Université Grenoble Alpes

ANNALES DE
LINSTITUT FOURIER

Rafik IMEKRAZ

Multidimensional Paley-Zygmund theorems and sharp L”
estimates for some elliptic operators

Tome 69, n° 6 (2019), p. 2723-2809.
<http://aif.centre-mersenne.org/item /AIF_2019__ 69_6_2723_0>

© Association des Annales de l'institut Fourier, 2019,

Certains droits réservés.
Cet article est mis a disposition selon les termes de la licence
CREATIVE COMMONS ATTRIBUTION — PAS DE MODIFICATION 3.0 FRANCE.
http://creativecommons.org/licenses/by-nd/3.0/fr/

P

MERSENNE

Les Annales de I'institut Fourier sont membres du
Centre Mersenne pour I’édition scientifique ouverte
Www.centre-mersenne.org


www.centre-mersenne.org
http://aif.centre-mersenne.org/item/AIF_2019__69_6_2723_0
http://creativecommons.org/licenses/by-nd/3.0/fr/

Ann. Inst. Fourier, Grenoble
69, 6 (2019) 2723-2809

MULTIDIMENSIONAL PALEY-ZYGMUND THEOREMS
AND SHARP L? ESTIMATES FOR SOME ELLIPTIC
OPERATORS

by Rafik IMEKRAZ (*)

ABSTRACT. — The goal of the paper is twofold. Firstly we study sufficient con-
ditions of convergence for random series of eigenfunctions in L°°. The eigenfunc-
tions are considered with respect to a reference elliptic operator like the Laplace—
Beltrami operator or a Schrédinger operator with a growing potential on the Eu-
clidean space. That is a generalization of an old result due to Paley and Zygmund.
Secondly, we obtain a few optimal LP bounds of eigenfunctions including a gener-
alization of the Bernstein inequality. We show that the previous two themes are
intimately linked.

REsSUME. — Le but de cet article est double. Premiérement, nous étudions des
conditions suffisantes de convergence pour des séries aléatoires de fonctions propres
dans L°°. Les fonctions propres sont considérées par rapport & un opérateur el-
liptique de référence tel que 'opérateur de Laplace—Beltrami ou un opérateur de
Schrodinger avec un potentiel confinant de ’espace euclidien. Cela constitue une
généralisation d’un vieux résultat de Paley et Zygmund. Dans un deuxiéme temps,
nous obtenons quelques estimées LP optimales de fonctions propres incluant une
généralisation de 'inégalité de Bernstein. Nous montrons que ces deux themes sont
intimement liés.

1. Introduction

This paper studies the close relation between the following two themes

(1) obtaining sufficient conditions for the almost sure convergence in
L of random series of eigenfunctions of some elliptic operators (the
Laplace—Beltrami operator on a boundaryless compact Riemann-
ian manifold and similarly the quantum superquadratic oscillator

Keywords: Paley-Zygmund theorems, elliptic operators, wave equation, Sobolev
embeddings.
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—A + |z]?* on RY, with (a,d) € N* x N*). Such results extend the
classical Paley—Zygmund theorem (see below Theorem 1.1). More-
over, our results are universal with respect to the randomization.
(2) obtaining sharp L? estimates, with p € [1, +o0], of eigenfunctions of
the above mentioned elliptic operators (or more precisely functions
that are spectrally localized). In particular, we will be interested in
Bernstein inequalities involving gradients of eigenfunctions.

It will appear that several elements of the proof of one of those themes are
used to study the other one. As a by-product, we complete and simplify
some results proven in [11, 14, 24, 43, 47] in a unified framework. Although
our new results are essentially concerned with random series in L™, we
also make a comparison with the L? theory (with finite p) and, maybe
more striking, with the almost sure convergence in one point (see Theo-
rem 2.3, Theorem 4.1 and Theorem 4.5). Almost all proofs of our results
are technically possible thanks to our previous paper [23].

About the LP estimates, we shall get new and optimal estimates dealing
with —A + |z|>**. We thus complete some results proved in [24, 29, 41].
Those results are shortly summarized at the end of this introduction but
the interested reader may directly go to Section 5.

Let us begin by recalling the known literature. For any set I, we denote
by (€n)ner a sequence of i.i.d. Rademacher random variables, in other words
P(e, = 1) = P(e, = —1) = 4. Denoting by T the unidimensional torus,
the classical Paley—Zygmund theorem for random Fourier series in L (T)
is the following (see [37, p. 347] or [51, p. 219)]).

THEOREM 1.1. — For any complex sequence (an)nez satisfying
(1.1) Jy>1 > Jan* 7 (|n]) < +oo,
nez
[n]>2

inx

the random Fourier series ZnEZ Enane’
o0
Banach space L (T).

almost surely converges in the

The assumption (1.1) is fulfilled if the function Y, ., a,e™ belongs to
H:(T) for some small s > 0. Hence, the Paley—Zygmund theorem ensures
that a function belongs, in probability, in L>°(T) with a weaker condition
than the one given by the Sobolev embedding H*(T) C L*(T) (that needs
the inequality s > %)

In modern probability theory, a natural question is the universality of
such a phenomenon. Let us recall that an asymptotic probability result
involving a sequence of independent random variables is called universal if
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its conclusion remains unchanged whenever each of the random variables is
replaced with another one (with some necessary but quite general normal-
izations). See for instance [2, 44, 45] for several modern examples. In our
context, one may reformulate this problem as follows: “is it possible to re-
place the Rademacher law of the random variables ¢,, in > Entne™ with
other laws?”. This question was completely solved by Marcus and Pisier
(see [34] or [33, p. 527, théoremes IIL.5 et II1.6]). Their result claims that
for any sequence of independent centered real random variables (X,,)nez
satisfying

(1.2) 0 < inf E[|X,|] and supE[|X,|*] < +oc.
nez nez

the following equivalence holds true

(1.3) Z €00, e a.s. converges in L2°(T)

& Z X,pa,e™  a.s. converges in L°(T).

We stress that the previous equivalence holds true even if the random
variables X, have not the same law! The implication < is quite classical in
the theory of Banach spaces (see [25, Corollary 5.2] or [24, Theorem 5.2]).
Let us now give a deep reason that convinces the reader that the weak
conditions (1.2) and the converse implication = in (1.3) are remarkable. Let
us denote by g, a sequence of i.i.d. Mg (0, 1) Gaussian random variables. The
Maurey—Pisier theorem [35, corollaire 1.3] states that there is a geometric
property, called the finite cotype, that characterizes the Banach spaces B
for which the following equivalence holds true for any sequence (f,)nen
of B

(1.4) anfn a.s. converges in B & Zgnfn a.s. converges in B.

It is not necessary to give a precise definition of the cotype since we will not
need it. For our purpose, we only need to know that L?(T¢) has finite co-
type if and only if ¢ is finite. Hence, L>°(T?) is not expected to satisfy (1.4).
The equivalence (1.3) however implies, if X,, are Gaussian, that (1.4) re-
mains true for the trigonometric functions in B = L*°(T). Such a fact is
astonishing because L>(T9) is the typical Banach space that has not finite
cotype. The key of this observation is that the last statement merely means
that there is a sequence (fp)nen in B = L°(T) for which (1.4) is false. In
other words, the trigonometric functions e”® have somehow a special be-
havior in the Banach space L>°(T). The following implications summarize
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the previous results

Z Enane™ € L2(T) as. (1.3) Z Xpa,e™ € L2°(T) a.s.
nez nez
(PZ) (UPZ)

dy>1 Z lan]?In7 (n) < 400

nez
In|>2

Our main sequence of results extend the universal Paley—Zygmund implica-
tion (UPZ), with a moment condition sup E[|X,,|?] < +oo0, if the trigono-
metric functions on T¢ are replaced with eigenfunctions in the following
two multidimensional settings:

e for the Laplace-Beltrami operator A on a compact Riemannian
manifold X without boundary,

e for superquadratic oscillators —A + |z|?* on R?, with (a,d) €
N* x N*.

We briefly recall that, for the first setting, the Laplace—Beltrami operator
A acts from the space C*°(X) to itself (see [5] or the introduction of [47])
and there is a natural measure on X (the Riemannian volume) that is
invariant under isometries of X and allows to consider the Banach spaces
LP(X) for any p € [1,400]. Moreover, there is a Hilbert basis (¢n)nen of
L?(X) that diagonalizes A:

A¢n:_)\i¢nv )\0:0<)\1<)\2<"‘_>+OO~

Although the sequence (¢,)nen may not be unique (if there are multiple
eigenvalues), the sequence of eigenvalues (\,)nen of vV —A is completely
determined by the Riemannian structure of X. In the specific case X =T,
one recovers \,, = k associated to the eigenfunctions = — e**%_ It is thus
natural to try to extend Theorem 1.1 for random linear combinations of
eigenfunctions and thus to improve the usual Sobolev embeddings. Such
results appear in [47]. More precisely, [47, Corollary 6] states the following:
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for any complex sequence (¢, )nen satisfying

(1.5) Jvy>1 D e A0 (A, < +oo,

n>1

the random series Y €,¢, ¢, converges almost surely in the Banach space
L>(X). Moreover, if one looks at the universality given by the proof of [47,
Theorem 5], one sees that one may replace the Rademacher random vari-
ables €,, with any nonzero sequence of i.i.d. subgaussian random variables
(we recall that a centered random variable Y is subgaussian if it satisfies
the large deviations estimate P(|Y| > t) < e~ as t — o0, another
equivalent definition is the bound E[|[Y'[P]*/? < \/p as p — +00). Further-
more, the choice of randomization in [47] highly depends on the sequence
of the chosen Hilbert basis (¢,), (that is not unique). Other choices of
randomization have been studied in the following two settings:

(i) the paper [11] makes use of a randomization around the unit balls of
a sequence of subspaces of L?(X) (with increasing dimensions) if X
is a sphere or more generally a Riemannian compact manifold. The
proofs however involve subgaussian random variables (or more gen-
erally random variables that satisfy Gaussian deviation estimates,
see [11, Appendice C.1)).

(ii) in [24, 38, 39], another intrinsic randomization is used by selecting
again a sequence of subspaces of L?(R%) (with increasing dimen-
sions). The models studied were the quantum harmonic oscillator
—A+|z|? on R? or more generally —A +|z|?* on R? in [41]. Unfor-
tunately, the proofs needed a technical condition called a squeezing
condition and specific distributional spaces (denoted by Z3 (RY)).
We refer to [24, lines (1.5) and (1.9) and part 1.1.2] or [41, lines (1.8)
and (1.9)]). It is not necessary to recall the precise above definitions
but the reason why such technicalities were useful is the following:
they forced unidimensional random series of eigenfunctions to be-
have as if they were multidimensional. Hence, estimates of eigen-
functions are replaced with estimates of spectral functions. Again,
as in [11], the L>°(R?) results involve probability measures that
satisfy the Gaussian concentration of measure property (see [41]).

In both previous frameworks, the independent random variables have
finite moments of all order and it is not clear if one can reach a univer-
sal moment condition of order two as explained above. The paper [23]
introduced other random series (involving random matrices without any
squeezing conditions) we think are the most fitting for multidimensional
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settings (see below (2.2)). The idea was to take advantage of the multidi-
mensional Kahane-Khintchine inequalities (proven by Marcus and Pisier
in [34], see (7.1)). Such inequalities allow to overcome the use of large devia-
tions estimates or the famous phenomenon of concentration of the measure
(that both need subgaussian random variables). All results in [23] were
concerned by the Banach space LP with finite p. The present work aims to
study the L°° case with those new random series. It is now worthwhile to
recall why the L® case is much more difficult than LP with finite p. The
Maurey theorem states that for any p € [1,4+00), any N € N* and any
(f1,-.., fn) € LP(R)Y, the following holds true

N N
Zgnfn Z |fn|2
n=1 n=1

The previous equivalence obviously transfers the study of unidimensional

E

Lr(R) LP(R)

random series (at least with Rademacher laws) to a deterministic question.
The multidimensional case is done in [23] and is summarized in Theo-
rem 12.1. To our knowledge, such a result does not exist for p = 4oc.

The plan of the paper is the following:

In Section 2, we define more precisely our choice of randomization and
we state three multidimensional Paley—Zygmund results on Riemannian
compact manifolds without boundary. In particular, we will see the role of
the BMO space on compact manifolds (thus extending known results on
the torus, see [42]) and a somehow strange property of spatial universality
(see (2.6)). Those results are proved in Sections 8, 9, 10, 11 and 12.

In Section 3, we motivate our new random series (seen as random initial
data) by giving a modest application to the cubic wave equation 97w —
Aw+w? = 0 on a three-dimensional compact manifold. The proof was ini-
tially discovered by Burq and Tzvetkov for the torus T? in [14] and modified
by de Suzzonni for the three-dimensional sphere S? in [43]). We explain in
Section 15 and 16 how our version of the Paley—Zygmund theorem allows
to modify this proof to reach any boundaryless compact manifold (without
any geometric restriction). Our approach avoids to search specific eigenba-
sis (by comparison with [14, 43]) but has to be connected with the study
of the critical semi-linear wave equation in [11].

In Section 4, we state Paley-Zygmund theorems for —A + |z|>* on R?
and explain the differences with Section 2. Those results are proved in
Sections 13, 14, 18, 19, 20 and 21.

In Section 5, we state several sharp LP bounds for the superquadratic
oscillators —A + |z|>*. Those bounds complete those of [24, 29, 41]. At first
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sight, such bounds have a marginal relevance with our study of random
linear combinations. But the connection is the following: the optimality of
such bounds will be a consequence of a specific use of the multidimensional
Kahane-Khintchine inequalities. In the other side, our Paley—Zygmund the-
orems need L? — L> bounds and a weak Bernstein inequality L> — VL>.
We shall also prove a Bernstein inequality, see below (5.4), in a stronger
form that has it own interest. For instance, the strong Bernstein inequality
will allow for an enlightenment of the same critical exponent dQle appearing
in several models peaking at a point (without any computation involving or-
thogonal polynomials). The proofs are developed in Sections 22, 23. Among
those inequalities, the strong Bernstein inequality is the most intricate but
follows a more or less classical way. For that reason, we have decided to
postpone the proof to Appendix D. The main steps of the proof are:

(a) a parametrix for the Weyl-Hormander pseudo-differential calculus
(see Appendix A),

(b) an asymptotic development via the Helffer—Sjostrand formula (see
Appendix B),

(c) several L™ — L" homogeneous estimates of pseudo-differential op-
erators (see Appendix C).

