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On the Todd class of the permutohedral

variety

Federico Castillo & Fu Liu

ABSTRACT In the special case of braid fans, we give a combinatorial formula for the Berline—
Vergne’s construction for an Euler—Maclaurin type formula that computes the number of lattice
points in polytopes. Our formula is obtained by computing a symmetric expression for the Todd
class of the permutohedral variety. By showing that this formula does not always have positive
values, we prove that the Todd class of the permutohedral variety X is not effective for d > 24.

Additionally, we prove that the linear coefficient in the Ehrhart polynomial of any lattice
generalized permutohedron is positive.

1. INTRODUCTION

Let A be a lattice of finite rank and V = A ® R be the corresponding real finite-
dimensional vector space. A lattice polytope in V is a polytope such that all of its
vertices lie in A. A classical problem in the crossroads between enumerative combi-
natorics and discrete geometry is that of counting lattice points in lattice polytopes.
For any polytope P C V we define Lat(P) := |P N A|. One of the earliest results in
the area is Pick’s theorem, which says that for any lattice polygon P C R? we have

Lat(P) = a(P) + %b(P) +1,

where a(P) is the area of P and b(P) is the number of lattice points on the boundary
of P. One way to obtain a higher dimensional analog of Pick’s formula is to find
a formula relating the number of lattice points of P with the different normalized
volumes of the faces F' of P. We want a real-valued function « on pairs (F, P), where
F' is a face of a lattice polytope P, such that

(1) Lat(P)= Y «a(F,P)nvol(F),

F': a face of P
where nvol(F)) is the normalized volume of F'. It is clear that for a given lattice
polytope P one can always find many functions « satisfying (1). What we want is a
function that works simultaneously for all lattice polytopes. We can do this by re-
quiring the function « to be local, i.e. the value of a(F, P) only depends on the local
geometry of P around F', or more specifically, the value only depends on ncone(F, P),
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the normal cone of P at F. Any local function « that satisfies Equation (1) for all lat-
tice polytopes P is called a McMullen function, since McMullen was the first to prove
their existence [17]. His proof is nonconstructive and shows that there are infinitely
many McMullen functions. In the present paper we compute the values for a partic-
ular McMullen function on a special family of polytopes: generalized permutohedra,
originally defined by Postnikov as deformations of usual permutohedra. An alterna-
tive and equivalent definition can be given in terms of normal fans: The braid fan ¥4
is the complete fan in the quotient space Wy := R9+1/(1,1,...,1) obtained from the
hyperplane arrangement H; ; = {x € R4 : 2, —2; =0} for 1 <i < j <d+ 1.
A generalized permutohedron is a polytope whose normal fan is a coarsening of the
braid fan ;.

Our methods for computing a McMullen function for generalized permutohedra
are based on the theory of toric varieties.

1.1. TODD CLASSES OF TORIC VARIETIES. Let P be a lattice polytope with normal
fan ¥ and Xy be the associated toric variety. The Todd class Td(Xy) is an element
in the Chow ring of Xy. As such it can be written as a Q-linear combination of the
toric invariant cycles [V (0)]:

(2) Td(Xz) = Y rs(0)[V(0)], rs(o) €Q.

(]

Since the cycles [V (o)] satisfy algebraic relations, the values ry (o) satisfying (2) are
not uniquely determined. An amazing connection with lattice polytopes is given by
the fact that any function ry(-) satisfying (2) defines a function « satisfying (1) for
P by setting

a(F, P) = rg(ncone(F, P)).

A proof of this fact can be found in Danilov’s 1978 survey [6] where he further asked if
there exists a function 7 that depends only on the cone ¢ and not on ¥, in other words,
if there exists a local function r satisfying Equation (2) for all fans 3. Accordingly,
we call such a function r on pointed cones a Danilov function. By setting

a(F, P) = r(ncone(F, P)),

any Danilov function gives a McMullen function.

We want to briefly remark on two constructions of Danilov functions from the
last two decades. Pommersheim and Thomas [18] gave a construction of a Danilov
function r(o) that depends on choosing a complement map for subspaces. Originally
they do this by choosing a complete flag of subspaces, which has a technical issue that
their construction of r(-) is only defined for cones that are “generic” with respect to
the chosen flag. Hence strictly speaking, their function r is only an “almost” Danilov
function.

A couple of years later Berline and Vergne [2] constructed a McMullen function
with the property that it is computable in polynomial time fixing the dimension and
it is a valuation on cones. We call this construction the BV-function, and denote it
by Y.

Later in [1], they showed that if a function r on pointed cones is defined by

r(o) = a® (F, P) as long as 0 = ncone(F, P),

then it is a Danilov function. For convenience, we abuse the notation, and consider
a®V to be both a function on pairs (F, P) and a function on cones with the connection
that

o (F, P) = o™ (ncone(F, P)).
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Thus, a®" is both a McMullen function and a Danilov function. In [13] Pommersheim
and Garoufalidis proved that using an inner product for a complement map in the
methods of [18] results in the Danilov function &®¥, which in turn gives an alternative
way of computing it.

Both constructions, Berline-Vergne’s and Pommersheim-Thomas’, are algorithmic.
A priori it is very hard to get formulas for general cones. There are very few examples
of fans ¥ for which o®V(o) (or any other Danilov function) have been computed for
all o € X. In this paper, we focus on computing the BV-function on all cones in braid
fans using tools developed in previous work of the authors. (See Section 2.1 for the
definition of braid fans.)

In [3] we exploited an extra symmetry property satisfied by the function o®¥, and
used this symmetry to study the values on cones in braid fans. A main result in [3] is
the uniqueness theorem, which in the context of the present paper states that, for the
specific example of braid fans, o®" is the unique function satisfying Equation (2) and
being invariant under the permutation action of the symmetric group on the ambient
space.

Using this, we obtain the main result of this paper (Theorem 5.4) which gives a
combinatorial formula for o® on all cones in braid fans.

1.2. CONNECTION TO EHRHART THEORY. In [8] Ehrhart proved that for every lattice
polytope P the function Lat(¢P) for ¢t € N is a polynomial in ¢ of dimension d = dim P.
More precisely, there exist ag,a1,...,aq € Q such that for all t € N

Lat(tP) = ag + ait' + apt® + - + aqt?.

The right hand side is called the FEhrhart polynomial of P. Given a McMullen
formula o one can deduce that

(3) ay = Z a(F, P) nvol(F).

