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Quivers and moduli spaces of pointed curves
of genus zero

Mark Blume & Lutz Hille

ABSTRACT We construct moduli spaces of representations of quivers over arbitrary schemes and
show how moduli spaces of pointed curves of genus zero like the Grothendieck—Knudsen moduli
spaces Mg,n and the Losev—Manin moduli spaces L, can be interpreted as inverse limits of
moduli spaces of representations of certain bipartite quivers. We also investigate the case of
more general Hassett moduli spaces nga of weighted pointed stable curves of genus zero.

INTRODUCTION

The main topic of this paper is the relation of moduli spaces of pointed curves of genus
zero, in particular the Grothendieck—Knudsen moduli spaces My, and the Losev—
Manin moduli spaces L,, but also more general Hassett moduli spaces of weighted
pointed stable curves of genus zero My ,, to moduli spaces of representations of the
following quivers @,, and P,, with fixed dimension vector as indicated by the numbers
at the vertices:
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Moduli spaces of representations M?(Q) of a quiver @ with some fixed dimension
vector are constructed via geometric invariant theory (GIT) and depend on the choice
of a weight 6. The collection of M?(Q) for § representing the finitely many GIT
equivalence classes forms an inverse system and as inverse limit we have a space
Jim, M?(Q) independent of choice of weights.

In this paper we show over arbitrary base schemes, see theorems 3.16 and 3.17
(over C this is essentially known via different methods, though usually formulated
without quivers, see below):

THEOREM. - o
L, = lim M°(P,) Mo, = lim M(Qy).
0 6

Our methods also apply to more general Hassett moduli spaces M, of weighted
pointed stable curves of genus zero [15]. In theorem 4.4 we show that any of these
Hassett moduli spaces is a limit of GIT quotients over an area in the weight space
(considering normalised weights), which is new already over C:

THEOREM.
MO,a = I&HMQ(QH)
0<a
It is natural to work over Spec Z as the moduli spaces of pointed curves are defined
over the integers, and so are moduli spaces of representations of quivers. However, we
have to extend the results on moduli spaces of representations of quivers in [20] to
arbitrary base schemes (see theorem 1.8):

THEOREM. For a finite quiver Q with indivisible dimension vector and generic weight
0 there is, over an arbitrary base scheme, a fine moduli space M%(Q) whose Y -valued
points correspond to 0-stable representations over Y up to isomorphism over a Zariski
cover.

Here the main issue is less the construction of these spaces by application of the
theory of GIT over arbitrary schemes [1], [29] to this problem, but more the proof
that these GIT quotients for generic weights are in fact fine moduli spaces of quiver
representations and the application of the necessary techniques, like the result of [2]
in the proof of proposition 1.7.

To show the isomorphisms between moduli spaces of pointed curves of genus 0 and
limits of GIT quotients we use the interpretation of these GIT quotients for generic
weights as fine moduli spaces and compare the functor of the limit to the moduli
functor of pointed curves via the following steps:

e The functor of the limit associates to a scheme Y the set of collections (pg)g of
morphisms (or equivalently collections (V?)g of equivalence classes of f-stable
representations over Y') for generic 6 (i.e. corresponding to full-dimensional
GIT equivalence classes) that satisfy relations coming from GIT classes of
codimension one, see proposition 1.16 and (7) at the beginning of subsec-
tion 2.4.

e In proposition 2.15 we express the relations between the representations (V%)
in the limit functor by certain equations. Whereas the original relations are
local in the weight space, we have equations relating pairs of representations
for all generic 8. We can reduce these sets of equations by remark 2.17.

e In the proofs of the results for the individual moduli spaces of pointed curves
(theorems 3.16, 3.17 and 4.4) we restrict the collections (V?)g to certain sets
of generic weights. Considering representations as IP*-bundles with n sections
(see corollary 2.10 and 2.12), these weights 6 (resp. §7') correspond to sets of
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three sections, such that a representation is stable with respect to this weight
if and only if these three sections are disjoint.

e Normalising the representations with respect to the three sections for each of
these weights, the functor of the inverse limit becomes a functor consisting
of sections of P! that satisfy certain equations. We compare these functors of
the limit with the functors of the moduli spaces of pointed curves, described
in theorems 3.11, 3.14 and 4.3, that arise from a natural closed embedding of
these moduli spaces into a products of P!’s related to root systems of type A.

There is the following known relation between moduli spaces of pointed curves of
genus 0 and GIT quotients of (IP!)". Working over the complex numbers, by [19]
under some assumptions limits of GIT quotients of toric varieties (X,T') by subtori
of T are the same as Chow quotients. Toric Chow quotients can be described by
fibre polytopes, and in the case of quotients of projective spaces by secondary poly-
topes [19, 9]. The Losev—Manin moduli space L,, is the projective toric variety cor-
responding to the (n — 1)-dimensional permutohedron [23], which arises as secondary
polytope of the product of simplices A! x A"~! and as fibre polytope for the opera-
tion of G, on (P')". By the Gelfand-MacPherson correspondence (see [17]) the GIT
quotients (P1)" by PGL(2) and the GIT quotients of the Grassmannian G(2,n) by
the maximal torus (G,,)" C GL(n), and similarly the Chow quotients (P')"/ PGL(2)
and G(2,n)//(Gy,)™ coincide over the complex numbers. By [17] the Chow quotients
G(2,n)//(G)" coincide with the Hilbert quotients G(2,n)//(G,,)™ and by [18] My,
is the closure of the space of Veronese curves in the Hilbert scheme or Chow vari-
ety. This is used to show that the Chow quotient G(2,n)/(G,,)" is isomorphic to
Mo, see [17, (4.1.8)]. Together the works [17], [18], [19] show that over the complex
numbers My, is the limit of GIT quotients (P*)"/p PGL(2) (see also [32]).

With the straightforward link between the moduli spaces of representations
M?(Q,,), M?(P,) and the GIT quotients (P)"/p PGL(2), (P*)"/p G, as described
in subsection 2.3 (related to the Gelfand-MacPherson correspondence) we recover
the results that over the complex numbers L, = Jim, (PYY" /o G, ([19, 23]) and

Moy, = lim, (PH" /p PGL(2) ([17]). Our different, more direct methods are valid over
arbitrary base schemes and do not involve Chow varieties.

It is known by [11] that over the complex numbers for fixed n all Hassett mod-
uli spaces of n-pointed weighted stable curves of genus zero can be realised as GIT
quotients of a certain space involving the component of the Chow variety of degree
d curves in P? containing rational normal curves, which, as a parameter space of
embedded n-pointed curves of genus zero, is already close to the moduli problem.

In the present paper we describe these Hassett moduli spaces as a limit of GIT
quotients that come from quivers, hence in particular GIT quotients of affine space.
Here the individual GIT quotients are quite simple, furthermore, in our construction
we restrict to a collection of GIT quotients for generic weights all of which are products
of PY’s.

Observing that the limits of moduli spaces of representations for these very simple
quivers give rise to relevant moduli spaces of pointed curves, it may be interesting to
describe and identify the varieties that arise this way from other quivers.

OUTLINE OF THE PAPER. In section 1 we construct fine moduli spaces of quiver rep-
resentations over arbitrary schemes. To construct the spaces M?~5(Q,d) C M?(Q, d)
of #-stable and #-semistable representations we apply the theory of GIT (see [24]) over
arbitrary base schemes, using the formulation in terms of stacks in [1]. We show in
theorem 1.8 that for a finite quiver @), an indivisible dimension vector d and a weight
6 the space M?~*(Q, d) is a fine moduli space parametrising f-stable representations
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up to isomorphism over a Zariski cover. The main point here is to show that the
natural group operation on the stable locus of the representation space is free and
the morphism to the quotient a torsor, see proposition 1.7. This extends the results
of [20].

The first step to describe the functors of points of inverse limits of moduli spaces
of quiver representations is taken in proposition 1.16 by describing the functor of the
limit by the functors of the moduli spaces M?(Q, d) for equivalence classes of generic
weights 6 subject to some relations.

Section 2 contains on the one hand some preparations and miscellaneous material
concerning the quivers P,, and @,,: the structure of the weight spaces for the quivers
P, and @, (compare to [17, (1.2),(1.3)], [9, 7.3.C]); the relation between Q2
and P,, their weights and stable representations (this corresponds to the morphism
MO,n—i—Q — L, after a choice of two of the n+ 2 marked points); the relation of moduli
spaces of representations for P, and @, and GIT quotients of (P')”. The last two
points, discussed in subsections 2.2 and 2.3, both derive from different presentations
of certain stacks.

On the other hand subsection 2.4 is one of the central parts of this paper where in
proposition 2.15 we describe the functor of the limit of moduli spaces of representa-
tions for the quivers P, and @, in terms of families of representations (V?)y, where
the weights 6 represent the equivalence classes of generic weights, satisfying certain
equations.

In section 3 we consider the Grothendieck—-Knudsen moduli spaces and Losev—
Manin moduli spaces. It is known that the moduli spaces L, and My, can be
embedded into a product of P'’s via the natural morphisms L, — L, = P! and
Mo, — Moy = P! (see [3, 10]). These closed embeddings have interpretations
in terms of root systems of type A. In the case of the Losev—Manin moduli space

n

L, C (Pl)(Z) each copy of P! corresponds to a root subsystem in A,_; isomorphic
to A, whereas the equations come from the root subsystems isomorphic to As, see [3].

In the case of the Grothendieck—-Knudsen moduli space Mg, C (IPl)(Z) each copy of
P! corresponds to a root subsystem in A,,_; isomorphic to Az, whereas the equations
come from the root subsystems isomorphic to A4. This way the moduli space My,
can also be interpreted as the cross-ratio variety of root systems of type Az in A, _1,
cf. [27, 28]. We summarise the results on these embeddings, the interpretation in
terms of root systems and the related description of the functor of points of L,, and
Mo, in theorems 3.11 and 3.14.

Proving that there are isomorphisms L, = lim MP(P,) (theorem 3.16) and

Moy, = Jim, M?(Q,,) (theorem 3.17), we compare the moduli functors of pointed
curves with the corresponding functors of the limit. We use the description of propo-
sition 2.15 and simplify it, where the main step consists of restricting the family of
representations (V%) to certain sets of weights of the form 6 (resp. 67).

In section 4 we apply the same methods to the Hassett moduli spaces to show that
Moo 2 lim b<a M?(Q,,) (theorem 4.4). Here some additions are necessary to take into
account the notion of a-stability of n-pointed curves. On the quiver side this corre-
sponds to a restriction to weights in the convex polytope P(a) = {6 € A(2,n)|0 < a}.
We also need a description of the moduli functor Mo,a analogous to that of L,, and
My, arising from an embedding into a product of P'’s, see theorem 4.3.

NOTATIONS AND CONVENTIONS. We work over a base scheme S, usually we think
of S as SpecZ. Products are over the base scheme S unless otherwise specified. We
use the theory of schemes as developed in [12, 13]. We sometimes write y € Y for
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a geometric point y: Speck — Y. We use the standard theory of algebraic stacks,
see [30]. We work with algebraic stacks in the fppf topology. Concerning stability of
quiver representations we use the sign convention opposite to [20]. For d,d’ € Q™ we
write d’ < d if and only if d; < d; for all 4, and we write d’ < d if d’ < d and d' # d.

1. MODULI SPACES OF QUIVER REPRESENTATIONS

1.1. MODULI OF QUIVER REPRESENTATIONS OVER ARBITRARY SCHEMES. Let @ be
a finite connected quiver with set of vertices Qg and set of arrows @);. For an arrow
a € Q; we denote s(a) and t(a) the source and target, i.e. s(a) > t(a).

DEFINITION 1.1. A representation of Q of dimension vector (dg)qeq, over a scheme
Y is a tuple V = ((Vg)qeqo: (Pa)acq,) where Vy is a locally free Oy -module of rank
dgq and v Vo) = Via) @ homomorphism of Oy -modules. A representation over Y
1s called free if the underlying Oy -module is free. The notions of homomorphisms of
representations, subrepresentations etc. are defined as usual.

DEFINITION 1.2. The representation space of Q for the dimension vector d = (dg)qeq,
over the base scheme S is the affine space over S

®ds(a Bdyi(a
R(de) = H 7H0mS(OS ( )703 “ ))
ac@Qq
where HomS(O?ds(a),O?d"(a)) is the Hom-scheme that represents the contravari-

ant functor on S-schemes Y +— Homy(C’)?ds(“),O?d““)). Equivalently, the scheme
R(Q,d) can be defined as the scheme that represents the contravariant functor on
S-schemes

Y — { free representations with fived basis of (Q,d) over Y }
On the representation space R(Q,d) the group scheme over S

G(d) = [] GL(dy)
q€Qo
operates by (9q)q(Va)a = (gt(a)yags_((ll))a where (gq)q € G(A)(Y), (Va)a € R(Q,d)(Y)
for S-schemes Y. The diagonal subgroup G, = A C G(d) operates trivially, giving
rise to a G(d) = G(d)/A-operation on R(Q,d).
By [20] the following definition of (semi)stability is equivalent to (semi)stability in
the sense of GIT of [24] (with [], det(g,)~% the character corresponding to 6).

DEFINITION 1.3. For a representation V of Q of dimension vector d = (dg)qeq, over
an algebraically closed field and a weight § = (04)qc0, € Q¥°, using the notations
dim(V) = (dim(Vy))geq, and 0(d) = 3 cq, Uodq. we define:
(a) The representation V is called 0-semistable if 0(d) = 0 and every subrepre-
sentation V' CV satisfies 6(dim(V")) < 0.
(b) A 0-semistable representation V is called 0-stable if the only subrepresenta-
tions V! CV with 0(dim(V')) =0 are V and 0.

DEFINITION 1.4. A representation V' of Q of dimension vector (dq)qeq, over a scheme
Y is called 0-(semi)stable if for all geometric points y: Speck — Y the representation
Vy =V ®o, k is 0-(semi)stable.

The functors on S-schemes

Y + {free 6-(semi)stable representations with fixed basis of (Q,d) over Y}
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are represented by open G(d)-invariant subschemes R’(Q,d) C R(Q,d) (parametris-
ing f-semistable representations) and R%*(Q,d) C R?(Q,d) (parametrising §-stable
representations).

In order to construct moduli spaces of representations, following [20] we con-
sider GIT quotients by the (geometrically) reductive group scheme G(d) or G(d)
(see [1, Section 9] for some results on (geometrically) reductive group schemes). GIT
over arbitrary locally noetherian schemes has been worked out first in [29], here we
use the formulation of [1] in terms of adequate moduli spaces of Artin stacks.

Let M%(Q,d) = R(Q,d)/s G(d) the GIT quotient with respect to £ = Og(qg.a)
with the linearisation determined by the character 6 (if 6 is not integral replace 6 by
10 for some | € Z~( such that {6 is integral), that is

M(Q,d) = Projg @k)o(p* ($®k))G(d)
where p: R(Q,d) — S is the structure morphism. We have the quotient morphism
RY(Q.d) = X°(Q,d) % M(Q,d).

where X%(Q,d) = [R’(Q,d)/G(d)] is the quotient stack. The next theorem follows
from the result in the affine case [1, Thm. 9.1.4] as this property is local [1, Prop. 5.2.9].