In Sections 6 and 7, we state and prove an abstract, universal and mul-
tidimensional Paley-Zygmund theorem, that is Theorem 6.1, that will be
used for compact manifolds and for —A + |z|?*.

In Section 17, we show an exponential decay property of the spectral
function of —A + |z|?>*. Such a proprety plays a role in the proof of the
Paley-Zygmund theorems and for every L? — LP bounds of Section 5.

Finally, Appendices E and F contain simple lemmas about random
vectors.

From now, (X, )nen will everywhere denote a sequence of real indepen-
dent random variables on a probability space €2 endowed with a proba-
bility measure P. For a given sequence of positive integers (d,)nen, we
denote by (&,)nen & sequence of random matrices such that the law of
En : Q — Uy, (C) is the normalized Haar measure of the unitary group
Ug, (C). The same analysis holds true for orthogonal groups Oy, (R). Fi-
nally, all the variables and random matrices that appear in a same state-
ment will be assumed to be mutually independent and defined on the same
probability space € (it will be however useful to replace Q with 22 in some
proofs).

TOME 69 (2019), FASCICULE 6
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2. Paley—Zygmund theorems on Riemannian compact
manifolds

In this section X is a boundaryless Riemannian compact manifold of
dimension d, and we denote by A its non positive Laplace—Beltrami op-
erator. Without any precision, the Hilbert space L?(X) is considered with
respect to the Riemannian measure of X. For any function g € L?(X) we
define its spectrum sp(g) by

sp(g) == {)\ €[0,+00), 3¢ L*(X) / gpdr #0 and A¢p = —)\2¢}.
X
For any x > 0 and n € N we also define the subspaces

Ey:={g € L*(X), sp(g) C [0,x]}.

(2.1)
VneN E,:={gcL*X), splg) C (kn,rn + r]}.

The subspaces E,, are orthogonal. It is well known that if  is large enough
then d,, := dim(E,) is positive and behaves like n?~! as n — +oco (this is
a consequence of the Weyl law with remainder, see below Lemma 8.1). We
thus may consider a Hilbert basis (¢ 1, .., ¢n.a, ) of E, where d,, ~ n4=1.

Now consider a sequence (fy)neny with f, € FE, and assume that f =
> nen Jn is a distribution on X (which practically means that the sequence
(Ifallp2(x))n>0 has a polynomial growth). We choose to randomize the
distribution f by considering the random series

dn dn
(2.2) S Xp(w)fy with 2= 6 (@) (frs Gnj) i
neN i=1 j=1
In [23, Théoréme 1.8], more general random matrices than X,,&, are studied
in LP(X), with finite p. But we believe that the notation )y X, (w)/fy
is much more explicit and simple. We stress that the random part fY is
much more relevant than X,,(w) (and we may even choose X,, = 1 in our
paper). Also note that the law of w — f" merely depends on || fp[12(x)-
Before stating any result, let us point out that Gaussian measures on
E,, are often studied, in other contexts, because explicit computations are
possible (see for instance [1, 50]). It turns out that Gaussian measures
are indeed particular cases of (2.2). To see that point, consider a sequence
(Gn.k)1<k<d, of i.i.d. Ng(0,1) Gaussian random variables that are mutually
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independent with the random matrix &,,. The main property of the random
vector (gn.1,- .-, Gn,d, ) 18 its unitary invariance. Standard computations or
more generally Lemma E.1 allow to check the following law equivalence:

dn
> 9@ ~ /1901 @)+ + g, (@) (0n,1)°.
k=1

Let us now state our generalization of Theorem 1.1 on L>°(X).

THEOREM 2.1. — Assume that the random variables (X, )ncn satisfy
sup, ey E[| Xn|?] < +oo. Consider a sequence (fn)nen satistying fn € E,
for any n € N and

(2.3) 351 S falPag 07 (0) < Hoc.

n>2

Then, for almost every w € ), the random series > X, (w)f% converges in
L*>®(X).

The previous result improves [47, Corollary 6] in two ways: firstly, one
has a probabilistic universality, in particular we do not need to force any
assumption of large deviation estimates on each random variable X,,. Sec-
ondly, the assumption (2.3) is much less demanding (see (1.5)). Let us add
that our proof is spectral whereas the proof of Tzvetkov is spatial.

Just after stating [47, Corollary 6], Tzvetkov asked if the condition v > 1,
that appears in (2.3), is sharp in a Paley—Zygmund theorem on a Riemann-
ian compact manifold of dimension d > 2 (e.g. a sphere). For X = T, the
answer is positive and comes from the existence of Sidon sets [37, p. 350].
Unfortunately, the author is not aware of such a notion on a general com-
pact Riemannian manifold. For v < 1, we shall overcome this difficulty by
using the fact that the dimensions d,, = dim(F,,) tend to +oco (a property
that is specific to the case d > 2). Our result needs to introduce the space of
functions of bounded mean oscillation on the boundaryless compact man-
ifold X. The original BMO space had been introduced for the Euclidean
space in [26] and, though slightly larger than L°°, is usually considered as
a good substitute. A function f € L'(X) belongs to BMO(X) if and only
if the following semi-norm (vanishing for constants) is finite

1
B0 Moo=, 2, osGe [ 190 foteo
€

where 79(X) is a positive number called the injectivity radius of X and
[B(x,c) is the average of f on the geodesic ball B(x,¢) (that definition is
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studied in [9]). It turns out that BMO(X) allows for a satisfactory enlight-
enment of the almost sharpness of Theorem 2.1.

THEOREM 2.2. — Assume that the random variables (X, )nen satisfy
sup, ey E[| Xn|?] < +o0 and consider a sequence (f,,)nen, with f,, € E,, for
any n € N, satisfying

2
(2.5) D I fallzz(xy In(n) < +oo.
n=2

Then, for almost every w € ), the random series > X, (w)f% converges in
BMO(X).

Conversely, in the case dim(X) > 2, there is a sequence (f,) satisfying

2
vy el0,1) Z”anL?()() In”(n) < 400
n>2

and such that the random series Y f& almost surely diverges in BMO(X)
(and also in L*°(X) because of the inequality || - [[mo(x) < 2 - || L= (x))-

The first statement of Theorem 2.2 is known on the torus X = T for
analytic versions of BMO(T) (see [42]). Roughly speaking, Theorem 2.2
shows that v = 1 is the critical logarithmic exponent for the almost sure
convergence in BMO(X) or L*(X). Our proof needs to understand the
Littlewood—Paley theory of BMO(X). This is done by adapting a strategy
used by Burq—Gérard—Tzvetkov in [10] that transfers a Littlewood—Paley
theory on the Euclidean space to a boundaryless compact manifold.

As explained in the introduction, the L case and the LP case, with
finite p, have a completely different approach. It is therefore interesting to
compare Theorem 2.1 and the following optimal result.

THEOREM 2.3. — Let us consider

e a sequence (fn)nen, with f, € E, for each n € N,
e a sequence of random variables (X, )nen satisfying for some p €
[1,+00) the following conditions

0 < inf B[|X,|] and supE[|X,|™>®P)] < oo,
neN neN

e a Borel probability measure v on X.
Then the following assertions are equivalent:
(1) the series Y ||an%2(X) is convergent, namely ) .\ fn belongs to
(2) the random series Y X, (w)f¥ almost surely converges in LP(X,v),
(3) there is x € X such that, the random series Y X, (w)f¥(x) almost
surely converges in C.

ANNALES DE L’INSTITUT FOURIER
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One may also add the following (apparently stronger) statement

(4) for every x € X, for almost every w € §, the random series
> Xn(w) f¢(x) converges in C.

Let us make a few remarks about Theorem 2.3:

e Assuming p belonging to [2, +00), v being the normalized Riemann-
ian volume of X and the random variables X,, satisfying uniform
large deviations estimates, the author considers that the implica-
tion (1) = (2) essentially appears in [11] in a different form.

e Whereas we were primarily interested in the universality with re-
spect to the random variables X,,, we see that Point (2) of Theo-
rem 2.3 also shows a spatial universality: for any two Borel proba-
bility measures v; and v, with disjoint supports on X, the following
equivalence holds true:

(2.6) ZXn(w)ffj a.s. converges in L' (X, v)
& ZXn(w)f;;’ a.s. converges in L' (X, vy).

That fact is not surprising if 15 is an isometric pushforward of v
but seems to be new if vy and vy are singular and if X is a general
Riemannian compact manifold.

o We stress that the condition (3) is very weak because the (almost
sure) convergence holds true on one point € X (one can see it as
Point (2) with a Dirac measure v = §, ). Note now that a simple use
of the Fubini—Tonelli theorem on the product space X x € shows
that (4) and (3) are equivalent to

“for almost every w € €, for almost every x € X, the
random series Y X, (w) f¥(x) converges in C.”
Hence, Theorem 2.3 seems to be a satisfactory generalization of
the setting of random Fourier series [27, p. 46] to the Riemannian
setting. Similarly to Theorem 2.2, Theorem 2.3 also motivates the
study of the random series looking like > X, (w) f¥.

e The proof of Theorem 2.3 will be a short consequence of a sharp
bound of Hérmander on the spectral function (see Section 12) and
a result previously obtained in [23] (namely Theorem 12.1 whose
proof relies on the Kahane-Khintchine-Marcus—Pisier inequalities).

As explained in the beginning of the introduction, a Paley—Zygmund
theorem should be considered as a probabilistic improvement of a Sobolev
embedding. Remember that a spectral definition of H*(X), for any s € R,
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is given by
27) V() €[] En D € H (X) & Y |fallfox)n® < +oo.

neN neN n>1
Note that (2.3) and (2.5) are satisfied if ) fn merely belongs to H*(X)
for some s > 0. Hence, Theorem 2.1 and Theorem 2.2 allows a probabilistic
gain of almost g derivatives by comparison with the Sobolev embeddings

d
H*(X) C L™(X), Vs>,

HY2(X) c BMO(X)  (see [9, p. 210]).

3. The cubic wave equation with random initial data

In the series of papers [12, 13, 14], Burq and Tzvetkov introduced new
ideas to solve nonlinear wave equations with rough initial data (namely
that belong to H*(X), see (2.7), for small values of s). They cleverly use
the probabilistic gain of integrability to solve equations that are determin-
istically ill-posed. We go on as in the last section. The cubic wave equation

(0} —Aw+1*=0, (tz)eRxX

is %—critical in dimension 3 so it is interesting to construct solutions in

H*(X) x H*"}(X) for s € (0,1) (see the introductions of [7, 14]). The
previous equation was studied for the three-dimensional torus X = T3
in [14] and for the three-dimensional sphere X = S? in [43]. The previous
two cases use that the Laplace-Beltrami opertators on T2 and on S admit
a Hilbert basis of eigenfunctions that are uniformly bounded on any LP(X)
space (for 2 < p < +00). That fact is true on T thanks to the trigonometric
functions but is not obvious at all on S (see a probabilistic proof in [11,
43]). To the knowledge of the author, such a property is not known to be
true on any compact manifold X. We shall overcome this issue thanks to a
quantitative version of our Paley—Zygmund result (Theorem 6.1) that holds
true without any geometric assumption on X. Although our approach is
different from [11], we use a “spectral trick” (Lemma 8.1) that we learn
from the latter paper. The first thing to do is to define the random initial
data. For any n € N, we consider &, : @ — Oy, (R) and &, : @ — Og4, (R)
two random matrices whose laws are the normalized Haar measures. We
also consider two sequences of real random variables (X,,) and (X]). As
above, all the considered random variables and matrices are assumed to be
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mutually independent. For any s € R, any (vg,v1) € H*(X) x H*~}(X),
we define the following two initial data for any w € :

Ug = ZXn (Zzgn z,g U07¢n,j>¢n z)

(3.1) nel i=1j=1
= X (ZZ o v1,¢n]>¢>m>
neN i=1 j=1

In the previous series, each eigenfunction is assumed to be real-valued.
We claim that v§ and v{ almost surely admit the same regularity as vg
and v;.

ProrosiTiON 3.1. — We keep the above notations and assume
(3.2) 0 < inf E[|X,|] and supE[|X,|?] < +o0.
neN neN

then the following two assertions are equivalent:
(1) wo belongs to H*(X),
(2) for almost every w € Q, the random series defining v§ converges in
Hs(X).

We now can use the analysis of [14] (more precisely Theorem 16.1 below)
to get the following result.

THEOREM 3.2. — Assume dim(X) = 3. Consider a real number s €
(0, %) and two sequences of independent random variables X,, and X, such
that

(3.3) 0 < inf B[|X,|l, 0< inf E[|X.[], supE [\Xn|3+ |X;|3] < foo.
neN neN neN
For any couple of real-valued functions (vo,v1) € H*(X) x H*"}(X), for

almost every w € €, the random function (vg,vy) belongs to H*(X) x
H*~Y(X) and the cubic wave equation

(8,52—A)v—|—v3:0, v(0,-) =g, 0(0,-) =Y,

admits a unique global solution v that satisfies

u(t) — cos(tV/—A)E — Smftﬁ V;A)v;d e CO(R, H (X)) N CL(R, L2(X)).

Proposition 3.1 has to be compared with [12, Lemma B.1] that uses the
apparently weaker assumption

(3.4) 3C>0  if P(X,|>C)>0.
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But we believe that (3.2) is more natural in the framework of random
series (see [34] or [33, Théoréme I11.4, p. 125]). Let us explain why there is
essentially no mathematical loss to assume (3.2) or (3.4) for our purpose.
Note indeed that the assumption sup,,cy E[|X,,|?] < +00 is always satisfied
(for instance implied by (3.3) in our paper or by [12, line (1.4)]). Then the
Paley-Zygmund inequality (see [27, Page 8|) easily shows the following
equivalence:
0 < inf E[|X,|] and supE[X,|*] < +oc0
neN neN

& (34) and supE[|X,|*] < +oo.
neN

Our proof of Proposition 3.1 is however different from that of [12] since we
do not use the same random series for initial data.

