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1.  Introduction
Ultralow frequency (ULF) waves, whose frequency range is within 1.67–100 mHz, can interact with charged 
particles coherently (Zong et al., 2007) or stochastically (Schulz & Lanerotti, 1974) through the drift/drift-bounce 
resonance. Their interaction has been investigated by numerous previous studies because the ULF waves can 
adiabatically accelerate charged particles (e.g., Claudepierre et al., 2013; Elkington et al., 1999; Fei et al., 2006; 
Kamiya et al., 2018; Kanekal & Miyoshi, 2021; Ozeke et al., 2014, 2012). Wave frequency is one of the param-
eters which determine the energy where the wave-particle interaction occurs as well as azimuthal wave number 
(Elkington et al., 1999; Southwood et al., 1969). For example, Pc 5 (1.67–6.7 mHz) waves can interact with 
relativistic electrons through drift resonance because the drift frequency of the relativistic electrons is in the 
Pc 5 frequency range (e.g., Tan et al., 2004; Teramoto et al., 2019). The condition of the drift resonance can be 
expressed as 𝐴𝐴 𝐴𝐴 − 𝑚𝑚𝑚𝑚d = 0 , where ω is the wave angular frequency, m is the azimuthal wave number (m number), 
and 𝐴𝐴 𝐴𝐴d is the drift angular frequency. Pc 5 waves driven by the solar wind have a low-m number (𝐴𝐴 𝐴𝐴 𝐴 10) (e.g., 
Olson & Rostoker, 1978; Ponomarenko et al., 2001; Sarris et al., 2013), and hence they can satisfy the condition 
of the drift resonance (𝐴𝐴 𝐴𝐴 ∼ 𝑚𝑚𝑚𝑚d ). As numerically simulated by Sarris et al. (2017), ULF waves with broadband 
frequencies can cause radial diffusion of relativistic electrons in a wider energy range than monochromatic waves. 
Therefore, the classification of ULF waves according to the broadness of their frequency spectra is helpful for us 
to accurately understand the wave-particle interaction and energy dynamics of the radiation belts in the terrestrial 
magnetosphere (Murphy et al., 2020; Sarris, 2014). Recently, Murphy et al. (2020) investigated the occurrence of 
the broadband and monochromatic ULF waves observed by the GOES-15 satellite and their dependence on the 
solar wind condition. Using the AFINO code (Inglis et al., 2015, 2016), they fitted the power spectral density of 
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the magnetic field with three model functions of frequency and automatically chose the most reasonable model 
among them by Bayesian information criterion (BIC) (Schwarz, 1978). The models used in their study distinguish 
broadband power spectra, broadband power spectra with a kink at a specific frequency, and power spectra with 
enhancement in a localized frequency range. They found that the broadband ULF waves are frequently observed 
on the night side and they attributed the magnetic local time (MLT) dependence of the wave occurrence to wave 
excitation by substorm activity. They noted that the AFINO code only identifies a single wave frequency for dis-
crete ULF waves, and a higher wave frequency tends to be selected due to the algorithm of BIC if there are two 
or more spectral peaks.

While the observations of monochromatic/broadband toroidal waves have been reported by both event studies 
(Matsui et al., 2007; Sarris, 2014; Sarris et al., 2009; Shi et al., 2020; Vellante et al., 2004) and statistical stud-
ies (Liu et al., 2009; Murphy et al., 2020; Takahashi et al., 2014; Takahashi, Hartinger et al., 2015), toroidal 
waves with multi-harmonic discrete frequencies have been mainly investigated in event studies (Engebretson 
et al., 1986, 1987; Takahashi, Denton et al., 2015; Takahashi, Hughes et al., 1984; Takahashi, Waters et al., 2015; 
Takahashi et al., 2020). The multi-harmonic toroidal waves (MTWs hereinafter) are considered to be standing 
Alfvén waves with multiple eigenmodes because the wave frequency of MTWs decreases (increases) as the 
L-value increases (decreases) (e.g., Engebretson et al., 1986). From the magnetic field measurements by the ATS-
6 and IMP-J satellites on 1 May 1975, Takahashi, Hughes et al. (1984) demonstrated that wave power of MTWs 
decreased when the cone angle of the interplanetary magnetic field 𝐴𝐴 (𝜃𝜃𝑥𝑥𝑥𝑥 = cos−1[𝐵𝐵𝑥𝑥𝑥 IMF∕𝐵𝐵IMF]) increased up to 
∼80°, where 𝐴𝐴 𝐴𝐴IMF is the magnitude of the interplanetary magnetic field (IMF), and the x-component of the IMF 
(𝐴𝐴 𝐴𝐴𝑥𝑥𝑥 IMF ) is aligned with the Sun-Earth line. In subsequent event studies (Engebretson et al., 1987; Takahashi, 
Waters et al., 2015; Takahashi, Denton et al., 2015; Takahashi et al., 2020), it was shown that the wave power 
of MTWs is enhanced when the cone angle deceased to <45°. These results indicate that the energy source of 
MTWs is similar to that of the dayside Pc 3–4 waves, that is, upstream waves generated by the ion beam instabil-
ity (e.g., Fairfield, 1969) in the ion foreshock region because the wave power of the dayside Pc 3–4 (6.7 mHz–
0.1 Hz) waves is also controlled by the cone angle (e.g., Heilig et al., 2007). In previous studies, however, the 
effect of the other solar wind parameters on the excitation of MTWs was not mentioned in detail. An interesting 
similarity between the event studies by Takahashi, Waters et al., 2015; Takahashi, Denton et al., 2015; Takahashi 
et al., 2020, is that MTWs were observed inside or around the plasmapause. Many event studies of MTWs fo-
cused on the relation between MTWs and the solar wind; however, examination of the effect of the local plasma 
environment may also provide a clue to the excitation mechanism of MTWs.

To the best of our knowledge, only two statistical studies of MTWs were conducted by Anderson et al. (1990); 
Anderson and Engebretson (1995) investigated spatial distributions of the occurrence rate of MTWs observed 
by the AMPTE/CCE satellite and showed that MTWs are frequently observed from 06 to 16 MLT. There is not 
a significant radial dependence of the occurrence rate of MTWs. From the spatial distribution of MTWs, they 
suggested that MTWs are excited by the dayside energy source and driving waves transmitted inside the mag-
netosphere through the cusp region. Anderson and Engebretson (1995) compared the magnetic field amplitudes 
between MTWs and broadband ULF waves and discussed the similarities and differences of wave amplitudes 
between these two types of ULF waves. Their statistical studies focused on the occurrence rate and wave power 
of MTWs, and hence no statistical study of solar wind dependence exists at present.

In this study, we examine the possible excitation mechanisms of MTWs by conducting a statistical analysis of 
solar wind dependence for the first time. One of the difficulties in the investigation of the relation between ULF 
waves and the solar wind is that solar wind parameters are correlated with each other, and it is difficult to deter-
mine which one controls the wave excitation. To circumvent this difficulty, we separate the solar wind conditions 
into four groups: high/low-speed solar wind (𝐴𝐴 𝐴𝐴SW greater/less than 450 km/s) and large/small cone angle (𝐴𝐴 𝐴𝐴𝑥𝑥𝑥𝑥 
greater/less than 45°). We investigate the dependence of the occurrence rate, wave power, and frequency range 
of MTWs on the solar wind parameters. We further analyze the dependence on the local plasma density to reveal 
the effect of the plasmasphere.