THEOREM 1.5 ([1]). ¢: X%(Q,d) — M%(Q,d) is an adequate moduli space.

In particular, we have the following properties (see [1], cf. also [29]):
1) The homomorphism O 60 .4y — ¢«Oxo(0.q) i an isomorphism.
MO (Q,d) (Q,d)
(2) ¢ is surjective, universally closed and universally submersive.
(3) For an algebraically closed field k the morphism ¢ induces a bijection

[X(Q,d) (k)] /~ = M*(Q,d)(k)

where ~ is the equivalence relation on the set of isomorphism -classes
[X9(Q,d)(k)] defined by z; ~ xo if {21} N {22} # @ in X%(Q,d)s for
r1,79 € X9(Q,d)(k) over s: Speck — S.

(4) Assume that S is locally noetherian. Then M%(Q,d) is of finite type over S
and ¢..7 is coherent for every coherent Oys g q)-module 7.

(5) ¢ is universal for morphisms to schemes, i.e. for an S-scheme Z the map

Morg(M%(Q,d), Z) — Mors(X%(Q,d),Z), f+ foq

is a bijection.
(6) Let Y — M%(Q, d) be a flat morphism of S-schemes. Then X?(Q, d) X MO (Q,d)
Y — Y is an adequate moduli space.

Statement (5) means that RY(Q, d) — M%(Q, d) is a categorical quotient. Restrict-
ing to the open subscheme of stable points R%*(Q,d) C R%(Q, d) there is the following
result corresponding to the notion of geometric quotient.

COROLLARY 1.6. Let X%%(Q,d) = [R?*(Q,d)/G(d)] and M?*(Q,d) the image of
X%3(Q,d) in M?(Q,d). Then X%°(Q,d) — M%*(Q,d) is an adequate moduli space.
For algebraically closed fields k the map [X%*(Q,d)(k)] — M%=(Q,d)(k) is a bi-
jection, where [X95(Q,d)(k)] denotes the set of isomorphism classes of objects in

X#(Q,d)(k).

In addition to these standard GIT results, in our situation we have:

PROPOSITION 1.7. The operation of G(d) on R%*(Q,d) is free and the morphism
R-5(Q,d) — M%*(Q,d) is a G(d)-torsor in the fppf topology.
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Proof. We first show that the operation of G(d) has trivial stabilisers. For an S-scheme
Y the stabiliser St(v) C G(d)y of an element v € R%*(Q,d)(Y) contains the diago-
nal group scheme Ay C G(d)y and coincides with the automorphism group scheme
Auty (V) of the corresponding free representation V' = ((V,)g, (Va)a) of (Q,d) over
Y. The automorphism group scheme Auty (V') is open dense in the endomorphism
scheme Endy (V). As the Oy-module &ndy (V) is the kernel of the homomorphism
of locally free sheaves EBq éEndy (Vy) = @, somy (Vsa), Vi), (©9)g = (VaPsa) —
©t(a)Va)as We have Endy (V) = Ay (%) with € = coker (EBa Homy (Viay, Vi)Y —
@, &ndy (Vy)Y). Since v is stable, all geometric fibres of St(v) = Auty (V) are of
dimension 1 (containing the diagonal group A), therefore all geometric fibres of
End, (V) are 1-dimensional affine spaces, so Endy (V) is an affine line bundle over Y.
Tt follows that St(v) = Auty (V) = Ay.

We show that the operation is proper, that is ¥: G(d) x R?*(Q,d) — R%*(Q,d) x
R%#(Q,d), (g,v) — (gv,v) is a proper morphism, using the valuative criterion [12,
II, (7.3.8)]. We can assume we have the base scheme S = SpecZ. Let A be a
discrete valuation ring with maximal ideal m, field of fractions K and k = A/m,
and let ¢ be a generator of m. Given a morphism Spec A — R%*(Q,d) x R%*(Q,d)
we have to show that the map Morgo-s (g a)x re-=(q,a) (SPec A, G(d) x R**(Q,d)) —

Mor go-« (.4 x ro-+ (@,4) (Spec K, G(d) x R%*(Q,d)) coming from the canonical homo-
morphism A — K is surjective (it is injective because the morphism is separated).
The morphism Spec A — R%*(Q, d) x R%*(Q,d) corresponds to a pair of representa-
tions V' = ((V,)g, (V4)a)s V = (Vg)g> (Va)a) of (Q,d) over Spec A and a morphism

(o7
Spec K — G(d) x R**(Q,d) making the diagram arising from the above maps (the
usual diagram when applying the valuative criterion) commutative corresponds to a
pair (g, V") such that V" = Vi, gV = V}.. The element g € G(d)(K) corresponds
to a family of matrices with coefficients in K up to a common factor in K*, so we
can represent it by a family of matrices (M), with coefficients in A and choose bases

of V; and V such that all M, are diagonal with diagonal entries of the form z¢.

Let [ be the minimal integer such that # occurs as a diagonal entry of some M,.
Considering the matrices for the homomorphisms v,, v/, with respect to the chosen
bases, the (i,j)-entries for the two matrices for a given « differ by a factor t¢ # 1
if the diagonal entries for the corresponding pairs of basis elements differ by such a
factor. In this case modulo m one of the two (7, j)-entries vanishes. Let W; C V| be
the submodules generated by those basis elements which correspond to the diagonal
entries of the form ¢!, and similary (U,), the submodules of (V), generated by the
basis elements corresponding to the remaining diagonal entries. Then central fibres
of the modules W(; - Vq’ form a subrepresentation W}, C V/ and the central fibres of
the modules U, C V; form a subrepresentation Uy C Vj. If these were proper nonzero
subrepresentations, then, because Vj, V) are #-stable, both subrepresentations would
satisfy 0(W}) < 0, 0(Uy) < 0, which is impossible. Therefore W, = V//, U = 0. It fol-
lows that the element g € G(d)(K) can be represented by matrices with coefficients
in A ~ m. These matrices are invertible as matrices over A and form the required
element in G(d)(A).

Being proper and quasifinite, the morphism ¥: G(d) x R%*(Q,d) — R’*(Q,d) x
R%5(Q, d) is finite by [12, III (1), (4.4.2)] or [12, IV (3), (8.11.1)]. The morphism W is
a monomorphism because the operation has trivial stabilisers. As finite epimorphisms
of rings are surjective (see [22, Ch. IV, Prop. 1.7]), it follows that ¥ is a closed

embedding, i.e. the operation G(d) x R%*(Q,d) — R%*(Q, d) is free.
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The sheaf-quotient (fppf) (R%*(Q, d) /@)fppf, i.e. the quotient in the category of
fppf-sheaves, is the sheaf associated to the presheaf Y — R%*(Q,d)(Y)/G(d)(Y) on
the fppf-site of S-schemes (see e.g. [4, 3.4.1]). As the operation G(d) x R**(Q,d) —
R%*(Q,d) is free and a geometric quotient 7: R%*(Q,d) — R%*(Q,d)/G(d) exists,
by [2, Thm. 6] the canonical morphism (R%*(Q,d)/G(d))gppt — R**(Q,d)/G(d) is an
isomorphism and the morphism 7 is fppf. Since the sheaf-quotient (R?*(Q,d)/G(d))spps
has the property that G(d) x R%*(Q,d) — R%*(Q,d) X RO+ (@) /@) sops R%(Q,d)
is an isomorphism (see e.g. [4, 3.4.5]), it follows that the morphism of schemes
R%*(Q,d) — R%*(Q,d)/G(d) is a G(d)-torsor in the fppf topology. O

The tautological G(d)-equivariant representation Uge-«(g,q4) on R%%(Q,d) can be
made into a @—eqnivariant representation if and only if the dimension vector d
is indivisible, i.e. the set of integers d, is coprime, see [20, Proof of Prop. 5.3]. In
this case by descent along the G(d)-torsor R%*(Q,d) — M?%*(Q,d) one obtains a
representation Upqo-s(q,q) on M**(Q,d).

THEOREM 1.8. For an indivisible dimension vector d = (dg)qeq, the scheme
MO3(Q,d) with universal representation Upo-s(q,ay s a fine moduli space of 6-
stable representations of (Q,d) in the sense that it represents the contravariant
functor on S-schemes

Y s {0-stable representations of (Q,d) over Y } [~
of 0-stable representations up to isomorphism over a Zariski cover.

Proof. We denote the above functor F%*(Q,d) and ¢q: R**(Q,d) — M%*(Q,d) the
quotient morphism. We have the morphisms M%*(Q,d) — F%*(Q,d), (f: Y —
MP5(Q,d)) = f*Upo-+(q, d) and F%(Q,d) — M%*(Q,d), V ~ fy, where fy is
locally defined as fiy = go fy for free V and fy: Y — R%- 5(Q,d) is determined by V
and a choice of basis of V, using that R%*(Q, d) with Upo-s(@,a) represents the functor
of f-stable free representations with fixed bases.

To show that the composition F%*(Q,d) — MH'S(Q d) — F%*(Q,d) is the iden-
tity, it is enough to show that fVUMe s(@.d) = V for free representations V. It is
FoUpmos@.a) = (a0 fv) Uppo-s (. 4 = > fiUgosga) 2 V.

To show that the composition M?%*(Q,d) — F%*(Q,d) — M?%*(Q,d) is the iden-
tity, it suffices to show that f = frp for f: Y — M%*(Q,d) such that

MI-5(Q,d)
S Upto-(0,q) is free. Let py: Y’ — Y be an fppf morphism such that the G(d)-torsor
Ry =Y x4 R%*(Q,d) — Y becomes a trivial torsor Ry, — Y after base extension by
py. A section Y/ — Ry gives a morphlsm Y — R%(Q, d) which satisfies qof =
fopy. We have (f/)*Ugo-sa) = 0y f*Upos0.a) = Py (fr- “Upgo-sig.)) UR(Q.d)-

Therefore f’ coincides with f;- U050,

o py up to an element of G(d) that arises

from comparison of the two bases coming from Uge-s(g q) of these isomorphic rep-
resentations. Composing with ¢, it follows f o py = ff*UMe-S@.d) o py, and thus
f= ff*UMe.S(Q o since py is an epimorphism. O

The equivalence relation on isomorphism classes of geometric points of X%(Q, d)
in (3) after theorem 1.5, or equivalently expressed as GIT-equivalence on R?(Q, d)(k)
defined by x1 ~ x5 if G(d)s21NG(d)s22 # @ in R?(Q, d)s for x1, 2 € RY(Q,d)(k) over
s: Speck — S, is by [20] equivalent to S-equivalence of semistable representations as
in the following definition.
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DEFINITION 1.9. Two 0-semistable representations V,V' of Q over an algebraically
closed field are called S-equivalent if there are filtrations in the category of 6-semistable
representations 0 = Vo C ... C Vi =V and 0 = Vg C ... CV/ = V' with §-stable
quotients such that @, Vig1/Vi = @, Vi, /V/.

In particular, -stable representations are S-equivalent if and only if they are iso-
morphic. Note that the S in S-equivalence doesn’t refer to the base scheme S.

COROLLARY 1.10. Via the morphism R%(Q,d) — M%(Q,d) any -semistable repre-
sentation of (Q,d) over an S-scheme Y determines a morphism'Y — M®(Q,d) over
S. This way for a geometric point s: Speck — S the geometric points M%(Q, d),(k)
over s are in bijection with the S-equivalence classes of 0-semistable representations

of (Q,d) over k.

1.2. DECOMPOSITION OF THE WEIGHT SPACE AND LIMITS OF MODULI SPACES OF
QUIVER REPRESENTATIONS. In the case of GIT quotients of projective varieties X
over an algebraically closed field the chamber structure of the space NSs¢ (X)q, where
NSG(X ) is the Néron-Severi group of G-equivariant line bundles, has been described in
[31, 7, 25], and in the case X = R(Q, d) of quivers (without oriented cycles) in [16, 5].

Let @ be a finite connected quiver, d = (dy)4eq, & dimension vector, S be a scheme
and R(Q,d) the representation space over S. We have the space Q@0 of fractional
linearisations of the line bundle Og (g, 4)-

DEFINITION 1.11. We define the weight space

H(Q,d) = {6 € Q% |0(d) =0}
and

C(Q,d) = {0 € H(Q,d)| R°(Q,d) # &}.
For the finitely many dimension vectors 0 < d’ < d we define

Hy ={0€ HQQ,d) | 6(d') = 0},

H;% = {0 € H(Q,d)|6(d) < 0},

H5" ={0 € H(Q.d)|6(d') < 0}.
REMARK 1.12. Let the base scheme be S = Speck, k an algebraically closed field.

(1) Existence of subrepresentations of a given dimension vector is a closed condi-
tion on R(Q, d), see [26, Lemma 3.1]. We call a dimension vector 0 < d’ < d a
generic dimension vector if there is a non-empty open subscheme of R(Q, d) of
representations that have a subrepresentation of dimension vector d’, or equiv-
alently, all representations of dimension vector d have a subrepresentation of
dimension vector d’. There is a dense open subset in R(Q, d) of representations
which only have subrepresentations of generic dimension vectors.

(2) The set of weights that allow (semi)stable representations is determined by
the generic dimension vectors: the intersection [ ' generic Hjo is the set of
weights 6 € H(Q, d) such that f-stable representations exist, and

C@d = N H
d’ generic
Thus C(Q, d) is a convex polyhedral cone in H(Q, d), and it is full-dimensional
if there is a 6 € H(Q, d) such that #-stable representations exist. If the quiver
@ has no oriented cycles then C(Q, d) is strongly convex.
(3) By [6, Cor. 1], improving the results of [26] (see Thm. 3.3, Thm. 5.4 and the

text following the proof of Thm. 5.4 in [26]), the generic dimension vectors,
and thus the cone C(Q, d), are combinatorially determined.
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DEFINITION 1.13. Weights 0,60" € H(Q,d) are called GIT equivalent if

RY(Q,d) = R (Q,d).
We denote the GIT equivalence class of 6 by

Co={0 € H(Q,d)| R*(Q,d) = R” (Q,d)}
and denote

Co={0' € H(Q,d)| R*(Q.d) C R (Q,d)}.

For the standard results in the following proposition see [5] (following [25]; proven
for quivers without oriented cycles, but the results and methods of proof also apply
to quivers with oriented cycles).

PROPOSITION 1.14. Let S = Speck, k an algebraically closed field. For 6 € C(Q,d) the
set Cy is a convex polyhedral cone and relint(Cy) = Cy. The cones Cy for 6 € C(Q,d)
form a finite fan with support C(Q,d).