4. Paley—Zygmund theorems for the superquadratic
oscillator

Before entering into details, we present two results that give a real con-
trast with the setting of compact manifolds. In the latter setting, the almost
sure convergence in one point is equivalent to the probabilistic LP conver-
gence for any finite p (see Theorem 2.3), and also to the deterministic L?
convergence. The next two results show that the lack of compactness of
R forbids a similar property for the harmonic oscillator —A + |z|2. We
moreover emphasize the need to avoid z = 0 in the next statement.

THEOREM 4.1. — Assume d > 2 and denote by E, the eigenspace of
—A + |z|? in L*(R%) associated to the eigenvalue d + 2n. Now consider

e a sequence (fn)nen, With f, € E,,
e a real number p € [1,+00) and a sequence of random variables
(X)) nen satistying

0 < inf B[|X,|] and sup E[|X,|™>®P)] < oo,
neN neN

e a Borel probability measure v on R*\{0}.
Then the following assertions are equivalent
(1) the series y_ an||2L2(Rd) n~% converges (which means that Y men fn
belongs to H;%(Rd), see below (4.4))

(2) for almost every w € Q, the random series > X, (w)f2 (as in (2.2))
converges in LP(R%, v),
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(3) there is x € R¥\{0} such that, for almost every w € €2, the random
series > Xp(w) f¥ (z) is convergent in C.

As above, we may add the (apparently stronger) assertion:

(4) for every x € RY, for almost every w € (2, the random series
> Xn(w) f¢(z) converges in C.

PROPOSITION 4.2. — There exists a sequence of functions ( f,,)nen, with
fn € B, for any n € N, and that satisfies (1)—(4) but the random series
> f@ almost surely diverges in LP(R?) for any p € [1,+0c0).

Let us give a few comments about Theorem 4.1:

e The complete solution of the almost sure convergence in LP(R?),
for finite p, is given in [23, Théoréme 1.4]. But the latter result is
useless to prove Proposition 4.2 because we need to deal with an
uncountable set of p. We shall overcome this issue in Section 14 by
introducing a simple Banach space that embeds in any LP(R?) for
any p € [1,400).

e Remembering that any function in Es, 41 is odd, we obviously have
J5,41(0) = 0. That fact explains why we cannot choose z = 0in (3).

We now present similar results for the operators —A + |z[?* on L?(R?)
where d > 2 and a > 1 are two integers (such operators are sometimes re-
ferred as quantum superquadratic oscillators [40, 48, 49]). Due to the fact
that the spectral analysis of such operators is not explicit, our results are
slightly weaker than those of the case a = 1 and we merely concentrate our
efforts in obtaining sufficient conditions of almost sure convergence. From
now, we denote by Vs, a positive 2a-homogeneous polynomial, where “pos-
itive” means that Va, is positive on R¥\{0}. We recall that L?(R?) admits
a Hilbert basis (;);>0 made of eigenfunctions of —A+ Va2, and let (A;);>0
be the associated sequence of eigenvalues which is non-decreasing, positive
and tends to +oo. Thanks to the paper [19], it is well understood that
—A + Vs, should not be considered as a differential operator of order 2 but
as a pseudo-differential operator of order az—fl For o = 1, this consideration
means that the quantum harmonic oscillator —A + |2|? should be seen as
an operator of order 1! Such unintuitive statements will be clarified thanks
to the Weyl-Hoérmander symbolic calculus (see the computation (A.5) of
the A-function associated to a natural metric for —A + Vb, ). Therefore, a

good choice of clusters for —A + Va,, is given by the sequence of intervals

(4.1) I, := (mn%m(n + 1)@275:1]
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and Iy := [0, k] for some fixed constant x > 0. This is perfectly coherent
with the harmonic oscillator —A + |z|? whose spectrum is d + 2N. We then
introduce

VneN Ey = {f€L2(Rd)7 f= Z <fa§0j>90j}'
N €l
We clearly have the Hilbert decomposition L?(R?) = @D, . En- As above,
it will be more convenient to denote by (¢n.1,...,¢n,q,) & Hilbert basis
of E,, with d,, := dim(E,). By comparison with the two settings of Rie-
mannian compact manifolds and the harmonic oscillator, the following gives
another reason to consider the clusters I,,:

1
(42) Ve>1 3IC=1 VYVnx1 6nd—l < dim(E,) < Cnd7L,

The proof of (4.2) is detailed in Section 18 as a consequence of a Weyl
formula with remainder obtained by Helffer—-Robert [19, Théoréme 6-4,
p. 840].

As for the setting of compact manifolds, we aim to study random series
of functions of F,,. The case @ = 1, namely random linear combinations
of Hermite functions, has been already studied in [24, Theorem 2.6] but
the proofs involve squeezing conditions, specific distributional spaces and
subgaussian random variables. The case a > 2 does not appear in the
known literature. We can now state a Paley—Zygmund theorem for —A +
Vaa without any squeezing condition or specific distributional spaces (and
we thus improve [24, Theorem 2.6] for @ = 1). Moreover, the following
statement merely needs a moment condition of order 2.

THEOREM 4.3. — Assume d > 2 and consider a sequence (f,)nen,
with f, € E, for each n € N. We moreover assume that the supremum
sup, ey E[| X»|?] is finite and that the following holds true

(4.3) 37>1 Y I alliae n” 7T 07 (n) < oo,
n>2

Then, for almost every w € €, the random series >, X, (w)f% converges in
L>°(RY) (where f¥ is defined as in (2.2)).

As a direct consequence, we obtain the following “Paley—Zygmund” phe-
nomenon that does not occur for compact manifolds (see the second asser-
tion of Theorem 2.2).

COROLLARY 4.4. — Assume d > 2 and consider a function ZHGN fn
belonging to L?(R?) with f,, € E,, for each n € N. Then the random series
> f¢ almost surely converges in LP(R?) for any p € [2, +00].
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Proof. — With probability 1, the series Y f¢ converges in L?(R%) be-
cause the functions f% are orthogonal and fulfill || f2|| L2(RY) = [ fnll L2 Ray-
The convergence in L>(R%) comes from (4.3). We conclude by interpola-
tion. g

Although Theorem 2.1 looks like Theorem 4.3, the proof of the latter is
much more difficult because R? is not compact. We shall overcome this issue
by proving a precise decay property (see Proposition 17.1) of the associated
spectral function. As for compact manifolds, it is worth comparing with the
LP theory, for finite p. By using estimates proven in the papers [23, 41] (see
details in Sections 20 and 21), one may prove the next two results. Remark
that one almost recovers (4.3) as p tends to 400 in Theorem 4.6.

THEOREM 4.5. — Assume d > 2 and consider a sequence ( fy,)nen, with
fn € E, for each n € N. We moreover assume

Ipe2,+00) swE[X, ] <+oo and Y [falfageyn 7T < +oo,
neN n>1

then

(1) for every Borel probability measure v on R?, the random series
3 X, (w) f@ almost surely converges in LP (R, v),

(2) the random series Y X,,(w) f¢ almost surely converges in L} (R%),

(3) for every x € R, the random series Y X,,(w)f%(x) almost surely
converges in C,

(4) the random series > X, (w)f%(x) almost surely converges in C for

almost every x € RY.

THEOREM 4.6. — Assume d > 2 and consider a sequence ( f,)nen, with
fn € E,, for each n € N. We moreover assume that there is p € [2,+00) for
which we have

sup E[|X,,|P] < 400  and Z ||an2LQ(Rd) n~at (173 < 4oo.
neN n>1

Then the random series Y X, (w)f¢ almost surely converges in LP(R?).

Let us now make a comparison with deterministic results. We need to re-
call the Sobolev spaces associated to —A+Va,: for any s € N one defines the
subspace H,(R?) of the functions f € L?(R?) satisfying (—A + Va, )*/2 f €
L?(RY). From [49, Lemma 2.4 with p = 2]), we have

(44) [ (= +V2a)2|

. fllemw [ @ el
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The definition of the clusters (4.1) leads to the equivalent spectral definition
feML(RY)

2
||L2(Rd) < +o00.
n=1

Forgetting the logarlthmlc term in (4.3), Theorem 4.3 roughly means that

if f belongs to ’Ho%” (R9) then the randomized series Y~ X, (w) f¢ associated
to f almost surely belongs to L>(R?). This “probabilistic Sobolev embed-
ding” should be compared to the inclusion H3(R?) C H*(R?) C L>(R?)
that holds true for any s > %. In other words, the probability theory allows
a gain of almost g (1 + é) derivatives. A similar discussion is possible for
Theorem 4.5 and Theorem 4.6.

5. Three optimal L? — LP bounds and a Bernstein
inequality

We keep the notations of the last part. Our first result proves the sharp-
ness of L? — L bounds of Robert-Thomann [41, Proposition 2.4, § = 1,
6 = 0, r = oo} and Koch-Tataru [29, Corollary 3.2, p = o] for the harmonic
oscillator.

PROPOSITION 5.1. — Let us assume d > 2 and fix k > 1 large enough
(in the sense of (4.2)), then the following estimate holds true

(5.1) Vs> 1 sup M gn%(iaaﬁl_l),
JeE, |f||L2(]Rd)
0

where E,, is the subspace of functions of L?(R?) that are spectrally localized
n (nn(%:l,/f(n + 1)%:1] with respect to —A + Va,.

It is interesting to note that Proposition 5.1 interpolates the optimal re-
sults for the harmonic oscillator & = 1 and for Riemannian compact mani-
folds o = +o00. Although Proposition 5.1 has its own interest, its optimality
and the equivalence d,, ~ n?~! show that our abstract Paley-Zygmund re-
sult (see below Corollary 6.2) cannot provide a better assumption in (4.3).

Our contribution in Proposition 5.1 is the lower bound in (5.1). The
upper bound is proved in [41]. It turns out that Robert and Thomann also
proved lower bounds but for larger spectral windows. Let us explain this
point. Let i be the usual semiclassical parameter that tends to 07 and set
(52, %’1] a spectral window associated to (—A + Va,)2e 25 . We assume for
some ¢ € (0,1]

lim a; < lim by and b —ap 2, h.
h—0t h—0t
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Lemma 3.7 of [41] proves an optimal two-side estimate of the LP norm of
the spectral function of (—A + ‘/2(1)% on [, %’L] but the lower bound
neeﬁs the assumption § < % For ouilpurpose, one his (52, %] = [k e n,
k25 (n+1)] with h = %, a = k2% and b, = k%= (1 + h). Therefore,
we are in the case § = 1 which is not covered by [41]. We overcome this
pseudo-differential issue by proving a decay property of the so-called spec-

tral function of —A + V5, (see Proposition 17.1 for a precise statement).

Let us present another application of this decay property combined with
a probabilistic argument. It is known that large deviations estimates or
the concentration measure phenomenon both allow to obtain sharp L? es-
timates (see [11, 39]) but the case p € [1,2] is not studied and we give
here an alternative point of view based on the multidimensional Kahane—
Khintchine inequalities.

PROPOSITION 5.2. — Assume d > 2 and also fix k > 1 large enough
(in the sense of (4.2)), then the following estimates hold true
.

- )

(5.2) Vpe[2,+00) Vn>1 inf
s 11l 2 (e

f
(5.3) Vpell?2 Vn>1 sup H”Lﬂ ~pafr(3-3).

fEE, ||f||L2(1Rd)
J#0

where E,, is the subspace of functions of L?(R?) that are spectrally localized
in (ﬁn%,n(n + 1)&2731] with respect to —A + Va,.

Our final result is a Bernstein inequality that we will use (at least in
a weaker form) to prove our L*° Paley-Zygmund theorem for —A + Vs,
(Theorem 4.3).

THEOREM 5.3. — For any dimension d > 1, there is C > 0 (that de-
pends on d and Vs, ) such that for any real number p > 1 and any function
f € L?(RY) that is spectrally localized in [0, p] with respect to —A + Vo,
(in particular f is smooth), the following Bernstein inequality holds true

(5-4) vrell,+od]  [VFlLrgey < CVOIfllLrgay -

To the knowledge of the author, the paper [16] gives a general strat-
egy, via gradient estimates of heat kernels, to prove Bernstein inequalities
like (5.4). Although there is a wide literature on heat kernels and their
gradient estimates, we have not found suitable bounds for —A + |z[>**. Our
proof of Theorem 5.3 is of pseudo-differential nature and is explained in
several appendices.
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We stress that the proofs of Proposition 5.1 and Proposition 5.2 do not
give any explicit example of f € F,, that optimizes the considered bounds.
Let us now recall that a concentration phenomenon of eigenfunctions is
usually expected to have an impact on the LP estimates. For instance,
the lower bound (5.2) will come from the exponential decay outside a ball
B(0, —&51y) (see Section 22). Let us explain another concentration phe-
nomenon that is known for explicit examples but is enlightened by the
Bernstein inequality. Consider a sequence of functions f, € E,, that opti-
mize the L? — L> bounds (5.1). For any sequence (2,,),>0 of R%, one may
use (5.4) with r = +o00 to get

Vo eR! |fola)| + |z - | T ||fn||Loo(]Rd) 2 [ fn(@n)]-
Now choose z,, € R? satisfying |f,(z,)| > 1 [ fnll oo (ray- Hence, the func-
tion f,, must concentrate in a small ball centered in z,,:
__a_ 1( ad _
o=zl S0 S fa@) 2 Ml ey 20 E Yl o ) -
Such a concentration around a point implies the following bound from
below
1( ad 1)_d_o_
Vp22  |fallprge 20 G DTS || full oy
da (1 _1)_1
=G0 ol o oy
By comparison with (5.2), the last bound is of interest only if
dae (1 1 1 - d 1 1
a+1\2 p 2 a+1\2 p)’
2d

that is p > d%dl. In other words, the exponent p := =5 is the smallest

exponent above which the peaking concentration is relevant for the LP
bounds. This interpretation is well-known in the following settings:

e The sphere S? can be seen as a limit model corresponding to the
case a = +00. Let (Z,,)n>1 be a sequence of zonal harmonics with
||Z"”L2(Sd') =1 and write AZ,, = —p,Z,, with p, = n(n+d—1).
The following estimates are known (see for instance [23, line (6)]):

2d
1<p< m = ||Z7L||L:D(Sd) ~1,
2d d—1_d
T <P <o = |Znllpegey =n T .
It is moreover known that each Z,, concentrates on a ball B(p, \/%)
for some ¢ > 0 and where p is a pole of S%. It also optimizes the
L? — L* bound (5.1), the L? — LP bounds (5.2) and (5.3) for
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p € [1, d%dl) Note that a more reasonable limit model would be

the unit ball of R? with Dirichlet boundary conditions but similar
observations are true (see [3, Lemma 2.5]).

e For the harmonic oscillator —A + |z|? on L?(R%), it has been re-
cently remarked in [24, Proposition 2.4] that the optimal L? — L
bounds (5.1) are reached for the radial eigenfunctions we denote by
Y. We still write (—A + |2|?)¢, = pntbn with p, = 4n + d. Simi-
larly, it turns out that ), concentrates on a ball B(0, \/;7) C R4,
Combined with [24, Proposition 2.4 (iii)], it also appears that the

functions 1, have optimal L? — LP bounds (5.2) for p € [2, 24).

