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Application of hypergraph Hoffman’s bound

to intersecting families

Norihide Tokushige

ABSTRACT Using the Filmus—Golubev—Lifshitz method [7] to bound the independence number
of a hypergraph, we solve some problems concerning multiply intersecting families with biased
measures. Among other results we obtain a stability result of a measure version of the Erdds—
Ko—-Rado theorem for multiply intersecting families.

1. INTRODUCTION

It is an important problem to estimate the size of a maximum independent set in a
graph, and Hoffman’s bound(® is one the most useful algebraic tools for the problem.
Recently, Filmus, Golubev, and Lifshitz [7] extended the bound to hypergraphs. In
this paper we apply these bounds to some problems concerning multiply intersecting
families with biased measures.

We start with the easiest and the most basic result about intersecting families with
a biased measure. Let V be a finite set and let A C 2" be a family of subsets of V.
For a fixed real number p with 0 < p < 1 we define the p-biased measure of the family
A by

pp(A) = > pl1 —p)lVIIAlL
AcA

By definition it follows that p,(2") = 1. We say that A is intersecting if AN A’ # @
for all A, A’ € A. A typical intersecting family is

S={Ac2V:vec A}

for some fixed v € V. This family is called a star centered at v. The star can be
rewritten as {{v} U B : B € 2} where W =V ~ {v}, and it follows that

up(S) = -t —p) VT = p N plBl(1 — p)WIIBT = p,
AeS Be2W

Indeed, it is not difficult to show that if p < % and A C 2V is intersecting, then
pp(A) < p, see e.g. [2, 8], or [10, Chapter 12]. We will extend this result in several
ways.
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NORIHIDE TOKUSHIGE

To state our problems and results we need some more notation and definitions. Let
n,r be positive integers and let [n] := {1,2,...,n}. We say that a family of subsets
A c 2" is r-wise intersecting if Ay N AN ---N A, # @ forall A1, As,..., A, € A
Let 1 > p; = p2 = -+ 2 pp, > 0 be real numbers, and let p = (p1,p2,...,pn). We
define the p-biased measure (or p,-measure) j,, : 2" — (0,1) by

np(A) = 1]wi JI -py)

i€A  jE[n|NA

for A € 2" and for a family A C 2" we define

fip(A) = Z pp(A).

AcA

The star centered at ¢ € [n] is an r-wise intersecting family with pp(A) = p;.

Fishburn et al. [8] studied the maximal pp-measure for 2-wise intersecting fami-
lies using combinatorial tools. Then Suda et al. [16] extended their result to cross-
intersecting families (see Theorem 4.10 in the last section) by solving a semidefinite
programming problem, and posed the following conjecture.

CONJECTURE 1.1 ([16]). Let 1 > p1 2 ps = -+ = pn > 0 and p = (p1,02,---,Pn)-
Let p3 < % If A c 2" is a 2-wise intersecting family, then pp(A) < p1. Moreover, if
p1 > ps (except for the case py = pa > p3 = %), orpy < %, then equality holds if and
only if A is a star centered at some i € [n] with p1 = p;.

This conjecture is true if the condition p3 < % is replaced with ps < %, which is
proved in [8] and [16]. In this paper we apply Hoffman’s bound to show the following
result which supports the conjecture.

THEOREM 1.2. Let 1 > py 2 pa = -+ 2 pp > 0 and p = (p1,p2,-..,pn). Let p3 < %
Suppose that p1 < % or 1 —py > ps. If A C 2" is a 2-wise intersecting family, then
tp(A) < p1. Moreover equality holds if and only if A is a star centered at some i € [n]
with p1 = p;.

Frankl and the author [9] studied r-wise intersecting families with a p,-measure
where p = (p,p,...,p), and proved that if p < T;1 then py(A) < p for every r-wise
intersecting family A C 2[™. The proof was combinatorial. Filmus et al. [7] gave a
new proof by extending Hoffman’s bound to r-uniform hypergraphs (r-graphs). In
this paper we further extend their method to obtain the following result.

THEOREM 1.3. Let 1 >py 2 pa = -+ 2 pp >0 andp = (p1,02,- -+, Pn)- If% > po and
A C 2" s a 3-wise intersecting family, then py(A) < p1. Moreover equality holds if
and only if A is a star centered at some i € [n] with p1 = p;.

Friedgut [11] studied the case r = 2 and p = (p,p,...,p), and found a stability
result. We combine his method with Filmus—Golubev—Lifshitz (FGL) bound to get a
stability result for the case r = 3.

THEOREM 1.4. Let 0 < p < % be fized, and let p = (p,p,...,p). Then there exists a
positive constant €, such that the following holds for all 0 < € < €,. If A C 2l is a
3-wise intersecting family with pp(A) = p — €, then there exists a star B C 20" such
that

(i) if p < 3 then AC B, and

(ii) if p > 3 then up(AAB) < (Cp + o(1))e, where C,, L6 the

~ @-1)E-p)’
o(1) term vanishes as € — 0.
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Finally we mention that there are different and more combinatorial approaches to
the related problems concerning weighted intersecting families, see, e.g. [3] and [4].

In Section 2 we prepare tools for the proofs, and then we prove Theorems 1.2-1.4 in
Section 3. In Section 4 we discuss an easy generalization and some related problems.

2. PRELIMINARIES

In this section we collect some tools used to prove our results. In the first two sub-
sections we reproduce the proof of Hoffman’s bound for a hypergraph established by
Filmus, Golubev, and Lifshitz, for in the next section we will use not only the bound
itself but also some equalities and inequalities appearing in their proof. Our formu-
lation and definitions follow those in [6], which are slightly different from [7] (but of
course essentially the same). In the last subsection we present some basic facts about
spectral information related to families with the p,-measure.

Remark for notation: In this paper we often identify a set and its indicator. Let V/
be a finite set and let {0,1}" denote the set of boolean functions from V to {0, 1}.
For I € 2V we write 1; € {0,1}V to denote the indicator of I, that is,

1) = 1 ifvel,
R NIRRT

where v € V. We identify I and 1;, and we write v € 17 to mean v € I. For simplicity
we just write 1 to mean 1y, so 1(v) =1 for allv € V. For z,y € V and a matrix T,
where the rows and columns are indexed by V, we write (T'),,, for the (z,y)-entry of
T. Throughout the paper let g :=1—p and ¢; =1 — p;.

