +oo[ and |f| is extended Riemann
integrable on a, +00 and f is non-negative. Then

(i) flA is integrable on L-Meas, and

+oo
(ii) / Fla)de — / F1AdT-Mess.
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The theorem is a consequence of (59) and (47).

(77) Let us consider a partial function f from R to R, and real numbers a,
b. Suppose a < b and [a,b] C dom f and f is right improper integrable
on a and b and |f| is right extended Riemann integrable on a, b. Then
maxy (f) is right extended Riemann integrable on a, b. The theorem is
a consequence of (55) and (62).

Let us consider a partial function f from R to R, real numbers a, b, and
a non empty subset A of R. Now we state the propositions:

(78) Suppose [a,b] C dom f and A = [a,b] and f is right improper integrable
on a and b and |f] is right extended Riemann integrable on a, b. Then
(i) flA is integrable on L-Meas, and
(ii) right-improper-integral(f,a,b) = [ f[AdL-Meas.
The theorem is a consequence of (55), (62), (74), (66), and (70).
(79) Suppose |a,b] C dom f and A = |a,b] and f is left improper integrable
on a and b and |f] is left extended Riemann integrable on a, b. Then
(i) flA is integrable on L-Meas, and
(ii) left-improper-integral(f,a,b) = [ f]AdL-Meas.
The theorem is a consequence of (56), (61), (73), (65), and (69).
(80) Suppose |a,b] C dom f and A = |a,b[ and f is improper integrable on
a and b and there exists a real number ¢ such that a < ¢ < b and |f]

is left extended Riemann integrable on a, ¢ and right extended Riemann
integrable on ¢, b. Then

(i) flA is integrable on L-Meas, and
(ii) improper-integral(f,a,b) = [ f]|AdL-Meas.
The theorem is a consequence of (79), (78), (51), and (26).

(81) Let us consider a partial function f from R to R, a real number b, and
a non empty subset A of R. Suppose |—00,b] C dom f and A = ]—o0, b]
and f is improper integrable on |—oo, b] and |f| is extended Riemann
integrable on —oo, b. Then

(i) flA is integrable on L-Meas, and

(ii) /bf(m)dx:/f[AdL—Meas.

The theorem is a consequence of (58), (63), (75), (67), and (71).

(82) Let us consider a partial function f from R to R, a real number a, and
a non empty subset A of R. Suppose [a, 400 C dom f and A = [a, +0o0]
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and f is improper integrable on [a, +o0o[ and |f| is extended Riemann
integrable on a, +00. Then

(i) flA is integrable on L-Meas, and

+oo
(i) / flz)de = / Fl1AdL-Mess.

The theorem is a consequence of (59), (64), (76), (68), and (72).

(83) Let us consider a partial function f from R to R. Suppose dom f = R and

3]

(10]

(11]

f is improper integrable on R and |f| is oco-extended Riemann integrable.
Then

(i) f is integrable on L-Meas, and
400
(ii) /f(x)d:v = /de—MeaS.
The theorem is a consequence of (81), (82), (51), and (36).
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