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Abstract. It is well know that structured solids present dispersive behaviour which cannot be captured
by the classical continuum mechanics theories. A canonical problem in which this can be seen is the
wave propagation in the Born-Von Karman lattice. In this paper the dispersive effects in a 1D structured
solid is analysed using the Fractional Continuum Mechanics (FCM) approach previously proposed by
Sumelka (2013). The formulation uses the Riesz-Caputo (RC) fractional derivative and introduces two
phenomenological/material parameters: 1) the size of non-local surrounding lf , which plays the role of the
lattice spacing; and 2) the order of fractional continua α, which can be devised as a fitting parameter. The
results obtained with this approach have been compared with the reference dispersion curve of Born-Von
Karman lattice, and the capability of the fractional model to capture the size effects present in the dynamic
behaviour of discrete systems has been proved.

1 Introduction

A key characteristic of the formalism based on the Classical Continuum Mechanics (CCM) is that its governing
equations lack of an internal length and, for this reason, it is not fully applicable when effects like size-dependency
and scaling of mechanical phenomena play a crucial role. A canonical problem in which this can be seen (crucial in
herein considerations) is the wave propagation in an infinite discrete chain composed by concentrated mass linked
by linear spring —the well-known Born-Von Karman lattice [1]. From the solution of this model it is clear that the
wave propagation is dispersive in nature, in contrast to the 1D classical continuum approach which predicts that the
velocity of propagation is independent of the wave number.

On the other hand, generalized continuum theories have been proposed to overcome the problem of the size-
independent character exhibited by the classical theory. Within this category fall the works by Mindlin and Tiersten [2],
Kröner [3], Toupin [4,5], Green and Rivlin [6], Mindlin [7,8] and Mindlin and Eshel [9], Yang et al. [10], Park and
Gao [11,12], as well as the non-local continuum mechanics initiated by Eringen and coworkers [13–15], which has been
widely used to analyse a variety of problems, such as wave propagation, dislocation, and crack singularities. In this
respect, 1D discrete solids have served to provide physical foundation to different axiomatically formulated theories of
generalized continuum [16,17], and to test their ability to mimic dispersive curves and to capture size effects [18].

Recently the models based on Fractional Calculus (FC), in which the differential operators are non-local and of an
arbitrary (real or complex) order [19,20], have attracted increasing interest in different branches of Solid Mechanics.
This mathematical approach has been introduced in describing the viscous behavior of materials, (cf. [21] and references
therein), non-normal plastic flow [22], or finally spatial non-locality [23–29]. In the latter case, to the best of the authors’
knowledge, the comparison with the Born-Von Karman model has not been studied before.

In this paper the dispersive effects in a 1D structured solid is analysed using the Fractional Continuum Mechan-
ics (FCM) approach proposed by Sumelka [28,30], and Sumelka et al. [31]. This proposed formulation introduces
non-locality in the spatial variable using Riesz-Caputo (RC) fractional derivative [32,33], and introduces two phe-
nomenological/material parameters: 1) the order of fractional continua α; and 2) the size of non-local surrounding lf .
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Fig. 1. Sketch of the Born-Von Karman (BK) lattice.

The analysis shows that lf plays the role of a distance between concentrated masses in the discrete model, while
the parameter α can be used as a fitting parameter. The results reveal that with a suitable selection of the or-
der of fractional differentiation α, the dispersion curve of the Born-Von Karman model is well reproduced, proving
the capability of the fractional model to capture the size effects present in the dynamic behaviour of discrete sys-
tems.