2.1. HOFFMAN’S BOUND FOR A GRAPH. Let V be a finite set with |[V| > 2. We say
that ps : V x V — R is a symmetric signed measure if

o us(x,y) = pa(y,z) for all z,y € V, and

b ZzeV Eyev ,u2(w7y) =1
Note that pe(x,y) can be negative, which is essential for the proof of Theorem 1.2.
Let p1 : V — R be the marginal of us, that is,

(1) (@) = palw,y).

yev

Then Zwev ,ul(x) = erv ZyEV ,uQ(xvy) =1

DEFINITION 2.1. Let s : V X V. — R be a symmetric signed measure. We say that
G = (V, u2) a weighted graph if

(2) pi(x) >0 forallz e V.

In this paper we only deal with us whose marginal u; satisfies (2). Here V is the
vertex set, and each (z,y) € V x V is an ordered edge (or a directed edge) including
loops with possibly negative weight ps(x,y). So (z,y) should be considered a non-edge
if and only if uo(z,y) = 0. We say that I C V is an independent set if x,y € I implies
pa(x,y) = 0. Write 1 (I) for > ., p1(x), and define the independence ratio a(G) by

(@) = max{p1(I) : I is an independent set in G}.
EXAMPLE 2.2. Let G = (V, E) be a usual simple d-regular graph. Let us construct a

symmetric measure s so that u; becomes a uniform measure pq(z) = 1/|V|. To this
end we just set

0 if {x,y} € F,
Ha(®,y) = L if {x,y} € E.
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Then (V, u2) is a weighted graph, and in this case a(G) = |I|/|V|, where I C V is a
usual maximum independent set in G.

Let RV be the set of functions from V to R, and for f,g € R let

= fa)m()

zeV

Ewlfr9]=> > f(@)g(y)pa(z,y)-

zeV yeV

Since o is symmetric it follows E,, [f, 9] = E,, g, f].

FaCT 2.3. Let ¢ == 17 € {0,1}V be the indicator of an independent set I. Then we
have B, [¢] = p1(I) and E,,[p, ¢] = 0.

Proof. Indeed we have
= > pl@)m@) = m(z) = pm(I).
zeV zel

Since p2(x,y) = 0 for x,y € I we also have

Eple, 0] = ZZ (I,y)izz,ug(x,y):(). O

zeV yeV xzel yel

We define a measure version of the adjacency matrix, which is an extension of the
usual adjacency matrix, and we simply call it an adjacency matrix in this paper.

DEFINITION 2.4. Let G = (V, u2) be a weighted graph. We define the adjacency matriz
T =T(G). This is a |V| x |V| matriz, and for xz,y € V the (x,y)-entry of T is given
by
p2(z,y)
3 T ==
(3) (T)ey =278
We introduce an inner product (-, ), : RY x RV — R by
(4) (£,9),, =Bulfgl =) f ().
eV
Note that condition (2) is necessary to define the above inner product properly. Clearly

(f,9),,, = (9, f),,- We list some easy facts. (We include the proof in Appendix.)

FACT 2.5. Let G = (V, u2) be a weighted graph with adjacency matriz T. Let f,g € RV
and ¢ € {0,1}V.

0 {1:19),, = Bpll-0)
(i) (f,Tg),, =(Tf. 9),,. that is, T is self-adjoint.
(iii) 71 =1.
(iv) (1,1), =1.
V) (o, 1> =E. [¢].
) (1o = Epu[o)].

SETUP 2.6. Let G = (V,u2) be a weighted graph with adjacency matriz T. By
Fact 2.5(iii) the matriz T has eigenvector 1 with eigenvalue 1. Since T is self-adjoint,
T has |V| real eigenvalues lo = 1,11,1a,...,ljy|—1 with corresponding eigenvectors
vo = 1L,v1,v2...,vy|—1, that is, Tv; = l;v;. We may assume that these vectors
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consist of an orthonormal basis of RV with respect to the inner product (-, '>u1' Then,
for ¢ € {0,1}V, we can expand ¢ using the basis:

(5) =3l + Y B,

i>1

where §; = (¢, vi),,, - Let Amin(T') denote the minimum eigenvalue of T

Fact 2.7. Let ¢ € {0,1}V.
(1) Eule] = ¢o and Ey, [¢] = o5+ Zz;l 3.
(i) Ep, [, 0] = @5+ Zi>1 R

LEMMA 2.8. For ¢ € {0,1}" we have E.le, ¢l 2 E,, [4,0](1—(1—)\min(T))(1—IE#1 [<p]))
Proof. By Fact 2.7(ii)

Eplp 0l = 35+ Y @7l

> G0+ Amin(T) 3 77
= Ep, [¢] + Ain (T) (B, [¢] — By [¢]%) - (by Fact 2.7(1))
=E,, [‘P](l - (1 - Amin(T))(l —E, [‘P])) O

THEOREM 2.9 (Hoffman’s bound, see [13]). Let G = (V, u2) be a weighted graph with
adjacency matriz T. Let ¢ be the indicator of an independent set of G. Suppose that
Amin(T) < 1. Then we have
1
1-E Z 7
M1 [90] 1— )\min(T)

and

_)\min(T)
1= Amin(T)’
Proof. By Lemma 2.8 with E,, [, ¢] = 0 it follows

0=E,, [‘P] (1 —(1- )‘min(T))(l —Eu, [90])) =Eu, [QP] ()‘min(T) +(1— Amin(T))Em [SDD
Since E,, (¢) > 0 and Amin(T) < 1 we get the desired inequality. O

a(G) <

2.2. HOFFMAN’S BOUND FOR A 3-GRAPH. Let V be a finite set with |V] > 2, and let
ps : V3 = R be a symmetric signed measure, that is,

o us(x,y,2) = ps(p,q,r) whenever (p,q,r) is a permutation of (z,y, z), and
* ZxEV ZyEV ZzEV ,ug(il?, Y, Z) =1

Define the marginals po € R and w1 € RV as follows:

M2(x7y) = Z /.L3(.73,y,2’).

zeV
pa(r) = pal,y) =Y paz,y,2).
yev yeV zeV

DEFINITION 2.10. Let pu3 : V3 — R be a symmetric signed measure. We say that
H = (V,us) is a weighted 3-graph if ps(xz,y) > 0 for all z,y € V.

Note that p1(z) > 0 for all  follows from (1). We will consider two inner products,
one is with respect to p(x), and the other is with respect to ua(z,y)/p1(x) for fixed
. We need the conditions in the above definition to ensure that these inner products
are defined properly.
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We say that a subset I C V is an independent set in H if us(z,y,z) = 0 for all
x,y,z € I, and we define the independence ratio a(H) by

a(H) = max{uy(I) : I is an independent set in H}.

