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ON THE CORNER CONTRIBUTIONS TO THE
HEAT COEFFICIENTS OF GEODESIC POLYGONS

by Dorothee SCHUETH

This paper is dedicated to the memory of Marcel Berger.

ABSTRACT. — Let O be a compact Riemannian orbisurface. We compute formu-
las for the contribution of cone points of O to the coefficient at t? of the asymptotic
expansion of the heat trace of O, the contributions at t° and ¢! being known from
the literature. As an application, we compute the coefficient at t2 of the contri-
bution of interior angles of the form v = w/k in geodesic polygons in surfaces
to the asymptotic expansion of the Dirichlet heat kernel of the polygon, under
a certain symmetry assumption locally near the corresponding corner. The main
novelty here is the determination of the way in which the Laplacian of the Gauss
curvature at the corner point enters into the coefficient at t2. We finish with a con-
jecture concerning the analogous contribution of an arbitrary angle v in a geodesic
polygon.

RESUME. — Soit O une orbisurface riemannienne compacte. Nous calculons des
formules pour la contribution des singularités coniques de © au coefficient de ¢2
du développement asymptotique de la trace du noyau de la chaleur de O, les
contributions de t0 et ¢! étant connues. Comme application, nous calculons le
coefficient de ¢2 de la contribution d’un angle intérieur de la forme v = 7/k dans
un polygone géodésique sur une surface au développement asymptotique du noyau
de la chaleur de Dirichlet du polygone, sous une hypothése locale de symétrie pres
du sommet correspondant. La principale nouveauté ici est la détermination de la
fagon dont le Laplacien de la courbure de Gauss au sommet en question entre dans
le coefficient de t2. Nous terminons par une conjecture concernant la contribution
analogue d’un angle v arbitraire dans un polygone géodésique.

1. Introduction

This paper concerns the influence of certain singularities on the heat co-
efficients. The systematic study of heat coefficients in the context of smooth

Keywords: Laplace operator, heat kernel, heat coefficients, orbifolds, cone points, corner
contribution, distance function expansion.
2020 Mathematics Subject Classification: 58J50.
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Riemannian manifolds started in the 1960s. Let (M4, g) be a closed and con-
nected Riemannian manifold, A, = —div,ograd, the associated Laplace
operator, and H : (0,00) x M x M — R the corresponding heat kernel.
Minakshisundaram and Pleijel [15] proved that there is an asymptotic ex-
pansion

o0
H(t,p,q) ~eno (dt)~4/2e™ SBE@0/1EN gy, ()
£=0
for (p,q) in some neighborhood of the diagonal in M x M, and they gave
recursive formulas for the functions u, . Correspondingly, the heat trace

7 tH/ H (t, p,p) dvol,( Ze_t)‘

where 0 = A\g < A1 < A2 <... = 0 is the elgenvalue spectrum of A, with
multiplicities, admits the asymptotic expansion

Z(t) ~go (4t) =2 " aytt
£=0
with the so-called heat coefficients

0= / wy(p, p) dvoly (p)
M

Each of the coefficients a, in this expansion is a spectral invariant in the
sense that it is determined by the eigenvalue spectrum of A, . Here, ug = 1
and ag is just the volume of (M, g).

Formulas for a; and ay (more precisely, even for ui(p,p) and uz(p,p))
were first given by Marcel Berger in his announcement [2] of 1966. One has

1
wi(p,p) = g sealy (p),

where scal, denotes the scalar curvature associated with g. Although Berger
called that formula “folklore”, he was the first to publish a proof of it, in
1968, in his paper [3] In the same paper, he proved the formula

u2(p,p) = 55(3&12 —2||ricy||? + 2| Ry ||? — 124, scaly) (p),

360(
where ricy, and R, denote the Ricci and the Riemannian curvature tensor,
respectively. This formula was considerably more intricate to derive than
that for wq(p,p). Berger’s method was a direct calculation in local coor-
dinates, using Minakshisundaram/Pleijel’s recursive formulas for the wy .
Meanwhile, in 1967, McKean and Singer [14] had found a shorter way of
deriving the corresponding formula for as . However, this did not provide
an alternative proof of Berger’s full formula for us(p, p) (which will actually
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be needed in the present paper): Its last term is not visible in as since the
integral over A, scaly vanishes.

In 1971, Sakai computed ag using an approach much similar to Berger’s.
Later, Gilkey computed formulas for heat coefficients in more general con-
texts like Schrodinger operators on vector bundles and, together with Bran-
son, for manifolds with smooth boundary (see [6, 10]). For nonempty bound-
ary, also half-powers of ¢ can occur in the asymptotic expansion of the
corresponding heat trace (with, e.g., Dirichlet or Neumann boundary con-
ditions). On the other hand, also surfaces with corners (albeit only in the
case of polygons in euclidean R?) were considered as early as 1966 in Kac’s
famous paper [12], where it was shown that the Dirichlet heat trace satisfies

2 2
™ =7

(11) Z(t) = (47rt)_1vol(M)—(47rt)_1/2& vol(aM)+; +O(1)

24"}/17'(

for t \( 0, where v1,...,vn are the interior angles of the polygon. Actually,
Kac’s formula for the angle contribution was more complicated; McKean
and Singer brought it into the above form in their paper [14] of 1967, using
an unpublished formula of D. Ray. A full proof of (1.1) was given in 1988
by van den Berg and Srisatkunarajah [1]. In 2005, Watson [19] computed
the heat coefficients for geodesic polygons in the round two-sphere; in 2017,
Ugar [18] achieved the same for the more difficult case of geodesic polygons
in the hyperbolic plane. Here, in contrast to the flat case, the asymptotic
expansion of Z(t) does not break off as in (1.1), and there are infinitely
many coefficients involving contributions from the corners. More precisely,
for a geodesic polygon in a surface of constant curvature K, the contribution
of an interior angle 7 to the small-time asymptotic expansion of Z(t) has
the form

(1.2) eo(Et’;

hE

~
Il

0

see [18, Corollary 3.37], including explicit formulas for the ey(y). As an
application, Ucar proved that for constant K # 0, the set of angles of a
geodesic polygons, including multiplicities, is spectrally determined ([18,
Theorem 3.40]).