An intriguing remark is that the same critical exponent d%dl appears in
those limit models whereas it is usually computed with intricate properties
of Jacobi polynomials, Bessel functions or Laguerre polynomials. Although
the boundary case needs further investigations, the Bernstein inequality
shows that this is not an accident for the boundaryless case.

6. An abstract and multidimensional Paley—Zygmund
theorem

Here we want to state an abstract Paley—Zygmund theorem that will
encompass the last settings. So we choose to denote by X a Riemannian
manifold (not necessarily compact). We also consider a sequence (E,,)nen
of nonzero finite dimensional subspaces of L?(X) N L*>(X) N C(X). We
write d,, := dim(E,,). A fundamental object in our study is the so-called
spectral function of E,,:

(61) VeeX 6n($) = ‘¢n,1(‘r)|2 et |¢)n,dn (Z)|27

where ¢, 1, ..., ¢ 4, is a Hilbert basis of E,. An easy but crucial property
of the function = — e, (z) is that it does not depend on the specific choice
of the latter Hilbert basis. In other words, the function e,, merely depends
on the subspace E,,. We now consider the following assumptions that will
be satisfied in our examples:

(A1) there is a constant S € R such that

||enHL°°(X)

< Cn”.
dm(B,) <"

3IC>0 Vax>1
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We now recall that [[€,[| -y admits the following expression

|ar¢1(x) + - -+ + ag, ¢a, ()]
Hen”Loo(X) = sup sup

2EX (a1,...,aa, )€Cn \{0} lai]? + -+ + |aa, |?
(6.2) 9
[t (|70 ()

su 5 .
un €E,\{0} HunHL?(X)
Hence, (A1) is equivalent to

(A1’) there is a constant S € R such that

2
[l x)

3C>0 VYVn>1 VYucE,\{0} < Cn® dim(E,).

2

[[ull L2(X)

We also need a finite subset concentration assumption:

(A2) for any N € N*, there are a constant C' > 1 and a finite set Xy C X
of cardinal Card(Xy) < CNY such that

Vue Ey+- -+ En ||UHL°°(X)<2£?V}§ |u(z)].

The assumption (A2) roughly means that a function belonging to Ey +
-+ + Ey is essentially concentrated in a finite subset of X (independent of
the function). The following theorem is a multidimensional and quantitative
Paley—Zygmund theorem for L°.

THEOREM 6.1. — We assume that (A2) holds true and that the se-
quence of random variables (X, )nen satisfies

Ip € [2,4+00) sup E[| X,,|P] < 4o0.
neN

Consider now a sequence of matrices (by)nen, with b, € My, (E,), satis-
fying

Fy>1 Y () sup [ba(@)|fs < +oo.
n>2 zeX

where || - || ;¢ stands for the Hilbert-Schmidt norm:

dy dn
1bn (@) 135 = DD Ibn.ij(@)]*.

i=1 j=1

Then the following statements hold true
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(1) For any integer N > 2, one has

N p
E, ||| D Xn(w)Vdntr(En(w)bn)
n=2 L>(X)
p/2
<C(X,p,7) (bupE | X | ) (ZW Sup an('r)'i{S) :
n22 nz=2

where all random variables are assumed to be mutually independent
(we recall that the law of the random matrix &, : Q — Uy, (C) is
the normalized Haar measure of the unitary group U, (C) but the
same conclusion would hold true for the orthogonal group Oy, (R)).

(2) The random series Y., . Xn(w)V/dntr(E,(w)bp(z)) converges in
the Banach space LP (9, L (X)) and almost surely converges in
L(X).

At a first glance, only Point (2) seems to be of interest. But we will see
that Point (1) will be used in the proof of Theorem 3.2 dealing with the
cubic wave equation 02w — Aw + w3 = 0.

Before proving Theorem 6.1, we state its main corollary.

COROLLARY 6.2. — Assume (Al) (with a real number S) and (A2).
Consider a sequence (f,)nen of L?(X), with f,, € E,, for each n € N, and
we also assume the following condition

Jy>1 > fallzzx) n° 7 (n) < +oo.
n>=2
We define f¥ as in (2.2) and we moreover consider a sequence of indepen-
dent random variables (X, )nen satisfying sup, ey E[|Xy|?] < +o00. Then

the random series ) . Xn(w)fy almost surely converges in L>(X).

Proof. — We choose b, (x) = #(fn, ®n.j)®n.i(z). Hence, we have
en(2)
d

lbn (2) 75 = IfallZ2x) and Xa(@)fy = Xa(w)v/datr(E

Theorem 6.1, with p = 2, directly gives the conclusion. O

7. Proof of Theorem 6.1
We first recall the multidimensional Kahane—Khintchine inequality

proven by Marcus and Pisier (see [34, p. 81, line (2.1) and p. 91, Corol-
lary 2.12)).
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PRrROPOSITION 7.1. — For any real numbers p > q > 1, there is a con-
stant K, , > 1 such that, for any complex Banach space B, for any integer
N € N and for any sequence of matrices b, € Mgy, (B), one has

P13 aq%
T eraffen] |
B B

Moreover, there is an absolute constant K > 1 such that K, 4 < Kp1 <
K./p.

Thanks to the Holder inequality, note that the converse inequality is
obvious in the last statement:
1
P1p
B]

N q N
S tr(Enb) > tr(Eaby)
n=0 n=0

We stress that the inequalities are stated in [34] with the random series
> dptr(E,b,) but one can consider each integer d,, as a part of the matrix
by, (so we are reduced to (7.1)). In the specific case B = C (or more generally

(7.1)

1
q

if B is a Hilbert space), one can compute the moment of order two thanks
to the Hilbert—Schmidt norms.

PROPOSITION 7.2. — For any integer N € N and for any sequence of
matrices b, € My, (C), the following equality holds true:

N
2
= lballzrs -
n=0

Proof. — See [23, Lemme 2.9]. O

N 2
> Vdntr(Enbn)

n=0

We now write a simple “v/In lemma” that allows to estimate the expec-
tation of a supremum of random variables.

LEMMA 7.3. — Let us consider two integers o« > 2 and N > 0. For
any integers 8 € [1,a] and n € [0, N] one also considers a matrix b, g) €
Mg, (C). Then the following estimate holds true

< ¢\ [1a(a) sup (Zub ,mHHS)

1<5<

E,

Z\Ftr b(nﬁ )

n=0

sup
1<6<a

Proof. — For any real number p € [1, +00), one makes use of the Holder
inequality, the multidimensional Kahane—Khintchine inequalities (7.1) and
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Proposition 7.2:

N

E| sup ]
1B |, 5
a N P %
<E <Z Z\/CTntr(gnb(n,ﬂ)) ) ‘|
pB=1|n=0
a N p %
<E Z Z\/@tr(gnb(nﬁ)) ]
B=1ln=
« N p %
<ZE Z\Ftrf)b(nﬁ) ‘|>
n=0
1= ) %
< 3 E tr(E,b
o i B|| S Ve ]

< Ka%\/f) sup E
1<8<a

N
Z \/cTntr(é'nb(nﬁ))
n=0

N 2
> o lis
n=0

In the case a > 3, one may choose p = In(a) > 1. For the remaining case
a = 2, the choice p = 1 is convenient. O

We shall need a generalization of the Salem—Zygmund inequality that
holds true on a quite general framework. This type of inequality is usually
presented as an estimate of a probability ([27, Chapter 6], [24, Theorem 2.5]
or [11, Théoréme 2]). But it will be much more efficient to estimate expec-
tations because we want to reach a sharp moment condition.

PROPOSITION 7.4. — Assume (A2) and let us consider N + 1 matri-
ces (bn)ogngn with by, € Mgy, (Ey,). Then the following Salem—Zygmund
inequality holds true:

N
Z \/atr(gnbn (x>)
n=0

Li“(X)]

E:Hb s

Lge(X)
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Proof. — This is a straightforward consequence of the finite subset con-
centration property (A2) and the previous lemma:

N
E Z mtr(gvzbn(m)) ]
n=0 L (X)
N
<2E| sup Z@tr(gnb"(x))H
TEXN | ;2
N
< CVin(Card(Xw)) sup |3 lbn(@)lys: O
TEAN n=0

We now have all the ingredients to prove Theorem 6.1.

Proof of (1) = (2). — By considering Cauchy sequences, it is clear
that Point (1) implies that the random series > X, (w)vd,tr(E,(w)by,)
converges in the Banach space LP(§2, L*°(X)) to a random variable U :
Q0 — L*°(X). The Markov inequality thus implies that the random series
3 X (w)Vdptr(E, (w)by) converges in probability to U. The following clas-
sical result of Paul Lévy ([33, Théoréeme I1.3, p. 119] or [31, Theorem 2.4])
ensures that the random series is almost surely convergent in L>°(X).

THEOREM 7.5 (Paul Lévy). — Consider a sequence (Uy,) of independent
random variables that take value in a Banach space B. Then the following
statements are equivalent:

(1) there is a random variable U : Q@ — B such that the series > U,
converges in probability to U:

Ye>0 ET P(|Ui+---4+U,-Ul|g>e)=0.
(2) for almost every w € Q, the series Y U, (w) converges in B.

Proof of Point (1). — We now make use of a well-known trick in the
theory of random series. One can change the probability space 2 by Q2
without any effect on our expectations. Using that all the involved random
variables and random matrices are mutually independent (see Appendix F),
we may prove the following formula

N P
(7.3) Eo ||| D Xn(w)V/dntr(En(w)bn) 1
= . L (X) )
=BEu B, ||| Y Xn(w)Vdntr(E,(w)by) ] .
n=2 L= (X)
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By invoking the multidimensional Kahane-Khintchine inequalities (7.1) in
the Banach space L (X), we get

p 1

L (X)

(@) V/dntr(E, ()ba ()
N
7 X @)Vt (€, (@)ba ()

< CEw’ Ew

P
L;O(X)] ]

where C may depend on p. We now freeze the variable w’ and work on the
last expectation E,. Choose N of the form 22" with k € N and apply the
Salem—Zygmund inequality (7.2):

Lg°(X)‘|

Z Xn(w')\/@tr(gn(w)bn(z))
C\/In 22+1) |\/ 10 (w)bn (2) | 375

22F Cn <2kttt
22F Cn <2kttt

E.

L2 (X)

k
< 022 Yoo X)) sup [
xE

92k <y <2kl

C 2
<ommmm, | X )P T() sup @),

22F Cn<o2ht!

where the constant C' is independent of w’. Using the assumption v > 1
and the Cauchy—Schwarz inequality, we obtain
L (X )]

SE| Y Xw)VdtrE )b ()
\/Zx 7 (1) sup o) s

keN 92k §n<22k+1
nz=2

Let us now explain why the following inequality holds true for any integer
N > 2 and any w’ € Q:

\/>tr

LOO(X)‘|

\/Z X0 () 2 1™ (1) sup b ()]s
rxeX

n=2
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From the previous analysis, if IV is of the form 92" _ 1, then (7.5) is just a
consequence of the triangular inequality. To see that (7.5) still holds true
for any N > 2, we just have to check the monotonicity in N:

LN(X)]
N+1

D X (W) dntr (En(w)bn)
n=2

N

S X)) Vnbr (Eaw)bn)

n=2

E.

L°°(X)‘|

The last inequality is a consequence of the independence of the random
matrices &, ...,En+1 and of the Jensen inequality (by integration with
respect to the last d N1 variables of the random matrices En 1 that are
all centered: E[€n41,:,;] = 0). Hence, (7.5) is proved.

We are close to conclude. We recall that the constant C in (7.5) is inde-
pendent of the variable w’. Combining (7.4) and (7.5) gives us

p
Lm(X)]

<Z|X )% I ( )5§§||bn<z>i,s> ]

As we assumed the inequality p > 2 in the assumption of Theorem 6.1, one

N

Z X (w) mtr(gn (w)b)

n=2

(7.6) E,

may apply the triangular inequality in LZ/, 2(Q)

N P
(7.7) Eu|| D> Xo(w)V/dntr(En(w)bn) ]
n=2 Lo (X)
+oo ) %
C(Z E. | X (w)]?P]7 In” (n) sug)( bn(izr)H?{S)
n=2 ze
The last inequality clearly shows Point (1) of Theorem 6.1. O

8. Proof of Theorem 2.1

It suffices to prove (A1), (A2) and to apply Corollary 6.2. Here E,, is
defined by (2.1) and e, is its spectral function (see (6.1)). We shall need
the following result that proves (A1) with .S = 0.
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LEMMA 8.1. — There is a constant x(X) > 0 such that for any k >
k(X) and (n,x) € N x X, one has

1 B —
m(1+n)d LS enlz) < C(X, )1 +n)d 1,

! —1 . .
aoe LT < dim(B) < O m)(1 0y

Proof. — We use the same idea as that of [11, p. 923] with b, = k(n+1)h,

ap = knhand h ~ % Remark that the L?(X)-normalized function Vll(X)
1

belongs to Ey. Consequently, one has eg(z) > Vorcxy and dim(Ep) > 1. The

continuity of ey and the compactness of X make obvious the case n = 0.