Suppose that H = (V, u3) is a weighted 3-graph. Then G = (V, us) is a weighted
2-graph because ps is a symmetric measure and u satisfies (2). The adjacency matrix
T = T(Q) is defined by (3). Now we define a link graph relative to x which will be
denoted by H,. To this end, for z,y,z € V, we define ps 5 € RY” and its marginal
M1,z € RV by

) us(w,y, 2)
MZ,I(yv ) Nl(x)
_ R 1C)
1,2 (y) ~—Z§uz,z(y, ) @)

Then H, = (V, u2,) is a weighted 2-graph because pg ., is a symmetric measure and
w1, satisfies (2). The adjacency matrix T, = T,(H) is also defined by (3), so the
(y, 2)-entry of T} is

(6) (Tz)y L= Mz,m(y,z) _ us(z,y, 2)

p1,2(y) p2(z,y)

By definition both T" and T, are self-adjoint, and they have |V| real eigenvalues.
We can relate E,, and E,, , as follows. Here we write 2 € ¢ to mean p(x) = 1.

LEMMA 2.11. For ¢ € {0,1}V we have E,, [, ¢] < E,, [¢] maxze, By, L [o].

Proof. Note that if € ¢ then ¢(z) = 0 and the term having ¢(z) does not contribute
in the sum below. Thus we have

Euwle @l = > D wo@)ey)pa(z,y)

zeV yeVv

=Y p@m () Y py)2EY)

TEP yeVv Ml(z)

= @) (@) > e)mey)

[ AS") yev
<D el@)m () max Y oy« (y)
zeV v yeVv
=E,, [¢] maxE,, , [¢]. O

TEP

THEOREM 2.12 (Hoffman’s bound for a 3-graph [7]). Let H = (V, u3) be a weighted
3-graph. Let ¢ be the indicator of an independent set. Suppose that Amin(T) < 1 and
Amin(Tz) < 1 for x € . Then
1

1-E, [¢] > .
Hl[ ] (1 - /\min(T)) maXa:€<p(1 - )\min(Tw))
In particular, if ¢ is the indicator of a mazximum independent set, then

1
(1 = Amin(7)) maxzey (1 — Amin (1))
Proof. Let I C V be the independent set in H such that 1; = ¢. By Lemma 2.8 we
have

alH)<1-

E., [o, 0] = E,, [‘/’](1 — (1 = Amin(1))(1 — E,, [‘P]))
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This together with Lemma 2.11 yields
E., [¢] Iggg{Eul,m[@] > E,, [90](1 — (I = Ain(T))(1 = E,, [‘P]))a

that is,

1 —maxgc, E,,
) 1~ E,lg] > e B [¢]

1 — Amin(T)

Next we bound E,, ,[¢] by using the link graph H, := (V, us ,) relative to z € I.
Note that I is an independent set in H, as well. Indeed if y, z € I then us ,(y,2) =0
because us(x,y,2z) = 0. By applying Theorem 2.9 to the adjacency matrix T, of H,
we get

1
1-E Z
K1,z [90] 1— )\min(Tx)
and
1
8 1-— E > .
®) el > T (D)
By (7) and (8) we obtain the desired inequality. O

2.3. TOOLS FOR UNIQUENESS. In Setup 2.6 any ¢ € {0,1}" can be expanded in the
form in (5). We first show that if E,,, [, ¢] is small, then we only need the eigenvectors
corresponding to the largest and the smallest eigenvalues for the expansion.

LEMMA 2.13. We assume Setup 2.6. If
) Epua [0 0] < &5 + Aunin (T) (B0 — 27),
then o = $ol + 3, ; G4, where J = {i: 1 <i <|V|], l; = Amin(T)}.
Proof. By Fact 2.7 and (9) we have
Ep [0, 0] = @5 + Y Bl < 35+ Amin(T) (B0 — 83) = $o + Auin(T) D _ 77,
i>1 i1

and

i>1
This yields I; = Anin(T) or »; = 0, and the result follows. O
Let 1 >py > ps > --- > p, > 0 be given. Let V = 2" and let p; : V — (0,1)
be the measure defined by 1i1(S) = [[;c 5 pi [1je() s ¢ for S € V. Then we can view
RY as a 2"-dimensional inner space over R, where the inner product is defined by (4).
We will construct an orthonormal basis that suits our purpose.

FACT 2.14. Let p; > *=2 and let

r—1 r—1

4 1— Pi_ _pi__

7@ — [ (;*1)% (T*l)tlzi

Then T has eigenvalues 1 and \; == 1 — ﬁ < 0 with the corresponding eigen-
vectors vg) = (1) and 'vf{?} = (f% ), where ¢; = \/pi/qi-

Let T=TM @T® Y g...@TW, Then the rows and columns of T are indexed

by the order @, {1},{2},{1,2},{3},{1,3},{2,3},{1,2,3},.... For each S € V the
corresponding indicator is given by the column vector of the matrix

oo )

Algebraic Combinatorics, Vol. 5 #3 (2022) 543



NORIHIDE TOKUSHIGE

One can construct the eigenvectors of T' by routine computation, and we have the
following, see e.g. [11, 16],

FactT 2.15. Let S € V and let vs be the column vector (indexed by S) of the matriz

o et ) il ey e
Cn Cn—1 C1
(i) RY with the inner product defined by (4) is spanned by the orthonormal basis
{’US :S e V}
(ii) The vector vg is an eigenvector of T with the corresponding eigenvalue Ag =
Hjes Aj. In particular, vy =1 and g = 1.
(iii) The entry of vy corresponding to S € V isc; ifi ¢ S and —1/c; ifi € S, and
Pil —\/Diqiv sy s the indicator of the star centered at i, i.e. {S € V :i € S}.
(iv) We have vs = [[;cg iy, where the product is taken componentwise.

For example, the matrix C5 is as follows, where the columns are in the order vy,
Vi1y, V{2}, V{1,2} V{3}; U{1,3}; V{2,3}; U{1,2,3}-

1 C1 Cg C1Cg C3 C(C1C3 CaC3 C1C2C3
_1 _c2 _cs _cac3
c1 021 a 43 o 263 c1
4L _a ¢t _<cac
1 C1 p 3 C3 C1C3 c2 2
_1_* i Cca —S _c ¢
Co= |, & 2o % & g
L av ¢ creg —g =2 =32 —52
C C3 C3 C3
Ll e 2 _j 1 _c c2
C1 2 C1 Cr c1C3 C3 C1C3
1 ¢ —L-—a _3 e i €1
C C C, C. C2C; C2C;
1 _j 2 _j 3 c2cs B 26
L c1 Cc2 Ci1C2 €3 C1C3 C2C3 ciczcy |