While (1.2) just turned out from Watson’s and Ugar’s direct computa-
tions, Ugar also gave, in the special case that v is of the form v = 7 /k,
a conceptual proof of the fact that the coefficient at t¢ must be of the
form es(7)K*. Note that this cannot be achieved by just rescaling, since K
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can be either positive or negative. For his reasoning, Ucgar used a qualita-
tive description (involving curvature invariants) by Donnelly [8] and Dry-
den et al. [9] concerning the contribution of orbifold singularities to the
heat coefficients of Riemannian orbifolds. He showed that the heat coeffi-
cient contributions of a corner with interior angle v = 7/k in a geodesic
polygon of constant curvature with Dirichlet boundary conditions can be
viewed, in a sense, as the difference between the contributions of an orb-
ifold cone point of order k£ and a dihedral orbifold singularity with isostropy
group of order 2k; see [18, p. 142-144]. Since those two contributions are,
by Donnelly’s structural theory, known to be determined by v = 7/k and
curvature invariants of appropriate order, and since the only curvature in-
variant of order 2/ in the case of constant curvature is K¢, this implies that
the coefficients must be of the form e;(y)K* here.

The present paper constitutes a first step into studying corner contri-
butions in the setting of geodesic polygons in surfaces of nonconstant cur-
vature. Under a certain symmetry assumption around the corresponding
corner p (see (5.1)), we show in our Main Theorem 5.3 that the contribu-
tion of an interior angle of the form v = 7 /k to the small-time asymptotic
expansion of the Dirichlet heat trace of the polygon is of the form

ce()t*
t=0
ith
W 72— 2 gt g2 2
co(y) = Yy ci(y) = (7207% + T2y > K(p),
and

5040v57 144037 36097

6 _ A6 4 _ 4 2 _ A2
~ (3021057 * 2550795 * 3607 ) AoK @)
30240757 | 2880737 | 3607w

76 _ A8 oA _aA 22
(1.3) cm):( LA e Y ”)KW

with our sign convention A, = —div, ograd, . The coefficient co(7y) is not
new (see [13]); moreover, ¢; () and the coefficient at K (p)? in (1.3) coincide,
of course, with Ugar’s corresponding formulas for constant curvature. The
main novelty here is the coefficient at AjK (p) in (1.3) which, of course,
did not appear in the constant curvature case. We conjecture that these
formulas generalize to the case of arbitrary v € (0, 27| under the assumption
that the Hessian of K at p is a multiple of the metric (Conjecture 5.5).
Our strategy for proving the Main Theorem again uses orbifold theory.
For a cone point P of order k in a closed Riemannian orbisurface (O, g)
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we compute the coefficient ag{ﬁ 1 at 2 of its contribution to the heat trace
of (O0,g) (Theorem 4.1), the coefficients at t° and ! being known from
the literature [8], [9] (see Remark 4.2). We then show that under the sym-
metry assumption (5.1) from 5.1, each c¢(m/k) is just % times the cor-
responding ag{ﬁ H (Remark 5.2); this implies our Main Theorem 5.3. In
turn, to prove Theorem 4.1 we first compute the coefficient by(®) at t2
in Donnelly’s asymptotic expansion of the integral of H(t, -, ®(-)) over a
small neighborhood of p in a surface (M, g), where ® is an isometry of a
(slightly bigger) neighborhood whose differential at p is a rotation by an
angle ¢ € (0,7] (Theorem 3.7); we then use a formula from [9] (see (4.1)).
For the computation of ba(®), we closely follow Donnelly’s proof of the
existence of the mentioned asymptotic expansion (in a much more general
setting) from [8]. In preparation for that, we have to give expansions for
7N\ 0 of = ug(exp,(ru), ®(exp,(ru))) (up to order the order of r*) and
of 7+ uy (exp, (ru), ®(exp,(ru)) (up to the order of r?), where u € T,M
is a unit vector (Lemma 3.6). Moreover, we need the expansion of the Rie-
mannian distance dist(exp, (ru), ®(exp,(ru))) up to the order of 7 (Corol-
lary 2.4, Lemma 3.4). Since a formula for the sixth order expansion of the
distance funcion did not seem to be available in the literature, we first give
a general formula for the sixth order expansion of dist2(expp(1:), exp,(y)) in
surfaces, where x, y are tangent vectors at p (Lemma 2.3). For the proof, we
partly follow an approach by Nicolaescu [16] which uses a Hamilton—Jacobi
equation for dist?(g, -).

This paper is organized as follows: In Section 2, we provide some nota-
tion and technical preparations, among these the sixth order expansion of
the distance function in surfaces (Lemma 2.3 and Corollary 2.4; the proof
of Lemma 2.3 is postponed to the Appendix). In Section 3, we first prove
Lemma 3.6 concerning the mentioned expansions of ug and w; ; we then
deduce Theorem 3.7 concerning by(®) by following Donnelly’s approach.
Section 4 is devoted to the computation of aé{ﬁ Y for cone points of order k
in orbisurfaces (Theorem 4.1), using Theorem 3.7 and Dryden et al’s for-
mula (4.1). In Section 5 we prove our Main Theorem 5.3; we conclude with
some remarks and Conjecture 5.5.
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of the inspiration for the results in this article was provided by having a
closer look, for that occasion, at Berger’s seminal early works [2], [3], [4], [5]
in spectral geometry, and also by his fearless use of a bit of “calcul brutal”
when needed (quotation from the first line of p. 923 in [3]).

2. Preliminaries

In this paper, (M, g) will always denote a two-dimensional Riemannian
manifold and K : M — R its Gauss curvature. Let A, = —div,ograd,
be the Laplace operator on smooth functions on M. By V2K we denote
the Hessian tensor of K; that is, V2K (z,y) = g,(V. grad, K, y) for z,y €
T, M, where V denotes the Levi-Civita connection. In particular, if {u,u}
is an orthonormal basis of T, M then

AGK(p) = V2K, (u,u) — V2K, (u, ).
Notation and Remarks 2.1. — Let p € M and u € T, M with ||u|| = 1.
(i) If w e T,M is a unit vector with @ L w and J the Jacobi field along
the geodesic v, with J(0) =0, J'(0) = w, then
Cu(r) := [(dexpy)ru(ru)l| = | (r)]]
has the following well-known expansion for r ~\ 0:

(2.1) Ly(r)=r— %K(p)rg - %dK]g(u)r4

1 2 1o 5 6
+ <120K(p) 4OV Kp(u,u)) > +O(r’).

This follows from the Jacobi equation J” = —(K o ,)J for Jacobi
fields orthogonal to 7, .

