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Operators with integer scaling dimensions in even-dimensional conformal field theories
exhibit well-known type-B Weyl anomalies. In general, these anomalies depend non-trivially
on exactly marginal couplings. We study the corresponding fully covariantised anomaly
functional on conformal manifolds in several examples. We show that a natural consequence
of the Wess—Zumino consistency condition is that the anomalies are covariantly constant
with respect to the exactly marginal couplings. The argument is general and applies even

when the conformal symmetry is spontaneously broken on moduli spaces of vacua.
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1. Introduction and Summary of Results

The study of Weyl anomalies under deformations is an interesting subject in its own right.
One can consider deformations that preserve the conformal symmetry, or break it explicitly
or spontaneously. In principle, these properties can be used to constrain non-perturbative
Quantum Field Theory (QFT) dynamics. For a recent review see |[1].

In this paper, we will focus exclusively on four-dimensional CFTs. The question of
whether conformal anomalies match in different phases of a 4D CFT was answered in the
affirmative in [2] for type-A anomalies, and put to great use in the proof of the a-theorem [3].
In general, it is not possible to obtain similar results for type-B Weyl anomalies]T]

The non-perturbative properties of type-B Weyl anomalies associated with Coulomb-
branch Operators (CBOs) on the Higgs—branch vacuum moduli space of 4D N = 2 super-
conformal CFTs (SCFTs) were discussed in [5,6]. These papers presented examples, where

the CBO type-B Weyl anomalies matched across the Higgs branch, and other examples

!The division between type-A and type-B conformal anomalies was introduced in [4]. The specific
anomalies we are considering in this paper can be identified in the conformally invariant phase by noting
the presence of a logarithmic divergence in the momentum-space two-point function of integer-dimension

operators, which necessitates the introduction of a scale, characteristic of type-B.



where the matching between the conformally symmetric and spontaneously broken phase
does not occur. A complete understanding of the dynamics responsible for these disparate
behaviours is still missing, but the existing results have led to a number of non-perturbative
conjectures, which were postulated in [6].

In the present work, we elaborate further on the properties of the CBO type-B Weyl
anomalies, and point out that one of the crucial elements in the discussion of Refs [5,
6]—the fact that these anomalies are covariantly constant on conformal manifolds—can
be understood in many cases as a natural consequence of the Wess-Zumino consistency
conditions of the corresponding anomaly functionals. This alternative perspective is useful
for reasons that we will explain. The existence of covariantly constant type-B anomalies
in different phases of the theory has non-trivial implications as explained in Ref. [6] and
reviewed in [1].

The main elements of the argument are as follows. For an operator O with scaling
dimension A =2 +n (n € Ny), the anomaly of interest can be identified (in all phases of
the CFT) as a specific contact term in the integrated 3-point function of the trace of the

energy-momentum tensor 7= T*",,

/ 0y (T (1) O ()O0a(0)) < O"3(x) . (11)

In the unbroken conformal phase, the Ward identities of diffeomorphism and Weyl transfor-
mations can be used to relate the corresponding anomaly coefficient G(ACFT), to the 2-point
function coefficient of the operator O. In momentum space, the anomaly appears in the

logarithmically divergent piece of the 2-point function

2 (CFT) 2
(Oa(p)Oa(—p)) = <_1)n+122nr(n +G1A)F(n+ 2>p2” log (z—z) o (1.2)

In a phase with spontaneous breaking of the conformal symmetry, the Ward identities do
not provide a similar relation between the corresponding type-B conformal anomaly and

some datum in the 2-point function of the operator . In that case, the broken-phase

anomaly, G(Abmken), must be extracted directly from the 3-point function (1.1)). In momentum
space this reads
7_‘_QC;,(A’blroken) )
lim (T (q)O @ =(=1)" T 1.3

On the RHS of (1.2) and (1.3) a Dirac-delta imposing momentum conservation is left
implicit; in particular, the ¢ — 0 limit in (1.3]) is equivalent to taking the py — —p; limit.



As an explicit example, let us consider the case of 4D N = 2 SCFTs with a non-trivial
chiral ring of CBOs O, an anti-chiral ring of conjugate operators Oy, and a non-empty
conformal manifold M. The latter means that the N' = 2 SCFTs of interest possess
exactly marginal operators.ﬂ The CBOs, which are charged by default under the U(1),
part of the full U(1), x SU(2)g R-symmetry of the theory, have integer scaling dimensions,
and the corresponding type-B Weyl anomalies can be obtained as contact terms in the
U(1),-preserving 3-point functions (T'(y)O;(z)O;(0)). In the conformally symmetric phase
we will denote the corresponding anomaly coefficients as G(I(}FT). On the Higgs branc the
SU(2)g part of the R-symmetry is spontaneously broken along with conformal symmetry
by the non-vanishing vacuum expectation values (vevs) of Higgs—branch superconformal
primary operators. We will denote the corresponding anomaly coefficients in this phase
Ggiggs). In this context, we are mainly interested in the properties of G(I(}FT) and G(II}iggs),
but we will soon indicate which arguments of the paper can be generalised beyond these
specific cases. Both quantities are, in general, complicated functions of the exactly marginal
couplings (see [5}6] and references therein).

A crucial ingredient in the discussion of [5,/6] was the proposal that the anomaly
coefficients ;7 are covariantly constant on the conformal manifold M in both phases of
the theory. Namely, both anomalies obey equations of the form VG;C]—FT) =0, VGg—iggs) =0,
where V is a phase-independent connection on the vector bundles of the CBOs. It is
straightforward to derive this condition in the conformally symmetric phase as a consequence
of superconformal Ward identities. However, as pointed out in [5], a similar argument in
the Higgs phase needs to take into account potential contributions from the dilatino. In [5]
it was anticipated that such contributions do not affect the contact term that accounts

for the anomaly, but it is not straightforward to demonstrate this explicitly. As a result,
(Higgs)
1J

purpose in this note is to find such an argument. As a bonus, the argument we will present

it would be very useful to have an independent argument that VG = 0. Our main
is very general and applies to any CFT with a conformal manifold that has operators
with integer-valued scaling dimension; it is not restricted to CBOs in N/ =2 SCFTs or to
Higgs-branch phases.