2 Short review on the ability of selected continuum theories to capture the dispersive
behavior of the Born-Von Karman lattice

As a reference discrete model, we will consider a one-dimensional infinite chain of monoatomic particles at sites
numbered . . . , j − 1, j, j + 1 . . . with linear interactions between nearest neighbours, also called the Born-Von Karman
(BK) lattice (cf. fig. 1). The mass of each particle is M , the stiffness of the interaction is C, and the lattice spacing
at equilibrium is a. The position of the particle j at the time t is xj = ja + uj , where ja = Xj is the position in the
reference configuration and uj is the corresponding displacement. The equation of motion for the particle j is given
by

Müj = C (uj−1 − 2uj + uj+1) . (1)

The plane-wave solution for this equation is of the form

uj = Uei(ωt−kXj), (2)

where ω is the angular frequency, k is the wave number and U is the wave amplitude. As Xj±q = Xj ± qa, we have
uj±q = uje

±iqka, and eq. (1) permits to determine the dispersion relation for the lattice

Mω2 = 2C (1 − cos(ka)) . (3)

Defining dimensionless wave number k̄ and frequency ω̄ as

k̄ = ka, ω̄ =
ωa

c0
, (4)

with c2
0 = Ca2/M , the non-dimensional dispersion relation also reads

ω̄ = 2
∣
∣
∣
∣
sin

(
k̄

2

)∣
∣
∣
∣
. (5)

Due to its periodicity, this relation will be studied herein in the right half of the first Brillouin zone 0 ≤ k̄ ≤ π. It is
worth to emphasize that ω̄ is not a linear function of k̄, therefore the BK lattice has a dispersive behaviour and the
Fourier components of a signal will travel at different speeds. Moreover, in the short-wavelength limit k̄ = π, the phase
and group velocity reach the following values:

ω̄|k̄=π = 2,
dω̄

dk̄

∣
∣
∣
∣
k̄=π

= 0, (6)

thus leading to a standing wave. In the long-wavelength limit (k̄ → 0), we get ω̄ = k̄.
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2.1 Classic 1D continuum

Special attention deserves the continuum limit of the lattice model [34], where the continuum displacement variable
u(X, t) fulfilling the conditions

u (Xj ± a, t) = uj±1(t) (7)

is assumed to vary slowly in the spatial coordinate, justifying the Taylor series expansion

u (Xj ± a, t) ≈ u (Xj , t) ±
∂u

∂X

∣
∣
∣
∣
Xj

a +
1
2

∂2u

∂X2

∣
∣
∣
∣
Xj

a2 ± . . . . (8)

Substituting in eq. (1), we get the classic linear 1D wave propagation equation

ü − c2
0u

′′ = 0, (9)

where (̈·) denotes the second-order derivative with respect to time, and (·)′′ denotes the second-order derivative with
respect to spatial variable.

Defining the mass density ρ0 and the Young modulus E of an equivalent continuum media as

ρ0 =
M

a3
, E =

C

a
, (10)

we recover the wave speed in a 1D continuum

c0 =

√

E

ρ0
. (11)

It is worth highlighting that the plane wave solution u = Uei(ωt−kX) yields a non-dispersive relation between frequency
and wave number ω̄ = k̄ (in nondimensional form), which is coincident with the long-wavelength limit of eq. (5).

2.2 Strain gradient theories

In the field of generalized continuum mechanics, several 1D models have been devised following the Mindlin’s grade
2 (G2) and grade 3 (G3) strain gradient theories [35,36], including micro-inertia in the kinetic energy density [18],
leading to the following motion equations, respectively:

G2 : ü − h2

3
ü′′ − c2

0

(

u′′ − g2uIV
)

= 0, (12)

G3 : ü − h2

3
ü′′ − c2

0

[

u′′ −
(

l211 + l212
)

uIV + l211l
2
12u

V I
]

= 0, (13)

where h is a length scale parameter related to the micro-inertia, and g, l11, l12 are length scale parameters related to
the strain energy potential.