F:a face of P

dim F'=k

The first, second, and the last coefficients in the Ehrhart polynomial of a lat-
tice polytope are well-understood. In particular, they are all positive. However, Hibi,
Higashitani, Tsuchiya, and Yoshida, proved in [14] that any of the remaining “mid-
dle coefficients” a4_2, a4—3,...,a; can be negative. They asked in [14, Question 3.1]
whether any subset of the middle coefficients can be negative simultaneously and
answer affirmatively in some cases.

We call a lattice polytope P Ehrhart positive if all the (middle) coeflicients of its
Ehrhart polynomial are positive (see [16] for a recent survey on Ehrhart positivity).

One of the main motivations for [3] was to prove a conjecture of De Loera et
al. asserting that matroid polytopes are Ehrhart positive [7]. Noticing that matroid
polytopes belong to the family of generalized permutohedra, we focus on the latter
larger family of polytopes.

CONJECTURE 1.1 ([3, Conjecture 1.2]). Lattice generalized permutohedra are Ehrhart
positive.

One observes that a consequence of Equation (3) is that if we have a McMullen
function « such that «a(F, P) is positive for all faces F' C P then P is Ehrhart positive.
(The converse is not true as shown in Section 3.4 of [5].) Using the fact that the BV-
function o®Y is a McMullen function and it has certain valuation properties, we showed
in [3] that the following conjecture (if true) implies Conjecture 1.1.

CONJECTURE 1.2 (Conjecture 1.3 of [3]). Let P be a generalized permutohedron and
F C P a face, then o®V(F, P) is positive. Equivalently, oV (o) is positive for every
cone o in the braid fan.
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In [3], we were able to prove that the third and fourth coefficients of the Ehrhart
polynomial of any lattice generalized permutohedron are positive by showing that
o (F, P) is positive for any pair (F, P) in which P is a lattice generalized permu-
tohedron and F' is a face of P of codimension at most 3, which is equivalent to that
o (o) is positive for any cone o of dimension at most 3 in a braid fan.

Despite of these positive results we’ve obtained in our previous work towards Con-
jecture 1.2, in the present paper we use our main result (the combinatorial formula
described in Theorem 5.4) to find negative values for a® on some cones in braid fans,
hence disproving Conjecture 1.2. Note that this does not imply that Conjecture 1.1 is
false, and in fact we present a proof, independent of the rest of the paper, that the lin-
ear coefficient of the Ehrhart polynomial of any lattice generalized permutohedron is
positive, providing further evidence to Conjecture 1.1. This positivity result of linear
Ehrhart coefficient was proved independently by Jochemko and Ravichandran in [15]
using different techniques from ours. More recent evidence for Conjecture 1.1 was
found recently by Ferroni in [11] where it is proved that hypersimplices are Ehrhart
positive. So even though we disproved our Conjecture 1.2 we still believe Conjec-
ture 1.1 is true, but its resolution requires a different approach.

Finally, as a consequence of these negative a®V-values we also obtained the following
result about the permutohedral variety of independent interest.

THEOREM 1.3. The Todd class of the permutohedral variety Xy is not effective for
d > 24. That is, there is no way of expressing it as a nonnegative combination of
cycles.

1.3. ORGANIZATION. This paper is organized as follows. In Section 2 we set the pre-
liminaries about toric varieties in an elementary way. In Section 3 we define combi-
natorial diagrams that will be used to express formulas asserted in our main result
Theorem 5.4. In Section 4 we do some computations in the Chow ring that lead
to our explicit general formula in Section 5. Section 6 contains applications of our
main theorem. Finally in Section 7 we prove that the linear coefficient in the Ehrhart
polynomial of any lattice generalized polyhedron is positive.

2. PRELIMINARIES AND NOTATION.

We assume familiarity with the concepts of polytopes, normal fans, and toric varieties.
A good reference is [10]. Here we review concepts and notation that we are going to
use. As standard we denote [d + 1] == {1,2,3, - ,d,d + 1}. The set of all subsets
of [d + 1] form a poset Bgy1 called the boolean algebra and we define the truncated
boolean algebra, denoted by Bgy1, to be the poset obtained from Bgy; by removing
[d+ 1] and @. Two elements T,T" € By are incomparable if neither T C T” nor
T2OT.

NoOTATION 2.1. From here on we use the symbol C to denote proper subset, instead
of C.

A k-chain Ty = (Th,- - Ty) is a sequence of k totally ordered elements of Bgy1.
The set of all k-chains in By11 is denoted C§+1 and let Ca1 = U, C§+1.

2.1. BRAID FAN AND PERMUTOHEDRAL VARIETY. Let V; be the d-dimensional real
vector space 1+ C R+ where 1 is the all one vector. Its dual is Wy = R4+ /(1).

DEFINITION 2.2. Given a point v = (v1,v2,- -+ ,v4+1) € R we define the usual
permutohedron
Perm(v) = Perm(vy,va, -+ ,vg41)
:= ConvexHull ((vo(l),va(g), s ,Ua(d+1)) o0 € Gd+1) .
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In particular, ifv = (1,2,...,d + 1), we obtain the well-known regular permutohedron.
Note that as long as there are two different entries in v, we have dim(Perm(v)) = d.
A generic permutohedron is any polytope of the form Perm(v) where all the entries
of v are distinct.

Recall that we have defined the braid fan ¥, in the introduction. Here we give a
more combinatorial description of it in Lemma 2.3 below.

Let e1,--- ,eqy1 be the standard basis of R and for each T € Ed+1 we define
er = ZieT e; as an element in Wy. For any k-chain T, of Bgy1, we define the
corresponding braid cone

or, = Cone(er : T € T,),

which is k-dimensional. The following is well known (for a proof see [4, Proposi-
tion 3.5]).

LEMMA 2.3. The map Ty — o1, gives a one-to-one correspondence between chains in
Cyq+1 and cones in the braid fan 4. Moreover, k-chains in Cqq1 are in bijection with
k-dimensional cones in Xg4.

LEMMA 2.4. The normal fan of any generic permutohedron is the braid fan X,.

2.2. PERMUTOHEDRAL VARIETY. For toric varieties we follow the notation and ter-
minology of [12]. The permutohedral variety X4 is the toric variety associated to g
over an algebraically closed field of characteristic zero k. For each Ty € Cy41, its cor-
responding braid cone o7, is associated with a subvariety V (o7, ). These subvarieties
are the torus invariant cycles.