In the situation of proposition 1.14 the decomposition of C(Q,d) into GIT equiv-
alence classes is determined by segments of the hyperplanes Hy . The relevant part
Wa C Hg consists of those 6 such that there is a f-semistable representation V' with
a subrepresentation V' C V of dimension vector d’ such that (V') = 0. Since in
this case both V' and V/V’ are also 6-semistable, we have the equivalent condition
that there is a f-semistable V of the form V = V' @ V" with V', V" f#-semistable of
dimension vector d’,d — d’, thus:

Wy = C(Q7 d/) n C(Q) d— d/)

Using the fact from remark 1.12.(3) that the sets C(Q, d) for any d are combinatorially
determined, this implies the following result.

PROPOSITION 1.15. The set C(Q,d) C H(Q,d) and its decomposition into GIT equiv-
alence classes over an algebraically closed field k do not depend on the base field k.

It follows that the above results concerning the decomposition of H(Q,d), in par-
ticular proposition 1.14, also apply to the case of an arbitrary base scheme S. The
weight space decomposition over S can be determined by looking at an arbitrary fibre
(or the situation over any algebraically closed field).

Assume that stable representations for some weight 6 exist. Then C(Q,d) is full-
dimensional. The sets Wy of codimension one are called walls. Walls whose intersec-
tions with int(C(Q,d)) are nonempty are called inner walls, otherwise outer walls.
A weight 6§ € H(Q,d) is said to be generic if R’(Q,d) = R**(Q,d) # @. The GIT
equivalence classes of generic weights are open sets called chambers, the connected
components of weights § € int C(Q, d) not contained in an inner wall.

By variation of geometric invariant theory quotients (VGIT), cf. [31], [7], quiver
varieties of nearby weights are related. Let Cp,,Cyp C C(Q,d) be GIT equivalence
classes such that Cy, € Cpy. Then the inclusion R?(Q,d) C R%(Q,d) induces a
morphism over S

©0.0,: M?(Q,d) — M™(Q,d)

The morphisms g g,: M?(Q,d) — M%(Q, d) for representatives of the GIT equiva-
lence classes in C(Q, d) form an inverse system and we can consider its inverse limit

im, MO(Q,d).

PROPOSITION 1.16. Let Q@ be a quiver and (dg)qeq, be an indivisible dimension vec-
tor. Assume that stable representations for some weight 0 exist. Then the functor
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@19 MO(Q,d) is isomorphic to the closed subfunctor of the product of M?(Q,d) for
generic 6

V0,0 generic Y1 € CygNCyr:

6
(1) Y — ((pg)g S H M (Q,d)(Y) 0.7 O Py = Yo+ O Py

Ogeneric

Proof. The limit functor is isomorphic to this functor since each 7 € C(Q,d) is con-
tained in some Cy for a generic #. This functor is a closed subfunctor of the product
because M7 (Q,d) is a scheme separated over S (use [13, (5.2.5)]). O

2. WEIGHT SPACE DECOMPOSITION AND MODULI SPACES FOR SOME
BIPARTITE QUIVERS

2.1. THE QUIVERS P,,(Q, AND THE STRUCTURE OF THE WEIGHT SPACE. We define
the quivers P, and @Q,, with fixed dimension vectors (cf. introduction).

DEFINITION 2.1.
(a) Let Qn = ({p7 qi, - - ~aQn}7 {ala . .,Oén}) where S(Qi) = i t(al) =D with
dimension vector given by d, = 2 and dy, = 1.
(b) Let Pn = ({p1,p2,q1,-- - @n} {11,012, ..y an1, o 2}) where s(ai ) = qi,
t(ay,;) = pj with dimension vector (1,...,1).

For these quivers with dimension vectors we determine the decomposition of the
weight space as considered in subsection 1.2. In the following when studying the
structure of GIT classes in the cone C(Q) C H(Q) for Q = Q.,, P, we restrict to the
intersection with a certain affine hyperplane. In the case @,, this yields the hypersim-
plex A(2,n), in the case P, the product of simplices A' x A"~

REMARK 2.2. Decomposition of the weight space for @,.
(1) A weight for the quiver @Q,, is given by a tuple 6 = (1, 61, ...,0,) where 6, =1,
04, = 0;. The weight space is the n-dimensional hyperplane H(Q,) = {0 €
Q" 2np=—-3%,6;} C Q"' Omitting the coordinate  we have an isomor-
phism H(Q,) = Q", with basis eg, ..., e, € Q" and coordinates 61,...,6,. A
semistable representation exists if and only if 0 < ; < % Z?:l 0; for all 4, this
defines a full-dimensional strongly convex polyhedral cone C(Q,,) C H(Qy).
The affine hyperplane {} ., §; = 2} intersects this cone in the hypersimplex

CQn)N{X! 1 0;=2}=conv{e;+e¢;|i#j} = A(2,n).

(2) For 8 = (01,...,0,) € A(2,n) a H-semistable representation that is not 6-
stable exists if and only if 6 is contained in one of the following walls. The
outer walls are of the form W; = {6, = 0}NA(2,n) = conv{e; +ey|j, k #i} =
A(Q,n — 1) and W{{z’},{l,“.,n}\{i}} = {01' = 1} N A(2,n) = COHV{ei + € |j €
{1...,n}~{i}} 2 A(1,n — 1) = A"2. The inner walls are

Wigsey = {6 € A(2,n) | Yies0i=1} = conv{e; +ejlicdje JE}
for JC{1,...,n},2<[J<n—2J0={1,...,n}~ J. It is
Wity = A= An=I=L
(3) Aninner wall Wy ; ;cy intersects the boundary of A(2,n) as follows: Wy ; ;6,0
Wi = conv{e; +ex | j € J~{i}, k€ JC < {i}} (ie. a wall Wi gyaeqin C
A(2,{1,...,n}~{i})) and, assuming i € J, Wy, 0, "Wy 130y = convie; +
ej|j eIt = AL,
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(4) Distinct inner walls Wis vy Wi ey C A(2,n) do not intersect in the
interior of A(2,n) if and only if the two partitions of {1,...,n} into two
subsets are compatible in the sense that there is an inclusion between the
sets J17J{3 and J2,JE. In this case, if we assume J; C Js, the intersection

W08y VW, 08y = conviej + ey |j € Ji, ke J§} = Al x AlEI=1 g 5
wall of the face A(2,.J; U JE) of A(2,n).

We have the representation space R(Q,) = (A?)" with the operation of GL(2) x
(Gn)™. A free representation of Q),, over a scheme Y after a choice of a basis can be
expressed as a tuple V = (s1,..., s,) of n sections of A2 — Y. We write s; ~ s; if s;
and s; are in the same G,,-orbit.

LEMMA 2.3. Let V = (s1,...,8,) be a representation of Q, over an algebraically
closed field that is semistable with respect to some weight in the interior of A(2,n), in
particular all s; are nonzero. Let the partition {1,...,n} = ||, Ji be defined by i,j € J;
for some 1 if and only if s; ~ s;. The set O(V) = {8 € A(2,n) |V is 0-semistable} is
a closed convex polytope in A(2,n) with the following properties:
(a) We have O(V) = {0 € A(2,n)| > i, 0i < 1}, d.e. O(V) is bounded within
A(2,n) by the inner walls W{leJzG} for 2 < |J)| < n—2. Any two distinct of
these walls do not intersect in the interior of A(2,n).
(b) The sets of vertices and edges of ©(V') are subsets of the sets of vertices and
edges of A(2,n). ©(V) = conv{e; +e;|i € Ji, j € Jy for somel #1'}.
(¢) O(V) is full dimensional if and only if there are > 3 classes J;, or equivalently,
V' is stable with respect to some weight. Otherwise there are two classes J and
JC and ©(V) = Wy, soy.

Proof. For (a) note that the nontrivial subrepresentations of V' with one-dimensional
subspace in V; are given by the sets J; (the spaces (V) e, together with the one-
dimensional subspace of V,, determined by (s;);c,). That the walls do not intersect in
the interior follows from remark 2.2.(4). Concerning (b), as the inner walls bounding
©(V) do not intersect in the interior of A(2,n), the first statement follows inductively
using remark 2.2.(3) and (4). Then ©(V) is the convex hull of the vertices of A(2,n)
it contains. The statements in (c) are easy to show. O

The property that the sets of vertices and edges of ©(V') are subsets of the sets
of vertices and edges of A(2,n) means that (V) is a matroid polytope. Matroid
polytopes were defined in [8] (see also [17, (1.2.6)]), and by [8, Thm. 4.1] matroid
polytopes in the hypersimplex A(k, n) correspond to matroids of rank k on {1,...,n}.
In the theory of GIT ©(V) corresponds to the stability set of V' denoted (V') in [25].

Considering the quiver P, we have the representation space R(P,) = (A! x Al)?
with the operation of (G,, X Gun,) X (G.,)". We write a free representation of P,
over a scheme Y after a choice of a basis as a tuple V = (s1,...,s,) of sections of
(Al x Al)y — Y where s; corresponds to (cv1,;2). We set s; ~ sj if s; and s; are
in the same G,,-orbit and add the sections sy = (0,1), sec = (1,0) which are only
used to compare with sections s; up to ~.

REMARK 2.4. Decomposition of the weight space for P,.
(1) A weight for the quiver P, is an element 6 = (11,712,601, . .., 6,) where 8,, = n;,
04, = 0;. We also write this as 0 = 0y fi +n2fo+ >, Oie; with fi1, fa,er,... e,
a basis of Q"2. The weight space is the (n + 1)-dimensional hyperplane
H(P,) ={};0; = —m1 — m2} C Q"2 A semistable representation exists if
and only if 71,72 < 0 and 64,...,60, > 0. This defines a full-dimensional cone
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C(P,) C H(P,). The affine hyperplane defined by 1, + 72 = —1 intersects
this cone in a product of simplices

C(Py)N{m+ne=—1} =conv{e;—f1,...,en—f1,e1—fa2,...,en— fo}
= Al x Am 1L,

(2) The outer walls are of the form W,, = {6; =0} N (A! x A"71) 2 Al x An—2
and W, = {n; =0} N (A! x A=) = A"~!. The inner walls are

Wy={6ec A x A"~! ‘ Sies0i=—-m}
= conv ({e; — fi1 |i€J}U{ei—f2|z’EJc})
for JC{l,....,n}, 1< |J|<n—1,n>2 Ttis W; = An"L
(3) An inner wall W intersects the boundary of Al x A"~1 as follows: W, N
Wy, =conv ({ej — filje J~{i}}U{e, — falj € JE < {i}}) (i.e. a wall
Wity © Al x A2) and W; N W, = conv ({e; — fo|i € J}) = AlEI=1
W;NW,, =conv ({e; — fi|i € J}) = AVI=L,

(4) Two inner walls W, , W, do not intersect in the interior of Al x A"~1 if and
only if Jl g JQ or JQ g_ Jl.

REMARK 2.5. The notation is such that for 7 € relint(W;) representations (si,.. ., $p)
with s; ~ soo = (1,0) for j € J and s; ~ s9 = (0,1) for i € JC are strictly
T-semistable.

The following lemma can be proven in the same way as lemma 2.3 using remark 2.4.

LEMMA 2.6. Let V =(s1, ..., 8,) be a representation of P, over an algebraically closed
field that is semistable with respect to some weight in the interior of A' x A1 in
particular all s; are nonzero. Let Jo, Joo C {1,...,n} be defined by

JO = {Z | S; ~ 89 = (0,1)}, Joo = {Z | S; ~ S0 = (1,0)}
The set O(V) = {0 € Al x A" |V is O-semistable} is a closed convex polytope in
Al x A"1 with the following properties:
(a) @(V) = {9 e Al x An1 | ZiEJo 0; < 77]2} n {0 e Al x A1 | ZiGJOQ 0; <
—m}, i.e. O(V) is bounded within Al x A"~ by the walls W,e, Wi, These
walls, if distinct, do not intersect in the interior of A' x A"1,
(b) The set of vertices of O(V) is a subset of the set of vertices of Al x A™~1. It
is O(V) = conv ({&; — fa|i € Jo} U{e; — f1]i € Jx}).
(¢) O(V) is full dimensional if and only if (Jo U Joo )t # @, or equivalently, V is
stable with respect to some weight. Otherwise O(V) = Wie =Wy

2.2. RELATION BETWEEN REPRESENTATIONS OF (12 AND P,. We show that the
structure of GIT equivalence classes in A x A"~! ¢ H(P,) arises from the structure
of GIT equivalence classes in A(2,n 4+ 2) in the neighbourhood of some vertex e, + e
and compare the corresponding stacks and moduli spaces of representations.

The subset A(2,n + 2)ap = A2Zn +2) N {0a + 60 > 34,0}~ {ea + e}
is part of a cone with apex e, + €, and we can project it onto Wyg, 1y 145101 =
A(2a n+ 2) N {9a + 6y = Zi;ﬁa,b 91} by

A2,1 4 2)ab = Wiga sy )0}
0 = (0a, 0, (0:)izas) = 0 = (Ma — 1) + 1, A0, — 1) + 1, (A0:)iass)

where A = 1/%7,,,,0;. The wall Wi, 1y ¢, 00y = conv({e; +eq | i # a,b} U {e; +
ep | i # a,b}) C A(2,n + 2) can be identified with Al x A"~ = conv({e; — fo | i #
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a, by U{e; — f1]i# a,b}) C H(P,) by
W{{a,b},{a,b}c} — Al x A"l Cc H(P,)
0 = (0a; Ob, (6:)iztap) = 0" = (M = b0 — 1,m5 = 0 — 1, (0] = 0i)iza)
We observe that the projections of the walls of A(2,n + 2) near e, + ¢, coincide with
the walls of A x A"=! C H(P,). The walls meeting the interior of A(2,n + 2),,
are the walls Wy, ;o with a € J,b € JCorac Jc,b € J. Their intersections with
Witab}.{ab}0} are exactly the inner walls of A'x A" 1 assume a € J,b € JC, then the
equation . ;0; =1 for Wy, ;oy is equivalent to the equation 3. ; (4, 0; = =
defining Wy () C Al x AnL
PROPOSITION 2.7. Let a,b € {1,...,n+2}, a #b.
(a) The maps

free representations with fixed bases free representations

V={(s1,---,8n+2) of Qnia overY .
@) such that s, N0 = s N0 = & — < with fized bases of P,

and G,,8,N Gsp = &

V= (s1,.,8n42) = V' = (8))izanp

over'Y

for schemes Y over a base scheme S, where s, arises from s; by the base
change that transforms s, to (1,0) and s, to (0,1), induce an isomorphism of
stacks

3)  [R(Qni2)ap/((GL(2) X (Gm)")/Gm)]
= [R(Pn) /(G X G) X (Gm)")/Gin)]

where R(Qn+2)ab = R(Qni2) N {sa =0} U {spy =0} U{G5a = Grusp}).
(b) We have the map

(4)  A@2,n+2)ap = A x A" C H(P,)
0 0" = (m =A0a—1),m5 = X0 —1), (0; = M) ita,p)

where A =1/%",,,,0i. On the fibres of this map the 0-(semi)stable locus in
R(Qn+2)ap does not change.