(ii) For small » > 0, we denote by 6,(r) the so-called volume density
or area distortion of exp, at ru € T, M. In other words, 0,(r) =
(det g;;(ru))*/? in normal coordinates around p. Since exp, is a
radial isometry and we are in dimension two, we have

Ou(r) = Ly (r) /7.
Thus (2.1) implies:

(2.2) Ou(r)=1- %K(p)rz - %de(u)r?)
+ <I;OK(p)2 _ 410v2Kp(”’“)> 4 00).
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(iii) For ¢ € Ny, let u; denote the (universal) functions, defined on some
neighborhood of the diagonal in M x M, which in case of closed
surfaces appear in the asymptotic expansion of the heat kernel of

(M, g):

H(t,p,q) ~ (4mt)"" exp(— dist®(p, q)/4t) - Y we(p, @)t as t\,0,
=0

where dist : M x M — R denotes Riemannian the distance function
of (M, g).
(iv) Tt is well-known that wg = 6~1/2 (see [15]); more precisely,

wo(p, exp, (ru)) = 0, (r) 1/

for small > 0. In particular, (2.2) implies

1 1
(2.3)  wo(p,exp,(ru)) =1+ EK(p)r2 + ﬂde(u)r?’

1 1

+ <160K(p)2 + SOVzKP(u,u)> 4+ 0(r%).

(v) As proved in [3] by Marcel Berger, the restriction of us to the
diagonal is given by

1 1
wa(p,p) = o5 502l () — eyl + 1o [ Bpll? = 55 8y seal(p),

where scal, ric, R denote the scalar curvature, the Ricci and the Rie-
mannian curvature tensor, respectively. Recall our choice of sign for

A, = —div,ograd, . In dimension two, the above formula simplifies
to
(24) ws(p.p) = =K ()~ =AK(p).
15 15
LEMMA 2.2. — In the notation of 2.1,

(2.5) wui(p,exp,(ru)) = %K(p) + %de(u)r

1 1
+ <K(p)2 120A K(p) + mszp(u,u)> 2+ O(r?)
for r \ 0.

Proof. — One way to obtain this is specializing Sakai’s formulas (3.7),
(4.3)—(4.5) from [17] (for arbitrary dimension n) to dimension two and
then translating into our notation. An alternative proof which uses the two-
dimensional setting right away is as follows: By Minakshisundaram/Pleijel’s
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recursion formula from [15] for the u,, applied to £ =1,

(2.6) ui(p,exp,(ru))

= —uo(p, exp(ru))/o uo(p, expp(tru))_1 (Aguo(p, -)) (expp(tru)) dt.

For small r > 0, the curvature of the distance sphere 0B, (p) at exp,(ru) is

where the latter equation holds by (2.2). Moreover, letting @ be a unit
vector orthogonal to u and

u(s) := cos(s)u + sin(s)u,

the curve c : t + exp, (ru(t/€,(r))) satisfies c(0) = exp,(ru), [|¢(0)|| = 1

and
<£&é(0),é(0)> BN

Using (2.1), one can check that the latter expression is of order O(r?) for
r \( 0. Thus, for any function f near p which is of the form

Cuesn ) (1)) lu(r)?.

t=0

f(expy(ru)) = a(r)B(u)

with smooth a : [0,) = R and 3 : S} — R, where S} C (T,M, g,) denotes
the unit circle, one has

21 @, rw) = - o0+ (3= 3K +06) )] )

3
O(r?)
L, (r)

~al) (V@D +

— 4.().

where V23 here denotes the Hessian of 3 as a function on the circle Szl).
Viewing u — dK,(u), u — V2K (u, u) in formula (2.3) as functions on S}
(not on T, M), we can apply (2.7) to the three nonconstant terms in (2.3).
Evaluating up to the order of 72 gives

(Aguo(p, -)) (expp(ru)) =A; + Ay + Az + O(r3),

ANNALES DE L’INSTITUT FOURIER
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where
A = ——Kp) (2+2- 2K@)?) = —K(p) + =K (p)*?
1=K ERAA S VA TR
1
Ay = _i (dKp(u)(6r +3r) — 7 - dKy(u)) = =2 dKp(u)r

1 2 1 o 2 2
- (= — 1 4
As (IGOK(p) + SOV Kp(u,u))( 2r* + 4r°)

1l (2V2 K, (@, u) — 2V2 K, (u, u))

80
=— iK(p)“' + Ty (u,u) + Lo (u,w) ) r?
10 40 P 40 PR
= —iK( )2+iA K( )—EVQK( u) | r?
B R T T S e O i ek ‘
Thus,
1 1
(Bguo(p. -)) (expy(ru) = —3 K (p) = gdKy(u)r
_3 2 i o i 2 2 3
+< 45K(p) +40A9K(p) 20V Kp(u,u)>r + O(r).

By this and (2.3),

(Aol ) fualp. -)) (ex0,(ru) = — K ) — 2K, ()
+ <610K(p)2 + %Aglf(p) - 230V2Kp(u,u)> 2 4+ 0(r3).

The integral in (2.6) thus gives

1

3K(p)éde(u)r+< =

1
K(p)? 2029

L o2 2
~180 K(p) 20V Kp(u,u))r

+0(r®).

Multiplying this by —uq(p, exp,(ru)) = —1— LE(p)r?+0(r?) (see (2.3)),

we obtain the desired formula. O

TOME 69 (2019), FASCICULE 7
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LEMMA 2.3. — As above, let dist : M x M — R be the Riemannian
distance function on the surface (M, g). Then for all x,y € T, M,

(2.8)  dist?(exp,(x), exp,(y)) = lz — y|* — %K(p)l\fﬂ Ayl?

1 1
— U@ y)le Ayl = K@) (2] — 4, y) + [lyll®) = A yl®

1
—@(VQKZ)(%$)+V2Kp(x,y)+V2Kp(y,y))IIwAyll2+0((||3«“||2+||y||2)3)-
We postpone the proof of Lemma 2.3 to the Appendix.

COROLLARY 2.4. — Let u # v be vectors in the unit sphere Szl, CcT,M.

Let ¢ := arccos(u,v) € (0, 7] denote the angle between u and v. Then,
using the abbreviation C := ||u — v|| = /2 — 2 cos ¢, we have

. sin? sin? ¢ 4
dist(exp,, (ru), exp,(rv)) = Cr — oC K(p)r® — 540 dK, (u+v)r
sintp  sin?g - (2 —4cos )
— K(p)2
K 7203 90C ) ()
2
Sf;log (VzKp(u,u) + V2K, (u,v) + V2Kp(v,v)) 5

sin* o
144C3

K(p)dK,(u+ v)r® 4+ O0(r")
for r 0.

Proof. — Note that ||ru A rv||> = r*sin® p. The claimed formula now
follows directly by applying Lemma 2.3 to = := ru, y := rv and forming
the square root of the resulting power series. (|

3. Donnelly’s b for rotations in dimension two

Notation and Remarks 3.1. — We continue to use the notation of Sec-
tion 2; in particular, (M,g) is a two-dimensional Riemannian manifold.
Let p € M and ¢ € (0,7]. Equip T, M with an arbitrarily chosen ori-
entation, and let D¥ : T, M — T,M denote the corresponding euclidean
rotation by the angle . Let €1 > 0 such that exp,, is a diffeomorphism from
B.,(0,) C T, M to its image B := B.,(p) C M. Choose 0 < & < ey < €1,
and let

V:=B.(p) C B and U:=B.(p)C V.