For any d € N we define the following ring

Ry = Q[z7 € Byy1].
For any element i € [d + 1] we define the linear form £; ==} .o, x7.
DEFINITION 2.5. The Chow ring of the permutohedral variety X, can be presented as
(4) Ag = Rq/(I1 + I2)
where
I = (xpzr 2 for T, T incomparable), Iy ={l, — by : foralla,be[d+1]).

We are interested in computing the Todd class of X in A,4. The following definition
follows [12, Section 5].

DEFINITION 2.6. The Todd class of X is the element of Agq defined as

o) )= I ().

TEEd+1

which is an element of Ay by expanding each parenthesis on the right hand side as

T T ad (-1)=1B; o Ty T3 :c%« x5
6) — L 14T A O R ekt S T M A
6) Temar =1+ 3 T2 @l T T Ty T 70 30010 T

i=
Here B; is the i-th Bernoulli number. A basic fact about Chow rings is that monomials
of Rq of degree greater than d are zero in Aq. Hence, the sum in (6) is finite, and
thus (5) is well-defined in Aq. In order to be self-contained, we will state the basic
fact used above in Corollary 4.6 and give an elementary proof using our computations
in Section 4.
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For each Ty € C441, the class of the subvariety V(or,) in Aq is denoted by [V (o7, )],
and it can be represented as a square-free element in A, :

(7) V(or.)] =2z, = [] @r.

We are interested in expressions for Td(X,) in terms of classes of the torus invariant
cycles. In other words, we are looking for r(T,) € Q such that

(8) Td(Xq) = Y. ra(T)ar,= Y ra(Te)[V(on,))-

Te€Cat1 Te€Cat1

We call such an expression a square-free expression for the Todd class Td(Xy) of Xg.

REMARK 2.7. By Equation (7) an expression of the form (8) can be obtained by
finding a square-free representation in Ag.

Our interest in such an expression lies in the following theorem originally attributed
to Danilov which is already mentioned in § 1.1. Here we only state it in the particular
case of braid fans.

THEOREM 2.8 ([12, Section 5]). Let P be a d-dimensional lattice generalized permu-
tohedron with normal fan Xg4. Suppose that rq is a function defined on Cqy1 such that
Equation (8) holds. Using the one-to-one correspondence between chains in Cqy1 and
cones in X4 described in Lemma 2.3, we can consider rq to be a function on braid
cones by letting

’I’d(O'T.) = T‘d(T.).
Then we have that

(9) Lat(P) = Z rq(ncone(F, P)) nvol(F).
FCP

Therefore, an equation of the form (8) gives a solution to (1) for lattice generalized
permutohedra by setting a(F, P) = rq(ncone(F, P)).

We are focusing on the particular case of braid fans instead of on all possible fans
at the same time, so a priori we are not looking for a Danilov function. However, we
are going to require one more special property for our expressions of the form (8).

DEFINITION 2.9. The symmetric group Sq1 acts on elements of Bqr1 hence on the
generators of the ring Ry. Notice that this action fizes both ideals Iy and Iy so that
Gat1 acts naturally on Agq too. We say an element f € Ay is symmetric if 7- f = f
forallm e Gqqq.

For any f € Ay, we define its symmetrization to be

(10) = (dil)! o ow-f.

TES 41
(It is easy to see that f* is symmetric.)

REMARK 2.10. In the ring A4, any square-free element is of the form ZT.eCd+1 r(Te)zT,
where r(T,) € Q, and it is symmetric if the r(7,) depends only on the size vector of
T,, i.e. the sequence of integers |T1|, |Ts|, ..., |Tk| for each Ty = (T, ,Tx) € Cas1-

Recall that the BV-function oV is both a McMullen function and a Danilov func-
tion. In the case of the braid fan, we abuse notation again and consider o' a function
on C441 by letting

o™ (T,) = a"(or,), VTe € Cyi1.

Then using results from [3] we prove the following.
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THEOREM 2.11 ([3, Theorem 5.5]). There is a unique symmetric square-free expression
for Td(Xy). It is given by the Berline—Vergne function:

(11) Td(Xy) = D a™(T)[V(ow,)],
Te€Cay1

We call the right hand side of Equation (11) the Berline—Vergne expression for the
Todd class of Xg.

Proof. By Theorem 2.8, any expression for Equation (8) yields an expression in the
form of (9) for any lattice polytope with the braid fan being its normal fan. In
particular, by Lemma 2.4, this applies to all lattice generic permutohedra. Also, one
checks that an expression is symmetric in the sense of Definition 2.9 if and only if it is
symmetric in the sense of [3, Definition 3.13]. Hence, the conditions of [3, Setup 4.1]
are met, and thus by [3, Theorem 5.5], the conclusion of the theorem follows. O

Combining the theorem with the symmetrization described in Equation (10) we
get the following

PROPOSITION 2.12. Let f be any square-free expression for Td(X4) (as in Equa-
tion (8)), then its symmetrization f* is the Berline—Vergne erpression for Td(Xg).

3. COMBINATORIAL TOOLS: SPIDER DIAGRAMS

In this section we develop the necessary combinatorial language that will be used to
express our main formulas in Section 4.

DEFINITION 3.1. Let Ty € Cgy1 and S € Ty (so S is a subset of [d + 1]).

A spider Sp = Sp(T,,S) on Ty with head S is a graph on the vertex set Ty with
edge set {S, T} for every T € T \{S}.

We call S the head and every non-head vertex a leg. Legs are partitioned into two
subsets L and R. The set L consists of the left legs, the elements T € To such that
T C S, and the set R consists of the right legs, the elements T € Ty such thatT O S.

The size of a spider is |Sp(Te, S)| = |Te|, the size of its vertex set. A spider of
size one is called a trivial spider. It has no legs. (Note that the number of edges in a
spider Sp is | Sp| —1.)

EXAMPLE 3.2. We draw spiders by aligning the vertices and circling the head. In this
way the sets L and R are visually on the left and right respectively. To save space we
avoid commas, for instance {12} := {1,2}. See Figure 1 for an example where

T, = {2} C {12} C {123} C {123456} C {12345678}
and S = {123}.