We handle the case n > 1 with an accurate estimate of the spectral
function (see [21]):

eo(x) + - +en(x) = (21) " Vol(B4(0,1))(kn + &) + (kn + k) 1O (1)

where the remainder O (1) is uniform with respect to  and x > 0. By
integraton on X, the Weyl formula reads

zn: dim(Ey) = (27) "¢ Vol (B4(0,1)) Vol(X) (kn + k)¢ 4 (kn + x)371O (1).
k=0

Setting c(d) = (2m)~¢ Vol(B4(0, 1)), we thus get
en(z) = c(d)r? [(n+ 14— nd] + k0710 (1),
dim(E,) = ¢(d) Vol (X)x? [(n+ 14— nd] + k4710 (1)
Choosing k = K’;—: large enough, we get the conclusion. |

It remains to check (A2). Let us consider u € Ey + - - - + Ex and write

N djp

w = Z Z(U, GOri)Praie

n=0 i=1

Hence, the following inequality holds true

|<uv¢n,2>| < HUHLOO(X) ”QSHJHLl(X)

< v/ Vol(X) ||UHL°°(X) [ Pn.i

L2(X)
< v/ Vol(X) HUHL‘”(X) )
which implies for every (z,y) € X%
N dn
Ju(@) = u(y)| < VVOI(X) [[ull poe (xy D D i) = bni(w)].
n=0 i=1
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Remember now the Sobolev embedding H7(X) C W*°(X) that holds
true for any 7 > 1+ g. We consequently control the Lipschitz constant of
each ¢, ; by a polynomial bound in N. The asymptotics d,, ~ n?=1 (see
Lemma 8.1) gives a weak Bernstein inequality

(81) Jea(X)>0 Fea(X)>0 V(z,y) € X?
Ju(z) = u(y)| < et (XN ull o k) dist(z, y).

The compactness of X ensures that there is a maximal finite subset Xy :=
{x1,...,24} C X for the following property: the open balls centered in
T1,...,Tq and of radius r = W are disjoint. Each of those balls
has a volume greater or equal to Crd™(X) Remarking that the volume of

the disjoint union of those balls is bounded by Vol(X), we infer
a< C(X)NCQ(X) dim(X).

The weak Bernstein inequality (8.1) and the maximal property of
{21,...,24} ensure that, for any = € X, one may find x3 such that

d(z,zp) < Wlf\”?(’” holds and hence

C 7 1
[u(a) — u(wg)| < AN Jul| o dist(w, ) < 5 [ful] o ) -

By choosing z € X satisfying |u(z)| = [Jull o), We get [Jullpo(x) <
i [ull o (xy + [uzp)|. The assertion (A2) is then proved.

9. Littlewood—Paley theory for BMO(X)

Once and for all, we consider a dyadic partition of the unity 0 €
CX(RT,R) and 0 € C2°(RT\{0},R), in the sense of Littlewood-Paley:

(9.1) YAZ0 00+ 02N =1

In view to make a functional calculus with second order elliptic operators,
we prefer writing 6(272)) in (9.1) instead of the usual scaling 6(277\).
The goal of this part is to prove the following result that roughly says that
BMO(X) is between the two Besov spaces By, (X) and BY, ,(X).
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THEOREM 9.1. — Consider a smooth function o € C*(RT\{0},R).
Then for any distribution f of the Riemannian boundaryless compact man-
ifold X, the following inequalities hold true

(9.2) 031}121 ||U(*h2A)f||Lm(X) S I llemocx) -
03 Wliwoco S|F-a1], 212 A
j=1

where A stands for the non positive Laplace—Beltrami operator of X.

An essential ingredient of the proof of Theorem 9.1 is the Littlewood—
Paley theory of the space bmo(R?) (see [46, p. 93 (Theorem 2) and p. 50]).

PROPOSITION 9.2. — Let bmo(R"™) be the space of the locally integrable
functions f : R* — C for which the following norm is finite:

1
9.4 = su — — foldx
O Wlhma'= 50, g7 17~ Ja

Vol(Q)<1 )
boswp o / f(@)lde,
oors Vol(Q) Jg
Vol(Q)>1

where we denote by Q a cube of R? and by fo the average of f on (). Then
bmo(R") is exactly the subspace of the tempered distributions f € S’(R%)
that can be written

(95)  fF=0(-A)fo+ Y 0(-27YA)f;,  VjeN feL®RY,

=1

with sup,cpa /2 en [f5(2)[? < +o0. Finally, we have

||f||bm0 ll’lf sup Z|f]
Ii) zeRrd M

where (f;) runs over all admissible representations (9.5).

We now need the following flat but pseudo-differential version of Theo-
rem 9.1.

THEOREM 9.3. — Consider two real numbers > « > 0 and a smooth
symbol o : RY x RY — C with support included in the ring o < |¢| < B
then the following inequality holds true for any distribution f on R¢:

sup Hg(aja hD)f||L°° (Rd) ~ ”f”bmo(le) ’
0<h<1
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where we set

o kD)) = [ (e fO 5

Rd

Moreover we have

~ 2 .
I o S [0=207] oy + 20280 e
Jz

Proof. — Let Wg *1(R%) be the usual Sobolev space for some integer
5> g. It is easy to check an inequality of the form
(9.6) sup ”U(xth)fHLoo(Rd) S ||U||L°°(Rd,W2S’1(Rd)) ”fHLOO(Rd) :

0<h<1 ® €

More precisely, it is sufficient to get an adequate bound of the kernel
Ky (z,y) of o(z, hD):

dg
(2m)

Kh(xa y) = / ei<ziy’§>a(xa hg)
R

[ K(w.9)f(u)dy = o(a, hD) (x).

A change of variable and an integration by parts give

. 1 {57 EH8) LAY d¢
/Rd ‘ h(x’y” y_/Rd /Rd (1+h72|$—y‘2)5( a 5) U(x’f) (27Th)d
which is less than

s 1 dy
f 0= 20retw el ([, i i) €
<C.s) [ 10-Ae ot

< O(d; 8) [lo]] po (met wr2e1 ()

dy,

which clearly gives (9.6).

To prove the first inequality of the statement, we assume that f belongs
to bmo(R?) and we consider a decomposition of f as in (9.5). We then
write for any integer 7 > 1

. . _ . d
(97 ole. D2 P A)fy(a) = [ (e no2 I (€ g5
R4
For convenience, we assume that the support of 6 is included in [a?, b?] with
b>a > 0. Let Z(h) be the set of j € N* satisfying § < h27 < g Passing to
the logarithm shows that the cardinal of Z(h) is bounded with respect to
h € (0,1] (this is the crucial property that comes from the assumption on

the support of o). For any j ¢ Z(h) the two intervals [, %] and [a27,b27] are
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disjoint and the symbol (z,&) — o(z, h€)0(2727|£|?) identically vanishes.
Coming back to (9.5) and (9.7), we get

(9.8)  o(z,hD)f = o(z,hD)I(=A) fo+ > o(z,hD)O(—2"2A)f;.
JEE(h)

Note that the inequality (9.6) shows that the operators 6(—A) and 6(—h2A)
are also uniformly bounded from L>(R%) to L>(R9) with respect to h €
(0,1]. Hence we get

||U(x7hD)fHLOO(Rd) S follpee ®e) T Z ||fJHLoc(Rd
j€E(h)

< (14 Card(E(h))) sup || £ oo (et
JEN

> 1fi@))? :
jeN Lo (R4

Since this last estimate is independent of the sequence (f;), Proposition 9.2
finally proves the inequality

sup |lo (2, hD) fl oo gy S 1f lbmogea) -
0<h<1

It remains to prove the second inequality of the statement
2 L 9
£ ooy S H9 )fHLOQ(Rd) +_llo-2 D) FI[ e gy -
j>1

Let © € C°(RT,R) (respectively © € C° (RT\{0},R)) be a function that
1dent1cally coincides with 1 on the support of ] (respectlvely ). Hence, we
have 0 = @ and #O© = 0. So the Littlewood— Paley decomposition of f
allows to set a natural sequence of (f;) in (9.5):

F=0=0)f+>_0(=277A)f
9.9 7j=>1
(9.9) =0(—A)6 (f)+>_ (=277 M) O(-27YA)f.
=fo Jjz1 =f;

Thanks to Proposition 9.2, we obtain

~ 2 .
17 moceey  [OC2IF, _ y + 2010272 8) 7 -

=1

>

By a standard argument (indeed almost the same as that of (9.8)), if one
plugs (9.9) in each f of the right-hand side and if we invoke that the
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operators ©(—A) and ©(—h2A) are uniformly bounded from L*(R%) to
L>(R?), we easily get the conclusion. O

Similarly to (9.4), we recall the definition of the BMO semi-norm on R¢:

1
9.10 f 1= sup 7/ f— foldzx.
( ) H ||BMO(]Rd) OCRd VO](Q) Q| Q|
And we have the simple inequalities

(9.11) [flsmo®ay < 21f lbmomay < 2 1f lemoray + 2 1f [ 11 (ra) -

As we will work on compact manifolds, we need a few tools to transfer
local estimates. The first one is the following result proved by Brezis and
Niremberg.

PROPOSITION 9.4. — For any p € [1,+00) and any x € C!(X), one may
find C' > 0 such that for any g € BMO(X) the following inequality holds

true

012 lallancsy + Deslhsio) < (Iolvorsy + | [ a@ias]).
Proof. — This inequality may be deduced from Lemma A.1, Lemma B.3

and Lemma B.8 of [9]. O

With a small modification of Lemma A.10 of [9], we also have the fol-
lowing intuitive result.

PROPOSITION 9.5. — Let U be a bounded open subset of R and V
be an open subset of the boundaryless compact manifold X. We assume
that there is a diffeomorphism o : U — V that extends as a diffeomorphism
from a neighborhood of U to a neighborhood of V. Then there is a constant
C > 1 such that, for any function g € L'(X) with support in V, the
following holds true

1
(9.13) C ||9||BM0(X) <llgeo Q”BMO(]Rd) <C HgHBMO(X) .
where g o p is extended by 0 outside U.

Proof. — We shall explain the strategy for the second bound in (9.13)
but the first one is similar. All the ideas are in [9] but we have to carefully
increase U and choose small balls. In view to bound ||g o ol[gpo(ra), We
recall that we obtain an equivalent definition of ||g o ol gy ra) by replacing
cubes in (9.10) with Euclidean balls. So we have to prove the following
inequality (uniformly with respect to x € R¢ and r > 0):

dy
9.14 — <
( ) ‘/B(zyr) |g o Q(y) (g o Q)B(I,T)|V01Rd(B(w7T)) ~ ||g||BMO(X) )
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where we recall that (g o 0) (s, is the average of g o p on the ball B(z,7)
(see (9.4)). Let us choose R > 0 small enough such that ¢ extends as a
diffeomorphism from the following bounded open subset

Ur :={z € RY, dist(z,U) < R}

to an open subset of X. We notice that there is a constant K > 0 such that
the following holds true

VreUgpy Vre(0,R/4) o(B(x,r)) C Blo(r),Kr) C X.

Since the definition (2.4) of the BMO semi-norm on X involves the injec-
tivity radius ro(X), it will be convenient to assume that R is also small
enough so that £ < ry(X) holds true.

Case 1: r < % and x € Ug/y. — We then use the second argument given
in [9, p. 243]. More precisely, by writing (g o 0) p(z,r) as an integral, we see
that the left-hand side of (9.14) is bounded by

dydy’
/ / Igog(y)—goe(y’)l%-
B(z,r) J B(z,r) VOle (B(QL'7 T))

Although we have agreed to extend gop by 0 outside U in our statement, it is
clear the formula o(U) = V shows that the equalities goo(z) = 0 = g(o(z))
still hold true for any x € Ug\U. So we can make a change of variables to
change the last double integral as

(9-15) /Q(B(m’r)) /Q(B(m)) l9(2) = o )IVole(B(x,r))27

where J is a Jacobian function. Since we have B(x,r) C U% and Usp/4 is
a relatively compact subset of Ui on which g is a diffeomorphism, the func-
tion J appears to be bounded on o(Usg/4). We finally notice the obvious
bounds

Volga(B(z,7)) Z 7 Z Volx (B(o(x), Kr)).
The combination of the last facts allows us to control (9.15) by
dzdz’
l9(2) — g(=")] :
/B@(z),m) /B(gu),m-) Volx (B(e(), Kr))?

Since K'r is less that the injectivity radius ro(X), it turns out that the last
term is bounded by [|g||gyo(x) (see [9, p. 202]).

Case 2: r < % and x ¢ Urj2. — The function g o ¢ has support in U
so vanishes over the ball B(z, ). Consequently, the left-hand side of (9.14)
vanishes.
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Case 3: r > &, — We merely bound the left-hand side of (9.14) by
2

C
G a2 2O < S0 7 J WO

which is controlled by [|g[lgyox) + | [ 9(z)dz| thanks to (9.12). Remem-
bering that BMO semi-norms vanish on constant functions, we could have
added from the beginning the assumption | + 9(2)dz = 0 so that we get the
wanted conclusion. ]

We now have all the tools to prove Theorem 9.1. Let us adapt the tech-
nique of the semi-classical functional calculus developed in [10, part 2.1].
Due to the compactness of the manifold X, we may assume that X admits
coordinate patches similar of those of Proposition 9.5. Let o : U ¢ RY —
V C X be one of them and consider x1,x2 € C3°(V) such that xo = 1
near the support of x;. From [10, Proposition 2.1], if one fixes a symbol
o € C®(RT\{0},R) and an integer N € N* large enough such that H™ (R)
embeds in L>(R?) then one can find several smooth symbols oy, ...,on
with compact support in R x R? such that the following holds true for any
h € (0,1] and any f € L*(X):

N
(9.16) 0" (xao(=h*A)f) = > Woj(x, hD)o* (x2f) + Ry a(f),
=0

where the remainder satisfies HRN,h(f)”HN(Rd) S B[ fllp2(x) uniformly in

~

h € (0,1]. Our assumption on N even gives

(9.17) IR () ey S 12y -

Furthermore, we have og(z,§) = x1(o(x))o(p(z,£)) where p is the principal
symbol of —A in the coordinate patch p : U — X (that is the last statement
of [10, Proposition 2.1]). As in [10, p. 578], the symbol p(z,&) behaves
like ||?:

3C>1 VYaeU VEeR? é\g|2<p(x,£)<0\€l2.