(c) Let 0 € Wigqpy tapyoy CAR2,n+2) and 0’ € Al x An=Y C H(P,) its image
under the map (4). Let | € W such that 10 and 10’ are integral. Then the
equivariant line bundles Or(q,,.,), , With 10-linearisation and Og(p, ) with10'-
linearisation define isomorphic line bundles on the quotient stacks under the
identification (3).

Proof. (a) The maps on the sets of morphisms are given by composition with the base
change maps that transform s,, s; to (1,0),(0,1) and forgetting the automorphisms
of the spaces corresponding to the vertices g4, gp- The inverse functor is given on the
objects by maps (8;)izaq,6 > (8;); setting s, = (1,0), s = (0,1) and on the morphisms
by taking those automorphisms of the spaces corresponding to the vertices qq, g, such
that sg, sp remain fixed. One checks that both compositions of these two functors are
isomorphic to the identity functors.

(b) The fibres are the line segments [0, e, +ep] ~ {eq +ep} for 6 € Wiab} {apoy- All
6 contained in this line segment are elements of the same GIT equivalence class except
6. But R?(Q,.12) differs from R?(Q,42) for the other # only outside R(Qn+2)a,p-

(¢) The isomorphism (3) identifies the structure sheaves of the two stacks. We
have to verify that the additional multiplications by the corresponding characters
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coincide. It suffices to consider the groupoids of Y-valued points for S-schemes Y of
the two given groupoid schemes. The elements of ((GL(2) x (G,)")/G)(Y) fixing

sa = (1,0), s = (0,1) are of the form ((06"' (Sb) , Qa, 0, (4)ita b ), the correspond-

ing element (81, B2, (i)izab) € ((Gm X Gpy) X (G)"™)/Gy,)(Y) satisfies f1 = ag,
B2 = ap. Applying the character corresponding to 16 = (In,101,...,10,,+2) we obtain
(o)l olf [Tizas a!% and applying 16" we have 3. 8} [Lizas ol Asn =1,
this coincides for 6] = 0;, 0} =0, — 1, nh = 6, — 1. O

COROLLARY 2.8. Let a,b€ {1,...,n+ 2}, a #b.

(a) For0 € A(2,n+2)ab Wity 1) fapy0y @ free representation V= (s1,..., Sny2)
of Qni2 is 0-(semi)stable if and only if V satisfies s, N0 =&, N0 = &,
G 8a NG sy = @ and its image under (2) is a 0'-(semi)stable representation
of P, where 8’ is the image of 0 under the map (4).

(b) The map (4) defines a bijection between the GIT equivalence classes in Al x
Anfl and m A(2, n -+ 2)a’b AN W{{a,b},{a,b}”} ‘(Tesp, W’{{a,b},{a,l?}c})' .

(c) For 0 € A(2,n+2)ap ~ Wigapy, 1000} the isomorphism (3) induces an iso-
morphism of stacks

[R?(Qn+2)/((GL(2) X (Gn)")/Gi)]
= [B (Pa)/((Gn X Gin) X (Gn)")/Gin)]
and thus an isomorphism of their moduli spaces
MG(QTH—Z) — MG/ (Pn)
These isomorphisms determine an isomorphism of the inverse systems of the

moduli spaces M®(Qy12) for 0 € A(2,n+2)qp Wilab} {ap}0}y and MY (P,)
for @ € Al x A™L,

2.3. MODULI SPACES FOR P,,Q, AND GIT QUOTIENTS OF PRODUCTS OF P!’s. We
compare the moduli spaces of representations of @,, and P, to GIT quotients of (IP!)"
by the quotient groups ((GL(2) X (G)"™)/Gm)/ (G X (Gn)™)/Gr) = PGL(2) and
(((Gn)? X (Gn)")/G) /(G X (G)"™)/Gi) = G-

We have NS((P!)") = Pic((P!)") = Z", where (61,...,0,) € Z" corresponds
to the line bundle Opiyn(01,...,0,) = Op1(01) X ... X Op1(6,). A line bundle
Owpryn (01, ...,0,) with 0; € 27 for all i has a PGL(2)-linearisation (Op1(—2) being
the canonical sheaf of P1), and if an element of Pic((P*)™) has a PGL(2)-linearisation
then this linearisation is unique. Thus we can identify NSPGL(Q)((IPl)")Q =
Pic? L3 (P1)")q = Q" with H(Q,) by (01,...,0,) < (n= =13, 0:,01,....,0,).

PROPOSITION 2.9. Let R*(Qn) = R(Qy) ~ U, {s: =0} = (A2~ {0})".
(a) The morphism R*(Q,) — (PYH)™ induces an isomorphism of stacks

(5) [R*(@n)/((GL(2) X (Gn)")/Gm)] — [(P')"/PGL(2)].

(b) Let0=(n,01,...,0,)€H(Qy) be integral. Then the line bundle Owpryn (61, . . . ,0n)
has a (unique) PGL(2)-linearisation and the equivariant line bundles Op-(q,,)
with 0-linearisation and Owpiyn (01, . ..,0,) define isomorphic line bundles on
the quotient stacks under the identification in (5).

Proof. Consider the operation of the subgroup (G.,)" = (G, x (Gn)")/G, C
(GL(2) x (G)™) /Gy on R*(Q,,) = (A%~ {0})™. The operation of G,, on A2\ {0}
is free and A% \ {0} — P! a G,,-torsor. The structure sheaf on A% \ {0} with G,,-
linearisation by # descends to the line bundle Op:(#). Thus R*(Q,) — (PH)" is a
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(G )"-torsor and Op-«(q,) With (Gy,)"-linearisation by (61,...,0,) descends to the
line bundle Op1yn (01,...,0,).

(a) A Y-valued point of [R*(@Qy)/((GL(2) x (Gy,)™)/Gy,)] for some S-scheme Y
corresponds to a (GL(2) X (G,)™)/Gm-torsor E — Y with an equivariant morphism
E — R*(Q.). Taking quotients by (G,,)" C (GL(2) x (G,,)")/G,, we obtain a
PGL(2)-equivariant morphism E/(G,,)" — (P!)" where E/(G,,)" — Y is a PGL(2)-
torsor. The diagram

E — (A2~ {o})"

1 S

E/(Cn)" — (P

is cartesian and its vertical arrows are (G,,)"-torsors. For a Y-valued point of
[(P1)"/PGL(2)], a PGL(2)-torsor E — Y with equivariant morphism to (P')", we
construct a (GL(2) x (G,,)")/Gp-torsor over Y with an equivariant morphism to
(A2~ {0})™ by taking the fibred product E X p1y» (A%~ {0})™. One verifies that this
way two functors between [R*(Q,)/((GL(2) x (G,)")/Gm)] and [(P!)"/PGL(2)]
are defined whose compositions are isomorphic to the identity functors.

(b) As the categories of sheaves do not change under stackification we may work
with the prestack [R*(Qn)/((GL(2) X (G,)™)/Gp)]Pe of trivial (GL(2) X (G)"™)/ G-
torsors F — Y with an equivariant morphism E — R*(Q,), and its image
in [(P')"/PGL(2)] under the isomorphism (5). Objects in [R*(Q,)/((GL(2) x
(Gm)™)/Gy)]P* over an S-scheme Y correspond to morphisms ¥V — R*(Q,), a
morphism (g,y): Y — (GL(2) x (Gn)")/Gm x R*(Qy) gives an arrow y — gy over
idy.

Let . be the line bundle on [R*(Q.)/((GL(2) x (G)™)/Gn)]P* defined
by the equivariant line bundle Og-(g,) with linearisation by 6, in particular
L(y) =T (Y,y*Or-(q,)) for y: Y — R*(Q,). We describe the push-forward £ with
respect to the isomorphism (5), which by definition is given by .Z () = IL?_@D? (y')
where 3/ is the image of the object 3’ under (5). For open embeddings 7: U < (P!)"
and y: U — R*(Q,) such that U C R*(Q,) is the preimage of U C (P')" we
have Z(y) = @?_@Z(y’) = @he(cm)"(m,hfyayz(hy) = [(U,Op-(q,)) )" =
L(U,Op1yn(bh,-..,0,)). Further we have the natural restriction maps. Thus the

line bundle £ comes from the line bundle Ogp1yn (61, ...,6,) on (P1)™ with some
PGL(2)-linearisation. O

COROLLARY 2.10.

(a) We have an identification Pic? S¥@ (PH)") 2 H(Q,)NZ" L by (61, . ..,0,) <
(T} = 7% Zz 91',0917 . ,9").

(b) For (n,601,...,0,) € H(Qyn) such that 6; > 0 for all i a free representation
V=1_(s1,...,50) of Qn is (n,01,...,0,)-(semi)stable if and only if s,N0 = &
for alli and its image under (5) is a (01, . . ., 0,)-(semi)stable section of (P1)™.

(¢) The image of int C(Q,) C H(Q,) under the isomorphism PiCPGL(Q)((IPl)")Q =
H(Q,) is the PGL(2)-ample cone in PicPGL(Q)((IPl)")Q. The GIT classes in
these open cones coincide.

(d) For 6 € H(Q,) = Pic?S*@ ((P1)")q such that 0; > 0 for all i the isomor-
phism (5) induces isomorphisms of the stacks of 0-(semi)stable points, of their
moduli spaces and their inverse systems.

One can also compare these stacks with [G(2,n)/((Gm)"/Gn)], cf. [17, 2.4].
Similarly, one can show the analogous results for the quiver P,. In the case of the
quiver P, we have NS&= ((P1)") = PicC ((P1)") = Z"*+!, where (04,...,60,) € Z"
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defines an element O(p1ya(by,...,60,) € Pic((P')") and for each Op1ya(bs,...,0,)
the set of G,,-linearisations is a principal homogeneous space under the charac-
ter group Z of G,,. Below we identify Pic®"((P')"*) with H(P,) N Z"t2, where
(n1,m2,01,...,0,) € H(P,) NZ"*2 corresponds to the line bundle Owryn (01,...,0,)
with a certain G,,-linearisation, and the G,,-linearisations on Op1yn (01,...,0,) corre-
sponding to (n1,72,601,...,0,) and (9}, 15,01, ..., 0,) differ by the character (n, —n) =
(m — 5,12 — ) of (Gn)?/ Gy = G™.

PROPOSITION 2.11. Let R*(P,) = R(P,) ~ U;{si = 0} = (A% . {0})".

(a) The morphism R*(P,) — (P')"™ induces an isomorphism of stacks

(6) [R*(Pn)/((Gm)? % (Gm)")/Gm)] — [(P1)"/Gy].

(b) Let (n1,m2,61,...,0n) € H(P,) be integral. Then the line bundle Og-(p,)
with ((Gm)? x (G)™)/ Gy, -linearisation given by (1,12, 01, . ..,0,) descends

to the line bundle Opryn (01, . .., 0,) with a certain G, -linearisation, and both
define isomorphic line bundles on the quotient stacks under the identification
in (6).

COROLLARY 2.12.

(a) For 0= (m,n2,01,...,0,) € H(P,) such that 8; > 0 for all i a free represen-
tation V = (s1,...,8,) of P, is 0-(semi)stable if and only if s; N0 = & for
all i and its image under (5) is a (semi)stable section of (P1)™ with respect
to Opryn (01, ...,0,) with the corresponding G, -linearisation.

(b) The image of int C(P,) C H(P,) under the isomorphism Pic®m ((P1)")q =
H(P,) is the G,,-ample cone in Pic®" ((PY)")q. The GIT classes in these
open cones coincide.

(c) For § € H(P,) = Pic®((PY)")q such that 6; > 0 for all i the isomor-
phism (5) induces isomorphisms of the stacks of 0-(semi)stable points, of their
moduli spaces and their inverse systems.

In the following, when considering free representations V = (s1,...,8,) of @, and
P, such that s; N0 = @ up to isomorphism, we will often write them as tuples of
sections of (P1)™.

2.4. THE FUNCTOR OF INVERSE LIMITS OF QUIVER VARIETIES FOR P,, AND @),,. Let
Q=Q, or Q= P,. Because all chambers are connected via the relative interiors of
GIT equivalence classes of codimension one, we can rewrite the contravariant functor
on S-schemes (1) in proposition 1.16 as

V6,6 generic V C, C int C(Q) GIT
(7) Y=< (pye)g € H MP(Q)(Y) equiv. class of codimension one such that
6 generic CrCCoNCy: ppropye =g o0 Pyrer

where the product is over representatives 6 of the generic GIT equivalence classes
and @yo: Y — MP(Q) is the morphism determined by a #-stable representation V7
over Y.

For a representation V' of  over an S-scheme Y stable with respect to some generic
6 the polytopes O(V (y)) for the fibres V(y) over the geometric points y of Y defined
in subsection 2.1 have the property that {y' € Y|©(V(y)) C ©(V(y'))} are the points
of an open subscheme of Y. Therefore for two representations V, V' we have an open
subscheme

UWv,v') = {yeY |t (0(V(y)neV'(y)) £} C Y.
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If V¢, V? are part of a family over Y satisfying the conditions in (7), then
UWov"y = {yey |Vi(y) @-stable} = {yeY |V’(y) b-stable }

and V9|U(V9,V9') = V9/|U(V9’V9/) by the conditions coming from the walls meeting

the interior of the polytopes O(V?(y)), ©(VY(y)).

To study the conditions coming from walls that separate polytopes ©(V (y)) we
consider the schemes of representations of @) for weights in a GIT equivalence class
C; of codimension one with adjacent chambers Cy, Cyp:. For Q = Q,, C- N A(2,n) is
contained in a wall of the form W, ;ey for some J C {1,...,n}, 2< [J| <n—2. For
Q = P,, C;NA' x A"~ 1 is contained in a wall of the form W for some J C {1,...,n},
1<|J<n—1.Incase Q = Q, letieJB,jEJ,incaseQ:Pnleti:O,j:oo.
Let Z. C R™(Q) be the closed subscheme of strictly T-semistable points and V7 its
tautological representation considered as tuple of sections (s7,...,s%) of IP1ZT — Z;.
The geometric fibres of Z, over S consist of the following three strata: the subset
where both conditions s] = s7 <l € Jand sp =s] < ke J C are satisfied, and the
two subsets Z, j,Z, ;¢ where only the first (resp. the second) condition is satisfied.

In case Q = @,, assume ZjEJ 6; > 1, then >, c0; > 1and Z; ; = Z: N RQ/(Q),
c /
Z, =20 R%(Q). The image of Z, ; forms a projective space IPEJ =2 M0 (@),

the image of Z_ ;¢ forms a projective space IP'S‘”*2 C MY(Q) and the image of Z,
forms a subscheme Z7 C M7(Q) isomorphic to the base scheme S. The morphisms
’ — G —
MP(Q) = M™(Q) + M? (Q) restrict to morphisms IP'SJ| P57 IP'; =2 and are
isomorphisms elsewhere. The case Q = P, is similar with projective spaces IP!SJP1 C
c /

M(Q), P MP(Q).