{2} {12} {123} {123456}  {12345678}

FIGURE 1. A drawn spider.
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Given a spider Sp = Sp(Ts, S), an edge labeling w of Sp is a bijection from the set
of edges of Sp to the [|Sp|—1] = {1,2,...,|Sp| — 1}. We say an edge labeling w of
Sp is natural if w({S,T}) > w({S,T'}) whenever SCT C T or T' C T C S. We use
notation (Sp,w) to indicate a spider Sp with a natural edge labeling w.

EXAMPLE 3.3. We draw a natural edge labeling on the spider of Figure 1.

1 2

{2} {12} {123} {123456} {12345678}
FIGURE 2. A drawn spider with a natural edge labeling.

NOTATION 3.4. A left leg will be labeled as T} if it is the i-th smallest vertex among
all left legs, and a right leg will be labeled by TjR if it is the j-th largest vertex among
all right legs. If there are no left legs, we give the head vertex S an additional label
T similarly, if there are no right legs, we give the head vertex S an additional label
TF,

EXAMPLE 3.5. Consider the spider with chain 7T, = {12} C {123} C {123456} C

{12345678} and head S = {12}. In Figure 3 we have labeled the spider according to
Notation 3.4. Note that the head S also receives the label T .

{12} {123} {123456} {12345678}
TL =5 TE =TER TR TR

max

F1GURE 3. A spider with the head having two different labels.

DEFINITION 3.6. Let Ty € C4y1 be a chain. A spider diagram I' on Te consists of a
partition of Ty into k-disjoint intervals T e, -+ ,T) e together with a spider Sp; =
Sp(Ti.e,S:) on each interval. The set of heads S; is called the head set of T'. Note
that the head set is always a chain Se € Cqy1. For each i, let m; = |Sp; |, and L; and
R; be the set of left and right legs respectively. The vector m = (mq,--- ,mg) is the
length vector of T'. The size of T is [T'| :=Y_ m;, the size of its vertex set. An ordered
spider diagram I' is a spider diagram in which additionally we have a natural edge
labeling w; on each spider Sp,.

A pair (S.,m) is admissible if S, € C§+1, m € Z*. Such a pair is d-admissible if
furthermore Zle m; < d. Let F(Se,m) (respectively O(S., m)) be the set of spider
diagrams (respectively ordered spider diagrams) with head set So and length vector m.

REMARK 3.7. Notice that if (S,,m) is not d-admissible, that is, Zle m; > d, then
F(S,,m) and O(S,, m) are empty.
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NoTATION 3.8.In a spider diagram I' the legs are now triply indexed: the element
T, with P € {L, R} is the j-th smallest/largest on the side L/R of the i-th spider
Sp; -

We also let I; be the number of left legs of Sp, and r; be the number of right legs of
Sp, . Hence, T, le is the largest vertex among all left legs and TZR; is the largest vertex
among all right legs.

EXAMPLE 3.9. In Figure 4 we show an ordered spider diagram of two spiders where
vertices are labeled according to Notation 3.8. This diagram has size 10 and length
vector (6,4). We have also included a natural edge labeling w.

/@%

1L,1 T12 S1 T13 T12 T11 T21 T22 S2 T21

FIGURE 4. A spider diagram of two spiders together with a natural
edge labeling.

For our formulas in the next section we need to define the weight of a spider
diagram.

DEFINITION 3.10. Let Ty € Cyy1 be a chain and I' a spider diagram on T, with k
spiders. We define the internal weight of a single spider Sp; as

(12) intwt(Sp;) = H _ w 1| H| ij—1

j>1 ] 1| j>1 7]

1*5\ ’

(note that the internal weights of a spider is 1) and the boundary weight of the
diagram T as

ITE — 2| ({5 1T = TR, ([d+1] - T |
13 bdwt(T") = ’ ’ : =,
(13) WD) = 55 1;[2 1S = Sia| ) Tld+ 1] — Sl

The weight of a spider diagram I is defined as

k
wt(I') := bdwt(T) ] [ intwt(Sp;).
i=1
EXAMPLE 3.11. The weight of the spider diagram I' depicted in Figure 4 is

ITE — 2 . |T2L,1 *Tll?l‘ _ |[d+1] *T2},21|
IS1—a  |S2=Si| [[d+1] -5

bdwt(T")
‘T{fz - T1If1| |T1},%1 - Tf?2| ) |T1 ,2 -T; 3‘
|Sl - TlL,ll |T11,%1 - Sl| |T52 Sl|

intwt(Sp,)

Ty — T |
N\ 7 |1
|S2 — Ty |

intwt(Spy)
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4. COMPUTATIONS IN THE CHOW RING Ay
The main goal of this section is to express any element in Ay as a sum of square-free

monomials. We start by treating squares.

LEMMA 4.1. Let S € Bgy1. Choose a € S, b ¢ S then we have the following equality
in the ring Ag:

(14) %= — Z TTTS — Z TTT.

TCS ScT
acT b¢T

Proof. Using the relation ¢, — ¢, € Iz, we get xg(¢q, — ) = 0 in A4. Hence,

(15) T3 (Z Tp — ZxT> =0.

acT beT

The relations in I; imply that zgxp = 0 for any T that is neither 77C S nor S C T
Thus we expand the above equation to get

(16) x2S + Z rTIg + Z TsxT — Z TTTg — Z rsxr = 0.

TCS SCT TCS ScT
aeT acT beT beT

The fourth term is zero since the condition is vacuous. In the third term notice that

the condition a € T is redundant. After canceling terms from the second and fourth
sums, everything reduces to

x?g—i— Z Trxs + Z zgxr = 0.

TcS scrt
a€T b¢T
By solving for 2% we get Equation (14). O

The square-free expression obtained in Lemma 4.1 is not symmetric. To adjust
this, we average over all possibilities.