LEMMA 2.16. Let L = {i € [n] : p; = p1} and ¢ € {0,1}V. Suppose that Amin(T) < As
forall S eV~ (f) If (@) =0 and ¢([n]) = 1, and ¢ is expanded as
(10) p=p1l+ Z PrryVikys

keL
then ¢ is the indicator of a star centered at some i € L.
Proof. We first show that there is only one ¢ € [n] such that ¢ = p11 — /P;q; Vi)
Suppose, to the contrary, that there are distinct 4, j such that both @r;3 and @y

are non-zero. Let p? € {0,1}" be such that p?(z) = ¢(x)2. Then, by Fact 2.15(iv),
©? = (1 + Y e Prryvyky)? must contain the term

PIPLIVIVEY = PPV i)
whose coefficient @r;3@y;1 is non-zero. But this contradicts the fact that the expan-
sion (10) is unique and ¢ = .
Therefore we can write ¢ = p11 + @;3vy;y for some i € [n]. By Fact 2.15(iii) we
have v;1 (@) = ¢; and v;y([n]) = —1/c¢;, and so
©(2) =0=p1 +@gyci and p([n]) =1 =p1 — Py /ci

Solving the equations we get @r;3 = —/p1q1 and ¢; = c¢;. This means that i € L.
Consequently ¢ = p;1 — /Piq;v{;}, and by Fact 2.15(iii) we complete the proof. [

3. APPLICATION

Recall that a family of subsets A C 2" is r-wise intersecting if Ay NAsN---NA, # &
for all Ay,..., A, € A Let p = (p1,-..,pn) € (0,1)"™ be a fixed real vector. The
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pp-measure of a family A C 2[" is defined by

:up(A) = Z Hpi H q;-

ACAIEA  je[n|~A
3.1. 2-WISE CASE: PROOF OF THEOREM 1.2.

Proof of Theorem 1.2. The case n = 1. In this case the only intersecting family is
A = {{1}}, and pp(A) = p1, where p = (p1). But we will get this result by using
Hoffman’s bound because the spectral information in this case will be used later to
get the spectral information for the general n > 2 case.

Let V(U = 2{1} = [ {1}}, and define the symmetric signed measure ugl) (V) x
V) 5 R by

p (2, (1) = (11, 2) =1, w8 (2,2) =1 2p1, S ({1}.{1}) = 0.

This induces the marginal
pOD =p, 6P (@) =

Then we obtain a weighted 2-graph G = (V, ,uél)). Note that p, = ugl). (Indeed
this po is the only symmetric signed measure which satisfies ugl)({l}, {1}) = 0 and
Up = ugl).) The adjacency matrix T(!) is given by

o [T-a o
1 0]

where the rows and columns are indexed in the order &, {1}. This matrix has eigen-
values 1 and —%. Thus Apin(T0) = —%. Then by Theorem 2.9 we have

1 1
1 — G 2 = = s
S W ) Bl ey T

q1

and a(G) < 1 — ¢ = p1. Now it follows from the definition of ugl) that a 2-wise

intersecting family A € V() is an independent set in G. Thus we have shown that
pp(A) < pr in this case n = 1.

The general case n > 2. For i = 1,2,...,n, let V; = 211 and let ug) be defined

as in the previous n = 1 case. Let G*) = (V(i), ,ug)) with the adjacency matrix T,

where

o[-

= qi qi
T { 1 O} .
Now we define G = (V,u2) to be a product of G, ... G, To this end let V =
VO x .. x V) =2 and define o : V2 — R by po = ugl) X+ X ugn), that is, for
S,8" eV, let
H2(S, 8') = g (s1,81) - x s (s, 57,),

where s; = SN {i} and s, =S N{i} for 1 <i < n.

CrLAM 3.1. The marginal py satisfies pp = ,ugl) X oo X ugn), and [ = fip.
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Proof. Indeed, by (1), we have
p(S) = Y pa(S, )

S'eV
=Y ps? (s1,8) x - xS (s, 87,)

S'ev

1 n

= 3 w8 s kx>0 pE (s, s))

siev) shevin)
_ (n) = (S O
=y (s1) X - Xy (sn) = pp(5).

Thus 0 < u1(S) < 1forall S € V, and G is a weighted graph. By construction we
see that the adjacency matrix is =T @ --- ® T(M). We can apply Fact 2.14 with

r = 2 and Fact 2.15. Then, for each S € V', T has an eigenvalue \g = HjeS (_%)

with the corresponding eigenvector vg. Now we determine Apin(7) = ming As.

CrLaM 3.2. We have Auin(T) = A1y = —i, and if As = Amin(T) then S = {i} with
Pi = D1-
Proof. Since p; > piy1 we have Ay = —% < —% = A1y < 0, and min; Ay =

Af1y- The assumption p3 < % means —1 < A3y, and so —1 < Ay < 0 for all
3 < i < n. Thus if Apin(T) = Ag then, using Fact 2.15(ii), S contains at most one ¢
with ¢ > 3. In particular if Ag = Agqy then S = {4} with p; = p;.

If p1 < % then —1 < Agyy, and —1 < Ay} < Aq2y < 0. Therefore if i € S C [n] then
Apiy < Ag with equality holding if and only if S = {j} with p; = p;. Thus we get the
statement of the claim in this case.

If p1 > % then /\{1} < —1. Thus we have /\min(T) = min{A{l},A{1’2)3}}. By sim-
ple computation we see that A1y < Af123) is equivalent to p3 < g2, which is our
assumption. Thus we get the statement of the claim again. O

Thus by Theorem 2.9 we have a(G) < p;. Now let A C 2" be a 2-wise intersecting
family. If A B € A then there is some i € AN B. Then us(A, B) = 0 follows from the
fact that u ({ },{i}) = 0 with the definition of us. This means that A C V is an
independent set of G. Since p1 = p, we see that py(A) = p1(A) < a(G) < p1, which
completes the proof of inequality.

Finally we prove the uniqueness. Suppose that a(G) = p; and let ¢ be the indicator
of a maximum independent set. Then Py = (p,1), = E,, [p] = p1. We also have
E,.[¢, ¢] = 0 by Fact 2.3. Thus, using @z = p1 and Anin(T') = ’;1 we can verify (9),
and by Lemma 2.13 we have ¢ = p11 4+ > gy @svs, where W = {S € V : A5 =

Amin(T)}. Since Ag = Amin (7)) is equivalent to S = {i} with p; = p1, we can rewrite
©=p11+) e Pryv{ky, where L = {i € [n] : p; = p1}. Consequently it follows from
Lemma 2.16 that ¢ is the indicator of a star centered at some i € L. This completes
the proof of Theorem 1.2. O

EXAMPLE 3.3. Define a 2-wise intersecting family A C 2 by A = {4 € 2 .
|AN[3]| > 2}, and let p = (p1,p2,---,pn). Then

pp(A) = p1p2q3 + P1Gaps + q1p2ps + p1p2ps = pip2 + p1p3 + P2ps — 2p1P2ps.