ANNALES DE L’INSTITUT FOURIER
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Suppose that there exists an isometry
®: (B,g) — (B,g) with ®(p) =p and d®, = D*.
A result by Donnelly [8], applied to this special situation, says that

1(t) = /U H(t, ¢, ®(q)) dvol, (g)

admits an asymptotic expansion of the form
(3.1) I(t) ~ > " by(@)t" for £\, 0,
£=0

where H := Hy denotes the (Dirichlet) heat kernel of V.

Remark 3.2. — Note that no factor (4mt)~"/? is visible on the right hand
side of (3.1); this is due to the fact that the dimension n of the fixed point
set {p} of ® is zero here. In a much more general situation, involving fixed
point sets of arbitrary isometries on manifolds of arbitrary dimension, Don-
nelly proved a structural result for analogous coefficients b, and explicitly
computed by and b; (but not bg). In our above situation, Donnelly’s for-
mulas for by and b; amount to

bo(®) = (2 —2cosp) ! and by (®) = 2K (p)(2 — 2cos @) >

(see also [9] for this in the case ¢ € {2n/k | k € N}). In this section we
will compute bo(®); see Theorem 3.7. Our strategy is to follow Donnelly’s
general approach from [8, p. 166-167], in our special setting.

Remark 3.3.

(i) The coefficients in (3.1) will not change if in the definition of I(t) we
replace V' by any other open, relatively compact, smoothly bounded
neighborhood of U in M (e.g., M itself in case M is a closed sur-
face). In fact, while the individual values of H (¢, ¢, w) will of course
depend on this choice (and so will I()), the coefficients of the small-
time expansion of H (t,q,w) for ¢,w € U do not depend on it. This
is due to the “Principle of not feeling the boundary”; see, e.g., [11],
[12], or [18, Lemma 3.17].

(ii) The coefficients in (3.1) will not change, either, if in the definition
of I(t) we replace the integral over U by the integral over any smaller
open neighborhood UcU of p. This is due to the fact that by our
choices of & and ¢, the function U\ U : ¢ — dist(g, ®(¢)) € R will
be bounded below by some positive constant, which implies that
the integral of H (t,q, ®(q)) over U \ U vanishes to infinite order as

£\, 0.

TOME 69 (2019), FASCICULE 7
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LEMMA 3.4. — Let the situation be as in 3.1. Then we have dK, = 0.
Moreover, if ¢ € (0,7) then V2K, = —1A K(p) - g,. Finally, for every
¢ € (0,7 and every u € S}, the function

dy 7 dist(exp, (ru), exp,(rv)),
where v := D% (u), satisfies

sin? ¢

2) dy — K

(32) du(r)=Cr— B LK)
sintp  sin?g- (2—4cosp) ,  sin?¢ - (24cosyp) 5

N [(7203 90C )K(p) N 240C AgKp)|r

+0(r")
for r \, 0, where C' = /2 — 2 cos .

Proof. — The first two statements are clear since dK, and V2K, are
invariant under D¥. In particular, in the case ¢ € (0,7) we have

V2K, (u,u) + V2K, (u,v) + V2K, (v,v) = —%AgK(p) (2 + cos ),

so (3.2) follows by Corollary 2.4. In case ¢ = m, (3.2) trivially holds by
dy(r) =2r, C =2, sinp =0. O

Remark 3.5. — In the following Lemma 3.6 some formulas would become
simpler if we assumed VQKP to be a multiple of g,. This would imply
V2K, (u,u) = —2AyK(p) for all u € Sy . Recall from Lemma 3.4 that this
is the case anyway if ¢ € (0,7) in 3.1. For ¢ = =, however, the above
assumption on VzKp would unnecessarily make the Lemma less precise.

LEMMA 3.6. — In the situation of 3.1, letting C' := /2 — 2cos ¢ and
v := D¥u we have

uo(epr(ru),epr(rv)) =1+ K( Vdy, (r)?

12
(2402V2K (u, u) + ﬁK( p)? — va2K (u, u))d (r)*
+ O(du(r)*),
1
uy(exp, (ru), exp,(rv)) = 3K ()

2 2 1 2
<6C2V p(u,u) + 3OK( p)? — —V p(u,u) — 120A9K(p))du(r)
+ O(du(r)?),

ANNALES DE L’INSTITUT FOURIER
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wa(exp, (1), exp, (rv) = 1 K (p)?

Proof. — Let q(r) := exp,(ru), w(r) := exp(rv). Moreover, for small
r >0, let Y(r) € Ty)M be the vector with exp,, (Y (r)) = w(r). Then
IY(r)|lg = du(r), Y(0) =0, and the initial covariant derivative of Y is

EAK () + 0 (1))

_ 1 -
Y'(0) = D¥u —u = (cosp — 1)u+ (sinp)u = —§Czu + (sinp)w,

where @ := D™/?u. We apply (2.3) to ¢(r) instead of p and d,(r) instead
of r, and we use dK,, = 0 (see Lemma 3.4). Recalling (3.2) and, in partic-
ular, r = O(d,(r)) for r \, 0 (since C' > 0), we obtain

wolalr)wlr) =1+ 112K( ( Ndu(r)” + iqu(T)(Y(T))du(T‘y
+%()K(Q(r))2d (r)* + VQKQ(T (Y (r), Y (r))du(r)? + O(du(r)?)

=1+ %(K(p) + ,rgng (u w))dy (r)? + iTVQKp(u, Y (0))d (r)?
+ﬁK( Vdu(r)* + 2 V2 K, (rY"(0), 7Y (0))dy (r)2 + O(dy (r)?).

We have
1
V2K, (u,7Y'(0)) = —§V2Kp(u,u)02r2,
V2K, (rY'(0),rY'(0)) = V2K, (u, u)C*r?.

(3.3)

In case T = ¢ this follows from Y’(0) = —3C?u+ 0 and C = 2; in case
¢ € (0,7) it follows from the fact that V2K, is a multiple of g, (see
Lemma 3.4) and from [[Y'(0)||2 = C?. The first statement of the lemma
now follows by noting that C?r? = d,, ()% + O(d,(r)*). Analogously, (2.5)
and evaluating up the order of r2 gives, using (3.3) again:

wi (q(r), w(r)) = §K<q<r>> 4 2dE 0 V()
- (31()1(((1(7«)) 120A Klq(r ))> du(r)’ + %VQKq<r>(Y(T)7Y(T))

+O0(du(r)?)