LEMMA 4.2. Let Sy,---, Sy be a k-chain in Bgy1 and S; a set in the chain. We have
the following equality in Agy:

(17)
2 |T — S|
TS, " XS TG XS, " TS, = — E mmsl LS G XTTS TS, Sy,
Si_icTcs, PET R
|Si41 = T
G g[S ST TS TSy s
|Si+1 — 51
SICTCS141

By convention, we let So = & and Si41 = [d + 1].
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Proof. We expand x%l as in Lemma 4.1 using all possible pairs (a,b) € (S; — Sj—1) %
(Si+1 — S;) and take the average. We obtain

2
LSy T8 1 X5 LSy " XS,

TSy TG 1 XTTS TSy " TS,
1S, — Sl 1St — 8]
a€S;—S1-1 51-1CTCS;
bGSH,l—SL aceT

: DY
- LSy TG ITLS 1 TSy " LSy,
1St — Si—1]+Si41 = S
a€S;—S;-1 S;CTCS141

beS11—-S b¢T
For the first term in the above expression, one sees that a set T contributes to the
summation if and only if S;_y C T C S;, and for any T such that S;_y C T C S}, it
appears if and only if a € T'— S;_; which can be paired with any b € S;41 — S;, and
thus it appears exactly |T'— S;_1]|-|Si+1 — Si| times. Hence, the first term above agrees
with the first term on the right hand side of (17). Similarly, we can show that the
second term above coincides with the second term on the right hand side of (17). O

REMARK 4.3. The two sums on the right hand side of Equation (17) can be over empty
index sets simultaneously, in which case the monomial on the left hand side of (17) is
equal to zero. In particular, notice that this happens when (S; — S;—1) x (Si+1 — Si)
is a singleton.

Repeated use of this lemma allows us to expand any monomial in A, as a sum of
squarefree monomials. First we need more notation.

DEFINITION 4.4. For a spider diagram T' we define sgn(I") == (—=1)I"1=*. The number
IT| — k is equal to the total number of legs. Also we let xr = x,, where Ty is the
vertex set of I.

PROPOSITION 4.5. Let S, € Ck. | be a k-chain and m = (mq,--- ,my) a vector of
positive integers. Recall from Definition 3.6 that O(S,, m) is the set of ordered spider
diagrams where each spider Sp; has head S;, size m;, and an edge labeling w;. Then
we have the following equality in the ring Ag:

k
(18) T ::_H:cgji: > sen(l) wt(I)zr.

[€0(S.,m)

Proof. We prove by induction on |[m| = > m,;. The base case is |m| = k which
happens exactly when m; = 1 for all . In this case we have the square-free monomial
Hle zg, and O(Se,m) consists of a single diagram T’y with k trivial spiders. One
sees that sgn(Iy) = 1 and wt(T'y) = 1 so Equation (18) is trivially true.

We proceed to the induction step. Suppose that N > k is a positive integer, and
for any m = (mq,...,my) with |m| =>_m; < N, we have the equality (18) holds in
Ag.

Now we assume that m = (mq,...,my) is a vector of positive integers satisfying
|m| =3 m; = N. Let j = max{i: m; > 1} and m’ == (my,--- ,m; —1,---). By the
induction hypothesis, we have the following equality in Ay :

k
(19) ;Ugjl H Tyt = Z sgn(I”) wt(I') 2.
i=1

I'€O(S,,m/)
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We see that in order to show that (18) holds for m, it is enough to show

(20) > sen(M)wt@zger = Y sgn(T) wt(D)ar.
I'eO(S.,m’) TeO(S.,m)

For the rest of the proof, we will use notations developed in Section 3, in particular
recall those given in Notation 3.8. In order to prove (20), we construct a pruning map
Prune from O(S., m) to O(S,, m’) in the following way: Let I € O(S,, m), where
Sp; is the j-th spider in I' together with a natural edge labeling w;. Suppose T' is the
leg in Sp; such that w; ({S;,7'}) has the largest edge label in Sp;. (Note that T is
either the closest leg/vertex Tflj on the left of S; or the closest leg/vertex T’ fr,- on
the right of S;.) Then we define Prune(I") to be the ordered spider diagram obtained
from I'" by removing T'. For example, if I" is the ordered spider diagram in Figure 4,
then Prune(T") is the one depicted in Figure 5.

/@%

TL
T, T12 S1 T13 T12 T11 T21 Sa T21

FIGURE 5. An example of the pruning function.

As sets we have O(Se,m) = [Irco(s, m) Prune™ ! (I"), so we can rewrite the right
hand side of (20) as

Z Z sgn(T) wt(T)ar or Z Z sgn(T) wt(T)ap.

I"eO(Se,m’) 'ePrune (1) I'eO(Se.,m’) T€O(S,,m)
Prune(I")=I"

Hence, we can reduce the problem of proving (20) to proving that for every IV €
O(Se,m’),

(21) sen(I) wt(M g,z = Y sgn(T) wi(D)ar.
eO(S.,m)
Prune(T')=I"
We now apply Lemma 4.2 to rewrite xs, zr/. One notices that the two summations
on the right side of (17) correspond to reversing the “pruning” operation by adding
a left or a right leg back. Hence,

(22) ZL'Sj Iy = — Z Cj (F){EF,

T'eO(Se,,m)
Prune(T")=I"
where
‘Tle - Tle 71|
ﬁ if the left leg Tfl,: is removed when pruning I';
. -1
¢;(I') = TR 1] R
M if the right leg T is removed when pruning I'.
| jri—1 J|
Also, if I; = 1L welet T/, _, = T/t , and if r; = 1 we let T} _; = T/, ;.

(Note that if j = 1, we consider Tﬁl,l = Sy = o; likewise, if j = k, we consider
Tli:-&-l,l = Sk+1 = [d + 1])
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Plugging (22) into the left hand side of (21), we obtain

(23) sen(M) wt(Mazg,zr = Y —sgn(I’) wt(I")e; (D)ar.

NS

Prune(T)=I"
Comparing it with the right hand side of (21) and observing that — sgn(I"”) = sgn(I")
when IV = Prune(T), one sees that the proof is completed if we can prove that for
any I' € O(S,, m), if I = Prune(T"), then
(24) wt(I")e; () = wt(T).

Suppose T is the leg that is removed when we “prune” I" to obtain I'V. We will only
consider the case when T' = Tflj is a left leg of Sp; . (The case when T is a right left
of Sp; can be proved analogousiy.) It is straightforward to check from the definitions
of weights that ¢;(I") wt(I'V) = wt(I") when [; > 1, i.e. ijjlj is not the only left leg
of Sp,. Indeed, in this case the boundary weights of I' and IV are the same and the
internal weights of I' and I" differ exactly by a factor ¢;(I') so (24) holds.