If p1 = py = p3 then pp(A) = pI(3 — 2p1) and pp(A) > p1 iff L <p1 < 1. If p1 = py
and p3 = 3 then pp(A) = p1.

These examples show the sharpness of the condition p3 < % in Conjecture 1.1 (if
true) in the following sense. First, for the inequality (up(A) < p1) we cannot replace
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the condition with py < % Second, to ensure the uniqueness we cannot replace the
condition with p3 < 5

3.2. 3-WISE CASE: PROOF OF THEOREM 1.3.

PROPOSITION 3.4. Let 2 > py > 3 andpy > ps > -+ > p, > 0. Let A C 21" be a
3-wise intersecting family. Then
1(A) < pr.

Moreover equality holds if and only if A is a star centered at some i € [n] with p; = p;

Proof. The case n = 1. Let V(1) = 201} = {& {1}}, and we will define a symmetric
signed measure u( )y x vy ) R Here, for simplicity, we write 0 and 1
to mean & and {1}, e.g. we write ugl)(O, 1,1) to mean uél)(g, {1},{1}). Now ,uél) is
defined by

1 3
iy (0,1,1) =V (1,0,1) = 5 (1,1,0) = Sp1, p57(0,0,0) =1 Tpy,
us(1,0,0) = 15 (0,1,0) = 15”(0,0,1) = " (1,1,1) = 0.
Then
M) 1 (1) M) 1 o 3
D) = S 0 = 0.1) = Spr, i (0,0) =1 S,
and

m W) =p 10 =a
It follows from 0 < p; < % that pgl) and ,ugl)/ugl) take values in (0,1). So we can
define a weighted 3-graph H = (V(1)7M:(>,1)). Then, from (3) and (6), we have the

following matrices.
P1 P
) — |17 240 2g1 w_ |10 1y _ |01
e O Bl R e
By direct computation we get the following table concerning spectral information.

W [ @
W Ty | Ty,
1

eigenvalues A 1,1—2—q1 1,1 |1,-1

Amin 1-— E 1 -1

Let ¢ be the indicator of a maximum independent set in H. Then a(H) = E#u) [#]
1
and @ € . So, by Theorem 2.12, we have
1

(]- - mln( )) maXzEtp(l - )\min(Tagl)))
1

1—a(H) >

= =41,
(1=1+5-)(1+1)

and a(H) < 1—q = p;.

The general case n > 2. For i = 1,2,...,n let V; = 21" and let Méi) be defined as in
the previous n = 1 case. Let H(®) = (V( ), /l:(;i)) be the weighted 3-graph. This induces
the weighted 2-graph and the link graphs with the adjacency matrices T, Tg ), T{( %,
where

1_ Pi

R Rt R O it

2 2
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We will construct a weighted 3-graph H = (V,us3) from HMV ... H™ Let V =
V) x ... x V) =2 Define pug : V3 — R by pg = ,uél) X - X ,uén). Let ps € RV’
and p; € RV be the marginals. Then, as in Claim 3.1, we see that p; = ,ugl) - X uﬁ")
for i = 1,2, as well, in particular, ¢; = pp. Note also that both ;i and ug/,ul take
values in (0, 1), and we need the condition p; < % here. Consequently H is a weighted
3-graph with adjacency matrix T =70 @ ... @ T,

We apply Fact 2.14 with r = 3 and Fact 2.15. Then, for each S € V, the matrix
T has an eigenvalue \g = Hje g (1 — i) with the corresponding eigenvector vg
from Fact 2.15. Since £ < p1 < 2 and Ay = 1 — 2—;1 we have —3 < Ay < 0
and Amin(T) = Apy. The adjacency matrix of the link graph Hg = (V,uos) is
Ts = TS(,:L) ®:-- ®TS(11), where s; = SN{i}. If S # @ then Tg has eigenvalues {1, -1}
and

(1) Ain(Ts) = —1.

Let ¢ be the indicator of a maximum independent set in H. We have @ ¢ ¢ because

n

3(9, 9, 9) HM (0,0,0) = JJ(1 - 3ps) #0.

Thus, by Theorem 2.12;, we have

1 1
O T v ) Py sy w (1—-)a-cmy

and a(H) < 1— q1 =p.

Now let A C 2["] be a 3-wise intersecting family. If A, B,C € .A then there is some
i€ ANBNC. Then us(A, B,C) = 0 follows from the fact that ,u3 ({z} {i},{i})=0
with the definition of p3. This means that A C V is an independent set in H. Since
w1 = /,Lg ) cxopd = tp we have pp(A) = p1(A) < a(H) < p1, which completes
the proof of mequahty.

Finally we show the uniqueness of equality case. Suppose that o(H) = p; and let
© be the indicator of a maximum independent set I in H. Then @ ¢ I and I is also
an independent set in the link graph Hg = (V,p25) if S # @. Thus by applying
Theorem 2.9 to Hg with (11) we have

_)\min(TS) 1
(12) wax By sle] S max T T g
(We note that (12) holds for the indicator of any independent set, not necessarily a
maximum one, and we will use this fact in the next subsection.) Then by Lemma 2.11
we have E,,, [¢, ¢] < £ . This together with g = p1 and Apin(7) = 1 - i verifies (9),
and we can apply Lemma 2.13. Since Ayin(T') is attained only by Ag;) with i € J =
{j € [n] : pj = p1} we have ¢ = p11 + ZjeJ @1jyvyjy- Finally by Lemma 2.16 it
follows that ¢ is the indicator of a star centered at some i € J. O

Proof of Theorem 1.3. We note that the p; in Theorem 1.2 and the pp in Proposi-
tion 3.4 are the same, and moreover p, = p1. Then Theorem 1.3 for the case p1 < %
follows from Theorem 1.2, and the case 5 <pp < 2 follows from Proposition 3.4.
Thus we may assume that p; > and P2 < 7. Now we follow the argument in [8]. Let
P = (p1,p2,D3,...,pn) and p’ = (pg,pg,pg, ..., Pn), that is, p’ is obtained from p by
replacing p; with po. Let A be the star centered at 1, and let B be an inclusion maximal

intersecting family. Suppose that B # A, and we will show that p,(A) > pp(B).
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By the construction we have pp(A) = p1 and pp(A) = p2. Thus pp(A) =
B2y (A).