We then note the important following fact that comes from the assumption
o € C(RT\{0},R): the symbol o (z, £) is supported in a ring with respect
to €. Moreover, the same property is shared by o1,...,0n thanks to more
sophisticated expressions involving the Cauchy formula and the Helffer—
Sjostrand formula (see [10, p. 577]).

Proof of (9.2). — Noting the equality o(—h2A)1 = 0, we see that (9.2)
is consistent with the fact that the semi-norm ||-|/gmo(x) vanishes for
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constant functions. So we can assume that [, f(z)dz equals 0. It is now
sufficient to prove the inequality

(9.18) lo* Cao (=2 A) D oy < 1 lmntox -

In (9.16), the contribution of Ry ,(f) is directly controlled with (9.12)
and (9.17). We now turn to the pseudo-differential operators o;(z, hD).
Since N is fixed, one can use Theorem 9.3 and the three inequalities (9.11),
(9.12) and (9.13) to get

N
> Woj(x,hD)o* (x2f)
i=0 Lo @)
S ||Q*(X2f)||bmo(]Rd) = [l(xaf) o QHbmo(Rd)
S I(x2f) e ellgmoay + [10x2f) © oll 1 gy
S ||X2f||BMO(X) + HXQfHLl(X)
S o) -
The inequality (9.18) is proved. O

Proof of (9.3). — All the ideas are in [10, Corollary 2.3] but we must
play here with BMO(X), L*°(X), BMO(R?) and bmo(R¢) instead of the
mere two spaces LP(X) and LP(R?). Writing f as a sum of functions y f
(with a partition of unity localized in charts of X), we see that it is sufficient
to prove the inequality

~ 2 B 9
919) oo < [F-A|, o+ D102 A -
k>1

Following (9.1), we write a Littlewood—Paley decomposition of the distri-
bution f of X:

o 0af) =0 (af(=A)f) + > o ab(-27F A)f).
k>1
Thanks to the semi-classical functional calculus of §(—h2A) (as in (9.16)
but replacing o with 6), we infer

(9:20) o*(x1f) = " (x10(—A)f)

N
+> ( 27490, (2,27"D)o* (x2f) + Ry 3 (f)) :
7=0

k>1

We finish in several steps.
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Step 1. — The inequality [ [[,;,ora) < 3 || oo (ra) 15 obvious thanks
0 (9.4). So we have

|

(10(-A)f)

oy <3 Caf2) )]
<slpui-a],.,,

S Hé(_A)fHLw(X)

Lo (Rd)

Step 2. — Using (9.17), one easily get rid of the remainders:
Z HRN2 «( Hbmo (RY) 32 HRN2 ( HLoe(Rd) Sz

Step 3. — In this step, we fix j once for all and we remark each
0;(x,27%¢) has support in a ring %2’“ |€] < C2F. As a consequence,
6;(x, 27%¢) is bounded by 27* for any semi-norm in the Hérmander pseudo-
differential class St o: for any (o, 8) € N% x N? and k € N* we have

(9.21) sup (L4 (€)oo (0w, 27 )} S 27F
(z,£)ER? xR

Similarly, the symbol 6(27%¢|¢|?) has support in a ring —QZ < ¢ < Cr2f
and we can write

(9.22) V (a,pB) € N x N¢

sup  (L+[e)) " T aga (a2 ey S 27
(z,£) ERY xXR?

Now we choose v large enough such that if |[¢ — k| > v holds true then
0(272¢1¢|?) and 0; (x, 27%¢) have disjoint supports. Consequently, their sym-
bolic calculus ensures that the operator 6(—272A)6;(z,27%D) is smooth-
ing (see [32, Theorem 1.1.20]). In particular, if we stop that symbolic calcu-
lus at the order N +2, it appears that the symbol of (—272¢A)0;(z,27*D)
belongs to Siév. From the proof of Theorem 1.1.20 of [32] and from the
Calderon—Vaillancourt Theorem, we may bound, up to a multiplicative
constant independent of ¢ and k, the norm

“9(_2_2£A)9j(x, 2_kD) HL2(Rd)*>HN(]Rd)

ANNALES DE L’INSTITUT FOURIER



MULTIDIMENSIONAL PALEY-ZYGMUND THEOREMS 2761

by a product of two semi-norms of 6(—272¢¢|?) and 6;(z,27%¢) in 7.
Then (9.21) and (9.22) give us

(9.23) ||0(=27°A) Y 27M6;(2,27* D)o (x2f)
k>1
|k—L|>v

Lo (R%)

S 27 o (2 )l 2 o)
S27 Nl L2

Similarly, upon increasing v € N, we have

(9.24) —A) > 27M0,(2,27* D)o (x2f) SN2y -
k>v Lo°(R4)
We may also assume that the same v is chosen for each j € {0,...,N}.

Step 4. — Thanks to (9.11) and (9.13), we first connect the three BMO
spaces:

2
Ix1f B S lle*ahImmoa < 216" ) pmogra) -

Looking at (9.20) and using Step 1 and Step 2 allow us to bound
1 fEmocx) by

1712 + -2

L (x)
N 2
+ Z(ZQ_kjej(%?_kD)Q*(Xzf))
k>1 1\ j=0 bmo(R)

We now use Theorem 9.3 and the two inequalities (9.23) and (9.24) to get
the bound from above

.
171y + ||| o

)Y S 2 H0, (e, 2 D) ()

0<k<y j=0 Lo (R4) ,
+> [lo=27%a) > Zz k19, (x, 27" D)o* (x2f)
>1 k>1 j=0 Lo°(R4)
[k—tI<v

As seen in the proof of Theorem 9.3, the Fourier multipliers g(—A) and
0(—272¢A) are uniformly bounded from L>*(R?) to L>°(R%). And if we
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plug the remainders of (9.16), we can bound ||X1f||]23MO(X) by

2
RO NI D))

) - 2

1713200 + |1, o+ 2 |
k>1

We again make use of (9.17) in order to write

9 9 ~ 2 K 2
o flenioge) S 1712200 + P20 o + > Jo2r ],

Since L?(X) is a Hilbert space, the following Littlewood-Paley inequality
holds true

#1172y = ||P=)1]

2
L*(X)

2
+ He _9 kA ‘
oo T2 ( ) f
~ 2 2
< |lg—a H Ha _9 kA H .
< |o-as ) ]

Finally, (9.19) is proved. a

10. Proof of Theorem 2.2, part 1

We need the following consequence of Theorem 9.1.

PROPOSITION 10.1. — Consider a sequence (f,)n>1 of L?(X), such that
fn € By, for any n > 1 (see (2.1)). Then there is a constant C > 1 such
that the following inequality holds true:

D I <C)

nz1  [IBMO(X) keN

2 2

(10.1)

>t

2k <n<2k+1

Lo (X)

Proof. — Let us assume that the right-hand side of (10.1) is finite. The
inclusion L>°(X) C L?(X) ensures that the series > ns1 [ is well-defined
as an element of L?(X). Now we want to apply Theorem 9.1 to f =
> ns1 fn- Let b > a > 0 be two real numbers such that Supp(6) C (a?,b?).
By using that each f, is spectrally localized in [xn, x(n + 1)] with respect
to v/—A, we see that there is v € N such that the following holds true for
any positive integers j and k:

lj—kl>v = [k2F, k(2T + 1)) N [a27,027] = 0,
= 0(-27Y4a) > fa=0.

2k Ln<2k+1

ANNALES DE L’INSTITUT FOURIER



MULTIDIMENSIONAL PALEY-ZYGMUND THEOREMS 2763

We now invoke the fact that the operators §(—h2A) are uniformly bounded
from L>°(X) to L*°(X) with respect to h € (0,1] (see [10, Corollary 2.2]).
Hence, we can write

022 ) ey = |P-2758) > >0

keEN  2kLn<2k+l L>(X)
li—k|<v
<C Y | X A
keN 2k Ln<2k+l L~ (X)
|7 —k|<v
2
_95 2
027 A ey S C2v 1) >0 |1 3D
keN 2k Ln<2k+1 L>(X)
l7—k|<v

By using that 0 has support in [0,52} for some b > 0, we can choose v € N
satisfying k2¥ > b and we similarly find

H=B)1] oy <[00 g
o], o, D Sl D S
1<k I 2P <n<2h 41 Lo (X)
2
- ~ 2
e, <o)L S
( - 1§k§; 2k Cn<2k+1 L~ (X)
Straightforward computations lead to
~ 2 . 9
He(_A)fHL D022 A) || )
>(X) 4
Jjz1
2
S| X O
keEN || 2k Ln<2k+1 L>(X)

We can begin the proof of the first statement of Theorem 2.2. Remember-
ing that BMO(X) is a Banach space (once we identify functions differing
by a constant), we have to prove that the random series > X,, f2 satisfies
the Cauchy convergence test for almost every w € ). Thanks to Proposi-
tion 10.1, it is enough to prove that the following finiteness almost surely
holds:

(10.2) >

keN

2
< +o00.

S X

2k <n<2k+l

Le=(X)
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We follow the same strategy as that of Theorem 6.1. We introduce a new
variable w’ that we momentarily freeze, then we invoke the Salem—-Zygmund
inequality (7.2) and the same computations we made in the proof of Corol-

lary 6.2:
L°°(X)‘|

SVE|| S R Il 2k

2k< <2k+1 )
s L (X)

Vk>1 E,

S X))

2k Ln<2k+1

But we have already seen that, in the compact manifold setting, the
function dime(% y is essentially constant (see Lemma 8.1). The Kahane—

Khintchine-Marcus—Pisier (7.1) inequalities then give

E, > X ]S > ()X (@) £l 72 x)
2k Ln<2k+1 (X) 2k Ln<2k+1
2
w 2
E|| Y Xuw)r ]s S ) X @) Il )
2k Ln<2k+1 L= (X) 2k <n<2k+l

To get rid off w’, we invoke (7.3) (see Appendix F for more details)

2
E.

> Xalw)fy

2k Ln< 2kt

Lee(X)

=E. |E,

> Xy

2k Ln<2k+1

2
L°°(X)‘|‘|

s(supEnXm) S ) e

n=2 2k Cn<2k+1
The assumptions of Theorem 2.2 finally give
2
> E, > Xaw)fy < 400,
keN 2k {n<2k+1 L>(X)

which in turn gives (10.2) for almost every w € Q.
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11. Proof of Theorem 2.2, part 2

We need the following result giving a necessary condition of almost sure
convergence.

LEMMA 11.1. — Assume d > 2 and consider a sequence (fp)nen Of
L?(X) such that f, belongs to E,, for each n € N. If the random series
> f% almost surely converges in BMO(X), then the following limit holds

true
lim_/In(n) || fall 12 () = 0-

n——+oo

Proof. — Thanks to the formula (2.2) and [34, p. 92, Theorem 2.14, i)
= iv)] (see also [23, Théoreme 2.8]), we know that the almost sure con-
vergence of the random series > f% in BMO(X) is equivalent to that in
L' (2, BMO(X)). As a consequence, we get lim,, o E[[| £ [smox)) = 0.
Remember that each random function f¥ is spectrally localized in [kn,

k(n+1)] C [+, %] with A = -L provided that n > 1. Now choose a

function o € C°(RT\{0},R) that identically coincides with 1 over [1,2],
so we have o(—h?A)fY = f¥. The inequality (9.2) then gives
imy, o0 B[ i/l o (x)) = 0. But [11, Théoreme 5, p. 930] ensures

that the previous sequence is almost equivalent to \/[In(R)[ || fullp2(x) =

VIn(n) ||anL2(X)' O

We can finish the proof of Theorem 2.2. Let (ng)reny be an increas-
ing sequence of positive integers such that the series m is con-
vergent. Consider now a sequence of functions (f,), with f, € E,, such

that ||f”HL2(X) = ﬁ holds true if n = nj for some k, and 0 ei-
n(ng
ther. Lemma 11.1 ensures that the random series Y f¥ does not almost

surely converge in BMO(X) (and in fact almost surely diverges due to
the Kolmogorov’s zero-one law). But the series ) ||fn||iz(x) In”(n) =

ZkeN m is convergent for any v < 1.

12. Proof of Theorem 2.3

We need a result proved in [23] (that may be compared to Theorem 6.1).

THEOREM 12.1. — Let (X,v) be a o-finite measure space, (d,)nen be
a sequence of positive integers, (b,)nen be a sequence of matrices with
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b, € Mg, (LP(X,v)) for some p € [1,+00), and a sequence (X, )n>0 of
independent random variables satisfying

0< inf E[|X,|] and  sup E[|X,|"**?P)] < +o0.
neN neN

Then the following assertions are equivalent:

(a) the functionz — >, <, 2?21 2?21 |bp.i j(2)|? belongs to L% (X, v),
(b) for almost every w € §, the random series Y , X, (w)v/dntr (E,(w)by,)
converges in the Banach space L?(X,v).

Finally, if one merely assumes sup,,cy E[|X,,|™*(2P)] < 400, then the im-
plication (a) = (b) holds true.

Proof. — Apply [23, Théoréme 2.1] with M,, = X,,&,. Finally, the last
statement comes from [23, Corollaire 2.14]. O

With the above notations and those of Theorem 2.3, set b, ; j(z) =
\/%<fna ®n.j)Pni(x) for any z € X (as in the proof of Corollary 6.2). Let
us now begin the proof of Theorem 2.3.

(1) & (2). — This equivalence is indeed already contained in [23,
Théoreme 2.2]. We write it because it involves a computation that we will
use in the sequel of the proof. Note that (2) is nothing else than the condi-
tion (b) of Theorem 12.1. It remains to check that (1) is the condition (a)
of Theorem 12.1:

dn_ dn ||fn||L2 I £nll 2 (x) €n(2)
(12.1) Zz|bn,i,j($)|2 Zm” 2:+,
=1 :1 n

which is equivalent to || an%Z (x)» uniformly in z, thanks to the accurate
estimate of the spectral function on a boundaryless Riemannian compact
manifold (see Lemma 8.1). Since v is assumed to be a probability mea-
sure in Theorem 2.3, the condition (a) means that the series Y || fn||2Lg( X)
converges.