Coordinate functions on R*(Q) are given by the tautological family on R*(Q),

considered as sections s = (s1 = (s1,0 : $1,1),---,5n = (Sn,0 : Sn,1)) Of IP}{*(Q) —
R*(Q), as follows. In case Q = Q, for 4,5 € {1,...,n} over the invariant open
subscheme {y | s;(y) # s;(y)} C R*(Q) there is the section (—2111 _'5310()) in PGL(2)

that transforms the tautological family s to the family § with §; = (0: 1),5; = (1: 0).
In case Q = P, we have the additional sections s; = s9 = (0: 1), s; = Seo = (1:0)
and we set § = s. The invariant open subscheme

Ur ={y|si(y) # 55(y), VeI si(y) # s;(y), VieT: si(y) # si(y)} € R*(Q)

contains Z.. The algebra of invariant functions on U, corresponds to the subalgebra

of torus invariant functions in the Og-algebra generated by 2; for [ € J and zi(l’ for

k € J®. This Og-algebra of torus invariants is generated by f;% = Sm0SLL for | € J,

Sk,181,0
k € JC. The function f7 can be written in terms of s as

f;ii _ (85,081,1 — 85,181,0) (84,18k,0 — Si,OSk,l)'
’ (Si,lsl,o - Si,OSl,l)(Sj,OSk,l - Sj,lsk,o)

These invariant functions are sometimes called the cross-ratios of four sections. Since

invariant regular functions on the representation space correspond to regular functions

on the moduli spaces we obtain the following result.

LEMMA 2.13.

(a) The invariant regular functions f“ on U, define regular functions on the

image of Uy N R™(Q) (resp. U N R%(Q), U, N RY(Q)) in M™(Q) (resp.

MP(Q), M?(Q)) which we also denote fi1- These satisfy o5 . ( ;%) = ;%,

1,7 i,7

803',r(fk,z )= k.l
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(b) For z € Z™ the local mng OMT(Q) . 18 the localisation of an Og-algebra gen-
erated by the functions f forleJ, ke JE.

We express the conditions in (7) for a family (V%) locally in terms of equations.

LEMMA 2.14. Let VG,VHI be free representations of Q = @, or Q = P, over an
S-scheme Y stable with respect to generic 0,6'. Assume V9, VY are part of a collection
as in (7). We consider VO V" as tuples of sections (s?); = (s 190 : f ) (sf/)i = (s flo :
s¢); of PL, in case Q = P, we add the sections s§, s = (0:1), s%,s% = (1:0).
In case Q=Qnleti,je{l,...,n}, in case Q = P, let i = 0,j = co. Let U; ; =
{y|s¢(y) # s?(y),sf,(y) # sf-/ (y)} €Y. We choose homogeneous coordinates xf, z§
and z§ 2 of IP}]M such that s¢ = (0 : 1),5? = (1 : 0) with respect to xf,x¢ and
s =(0: 1),5? = (1 :0) with respect to x§ ,2¢ . Then V® and V' are over U, j
related by the equations

’

o6 6 0 0 _ 0 0 .0 .0
(8) Sk,051,15k,151,0 = Sk,151,05k,051,1
forall k,l e {1,...,n}.

Proof. Over U(V?, V%) the equations hold because V9|U(v9,v9’) & VellU(V",Ve')'
Consider the local situation around a point y € U; ; \ U(VQ,VQI). Assume first

that the polytopes ©(V?(y)) and ©(V? (y)) meet in an inner wall W. In case Q = P,

let W = W; and we can assume that s (y) = s?(y) =5 (y)=(1:0) for h € J

and s¢ (y) = s¢ (y) = s (y) = (0: 1) for h € JE. In case Q = Q, let W = Wiy

and we can assume j € J, i € JC and s (y) = s9(y) = (1:0) for h € J, 59 (y) =

s?(y) = (0: 1) for h € JC. For k,I there are the cases: k,l € J (similar: k1 € JC) or

ke JleJb (similar: k € JC, 1 € J).
Case k € J®,1 € J: We have sﬁo(y) le( ) # 0 and 3k1( ), 5k1( ) # 0. In a

. . . 0 %
neighbourhood of y equation (8) is equivalent to the equation k’; J= . ;7 with
. (2] ;oL o' o'
6,3, Sk,051, 6", 5k,051, 1y 3,
vl = SE ?5%;, vl = S%’?S;,;. The regular functions fk b9 (resp. fk “7) are pull-

backs of the regular functions fk’,l on M?(Q) (resp. M?(Q)) via @yo (vesp. pyer).

Because g 0 pyo = g/ © o0 and using lemma 2.13.(a) it follows fe - ,f,l’i’j,

Case k,l € J: We have s (y), s} 0( ) # 0 and 57 (y), s} O( ) # 0. In a neighbour-

’

0
hood of y equation (8) is equivalent to the equation %z’g,l = ;’; L2, L. Multiplying
$1,0 Sk0 k0 S L(J

with %’LD for g € J€ such that s ( ) # (0:1) and h € J such that sz/( ) # (1:0),

9.1°%h,1

we obtain the equivalent equation f i ,f = fg’,i’j i " This equation holds be-

cause by the first case we have fe = fg:l’i’j , j:,i’j = fzkl d

This shows that equations (8) hold for VO VY in a neighbourhood of y if the
polytopes O(V?(y)) and O(V? (y)) have overlapping interiors or meet in an inner
wall.

To show the general case we show that if the union of the sets of walls separating
OV (y)), O(V? (y)) and O(V? (y)), ©(V? (y)) are exactly the walls that separate
O(Ve(y)),0(V? (y)) and if V¢, V? and V¥ V% in a neighbourhood of y are re-
lated by equations of the form (8), then so are V¢ V%", Assume that ©(V?(y)) and
O(V? (y)) are separated by an inner wall W (resp. Wy, oy) and that O(V? (y)) and

O(V? (y)) are separated by an inner wall W, (resp. Wy (gney) such that J C J',
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these walls are part of the boundary of ©(V? (y)) and both walls separate ©(V?(y))
and O(V?" (y)). If s%(y) # s9(y), 59" (y) # s?// (y) then either i € J, j € (J')Cor j e J,
€ (J')¢ and thus s? (y) # 57 (y). We assume j € J, i € (J")C.
Case ke J', 1€ JC (similar: k e (J)C,1 € J). Ttis s (y) # (0:1), s{ (y) # (1:0)
and in a neighbourhood of y we have
52,051 151«:’151,,(/)%:051,,1 = 52,0510,151@:151,6%:1051,; = 521,051,/152,151,0%:’051:1a

12 " " "

thus s} 05?152 13?0 = SZ 13?052 05,1
Case k € J',1 € J (similar: k € (J')®,1 € J®). Choose h € JC N .J". Then
sY(y), s (y) #(0:1) and s (y) = (0:1),8% (y) =(1:0), 8% (y) # (1:0),(0:1). In
a neighbourhood of y we have
o 0 0 0.0 0 0 0 0 0 .0 .0 .0".0" 0 .0 o'
Sk,051,15k,151,05k,051,05h,15k,15h,0 = Sk,051,15k,151,05k,051,05R,15h,15h,0

o 0 .0 070" 0 0 0 .0
= 5k,051,15k,151,05k,051,05h,15h,15R,0

o o 0 070" 0 0 0 0
= 5k,051,15k,151,05k,051,05h,15Rh,15R,0

o 0’6 0 0" 0 0 0 0
= 5k,051,15k,151,05k,051,05h,15h,15R,0

thus sy, 0510152 1559/0 Sz 151603z /osleli O
PROPOSITION 2.15. For @ = Q,, or Q = P, the functor of the inverse limit of moduli
spaces of representations is isomorphic to the functor Lim(Q) defined by

9 Y - {(gove)g € H MO(Q)(Y) | locally equations (8) hold for (V) }

6 generic

where the product is over representatives 6 of the generic GIT equivalence classes and
oyo: Y — MP(Q) is the morphism determined by a 0-stable representation VO over
Y.

Proof. By lemma 2.14 for a family (V%) satisfying the conditions of (7) the equations
(8) hold locally. We show the opposite implication.

Let (V?)g be a family of representations over an S-scheme Y as in (9). Let y € Y.
Let C, be an equivalence class of codimension 1 in the interior and 8,6’ generic such
that C, = Cy N Cy. We can consider V9, V% in a neighbourhood U of y as tuples
of sections (s9);, (s¢); of P}, — U. In case Q = Q, let i,j € {1,...,n} such that

s9(y) # 59( ) and s?' (y) # 32/ (y) and choose coordinates such that s?,s¢ = (0 : 1)

and SJ,S? = (1:0).Incase @ = P, let i = 0,j = oo, then s/ = s§ = (0 : 1),

8]9 =s? = (1:0) and the same for ¢'.
If there exists k € {1,...,n} such that s (y) # (0: 1), (1:0), 5% (y) # (0:1),(1:0)
then the equations s{, s! 50 s/ = s 5! os% 4!} show that in a neighbourhood of
y VO = VY and thus ©o,r O Pyo = Pgrr O Pyror.
Otherwise there is J C {1,...,n}, where we can assume that j € J, i € JE,
such that V& € JC: s(y) = (0: 1), s0 (y) # (1:0) and VI € J: s{(y) # (0 : 1),
s¢'(y) = (1:0). Let = € S be the image of y € Y and z € Z7 the point over z, then

s 0
Sk,051,1

o ropye(y) =z = @g ropye (y). As equations (8) hold, the functions fe i = +p

k‘l 1,0
o’ o’

and f 0hid = S’;,Ug’ coincide. We may consider these functions as elements of the local
k,171,0

ring Oy,,. Using lemma 2.13, these are the pullbacks of the functions fﬁ in Opr (@)=
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under g - © pye and e © Yo, and it follows that the homomorphisms of local
rings O (@), — Oy,y agree.

Since @g,r 0 pye and g r © @yer coincide as maps of sets of points and in each
point the induced homomorphisms of local rings coincide, it follows g 0 Y6 =

Por,r © Py’ - O

Let (V%) be a family of representations over Y satisfying the conditions of (7)
or equivalently (9). For V¢ V? we have the natural structure of a closed subscheme
Z(V, Vel) C Y supported on the closed subset Y ~ U(V?, Vel). Under the assump-
tions and notations of lemma 2.14 let y € U, ; and assume k,l € {1,...,n} such
that s¢ # (0:1),(1:0), s # (0:1) and s¢ # (0:1),(1:0), s # (1:0). Be-
cause equations (8) hold in a neighbourhood of y, the scheme defined by the equation
50 = (1 : 0) coincides with the scheme defined by the equation s¢ = (0 : 1) and
does not depend on the choice of k,I. The scheme Z(V? V?) can be defined in a
neighbourhood of y by each of these equations.

The following proposition gives a geometric interpretation of the condition in (9)
that two representations are related by equations (8), and indicates the relation be-
tween inverse limits of moduli spaces of representations for the quivers P,,Q, and
moduli spaces of chains and trees of P'’s with marked points.

PROPOSITION 2.16. Let V9, VY be free representations of Q@ = @, or Q@ = P,, over an
S-scheme Y stable with respect to generic 6,0'. We use the notations of lemma 2.14
and assume that VO,V over U ; are related by equations (8). Consider over U; ; the
equations
(10) Si,osi,lw‘{wg = SZ,lsi,owng?
(a) Let C;; C (lPl)?]w_ be the closed subscheme defined by the equations (10) for
all k. For given k let

Uijr= {y € Ui,j’sf(y), s?(y), sz(y) distinct or sf,(y)7 52/(31)7 sg/(y) distz’nct}.

Then over U; j x the subscheme C; ;1 = C;j Xy, ; Ui j1r C (]Pl)2Ui,j,k s given
by the single equation (10) for this k.

(b) The curves C;; C (]P1)2Ui,j glue (with the appropriate coordinate changes) to
a reduced curve C C (PY)2. flat over Y, which contains all pairs of sections

(s?,sel), is isomorphic to IPIIJ(V97V3,) over U(VQ,VGI) C Y wia its two pro-

jections, and degenerates exactly over the subscheme Z(VQ,VQI) CY toa
chain of two P1’s intersecting transversally such that each projection defines
an isomorphism on one component and contracts the other to a reduced point.
(c) The curve C induces morphisms Pi S P which degenerate to P! —
pt. over Z(VQ,VG,) and which restrict to mutually inverse isomorphisms

IPrlj(Vf’,ve/) > Prlj(vgyf,,) that give rise to the isomorphism V6|U(V97V9/) =

Ve |U(V97V9')'

Proof. (a) Assume that s (y) # (0 : 1), (1 : 0). We can further assume s (y) # (1 : 0)
(similar: s¢ (y) # (0 : 1)). Then in a neighbourhood of y for all I we have

0 0 0.0 _ 6 0 kst 6.0 _ 0 000
51,051,1T1%0 = S1051,1 50 Osz,lxoxl = 5115100071

using equation (10) for k& and equation (8) for k1.
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(b) To show that the curves C; ; glue, it suffices to show that the curves C; ; and
C;.;» (and similar: C; ; and Cy ;) coincide over U, ; N U, j» after the base changes

0,i.5' 0,i.5' 0,5 0., a 0 0,i,5'
Sk,0 (s 0 5k,0° and Sko | Sk,0

0,5 | — | 0,5 LAY PUGYE 0,i,5" 0,15 0,3 | >
Sk, Sj1° @ k,1 k,1 —5;1° S50 Sk

; ; URNURN 0,5 _ 0 _ (000 . 07 ;
where a satisfies the relation s;;5's;1” +as;;i’ = 0 and s = (5,670 DSy ) with
; NDNR Y IR I 05,5 . 0,05y _ . 0,45 . 05,5y _
respect to coordinates zy"”, x1""’ such that (s;7 : s;77) = (0: 1), (5537 : 8;17) =

(1:0) (similar for ¢, j'). Applying these base changes one verifies that the equations
(10) hold for all k£ with respect to 4, j if and only if they hold for all k with respect
to 4,7’. The properties of C' follow from the properties of C; ;. given by the single
equation (10) for k, which are easy to verify.

(c) follows from (b). O

REMARK 2.17. Proposition 2.16 allows to restrict the sets of equations required to
hold in functors like (9) in proposition 2.15. All equations (8) relating V¢,V hold
if the equations with respect to choices of ¢, j hold such that the corresponding sets
Ui ; cover Y. Also, with respect to fixed i, j, all equations relating Ve, V% hold over
U;,; if those for certain k hold over U; ;1 and these sets cover U, ;.

3. LOSEV-MANIN AND GROTHENDIECK—KNUDSEN MODULI SPACES AND
ROOT SYSTEMS OF TYPE A

3.1. LOSEV-MANIN AND GROTHENDIECK—KNUDSEN MODULI SPACES. The Losev—
Manin moduli spaces of stable n-pointed chains of P!’s were introduced in [23].