It is well known (see e.g. [7]) that conformal anomalies can be conveniently packaged into

a local anomaly functional that expresses the Weyl variation of the generating functional of

2These are necessarily supersymmetric descendants of scaling-dimension 2 CBOs.
34D N = 2 SCFTs typically have both Higgs and Coulomb branch moduli spaces of vacua. Here we

consider only the case of Higgs moduli spaces to make contact with the discussion in Refs. [5,6].



correlation functions WH

I W x /d4xﬁ50¢4. (1.4)

W is a non-local functional of the sources of the CEFT, but the Weyl anomaly A is a
local term reflecting the above-mentioned fact that in correlation functions it appears as a
contact term. The J, variation in denotes infinitesimal local Weyl transformations with
parameter do(z) that vanish at the boundary of spacetime [2], and 7, is the background
spacetime metric. The locality of do(x) guarantees, among other things, that the Ward
identities retain the same form in all phases of the theory, irrespective of whether or not
conformal symmetry is spontaneously broken (they are operatorial relations). This fact
will be crucial for our upcoming discussion of the structure of the anomaly functional in
different phases. In order to encode the CBO type-B anomalies of interest in the anomaly
functional one needs to add to the action spacetime-dependent sources for the operators
01,0,

55 — / d'e 7 (N (@)0;(x) + X ()0, (z)) - (1.5)

The anomaly functional must satisfy certain conditions. It must be invariant under
diffeomorphisms or any other unbroken symmetries of the theory. In addition, it must obey

the Wess—Zumino (WZ) consistency condition
81510 W =0, (1.6)

which encodes the fact that the action of the Weyl group is abelian. Finally, terms in A
that are Weyl variations of a local functional express the addition of local counterterms in
W 9], which simply correspond to a change in the regularisation scheme. Such terms are
considered trivial and can be dropped from d,W. This reflects the fact that the anomaly is
a scheme-independent quantity.

As emphasised already in Ref. [10], on a conformal manifold M one should also require
that the anomaly functional is suitably invariant under coupling-constant redefinitions. This
can be achieved by utilising a connection V on the bundle of operators. For exactly marginal
couplings, the WZ consistency condition on the M-covariantised version of the anomaly
implies that the connection V is compatible with the Zamolodchikov metric, [10]. In this
paper, we examine whether this argument can be extended beyond the case of the exactly

marginal operators.

4See also [8].



Since the presence of a contact term like the one in (1.3, in any phase of the theory,
has been established independently by the analysis of Ward identities, in all phases the

anomaly functional includes a term of the form
oW x /d4xﬁ50[G1JAID”AJ +...], (1.7)

where Gj; are the corresponding anomaly coefficients. This term should be covariantised
on the corresponding vector bundle of operators over M. We perform this covariantisation
for operators of scaling dimension A = 3,4,5 in Sec. [2] and show that the WZ consistency
condition requires that the anomaly is covariantly constant. In the case of scaling-
dimension 4 operators the arguments of Refs [8,10] are modified to capture the properties of
marginal, but not necessarily exactly marginal operators. Our analysis is completely general
and does not employ supersymmetry at any stage. We expect that similar arguments can
be applied to all higher values of integer scaling dimension A, but the anomaly functional
becomes significantly more complicated with increasing A. Indeed, already at A = 5
we present WZ-consistent anomaly functionals, which contain hundreds of terms in the
flat-space limit. We notice that in both the cases of A = 4,5 anomalies, new terms in the
anomaly functional that involve the curvature of the corresponding operator bundles are
crucial in order to satisfy the WZ consistency conditions.

The case of A = 2 operators is special and requires a separate discussion: the anomaly
functional is automatically WZ-consistent and does not lead to further restrictions.
To make a non-trivial statement, we need to use the N = 2 supersymmetry to relate the
A = 2 anomaly to the anomaly of the exactly marginal operators. An argument in favour of
this relation is sketched in Sec. [3] alongside an explicit tree-level check for N' =2 SCQCD

in the conformal and Higgs phases.

2. WZ Consistency Conditions in 4D CFTs

We follow closely the discussion and notation of references [11,[12]f] W = log Z is the
generating functional of correlation functions. It is a functional of the spacetime-dependent
sources (couplings). In this section, we focus on four spacetime dimensions and type-B
conformal anomalies of scalar operators. Such anomalies exist when the operators have
scaling dimensions A = 2 + n with n € N.

We will denote the operators of interest as O; and their corresponding sources as A’.

®An early application of the cohomological analysis to conformal anomalies can be found in |13].



Note that although we ultimately have N/ = 2 applications in mind, we will use a real basis
of operators and will not require supersymmetry for any of the arguments presented in this
section. When the operators are exactly marginal they will be denoted as ®; and their
corresponding couplings as \'. Clearly, the index i takes values up to the dimension of
the conformal manifold M. The more general indices I label conformal primary operators
in a sub-bundle of operators of fixed integer dimension and the corresponding conformal
anomalies will be denoted Gj;. The background spacetime metric will be denoted -,
with Greek letters reserved for the spacetime coordinate indices. Vector bundles over the
conformal manifold can be equipped with a connection. For a discussion of this connection
in the context of conformal perturbation theory see [14}/15]. For a related discussion in
radial quantization see [16]. The components of the connection on the sub-bundle of O;
operators will be denoted as (4;)%, whereas the connection on the tangent space of ®;
operators as Ffj The corresponding covariant derivative on the conformal manifold will be
denoted as V,.

In this section we follow the general strategy of [8,10], where the basic ansatz for the
Weyl variation of W was covariantised not only in spacetime but also in the tangent bundle
of the conformal manifold TM. Accordingly, for the type-B Weyl anomalies of exactly

marginal operators [8,10] proposed the anomaly functional:ﬂ
S W o / d'z\/vd0 Gy ((DX‘ + T80 N 9, N (ON + 17 9" A™0,\™)
) 1 )
— 20, \"(R" — gfy“"R)a,,)\’> , (2.1)

with R, and R the spacetime Ricci tensor and scalar respectively. Clearly, this functional
is sensitive only to the symmetric part Fékl) of the connection. The WZ-condition identifies
it to be the Levi-Civita connection on M, and under the further assumption that the

connection is torsion-free |14] one obtains that the anomaly is covariantly constant on M,
VG, =0. (2.2)

This approach can be generalised to generic operators O;, where covariantisation on the
conformal manifold translates into the invariance of 6,1 under a change of basis in the
vector space of Ors. We discover that imposing the WZ consistency condition will typically
lead to V;Gr; = 0.