The rest of this paper is organized as follows. Section 2 describes the data used in our statistics and our method for 
the detection of MTWs. Section 3 describes the statistical results of MTWs. Section 4 discusses the energy source 
of multi-harmonic toroidal waves and the plasmaspheric effect, and Section 5 concludes the study.
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2.  Data and Methodology
2.1.  Arase Satellite Data

We used magnetic field and electron density data provided by the Arase satellite, which was launched by the 
Japan Aerospace Exploration Agency (JAXA) on 20 December 2016. The Arase satellite has an apogee of ∼6.1 

𝐴𝐴 𝐴𝐴E and perigee altitude of ∼400 km. The inclination angle of the satellite orbit is approximately 31°. Thus, the 
Arase satellite sometimes covers a wide L-shell range up to L ∼ 10 when its apogee is located in a high magnetic 
latitude region (Miyoshi, Shinora, Takashima et al., 2018). The Arase satellite is spin-stabilized with a spin pe-
riod of ∼8 s, and its orbital period is ∼565 min. The procession rate of its apogee is ∼220°/year. We used Arase 
data from 23 March 2017 to 30 September 2020. Arase has almost three times swept all MLT during this inter-
val; therefore, the MLT coverage is wide enough to perform a statistical study. As for the L-shell value, we used 
McIlwain's L (McIlwain, 1961) for the IGRF-13 model (Thébault et al., 2015) provided by the data of spacecraft 
orbit (Miyoshi, Shinora & Jun, 2018).

The Arase satellite is equipped with a fluxgate magnetometer as hardware of the Magnetic Field Experiment 
(MGF) (Matsuoka, Teramoto, Nomura et  al., 2018; Matsuoka, Teramoto, Imajo, et  al., 2018) to measure the 
DC component of the ambient magnetic field. Depending on the L-shell at the satellite location, the sampling 
cadence of the fluxgate magnetometer is nominally switched between 64 vectors/s (for L > 4) and 256 vectors/s 
(for L < 4), and hence 64-Hz magnetic field data are provided regularly. There is another product of spin-averaged 
8-s data; however, we used the 64-Hz data to cover the whole frequency range of ULF waves up to 100 mHz.

Before we performed spectral analysis of the magnetic field, we first removed the spin-tone (∼8 s) noise from 
the 64-Hz data by sine curve fitting that uses a least-square method (e.g., Imajo et al., 2021). 1-s averaged data 
were calculated from the 64-Hz data after the noise reduction. We used the 1-s averaged data in the following 
spectral analysis.

Electron density data were obtained from the measurements of the upper hybrid resonance emissions by High 
Frequency Analyzer (HFA) of Plasma Wave Experiment onboard the Arase satellite (Kumamoto et al., 2018). 
The local electron density was derived from the upper hybrid resonance frequency and the magnitude of the mag-
netic field measured by MGF. The time resolution of the electron density data is 1 min (Kasahara et al., 2021).

2.2.  Solar Wind Data

1-min solar wind data were obtained from the OMNIWeb database to study the relation between MTWs and 
the solar wind parameters. The cone angle of the IMF was calculated from the magnetic field in the GSM co-
ordinates. To examine the relation to the solar wind dynamic pressure variations in the ULF frequency range 
up to 0.1 Hz, we also used 3-s plasma data provided by the 3DP instrument onboard the WIND satellite (Lin 
et al., 1995). The OMNI data have been time-shifted to the earth's bow shock nose by the data provider. We used 
the shift time of the 5-min OMNI data to robustly obtain shifted 3DP data.

2.3.  Method of Wave Detection

In this subsection, we describe how to determine the event of MTWs. First, we defined the mean field-aligned 
coordinate system to separate the magnetic field fluctuation into the toroidal (azimuthal), poloidal (radial), and 
compressional (parallel) components. The azimuthal direction (ϕ, positive eastward) is defined as the direction 
of 𝐴𝐴 𝑩̄𝑩 ×𝑹𝑹 , where 𝐴𝐴 𝑩̄𝑩 is the 10-min averaged magnetic field vector measured by MGF, and R is the position vector 
of the Arase satellite from the center of the Earth. The parallel direction (μ) is directed along 𝐴𝐴 𝑩̄𝑩 , and the radial 
direction (ν, outward positive) is given by 𝐴𝐴 𝒆𝒆𝝂𝝂 = 𝒆𝒆𝜙𝜙 × 𝒆𝒆𝝁𝝁 , where e is the unit vector of each direction. The magnetic 
field data were rotated into the ν-ϕ-μ coordinate system.

In previous studies, event detection of ULF waves has been conducted visually or automatically. Takahashi 
et al. (2014) detected fundamental toroidal ULF waves by computing fast Fourier transform (FFT) spectra of the 
plasma bulk velocity measured by the Geotail satellite and selecting spectral peaks with narrow full width at half 
maximum. Anderson et al. (1990) performed a statistical study of the occurrence of MTWs by a visual scan of 
the magnetic field spectra obtained from AMPTE/CCE satellite measurements, while Nosé et al. (2015) detected 
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spectral peaks of MTWs by comparing power spectral density (PSD) at a local peak to that around the peak in 
their event study.

In this study, we calculated FFT power spectra of the magnetic field with a window width of 2,048 s and a window 
shift of 256 s, and hence, the frequency resolution (Δf) is 𝐴𝐴 ≅ 0.49 mHz. From the calculated spectra, we automatically 
detected multi-harmonic toroidal waves to conduct a statistical analysis without bias of visual inspection. A cou-
ple of criteria were used to select spectral peaks from 𝐴𝐴 𝐴𝐴𝜙𝜙 power spectra as toroidal ULF wave events for each time 
step of the power spectra: (a) The PSD at the selected peak in the 𝐴𝐴 𝐴𝐴𝜙𝜙 spectra (𝐴𝐴 PSD𝜙𝜙(𝑓𝑓peak) ) is greater than 3.0 nT2/
Hz, which enables detection of weak emissions of ULF waves at high harmonics. (b) 𝐴𝐴 PSD𝜙𝜙(𝑓𝑓peak)∕PSD𝜈𝜈(𝑓𝑓peak) > 1 
for toroidal mode waves, where 𝐴𝐴 PSD𝜈𝜈 is the power spectral density at the selected peak in the 𝐴𝐴 𝐴𝐴𝜈𝜈 spectra. (c) The 
frequency of the selected peak is between 1.6 and 100 mHz. (d) The PSD around the selected peak satisfies 
PSD�(�peak)∕PSD�(�peak ±�Δ� ) > 1.0, PSD�(�peak)∕PSD�(�peak ±2�Δ� ) > 1.3, PSD�(�peak)∕PSD�(�peak ±
3�Δ� ) > 1.5, PSD�(�peak)∕PSD�(�peak ±4�Δ� ) > 1.3, PSD�(�peak)∕PSD�(�peak ±5�Δ� ) > 1.0,  
where 𝐴𝐴 𝐴𝐴peak is the frequency of the selected peak, and C is a coefficient that depends on a modeled eigenfrequency 
of toroidal ULF waves. The procedure for the determination of C is described below.