On the other hand, by Proposition 3.4, we have p, (B) < p2. Let B€ B.If 1 € B
then pp(B) = Dpp (B). If 1 ¢ B then pp(B) = Lpp (B) < Bpp (B), where we
used p; > po. Since B # A and B is inclusion maximal there is some B € B such
that 1 ¢ B, e.g. {2,3,...,n} € B. Thus we have pp(B) < L ip/ (B) < p1 = pip(A), as
needed. This means that A is the only intersecting family which attains the maximum
[ip-measure. d

3.3. STABILITY: PROOF OF THEOREM 1.4. Friedgut [11] obtained a stability result
for 2-wise t-intersecting families. The special case ¢ = 1, which is a stability version
of a result by Ahlswede-Katona [1], reads as follows.

PROPOSITION 3.5 ([11]). Let 0 < p < 1 be fized. Then there exists a constant €, > 0
such that the following holds for all 0 < € < €,. If A C 2l s o 2-wise intersecting
family with py(A) = p — €, then there exists a star B C 2" such that p,(AAB) <

(Cp +0(1))e, where p= (p,p,...,p) and Cp, = ﬁ%p.

We include the proof for convenience in Appendix. (The C, is not explicitly computed
in [11].)

In this subsection we adapt his proof to 3-wise intersecting families to show the
following.

PROPOSITION 3.6. Let 5 < p < 2 be fizred. Then there exists a constant €, > 0 such
that the following holds for all 0 < e < e€,. If A C 2"l s a 3-wise intersecting family
with j1,(A) = p—e, then there exists a star B C 21" such that py(AAB) < (Cp4-o(1))e,
where p = (p,p,...,p) and
c, - 16pg® .
(2p = 1)(3 — 4p)

For the proof we use the Kindler—Safra theorem, which extends the Friedgut—
Kalai-Naor theorem [12]. To state the result we need a definition. Let V' = 2" and
g € {0,1}V. We say that a boolean function g € {0,1}V depends on at most one
coordinate if g is one of the following:

(G1) there is some i € [n] such that g = 1y, or

(G2) there is some i € [n] such that g =1 — 15, or

(G3) g is a constant function, that is, g =0, or g = 1.

(G1) means that g is the indicator of the star centered at 4, and (G2) means that g
is the indicator of the complement of the star.

We can expand any boolean function f € {0,1}V as f = > oy fsvg, where v,
is defined in Subsection 2.3 (see Fact 2.15). Let f~1 = 2o18]>1 fsvs, and let || f]|
denote the square root of (f, f>up’ where p = (p,...,p). For example, if f = 1;; then

f=pvo — ypquiy, and || fll =p, |f71] =0.
THEOREM 3.7 (Kindler-Safra, Corollary 15.2 in [14], see also [15]). Let p € (0,1) be

fized and let V = 2" Let f € {0,1}V and || f>||> < 6 < p. Then there exists
g € {0,1}V which depends on at most one coordinate and || f — g||> < (4 + o(1))6.

The o(1) term is actually smaller than c; exp(—%), where ¢y, ¢ are positive constants
depending only on p, see Corollary 6.1 in [15] for more details.

Proof of Proposition 3.6. Let V = 2" and let us € R"” be the measure defined
2

in the proof of Proposition 3.4. By definition of uz with % < p < 5 we have that
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0 < pa(z,y) <lforall z,y € V, and py = pp. Thus we can define a weighted 3-graph

(Va ,US)
Let ¢ be the indicator of A and we write

p=0ol+ Y Psvs.
540

To apply Theorem 3.7 we need to show that [|¢>!]| is small. By Fact 2.7(ii) we have

Euwle ol =35+ Y PsAs+ Y P3rs,
15]=1 15]>1

where A\g = (1— i)'SL Since —1 < 1— i < 0 the minimum and the second minimum

eigenvalues come from the cases |S| = 1 and |S| = 3, respectively. So let A; :=1— 2—1q
and Az = (1 — i)3. Then we have

(13) Eule ol > 05 +M D> 3 +xs > 3%
|S|=1 [S]>1

Define 7 by 37,55, % = T7Pg. Then, by Fact 2.7(i), >1s|=1 P =00 — 0% —TP0.
Thus we have
Eule, ¢ 2 65 + M(Po — P — TPo) + A3T00.

On the other hand we have E,, (¢) = $» and maxgec, Euy 2[¢] < 2 by (12). Thus it
follows from Lemma 2.11 that E,, [¢, ¢] < 3@5. So estimating E,, [¢, ¢]/Ps we get

1 . .
3 2P+ M(1— 0z —T)+ AT,
which yields

1 1 _ 1 € 4q?
T < — — (11— = e =~ 6
A3 — M1 (2 o =Ml %)> As—A1 2¢ (2p—1)(3—4p)

where we used Py = p — € for the first equality. Since

le” 1> =Y 2% =785 < 7p
|S|>1

we obtain

4 2
>1||2 < Pq €.
(2p —1)(3 — 4p)

By applying Theorem 3.7 with § = %e we can find g € {0,1}V which

ll¢

depends at most one coordinate and [|p — g||* < (4 + o(1))é.

We claim that ¢ is the indicator of a star, that is, (G1) happens. Note that % <
p < % and p > e+ 4 by the choice of €. So we have [ — 0| = [|¢[|> =p—e> § and
lo —1]|> =1—(p—¢€) > 6. Thus (G3) cannot happen. If g is the indicator of the
complement of a star, then ||g||> =1 — p and

16pq?
le = al? = (el = llgl)* = (VP =€ = V1 =p)* > i
by choosing € < p small enough (we need to choose e quite small when p is close
to 1/2). This shows that (G2) cannot happen. So the only possibility is (G1), as
needed. 0

e=49
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Proof of Theorem 1.4. Let A C 2" be a 3-wise intersecting family with s, (A) = p—e.
First let + <p < % Then (ii) of the theorem follows from Proposition 3.6.

Next let p = L. It follows from the Brace-Daykin Theorem [5] that if 7 C 2l is
a 3-wise intersecting family which is not a subfamily of a star, then

IFI < HF Cn]: [FN[4]] > 3},

or equivalently pp(F) < 15—6, where p = (%7,%) Thus if p — e > 15—6, that is,
0 < € < &, then A is a subfamily of a star, which shows (i) of the theorem in this

case.
Finally let 0 < p < % We say that A is 2-wise 2-intersecting if |[A N A’| > 2 for
all A, A’ € A. If A is not 2-wise 2-intersecting, then there exist A, A’ € A such that
|[ANA'| = 1, say, ANA’ = {i}. In this case every A € A must contain ¢ due to the 3-wise
intersecting condition. Thus A is contained in a star B centered at 4, and we get (i) of
the theorem in this case. The only remaining case is that A is 2-wise 2-intersecting,
and we show that this cannot happen. For ¢ = 0,1,..., let #—H <p< 2@113. Then it
follows from the Ahlswede-Khachatrian theorem [2] that jup(A) < pp(G;), where

Gi={GCn]:|GN[2i+2]| >i+2}

A direct computation shows that up,(G;) = Z;:O (Qi;Z)p2i+2*j(1 —p)? < p. So by
choosing € < €, = p — pp(Gi) we see that up(A) = p—€ > p—¢, = p(G), a

contradiction. O

4. CONCLUDING REMARKS

4.1. GENERALIZATION TO 7-GRAPHS. Filmus et al. extended Hoffman’s bound to an
r-graph in [7]. We briefly explain how to extend Theorem 2.12 to an r-graph by
induction on r. Let V be a finite set with |V| > 2 and we define a weighted r-graph
on V as follows.