5For the case of a single coupling, this expression is related to the Fradkin-Tseytlin-Paneitz—Riegert

operator |17]. A six-dimensional generalisation of this operator was presented in [18].



We emphasise that this result is independent of the phase of the theory. The anomaly
functional can be understood as the local Weyl variation of the generating functional W
with appropriate boundary conditions for the fields. The infinitesimal local Weyl parameters,
do(x), by definition vanish at the boundary of spacetime and parametrise transformations
that are valid both in the conformally symmetric and broken phases [2]. Moreover, the
asymptotic behaviour of do(z) also guarantees that any boundary terms that involve do(x)
(obtained after integration by parts) can be safely ignored in the upcoming discussion.

We will now summarise the key ingredients of the calculation, before specialising to
type-B anomalies for operators with A = 3,4, 5[] The A = 2 case cannot be constrained with
a simple analysis of the Wess-Zumino consistency condition and will be treated separately
in Sec. 3] The expressions 0,1 for cases with a single source can be found in [12] and
form the starting point of our discussion. We study the WZ consistency conditions after
we covariantise the expressions in Ref. [12] with respect to the conformal manifold. In the
process we discover that a fully covariant anomaly functional requires new terms that have

not appeared previously in the literature.

2.1. Covariantisation on the Conformal Manifold

In what follows we will make an important distinction between the exactly marginal couplings
A that parametrise the conformal manifold and the remaining non-exactly marginal sources
M. Geometrically, the couplings A\’ are, in general, non-linear coordinates on the curved
conformal manifold, which are allowed to also depend non-trivially on the spacetime
coordinates. Equivalently, we view the spacetime derivatives 9,\" as components on the
tensor product of the spacetime cotagent bundle and the conformal manifold tangent bundle.
The couplings A\ are viewed, instead, as sections of a vector bundle. They can depend both
on the spacetime and conformal manifold coordinates.

Accordingly, under a change of basis on the tangent bundle of the conformal manifold

) A
GN)\’ - Wau)\] . (23)

On the other hand, under a change of basis on each fibre of the A\-vector bundle

— a/\l )\/I/

I
A= oN?

(2.4)

Y

"Here the A = 4 case refers exclusively to Weyl anomalies for marginal operators that are not exactly

marginal—they can be marginally relevant or irrelevant.



!
6)\/I/
covariant derivatives on the conformal manifold in terms of the connection components

(4:)] as

where the transformation matrix depends on the \'(z*) only. As a result, we define

VA =0\ + (4)50\ . (2.5)
The generalised covariant derivative is then naturally given byﬁ

VA = VNV 4+ VN [isgred = ON VN + 9,0

Ai=fixed 5 (26)

with V,, the standard spacetime-covariant derivative.
Compared to the unhatted differential operators used in [12], commutators of our hatted

operators can lead to curvature terms on M. The latter can be easily evaluated by using

the definition of the generalised covariant derivative and the fact that 9,(A;)%|xizfxea = 0,

1.e.
(Fu) 5N =V, VN = 9,X0,N (Fiy) 5\ (2.7)

where (Fij)§ = 0, (A;)5 = 95 (A} + (A (A))7 — (A (A
Under the change of basis (2.3)-(2.4]), the connection transforms inhomogeneously as

Nt ONT AN L aNT AN 92N

Ai - - 7 Ai/ r - v 7 .
( )J ON ON 8/\/1( >J ON ONT N ONT (2 8)
such that
ONT ON ,
Vi)\l - WWVi/)\/I 5 (29)

which in turn implies

~ N ~ p

Vu)\l - WVHX . (210)

Therefore, standard differential operators can be covariantised on M by upgrading the
usual spacetime-covariant derivative V, to ﬁu- For example, the M —covariant Laplacian
ﬁ, which reads

O =V, UH\

=NV (V) £ T (2.11)

Aifixed

8Here we are explicitly stressing that V. and 9, have to be understood at fixed A%, but later this will be
left implicit.



= 0N (99,0 + (459,07 + 0

VM = g1 VA

Aifixed

transforms as

O = . (2.12)

oN"
As a result, to get anomaly functionals invariant under a change of basis in the space of
Os, one can consider the ones written in [12] and simply replace all spacetime covariant
derivatives with their hatted versions. However, because of this minimal prescription
is, in general, sensitive to ordering choices and does not guarantee WZ consistency.

We conclude this section with some remarks on A" and by explicitly stressing how our
framework is compatible with the one of [8,[10]. As the exactly marginal coupling A\* is not
a tensor (it is a coordinate on the conformal manifold), the generating functional cannot
display an explicit A\’ dependence. Instead, the anomaly can depend on it only through its

infinitesimal variation, i.e.

A= 0N = VN (2.13)

This object serves as a pullback from the conformal manifold to spacetime, which could
have been appreciated already at the level of formula (2.6). It has good transformation
properties (2.3) and can then be acted upon by the generalised covariant derivative:

VA, = VX 4+ M TR (2.14)

o gk

Thus, within our framework, (2.1)) can be more succinctly recast into the form

~ oA ) 1 :
5, W o / d'z /760 G (vuwvyw — 2N (R — gfy“”R))\{,)

~ o~ . 1
_ / d'z\ /760 (vuwvyy — 22X (R — gwf}z)Aw) . (2.15)

In the second line we have implicitly used the fact that F;k is given by the Christoffel
symbol (so that @quk = 0). The fact that T, is symmetric yields many simplifications,
e.g.

Vi =0, LViX, =0, (2.16)

where the first equation guarantees that the Bianchi identity V[i(ij])f] = 0 gets pulled-back
onto ﬁ[u(F,,p])g = 0.



2.2. Weyl Transformations

In four spacetime dimensions, an infinitesimal local Weyl transformation acts on the

spacetime metric 7y,, as
SoVuw = 200 Yy - (2.17)
The Christoffel symbols, the Ricci tensor R, and the Ricci scalar R transform accordingly

5‘7Ffw =77 (M0 0400 + Ve 0,00 — ¥,,0,00)
do Ry = =2V, V, 60 — 7,000 (2.18)
0o R = —200c R — 6o .