Following the manner of Nosé et al. (2015), the eigenfrequency of toroidal oscillations of a field line was cal-
culated from the magnetic field model of Tsyganenko (1989) and the MHD wave equation derived by Singer 
et al. (1981). In this calculation, we assumed the plasma density distributions as 𝐴𝐴 𝐴𝐴(𝑅𝑅) = 𝑛𝑛eq(𝑅𝑅eq∕𝑅𝑅)𝛼𝛼 and α = 0.5, 
where n is the plasma density at a spacecraft position, 𝐴𝐴 𝐴𝐴eq is the equatorial plasma density, and 𝐴𝐴 𝐴𝐴eq is the radial 
distance to the field line at the equator. Because of the quasi-neutrality of plasma, we regarded the electron den-
sity measured by HFA as the plasma density at the position of Arase. Proton plasma is also assumed to obtain 
plasma mass density.

The coefficient C in the criterion (d) was determined from the calculated eigenfrequencies of fundamental and 
the second harmonic toroidal modes (𝐴𝐴 𝐴𝐴model

T1  and 𝐴𝐴 𝐴𝐴model
T2  ). To exclude local spectral peaks that are not related with 

the field line resonance, we chose C as 𝐴𝐴 5𝐶𝐶Δ𝑓𝑓 = 0.3(𝑓𝑓model
T2 − 𝑓𝑓model

T1 ) ; that is, 30% of the interval of modeled 
eigenfrequencies was used as the size of the side robe around the spectral peak. We assumed proton plasma 
(𝐴𝐴 𝐴𝐴ave = 1 a.m.u. , where 𝐴𝐴 𝐴𝐴ave is the averaged plasma mass) in the model calculation; however, the observed 
frequency interval of ULF wave emissions is sometimes narrower than the model because heavy ions lower the 
eigenmode frequency. Therefore, we used 30% of the interval in the model calculation, which corresponds to the 
frequency interval for 𝐴𝐴 𝐴𝐴ave ∼ 11 , to ensure that MTWs can be detected in heavy-ion-rich plasma, which often 
appears during the main and recovery phases of geomagnetic storms (e.g., Horwitz et al., 1984; Nosé et al., 2015; 
Takahashi et al., 2008). If there were no density data and the eigenfrequencies could not be calculated, we gave 
C = 1.

After selecting the spectral peaks by applying the above criteria, we excluded selected peaks that are created by 
instances of high artificial noise. The artificial noise has constant frequencies at ∼3, ∼27, and ∼33 mHz, cor-
responding to Pc 3 and Pc 5 ranges. They often appear in the magnetic field perpendicular to the spin axis for 
dayside measurements of Arase (not shown), but the cause of the noise is unclear at present. Therefore, we just 
excluded the selected peaks at ∼3, ∼27, and ∼33 mHz from our statistics regardless of whether the selected peak 
is a real peak of ULF waves or not. This process may cause exclusion of fundamental toroidal mode waves in Pc 
5 range at higher L-shell.

In addition, we focused on the magnetic field measurements at R greater than 3.5 𝐴𝐴 𝐴𝐴E and MLT from 06 to 18 hr 
because event studies and a statistical study have revealed that MTWs are mainly observed on the dayside (An-
derson et al., 1990; Engebretson et al., 1986; Takahashi, Hughes et al., 1984). In the night sector, magnetic field 
disturbances related to substorms or geomagnetic storms tend to contaminate the statistical result of ULF wave 
detection (e.g., Takahashi et al., 1996). That is the other reason we excluded the nightside events of MTWs from 
our statistical study. However, we should note that there is a report of an unusual event of MTWs observed around 
midnight (Takahashi et al., 2020).

Finally, we defined multi-harmonic wave events as the time steps when the number of the selected peaks is 
greater than two. We also categorized the time steps when a single frequency is selected as monochromatic wave 
events. To separate the energy sources of MTWs, we investigated the wave occurrence frequency and wave power 
at each L-shell and MLT bin with a bin size of 1 RE and 1 hr under four conditions of 𝐴𝐴 𝐴𝐴SW and 𝐴𝐴 𝐴𝐴𝑥𝑥𝑥𝑥 .
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3.  Results
3.1.  Examples of Multi-Harmonic Toroidal Wave Events

Here, we show two examples of MTWs detected by our method described in the previous section. Figure 1a 
shows MTWs and selected peaks of the wave emissions during high-speed solar wind and small cone angle on 14 
January 2018. Because a co-rotating interaction region (CIR) reached around the Earth and the solar wind speed 
started to increase at 19 UT on 13 January 2018, the solar wind speed exceeds 550 km/s as shown in the first panel 
from the top. The dynamic pressure of the solar wind is moderate (∼2 nPa) and gradually decreases (the second 
panel). The cone angle of the IMF is almost less than 45° and often becomes less than 30° (the third panel). The 
Arase satellite was located outside the plasmasphere in this event (the fourth panel). Arase moved from 11 MLT 
to 15 MLT and observed harmonic toroidal waves up to the sixth harmonic as shown in the 𝐴𝐴 𝐴𝐴𝜙𝜙 spectrum (the fifth 
panel). Even mode waves are prominent around the magnetic equator (𝐴𝐴 |MLAT| < 10◦ ) between 11:00 UT and 
13:20 UT. The third harmonic waves are intensified away from the equator. In the fifth panel, artificial noise with 
a constant frequency can be seen at ∼3 mHz. Selected peaks of the 𝐴𝐴 𝐴𝐴𝜙𝜙 spectrum are depicted in the sixth panel.

Figure 1b shows the case of low-speed solar wind on 7 March 2018. The flow speed is constant at ∼375 km/s (the 
first panel), while the cone angle dramatically changes from less than 45° up to ∼90° during 12:00–14:30 UT (the 
second panel). As for this event, the Arase satellite was inside the plasmasphere in the pre-noon sector (the fourth 
panel). MTWs appear in the 𝐴𝐴 𝐴𝐴𝜙𝜙 spectrum before 12 UT and after 15 UT (the fifth panel). Discrete spectral peaks 
from the second harmonic to greater than the fifth harmonic are embedded in the broadband spectra. The period 

Figure 1.  Examples of multi-harmonic toroidal ultra-low frequency (ULF) waves. (a) The three panels at the top show the flow speed (𝐴𝐴 𝐴𝐴SW ), dynamic pressure (𝐴𝐴 𝐴𝐴SW ), 
and clock angle (𝐴𝐴 𝐴𝐴𝑥𝑥𝑥𝑥 ) of the solar wind from the OMNI data on 14 January 2018. The fourth panel shows the electron density at the Arase satellite. The fifth panel 
presents the dynamic power spectral density of 𝐴𝐴 𝐴𝐴𝜙𝜙 measured by MGF onboard the Arase satellite. The bottom panel shows the frequency of the spectral peaks selected 
by our procedure of ULF wave detection. “𝐴𝐴 𝐴𝐴𝑇𝑇 1 ,” “𝐴𝐴 𝐴𝐴𝑇𝑇 2 ,” …, “𝐴𝐴 𝐴𝐴𝑇𝑇 5 ” represent the frequencies of the fundamental to the fifth harmonic mode. (b) Same format as Figure 1a 
except that the date is 07 March 2018.
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in which MTWs disappear seems to correspond to that of a large cone angle (𝐴𝐴 𝐴𝐴𝑥𝑥𝑥𝑥 > 60◦ ). This feature of MTWs 
is the same as that reported by Takahashi, Hughes et al. (1984).