Assuming a plane wave solution we obtain the following dispersion relations (in nondimensional form), respec-
tively [18]:

G2 : ω̄ = k̄

√

3(1 + ḡ2k̄2)
3 + h̄2k̄2

, (14)

G3 : ω̄ = k̄

√

3[1 − c̄2
1k̄

2 + c̄4
2k̄

4]
3 + h̄2k̄2

, (15)

with

h̄ = h/a, ḡ = g/a, c̄2
1 = − l211 + l212

a2
, c̄4

2 =
l211l

2
12

a4
. (16)

The fulfillment of short-wavelength limit conditions (6) for the G2 model results in the following values for the length-
scale parameters [18]:

ḡ2 = − 4
π4

, h̄2 =
3π2 − 24

4π2
. (17)
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According to [18], both h̄ and ḡ should be positive real numbers for thermodynamic consistency, therefore this solution
in unacceptable.

Regarding the G3 model, which retains three constants, fulfillment of conditions (6) plus the condition ω̄|k̄=π/2 =
√

2
at the middle of the Brillouin zone results in the following two sets of values for the length scale parameters [18]:

{

c̄2
1, c̄

4
2, h̄

2
}

=

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

{

−16π2 − 164
π4

,−8π2 − 80
π6

,
9π2 − 88

4π2

}

, (first set),

{
5π2 − 32

π4
,
4π2 − 32

π6
,− 1

π2

}

, (second set).

(18)

According to [18] the second set is not an acceptable solution because it results in a kinetic energy density which is
not positive definite (nor convex). On the other hand, the first set leads to an excellent fitting of the BK dispersion
relation in the right half of the first Brillouin zone.

It is worth highlighting that thermodynamic inconsistencies found in the previous gradient theories are linked to
the specific requirements imposed at the short-wavelength limit (and at the middle of the Brillouin zone for the G3
model). On the other side, alternative values of the length scale parameters fulfilling positive definiteness and convexity
of both strain energy and kinetic energy potentials may lead to a mismatch in capturing the dispersive behaviour of
the BK lattice.

3 Dispersion in fractional continuum mechanics

3.1 Fractional ω vs. k relation

In the paper [31] the dynamic equilibrium for a 1D linear elastic body under the Sumelka Fractional Continuum Model
(SFCM) was defined. Nevertheless, for the completeness of this paper let us once more recall some of the crucial aspects
of this formulation. Thus, the governing equations for the 1D SFCM case can be stated as

⎧

⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∂ (σXΩ)
∂X

+ bX = ρ0Ω
∂2u

∂t2
,

♦
εX = 
α−1

f

1
2

Γ (2 − α)
Γ (2)

(
C

X−�f
Dα

Xu − C
XDα

X+�f
u
)

,

σX = E
♦
εX ,

(19)

where σX is the stress, bX is a body force, Ω is a cross section,
♦
εX is a fractional strain, Γ is the Euler gamma function,


f and α are the length scale and order of SFCM, respectively, and C
a Dα

χf(χ), C
χ Dα

b f(χ) are the left and right Caputo’s
fractional derivatives defined as [20,19,37]

C
a Dα

χf(χ) =
1

Γ (n − α)

∫ χ

a

f (n)(τ)
(χ − τ)(α−n+1)

dτ, (20)

C
χ Dα

b f(χ) =
(−1)n

Γ (n − α)

∫ b

χ

f (n)(τ)
(χ − τ)(α−n+1)

dτ. (21)

Next, under the assumption of constant cross section (Ω = const.) and omitting the body force term (bX = 0) we
obtain finally a single equation from eqs. (19) governing the 1D SFCM problem

E
α−1
f

1
2

Γ (2 − α)
Γ (2)

∂

∂X

(
C

X−�f
Dα

Xu − C
XDα

X+�f
u
)

= ρ0
∂2u

∂t2
. (22)

In eqs. (20) and (21), f (n) is the n-th (integer) derivative of the function f and α is in the range (0, 1] [32,33].
Due to the fact that an analytical solution of eq. (22) is not available, the following logic, which assumes the

analysis of the vibration of closed chain, has been applied to recover the ω vs. k relation for SFCM.
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Fig. 2. Discretization of 1D fractional body.