For an operator of conformal scaling dimension A, one has classically §,0; = —AQO;do.
Thus,

S = (A =4 N, 5,0 =0. (2.19)
Being a number, the anomaly has vanishing classical dimension, so
0,Gry =10, (2.20)

while the uniform Weyl variation of V;\! leads to

One then finds that standard equations such as

5,0, N = (A — )9\ 50 + (A — 4)0,00 N (2.22)
50N = (A = 6)d0 ON +2(A - 3)d,60 N + (A — )N Ddo . (2.23)

can be straightforwardly extended to

5,V M = (A = )V Moo + (A —4)0,00 N (2.24)
50N = (A — 6)60 TN +2(A — 3)9,60 V*N + (A — 4\ Déo . (2.25)

and accordingly for quantities with raised spacetime indices. These expressions will be

useful in the calculations that we will be performing below.

10



2.3. A =3 Operators

We begin the construction of fully covariant and WZ-consistent anomaly functionals with
the case of A = 3. According to the discussion around Eq. , the ansatz for this case
should contain two derivatives. In order to address the Weyl-cohomological problem, we
will first characterise terms in the anomaly functional that are cohomologically trivial. We
start with the following expression for the generating functional of connected correlation

functions

G]J@‘O\I@H)\J + Al)\Iﬁ)\JG]J + AQG[J)\IAJR

Wexact — /d4$ﬁ
+ ANVANIY Gy + AN N OG | (2.26)

By computing its Weyl variation, and after integrating by parts, we find that the most

general exact (i.e. cohomologically trivial) anomaly functional is
5, W2t / d*z\/700 [2(—1 + Ay 4 64)Gr VNV N +2(—1+ Ay + 64,)N 0N Gy
+2(—1+ 241 + 1245 — As + 2A)NV*NIY .Gy,

+ (Ay + 64y — Ay + 24NN TG,
(2.27)
From the above one can deduce that:

(a) An anomalous Weyl generating functional containing doG; A\’ R cannot be cohomo-

logically trivial.
(b) The term M X0G;; is cohomologically equivalent to A VAV, G ;.

(c) The term /\Iﬁ“)\JﬁuGU is cohomologically equivalent to GIJﬁ“)\Iﬁu)\J + )\Iﬁ)\‘]GU
and by going to momentum space, one sees that the latter does not contribute to the

anomaly.
Hence, modulo cohomologically trivial terms and up to integration by parts, the most

general Weyl anomalous functional is given by

5, W = / d*w\/7 605Gy |CLVINV AT + CoN DN + CoN MR (2:28)

11



with C7 # C5. Imposing the WZ consistency condition leads to the following independent

solutions for the anomaly functional:

~ ~ 1
5, W = / d'ay/7 900G | VINVAT + AV R (2.29)

~ 1
5, W@ = / d*z\/7 60Gry | NON — EAI)\JR

. (2.30)

For 6,W ™) one needs to impose V;Gr; = 0, while §,/W® is automatically WZ consistentﬂ
It is interesting to observe that (2.29) and (2.30) are equivalent upon integration by parts

when V,;Gr; =0, leading to a self-consistent picture.

2.4. A =4 Operators

The classical Weyl variations do not distinguish between the exactly-marginal couplings
A" and the marginally relevant or irrelevant A!. However, in our formalism these two sets
of couplings are treated differently—the \* are non-linear coordinates on the conformal
manifold but the A? are linear coordinates on a vector bundle. Accordingly, in the conformal
phase, we can interpret the anomalies G;; as a Zamolodchikov metric on the conformal
manifold, but the anomalies GG;; do not have such an interpretation. This will soon translate
to a different type of anomaly functional for the anomalies G, which is sensitive to the
curvature of the corresponding operator bundles. Examples of theories with non-exactly
marginal A = 4 operators, whose curvature is non-trivial, are abundant in 4D N = 2
SCFTs, see e.g. [19].

It is sensible to start with an anomaly functional, which is similar to for the

exactly marginal operators
o~ ~ 1 ~
Se W ox / d*z/vé0 Gry {D)\IDX’ — 2V N (R — §WR)VVAJ : (2.31)

For exactly marginal operators ﬁ[u)‘f/] =0 from . Instead, for non-exactly marginal
A = 4 operators ﬁm @l,])\] = (F,,)5\7. As a result, we expect that terms containing either
(Fu)% or explicit (Fj;)% contributions will mark a distinctive difference compared to the
exactly-marginal case. Indeed, when checking the WZ-consistency condition for , one

9The WZ consistency condition imposes C3 = %(C’l — C5) so the most general anomaly functional is given
by 6, W = C16eW W + Co6, W) with Cy # Cs. Terms with C; = C5 cannot capture the anomaly, see point

(c) above.

12



finds that
50[2501]W o</d4x\/§50[18”502}><
x VIl [—4§MGU§V)\J +2V,G VN — 4G N (Fu)E] . (2.32)

The expression on the RHS does not vanish automatically even after imposing V,G;; = 0:
extra terms need to be added to to cancel the last term in . One can exhaustively
prove that terms constructed out of (F,,)} are closed with respect to the Weyl-cohomology
and cannot achieve the desired goal. We are thus forced to use terms where (Fj;)’ appears
explicitly and does not combine with pullbacks to give (F.,)5 = (F;;)iX,A. We notice,
using the first equation in ([2.18), that §,(V,\;) ~ 9,00\;, and as a result

o (P kNN, ) = (Bl (Vadh) ~ (Fp)kdudo (2.33)

We are thus led to consider terms with the schematic structure: GIJ(Ej)ﬁ(/\Jp')\Kﬁuz\iﬁg/\J.
By taking into account all possible contractions for the spacetime indices, we arrive at the

generating functional
~ o~ ~ 1 ~
S W / d*z\/v00 Gy [DA[D)\J — 2V, N (R — gfy‘“’R)Vy)\J%—
+ (Fij) i (B3g""g" + Eag"*g"" + Elg“”g””)AﬁMiAKiV ; (2.34)

where E1, Fs, E5 are free constants. The WZ consistency condition can be satisfied by setting
V:Gr; =0 and E; + Ey+ E3 = —2. The fact that only the combination E; + Fy + F3 = —2
survives the WZ condition suggests a relation between the three terms in the second line
of . Indeed, the terms parametrised by Fs; and Ej3 are identical as a consequence of
the identity ﬁ[u)\fj] = 0. This leaves a single combination in (2.34))—the difference between
the terms parametrised by E; and Ej being closed, but not exact. The resultant anomaly
functional is the WZ-consistent functional that captures the type-B anomalies Gy
for non-exactly-marginal A = 4 operators.