Based on these examples, several solar wind parameters probably influence the occurrence of MTWs, and the 
plasma density (electron density) changes the broadness of the frequency spectra of the waves. In the next sub-
sections, we examined the statistical properties of MTWs to understand their dependence on the solar wind and 
local plasma density.

3.2.  L-MLT Distributions of the Occurrence Rate and Wave Power

Figure 2 presents the dwelling time of the Arase satellite and observation time of the monochromatic events and 
MTWs on the L-shell and MLT plane for the data period from 23 March 2017 to 30 September 2020. The dayside 
is shown to the right of the L-MLT plane. The Arase satellite covers a wide L-shell range up to ∼10, and the 
most frequent L-shell value is 6–7 (Figure 2a). Figures 2b and 2c show the total observation time of monochro-
matic waves and MTWs for all frequency range. In Figure 2 and the following figures, we do not distinguish the 
frequency band (Pc 3–5) of the detected waves because the frequencies of MTWs often extend over more than 
two frequency bands as seen in Figure 1. The observation time of the MTWs is several times shorter than that of 
the monochromatic waves. Since the observation time of MTWs at higher L-shell bins is too short to interpret 
statistical results of the waves at these bins, we mask the bins where the observation time of the monochromatic 
waves or MTWs is less than 20 min in the following results.

Figure 3 shows the L-MLT distributions of the occurrence rate of the monochromatic toroidal waves (four panels 
on the left side) and the multi-harmonic toroidal waves (four panels on the right side) under four conditions of 
the flow speed and the cone angle of the solar wind. As for the monochromatic waves, the occurrence rate is 
enhanced on the flank sides at L = 7–10 as shown in Figures 3b and 3d, implying that the energy source of these 
waves is the Kelvin Helmholtz (KH) instability. From Figures 3a and 3c, the occurrence rate of the monochromat-
ic waves is globally enhanced when the solar wind velocity is high (𝐴𝐴 𝐴𝐴SW > 450  km/s) and the cone angle is small 
(𝐴𝐴 𝐴𝐴𝑥𝑥𝑥𝑥 < 45◦ ). In the case of the high-speed solar wind, the occurrence rate of the monochromatic waves around 
noon increases as the cone angle becomes small (Figures 3a and 3c). Comparing with the monochromatic waves, 
the occurrence rate of MTWs shows a clear dependence of the MLT distributions on the solar wind conditions. 
For the low-speed solar wind (𝐴𝐴 𝐴𝐴SW < 450  km/s) and small cone angle, the occurrence rate of MTWs is low and 
does not show large variations in MLT (Figure 3f). When the cone angle becomes small, the occurrence rate 
around noon increases at all L-shell ranges (Figure 3h). This tendency is also seen in the case of the high-speed 
solar wind (Figures 3e and 3g). Therefore, the cone angle controls the occurrence of MTWs around noon. Mon-
ochromatic waves do not show such a clear dependence on the cone angle in the case of low-speed solar wind. 
When the solar wind speed is high and the cone angle is large (𝐴𝐴 𝐴𝐴𝑥𝑥𝑥𝑥 > 45◦ ), the occurrence rate is enhanced on the 
flank sides (Figure 3e), which seems to be a characteristic of the waves driven by the KH instability.

Figure 2.  (a) L-MLT distributions of the dwelling time of the Arase satellite between 23 March 2017 and 31 September 2020. (b) L-MLT distributions of the 
observation time of monochromatic toroidal waves. (c) Same as Figure 2b except for multi-harmonic toroidal waves. Gray indicates the region where there is no event 
or the outside of the coverage our statistics (𝐴𝐴 𝐴𝐴 𝐴 3.5 𝑅𝑅E ).
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Figure 4 shows the L-MLT distributions of the power spectral density at the detected peak in the 𝐴𝐴 𝐴𝐴𝜙𝜙 spectra. In 
the panels of the multi-harmonic waves, the wave power averaged over all multiple peaks is presented. For both 
the monochromatic waves and multi-harmonic waves, the wave power on the flank sides is larger than that in the 
noon sector at L > 6 (Figures 4a–4e, and 4g). The wave power increases as the flow speed of the solar wind in-
creases for all cases. This result suggests that the monochromatic waves and MTWs on the flank sides are driven 
by the KH instability. The wave power of the monochromatic waves shows a dawn-dusk asymmetry, which is a 
characteristic of toroidal Pc 5 waves observed in space and on the ground (e.g., Cao et al., 1994; Gupta, 1975; 
Nosé et al., 1995; Olsen & Rostoker, 1978). While the occurrence rate of MTWs in the noon sector increases 
when the cone angle is small, the wave power of MTWs does not change (Figures 4e and 4g, or Figures 4f 
and 4h). Thus, the cone angle seems to control only the occurrence of MTWs. We further analyzed the clock 
angle dependence of MTWs, but we did not find a significant change in the MTW activities.

The L-MLT distributions of maximum and total wave power of the detected peaks were also examined for MTW 
events. The distributions were not changed significantly, suggesting the definition of wave power is not influen-
tial in this study. It is should be noted that Arase's observations of the magnetic latitude at higher L-shell bins 
(L > ∼7) are limited in off-equator (|MLAT > 10°|) regions. At the higher L-shells, MTWs with large amplitudes 
probably include fundamental mode waves excited by the Kelvin-Helmholtz instability (e.g., Takahashi, Harting-
er et al., 2015), whose magnetic field amplitudes become small at the magnetic equator. Therefore, the averaged 
wave power shown in Figure 4 of the manuscript may be larger than the averaged wave power that is obtained 
from data including the equatorial observations at L > ∼7.

3.3.  Dependence on the Solar Wind Dynamic Pressure and Local Electron Density

We further investigated the influence of the solar wind dynamic pressure. Figure 5 presents the occurrence rate of 
MTWs as a function of the power spectral density of the proton dynamic pressure measured by the WIND satel-
lite (𝐴𝐴 𝐴𝐴WIND ). The power spectral density of 𝐴𝐴 𝐴𝐴WIND (PSD𝑃𝑃WIND ) was averaged over the ULF wave frequency range 
(1.67–100 mHz). The averaged power was separated into logarithmic bins with a bin size of 0.5. The occurrence 
rate was calculated for multi-harmonic events in all L-shell and MLT ranges. To exclude the effect of the solar 