The 1D domain of length L was divided into N intervals of equal length —thus, discrete points Xj were located
at the positions Xj = jd, where j = 0, . . . , N and N = L

d . For each point Xj the discrete counterpart of eq. (22)
was obtained utilising the approximations of left and right Caputo’s spatial derivatives (for fixed t) according to the
expressions proposed in [38,37], namely: i) for the left-sided derivatives we have

a = Xa
0 < Xa

1 < . . . < Xa
j < . . . < Xa

p = X, h =
Xa

p − Xa
0

p
=

X − a

p
, p ≥ 2, (23)

Xa
j = Xa

0 + jh, (24)

C
a Dα

Xu(X)|x=xa
p
∼= hn−α

Γ (n − α + 2)

{

[(p − 1)n−α+1 − (p − n + α − 1)pn−α]u(n)(Xa
0 )

+u(n)(Xa
p ) +

p−1
∑

j=1

[

(p − j + 1)n−α+1 − 2(p − j)n−α+1 + (p − j − 1)n−α+1
]

u(n)(Xa
j )

}

, (25)

where u(n)(Xa
j ) denotes the classical n-th derivative at X = Xa

j ; ii) for the right-sided derivatives one obtains

X = Xb
0 < Xb

1 < . . . < Xb
j < . . . < Xb

p = b, h =
Xb

p − Xb
0

p
=

b − X

p
, p ≥ 2, (26)

Xb
j = Xb

0 + jh (27)

C
XDα

b u(X)|X=Xb
0
∼= (−1)n hn−α

Γ (n − α + 2)

{

[(p − 1)n−α+1 − (p − n + α − 1)pn−α]u(n)(Xb
p)

+ u(n)(Xb
0) +

p−1
∑

j=1

[

(j + 1)n−α+1 − 2jn−α+1 + (j − 1)n−α+1
]

u(n)(Xb
j )

}

. (28)

So, under the assumption that α ∈ (0, 1) � n = 1, the behaviour of the i-th node reads (cf. fig. 2)

EA
[

Bua′′

0 + Ca(j)ua′′

j + ui + Cb(j)ub′′

j + Bub′′

p

]

= ρ0
∂2ui

∂t2
, (29)



Page 6 of 9 Eur. Phys. J. Plus (2016) 131: 320

where

A = 
α−1 Γ (2 − α)
2

h1−α

Γ (3 − α)
, B =

[

(p − 1)2−α − (p − 2 + α)p1−α
]

,

Ca(j) =
[

(p − j + 1)2−α − 2(p − j)2−α + (p − j − 1)2−α
]

,

Cb(j) =
[

(j + 1)2−α − 2j2−α + (j − 1)2−α
]

,

j = 1, . . . , p − 1.

Because on the considered subintervals [Xi−1,Xi] it is assumed that u varies linearly (cf. [37]), the points ua
0 , ua

j , ub
j

and ub
p can be independent of the discretization ΔX (cf. [31]). Thus, for independent parameters h and ΔX the point

Xa
j influences two nodes in general, e.g. assuming that this point falls between the discretization points Xi−3 and

Xi−2, we have

ua
j = ui−3

(

1 −
Xa

j − Xi−3

ΔX

)

+ ui−2

(
Xa

j − Xi−3

ΔX

)

. (30)

The closed chain boundary conditions were assumed as mentioned, thus

u0 = uN , (31)

and for virtual points outside the SFCM domain (cf. fig. 2)

uN+1 = u1; uN+2 = u2; etc., (32)
u−1 = uN−1; u−2 = uN−2; etc. (33)

On the other side the initial condition is
u(t = 0) = sin(kmX), (34)

where km = 2π
λm

= 2πm
L is the wave number and m denotes the vibration mode number (m = 1, 2, . . .) —therefore the

induced wavelength is λm = L
m .