We can draw two lessons from this discussion. First, we verify once again that the
condition V;Gr; = 0 is necessary to obtain WZ consistency. Second, and on a more technical
level, we notice that in order to cancel F),,-terms in the WZ consistency condition ([2.32)),
one needs to add to the generating functional terms where Fj; factors come contracted
with (differentiated) pull-backs. The specific terms added in contributed to the
WZ condition only with F), combinations. It turns out that this is a special feature of

A = 4 operators (for which both d,A” and 6,V vanish). In the next section, we will see

13



that Fj;-terms provide contributions to the WZ condition of A =5 anomalies that do not
combine to produce F},,. This feature will add to the complexity of the A =5 anomaly

functionals.

2.5. A =5 Operators

The Osborn equation for type-B anomalies of irrelevant operators in even spacetime dimen-
sions is subtle. Its intricacies were discussed in [12], the main lesson being that in order to
ensure the consistency of the anomalous part, one has to introduce a beta function for the
spacetime metric. We will generalise the analysis of [12] to the case of multiple irrelevant
sources A, starting with the most general ansatz for the spacetime Weyl variation 6,7,
that is quadratic in the sources A\’. One needs to first impose that 003001 Ypr = 0 and then
remove the cohomologically trivial terms from (50%,,@ The outcome of this analysis, at
quadratic order in the sources, is that the variation of the metric d,7,, is essentially the

covariantised version of the one proposed by [12], i.e.
8o = 200 Yp+adaGy (RWAIAJ + 20V, VN = 37, VAT N + 'yw)\fﬁx]>
360 (R)\I)\J 46N 0N — 12@%%@") OO (2.35)

where o and 3 are free parameters. Here we have neglected—already at O(\?)—terms that
vanish when V;G;; = 0; one can prove that they sit in a cohomology class different to that
of the ones proportional to Gy;, hence their presence would not modify . Moreover,
such terms will not play a role in the computations that we will display below.

As a starting point for the analysis of the A =5 anomaly functional, we consider the
covariantised version of the expression derived in [12], which to quadratic order in the

irrelevant sources readﬂ

BN 1 4
A=cC,,CMr + gaGU {DAIDW — gRR“”RW)\IAJ - %R?’AIAJ + gR“”RA"RMWAI)\J

1 43 35 ~ 25 ~
= Do /,LI/)\G’)\I)\J Mo uvaf N Ao}\[}\] _ 2)\ID)\J o ,LLV)\J)\ID)\J
S FRuwscR + =5 R B R SR + 53 Runo R
1 167 SN TS 101 _se0v1a
_ iz )\I/\J v 5 a)\I a)\J _ 2 a)\l a)\J
—36V RV,R +—12R R, VNV —24RV \%

19The latter are those solutions (85w )rivial t0 0(0, 00, = O that can be written as (65%uu )trivial =
do v — 2007, for a metric 7,,. Therefore the redefined metric v, — ., — Y., continues to transform
classically.

1We thank M. Broccoli for pointing out a missing factor of % between the C,,,0C*?° and A? terms

in [12]. This factor can also be confirmed by an independent holographic computation [20].
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79 ~ oS I o~ e 10 7 ~
- ﬂR“”*“RWAUVO‘AIVa/\J - gRDV“)\IVMX’ - gR“”VMVVRAIAJ - §R“"R>\IVNVV>\J
1 ~ 16 _~ ;= o A 1 = SN
+ %DR)\IDAJ - ERD)\IDAJ + V*RV, N ON + BR)\IDQAJ — 4RV NDOV, A
37

~ ~ ~ 11 ~ ~
1—8RWV“R/\IVV)\J — 22R0 R, VIN' VYA + ?6RWRWAIV"AJ

~ ~ 5 ~ ~ 5 ~ ~ ~ ~
— 3R R0, s VNV N — EV“V”R/\IVHV,,)\J - §RVMVV/\IV“V”>\J
~ 8 PPN 10 _gcns o
— 5ROV RopN VAN — gRgRaﬁAfvngAJ - ?R‘”VQAIV,YVBVQAJ
i) ;WIAAJ22,uuAAIAJ5uaB INT 4
+SORNV, VN + =RV, VN TN — SVERYV, Ras\' A +0(\Y)

(2.36)

where c¢ is the central charge of the system. From this expression it is apparent that the
« parameter entering is the normalisation of (T'OQO) which, in the unbroken phase,
can be related to the normalization of (OQ). However, there is no information about
3, since the part of d,7,, that it parametrises does not contribute to 5U(Cuyp00“”p”).H
The WZ consistency condition for the anomaly is satisfied up to terms that vanish
when V,;G;; =0 and up to bundle-curvature terms (F-terms), since in their absence our
expression then reverts to the one of [12]H Our next goal will be to introduce new terms
AF to the anomaly that remove the F-terms in the WZ consistency condition.

For the purposes of this paper, it will be enough to determine the new terms that are
needed to make A+ A" WZ consistent to leading order around flat spacetime, 7, ~ d,,+. . ..
We will therefore ignore in A, A" terms quadratic (or higher) in the spacetime curvature,
like the Weyl-tensor squared. However, terms linear in the spacetime curvature must be
taken into account, as the flat spacetime limit of d,R,,,, does not vanish, c.f. .
Accordingly, we will work with the classical Weyl variation of the spacetime metric and
up to quadratic order in the As. In summary, we want to identify the terms A}, that can

remove all F-terms from the flat-spacetime limit of the WZ condition for Ag,;, which reads

Agar < Gry [ON TN — gRDvauAJ - %DR)\ID)\J - §RDAIDAJ
~ ~ 1 ~ ~ ~ A~ ~ ~
+ V*RV, N ON + BR)\IDQ)\J — 4RV NOV, N — %V“V”R)\IVMVVAJ

5 oo e rens 10 s cnie o o 5 o
- §RV,NVAIV“V”AJ - ERBWV‘*AIVNW&AJ - EDRW}\[V,NV)\J

2Note that when computing 6, (C\pe CH*P7), all the V,, operators hitting §,7,, can be promoted to their
hatted versions, i.e. V0,7, = @uégfyl,p.