Figure 3.  (a)–(d) L-MLT distributions of the occurrence rate of monochromatic toroidal waves for four types of solar wind conditions: (a) 𝐴𝐴 𝐴𝐴sw > 450  km/s and 
𝐴𝐴 𝐴𝐴𝑥𝑥𝑥𝑥 > 45◦ , (b) 𝐴𝐴 𝐴𝐴sw < 450  km/s and 𝐴𝐴 𝐴𝐴𝑥𝑥𝑥𝑥 > 45◦ , (c) 𝐴𝐴 𝐴𝐴sw > 450  km/s and 𝐴𝐴 𝐴𝐴𝑥𝑥𝑥𝑥 < 45◦ , and (d) 𝐴𝐴 𝐴𝐴sw < 450  km/s and 𝐴𝐴 𝐴𝐴𝑥𝑥𝑥𝑥 < 45◦ . (e)–(h) Same format as Figures 3a–3d except 

for multi-harmonic waves. Gray indicates the region where the observation time is less than 20 min or outside of the coverage of our statistics (𝐴𝐴 𝐴𝐴 𝐴 3.5 𝑅𝑅E ). The small 
semicircles present observation time.
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wind speed, only the interval of 𝐴𝐴 𝐴𝐴SW  < 450 km/s was analyzed. Averaged 
solar wind speed for each 𝐴𝐴 𝐴𝐴WIND fluctuation level is shown in Figure 5b. The 
solar wind speed is between 350 and 400 km/s, and hence we consider that 
the solar wind speed is low and constant enough to exclude the effect of 
the high-speed solar wind from the analysis. The occurrence rate increases 
from 2% to 10% as 𝐴𝐴 PSD𝑃𝑃WIND becomes large (Figure  5a). The observation 
time of MTWs is less than 1 hr at the bin of the largest 𝐴𝐴 𝐴𝐴WIND fluctuation 
(𝐴𝐴 0.5 < log 10 PSD𝑃𝑃WIND [nPa2∕Hz] < 1.0 ), and hence the decrease of the oc-
currence rate at this bin may be unreliable. We also checked the influence of 
the solar wind dynamic pressure on L-MLT distributions of the occurrence 
rate to MTWs, but there was no L-shell and MLT dependence of the occur-
rence rate.

The relation between MTWs and the electron density at the Arase satellite was 
also examined. Figure 6a shows the occurrence rate of MTWs as a function 
of the electron density. MTWs are frequently observed for 𝐴𝐴 𝐴𝐴e,Arase ≲ 1 cm−3 
and 𝐴𝐴 𝐴𝐴e,Arase ≳ 100 cm−3 . Wave power of 𝐴𝐴 𝐴𝐴𝜙𝜙 and 𝐴𝐴 𝐴𝐴𝜇𝜇 averaged over selected 
peaks is shown in Figure 6b. The electron density dependence of the wave 
power of 𝐴𝐴 𝐴𝐴𝜙𝜙 is different from that of the occurrence rate of MTWs. The wave 
power of 𝐴𝐴 𝐴𝐴𝜙𝜙 rapidly decreases as the electron density increases even though 
the occurrence rate increases again in the high-density region. There is a pos-
itive correl ation between 𝐴𝐴 𝐴𝐴𝜙𝜙 and 𝐴𝐴 𝐴𝐴𝜇𝜇 power at 𝐴𝐴 𝐴𝐴e,Arase < 10 cm−3 . The posi-
tive correlation in the low-density region may be attributed to the leakage of 
the large toroidal power or the uncertainty of the background magnetic field 
direction. In the low-density (𝐴𝐴 𝐴𝐴e,Arase < 10 cm−3 ) periods of MTW observa-
tions, the solar wind speed is greater than ∼450 km/s (Figure 6c). Therefore, 
the high occurrence rate and large wave power when the electron density is 
low are associated with the KH instability; that is, in the low-density period, 
the Arase satellite may be located at higher L-shell (low density regions) 

Figure 4.  (a)–(d) L-MLT distributions of the power spectral density of 𝐴𝐴 𝐴𝐴𝜙𝜙 at the peak frequency of monochromatic toroidal waves for four types of solar wind 
conditions: (a) 𝐴𝐴 𝐴𝐴sw > 450  km/s and 𝐴𝐴 𝐴𝐴𝑥𝑥𝑥𝑥 > 45◦ , (b) 𝐴𝐴 𝐴𝐴sw < 450  km/s and 𝐴𝐴 𝐴𝐴𝑥𝑥𝑥𝑥 > 45◦ , (c) 𝐴𝐴 𝐴𝐴sw > 450  km/s and 𝐴𝐴 𝐴𝐴𝑥𝑥𝑥𝑥 < 45◦ , and (d) 𝐴𝐴 𝐴𝐴sw < 450  km/s and 𝐴𝐴 𝐴𝐴𝑥𝑥𝑥𝑥 < 45◦ . (e)–(h) The 
same format as Figures 4a–4d except for the power spectral density of multi-harmonic waves averaged over selected peaks.

Figure 5.  (a) Observation time and occurrence rate of the multi-harmonic 
toroidal waves as a function of the power spectral density of the solar wind 
dynamic pressure averaged over 1.67–100 mHz. The blue bar represents the 
dwelling time of the Arase satellite. The red bar represents the observation 
time of the multi-harmonic waves. The solid line is the occurrence rate of the 
multi-harmonic toroidal waves. (b) Averaged solar wind speed for each PSD 
bin of the solar wind dynamic pressure. Only the data of 𝐴𝐴 𝐴𝐴sw < 450 km∕s 
were used.
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and observes ULF waves driven by the KH instability around the flankside 
magnetopause. It is also possible that the plasmasphere shrinks and the elec-
tron density decreases when ULF waves driven by the KH instability are 
observed under the condition of high-speed solar wind (e.g., He et al., 2017; 
Larsen et al., 2007). At 𝐴𝐴 𝐴𝐴e,Arase > 10 cm−3 , the wave power of 𝐴𝐴 𝐴𝐴𝜇𝜇 gradual-
ly increased from ∼1 nT2∕Hz and has a broad peak of ∼4 nT2∕Hz around 

𝐴𝐴 100 cm−3 , while the 𝐴𝐴 𝐴𝐴𝜙𝜙 power may have a local maximum at ∼20 cm−3 
(𝐴𝐴 log10 𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 ∼ 1.3 ). Section  4.2 provides detailed discussion of the en-
hancement of the occurrence rate in the high density period.

3.4.  Property of Wave Frequency

In this subsection, we examined the frequency property of MTWs. Since 
MTWs have a wide frequency range and often appear in multiple frequency 
bands, we analyzed the minimum, median, and maximum frequencies of the 
frequency band of MTWs. Figure 7 shows the observation time of the mini-
mum frequency (𝐴𝐴 𝐴𝐴min ) of detected peaks. In Figure 7, 𝐴𝐴 𝐴𝐴min is normalized with 
the model frequency of fundamental toroidal mode, which was calculated 
in the manner described in Section 2.3. The ticks in the horizontal axis of 
Figure 7 depict the most frequent values of the ratio between the model fre-
quencies of the fundamental mode and the second to sixth harmonic modes 
to determine the harmonic structure of the wave observed at 𝐴𝐴 𝐴𝐴min . The most 
frequent ratios for each harmonic mode are as follows: fT2

model/fT1
model = 2.5, 

fT3
model/fT1

model = 4.1, fT4
model/fT1

model = 5.5, fT5
model/fT1

model = 7.1, and fT6
model/

fT1
model = 8.7. These values are almost identical to the result of Takahashi 

and Denton (2021) for α = 0.5 within the differences of ±∼0.1 . In Figure 7a, 
all data periods were used for the histogram of fmin. The first three peaks of 
the observation time at fmin/fT1

model = 1.1, 2.7, and 4.3 correspond to the fun-
damental to the third harmonic waves. The peak of observation time of the 

fourth harmonic wave may be seen slightly beyond fmin/fT1
model = 5.5. We separated the frequency ratio into three 

groups of the magnetic latitude (MLAT). The fundamental mode waves are most frequently observed at 𝐴𝐴 𝐴𝐴min in 
the off-equator region (𝐴𝐴 |MLAT| > 20◦ ) (Figure 7b). In the intermediate region (𝐴𝐴 10◦ < |MLAT| < 20◦ ), the third 
harmonic waves seem to be dominant (Figure 7c). In the equator region (𝐴𝐴 |MLAT| < 10◦ ), the second harmonic 
mode is prominent (Figure 7d). This latitudinal dependence is consistent with the node structure of standing 
Alfvén waves (e.g., Takahashi & Denton, 2021).