DEFINITION 4.1. Let . : VT — R be a symmetric signed measure. We say that
H = (V,u,) is a weighted r-graph if p.—1(z1,...,2.—1) >0 for all z1,...,2,—1 €V,
where

1 (X1, Ty = Z (T, s T 1, Y)-
yev

Fori=r—2r—3,...,1 we define a measure u; € RV inductively by

iy, ., @) = Z Hit1(T1, .., T4, Y).
yev

Note that p;(x1,...,2;) >0 for all z1,...,z; € V.

Let ¢ be the indicator of an independent set I in the weighted r-graph H =
(V,pr). Then Lemma 2.8 and Lemma 2.11 work for H as well. Here we define
pr—1,2(Y2, - Yr) = pr (2,92, ..., yr)/p1(x). Then By,  [¢] is bounded from above by
a(Hy), where Hy, = (V, fiy—1,5) is the link (r—1)-graph of H relative to z. By induction
hypothesis we can bound «(H,), and we eventually bound E,, [¢] using Lemma 2.8
and Lemma 2.11. To state the bound, for s = 1,...,r—2, and S = {vy,...,vs}, where
v1,...,0s € V, let Ts be the adjacency matrix of the link (r — s)-graph relative to S,
defined by

M3+2(U1,..-,U3,$7y)
14 T) o = )
( ) ( ) Y /ts+1(v1,.--,vs,$)
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Let As := ming Apin(7s) and ming is taken over all s-element (multi)subset S of I.
Also let Ag := Amin(T) where T is the adjacency matrix of H defined by (3). Then
the FGL bound is stated as follows.

r—2

(15) Eulel <1-]]

With this bound it is not difficult to extend Theorem 1.3 to an r-graph.

THEOREM 4.2. Let 1 > p1 =2 pa > -+ =2 pn >0 and p = (p1,p2,---,pn)- Let r = 3. If
=L > py and A C 21" is an r-wise intersecting family, then tp(A) < p1. Moreover

T

equality holds if and only if A is a star centered at some i € [n] with p; = p;.

The proof of Theorem 4.2 goes exactly the same as that of Theorem 1.3, and the
main part is the proof of the following result which corresponds to Proposition 3.4.

PROPOSITION 4.3. Let =1 > p; > =2 and py > p» > -+ > p, > 0. Let A C 2I") be

an r-wise intersecting family. Then

p(A) < p1.
Moreover equality holds if and only if A is a star centered at some i € [n] with p; = p;.

Proof. The matrices for the proof are different from the ones used in the proof of
Theorem 7.1 in [7], because we will introduce a parameter ¢ > 0 so that all the
measures p; take positive values and (14) is well defined. Here we only record the
matrices and the corresponding eigenvalues. Otherwise the proof is the same as the
one for Proposition 3.4.

Let n =1 and V = {@,{1}}. We need to define a symmetric measure utM. For

this we start with a symmetric function MQ) : V" — R defined by

0 ifi=0,

o P ifi=1

(1) 01 17"_1 — r—1 1 ’
(05 1) = if2<i<r—1,

1, =,

where ¢, 61, d2 are small positive constants, and (0%, 17~*) in the LHS means i repeated
M g symmetric, any permutation of (0%, 177%) takes

the same value. We require ) . ugl)(x) =1 for ugl) to be a measure, that is,

- ()2 -8) £ () (- -4 -

We also require that the induced measure ugl) is the p;-biased one, that is, ugl)(l) =

p1, and so

:u“(ll)(l) = Z .[1“(21)(17372) == Z /147(«1)(1;1'2""7:67‘)

z2 €V (za,...,xr)EVT—1

() () £

These two requirements yield that

2r—1 — 271 —1)(r —2
51 = 7706, (52 = ( )(7’ )6.
r—1 r—1

@ and r —i repeated {1}. Since u
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Then H = (V, ,u7(n1)) is a weighted r-graph by choosing € > 0 sufficiently small. For
each s =1,...,7—2 and S € V?, the link (r — s)-graph Hg = (V, uil_)&s) is induced
from H. Let T(M(e) and Tél)(e) be the adjacency matrices corresponding to H and
Hg, respectively, and let T = lim,,o 7™ (€) and Tél) = lim_,0 Tél)(e). After a
somewhat tedious but direct computation one can verify that, for ¢ > 2 and j > 1,

1— p1 p1 10 0 1

o< [ ] a o1, me] 0L

r—1 r—1 r—j—1 r—j—1
o _1]11 m _1[20 w_1]11
Toi1-7'2[11’ T'=5011]" T =302

The above six matrices have the corresponding eigenvalues below:
{17m71}7 {131}a {*7,_]%1,1}7
{0,1}, 3.1} %71}-

Thus we have /\(1) = Amin(T) =1 — (= 1)q < 0, and )\ = mingeys Amin(Ts) =

———g fors=1,...,7r—2. Let ¢ be the indicator of an independent set in H. Then

by (15) we have E,, [gp] <1-I22 — /\(1) = p.

For the general case let n > 2 and V = 2["). We define the measure p, : V" — R
by u, = Mﬁ ) - X u&n). Then the corresponding adjacency matrices are obtained
by taking tensor product of the ones in the n =1 case. So T =TW @ --. @ T™ with

eigenvalues

(16) =T (1- )

1€V

for v € V, and Ao == minyey \(T) = Af1y = 1 — m. For 1 < s <r—2and
S € V?® we have Tg :Tél) ®'~®Tén) with

. 1
(17) )\S = élel%/ns )\min(TS) = )\min(Tls) = *m
Finally it follows from (15) that Em[ ] < p1. O
CONJECTURE 4.4. The condition “=X > py in Theorem 4.2 can be replaced with == 1 >

Pr+1- In particular, Theorem 1.3 holds if pa < 3 instead of ps < 2

On the other hand, the condition above cannot be replaced with 7= > Pry2. To see

thislet A ={A 2" :|An[r+1]| >r},and py = --- = p,y1 =: p. Then A is
an r-wise intersecting famlly with p,(A) = (r + 1)p"qg + p"1. A computation shows
tp(A) is greater than p provided, eg.p > 1 — %2 More generally we can ask the
following.