3By F-terms we denote contributions that vanish when Fi; =0, but do not vanish when V;G;; = 0.
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22 ~ ~ ~
+ ER“”VHVUAID)\J]. (2.37)

The F-terms that enter the flat spacetime limit of the WZ consistency condition for

Apar ard™]

/d4$ﬁ50[1vu502}G1JX
vpl - 40 I =0 20 ~ ~ T
= 8F, PNV — S MV — SARONVE

e Lol e 40 gone e 20 S
+ gvyALV”/\JVFﬁ + g/\KV”VM)\JVFfII( + gF:}Q/\K)\LVprLJ

~ ~ ~ o~ 4 ~
+ 8NSVYNOFL  — 28F ), VARON + gFjUKAKDVVAJ

v

32

P 8
gFijV DAV VP

+16VNV,FL VPAL - gFijﬁ”AKﬁﬂ%AJ .(2.38)
One arrives at this expression by making use of the Bianchi identity for F),,, and rearranging
the order of the @—operators into terms of the type 6(”“)6*1 J

To cancel the terms in , we start with the most general linear ansatz that is
quadratic in the sources A, that vanishes when Fj; = 0, and that is at most linear in
the spacetime curvature. Moreover, since involves only F),, = /\L)\{;Fij, each Fj;
must come contracted with corresponding factors of A;,. Without any additional algebraic
simplifications, nor through identifying redundancies due to Weyl-cohomologically trivial
terms, we have determined using the xAct Mathematica package [21] that such an ansatz
comprises ~ 1500 terms. These contribute to the WZ consistency condition with two classes
of terms: those that can be rewritten solely in terms of the combination F, = )\L)\,{Fz»j and
those where the curvature components Fj; of the A—bundle necessarily appear explicitly.
We require that the former cancel out the terms in (2.38) and the latter cancel out by
themselves. This yields a solution that fixes some of the coefficients of the linear ansatz
and leaves the remaining undetermined. By setting the undetermined coefficients to zero

the resulting expression has the following 126 terms:ﬁ

19 ~ 359 ; ~ o~ 23 -~
'Agat =Gy — E};’Z{pLFIlépJ)\KD)\L + mEJ;KRAw)\J)\KvuVVAJV _ gF]V{pIAKvauuvu)\J

"To simplify our expressions, we will denote F1, o = (Fu)", FS”P = (Fm)*, and J (F,")%.

Analogous definitions will apply to Fj;.

15For example, one can rewrite expressions of the type GKU@(”) (F,W)IL(]) solely in terms of GK1§(’") (FW){(,
with m < n — 2, and terms that vanish when V;G; = 0. In particular, for n = 0 we have that F},,;5) =0
when V;Grj; =0, with F,,15 := GKI(FW){(].

160Qur Mathematica notebook with the full solution can be made available upon request.
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(2.39)

In particular, one can prove using Mathematica that it is impossible to cancel out the
contributions in using new terms that contain exclusively the combination F),,

The flat-spacetime limit is sufficient for the purposes of this paper. Nevertheless, it is
interesting to ask how ([2.39) would be modified in the case of arbitrary spacetime curvature.
In such a case, one should also add to the ansatz terms that are at least quadratic in the
Riemann tensor and linear in the vector-bundle curvature. Dimensional analysis suggests
that the only possibility is of the type GrpF, QRabcdRefgh/\ P)?. however by taking into
account all possible spacetime contractions all such terms vanish. Consequently, our original
ansatz should be sufficient towards determining the anomaly functional for any curved
(spacetime and vector-bundle) background. This is a well-defined but computationally

challenging problem, to which we hope to return in the future.
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2.6. A =2 Operators

We have left the case of A = 2 operators for last as it is trivial. The anomaly is encoded in
S W ox / d*z\/y 50 G '\ . (2.40)

The above automatically satisfies the WZ consistency condition and does not involve the
connection A. Hence, one cannot infer anything about V;G;; from this expression. In the
next section, we will return to the case of A = 2 type-B conformal anomalies in the context

of 4D N =2 SCFTs, where supersymmetry will allow us to say more.

3. A=2 CBOs in 4D N =2 SCFTs

In this section we will focus on CBOs O; (and their complex conjugates O;) with scaling
dimension A = 2 in 4D N = 2 SCFTs. We will argue using Poincaré supersymmetry
that the A = 2 type-B Weyl anomalies are the same as the type-B Weyl anomalies of the
exactly marginal A = 4 operators. This is obvious in the conformally symmetric phase
(see e.g. [9]), but requires a less straightforward argument in phases with spontaneously
broken conformal symmetry. We will outline the argument in Sec and provide tree-level
supporting evidence for its validity in Sec Once the relation with the exactly marginal
Weyl anomalies is established, the result VG = 0 for A = 2 anomalies follows from Eq. .