Suppose l; = 1. Thus ijjl is the only left leg of Sp; (which is the j-th spider in
'), and the j-th spider in T” has no left legs. Then the internal weights of T' and T
are the same, whereas the boundary weights are different. Comparing bdwt(I"”) and

bdwt(I"), we see all but one factors in their expression are the same. The different
factors bdwt(I'"") and bdwt(T") are

|Sj - TjR—l,l and ‘Tle - TJ'R—1,1|
155 = Sl 1S5 — Sl

respectively. Since

L L
¢;(T) = ‘Tj’lj — Tjwl.7‘*1| _ |TJL1 - TjR—171|
W)= = .
155 = Tj%lj—l‘ 155 — T]‘R—1,1|
we conclude that bdwt(I")c;(I') = bdwt(I'). Therefore, (24) follows, completing the
proof. O

COROLLARY 4.6. Monomials in Ry of degree larger than d vanish in Ag.

Proof. Because of the relations in the ideal I, we only need to consider monomials
of the form z§? where (S,,m) is an admissible pair. Applying Equation (18) we get
an empty sum on the right if ), m; > d, hence a monomial x§* is nonzero only if
(Se,m) is d-admissible. O

The proof of Proposition 4.5 prunes one leg from a spider diagram at the time
until we obtain a spider diagram consisting only of trivial spiders. The natural edge
labelings are used to keep track of the order in which we remove the legs. However,
one notices that if I'1,T'y € O(S., m) are on the same spider diagram I" with two
different natural edge labelings, then

sgn(Ty) wt(Ty)zr, = sgn(T) wt(T)ar = sgn(T2) wt(T'2)ar,.
We have the following immediate consequence to Proposition 4.5:

COROLLARY 4.7. Let Sq € C§+1 be a k-chain and m = (mq,--- ,mg) a vector of
positive integers. Recall from Definition 3.6 that F(S.,m) is the set of unordered
spider diagrams where each spider Sp; has head S; and size m;. Then we have the
following equality in the ring Aq:

(25) g = Z Binom(T") sgn(I") wt(I")zr,
FeF(Se.,m)
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where
k
. |Sp; | —1
Binom(T") = ( '
Z-I;[l |Lil, | Rl
counts the number of natural edge labelings on T'.

5. FORMULAS FOR THE BERLINE-VERGNE FUNCTION

With Corollary 4.7 in hand, we can now write down square-free expressions of any
element in A4, in particular of the Todd class. First we need one more piece of notation.
Any monomial w € R, that is non-zero in Ay is of the form ! for some d-admissible
pair (Se, m).
DEFINITION 5.1. Ezpand the Todd class by plugging Equation (6) into Equation (5)
to obtain:
(26) Td(Xy) = Z Tdcoeff(S,, m) - 25, Tdcoeff(S,, m) € Q,

(S’.,m)
where the summation is over all d-admissible pairs (Se,m). For T' € F(S,,m) define

Tdcoeff(T") := Tdcoeff(S,, m).

EXAMPLE 5.2.Let d > 7, S¢ = (571, 52,53) be any chain of length three and m =
(2,4,1). The monomial % % x§, appears in Equation (6) with coefficient

1 ANy 1
12 720/ \2) 17280’
hence Tdcoeff(S,,(2,4,1)) = —1/17280.

REMARK 5.3. Notice that by definition Tdcoeff only depends on the length and entries
of m.

Now we can present our main result.

THEOREM 5.4. Let X4 be the permutohedral variety. Its Todd class has the following
representation in terms of toric invariant cycles:

(27) Td(Xa) = Y a(T)[V(on)),
Te€Cay1
with coefficients a(Ts) given by following explicit combinatorial formula

(28) a(Ty) = Y Tdcoeff(I') Binom(I") sgn(I") wt(I),
reD(T,)

where D(T,) is the set of all spider diagrams on T,. Furthermore, we have that
a(T,) = a®¥(T,), where a®¥(+) is the Berline—Vergne function.

Proof. We start with the expansion in Equation (26). Then we expand each g} by
using Corollary 4.7. We obtain

(29) Td(X4) = »_ Tdcoeff(I") Binom(I") sgn(I") wt(T')r,
r

where the sum is over all possible spider diagrams, to be more precise over | F(S,, m)
where the union is over all d-admissible pairs. We can rearrange the sum as follows

(30) Td(Xy) = Z xT, Z Tdcoeff (T") Binom(T") sgn(T") wt(T")
Te€Cai1 reD(T.)
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We proceed to show that the expression obtained in (30) is symmetric. By Remark 2.10
it is enough to prove that two different chains with the same size vector have the same
coefficient.

Consider two chains T, and T, with same size vector and fix a bijection ¢ on [d+1]
that simultaneously bijects T; with 7} for all relevant ¢. The function ¢ also induces
a natural bijection (which abusing notation we call ¢ also) ¢ : D(T,) — D(T)). By
Remark 5.3 Tdcoeff(I') = Tdcoeff(¢(T")). Also sgn(I') = sgn(¢(I")) since they both
have the same number of legs. Finally (Binom(I"), wt(I")) = (Binom(¢(I")), wt(¢(I')))
since by definition Binom and wt depend only on the sizes involved.

We have thus proved that (30) is a symmetric square-free expression of Td(Xy). By
Theorem 2.11 there is only one such expression, the one given by the Berline—Vergne
function, hence we obtain the last part of the theorem. O

To end this section we count the number of terms appearing in Equation (28).
PROPOSITION 5.5. The number of terms in Equation (28) is exponential.

Proof. Let h(n) be the number of spider diagrams I' on [n] such that |Sp| €
{1,2,4,6,---} for each Sp € T". Its generating function is

(oo} oo
(31) Zh(n)z" = (z+222—|—4z4—|—6z6 —i—~--)]C

n=1 k=1

4 2
Observe that z+22% + 421+ 625+ =2+ 1 ((lfz)z + (1,((_2)2)) = Zfzz,—f)%zﬂ)-

Plugging into each term in the right of (31) and using the geometric series formula
we obtain

(32) > h(n)z" = -

n=z1

2(2* =222+ 224+ 1)

_ 2 3 4 5
R S Y P pr— = 24+32°+52°+152"4292°+- - - .

The conclusion follows since the coeflicients of a rational function are asymptotically
the powers of the largest root of the denominator [20, Theorem 4.1.1], which in this
case is ~ 1.602. O

6. EXAMPLES IN LOW (CO)DIMENSION
In this section we explicitly compute Equation (28) for chains of small length.

PROPOSITION 6.1 (Codimension 2 cones.). Let (T1,T2) € C3,, be an arbitrary 2-chain,
then

1 1 (d+1—ts
33 (T Ty) =~ — — (-2 L
(33) M) =715 (d+1—t1+t2>’

where t; = |T;| fori € {1,2}.