=3 (K(p) + 17“2V2Kp(u,u)> 1 é (—v2 o (u, u)C2r 2)

+ <310K( 7~ K ))d ()7 + 55 VA (0, )2 4 O(d,(r)?),

which implies the second formula. The third formula is clear by (2.4). O
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THEOREM 3.7. — In the situation of 3.1, and with C := /2 — 2 cos ¢,
the coefficient by(®) in (3.1) is given by
12 2 2
bo(®) = (CG — 04) K(p)* — EAQKCD).

Proof. — Recall the notation of 3.1. There is a neighborhood Q2 C V xV
of the diagonal such that for all (¢, w) € Q,

2
4mt ediStQ(q’w)/“H(t,q,w) - Zuk(q, w)th € O(t3) as t \, 0,
k=0

and this holds locally uniformly on 2. By Remark 3.3 (ii), we can assume
that € is so small that (¢, ®(q)) € Q for all ¢ in the closure U C V of
U = B.(p). Using polar coordinates on U and writing

H(t,x,y) := H(t, exp,(x), exp,(y))

for z,y € B.,(0,), we have
I(t) = / / H(t,ru,7D?(u)) - £,(r) dr du,
s1Jo

where ¢, is as in 2.1. Note that by our choices of € and ¢, the function
1 N
S, x[0,€) 3 (u,r) # dy(r) := dist(exp,(u), exp,(rD¥(u))) € R

is continuous, and it is smooth on S} x (0,¢). By Lemma 3.4, for every
u € S} the function d, has the expansion (3.2) as r \, 0. Moreover, the
corresponding remainder terms for d,, , and also for d!, , can be estimated
in terms of smooth curvature expressions and are thus bounded uniformly
inu € S} . In particular, there exists 0 < & < e such that d,|jo 5 has strictly
positive derivative for each u € S; . Thus

7 :=min{dy(£/2) |u € Sp} >0
is a regular value of Bz(p) 3 ¢ — dist(q, ®(¢q)) € R, so
p(u) = (dulio,q) ' (n) € (0,8/2]

depends smoothly on u € 5117 . Let
U = {exp,(ru) | u € SL,r € [0, plu))}-

Then U C U is an open neighborhood of p, so by Remark 3.3 (ii), I(t) has
the same asymptotic expansion for ¢ N\, 0 as

_ pu)
I(t) := /(jH(t,q,‘I)(q)) = /31/0 H(t,ru,rD?(w)) - £,(r)dr du.
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Writing d;;* for the inverse of dy [, and substituting r by = d,(r)/v/t we
obtain

n/VE
[ [ A (i eV d VDD W)
s1Jo
VLl (d;l(z\/f)) (7YY (2v/2) dz du.

Note that

dist (d;l(zx/f)u, d;l(zx/i)Dw(u)) =2Vt

Thus, H (t,d; " (zvt)u,d; ' (z/t)D?(u)) for t N\, 0 is approximated, uni-
formly in (u, z) € Szl, x [0,7], by

(3.5) (4mt) e /4 (Z wi(dy  (2V)u, d M (2v/) D? (u))t + O(t3)> .

By Lemma 3.6,

Zuz ( Yvt)u, d7 H(2v/t) D (u )) th=1+ %K(p)th

+(2402V2 »(u, u)—l—@K( p)? —1—20V2 »(u, ))z4t2+1K(p)t
1 2 2,2

(WVK(u u)+3OK( p)? —%V Kpy(u,u) — 120A K(p ))zt
K0 — LA K@) + O(F),

uniformly in (u, z) € Sj x [0,7]. Moreover, from (3.2) one obtains

1 sin?
~ ¢t ees

K(p)s® + Bs® + O(s")

with

7sin*p  sin?¢ - (2 —4cos )
b= ( 7209+ 90C7 )K(p)2

sin? ¢ - (2 + cos )
240C7

AgK(P),
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and

(@6 = s + K ()7 4 O,

(d74(5))° = 225" + O(s7),

5
v 1 sin2
(d, )(5)26—1- 505 ° 52 +5Bs* + O(s%).

Using this and (2.1), one sees by a straightforward calculation:

VB L7 (V) - () (V) = et + (mn‘p - 1) K(p)2*2

3C¢6 6C*
2sin? o B sin?p  sin?¢- (2 —4cos ) 1 K (p)25#8
3C10 6C8 15C8 120C¢
sin? ¢ - (2 + cos @)
B AK K 5,3 4
o (el )~ qogs T E)) 4+ 01"

By 2 —4cosp =202 — 2,2+ cosp = 3 — $C?, and sin? p = C?(1 — 10?),
this becomes

Vit Cu(dy (2v1) - (1) (2 V)

L 1 1 3 1 1
- | K 32 2 = 4= ) K(p)?2:5e3
= = zt+<204 602) (p)z°t +(806 8C4+12002) (p)22°t
3 11 , - )
N [( 4006 +3204 32002) AgK(p)— 4006V Kp(u, u)}z 3+ O(th).

Multiplying this expression by (3.5), we obtain that the integrand in (3.4)
for ¢ \ 0 is approximated, uniformly in (u, z) € Szl, x [0, 7], by

1 2 1 1 1 1
= =z /4 L R
i {02 " KQC‘* 1202) * 3022} Kt
T/ 3 1 1 5 1 1 3 1 -
3t 1 1 .
- _(806 1204+144002>z +<6c4 4502>z +15022} ()7t

- 3 1 1 5 1 3 1 )
- - - - A K(p)t
" < 100 3201 32002) T 120027 T 1502 Z] oK (p)

(LI S N DI (L N S ) :
+_< 100 2401 12002)Z+<6(;4 3002)Z}VKp(u,u)t

+ O(t?’)}.

Recall that n > 0, so for any k € Ny we have f:/o\/g e~k € O(t) for
t \, 0. Therefore, we can replace fon/ Vi by [,° in (3.4) without changing
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the coefficients in its asymptotic expansion for ¢ \, 0. Moreover,
oo
/ e A2k, = 92kt
0

giving 2 for k =0, 8 for £ = 1, and 64 for k = 2. Finally,
1
V2K, (u,u)du=—= [ A, K(p)du.
S3 2 s1

Using all this, we obtain

~ 2r (1 1 1 1
”“—M{cz'“{(zm‘mz) 8*3@2'2]“—””

3 1 1 1 1 1 -
RC6 1204+144002> 64+(6C4 4502) ST Ter 2]K(p) !