We also compared the median value of the multi-harmonic frequencies (𝐴𝐴 𝐴𝐴med ) with the theoretical frequency of 
the upstream waves (𝐴𝐴 𝐴𝐴UW ) in the time interval of 𝐴𝐴 𝐴𝐴𝑥𝑥𝑥𝑥 < 45◦ . The upstream wave frequency was calculated from 
the equation derived by Takahashi, Teresawa et al. (1984):

�UW[mHz] = 7.6 × �IMF[nT] cos2 ���� (1)

Figures 8a and 8b represent the observation time of MTWs as a function of 𝐴𝐴 𝐴𝐴med and 𝐴𝐴 𝐴𝐴UW in the noon sector 
(09 < MLT < 15 hr) and flank sector (06 < MLT < 09 hr and 15 < MLT < 18 hr), respectively. In the noon sector, 

𝐴𝐴 𝐴𝐴med is roughly identical to 𝐴𝐴 𝐴𝐴UW in the frequency range from ∼10 to ∼45 mHz. On the flank sides, however, the 
linearity between 𝐴𝐴 𝐴𝐴med and 𝐴𝐴 𝐴𝐴UW is not as clear as the noon sector at higher frequencies. The correlation coefficients 
(C.C.) between 𝐴𝐴 𝐴𝐴med and 𝐴𝐴 𝐴𝐴UW are 0.49 and 0.22 in the noon sector and flank sides, respectively. Compared with 
the noon sector, the distributions of 𝐴𝐴 𝐴𝐴med on the flank sides are not symmetrical to the white dashed line in Fig-
ure 8b, which presents the line of 𝐴𝐴 𝐴𝐴med = 𝑓𝑓UW . The median frequency of 𝐴𝐴 𝐴𝐴med < 𝑓𝑓UW seems to be observed more 
frequently than 𝐴𝐴 𝐴𝐴med > 𝑓𝑓UW in this region.

Finally, we present the variations of the maximum frequency of MTWs (𝐴𝐴 𝐴𝐴max ). To represent the broadness of 
the power spectrum of 𝐴𝐴 𝐴𝐴WIND , 𝐴𝐴 PSD𝑃𝑃WIND at the ULF wave frequency range (1.67 mHz–0.1 Hz) was approximated 
into a straight line in log-log space by the least squares method. The frequency at which the approximated line 
decreases to 0.01 nPa2/Hz was defined as 𝐴𝐴 𝐴𝐴fit . Figure 9 shows a couple of examples of this procedure. In this 
analysis, we analyzed the data when the electron density observed by Arase was less than 50 cm−3 to reduce 

Figure 6.  (a) Occurrence rate of the multi-harmonic toroidal waves as a 
function of the electron density at the position of the Arase satellite. (b) 
Power spectral density of the azimuthal (red line) and compressional (blue 
line) magnetic fields averaged over the spectral peaks of the multi-harmonic 
toroidal waves. The gray line indicates the ratio of the compressional power to 
the toroidal power. (c) Averaged solar wind velocity. The error bar represents 
the standard error.
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Figure 7.  Observation time of the multi-harmonic toroidal waves as functions of the minimum frequency of the observed 
waves normalized with the model frequency of the fundamental toroidal standing Alfvén waves (𝐴𝐴 𝐴𝐴T1,model ) for (a) all data, 
(b) |MLAT| > 20°, (c) 10° < |MLAT| < 20°, and (d) |MLAT| < 10°. MLAT means the magnetic latitude of the spacecraft. 
The labels T1model, T2model, …, T6model indicate the most frequent values of the ratio of the harmonic eigenfrequencies to the 
fundamental frequency.

Figure 8.  Observation time of the multi-harmonic toroidal waves as functions of the predicted upstream wave frequency and 
median frequency of the observed wave (a) in the noon sector (09 < MLT < 15 hr) and (b) flank sides (06 < MLT < 09 hr, 
15 < MLT < 18 hr). Only the data of 𝐴𝐴 𝐴𝐴𝑥𝑥𝑥𝑥 < 45◦ were used.
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the variation of 𝐴𝐴 𝐴𝐴max due to the electron density. Figure 10a shows the observation time of MTWs and averaged 
𝐴𝐴 𝐴𝐴max for each 𝐴𝐴 𝐴𝐴fit bin. The averaged 𝐴𝐴 𝐴𝐴max increases from ∼25 to ∼42 mHz as 𝐴𝐴 𝐴𝐴fit increases from 0 to 10 mHz to 

70–80 mHz. The maximum frequency of MTWs is positively correlated with the broadness of the 𝐴𝐴 𝐴𝐴WIND spec-
trum, but the variation of 𝐴𝐴 𝐴𝐴max (∼20 mHz) is much smaller than that of 𝐴𝐴 𝐴𝐴fit (∼80 mHz). If the broadness of the 
PWIND spectrum controls the broadness of MTWs, the variation of 𝐴𝐴 𝐴𝐴fit and 𝐴𝐴 𝐴𝐴max should be identical. Therefore, we 
consider that the broadness of the 𝐴𝐴 𝐴𝐴WIND spectrum does not necessarily correspond to 𝐴𝐴 𝐴𝐴max or the broadness of the 
spectra of MTWs.

Figure 9.  Examples of the procedure to defined 𝐴𝐴 𝐴𝐴fit . The blue dots represent power spectral density of the dynamic pressure observed at the WIND satellite. The red 
line represents the approximated line in the ultra-low frequency wave range (the frequency range shaded with blue).

Figure 10.  Observation time (blue bar) and the maximum frequency (solid line) of the multi-harmonic waves as functions 
of (a) the frequency at which the fitting line of the power spectrum of solar wind dynamic pressure fluctuations crosses 
0.01 nPa2/Hz and (b) L-shell values. The error bar represents the standard deviations. Only the data of Ne,Arase < 50 cm−3 were 
used.
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The variation of 𝐴𝐴 𝐴𝐴max is more prominent if we sorted it with L-shell values of the Arase satellite. Figure 10b shows 
the observation time and the averaged 𝐴𝐴 𝐴𝐴max for each L-shell bin. The averaged 𝐴𝐴 𝐴𝐴max decreases with the increase 
of the L-shell value. This tendency is similar to the eigenfrequency of standing Alfvén waves. The variation of 
the averaged 𝐴𝐴 𝐴𝐴max is ∼40 mHz, which is about twice the variation for the fluctuation of the solar wind dynamic 
pressure. The interpretation of the variation of fmax is discussed in Section 4.3.