Proof. We use Theorem 5.4 to compute oV (T}, Tz). We apply Equation (28) to Te =
(T1,Ts). The set D(T,) of all possible spider diagrams is shown in Figure 6. The
leftmost diagram, I';, consists of trivial spiders. The only contribution of this diagram
to the right hand side of (28) comes from Tdcoeff(I';), since the other statistics are
1. For the other two diagrams, I's and I's, we have Tdcoeff(I';) = 1/12, sgn(I';) =
—1 (notice that there is only one leg), Binom(T';) = 1 for ¢ € {2,3}. Finally the
corresponding weights for I'y, '3 are written in Figure 6. Formula (33) then follows.

O

Formula (33) (and a similar one for three dimensional cones) was already obtained
in [3] relying on some general formulas in the Berline-Vergne constructions. Since
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Ty 15 T 15 T, 1
I 1 r 2 r 3

FIGURE 6. All spider diagrams on two vertices with the correspond-
ing contribution to Equation (28).

there is no simple closed formula for their construction for unimodular cones of di-
mension larger than three, we were not able to obtain more formulas in [3] using
the same approach. However, by applying Theorem 5.4, we obtain in the proposition
below a formula for the o®V-value of any arbitrary 4-dimensional braid cone, which
could not be obtained with the previously known tools.

PROPOSITION 6.2. Let (T1,T>,T5,T4) € C§+1 be an arbitrary 4-chain, then

1 1 [(t3—t t ty—1t to—1t d+1—t t3—t
aPV(Ty, To, T, Ty) = — 3—la t1 la—13 2—11 + 4 3— 12
tz3—t1 to ti—te tz3—t; d+1—t3 tyi—ts

T 16 48
1 ts—ty d+1—ty tg—te t1 d+1—ty t1 ts—1t

144 <t3—t1 At l—ts  tya—t  ty d+1—t3 152't4—t2)

1 t3—to tyg—ts d+1—14 ty tag—ts d+1—1ty

720 <t3t1 ta—ty d+1—t, Tty tg—ty d+1t2>

1 ty to—ty d+1—ty t1 to—1t; t3—1s

+720( ty ts—t1 d+1—ts ity t4—t2"t4—t2)

where t; == |T;| fori € {1,2,3,4}.

Proof. We use Theorem 5.4 to compute o®¥ (T4, T2, T5,Ty). We apply Equation (28)

to Te = (T1,T5,T5,T4). The set D(T,) of all possible spider diagrams is shown in

Figure 7. Notice that only for two diagrams I' we have a nontrivial Binom(I") and in

those two cases Binom(I") = 3. Since the coefficients for (6) of odd powers bigger than

one are all zero, we do not need to consider spider diagrams with spiders of odd sizes
(other than trivial spiders of size one) since Tdcoeff is zero in that case. O

EXAMPLE 6.3. Using SAGE [19] we found negative values for «f" in four dimen-
sional cones in Y;. The smallest d for which this happens is d + 1 = 25, where
asy (Ty, Ty, T5,Ty) = —19/1684800, for any four chain with |T3| = 10, |Ts| = 12, |T3| =
13,|Ty| = 15.

Example 6.3 disproves Conjecture 1.2. Furthermore, it also enables us to prove
Theorem 1.3, which we restate here.

THEOREM 6.4. The Todd class of the permutohedral variety X4 is not effective for
d = 24. That is, there is no way of expressing it as a nonnegative combination of
cycles.

Proof. 1t is well known that in the Chow ring of a toric variety arbitrary cycles can
be expressed as positive combinations of torus invariant cycles (see Lemma A.1), so
it suffices to show that there is no positive expansion using torus invariant cycles,
i.e. that there is no expression of the form (2) with all coefficients positive.

By Proposition 2.12, if there is any positive square-free expression for the Todd
class of Xy, then oV(-) is positive for all chains Ty in C411, but Example 6.3 shows
that this is false for d = 24. Moreover, Remark 3.6 in [3] implies that there are negative
values for all d > 24. O

Algebraic Combinatorics, Vol. 4 #3 (2021) 402



On the Todd class of the permutohedral variety

1 1 dt1-t 1Lty ta—ts
©@e0®® 5 ®@® @ —I8 T dyits o ®O® ;i

1 ts—t 1 ta—t 1 ta—ty | ta—ts . d+l—t,
@ @®@® - P~ @®e® ;- T—ts @ 70 ot ity d4i—is

14 1 ts—ty | dtl-ty r@ L gty ta—ty  dtl—ty
*®O®® B 0 @ @O ; ¢ oo 7200 ity dt1—ts

1 ta—ts 1 tg—ts % 1ty | ta—t; | d¥l—ty
@@ @® I8 4o @ o® 5 . 720905 oty dil—is

1 ben Ot delty ﬂ A bttt
O @ OJO) 18 ts—t *O@e i i 720ty la—ts  ta—ts

FIGURE 7. All spider diagrams on four vertices with the correspond-
ing contribution to Equation (28).

7. POSITIVITY FOR LINEAR COEFFICIENTS

As mentioned in the introduction for every lattice polytope P the function Lat(¢tP),t €
N is a polynomial in ¢ of dimension d = dim P, i.e. Lat(tP) = ag + a1t + agt® + - - - +
aqt?, a; € Q. This is the Ehrhart polynomial of P and will be denoted by Lat(P,t). We
also define Lat(P) := [t!] Lat(P,t), the coefficient of ¢’ in the Ehrhart polynomial.

7.1. POSITIVITY OF BERLINE-VERGNE FUNCTION. In this section we take a different
argument to show that the o®¥ values are indeed positive on codimension one cones
of the braid fan and thus the main Conjecture 1.1 is true for Lat'. The arguments in
this section are independent of the rest of the paper. We make use of special polytopes
called hypersimplices.

DEFINITION 7.1. The hypersimplex Ay g4+1 is defined as

Ag g1 = Perm(0,---,0,1,--- ,1).
N— N —
d+1—k 1

PRrROPOSITION 7.2. If Latl(Ak’dH) >0 for all 1 < k < n then oY is positive on every
codimension one cone, thus Latl(P) > 0 for any generalized permutohedra.