[ 3 1 1 1 1 ,
+ (4006 t a0t 32OC2> 0= o007 8 aem 'Q]A-"K(p)t
1 1 1 1 1 1 )
(_4006 a0t 12oc2> G (6(;4 - 3002) '8} ' (—2AgK(p)>t }
+O(t?)
1 2 12 2 2
==t @K( p)t + [(CG - C4>K(p)2 — CGAQK(p)] 24+ 0(t%)

for t N\, 0, yielding the claimed result for the coefficient by(®) at > and,
as an aside, the previously known formulas for bo(®) and b;(®) (see Re-
mark 3.2). O

4. Contribution of orbisurface cone points to the second
order heat coefficient

We now consider the heat kernel of compact Riemannian orbifolds; see,
e.g., [9] for the general framework in this context. Let (O, g) be a closed

two-dimensional Riemannian orbifold, let Hp : (0,00) x O x O — R denote
the heat kernel associated with the Laplace operator A, on C*°(0), and

let
:/ Ho(t,z,x)dx
(@

be the corresponding heat trace. It is well-known that there is an asymptotic

expansion
(4mt)~ Z a; /gtz/
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for t \, 0; half powers may occur if O contains mirror lines. More precisely,
the principal (open) stratum contributes (4mt) ™! > ;2 aéo)tz to this expan-
sion (where a](CO) are the integrals over O of certain curvature invariants,
the same as in the case of manifolds), and any singular stratum N C O

adds a contribution of the form
(4rt)~ dim(N)/2 Z agN)t’z ;
£=0

see [9, Theorem 4.8]. In the case N = {p}, where p € O is a cone point
of order k € N, arising from a rotation ® with angle ¢ := 27 /k, one has
dim(N) = 0 and

(4.1) ({P} k Zbe (I)J

where the by are as in 3.1 (see [9, 4.5-4.8 & Example 5.3]). More precisely,
the role of the manifold M of 3.1 is played here by the domain U of a local
orbifold chart around p, endowed w1th the pull-back of the Riemannian
metric g (again denoted g), such that (U, g)/{Id, ®, ..., ®*1} is isometric
to a neighborhood of p in O; the point p of 3.1 is the preimage of p.

THEOREM 4.1. — Let p € (O, g) be a cone point of order k € N as
above. Then

ey _ |1 5 1 1 /e 1N 1 /01 2
@2 = [2520 (k k) * 720 (k F) T o P )| K@
1 .1 1 [, 1 1 1 ~
[15120 (k k) 1410 (k k) T 180 (k kﬂ AgK(P)-

Proof. — Let p denote the preimage of p in an orbifold chart (ﬁ ,g) as
above. Note that with ¢ := 27/k and C := /2 — 2 cos ¢ one has

C? = 4sin? SD

and by [7, p. 148] or, e.g., [18, 3.55],

1 1 2
=Ly e,
ot sin'(j-F) 45 9
k—1
1 2 1 8
—— = (- + (k-1 + — (k-1
s (G- ) A AL A TAG )
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Combining this with (4.1) and Theorem 3.7, we obtain
a({ﬁ})

> [(4 T EET ;))K@)Q‘@smfw%“p)}

Jj=

1f[12:2 ¢ 2.1 2.1\,
= S (e T 75 |
k{[64 915 )+(64~45 16-45>( )

gn - g) 02— | Ky

?’r\*—‘

64-45 16-9
2.9 6 2.1 " 2.8 )
[64-945(k Dt g™ D gt 1)]A9K(p)}

I R TR A N N ST N D N SR 2
[2520(k k)+720(k k:)+180<k k)}K(p)

1 (. 1 1 (., 1 1 1
— | — - = — k== )|A;K(p).
[15120 (k k) T 140 (k k) T 180 (k kﬂ oK P)
Finally, note that by definition of the curvature and the Laplacian on Rie-

mannian orbifolds, K(p) = K(p) and AGK(p) = AyK(p). The theorem
now follows. O

Remark 4.2. — Analogously, one could derive that

oD — Lfi 1
12 <k k)’

e N N ST S R ST R | P
I [360<k k>+36<k 5| K®)

for an orbisurface cone point p € (O, g) of order k, using

k—
1 1 2
=—(k* -1 d bo(®) = =
sin?(j - 7r/k: 3( ) and bo(®)

Jj=1
Note that the above formulas for ag{ﬁ D and ag{ﬁ D were already computed
in [9, 5.6].

5. Corner contributions to the heat coefficients of geodesic
polygons, up to degree two
In this section we follow ideas from [18, Section 4.3], concerning the

case of interior angles of the form v = 7/k in geodesic polygons. However,
we drop the assumption of constant Gauss curvature which was present
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there and replace it by certain milder symmetricity assumptions (see (5.1)
below).

Notation 5.1. — We consider a two-dimensional Riemannian manifold
(M, g) again. Let P be a compact geodesic polygon in (M, g), and let p € M
be one of its corners. Let v be the interior angle of P at p. (For simplicity we
assume that there is only one interior angle of P at the corner p, although
more general settings as considered in [18] could be treated analogously.)
As in 3.1, choose €1 > 0 such that exp, | B, (0,) IS a diffeomorphism onto
its image

B := B, (p).

We now also assume that e; is so small that B N P is the image, under
exp, |Bal(0p) , of a circular sector of radius €; in T, M. Let Fy, E; be the
two geodesic segments in B N 0P which meet at p, and let ug,u; € S; be
unit vectors pointing into the direction of Ey and F; , respectively. Choose
the orientation on B such that the rotation D7 : T,M — T,,M maps ug
to uy . Let S: T,M — T, M denote the reflection across Ru,. We consider
the diffeomorphisms

1
0 = exp,oS o (expp ‘Bal(Op)> :B— B,

1
§7 :=exp,oD" o (expp ‘Bel(op)> : B — B.

Denote by G the group of diffeomorphisms of B generated by §7 and o.
We now assume that « is of the form

~v = m/k for some k > 2 in N, so G is a dihedral group of order 4k.
Moreover, we assume that, after possibly making ¢; smaller,
(5.1) G = ({6",0}) C Isom(B, g).

Note that G consists of the 2k rotations §°7 := (§7)? with i € {0,...,2k—1}
and the 2k reflections 6°Y oo. (A special case in which the above symmetry
assumptions hold is the case of B being a rotational surface with vertex p.)
We choose € > 0 such that ey := 2¢ < g1 and write

V:=By.(p) C B, U:=DB/(p)CV,
Wy 1= V A P, W.:=UnP.

Finally, we denote by Hp, Hy, Hy,. the Dirichlet heat kernels of P, V,
and Wy, , respectively.