In the next step, applying the Newmark method (average acceleration), the chain vibration was calculated to
capture the displacement time-history of a selected control point (CP) (the analysis has shown that the influence of
CP position is negligible). Finally, the Fast Fourier Transform (FFT) of the obtained CP displacement time-history
was performed and the fundamental frequency ω was recovered; in other words, a point of the dispersion curve ω vs.
k was obtained. To minimise the leakage in the result of the FFT, the sine window filter (Hamming window) was also
used [39–41].

4 Analysis of results

On the basis of the flow chart presented in the previous section we implemented the algorithm in a SCILAB environment
and carried out computational simulations for different values of parameters 
f [m] and α [−] assuming additionally that
E = 1 [Pa], ρ = 1 [ kg

m3 ], L = 1 [m], and ΔX = 0.01 [m]. Recall that, based on SFCM definition, we have the restriction
L > 2
f , although the maximum value studied has been 
f = 0.15 provided that the length scale parameters in
non-local theories are usually not larger than 10% of the macroscopic characteristic dimension of the structure.

In fig. 3 the influence of parameters 
f and α on the ω vs. k relation is presented. Both 
f and α control the
non-local effects, in the sense that α defines the way in which the information is governed from the region of influence,
whereas 
f describes the size of the non-local surrounding. It is noticeable that when 
f is small the SFCM tends to
a classical local formulation with a weak influence of α.

The previous results derived with the fractional model can be contrasted with the dispersion relation of the Born-
Von Karman lattice. All results are normalised and plotted for the right half of the first Brillouin zone 0 ≤ k̄ ≤ π
(fig. 4). It can be noticed that the length scale 
f plays the role of the lattice spacing a, while the non-dimensional
parameter α acts as a scaling parameter. Specifically, for an order of fractional derivative α ∼ 0.55, the model fulfils
the limit condition ω̄|k̄=π = 2 and provides a close approximation to the dispersion of the BK lattice, even in the
short-wavelength regime. As the value of α decreases, the difference between the frequencies of the discrete and the
fractional models increases.
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Fig. 3. ω vs. k relation for different values of parameters �f and α.
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Fig. 4. SFCM vs. Born-Von Karman model.

5 Conclusions

This paper presents the analysis of the dispersive behaviour of a 1D solid undergoing axial vaibrations, using the
Fractional Continuum Mechanics approach proposed by Sumelka [28,30]. The formulation uses the fractional Riesz-
Caputo derivatives in the definition of the longitudinal deformation which, together with the Young modulus, leads
to two additional model parameters: the size of the non-local surrounding lf and the order of the fraction derivative
α. A methodology for the direct time integration of the governing equations has been developed, and the vibratory
behaviour of a cyclic 1D domain discretized as a chain of points has been compared to that of the Born-Von Karman
lattice. The following key outcomes have been obtained:

– The model shows dispersive effects, evidencing the scale effects inherent to the approach of fractional calculus to
Solid Mechanics.

– The dispersive features of the proposed model depend on the two parameters involved in the definition of the
fractional derivative. The classical behaviour (non dispersive behaviour) is recovered for small values of the length
scale parameter lf , or for values of the derivative order α close to unit.

– A representation of the dispersion curves in nondimensional form permits to estabilish an equivalence between the
scale parameter lf in the continuum fractional model and the lattice spacing a in a discrete chain.

– The dispersion curve of the Born-Von Karman chain can be adequately reproduced with the fractional model,
within the whole Brillouin zone.

All in all the work permitted to highlight, through the analysis of a 1D canonical problem, the ability of Fractional
Continuum Mechanics to capture the dispersive nature of wave propagation phenomena in structured solids.

The authors wish to acknowledge the Ministerio de Economı́a y Competitividad de España for the financial support, under
grant number DPI2014-57989-P.

Open Access This is an open access article distributed under the terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.

References

1. L. Brillouin, Wave propagation and group velocity (Academic Press, New York and London, 1960).
2. R.D. Mindlin, H.F. Tiersten, Arch. Ration. Mech. Anal. 11, 415 (1962).
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