4.  Discussion
ULF waves have several kinds of energy sources. Toroidal mode waves in the dayside magnetosphere are con-
sidered to be excited by external energy sources such as the KH instability at the magnetopause (Mathie & 
Mann, 2001; Singer et al., 1977) and periodic/impulsive variations of the solar wind dynamic pressure (Kepko 
et al., 2002; Takahashi & Ukhorskiy, 2007; Zhang et al., 2010). The upstream waves penetrating inside the mag-
netosphere also cause azimuthal magnetic field oscillations as well as compressional oscillations (e.g., Odera 
et  al.,  1991; Takahashi et  al.,  2016). In the previous studies, only the cone angle dependence of MTWs was 
investigated and the upstream waves were considered to be the energy source of MTWs. Our statistical results 
of L-MLT distributions suggest that there are a couple of energy sources of MTWs. All of the KH instability, 
upstream waves, and fluctuations of solar wind dynamic pressure are probably the energy sources of MTWs. The 
dominant energy source is different between the noon sector and the flank sides. On the flank sides at L > ∼6, the 
occurrence rate and wave power of MTWs exhibit the characteristics of toroidal waves driven by the KH instabil-
ity (Figures 3 and 4). Since, the occurrence rate of MTWs did not show MLT dependence when the fluctuations 
of the solar wind dynamic pressure are high, we consider that the dynamic pressure fluctuations can excite MTWs 
globally on the dayside. We discuss the excitation mechanisms of MTWs in the following subsections.

4.1.  KH Instability

As demonstrated in the MLT dependence of the occurrence rate and the wave power, the dominant excitation 
mechanism of the multi-harmonic waves is the KH instability on the flank sides (Figures 3 and 4). The cor-
relation between the median wave frequency of MTWs and the predicted upstream waves frequency is weak 
(C.C. = 0.22, Figure 8b) on the flank sides, suggesting that the relation to the upstream waves in that region is 
weaker than that in the noon sector (C.C. = 0.49, Figure 8a). Because the median frequency of MTWs is relative-
ly low (𝐴𝐴 𝐴𝐴med < 𝑓𝑓UW ) in the flank side observations, fundamental mode oscillations, which frequently appear in 
the observations of toroidal waves driven by the KH instability (e.g., Takahashi et al., 2014, Takahashi, Hartinger 
et al., 2015), may lower the median frequency of MTWs. MTWs which seem to be driven by the KH instability 
are dominantly seen outside the plasmasphere (Figures 6b and 6c). This is because the plasmasphere shrinks 
when the solar wind speed is high and the magnetosphere is disturbed.

Although the KH instability is probably the dominant energy source of MTWs on the flank sides, we should 
note the possibility that the upstream waves are observed simultaneously with the waves driven by the KH insta-
bility and consist of multiple spectral peaks because the median frequency of MTWs is almost identical around 
20 mHz. The KH instability may be stimulated by the upstream disturbances of the ion foreshock which penetrate 
around the magnetopause (Nosé et  al.,  1995). Assuming that only the KH instability is the energy source of 
MTWs, an explanation of wave excitation at multiple frequencies is required because the KH surface wave may 
be originally a monochromatic source. There are two possible mechanisms: one is the magnetopause fluctuation 
that causes the broadening of the wave spectra (Lee & Lysak, 1991). The other possibility is that the KH surface 
wave originally oscillates at multiple frequencies as numerically simulated by Claudepierre et al. (2008), but it is 
the case of the high-speed solar wind (𝐴𝐴 𝐴𝐴SW = 800 km∕s ) in their simulation. We consider boundary oscillation 
as the more plausible mechanism.

4.2.  Upstream Waves

In the noon sector (09 < MLT < 15 hr), the cone angle dependence of the occurrence rate of MTWs (Figure 3) 
and the correspondence between 𝐴𝐴 𝐴𝐴med and 𝐴𝐴 𝐴𝐴UW in the wide frequency range (Figure 8a) is evidence of the relation 
between MTWs and the upstream waves. These results support the scenario that broadband fast mode waves 
generated in the ion foreshock region propagate into the magnetosphere through the subsolar magnetopause, 
and then the propagating waves are coupled with toroidal standing Alfvén mode at multiple eigenfrequencies 
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within the broadband spectrum through field line resonance (Takahashi, Hughes et al., 1984; Takahashi, Denton 
et al., 2015). If it is the case, MTWs may be frequently observed in a high local plasma (mass) density region 
because the interval of eigenmode frequencies of standing Alfvén waves become small and multiple eigenmodes 
within the finite frequency band of the upstream waves would be excited. This is possibly one of the reasons 
for the high occurrence rate of MTWs at 𝐴𝐴 𝐴𝐴e,Arase ≳ 100 cm−3 (Figure 6). Another possible reason for the high 
occurrence rate in the high-density region is that the fast mode waves are trapped in the dayside plasmasphere as 
suggested by Takahashi et al. (2010), and the mode coupling between the trapped fast mode and toroidal mode 
through field line resonance can occur as reported by Keiling et al. (2001). In our study, the power spectral den-
sity of the compressional magnetic field component shows the broad local maximum around 𝐴𝐴 𝐴𝐴e,Arase ∼ 100 cm−3 
(Figure 6b). The ratio of the wave power between the compressional and toroidal magnetic fields increases in 
the high-density region, suggesting that the compressional mode is related to the excitation of the toroidal mode. 
Takahashi et al. (2016) presented the radial profile of the compressional magnetic field amplitude of upstream 
waves observed by multi satellites during geomagnetically quiet periods. The wave amplitudes were amplified 
just inside the outer edge of the plasmasphere at L = 8 and 𝐴𝐴 𝐴𝐴e,Arase ∼ 1 cm−3 , and such enhancement of wave 
power was continuously observed down to L = 5 (𝐴𝐴 𝐴𝐴e,Arase ∼ 300 cm−3 ). Because of the differences in satellite 
locations and highly variable amplitudes, they could not conclude that the amplification is attributed to the plas-
maspheric cavity mode. From the statistical result of the wave amplitude of the toroidal and compressional mode 
waves, we also suggest that there may be an amplification mechanism of the upstream wave oscillations inside 
the plasmasphere or at the plasmapause.

The upstream wave may be a monochromatic source which is determined by the magnitude of the IMF (Equa-
tion 1); however, if the source waves penetrate the magnetosphere from multiple points and at multiple timing, the 
broadening of the wave spectra will occur as suggested by Takahashi, Teresawa et al. (1984). Besides the effect 
of multipoint wave sources, perturbations in the direction of the wave number vector and reflected ion beam at 
the bow shock may cause the broadening according to the theoretical prediction of upstream wave frequency 
(Takahashi, Teresawa et al., 1984).

4.3.  Solar Wind Dynamic Pressure Fluctuations

This study has shown that the fluctuation of the solar wind dynamic pressure is one of the possible energy 
sources of MTWs. Claudepierre et al. (2010, 2016) performed global MHD simulations to investigate the field 
line resonance driven by the fluctuations of the solar wind dynamic pressure. They continuously imposed solar 
wind dynamic pressure fluctuations with broadband frequency spectra in a frequency range of 0–25 mHz at the 
upstream region of 𝐴𝐴 𝐴𝐴 = 20 𝑅𝑅E . In their results, the power spectral density of standing Alfvén waves was enhanced 
in the same frequency range of the input fluctuations. In our result, however, the broadness of the fluctuations of 
the solar wind dynamic pressure does not well correspond to the maximum frequency of MTWs (Figure 5a) like 
the simulations of Claudepierre et al. (2010, 2016). This tendency did not change when we changed the limitation 
of the data used for the analysis from 𝐴𝐴 𝐴𝐴e,Arase < 50 cm−3 to 𝐴𝐴 𝐴𝐴e,Arase > 50 cm−3 , or a specified L-shell of L = 6–7. 
The L-shell dependence of 𝐴𝐴 𝐴𝐴max (Figure 5b) may correspond to the excitation of toroidal standing Alfvén waves 
by an impulse simulated by Lee and Lysak (1999) rather than the continuous input of the broadband fluctuations 
in Claudepierre et al. (2010, 2016). This implies that the highest frequency of MTWs is determined by the har-
monics of the field line resonance rather than the frequency of source waves. The mechanism which determines 
the upper limit of the harmonics of standing Alfvén waves is unclear at present. In a numerical simulation of Lee 
and Lysak (1999), the latitudinal structure of the source wave determines the symmetric/asymmetric structure of 
field line oscillations. Therefore, the complexity of the latitudinal structure of the source wave is possibly respon-
sible for the upper limit of the wave harmonics. Recently, Seki et al. (2014) performed a drift-kinetic simulation 
and found that the higher harmonics of input monochromatic waves appear in the case of high plasma beta. 
Wave-particle interaction is also possibly important for the excitation of multi-harmonic waves, and it should be 
investigated in a future study.