ANNALES DE L’INSTITUT FOURIER



CORNER CONTRIBUTIONS TO THE HEAT COEFFICIENTS 2847

Remark 5.2. — Let the situation be as above in 5.1, and let
Zw. (1) := / Hp(t,q,q)dg,
W.s

where dg abbreviates dvoly(g). Note that the contribution of the inte-
rior angle at the corner p to the asymptotic expansion of the heat trace
t— fP Hp(t,q,q)dg of P is the same as its contribution to the asymptotic
expansion of the function Zy,. as just defined. We will now show, using
the symmetry assumption (5.1), that the contribution of the interior an-
gle v = w/k at p to the asymptotic expansion of Zw._(t) equals % times
the contribution of a cone point p of order k to the heat kernel coefficients
of a Riemannian orbisurface, where p has a neighborhood isometric to B
divided by a group of rotations about p. One could show this by using
arguments analogous to those in [18, p. 142-144]. We choose a related, but
slightly different argument using a little trick (see (5.3) below) involving
rotations, as in the computation in [18, p. 108].

First of all, by the Principle of not feeling the boundary (recall Re-
mark 3.3(i)), we can replace Hp(t,q,q) by Hw,.(t,q,q) in the definition
of Zw.(t) without changing its asymptotic expansion as t N\, 0. Next, we
describe Hyy,_(t,q,q) using Sommerfeld’s method of images (see also [18,
Section 3.4]): For ¢ € {0,...,2k — 1} let

0;:=0670006" € Isom(B,g)

denote the reflection across the geodesic with initial vector (D7)%(ug) =
D (ug). Of course, 0; = 04 for i € {0,...,k — 1}. Write

U,:=0g;0---00y fori € {1,...,2k—1}, and ¥q:=1dy.

Then
2k—1

Hw,.(t,q,q) = > _ (—=1)"Hy(t,q, ¥i(q))
i=0

for all t > 0 and ¢ € W. So the small-time asymptotic expansion of Zy . (t)
is the same as that of

2k—1 ]
(5.2) > /WE Hy (t, 0. 9i(q)) dg.

We now show that sum of those summands which correspond to odd in-
dices ¢ does actually not enter into the corner contribution: Note that
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Uo;_1 =0 for j € {1,...,k} and thus, using o; = 77 0 g0 §97:

k .
6:3) 3 [ (07 Hy (a1 (@) g
k
-~ /W Hy (1,677,6 70,()) dg

= 72 t,6-77q,00(6777(g)) dg

k
:—Z/  Hy(tg,00(9) dg
5—iv(We)

- _/U o, s o0(@) da
j=1,...,k €

=/, Hy(t,q,00(q)) dg,

where U’ = {J;_, ,0777(W.) is a half—disc; U’ is that part of U =
Bc(p) that lies on the same side of L. := exp,({ruo | r € (—¢,¢)}) as
oo(We) = 6 7(W,). In particular, U’ has no corner at p, and the small-
time asymptotic expansion of (5.3) will yield only the contribution of the
straight boundary segment L. to the Dirichlet heat trace expansion of the
analogous half-disc V' C V.

Write ¢ := 2y = 27/k and ® := §¥. Then, on the other hand, the sum
of those summands in (5.2) which correspond to even indices ¢ gives, using
Uy = %7 and the symmetry condition (5.1):

k—
z/ P Hy (1,0, Wa(a) dg = 5 - Z/ Hy (t,4,%"()) dg
7=0

== v(t,q,0%7(q Hy (t dq.
Z/ - .45 %Z/ v(t.q,®'(q))dg

By (3.1), the asymptotic expansion for ¢ N\ 0 of this sum is

k=1 oo 00 k—1
%ZZ KZZagté with o« = iZbeﬁbj).
j=0¢=0 =0 =0

By (41)7 we have Qy = %GE{[)})

any closed orbisurface O with the property that some neighborhood of p

, where p is a cone point of order k£ in
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is isometric to B/{®7 | j = 0,...,k — 1}. We know the values of %ag{ﬁ}),

%ag{ﬁ}), %ag{ﬁ}) from Remark 4.2 and Theorem 4.1. Finally, note that

1 ™=y

kmfl _ - -
k. ,Ym,—lﬂ-
since v = 7/k. So we have shown:
MAIN THEOREM 5.3. — In the situation of Notation 5.1, with the sym-

metry assumption (5.1), the contribution of the corner p with interior angle
v = 7w/k (where k € N, k > 2) to the asymptotic expansion of the heat
trace associated with the Dirichlet Laplacian of the geodesic polygon P has
the form Y ,2 co(y)t* with the coefficients c,(7y) given by

L «p
= 50% P y
where p is an orbisurface cone point of order k having a neighborhood
isometric to B/{6%7 | j =0,...,k — 1}. In particular, by Theorem 4.1,

ce(y)

72— 2
4 =
(5 ) CO (’7) 24771_ )

7.[.4 _ ,y4 7T2 _ 72
. = K
I e L]

6 6

4 4 2 2
o — T =y T2 —y 9
5.6 - K
(5:6) c2(7) (50407% 141057 T 3600w ) ()

76 — A6 PPN s QRPN
. A K(p).
(302407577 * 288057 T 36077 ) oK ()

(As always in this article, Ay here denotes — div,ograd,.)

Remarks 5.4.

(i) Formula (5.4) for cg(7y) seems well-known, even for general v (not
only those of the form v = 7 /k) and without any symmetry as-
sumptions; see, e.g., the discussion in [13]. Of course, in the case of
euclidean polygons this is obvious from the classical formula (1.1)
found by D. Ray and proved by van den Berg and Srisatkunara-
jah [1].

(ii) In the case of constant curvature K = 1, the above formulas (5.4),
(5.5), (5.6) (even for general v € (0,27]) were proved by Wat-
son [19]. In the case of arbitrary constant curvature K € R the
same was proved by Ucar in [18], the main breakthrough there be-
ing the computation of the Green kernel for an arbitrary geodesic
wedge in the hyperbolic plane. Those authors actually computed
ce(7y) for every £ € Ny in the case K =1, resp. K € R constant. It
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turns out that for constant curvature K, one has c,(vy) = fo(v) - K*
for certain rational functions f,. Of course, based on Ucar’s and
Watson’s formulas, the above formula for ¢;(7), as well as the coef-
ficient at K (p)? in ca(7y), was to be expected. However, the constant
curvature case did not provide insight into the way in which A ;K (p)
(which is, up to linear combinations, the only other curvature in-
variant of order four in dimension two besides K (p)?) might enter
into ca (7).

To the author’s best knowledge, formula (5.6) for co(7y) (with v €
{m/k | k € N} and under the symmetry assumptions (5.1)), espe-
cially its coefficient at AyK (p), was not known previously. In par-
ticular, the main theoretic insight that this formula provides is that
here the coefficient at A,K (p) is a rational function of +, and that
it is of a similar structure as the coefficient at K(p)2. We expect
that the formula extends to general v € (0, 27]; see Conjecture 5.5.
below.