(3) = (1) and (1) = (4). — Look at Theorem 12.1 in the very particular
case X = {x} and p = 2. Hence, L?(X) is just the unidimensional space
of functions that send x to a constant. We thus can identify L'(X) and
L?(X) with C. Again, (12.1) gives the conclusion.

(4) = (3). — Obvious. O
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13. Proof of Theorem 4.1

For pedagogical reasons, we prove here Theorem 4.1. We follow the same
strategy as that of Theorem 2.3. We merely explain the slight modifica-
tions with the needed inequalities of the spectral function (proved in [23,
Proposition 4.1]). We first recall that it is well known that d,, := dim(E,,)

is a polynomial of degree d — 1 with respect to n.

(1) = (4). — We need to know the following bound |[|ep || f.cc ey < ng-

Therefore, one may use

o a2 g en@)
d,

4
2

VzeR S fallfe ey m

(4) = (3). — Obvious.

(3) = (1). — We need to use that there is a universal constant o € (0, 1)
and a constant C(d) > 0 such that for any n > 1 and any = € R\ {0} one
has

(13.1) ﬂ <lz|<ov2n+1 = ey(x) = ni-l,

Vi

We finish as in the proof of Theorem 2.3 by taking account the following

||fn||2L2(]Rd) en(z)
dn

(1) & (2). — From Theorem 12.1 and (12.1), we know that (2) is equiv-
alent to the condition

Vo eRN{0} In,eN Vn>n, ~ ||f”||2L2(Rd) ng.

S a2 € 2R,

n>=1

By using the inequality e, (z) < n%=1 and the fact that v is a Borel prob-
ability measure on R?\{0}, one immediately gets the implication (1) = (2).
For the other side, we remark that (2) implies that the series
> ||aniZ(]Rd) e"ésf) converges at least at one point z € R4\ {0}. Then (13.1)
gives (1). O

Remark 13.1. — The proof of (13.1) relies on very specific properties
of Hermite functions. It is maybe possible to get a more interesting proof
of (13.1) by looking at the details of [17, Lemma 10]. Note however that the
Bernstein inequality (5.4) and the equality e2,11(0) = 0 forbids to replace

cd) . . o Cd)
Tn) in (13.1) with a better bound like Tf—g and 6 > 1.
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14. Proof of Proposition 4.2

Let us explain a little probabilistic issue in the statement of Proposi-
tion 4.2 by considering the following two assertions:

(a) for any fixed p € [1,+00), the random series Y f& almost surely
diverges in LP(R%),
(b) the random series > f¢ almost surely diverges in LP(R?) for any
p € [1,+00).
The assertion (a) means that for any p € [1,+00), one may find an event
Q, C Q of probability 1 such that for any w € 2, the concerned random
series diverges in LP(R?). It is not clear at all that one may deduce (b)
from (a) since the uncountable intersection of the events €2, has no reason
to be of probability 1 and, even worse, to be an event. We shall overcome
this difficulty be considering a weighted Lebesgue space that continuously
embeds in any LP(R?) for p € [1,+00). Before introducing this Banach
space, we begin by the following result that will also play a fundamental
role in the proof of Proposition 5.2.

PROPOSITION 14.1. — Let X be a o-finite measure space. For any p €
[1,400) and any positive measurable function W : X — (0, 00), we denote
by LP(X,W (x)dx) the weighted Lebesgue space defined by the norm

1/p
VIEDXWWI) I lumoewin = ([ F@PWEas)

Consider now a nonzero finite-dimensional subspace E of the vector space
L3(X)N LP(X,W(z)dz) and let (¢1,...,¢s) be a Hilbert basis of E. For
any f € E satisfying ||fHL2(X) =1, the following holds true

1 5
E ZIZI n’LJ( )<f7¢j>¢z( )

LY (X,W (z)dz)

St [ds()?
Ve

where ~ means that the quotient belongs to [ﬁ, C(p)] for some C(p) > 1.

LY (X, W (z)dz)

Proof. — Thanks to (7.1), it is sufficient to compute the following ex-
pectation
5

5
ZZ nl]( )<f7¢]>¢1( )
=17

=1

E.

p
L,’;(X,W(z)dz)]
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Applying the Fubini theorem, the previous estimate is nothing else than

| E

Again, (7.1) shows that the previous is equivalent, up to a multiplicative

s 0

SN i (@)(F, 65)di(x)

i=1j=1

] W (z)dz.

loss merely depending on p, to the following

| E

Using Proposition 7.2 and the equality || f||2(x)=1, we easily conclude. [

)

Z Z g"ﬂ}j (w) <fa ¢J>¢Z(JZ)

i=1 j=1

29 p/2
] W (z)dz.

We now need the following variant of Lemma 11.1.

LEMMA 14.2. — With the same notations as in Theorem 4.1. If the

random series Yy, f¥ almost surely converges in the weighted Lebesgue space
L (Rd ) , then

da
) 1-H:C|d

. _4d
Jim 2”5 In(n) || fall 2 gy = 0.

Proof. — Remembering the proof of Lemma 11.1, we know that the

expectation E[Hf,‘;’HLl(Rd da d)} tends to 0. Thanks to Proposition 14.1
P14z
and (13.1), we may write for n > 1

w
B 153 e e |

VIon 1@+ + [dna, (@)
dn

/en(@) dz

1
= ar

d_ 1
-3 /0\/2n+1 ’I“d_ldT
—1

= an||L2(Rd)

dz
LL(RY, 42 0)

n4
2 N fallp2gay =y

2

1+rd
_a
2 W fnllpzgayn™# In(n). O

The end of the proof of Proposition 4.2 is now easy. Consider an in-
creasing sequence of integers (ny)r>o0, with ng > 2, such that the series
> m converges. Choose now a sequence (f,)nen, with f, € E,, such
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that

n¢&{ng,n1,...} = fn=0,
d 1

JkeN n=np=|fall2geyn”* = In(n)’

Hence, the sequence ||fn||iz(]Rd) n=t

lemma, there is an event Qy C €, of positive probability, such that for any
w € Q the series Y f« diverges in L* (Rd, lﬂ%lfl) By independence of the
random functions f~, the Kolmogorov’s zero-one law ensures that P ()
indeed equals 1. But the Holder inequality gives:

Vpell,+00) Ve LP(RY /]R @) g, < (/R |¢(x)de>l/p.

d1+‘.’£|d ~

is convergent. Due to the previous

As a consequence, for any w € Qg and for any p € [1, +00) the series > f¥
diverges in LP(R?). O

15. Proof of Proposition 3.1

We need the following corollary of Theorem 12.1.

PROPOSITION 15.1. — Let H be a Hilbert space, (d,)nen be a sequence
of positive integers, (by,)nen be a sequence of matrices with b, € Mg, (H).
For any sequence (X,,)nen of independent random variables satisfying

0 < inf E[|X,|] and supE[|X,|?] < +o0,
neN neN

the following assertions are equivalent:

(1) the series 3,50 3 25 bn,i g3 converges,
(2) for almost every w € (, the random series }, -, Xn(w)Vdn
tr(&, (w)by) converges in H.

If one merely assumes sup,,cy E[| X,,|?] < +oo then (1) implies (2).
Proof. — By considering a closed subspace that contains the elements

bn,i j, one may assume that H is separable and hence equals L?(v) for a
o-finite measure v. Theorem 12.1 therefore ensures that (2) is equivalent to

dn dn
SN lbnigl? € ().

neN i=1 j=1

By integrating over v, one recovers (1). (|

ANNALES DE L’INSTITUT FOURIER



MULTIDIMENSIONAL PALEY-ZYGMUND THEOREMS 2771

The proof of Proposition 3.1 is now straightforward. We first decompose
Vo = Y. ,envon following the Hilbert sum L*(X) = @ E,. Thanks to
Proposition 15.1, the series (3.1) defining the random initial data v§ almost
surely converges in the Hilbert space H*(X) if and only if the following
holds

n

dy
ZZZ} (00, )12 bl 2o ey < 00

(15.1) ety o |2
Vo,n L2(X) dn 9
Z 4 Z ||¢n,j||Hs(X) < +o0.
neN n j=1

Remember now that ¢, ; is spectrally localized, with respect to v—A, in
[kn, km 4+ n] (see (2.1)). So HQS”J”HS(X) behaves like n® as n tend to +oo
and it turns out that (15.1) means that vy belongs to H*(X) (see (2.7)).
Thus, the proof of Proposition 3.1 is complete. a

16. Proof of Theorem 3.2

We essentially combine our Paley—Zygmund theorem with the analysis
of [14].

THEOREM 16.1 (Burq—Tzvetkov). — Consider s > 0 a real number and
X a boundaryless Riemannian compact manifold of dimension 3. Also con-

sider a function

Q— H*(X) x H*71(X)
(16.1) o

w = (vg,vy)

that satisfies the following property for almost every w € ):
sin(tv—A)

N ()
€ Lt loc(Rv LE(X)) n Lt loc(R’ LEO(X))

(16.2) cos(tvV—A)v§ (z) +

Then, for almost every w € (), the cubic wave equation on X with initial
data (v§,v%)

(8,52—A)’U+1)3:O7 U(Oa'):va)’ ’[}(07'):1]‘{)7

admits a unique global solution satisfying

() — cos(tV— A — Smfﬁ> € CO(R, H (X)) N CL(R, L*(X)).
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Proof. — This is the meaning of the proofs of Proposition 2.1 and Propo-
sition 2.2 of [14]. O

Let us comment on the previous result. The fact that X is of dimension 3
is used for the local existence [14, Proposition 2.1] thanks to the Sobolev
embedding H'(X) C L°(X). The proof of Theorem 16.1 is deterministic
and the main interest of the probability theory is that it provides a random
process (16.1) that almost surely fulfills (16.2). This property is proved for
X = T3 in [14, Appendix A] and for the sphere X = S* in [43]. In both
cases, the crucial fact is that the torus and the sphere admit a Hilbert basis
of eigenfunctions that are uniformly bounded in all LP(X) spaces, for any

€ [1,400).

Let us now comment on the part Ly ,.(R, L3°(X)) of (16.2). Tt is usually
proved thanks to the Sobolev ernbeddlng WeP(X) C L*®(X) (that holds
true for any p > %) From a probability point of view, this embedding forces
to consider random variables that have a p-th moment (so p > % > 1ifs
is near 07). Our quantitative Paley—Zygmund theorem (see Theorem 6.1)
allows to consider random variables that merely have a third moment (this
is probably sharp since this moment is directly linked to the cubic nonlin-
earity).

PRrROPOSITION 16.2. — Consider a real number s > 0, a couple of real-
valued functions (vg,v1) € H*(X) x H*"'(X) and a sequence of inde-
pendent random variables X,, : Q@ — R satisfying sup,cy E[| X0|?] <
+00. Then for almost every w € Q, the following two functions belong

to L?locUR’ L;O(X))
dn dn
cos(tvV—A) ZX" ( Zgn” ){V0; Pn,j) Pn (T ))
(16.3) net s

S

n

Slnt\/i &
HE L (

Sn i j Ula ¢n,j>¢n,i (I)> .
1

neN i=1j

Consequently, the latter two random series almost surely belong to the
space L3 Loc (R, LS(X))N L, (R, L(X)).

t,loc

Proof. — We merely consider (16.3) but the first random series is easier.
For any integer N > 2, we introduce the partial sum

dn dn

FN(w,t,x) = Sln(t_\/%A) ZXn ( gnz] Ula(bn,])(bn z( ))
n=2 i=

1j5=1
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N n & sin(tv/—A)
Z (1 = 15nw Ula¢n,j>ﬁ¢n,i($) .

n=2

For any integer T' > 1, the Fubini—Tonelli theorem gives us

(16.4) E. [”FN(Wa t,x) ”i?([—T,T],L,’;C(X))}

T 3
— [ B It ol ] @

-T

We denote by v; , the orthogonal projection of v; on E,. By invoking
Point (1) of Theorem 6.1 for any choice of v > 1 and

1 sin(tv—A)

bni,j (z) = \/7@17 ¢n,1> J-A

Pni(@),

we see that E, [||FN(w,t,x)Hioo(X)} is controlled by

165 (suE(x, )

n>2

<Zl ’y ||U1 ”||L2(X Z

n>2 =1

¢m( )

2)3/2

Using a similar argument as that of (6.2), we get

2

(bnz( )‘ = sup

un€E,
H“nHL2(x):1

2
Sll’l

sin(tv/—A)

SUZ \/I

zEX

Un

LX)

We now use the Sogge L? — L> bound:

SlIl

sin(ty/—A)

a-1
sup E ¢m( )| Sn sup Un,
xeX un€E, vV-A L2(X)
‘|un,‘|1,2(x):1
-1
n
<

Note that the last bound is uniform with respect to t € [-T,T]. Remem-

bering the asymptotic d, ~ n?"! and the assumption s > 0, we can
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bound (16.5) by

o 3/2
(sup i1, ) (Z LR ||v1,n||iz(x)>

nz=2 n>2
< E[lX 3 3
S |\ sw E[X["] ) loallge-1x) -
n>2

Hence, (16.4) is controlled by T (sup,,>, E[|Xy[?]) [Jv1 ||§{-‘*1(x)~ By consid-
ering Cauchy sequences, such a bound easily shows that the random series
in (16.3) converges in the Banach space L3 (0, L} ([-T,T], L°(X))), so con-
verges in probability in the Banach space L3 ([T, T], L3 (X)). Then Theo-
rem 7.5 ensures that (16.3) almost surely converges in L3 ([—T,T], L (X)).
Since T runs over the countable set N*, one can conclude that (16.3) almost
surely converges in L3, (R, L°(X)). O

t,loc

17. Exponential decay of the spectral function

The goal of this part is to prove Proposition 17.1 that will play a role
in the proofs of Theorem 4.3, Proposition 5.1 and Proposition 5.2. It
is well-known that if V: RY — [0, 4o00[ is a smooth potential satisfying
lim|;| 400 V(2) = 400 then any eigenfunction 1 € L?(R?) of —A+V
tends to 0 at infinity (see [4, Corollary 3.1, p. 169]). In the specific case
V(z) = |z|?* with o € N*, note that the latter property can be seen as a
consequence of the description (4.4) of the Sobolev spaces of —A + |z|?®
and of a classical Sobolev embedding. We explain here how to modify the
proofs of [4] to obtain a precise asymptotic behavior for spectral functions.