PROBLEM 4.5. Let 1 > p1 2 pe = -+ =2 pp > 0 and p = (p1,p2, ..., pn). Determine
the mazimum of pp(A), where A C 2" is an r-wise intersecting family.

Proposition 3.6 can be extended to r-wise intersecting families as follows.

PROPOSITION 4.6. Let r > 3 and ::? <p fixed. Then there exists a constant

€rp > 0 such that the following holds for all 0 < € < €, 5. If A C 2"l s an r-wise

intersecting family with pp(A) = p — €, then there exists a star B C 2"l such that
pp(AAB) < (Cp 4 o(1))e, where p = (p,p,...,p) and

4(r —1)*pg®

= Dr— - 2) (@ -3 20— Dp)’
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Proof. The proof is the same as the proof of Proposition 3.6. We estimate (13) from
both sides. For the RHS we see from (16) that the minimum and the second minimum
eigenvalues come from the cases |v| = 1 and |v| = 3, so

o
(r—=1)q’
For the LHS we use Lemma 2.11 with (17), and we have

r—2
1 1
E,.. [0, ¢ < 9o (1—]_[1A ) =1-—
s=1 s

Then we get the C), exactly in the same way as in the proof of Proposition 3.6. [

M=1- Az = A2,

4.2. MORE ABOUT STABILITY. Let 0 < p < 1 and p = (p,...,p) € (0,1)". In The-
orem 1.4 the statement of stability differs between the two cases (i) and (ii). In (ii)
(the case p > 1) we have the following example:

Ani=({ae 2" 1€ 4, 141> 3} {00}) U {in) \ 1]}

Then A, is a 3-wise intersecting family with pp(A4,) — p as n — oo, but A, is not
contained in any star. It is worth noting that the stability in (i) (the case p < %) also
differs from the situation in 2-wise intersecting case in Proposition 3.5. Indeed let

Al = ({A coll i 1e A {{1}}) U{[n] ~ {1}},

then A/, is a 2-wise intersecting family with pp, (A7) — p, but no star can contain A7,.

The constant €, in Theorem 1.4 becomes very large when p is slightly more than
%. This is because our proof relies on Theorem 3.7 and we need to distinguish our
indicator from the indicator of (G2). But the family corresponding to (G2) is not 3-
wise intersecting at all. This suggests that the C, could be far from the best possible
value especially when p is close to %, or even more bravely, we conjecture the following.

CONJECTURE 4.7. There exists C,, such that the inequality in (ii) of Theorem 1.4
can be replaced with pup(AAB) < (C, + o(1))e, where C,, < Cp, and moreover Cj, is
increasing in p for % <p< %

The item (ii) of Theorem 1.4 can be extended to r-wise intersecting case as in
Proposition 4.6. So maybe the item (i) could be extended to r-wise intersecting case
as well.

PROBLEM 4.8. Let r > 4 and p < "=2. Is it true that the item (i) of Theorem 1.4

r—1-°
holds as well for r-wise intersecting families?

It is also interesting to see whether or not Theorem 1.4 (and/or Theorem 3.7) can
be extended to a general p = (p1,p2,-.-,Pn)-

PROBLEM 4.9. What happens if we replace p = (p,p,...,p) in Theorem 1.4 with
P = (p1,p2,--..pn) Where 3 >py 2 po >+ = py?

4.3. MULTIPLY CROSS INTERSECTING FAMILIES. We say that r families
A, Az, A, € 20 are r-cross intersecting if A; N Ay NN A, # @ for all
Ay € A1, Ay € Ay, ... A € A, Let py,py, ..., P, € (0,1)" be given vectors. Then
one can ask the maximum of [[;_; up (A;) for r-cross intersecting families. For the
case r = 2, Suda et al. obtained the following result.
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THEOREM 4.10 ([16]). For i = 1,2 let p;, = (pl(-l), . 7pl(-n)), and p; = max{pl(-e) e
[n]}. Suppose that pge),péz) <1/2 for £ > 2. If Ay, Ay C 21" are 2-cross intersecting,
then
tip, (A1) pip, (A2) < p1pa.

Moreover, unless p1 = p2 = 1/2 and |w| > 3, equality holds if and only if both A;
and Ay are the same star centered at some { € w, where w := {{ € [n] : (pge),pg )y =
(phpg)}-

Almost nothing is known for the cases r > 3. Perhaps the easiest open problem is
the case when r = 3 and p; = (p,p,...,p) for all 1 < < 3.

CONJECTURE 4.11. Let p < % and p = (p,p,...,p). If Ay, As, A5 C 21" are 3-cross
intersecting, then pp(A1)pp(As)pp(As) < p2.

APPENDIX A. PrROOF OF FacT 2.5

(i):
(£.Tg), Zf m(x)
_ Mz(l',y
—Zf ( i) W >u1( )
= ZZf 9(y)pa2(z, y)
- E/»Q [f’ ]
(ii):
<faTg> #2[fa ] ,u2[gaf]:<gva>u1 :<Tfag>/“
(iif):
T, 1
T =3 1) - Sl =1=10)
(iv):
(1,1),, = 1@)l(@)pm(x) = Y m(x) =
(v):
=> @) 1(x)p Zs@ =E,, [¢).
(vi):

=Y o@)?p(z) = e@)m(x) =E,u gl

APPENDIX B. PROOF OF FacT 2.7
(i): We have E,, [¢] = (p,1), = @o and

Ep o] = (@, 0),, = (Pol + Z Pivi, Pol + Z Givi),, = Po + Z oH
i>1 i>1 i>1

Thus 3,5, 77 = By, [¢] — 85 = B, [¢] — By, [¢]?, which we will use to show (ii).
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Epole, 0] = (@, Tp),,
= (Pol+ Y Givi, T(Bol + Y Bivi)),,

i>1 i>1
= (Pol+ > _ Givi, ol + Y _ Gilivi),,
i>1 i>1
= (0}2) + Z @%lz
i>1

APPENDIX C. PROOF OF PROPOSITION 3.5

e proof is almost identical to the proof of Proposition 3.6, and we only give a

sketch. The only difference is that in this case we have E,,[¢, ¢] = 0, which makes
things easier. Then by (13) we have

wh

02{5@4’/\1(17{5@77’)4’)\37’,
ere P =p—€, A\ = —%, and \3 = (—%)3. Rearranging we have

2
r< L7
p(1—2p)

and |12 < < —. 5. Then using Theorem 3.7 with this 6 we get the result.

1-2p
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