DEFINITION 3.1. A stable n-pointed chain of P over an algebraically closed field is
a tuple (C, 80, S0, 815+ - - 8n), where (C, 89, 50) is a chain of P, i.e. its irreducible
components are isomorphic to projective lines with two distinct closed points (P, 0, 00)
which intersect transversally such that the point 0 of one component meets the point
oo of another component and the remaining points 0,00 are denoted Sg, Soo, further
$1,...,8, € C are closed reqular points different from s, Soo, and each component
contains at least one of the marked points s1,. .., Sy,.

DEFINITION — THEOREM 3.2 ([23]). Let n € Zi>1. The Losev—Manin moduli space L,
is the fine moduli space of stable n-pointed chains of P, i.e. L,, represents the moduli
functor (denoted by the same symbol)

Y — {isomwphism classes of stable n-pointed chains of P over Y}

where a stable n-pointed chain of P' over a scheme Y is a flat proper mor-
phism C' — Y with sections Sg, Seo,S1,---,8n: Y — C such that the geometric fibres
(Cy, 50(Y)s 500(y),51(Y), - - -, 5n(y)) are stable n-pointed chains of P over algebraically
closed fields.

L,, is toric, it compactifies the algebraic torus L,, = (G,)"/ G, the moduli space
of n points in P* \. {0, co}. It has been shown in [23] that the moduli functor of stable
n-pointed chains of P! is represented by a projective scheme of relative dimension
n — 1, using an inductive construction of L,, together with the universal curve which
is isomorphic to an — L,,. This morphism fnﬂ — L, studied in a similar setting
in [21], is a special case of the following morphisms that arise by forgetting sets of
sections, see [3, Construction 3.15].
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PROPOSITION 3.3. Let @ # I C {1,...,n}. We write Ly for L; with sections indexed
by I. Then there is a morphism

Yr: Zn — Z[

such that a stable n-pointed chain is transformed to a stable I-pointed chain by forget-
ting the sections {s;|i & I} and contracting components which have become unstable.

The Grothendieck—-Knudsen moduli space My, is the moduli space of stable n-
pointed curves of genus 0, i.e. of stable n-pointed trees of P'. More generally, stable
n-pointed curves of genus g occur already in [14, I.5] and their moduli spaces and
stacks have been systematically studied in [21].

DEFINITION 3.4. A stable n-pointed curve of genus O over an algebraically closed field
is a tuple (C, s1,...,8,) where C is a complete connected reduced curve C of genus 0
with at most ordinary double points, i.e. a tree of P, s1,...,s, are closed points of
C' such that each s; is a regular point of C, s; # s; for i # j and each component of
C has a least 3 special points (i.e. singular points and marked points s; ).

DEFINITION — THEOREM 3.5 ([21]). Let n € Z>3. The Grothendieck-Knudsen moduli
space My, is the fine moduli space of stable n-pointed curves of genus 0, i.e. Mg,
represents the moduli functor (denoted by the same symbol)

Y — {z’somorphz’sm classes of stable n-pointed curves of genus 0 over Y}

where a stable n-pointed curve of genus 0 over a scheme Y is a flat proper mor-
phism C — Y with sections s1,...,8,: Y — C such that the geometric fibres
(Cy,51(y),...,sn(y)) are stable n-pointed curves of genus 0.

Mo,n compactifies the moduli space My, of n distinct points in P'. The fact
that the moduli functor of stable n-pointed curves of genus 0 is represented by a
projective scheme of relative dimension n — 3 has been shown in [21] using an in-
ductive argument on n, showing that the universal family over Mo,n is formed by
the morphism Mom“ — Mo,n' This morphism is a special case of the following
morphisms for inclusions I C {1,...,n} which can be defined by mapping a stable
n-pointed tree (C — Y, s1,...,8,) to its image under the morphism defined by the
sheaf we/y (D ;¢ 5i), where weoyy is the relative dualising sheaf (see [21]).

PROPOSITION 3.6. Let I C {1,...,n}, |I| > 3. We write Mo for Mgy with the
sections of poined trees indexed by I. Then there is a morphism

VI Mo,n — MO,I

such that a stable n-pointed tree is transformed to a stable I-pointed tree by forgetting
the sections {s; | i & I} and contracting components which have become unstable.

3.2. EMBEDDINGS INTO PRODUCTS OF ]Pl AND RELATION TO ROOT SYSTEMS OF
TYPE A. We consider the cross-ratio varieties for root subsystems of type As in
Ap—1 defined and studied in [27, 28]. It was already observed in [28] that the cross-
ratio variety for root subsystems of type A3 in A, _1 should be isomorphic to the
Grothendieck—Knudsen moduli space Mo,w

The root lattice of A, is the sublattice M(A,—1) C L(4,-1) = Z" generated
by the roots «; ; = e; —e; where 4,5 € {1,...,n} and eq,...,e, are the standard
basis vectors of Z". We have the lattice L(A,_1)* dual to L(A,_1) and the lattice
N(A,-1)=L(A,-1)*/(1,...,1)Z dual to M(A,—1).

We consider cross-ratio varieties for root systems of type Az in A, ;. Let
A(L(A,-1)) be the n-dimensional affine space with coordinates ti,...,t, cor-
responding to the basis eq,...,e,. We have the open subscheme U(A4,_1) =
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A(L(An-1)) ~ Uiz {ts = t;}. For root subsystems A3 = A C A,_; consisting of
roots o ; for 4,5 € I = {i1,...,1a} C {1,...,n}, |I| = 4 there is the morphism

(11) ™0 = ((tr, — ti) (b, — tiy) © (tiy, — tig)(tiy — t3,)): U(Ap—y) — P!

depending on the choice of an ordering I = {11,22,23714} or equivalently a simple

System v, iy, Qiy i Qig iy i1 A = Az. The morphisms (:2141’22’”’14 for different orderings
I = {iy,...,i4} are related by isomorphisms of P!: for a permutation o there is an
: : 1 o (i1),0(i2),0(i3),0(ia) _ 01,192,344

isomorphism ¢, of IP* such that Ca, A = @gocy 2R, where ¢, for

generators of the permutation group is given by the following matrices M, :

01 —11 01

EXAMPLE 3.7. X 4, 4, = PL.

For each ordering {1,...,4} = {i1,i2,13,i4} we have a copy of P! with homogeneous
coordinates x“’ff’“" aczl’zf’”’ and the morphism 02’134’13’” U(A3z) — P! defined in (11).
Let Xa, 4, C Hi€S4 P! the imige of cay 4, = Hz€S4 02534’23’“7 then X4, 4, 2 P!\
{(0:1),(1:0)} and its closure X 4, 4, = P! via projections to the factors. Using (12),
X 44,4, can be described as the subscheme of ] P! defined by equations of the

1€Sy
form
i2,11,83 ,,11,92,13 i2,11,83 ,,11,92,13
xX; =X,
34,0 14,0 94,1 14,1
13,12,11 ,,01,12,13 13,12711( i1,92,13 il,iz,ia)
(13) Ligo Tigl T Ey1 Lig 1 Liyg0
11,42, ,01,92,43 __  11,92,94 ,91,02,i3
Tiz, 0 Tig,o T Tigq  Tigd

There are the factorisations cf&”i{”’“ = wﬁ;fz’”“ ocays a5t U(A3) = X ag 4, — P1
where gofj;r"’””“. X A, 4, — P! is induced by the projection onto the corresponding

factor.
In general for root systems A = Az in A,_; we have a morphism cyg, , a:
U(An—1) = U(A) ol X A such that

62:2;1’3,14 _ (P11J2,13,14 oca Al U(Anfl) N U(A) N YA,A = IPl.

n—1,
DEFINITION 3.8. We denote the image X, , A,= ( HAagAgAn_l CAn_l,A) (U(An,l))

and define the cross-ratio variety X o
the closure

Ay for root systems of type Az in An—_1 as

n—1,

_ L _ ~ 1
Xa, 1,43 = Xa, 45 C HAszAgAn_lXA,A = HAnggAn_l]P :

Let €4, A: YAn—laAS — YAA be the morphisms induced by the projection on the
factors of the product.

In a similar way we can construct a scheme from the set of root subsystems of
type Ay in A,,_1. We have the n-dimensional projective space P(L(4,_1)) with ho-
mogeneous coordinates t1, . .., t, corresponding to the basis ey, ..., e,. The open sub-
scheme T'(A,_1) = P(L(A, )) U;{ti = 0} € P(L(A,—1)) is the algebraic torus
with character lattice M (A 1). For root subsystems A; = {£w; ;} C A,_1 we have
morphisms

0]

A1 ftoi;} = (ti:tj): T(Ap—1) — P!
depending on the choice of an ordering of {3, ]} or equivalently on the choice of a

simple system a; ; in {£a; ;}. The morphisms c);’ } and AN \{ta, ) for the

,17{:|:Oé7;‘j
two different orderings of {i,j} are related by the isomorphism of IF’1 given by the

matrix (9 7).
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EXAMPLE 3.9. X 4, 4, = PL.

In the case of A; = {£aq; ;} for each ordering of {i, j} we have a copy of P! with ho-
mogeneous coordinates ] o, 2] | and a morphism ¢’/ , : U(Az) — P Let X4, 4, C
P! x P! be the image of ¢a,,.4, = il 4, x4, then Xaya, ZPIN{(0:1),(1:0)}
and its closure X 4, 4, = P! via projections to the factors. X 4, 4, can be described as
the subscheme of P! x P! defined by the equation xé-’o, :cg,o = xglle The morphism
¢yl 4, factors as T(A;) 8N X 4,4, 5 P where the last morphism is induced by
the projection onto the corresponding factor.

For root subsystems A; = {+q; ;j} C A,_1 the projection T'(A,_1) = T({*a;;})
composed with ¢(tq, ;1 {+a,,;} 8lves the morphism

€A, 1 {xai;}t T(An1) = T({£ai;}) %Y{iai,j},{iai,j}

; _ g ) 1

that satisfies cf{iai,j}’{iai,j} 0CA,_y {tai,} = c%bil,{iai,j}. T(An,—1) — PL
The morphisms ca, | (t+a,,}: T(An-1) = X{ta,}f{ta,} = G, are
homomorphisms of algebraic tori. Their product, the homomorphism of tori
HA1%{:EO¢¢J}§A”,1CiAnflv{iai,j}7 embeds T(A,_1) into the open dense torus of

HAlg{iai.j}gAn—l X{iai,j},{iai,j}a we denote its image X4, , 4,. The closure

Xy ,a =Xa,,,4, € HAgg{iai,j}gAn,lX{iai,jL{iai,ﬂ = HAlg{iai,j}gAn,llPl
coincides with the toric variety X (A, _1) associated with the root system A,,_1, i.e. its
fan is the fan of Weyl chambers of the root system A,_; in the lattice N(A4,_1),
because on the open dense torus T'(A,—1) C X(A,—1) the morphisms ca, | (+a,,}
coincide with the morphisms

V{Eoau;} - X(Anfl) — X(Al) ~ pl

for inclusions of root subsystems {%a;;} C A,_1 of type A; and the morphism
H{ia”} Y{+a;;} 18 a closed embedding (see [3] or theorem 3.11 below).

Already in [23, (2.6.3)] the Losev—Manin moduli space L,, has been identified as the
smooth projective toric variety associated with the (n — 1)-dimensional permutohe-
dron, which coincides with X (A,_1). In [3] an alternative proof that the functor L, is
representable and the fine moduli space L, is isomorphic to the smooth projective toric
variety X (A,—1) is given after a systematic study of toric varieties X (R) associated
with root systems R, their functorial properties with respect to maps of root systems
and their functor of points, and it is shown that the morphisms yz: X(A4,-1) —
X(R) =2 X(Ag—_1) corresponding to inclusions of root systems A1 2 R C A,
can be identified with the contraction morphisms ~;y: L, — L; = L;, determined by
subsets I C {1,...,n}, |I| =k.

EXAMPLE 3.10. L, = P'.

Each ¢ € {1,2} defines via the line bundle O¢(s;) a contraction of any stable 2-pointed
chain (C' — Y, sg, 500, 51,52) over a scheme Y to a trivial P'-bundle over Y with
three pairwise disjoint sections sg, si,,s; and a fourth section sj. We can choose
homogeneous coordinates % ,, zj ; such that s5 = (0: 1), s, = (1:0), s = (1:1).
The remaining section s’ = (s’ : s% ) of P{. determines an isomorphism Ly = P*.
Since (s} :s%1) = (5], : 5]), Mo can be embedded in P! x P! as the subscheme

defined by the same equation x?o,x;o = x;lle as in example 3.9, and the two

projections induce the above isomorphisms M4 = P! corresponding to the two
choices of an ordering of {1,2}.
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THEOREM 3.11 ([3]). The morphism

H’y{i,j}: L,— H Ly; 5y or equivalently H’V{im,j}: X(Ap_1)— HX({iozi,j}),
{i.5} {i.5} {£ai;} {£ai;}

where the product is over all subsets I = {i,j} C {1,...,n}, |I| = 2 or equivalently
over all root subsystems A1 = {%a; ;} C An_1, is a closed embedding. Its image in

[ Ly = [Tita, 3 X({Fai;}) is given by the equations of the form
T/?p%pt’”i@ = xz,1x;;,1xi,o

for all subsets J = {i,4,k} C{1,...,n}, |J| = 3 or equivalently all root subsystems

Ay = {j:ai’j, +aj, to;r} C An_1, where x§707x§71 are the homogeneous coordinates

of Ly;jy = X({£ai ;1) as defined in examples 3.9 and 3.10. The functor of points of

L, = X(A,_1) is isomorphic to the contravariant functor

families of sections Vi:s;, =5t
(14) Y — (ZY—)IPl) ij R B B
Sjt y/)ije{l,...,n} | V47, K2 85 055,05%,1 = 54,15k,15k,0

Similarly, we can describe My, and its embedding into a product of P!’s in terms
of the root system A, _;. First we consider the case of Mg 4.

EXAMPLE 3.12. My 4 & P!,
We choose a permutation I = {1,...,4} = {i1,...,494}. Three sections $;,, Si,, Sis
define a contraction of any stable 4-pointed curve (C' — Y, s;,, Siy, Sis, Siy) 1O a triv-

ial P'-bundle over Y via the line bundle wey (si, + i, + i;) (cf. [21]). Choosing
homogeneous coordinates 2;}'¢>", z;1*"* of Py such that s;, = (0:1), 55, = (1:0),
: ’ insizsds . i1z
14,0 © ig,1

8is = (1:1), the remaining section s;, = (s ) of P1. yields an isomor-

phism My 4 = P!. Under permutations of I this fourth section is transformed by
isomorphisms of P! as in (12), so the sections in these coordinates are related by

Si2,i1,i3 Sil,imis _ J2,i1,08 Li1,%2,13

(15) 14,0 Zig,0 T Zig,1 0 Zug,l A
813,l2,11 21,12,13 _ ?3,12711( 21,22,13 __ 81_1712713)
iq,0 ig,1 14,1 14,1 14,0

for permutations of the upper indices and by

19 Sy = s

Therefore the moduli space Mo,zx can be described as the subscheme in Hie S P!
by equations of the form (13), where each projection induces the above isomorphism
My 4 = P! corresponding to a choice of an ordering of I.