3.1. Anomalies Related by Poincaré Supersymmetry

The exactly marginal operators of the A' =2 SCFT are of the form["|

In the conformal phase it is straightforward to relate the anomaly of the A = 2 operators
O to the anomaly of the exactly marginal operators ®; by looking at the corresponding
2-point functions ((1.2)). The Ward identity for Poincaré supercharges

n

Y ler(@) Q@) on (7)) =0, (3.2)

k=1

can be used to move the supercharges around so as to arrive at [15]

1"We use shorthand notation to denote the usual adjoint action of the supersymmetry generators.
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where the constant of proportionality depends on conventions and will be fixed momentarily.
In a general phase, the type-B anomaly of interest is captured by a particular contact
term in the 3-point function (|1.3)

(T(2)01(21)O1(w2)) (3.4)
where T' = Tﬁ is the trace of the energy-momentum tensor. The energy-momentum tensor
of the N/ =2 SCFT belongs to a superconformal multiplet with a scalar superconformal
primary 7 that obeys the shortening conditions (Q¥)?-7T =0, (Q7)*-7T =0 (for Z=1,2
the SU(2)g R-symmetry index), and is of the form (suppressing spacetime indices, spinor

indices and sigma-matrices on the RHS)
Tw=Q" - Q* Q- Q2 T +c1Q"- Q10T + Q% Q2 - T + ¢30°T . (3.5)

In phases with spontaneously broken conformal symmetry it is less straightforward to
relate (3.4) to (T'(x)®;(x1)®;(x2)) by applying Ward identities. In vacua, where Poincaré
supersymmetry is unbroken, as e.g. on the Coulomb or Higgs branch of N' = 2 SCFTs,
one can still use the integrated form of the Ward identities , but their application
on 3-point functions of the form is complicated. However, since we only care about
a contact term in the limit of vanishing momentum for the energy-momentum tensor, it
may be natural to anticipate that terms in 7),, with explicit spacetime derivatives (like the
1, C9, 3 terms in ) will not contribute to the anomaly. Assuming such terms can be

dropped, in the 3-point function

(T(2)(Q" On)(z1)(Q" - OJ)(2)) (3.6)

with two exactly marginal operators, only

(Q"- Q% Q- Q2 T)(@)(Q"- On)(21)(Q" - O)(22)) (3.7)

contributes to the type-B anomaly. Then, as one implements the supersymmetric Ward
identity and starts moving the supercharges ) around from the x;-insertion in (3.6)),
there are terms where the (s land on the z5 insertion and terms where the @)s land on the
x-insertion. Up to z-derivatives the latter terms vanish. Assuming once again that we can
ignore the x-derivatives, we drop all terms where some (s were moved on the z-insertion
of the energy-momentum tensor. This suggests that we can recast the anomalous term of
as the anomalous term of , up to a proportionality constant that coincides with
the one in the unbroken phase (3.3)), i.e.

(T(2)O(21)0(22)) o< O2, (T (2)®;(22)P;(x2)) 5507 . (3.8)
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To summarise, under the assumption that we can drop terms with z-derivatives, Poincaré
supersymmetry guarantees that the anomalies of ®; oc Q* - O;67 and O; are proportional
to each other in all phases through a constant of proportionality which is independent of
the exactly marginal couplings. Consequently, since G;; is covariantly constant in both the
unbroken and broken phases, the same must be true for the G;; anomaly of the A = 2
operators. Notice that the holomorphic part of the tangent bundle (which houses the
holomorphic part of the exactly marginal deformations) is a product £* ® Vs of four copies
of the bundle of the left-moving supercharges £ and the bundle of A = 2 chiral primary
operators VQ.E Accordingly, the connection on the tangent bundle is a direct sum of the
connection on £* and Vy, [15[19,22]. However, on the anomalies G;; and G, only the part

of the connection on V, contributes.

3.2. Perturbative Checks

As further evidence for the validity of the relation in phases with spontaneously
broken conformal symmetry, we present an explicit test at leading order in perturbation
theory on the Higgs branch of the 4D N = 2 superconformal QCD (SCQCD) theory.
We compute at tree-level the anomalies for A = 2 CBOs in the CFT and Higgs-branch

phases (G(QCFT), GéHiggS)) and relate them to the anomalies of exactly marginal operators
(GELCFT), GleiggS)) via the series of equalities
Higgs CFT L (cFr CFT
Giities) — ):@GEl ) = g (3.9)

The relation G5 = G\ s a special case of (3.8).
In 4D SCQCD there is a single A =2 CBO O and a single exactly marginal operator
®. In terms of the elementary fields that appear in the SCQCD Lagrangian (see e.g. [5] for

a more detailed discussion on notation and conventions)
O = Try* ,
< 1
O = 2Tr[0,p0"@ + iAd" O\ + z_LF“”FW +O(g)] . (3.10)

These operators are related by supersymmetry as in (3.1). In our conventions, the normali-

sation of the superalgebra is
{Q%, Qra} = 207 Pag (3.11)

18 Analogous statements apply obviously to anti-holomorphic exactly marginal deformations, right-moving

supercharges and A = 2 anti-chiral superconformal primaries.
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with «, & the 4D Lorentz spinor indices. We will perform a perturbative computation in
SCQCD with arbitrary color group Ge.
The broken-phase computations that we will present are performed in the Higgs-branch

vacuum that was analysed in [5], where
(QF:) = vondy (3.12)

with v € R. For v # 0 the dilatation symmetry is spontaneously broken and a real massless
dilaton o appears in the spectrum. This couples linearly to the energy-momentum tensor of
the unbroken phase. By expanding the Lagrangian of A" =2 SCQCD around the vacuum
, one can determine how the dilaton interacts with the elementary fields of the theory.
In the following, we will be primarily interested in its couplings with the A, and ¢ fields,

which acquire a mass m = gv; these are

o A
2 2
? _iZ V548 7 I UsAB (3.13)

______ = —’l_

k 2k
@8 ArB

All computations will be performed directly in Euclidean space and the integrals will be

evaluated using dimensional regularisation with (x4 has the dimensions of a mass and € > 0)

d’l o [ AP
[ e | e .

3.2.1. A =2 Anomaly in Conformal Phase

The tree level 2-point function of O in the CF'T phase is obtained via simple Wick contraction

of the scalar fields ¢ (which can be carried out in two ways) [5]

l
- p p
(O(p)O(—p)) = > > = 2Cx L(p). (3.15)
Tr[y?] Tr[¢?)
t—p
Here C is the color factor
C = Te[TAT?) Tx[TA T3] (3.16)
with A, B =1,...,rank(G.), while the integral I;(p) is the kinematic factor
ar 11 1 1 P2
Li(p) = — = ——y+3-1 ! : 3.17
1(p) / (2m)d 2 (¢ —p)?2  (4m)? L v o8 <47r,u2)] (3.17)
According to ([1.2)), one then reads off
(CFT) C
=9 1
G, ) (3.18)
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3.2.2. A =4 Anomaly in Conformal Phase