It should be noted that the dynamic pressure fluctuations can be positively correlated with the magnitude of 
the dynamic pressure. When the dynamic pressure of the solar wind is large, the location of the magnetopause 
becomes close to the Earth, resulting in a large wave power of ULF waves in the magnetosphere (Takahashi & 
Ukhorskiy, 2007). To discuss the effect of the magnetopause location, we conducted the statistical analysis of the 
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occurrence rate of MTWs under 𝐴𝐴 𝐴𝐴WIND > 5 nPa . We obtained an occurrence rate almost the same with Figure 5, 
indicating only the fluctuations of the dynamic pressure are important for the excitation of MTWs.

4.4.  Power-Law Index α in the Calculation of Eigenmode Frequency

In this study, we assumed the power-law index of α = 0.5 for simplicity and comparison of the result with Taka-
hashi and Denton (2021), but it is considered that the value of α increases or that α cannot be fixed at a single 
value in a low-density region (e.g., Denton et al., 2002; Goldstein et al., 2001; Takahashi & Denton, 2004). The 
α dependence of the modeled eigenfrequency may affect the detection of a spectral peak because we selected a 
spectral peak that has the maximal value in the frequency range of ±30% of an interval of the model frequencies.

To confirm the dependence of the model frequency on α, we statistically compared the model frequencies for 
α = 0.5 (fα(0.5)

model) and α = 2.0 (fα(2.0)
model) from 23 March 2017 to 30 September 2020. We found that the ratio 

of fα(0.5)
model–fα(2.0)

model is strongly dependent on the magnetic latitude while the L-shell dependence is weak. The 
ratio ranges from ∼0.7 to 1.1 and the most frequent value is ∼0.9 for the fundamental mode. The ratio becomes 
significantly small (<0.8) at 𝐴𝐴 |MLAT| > ∼ 30◦ but the ratio of the data in which fα(0.5)

model < 0.8fα(2.0)
model is less 

than 10% of all data. Therefore, we consider that the difference of α is not influential in our statistical result.

If the realistic value of α is ∼2, the shift of the peaks of observation time by ≲ 10% to the right of the modeled 
eigenfrequencies (fT1

model–fT4
model) in Figure 7 can be interpreted as an effect of α. Although the investigation of 

realistic α is an important issue, strict estimation of α (e.g., Obana et al., 2021) is beyond the scope of this study.

5.  Conclusions
In this study, we have analyzed 3.5-year data of the Arase satellite and solar wind data provided by OMNIWeb 
and the WIND satellite to reveal the statistical relation between the multi-harmonic toroidal ULF waves and the 
solar wind parameters. Solar wind dependence of the occurrence rate, the wave power, and the wave frequency 
of the multi-harmonic toroidal waves have been examined. We have investigated the influence of local plasma 
density at the spacecraft position on wave excitation. The results of our analysis are summarized as follows:

1.	 �The occurrence and wave power of the multi-harmonic toroidal waves exhibit MLT dependence on the solar 
wind velocity and the cone angle of the IMF. The occurrence rate and the wave power on the flank sides in-
crease with the solar wind speed. In the noon sector (09–15 MLT), the occurrence rate and the median value 
of the harmonic wave frequencies exhibit positive correlations with the cone angle

2.	 �The occurrence rate of the multi-harmonic toroidal waves increases with the power spectral density of the 
solar wind dynamic pressure fluctuations for a low-speed solar wind condition (𝐴𝐴 𝐴𝐴sw < 450 km∕s ). The broad-
ness of the power spectral density of the solar wind dynamic pressure fluctuations is not strongly associated 
with the maximum frequency of the multi-harmonic toroidal waves

3.	 �The occurrence frequency of the multi-harmonic toroidal waves increases when the spacecraft is located in the 
extremely low-density region (𝐴𝐴 𝐴𝐴e,Arase ≲ 1 cm−3 ) or inside the plasmasphere (𝐴𝐴 𝐴𝐴e,Arase ≳ 100 cm−3 )

4.	 �The maximum frequency of the multi-harmonic waves is proportional to the interval of the eigenfrequencies 
of toroidal standing Alfvén waves

From these results, we suggest that the KH instability and the solar wind dynamic pressure fluctuations are 
also the energy sources of the multi-harmonic toroidal waves as well as the cone angle. We consider that the 
KH instability is related to the multi-harmonic waves with large amplitudes on the flank sides and that the cone 
angle and dynamic pressure fluctuations are related to the waves around noon. However, we note that multiple 
energy sources are possible for an observation of the multi-harmonic toroidal waves. Local electron density may 
play an important role in the occurrence of the multi-harmonic toroidal waves. We propose two scenarios of the 
occurrence of the multi-harmonic toroidal waves related to the high electron density region: the effect of narrow 
spacing of eigenmode frequencies of standing Alfvén waves and the mode coupling in the plasmasphere.

Our statistical study has resolved the complicated solar wind condition into several simple situations to study the 
solar wind dependence of the occurrence rate, the wave power, and the frequency of the multi-harmonic toroidal 
waves for the first time. This study proposes that various kinds of energy sources of ULF waves can excite the 
multi-harmonic toroidal waves. As indicated by the previous numerical study (Sarris et al., 2017), these waves 
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may affect the dynamics of radiation belt electrons in a wide energy range. Further analysis of the relation be-
tween the multi-harmonic/broadband ULF waves and the energy spectra of the relativistic electrons is needed in 
the future.

Data Availability Statement
Science data of the ERG (Arase) satellite were obtained from the ERG Science Center operated by ISAS/JAXA 
and ISEE/Nagoya University (https://ergsc.isee.nagoya-u.ac.jp/index.shtml.en, Miyoshi, Hori et al., 2018). The 
Arase satellite data sets used in this study are available in these in-text data citation references: Matsuoka, Ter-
amoto, Imajo, et al., (2018), Kasahara et al. (2021), and Miyoshi, Shinora & Jun, (2018). In the present study, 
MGF Lv.2 64-Hz data v03_04 and electron density Lv.3 v01_01 data of PWE/HFA were used. The high-reso-
lution solar wind data are obtained from OMNIWeb (https://omniweb.gsfc.nasa.gov/). The plasma data of the 
WIND satellite are available at CDAWeb (https://cdaweb.gsfc.nasa.gov/pub/data/wind/3dp/).
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