The space U(An—1) = A(L(An-1)) \ Uiz {ti = t;} parametrises n distinct
points in Al = P! < {(1 : 0)}, so its tautological family determines a mor-
phism ¢: U(A,—1) = My,. A point (a1,as,as,a4) € U(As), considered as tuple
((a1 : 1), (ag : 1), (a3 : 1), (as : 1))) of points in P!, can be transformed by the matrix
(7(‘127'13) al(ara‘q’)) into the tuple ((0 : 1),(1 : 0),(1 : 1),((a; — a4)(az — a3) :

—(al—a;;) a2(a1—a3)

(a2 — aq)(a1 —as)))) (compare to (11)). We obtain the following result:

LEMMA 3.13. Let I = {il,i27i3,i4} - {17 - ,Tl}, |I| =4 and A3 =A= {ai,j | 1,J €
I} C A,_1 the corresponding root subsystem. We identify Mo = Pl as in evam-
ple 3.12 by (C — Y, (5:):) = (si,: Y — PL) after contracting a curve C —Y over Y
to Py and choosing a basis such that the sections s;,, si,,si; become (0 : 1),(1 : 0),
(1: 1), and denote the composition v} "> : My, % Mo = P'. This relates to
the morphism ¢y : U(Ap—1) = U(A) = Xaa = P! of (11) as follows:

11,12,13,04 91,12,13,%4
= o Y.
Ap_1,A 1 (0
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The following theorem is based on the closed embeddings of M ,, and its universal
curve in products of P1’s described in [10, Prop. 4]. We use this to deduce a char-
acterisation of the functor of points of My ,, add the interpretation in terms of root
systems and the link to the cross-ratio varieties using lemma 3.13.

THEOREM 3.14. The morphism

H'YI: Mo, — H Mo,

|I]=4 |I]=4

where the product is over all subsets I 27{1, .. ,ﬁ}, |I| =4, is a closed embedding.
This embedding induces an isomorphism Mo, — X 4, _, A5 and can be identified with
the closed embedding

IT eava: Xawae = [I Xaa,
A3=ACA, A3=ACA,

where the product is over all root subsystems A isomorphic to As. The image of
Mon=Xa, 4, [, Mor=[IsXaa is given by the equations of the form

i1,12,13

11,12,13 ,,01,02,%4 11,12,13 ,,01,12,13
14,0

i5,1 15,0 =T Li5,0

11,12,14
24,1 ]

€z 1,5,1

ZT T

~

for all subsets J C {1,...,n}, |J| = 5 or equivalently all root subsystems Ay =
I' C A,,_1, where the homogeneous coordinates xizzfm,x;yf“ are defined as in ex-
amples 3.7 and 3.12, and homogeneous coordinates corresponding to different per-
mutations of a set I C {1,...,n}, |I| = 4 for the same Mo; = Xa a are related
by equations (13). The functor of points of Mo,n s isomorphic to the contravariant

functor

Y —
VT = {i17i2,i3}, |T‘ =3:
families of sections si, 7 =(0:1), 85,1 =(1:0), 55,7 = (1:1)
(17) 8§i7i2’i32 Y — IP%/ VI = {ilai27i37i4}a |I| =4:

for il,i2,1'37.i4 € {’1, ---,n} | equations (15) and (16) hold
st ht (.11 <3|

01,92,13 [11,92,83 ,01,02,84 __ _01,92,83 ,01,12,3 Ji1,%2,04
i0,0 i1 i5,0 5 Sis,0 Sis,1
4, 5, 5, 4,1 5, 5,

S

REMARK 3.15. The stable n-pointed tree can be reconstructed from data as in (17)
over an S-scheme Y as the curve C' C ([[;P!)y, where the product is over subsets
T C{1,...,n} such that |T| = 3, defined by the equations

11,812,083, ,01,02,83  1,82,84 __ _i1,i2,i3 ,91,02,93  91,52,04

Sis0 L1 Lo =Sis1 Lo Ty

)

where xél’iz’ig,xil’iz’ie’ are the homogeneous coordinates of the factor corresponding
to T = {i1,i2,i3} and related under permutations of elements of T by equations
as the first two in (13) leaving out the lower index, and the sections are given as
sk=(sko:5t)7r: Y = CC ([IpP")y, where (sf, : sf,) = (521,61‘2’1-3 : 52111213) for
T = {i1,i2,i3} with respect to the coordinates :Cél’iZ’i‘q’,mil’iz’”. This follows easily
from theorem 3.14 and the fact that MO,TLJ’_]_ — Mo,n forms the universal n-pointed

tree over Mo,n- One may also compare this to proposition 2.16.

3.3. LOSEV-MANIN AND GROTHENDIECK—KNUDSEN MODULI SPACES AS LIMITS OF
MODULI SPACES OF QUIVER REPRESENTATIONS. We relate moduli spaces of repre-
sentations of P, to the Losev—Manin moduli spaces L,.

For i € {1,...,n} we define the weight 6" € A' x A"~! C H(P,) by ni,ns = —1,

0; =1 —¢and 05 = =5 for j # i, where 1 > & > 0. The weights 6* are generic
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and any free representation V% that is @i-stable has the property that, considered as
tuple (s9 "), of sections of P, s ‘9 does not meet (0: 1) and (1 : 0). The moduli spaces

M (P ) are isomorphic to (]Pl)" L

THEOREM 3.16. There is an isomorphism
lim MO(P,
0

Proof. By proposition 2.15 lim, MP(P,) = Lim(P,). Consider the functor Lim’'(P,)
defined by

Y — {(@vei)i € HiMW (P)(Y) ‘Vi,ja k,l: SifoS?flSZﬁS?,% = SZiﬁﬁBSiToS%}

where @1 Y — MQ(Q) is the morphism determined by a @*-stable representation
V% over Y, and the representations V¢ are considered as tuples of sections (szl) i of
P, =Y.

We claim that the natural morphism of functors Lim(P,) — Lim'(P,) that arises
by restricting elements and relations is an isomorphism. The property

int (©(V?(y)) N @(Va/(y))) 4@ < V’2V? in a neighbourhood of y

of (V?9)y € Lim(P,)(Y) follows from the equations relating V¥, V¢ and thus also holds
for elements of Lim’(P,)(Y): by proposition 2.16.(c) we have an isomorphism V¢ =
V¢ on an open set, and for y in its complement there are J, J’ such that (sf-(y))je,]
coincide, (s?/(y))jey coincide and (J U J')¢ = @, which implies that ©(V?(y)) and
O(V? (y)) are separated by a wall. By this property for elements of Lim(P,)(Y) (resp.
Lim’(P,)(Y)) the polytopes O(V?(y)) (resp. ©(V?' (y))) have either disjoint interiors
or coincide. We construct the inverse morphism by showing that there is a unique
way to extend an element (V?'); € Lim(P,)(Y) to an element (V%) € Lim(P,)(Y).
Such a (V%)y € Lim(P,)(Y) is uniquely determined by its restriction to Lim’(P,)(Y)
because for any generic § we have (J,{y | V?(y) 6'-stable} = Y. On the other hand
we can extend a given (V?'); € Lim'(P,)(Y) to an element of Lim(P,)(Y) if for
any generic 6 we have | J,{y | VO (y) f-stable} =Y or equivalently for all y € Y the
polytopes ©(V?' (y)) cover A x A"~L. The fibres (V? (y)); over a geometric point
y € Y define a decomposition of A' x A”~! into polytopes: the polytopes @(Vei ()
and possibly remaining parts. By remark 2.4 and lemma 2.6 each of the remaining
parts is of the form

P(J, J/) = {9 S Al X An—l ‘ ZieJﬂi < —771} n {9 S Al X An—l | Zie.]/ 97, < —772}7

i.e. bounded by walls W and W e, for some J, J" such that J ¢ (J")E. But any such

P(J,J') contains 8" for i € {1,...,n}~ (JU.J'). So already the polytopes O(V?" (y))
cover A' x A"~ Thus we have shown Lim(P,) = Lim'(P,).

0 6" 6 6 o' 6 07 67
By remark 2.17 we can restrict the equations sy s/ 18y 15/ = Sk 1505k 0511 I

the functor Lim'(P,) relating V?',V? to equations with [ = 4. Thus Lim'(P,) is
isomorphic to the functor Lim”(P,) defined by

Y= { (4‘0\/9/")1' € Hz M” (Pn)(Y) Vi, g, k: sifos?ﬁsiﬁs% = 821,15?,1082‘?05?,'71}

Each ¢,4: is given by a family ( 4 )] 1,....n of sections s Y — IP1 up to operation

of G, on P} fixing (0: 1), (1 :0). Wlthm its 1bomorph15m class we can choose this
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i

family such that s = (1 : 1), then we denote si = s%. The functor Lim"(P,) is
isomorphic to

1 7 L) a1
Y {famlhes (Sj)i,je{l,...,n} Vi sjo = Si1 o }
; i 1 N R R B R R B
of sections s%: Y — Py | Vi, 5, k: $k.05%.150.0 = Sk.15%.05i.1

This functor is the same as the functor (14) in theorem 3.11. O

In the same way we study the relation of moduli spaces of representations of @,
to the Grothendieck—Knudsen moduli spaces Mo,n-

For T C {1,...,n}, |T| = 3 we define the weight §7 for the quiver Q, as 67 =
2(1—¢) fori € T and 6] = —25¢ for i ¢ T, where 1 > ¢ > 0. The weights 67 are

generic and for any 07 -stable free representation V‘)T, considered as a tuple (s?T) ;j of
sections of P!, the sections (s? );er are disjoint. The moduli spaces MY (Q,,) are
isomorphic to (P1)"~3.
THEOREM 3.17. There is an isomorphism
Mo, = @Me(Qn)-
0

Proof. By proposition 2.15 %iine M?(Q,) = Lim(Q,,). Consider the functor Lim'(Q,,)
defined by

Y o { (pyor)r € Tlp M7 (@u)(Y) | equations (8) hold }

where @, or: Y — MP?(Q) is the morphism determined by a §7-stable representation
Vo' over Y, and the representations V9" are considered as tuples of sections (SZT) E
of PL, - Y.

In the same way as in the proof in the case of P,, we show that the natural morphism
Lim(Q,,) — Lim’(Q,,) is an isomorphism by showing that UT{y|V9T(y) f-stable} =Y
for all (V?")7 defining an element of Lim’(Q,,)(Y) and all generic 6. For such (V?" )7
and fixed y € Y again the polytopes @(VQT(y)) either coincide or their interiors are
disjoint, and A(2,n) decomposes into the polytopes @(VeT(y)) and remaining parts.
Using remark 2.2 and lemma 2.3 we see that the remaining parts consist of polytopes
bounded by walls W{JL,JF} which do not intersect in the interior of A(2,n) and thus
are of the form ({0 € A(2,n) | > ;c;, 0; < 1} for disjoint subsets J; C {1,...,n},
2 < |Ji| € n—2. Any such subset which is full-dimensional contains a 67, thus
Ur OV (y)) = A(2,n) for fixed y € Y, which is equivalent to the above statement.

In the functor Lim’(Q,) the statement that equations 8 hold means that for all

T,T' and for all i, j locally over {y | s (y) # ng(y), sz/(y) # s?T’(y)} C Y, after a
choice of coordinates such that sz, sz =(0:1) and s?T, S?T = (1:0), for all &k, the
equations

(18) sosisin sto = stastostio st
hold.

By the last part of the proof of lemma 2.14, if the union of the walls separating
oV (y)), @(V‘QTI(y)) and @(VQT/(y)), @(V‘QT”(y)) are exactly the walls that separate
oV (y)), @(V‘QT”(y)) and if V¥, V" and VGT,/ v 'in a neighbourhood of y are re-
lated by equations of the form (18), then so are VQT, V" It follows that we can restrict
to equations (18) for which ©(V?'(y)), @(Vng(y)) either coincide or are separated by

a wall W, 0, =0V (1) N0V (3)).
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We claim that we can restrict this set of equations further to the set of equations
for T,7" with [T'NT'| = 2. Given T,T" with |T'NT'| < 2 we show that we can
replace T by T (and similarly 7" by T"), possibly multiple times, such that in each

smpﬁc@aﬂQ»\Tmﬂ_gmﬂmmwumTq_QAme%emm@@ﬁ(»
and ©(V?" (y)) coincide is trivial, we can assume O(V? (y)) N (V" ( ) =Wy

for some J, so that (siT(y))ieJc coincide and (sj /(y))je] coincide. If T C J then

there is 7' such that 87¢ ©(V? (y)), [T NT| =2, TN J® # @, thus we can assume
that both 7" and 7" have nonempty intersection with J and JC. If TNT’ = & there
exists T such that 67 € ©(VO (y)), [TNT| =2, [TNT'| = 1: to define T = {iy, iz, i3}
let i; € T" N JC and then iy,i3 € T such that sflT(y) # sf:( ), s 13( )| TNT| =1
there is 7' such that 67 € @(V"T(y))7 ITNT|=2=|TNT': to define T = {iy,io,i3}
let {iy} = TNT, then iy € T'N.J if iy € J® and iy € T' N JC if iy € J, and then
i3 € T such that s (y) # % (y), 5% (y).

Having shown that in the functor Lim’(Q,,) the equations (18) with [TNT’| = 2 are
sufficient, consider T = {i1,42,43}, T’ = {i1,42,44}. By remark 2.17 we can restrict
to the equations with ¢ = i1, j = 4o, further the equations with k = i, suffice, and
we write i5 for [. There are two cases i3 = i5 and i3 # i5 giving rise to two sets of
equations. This shows that Lim’(Q,) is isomorphic to the functor Lim”(Q,,) defined
by

Y —
Vi1, 192,13, 14 pairwise distinct:
{t1,32,i3} {i1,92,i3} {i1,92,04} {i1,92,3a}_ {i1,i2,33} {i1,92,i3} {i1,92,04}_ {i1,i2,i4}
14,0 is,1 ig,1 is,0 =Sig1 is,0 14,0 Sis,1
(‘PVGT )T

Viy,19,13, %4, i5 pairwise distinct:

{insiz,is} {i1in is} {i1,d2,0a} {in,d2,da} _ {10288} {41,02,08} {i1,d2,da} {i1,02,ia}
i1,0 Sis,1 ia,1 Si5.,0 ig,1 Si5.,0 i4,0 Sis1

S;
where we choose coordinates such that s
glitiz,ig}
i2

9{11 i2,ig}t  pglinsizsia} . gli1 iz iz}
) 81, = (0:1), s, ,

iy in i {i1.i2.i5}
= (1:0) and use the abbrev1at10ns of the form slitsizis} — g0* 127

Each VQT defining an element MOT(Qn)( Y') consists of a family (sZT)k:L_”,n of
sections sk : Y — PL up to operation of PGL(2) on P}.. Within its isomorphism
class, if T' = {i1, 42,13}, we can choose this family such that s? (0:1),s7 =(1:0),

(1 1), then we denote s“’”’ls 9T : Y — P3,. The 3! sections correbpondmg
to s, " for T = {i1,12,13} are related by equatlons (15). The first set of equations of
Lim' (Qn) gives equations (16). The second set of equations of Lim”(Q,,) gives the
equations of the form

91,192,813 [11,02,83 01,02,04 __ 01,982,813 ,01,12,13 (11,792,014

i0,0  Sis, 1 Sis,0 T Sigl S 5;

S 15,0 i5,1

The functor that associates to an S-scheme Y families of sections s“’”’z3 Y —» IP1 for
i1,12,13,14 € {1,...,n}, |{i1, 42,43} = 3 that satisfy these equatlons is functor (17).
O

4. HASSETT MODULI SPACES AND MODULI SPACES OF QUIVER
REPRESENTATIONS

4.1. HASSETT MODULI SPACES Moﬂ OF WEIGHTED POINTED CURVES OF GENUS
zERO. The Hassett moduli spaces M , of a-stable n-pointed curves of genus g for a
weight a were introduced in [15]. Here we consider the Hassett moduli spaces My , of
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curves of genus 0. The weight a = (a1,...,a,) € Q" satisfies 0 < a; < 1 for all ¢ and
la| =3, a; > 2.