Note that the symmetry condition (5.1), which has been necessary
for our approach, implies that the gradient of K at p vanishes.
Therefore, the methods of the present article cannot lead in any
way, in situations where that symmetry condition is absent, to any
knowledge about the possible coefficient of || VK (p)||? in c3(7y) (note
that ||[ VK (p)||? is one of the curvature invariants of order six). Con-
cerning co (), however, we expect that formula (5.6) from the above
theorem holds more generally, at least if V2K, still is a multiple
of g, . So we conclude this paper with the following conjecture:

CONJECTURE 5.5. — Let v € (0,27, and let P be a compact geodesic
polygon in a two-dimensional Riemannian manifold (M,g). Let p be a
corner of P with interior angle v € (0,2n], and assume that V2K, is a
multiple of g,. Then the coefficient at t*> in the small-time asymptotic
expansion of the Dirichlet heat kernel of P is given by formula (5.6).

Appendix A. Proof of Lemma 2.3

We partly follow Nicolaescu’s approach from [16, Appendix A]. He con-
sidered Riemannian manifolds of arbitrary dimension n and there derived
the expansion of dist(exp, (), exp,(y)) up to order four. In dimension
two, his formula corresponds to the first two terms of formula (2.8), with
K(p)||x A y||?* replaced by (R(z,y)y, ). The idea in [16] is to use the fact
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that for any ¢ € M, the function f := distz(q, -) : M — R satisfies,
wherever it is smooth (in particular, near ¢), a so-called Hamilton—Jacobi

equation:
(A.1) ldfI* = 4f.
Here we use || - || to denote the pointwise norm canonically induced by g on

tensor fields, and we will do similarly for (-,-).

Choose a small neighborhood W of 0 € T,M contained in the do-
main of injectivity of exp, and such that U := exp,(W) C M is convex
(meaning that for all g, w € U, there exists a unique geodesic in M with
length dist(g, w), and that geodesic is contained in U). Consider

F-WxW>(z,y) — distz(expp(a:),expp(y)) eR.
We write the Taylor expansion of F' at (0,0) in the form

(TG o) @, y) = Fo+ 1+ o+ Fs+...)(z,y)

(A:2) |
with Fm =1L'm,0 + Fm,1,1 + ...+ FO,m 5

where each Fy, ¢(x,y) is k-linear in o and ¢-linear in y. Since F' is symmetric,
Fy 1, is obtained from Fj, ¢ by interchanging x and y. Moreover,
F(x,0) = ||z]|?, hence Fjo=0= Fyy for all k > 2.

Note that by the First Variation Formula we have

d
T F(tz,y) = —2(x,y), hence Fy  =0= Fj; for all k > 1.
t=0
(This was not used in [16].) In particular,
F3 =0 and F4 = F272

(as already known), and what we are actually after are explicit formulas,
in our two-dimensional setting, for

Fs =F39+Fy3 and Fg = Fyo+ F33+ Fy 4.

For each y € W, FY := F(-,y) : W — R is smooth. Let § be the Riemann-
ian metric (exp, lw)*g on W. Then (A.1) says

AFY = ||dFY|2.

Since we assume dim M = 2, we can express ||(dFY), 3 at each nonzero
x € W as follows: Consider the g-orthonormal basis {x/||z|,z/|Z|;} of
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T.W, where T € T, W denotes the 90-degree rotation of & with respect to
an arbitrarily chosen orientation on the euclidean plane (7,M, g,). Then

I(AF¥)o|[5 = (AF¥)q(2)?/2|® + (dF¥)(Z)*/ (|73
= ((dF¥)2(2)? + (dF)2(7)?) /2] = (dF¥)o(7)? /|||

(A.3) o
+(dFY).()?/ 173
= [1@F")o |1 + (dF)a (@) (1272 — [l 7)
For this, recall that ||-|| denotes the norm with respect to g,, and for =
viewed as an element of T, W, ||z[|; = ||z|| since exp,, is a radial isometry.

Using (2.2) for u = z/||z|, r = ||z|| and noting that
[(dexp,)o(T)]| = 0u(r)|[Z] = Oulr)]]l,

we have, for z viewed as an element of T, W:

1 20115
HOK(p) (|||

1 ‘
= 20V Kl @) + O(ll2])-

- 1 1
17l = e = K @)=l = 75Ky (@)ll] +

By the resulting expansion of ||EH;2 and (A.3), equation (A.1) becomes

1P (o) = [P + @) (5K + Ky (o)

1

1
K 2 2
Kl 4

= V2K, (0.2) + Olol) ).

Comparing the terms of total order five in x and y in this equation we get,
writing F¥ := F,,(-,y), noting that (dFY ), is of total order m — 1, and
recalling Fy = 0, F1 =0, Fa(z,y) = ||z — y||?, F3 =0:
~ 1
AFs(,y) = 2(AFY)s, (AFY)a) + (dFY)(2)* - £k, ()
- 1
= HdF)e(z —y) + 4 —9,7)" - cdKp(@).
In particular, by (dFy/,).(z) = kFg ¢(2,y) we have
1
AF35(x,y) = 12F35(x,y) + 4]z Ayl - gde(m),

which gives

1
— A (@)l Ayl

FS,Z(xay) = - 192
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The claimed form of F5 now follows by symmetry in « and y. Similarly,
taking the well-known formula

1
Fu(z,y) = =3 K)o A yl?

for granted (which could otherwise first been proved analogously), and

using
(AFY)a(@) = —2(3,y),
(AF})e () = 2K () ) (7.1,
(@) = ||lz Ayl
we obtain
1Fy(a,) = [(AFY)al? + 2((dFY)., (FY).)
AL @AF)e(@) - K ()

1

+ @R (RGP + 5V Ko )

4
= K@ llz AylPllyll* + 4(dF)o(z — y)
8

~ SKwP e Al ey)
1 1
2 (L 21012 1L o2
walle Ayl (G KOPel + 557Ky 01)).
In particular,
_ > (1 2.2, L o2
4F, o(z,y) = 16Fy o (x,y) + 4]z Ayl 15K(p) l|lz]]* + 20V Ky(z,z) ).

Thus,

1 1
Fuae) = o Aol - (= G KOPlalf - 59Ky 0)).

45
and the analogous expression for Iy 4(x,y), as claimed. Finally,

AFs 3(2,y) = 4(dFY5)e (—y) + 4(dF53)(2) - SK(LD)QIII Ayl )

8 8
=|lzAyl?- (45K(p)2<x,y) + 60V2Kp(x,y)> + 12F3 3(x,y)

8
— SKP e Ayl ),
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yielding

4 1
Faato) = le Aol (5 K0P 0) — 5V Kol )

as claimed.
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