Proof. This is a consequence of [3, Theorem 5.5]. In the case of an edge the mixed
valuation is equal to the valuation itself, the rest of the formula is positive hence
the first part follows. The second part is a consequence of the reduction theorem [3,
Theorem 3.5] which shows how the positivity of o for all codimension k cones in
Y4 implies positivity of Lat” for all generalized permutohedra. (]

The following result is standard [21, Chapter 4, Ex. 62].

PROPOSITION 7.3. The Ehrhart polynomial for Ay 441 is given by

1 — ot
(34) Lat(Apas1, ) = [*] (12> .
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This formula can be turned into the more explicit

(35) Lat(Ag aen,f) = Ek:(—l)i (d;r 1) (d + t(k:d— i) — z)

i=0
LEMMA 7.4. For any k < d, Latl(Ak,dH) > 0.

Proof. We are going to keep track of the linear term on each summand on Equa-

tion (35). There are two cases.

d+1) (d+tk

For i =0 we get (—1)°(“] ") so

d
[t1]<d+tk> :[t1](tk+d)"'(tk+1) :Zk

d d! ;
=1

For i > 0 we get (—1)i(d‘:1) (d+t(kd_i)_i) so we first look for the linear term of

d _ d
Ltk —i)—i+ ) H k—i)—i+j) | @k=) | [] k=i —i+i) |,
i j=1 J=i+1

which is equal to (i — 1)!(=1)""1(k — 4)(d — i)!. Now we can compute

e (T (T e () - ey - -

C(d+1)(k i)
i(d+1—1)

Putting these equations together we get that the linear term in (35) is

z’“: (d+ 1) (d—&-t(kd—i) - 2) _ Ek:[tl] <(_1)i<d4i- 1) <d+t(l~cd— i) — z))

i=0 i=0
_iﬁ_i (d+1)(k—i)
—~ i = i(d+1-1)
N (k_ <d+1><k—z>> ok
i=1 ¢ Z(d+ 1= Z) i=k+1
> U,
. e k d+1
because each parenthesis is positive since - > i1 for d+1>k. g

THEOREM 7.5. Conjecture 1.1 is true for the linear terms. More precisely, Lat*(P) > 0
for every lattice generalized permutohedron P.

Proof. Tt follows from Proposition 7.2 and Lemma 7.4. O

In [15] the authors use their results in Minkowski linear functionals to give an
alternative proof of Theorem 7.5.
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APPENDIX A. ALGEBRAIC CYCLES IN TORIC VARIETIES

We include a sketch of the following lemma, since it is a crucial reduction in the proof
of Theorem 6.4 and we could not find a reference in the literature.

LEMMA A.1. Let X be a smooth projective toric variety of dimension n over an alge-
braically closed field k. Then arbitrary algebraic cycles of X are positive combination
of the torus invariant cycles.

Sketch of proof: Let T C X be its dense torus and fix an isomorphism 7" = T} X - -+ X
T, where each T; is isomorphic to k*.

Let Z be a general cycle. We can assume that Z is an irreducible subvariety. Taking
the flat limit (See [9, Section I1.3.4]) of Z over T} = k* we obtain an subvariety
7, whose associated algebraic cycle is effective and rationally equivalent to Z, and
furthermore each irreducible component of Z; is Ti-invariant. For every irreducible
component of Z; we now take the flat limit over 75, taking the union we obtain an
effective cycle Z, rationally equivalent to Z; that is T1- and Ts-invariant. Continuing
in this way after n iterations we get at an effective cycle Z,, rationally equivalent to
each Z; i < n, and to the original Z, that is T;-invariant for every i. Then Z, is
rationally equivalent to Z and T-invariant as we wanted to show. O

The intuition is that for each tori T; = k* we have an action on any subvariety
Z C X, so there exist subvarieties t-Z C X for any ¢ € k* (which are all isomorphic to
Z) and we take the limit as ¢ approaches 0 to obtain a rationally equivalent subvariety
that is now k*- invariant.

EXAMPLE A.2.Let X = P be a toric variety with torus 7 = {(t; : to : t3 : 1) :
(t1,t2,t3) € (k*)®} acting coordinate-wise. Consider Z = V (zy — 22 — w?

P} to be the surface given by the zero locus of system of equations

,xw —yz) C

Ty = 22+ w2,
TW = Yz.

One can check that Z is irreducible. We compute Z, Z5 and Z3 as in the proof of
Lemma A.1.

(1) We have that Ty = {(t; : 1 : 1 : 1) : t; € k*} acts by scaling the first
coordinate. For a fixed nonzero scalar ¢ € k*, the subvariety (¢t:1:1:1)-Z
is equal to V(zy — t2? — tw?, 2w — tyz). Taking the flat limit as t — 0, we
obtain

2

Zy =V (zy, zw,y’z — 2%w — w?).

This subvariety decomposes as Z; = U U W, where U = V(y,w) and W =
V(z,y?z — 22w — w?). Notice that both components are T}-invariant. In the
Chow ring we get
[Z:] = [U] + [W].
The cycle [Z;] is rationally equivalent to [Z].
(2) Next we have Ty :={(1:t3:1:1):ty € k*} and it acts by scaling the second
coordinate.

For a fixed nonzero scalar t € k*, the subvariety (1:¢:1:1)-W is equal to
V(z, 3?2z — t22%2w — t?w?). Taking the flat limit as ¢t — 0 we obtain V (z, y?z).
This subvariety has two components, U’ = V(z,y) and U” = V(x, z) where
U’ has multiplicity two. Hence, in the Chow ring we have

(W] =[V(z,y*2)] =2[U"] + [U"].
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The component U is already Ts-invariant, so it is equal to its flat limit over
Ts,. Collecting terms from both components we get Zy == V (x,3%2) UV (y, w)
which can be represented in the Chow ring as

[Zo] = U]+ 2[U"] + [U"].
The algebraic cycle [Z3] is rationally equivalent to [Z;] and hence to [Z].
(3) Finally we have T3 == {(1 : 1:¢3: 1) : t3 € k*} acting by scaling the third
coordinate. Since every irreducible component of Zs is already T3-invariant,

each one is equal to its flat limit over T3, so nothing changes in this step and
Z3 = Zy so in the Chow ring

(Z5] = [U] + 2(U"] + [U"].
We obtained the expression [V (y, w)] +2[V (z,y)] + [V (z, 2)] in the Chow ring A(P})

which is a positive combination of three torus invariant cycles and it is rationally
equivalent to [Z] as we wanted.
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