DEFINITION 4.1. An a-stable n-pointed curve of genus 0 over an algebraically closed
field is a tuple (C, s1,. .., s,) where C is a complete connected reduced curve C' of genus
0 with at most ordinary double points (i.e. a tree of P17s), s1,...,s, are closed points
of C such that each s; is a regular point of C, if (s;)icr coincide then ), ;a; <1, and
the Q-divisor Ko +a151+ ...+ ansy is ample, i.e. for each irreducible component C*
of C we have (number of intersection points with other components)+» . ccn @i > 2.

DEFINITION — THEOREM 4.2 ([15]). The Hassett moduli space My, is the fine moduli
space of a-stable n-pointed curves of genus 0, i.e. Mo,a represents the moduli functor
(denoted by the same symbol)

Y — {isomorphism classes of a-stable n-pointed curves of genus 0 over Y}

where an a-stable n-pointed curve of genus 0 over a scheme Y is a flat proper
morphism C' — Y with sections s1,...,8,: Y — C such that the geometric fibres
(Cy,$1(y),...,sn(y)) are a-stable n-pointed curves of genus 0.

For a = (1,...,1) the Hassett moduli space M, coincides with the Grothendieck—
Knudsen moduli space MO,n; fora=(1,1,¢,...,¢),0 < e < 1 the moduli space M,
coincides with the Losev—Manin moduli space L,, (cf. [15, 6.4 and 7.1]).

4.2. THE FUNCTOR OF POINTS OF Mo,a. We give a description of the functor of Mo,a
similar to theorem 3.11 and 3.14 based on natural embeddings of a-stable n-pointed
curves of genus 0 in a product of P'’s.

Let (C — Y,s1,...,8,) be an a-stable n-pointed curve of genus 0 over Y. Using

again the methods of [21], for T C {1,...,n}, |T| = 3 the sections (s;);er define
a contraction morphism to a P!-bundle over Y. Restricting to the open subscheme
YT C Y where (8;)ieT are pairwise disjoint, we obtain a trivial Pl-bundle IP%/T - YT
with sections s7, ..., sl such that (s7);er are pairwise disjoint. As in example 3.12 we
can introduce homogeneous coordinates x>, z1"""*"* on P+ such that sI = (0:
1), sf, = (1:0), s), = (1:1). We write the sections s] respect to these coordinates
as s = (53 sl ).
Under permutations of the elements of T these sections are related by the formu-
lae (15) For I = {il,i27i3,i4} - {1,. .. ,n}, ‘I‘ =4 and T,T/ cl, T= {il,ig,ig},
T' = {iy,iz,is} over YT NYT we have the relation (16). Let J = {iy, ia, i3, 44,15} C
{1,...,n}, [J| = 5 and I = {iy,ig,i3,0a}, I' = {i1,i2,i3,i5}, [" = {i1,42,44,%5},
T = {i1,i2,i3}, T" = {i1,42,i4}. Then over Y N YT we have the relation

(19) 81:1,iz,i38?1,i2,i38?17i2,i4 _ 81:17i27i3 1:17i27i3sl:1,i27i4
14,0 5,1 15,0 14,1 15,0 15,1

because over the open set {y|si, (y) # si,(y)} C YTAYT we have the same situation

as in the case My, (see theorem 3.14), over {y | s;,(y), si,(y) in same component} C
YT YT these equations correspond to usual base changes in P!.

Algebraic Combinatorics, Vol. 4 #1 (2021) 119



MARK BLUME & LuTz HILLE

THEOREM 4.3. The functor of My, is isomorphic to the contravariant functor

Y —

( ) VT = {il,i27i3} |T| =3:

82’12 i3 (0 1) 11,22,13 (1 O) 217742’13 (1 1)

(1) VI= {11722723,i4}, ‘I‘ =4:

families of sections equations (15) and (16) hold

20 s:i,lzy’LB YT—)]P]' (2)v‘]:{i13i27i3ai45i5}7|‘]| =5:

(20) foriy,ig, iz, 14 € {1 ..,n},| equations (19) hold

T={inio,ish [TI=3, | 3)yTvyeYT: w(y,T,a)>2

YT CY open , n , ,
4)VyeYVad €Qly,|d|>2,a <a3IT:

yeYL w(y,T,a)>2

GV, T'VyeYT:

’

(s] (y))jer pairwise distinct =y € YT

where sets T (same for T') are always subsets T C {1,...,n} with |T| =3,
w(y,T,a) = ), min {17Ei€Jl(y,T) ai}

for geometric points y € YT and the partitions {1,...,n} = ||, Jl(y, T) defined by
i,j € Ji(y, T) for some l if and only if st (y) = SJT( ) We write s! if we work with
some fized ordering of T that is not relevant.

Proof. We show that the above construction gives a morphism from Mg , to the func-
tor (20). Of the remaining conditions (3) is satisfied because of a-stability. Concerning
condition (4), for an a-stable n-pointed tree C over an algebraically closed field each
intersection point p of components divides the tree into two components, where for
a given a’ € Q%, |a’| > 2, @’ < a the weights a] of the marked points of at least
one component sum up to > 1. Let CP be this component if it is unique, otherwise
CP = (. The intersection ﬂp C? is nonempty and w(y,T,a’) > 2 for each T which
singles out an irreducible component of (), C?. Condition (5) is satisfied because our
construction defines Y7 as the maximal set where the sections (s;);er are disjoint.
We define the morphism in the opposite direction: for an S-scheme Y and a
collection of sections s“’”’l3 YT — Pl yr as in (20) we construct an a-stable n-
pomted tree over Y. For a geometric point y € Y let 7Y = {T | y € YT} and
= € Ny, Y7 VT € T0:5(y) = sT(y) = sT(0) = 1)}, Deine
C C [rervs(Pyr)u, as the subscheme defined by the equations

7‘17712713 11;7‘277‘3 7/17712;14 — 7‘177‘2713 7/1;1277‘3 7/1771277/4
Si,0 L1 Lo =S80 T Ty

where xél’iQ’i3,z§1’i2’i3 are homogeneous coordinates of Py, T = {i, 42,43}, as in
remark 3.15. We define sections s! = [[rcry st |u, : Uy = CY C [Tpers (Pyr)u, for
ie{l,...,n}.

Let I C {1,...,n} such s/(y) # s¥(y) for i,4’ € I and for any j € {1,...,n}
there is i € I such that s(y) = s{(y). "Then the same construction but restrlcted to
T e TY with T C I yields a curve CY C (HTeTy,TgI P%’T)Uy
U,, isomorphic to (C¥, (s?);). By remark 3.15 (CY, (5¥);cr) is a stable |I|-pointed tree
over Uy,.

Using conditions (3) and (4) we show that the fibres (CY,(s!(y)):) are a-

stable. The property that for each irreducible component C’gj*k of CY we have

with sections (s¥); over
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(number of intersection points with other components) + quy (y)yecy* @i > 2 follows
from condition (3). The property that if (s} (y));es coincide then a(.J) = djesaj <1
follows from condition (4): if (s%(y)) ;e coincide, then for 0 < ¢ < min{|a|—a(J),|a| -
2} there is @’ < a such that a; = a; for j € J and ), ;o a; = max{0,2 — a(J)} + ¢,
by (4) there exists T € TY such that w(y,T,a’) > 2, and a(J) < 1 follows, because
choosing € < min{1, a(J) — 1} in case a(J) > 1 would imply w(y,T,a’) < 2.

Thus we have shown that (CY, (sY);) is an a-stable n-pointed tree over U,.

We show that the data for T € TY are sufficient for constructing the pointed
curve over Uy,: for y' € U, it is TY C 7Y and we show that the projection
rery (IP%,T,)UyQUy, = Irers (IP%,T)Umey, induces an isomorphism

(s ))v,rw, — (CY (D)) v,nw, -

A set T € TV is not contained in T if and only if (sY(y))ier are not pairwise distinct.
Assume T" = {iy, 4,43} such that s} (y) # s}, (y) = sf,s (y). Let T = {i1,i2,i3} € TY
such that the projection of C¥ onto the factor (IP%,T)Uy corresponding to 7" induces an
isomorphism of the irreducible component of CY that contains s and (P3r)y- Then

11,212,113 11,12,23 11,12,13

the coordinates for 7" and 7" are related over U, N U, by s, "z} Zg =
39

11,12,23 ,11,22,23 ,11,12,%3 11,12,

s xg x where s1>""* does not meet (0 : 1), (1 : 0) since s does not
ig,1 ig i

. ! . .
meet SZ:,SZ; over U, . In the case that three sections (sY);cr, T € TV, coincide

over y, there is a T" € T¥ with [T N T"| = 2 such that the coordinates for T and
T" are related in a similar way and only two of the sections (s?(y));er coincide.

It follows that the a-stable n-pointed trees (CY — Uy, (s);) glue to an a-stable
n-pointed tree (C' — Y, (s;);) over Y. This construction defines a morphism from the
functor (20) to Mo.,.

One verifies that these two morphisms are mutually inverse. O

4.3. HASSETT MODULI SPACES AS LIMITS OF MODULI SPACES OF QUIVER REPRESEN-
TATIONS. In theorem 3.16 we have described the Losev—Manin moduli space as the
limit over moduli spaces of quiver representations M?(P,). By corollary 2.8 this is the
same as the limit over moduli spaces of representations of the quiver @,,+2 for weights
in a neighbourhood of a vertex of A(2,n + 2): we have L, = lim, MO (Qy42) for
a=(1,1,¢,...,6) € Q"2, 0 < ¢ < 1. On the other hand for the same weight a we
have L, & Mg ,. We show that a similar statement relating Hassett moduli spaces
of weighted n-pointed curves of genus zero to an inverse limit of moduli spaces of
representations of (),, holds in general.

THEOREM 4.4. Let a = (ay,...,an) € Q" such that 0 < a; < 1, |a] = >, a; > 2.
The Hassett moduli space Moﬂ is the limit over the moduli spaces of representations

MO (Q,) for 6 € P(a) = {0 € A(2,n)|0 < a}, i.e.
Mo,a = mMe(Qn)

0<a

Proof. We verify that the results in subsection 2.4 remain valid if we consider the
limit over weights in the convex polytope P(a) and obtain the following analogue of
proposition 2.15: The functor lim, M?(Q,,) is isomorphic to the functor Lim(Q,,, a)
defined by

Y — {(gpve)g € [1o<a generic MP(Q)(Y) ’ locally equations (8) hold for (V) }
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where the product is over representatives 6 of the generic GIT equivalence classes
that meet P(a) and ¢ye: Y — M?(Q) is the morphism determined by a -stable
representation V? over Y.

As in the proof of theorem 3.17 there is a description in terms of the weights 67,
but one has to take into consideration that for some (V%)y defining an element of
Lim(Qy, a)(Y) there might be points y € Y such that the polytopes ©(V?(y)) do
not cover A(2,n) and leave out some of the #7. So Lim(Q,,,a) is isomorphic to the
functor Lim’(Q,,,a) defined by

equations (8) hold for (V")
(pyor)r € [Ip M (Qu)(Y )| YT ¥y € YT+ int (P(a) OV (1)) # @
where Y7 CY open VyeY: Pla) CU,eyr oV (y)

VI, T'VyeYT:0Tc oV (y) = yeyT

Y—

with the product over T C {1,...,n}, |T| = 3.

As in the proof of theorem 3.17 the equations relating V¢, Vo for |ITNT'| =2 are

sufficient and we introduce the sections 52#’2,1’3' We obtain the functor Lim”(Q,, a)
defined by

(0) VT = {il,iQ,ig}, |T| =3:
s = (0:1), 50077 = (1:0), 5,077 = (1:1)

11 12 13
families of sections (VI = {ir,ia, 3, i}, [1] = 4
sivizia, yT _y Pl equations (15) and (16) hold

14 :
Y —< for 11,1%2,13,14 € {]., .. .,TL} (2) VJ= {i1,i2,i3,i4,i5}, ‘J| =5:
st {00 =3t s = sl
- B)VTVyeYT: int (P(a) NO(V(y))) # @
(4)VyeY: Pla) CUyeyr o(VI(y))
GV, T'VyeYT: Te (VT (y)) = ye YT

11,12,13
J
irrelevant and V' for the representation (up to isomorphism) corresponding to (s7 );.

To show that this functor coincides with functor (20) we compare condi-
tions (3),(4),(5) in both. Let (Ji(y,T)); and w(y,T,a) be defined as in theorem 4.3,
6,a’ will always be elements of QZ,. Concerning condition(3) for a given 7' and
y € YT we have the equivalences

where we write s? for s in case the order of elements of T' = {i1,i2,i3} is

int(P(a) NOVT(y) # @ =30 <a,[0| =2Y1: Yicjym i <1
< Jd <a: w(y,T,d)=|d|>2
= w(y,T,a) > 2.
Concerning condition (4) for fixed y € Y we have the equivalences
P(a) € U, eyr OVT(y) «=V0<a,|0|=23T:yc YT, VT (y) 6-semistable
= V0<alf|=23T:yeY", Vi Ym0 <1
—=Vl0<alf=23T:ye YT wyT,0) =2
—=Vd <ald|>23T:yc Y w(y,T,d') > 2.
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where for the implication “=-" of the last equivalence use that for o’ < a,|a’| > 2
and 0 € int(P(a’)) we have o’ = 0 + b with b € Q2. Concerning condition (5) we
have #7e O(VT (y)) <= VT'(y) 0 -stable <= (SJT/ (v))jer pairwise distinct.

Thus Lim”(Q,,,a) is isomorphic to the functor of My, in (20). O

REMARK 4.5. Our results fit well with the chamber decomposition in [15, section 5]
and the observation in [15, section 8] that the corresponding GIT quotients can be
interpreted as the moduli spaces My, for |a| = 2. In particular, we recover [15,
Theorem 8.2, Theorem 8.3].
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