At tree level, the 2-point function of the exactly marginal operators receives only two

contributions:
L 14
p p p p
B(p)B(—p)) = 4 =>=<>=-% + 4x =>=<>=-% 3.19
(@)e(=p)) = 4x | (0,00 3] e[y, Ay A7 Te[d), A0 A7) (3.19)
{—p {—p
The two individual diagrams
l
P p
RO — Cx p) (3.20)
Tr[a},,gpa“@] Tr[0, 0" ¢
t—p
14
p p
> < = 2C x Ii(p) (3.21)
Tr[a[HAV](‘?[“A”]} Tr[a[,,Aa]&[f’A”]}
t—p

are equally contributing Feynman processes, since the kinematic integrals I1(p), I3(p) are

given by
¢ 1 1 p
= —_ v —_ K —_ = —
v 1 1 4
_ 2z [ 57 _ (g — vy _ P
L(p) = / i X 0 < =)=yt = S ). (3.23)
Applying (1.2)) one extracts
G = 192G (3.24)

The factor 192 is part of our conventions. This relation is an explicit tree-level check of the

well-known general result (3.3)) [15].

3.2.3. A =2 Anomaly in Higgs Phase

Following [5], we compute in the Higgs phase the 3-point function of O, O with the trace

of the energy-momentum tensor 7" = T* ,. At tree level, this 3-point function receives a
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contribution due to the dilaton field o

Tr[py]
K
P1
T o ;
(T(9)O(p)O(p2)) = AAAS-+ (4p = 4C % I,(q,p1,ps) - (3.25)
q q
—qt P2
Tr(pe]

The combinatorial factor originates from the four possible Wick contractions between the
@@ coming out of the dilaton vertex and the two operators Tr[pp], Tr[g@]. The kinematic
integral I4(q, p1,p2) is given by

d 1 1 1 4—0

1 1
7 _ 2 2/ -
4(q,p1,p2) =v7g (2m)4 02 4 m?2 (py + £)2 +m2 ({ — q)2 + m? T3 (4m)2’

(3.26)

where the mass in the broken phase is proportional to the Higgs vev v, m? = ¢?v?. From

(1.3)) one can read off the anomaly in the Higgs phase, as already discussed in [5], which is
Gisss) — (CFT) (3.27)

3.2.4. A =4 Anomaly in Higgs Phase

As in the conformal phase, in the Higgs phase the tree-level anomaly also arises from two

equally contributing Feynman processes, with a ¢ and A* field running respectively inside

the loops,
Tr[0,p0" @] Tr[0y, A, 0 AY)]
K
P1 P1
l l
_ T o T o
(T(q)2(p1)P(p2)) =4 X AAAF -+ (+p + 4 X AAAS-+ (4
q q q q
—at D2 g+ D2
Y
Tr[autpau(ﬁ] Tr[é)[pAU]a[”A"]]
(3.28)
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The two Feynman diagrams above evaluate to

Tr[0,00"F]
P1
4
T g
AAAS - +- (+m = 2C x Is(q,p1,p2),  (3.29)
q q
—qt P2
Tr[0,p0" @]
Tr[c?[#A,](?[/”A”]]
y41
14
T o
AAAS- - 3 (+p = 8C x Is(q,p1,p2),  (3.30)
q q
—a+t D2
~

Tr [8[pAU]8[’JA"]]

with the kinematical integrals I5(q, p1, p2) and Ig(q, p1, p2) given by

it 4, (p+ O+ 0 (L—q),
2m)2 2 +m? (pr+0)2+m? ({—q)>+m?

q—0 1 1 4
- 31

]5(61»]71,]72) = 0292/

1, / A Oba (01 + OV (p1+0), (0 — g)lesole
(

I = =
6(¢, p1,D2) 29 v 2m) (2 + m? (p1 + 0)2 + m? (0 —q)2+m?

q—0 1 1 4
() 3.39
7 ) <32p1 + ) (3.32)

Therefore, according to (|1.3)), the anomaly for the marginal operators in the Higgs phase is
given by
GHigss) — (OFT) (3.33)

Egs. (3.27), (3.24)), (3.33) establish the announced sequence of relations in (3.9)).

4. Conclusions and Outlook

In this paper we investigated the properties of type-B Weyl anomalies of integer-dimension

operators on conformal manifolds. We presented evidence that such anomalies are covariantly
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constant on conformal manifolds in general phases of the theory, where conformal symmetry
may be spontaneously broken. By explicitly constructing the corresponding anomaly
functionals for operators of dimension A = 3,4,5, and without relying on supersymmetry,
we showed that VG = 0 is a condition that guarantees WZ consistency. The anomaly
functional for A = 2 operators was automatically WZ consistent, but we presented an
independent argument in A/ = 2 SCFTs using Poincaré supersymmetry that also implies
VG = 0. This argument was explicitly checked to leading order in perturbation theory. It
would be useful to examine if there is a more general, supersymmetry-independent argument,
that proves VG = 0 for A = 2 anomalies.

One of the interesting features of the WZ-consistency analysis is that it implies VG = 0
in all phases of the theory, even when conformal symmetry is spontaneously broken. The
implications of VG = 0 in different phases are non-trivial as explained in [6] and reviewed
in [1]. We expect the WZ-consistency argument to hold for arbitrary-dimension integer
operators, as a consequence of using integration by parts, but, as we showed, the cases of
increasing scaling dimension involve increasingly complicated anomaly functionals where the
curvature of the bundle of the integer-dimension operators plays a crucial role.

It is important to investigate further the stability of our WZ consistent anomaly func-
tionals under possible deformations, e.g. under turning on nontrivial beta functions for
sources/couplings. For instance, one such deformation can arise by having nontrivial beta
functions for the exactly marginal couplings[”’] New terms would then enter the computation
of the WZ consistency condition through the anomaly functional for exactly marginal
operators, . The simple option of having the standard beta function d,\? oc iy AN
where ¢ is directly related to the 3-point function coefficient of (0;0;Of), is not realised
in our case, because the operators we consider have (by construction) fixed integer scaling
dimensions along the conformal manifold and therefore vanishing coefficients ¢/, = 0. How-
ever, we cannot rule out the existence of more general beta functions for marginal couplings
that may receive contributions from the curvature on the vector bundle of operators. We

hope to return to this point in the future.
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