PRrROPOSITION 17.1. — Consider a real number p > 1 and a smooth
potential V : R? — R satisfying V(x) > m|z|?® for any x € R? and for
some m > 0. There is a constant C' > 1 that merely depends on (d, a, p, m)
such that the following holds true. For any T € N* and any eigenfunctions
U1, ..., 0 of —A+V(x), whose largest eigenvalue is p, then the following
holds true

(17.1) 2| = pm™2e p2e

T
= > |u@))*<C

1
|l
exp ( C\x| > .
k=1

Loo(Re)

T
Z [hi|?
k=1
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We stress that the eigenfunctions vq,...,%r in (17.1) are neither as-
sumed to be L?(R?)-normalized or associated to successive eigenvalues.
The previous result gives a precise statement of the following well-known
fact in mathematical physics: an eigenfunction ¢ of —A 4+ V associated
to an eigenvalue p is essentially concentrated in the allowed region {z €
R V(x) < p}. Note that the particular case o = 1 explains the Gauss-
ian tail of the Hermite functions (see [36, line (2.3)]). More generally, we
refer to [39, Lemma 3.2], [41] and [28, Theorem 4]. The proofs of [28, 39]
seem to be quite specific to the harmonic oscillator since they use for in-
stance a Mehler formula. The proof of [41] is based on the work [30] and
involves estimates of the Schwartz kernel of the spectral function. By com-
parison with the previous works, our assumption on the potential is merely
V(x) 2 |z|?>* and our sub-exponential remainder in (17.1) has not exactly
the same form (it is independent of the largest frequency). Our proof is
quite elementary and is inspired from the maximum principle technique
used in [4, Theorem 3.3, p. 173]. The main idea is that [4] contains esti-
mates on eigenfunctions 1) whose proofs are convex with respect to 2. For
that reason, we succeed to consider in (17.1) several eigenfunctions. Our
proof needs two preliminary results.

LEMMA 17.2. — Consider a smooth function © : (0,400) — R satisfy-
ing lim;_, o ©(t) = 1. Then there is a solution h € C*((0,4+00),R) of the
differential equation

(17.2) —h'+Oh=0
such that for any ¢ > 1 one may find C' > 1 such that
1 —t
Vi1 5e—“t < h(t) < Ce= .

Proof. — From [4, Theorem 3.2 and Theorem 3.3, p. 59-61], we know
that (17.2) admits a unique solution h which is positive in a neighborhood
of t = 400 and that satisfies lim; 1 h(t) = 0. To get the end of the
statement, we slightly shorten the proof of [4, Theorem 3.4, p. 62]. Consider
to > 0 such that, for any t > tg, the inequalities 0 < ©(t) < o2 hold true.
So we have the following differential inequality

d2 —0 —0
Vit f@(e H+oe@ie 7 <o.
Fix now C > 1 large enough such that %e"’to — h(tp) < 0. From (17.2),
we get

_(%Z (ée_”t - h(t)) +e() (ée‘”t - h(t)> <0.
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Remembering that the second derivative of a smooth function on a maxi-
mum is non-positive, one sees that the function ¢ — e~ — h(t) cannot
have a positive local maximum on [tg, +00). Combining that fact with the
— h(t) = 0, one necessarily gets

Vit ée*f’t — h(t) <0.

limit limy s 4 oo % e ot

We similarly prove the inequality h(t) < Ce™+ by assuming % < O(t) for
t>1. O
The previous lemma allows us to prove the following result (in which

“radial” means “even” for d = 1).

PrOPOSITION 17.3. — For any a € N* and any b > 0, there exists a
radial solution Eg4 4, € C*°(R¥\{0}) of the equation

(17.3) (A +b[2|**) Egap =0

such that for any o > 1 there are R = R(d,a,b,0) > 0 and C =
C(d, a,b,0) > 1 such that the following inequality holds true for any x € R¢
satistying |x| > R:

1 —\/B 11 atd—1 —\/5 |£E|O‘+1
- « < 2 F a < .
& &P <a+10|9€ ) || d,a,b(7) < Cexp <(a+1) .

Proof. — We shall make several changes of variables and functions f,g
and h summarized by the following equalities

Eqap(x) = f(r) = g(t) = t7/2h(t),

\/B a+1 O["‘d—].
roT yi=—
a+1 a+1

r=|zl, L=

Reducing the radial equation (17.3) of E4 5, we get the following equation
on f:
" d—1 ! pre
Vr>0 —f(r)—Tf(r)—&-br f(r)=0.
We now compute the derivatives, with respect to r, of f(r) = g(t):
f(r) = g'(&)Vore,
7(r) = " (b + o (DB,
Hence, the equation in g is

Vi>0  —g'(t)— %g'(t)-l—g(t) =0.
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Let us compute the derivatives, with respect to t, of g(t) = t~7/2h(t) for
any t > 0. We get

J'(t) = % (g n 1) 3 2R(E) — )+ ER ().

and so h satisfies an equation without the first order term:

VE>0  —h(t) + h(t) {1+t12; (;—1)] —0.

We then apply Lemma 17.2 and may conclude by coming back to Eg o p:

_a
\/l; : —v(at1) \/B o
Ed’a’b(x) = (OH-l |f,C‘ 2 h a7-|—1|$‘ +1 . O

Proof of Proposition 17.1. — For simplicity, we assume m = 1. The
reader will easily check that there is no loss of generality in the proof. Con-
sider a real-valued eigenfunction 1 of —A + V associated to the eigenvalue
. Then one easily writes

A(Y?) = 2009 + 2|V,
—A@W?) = =2V = p)y® - 2|Vl

For any p > 1, we consider the real number b € (0, 2) such that p=* =1—
holds true. We can write

[Slis)

b
(=A+ bl (*)(2) = =2 | V(@) = Sl = p| (@)* = 2| Vg
As we assumed the inequality V(z) > |z|?®, we get
b _
V() = glaf*® = p = p=a** = p.
So the choice of b ensures the following implication

2| > o = (A ba]*) (9?)(z) < 0.

Note that the previous implication is still true if one fixes the eigenfunc-
tion v but changes the eigenvalue p by any greater number. Consider now
1, ...,%7 as in the statement of Proposition 17.1. Using the fact the real
and imaginary parts of each vy, are real-valued eigenfunctions of —A + V
and the relation |1y |> = (Re(¢x))? + (Im(21,))?, we see that it is sufficient
to prove (17.1) if each vy, is real-valued. Assume now that y is the largest
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eigenvalue among those of 11, ...,1%7. By summing several eigenfunctions
and going beyond the largest eigenvalue u, one clearly has

A7.4) ol > VoudE = (CA+baP) (6 -+ ) (2) <O,

We now fix a real number o satisfying the condition

(17.5) l<o< paTH.

The relevance of this condition will appear at the end of the proof. Given b
and o as above, we can introduce the function Egy 4, the constants R and
C of Proposition 17.3. In the sequel, we shall need the following number

T
D> vk
k=1

1
* Eaap(max(y/ppzs, R))

Note that (17.4) is equivalent to

(17.6) |2 = \/pu® = (A +blz]?) (Y3 + - + 92 — MEgay)(z) <0.

M

Loo(Re)

N

Moreover, the definition of M and the fact that Eg . 4 is radial give us
|x| = max(\fpui,R) = h(z)? 4 Fapp(x)? — ME op(x) <0.

Remember now that the function Ey ., and each eigenfunction v, tend
to 0 if |z| tends to +oo (see Proposition 17.3 and the discussion above the
statement of Proposition 17.1), so we get the following limit

lim () + -+ p(2)? — MEgqu(z) =0.

|z]|—+o0

We shall make the same reasoning as that of the end of Lemma 17.2. We
claim that the continuous function ¥f + -+ + 9% — M Eg  cannot have
a positive maximum on the domain {|z| > max(\/ﬁ,uﬁ7R)}. Assume the
contrary and call zy such a point on which the maximum is attained. One
necessarily has |zo| > max(\/ﬁﬂ% , R) and hence we can show the following
inequality by a local analysis around zg in all directions:

AWT + -+ 4+ 97 — MEgap)(z0) <0
and we thus get
0 < (A +bz[**)(f + - + 9T — MEg.a)(@o)-

That is a contradiction with (17.6). In other words, we have just proved
the implication

|| > max(\/ﬁuﬁ,R) = ¢1($)2 + -+ wT(:zc)2 — MEg4(z) <0.

ANNALES DE L’INSTITUT FOURIER



MULTIDIMENSIONAL PALEY-ZYGMUND THEOREMS 2779

The definition of M leads us to bound Ed’uvb(“)i We now want
Eg,q,p(max(y/pp2a ,R))

to use Proposition 17.3. First note the inequalities |z| > max(\/ﬁ,uﬁ,R)
and a +d — 1 > 0 imply the following one

atd—1

(maX(\/ﬁ“;‘”vR)> ) <1

]

Eq ob(x) 1
E4,q,p(max(y/ppu2a ,R))
tion 17.3 and we get that Y_,_, ¢ (2)? is bounded from above by

T b a+1
S Vb ('x'

k=1

As a consequence, one may bound thanks to Proposi-

02

exp
Loo (R4)

- amax(\/ﬁui’la,R)aH)} .

a—+1 o

We indeed can simplify the previous bound thanks to our choice of . The
condition (17.5) indeed implies the existence of a constant K(«,p,0) €
(0,1), more precisely K(a,p,0) == 1 — p(ai{%, such that the following
implication holds true for any y € R%:

yl=ve = " =0 > K(a,po)lyl*

|z
max(y/pn /%% R)

|z| > \/pmax (\/ﬁui,R) .

Under the last restriction on x, we see that there is a constant & > 0 that
merely depends on (d, o, p, o) such that

T
> Uk

k=1

We now choose y = and thus force

exp (7E‘I|a+1) )
Lo (R4)

T
(17.7) > k(x)? < C?
k=1

To get the conclusion, we consider three cases:

Case R < /pu'/>*. — The condition |z| > \/pmax(,/pp3=,R) is re-
duced to |z| > puzs. So we get the wanted conclusion (17.1).

Case \/pu'/?* < R and \/pR < |z|. — Again, (17.7) gives the conclu-
sion.

Case /pu*/?* < R and pp!'/?* < |z| < \/pR. — This is the only case
which is not covered by (17.7). We can however easily conclude since ev-

erything takes place in a fixed compact. Let us consider a constant C’ > 1
such that

1< inf C'exp <|x°‘+1> .
lel< /PR
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Hence, we have

T
> R

k=1

T
Z Yr(z)? <’
=1

1
exp (_C” |:v|a+1) .

Loo(Rd)
Hence, (17.1) is proved in all the cases and the proof of Proposition 17.1
is complete. O

18. Proof of (4.2)

From [19, Théoréme 6-4, p. 840] we know that the spectral counting
function of (—A + VZQ)% behaves as that of the operator v/—A on a
compact Riemannian manifold. Namely, for a suitable constant C' > 0, one
has

atl
Vu>1 Card {E eN, A2 < u} =Cu 4+ O0(ut).
For any K > 0 (to be chosen below) and any n > 1, the number
atl
Card {z EN, A\ € (Kn Kn+ K}}
has the asymptotic
K41 [CK[(n+ D4 —n + O(ndil)] )

Using the inequalities dn?=! < (n+1)? —n < (2¢ — 1)n?~L, one sees that
K may be chosen large enough such that

a+1
2a

Card {z EN, A\ € (Kn,Kn+ K]} ~ pd-1, O

19. Proof of Theorem 4.3

We have to fulfill the assumptions of Corollary 6.2. Thanks to (4.2) and
Proposition 5.1, we see that (A1) holds true with
ad —d

S=or1 U=y

Note that we merely need the bound from above of Proposition 5.1 that
has been proved in [41]. We now use the exponential decay of the spectral
function to prove (A2) in two steps.
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Step 1. — We will show that if N is large enough then, for a suitable
constant K > 0, we have

(19.1) VYu€eEy@---®En ||UHLO<>(1Rd) = ”uHLoc(B(o,KNl/(aH)))-

Consider 91, ...,%7 a Hilbert basis of Fy @ --- @ Ex made of real-valued
eigenfunctions of —A 4 V5, and we still denote by e, ..., ey the respective
spectral functions of Ey,..., Fy. The Cauchy—Schwarz inequality allows
us to write for any u € Ey @ --- @ En:

T T
o) = 32 ([, omtay) o = [ (g_j mm(x)) u(y)dy

)| < V@RI @P [P P )y
< \/60(x) +---+en(z) Hveo + eNHLl(Rd) ”uHLOO(le) :

We now apply (17.1). For a suitable constant K > 0 and for any = € R?,

co(@)+-+en ()
|‘60+"'+€NHL0C([R(1)

1
\/ o |platl
EVCE ( 20" ) etz kT

From this inequality, we get for any N > 1

H\/eo(x) +"'+€N(I)‘

Combining the last three inequalities, we obtain for any N > 1 and any =
1
satisfying |x| > KN =+ :

the number is less than

1 1
{|lz|]<KNa+1}

_d_ i
< Nott ||€0 4+ 6N||[2,oo(Rd) .

L (R4

_d_ Ka+1
(@) S ullpoe ey N5+ lleo + -+ + enll oo ey exp <2CN> .

Using the triangular inequality [leo + -+ + en || oo (gay < [l€0]| oo (gay+- -+
len |l gay and a polynomial bound of [len || gay (this is nothing else
than (A1)), one may exploit the decaying exponential to get the following
implication provided that N > 1

1 1
lz| > KN+ = Ju(z)] < §||UHL°C(R‘1)'

In other words, (19.1) is proved.

Step 2. — Thanks to (19.1) and a Bernstein inequality for —A + V5,
(see Theorem 5.3 that we can admit for the moment), we can prove (A2)
by the same “mesh strategy” on the closed ball B(0, K N'/(®*+1) as in the
setting of Riemannian compact manifolds (see the end of Section 8). O
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20. Proof of Theorem 4.5

We follow exactly the same ideas as those of the proofs of Theorem 2.3
and Theorem 4.1 (see Sections 12 and 13). More precisely, Theorem 12.1
and the inequality |len | ;e (ra) < prT 1 (see below (21.2)) easily imply
the conclusion. The connexion with (4) needs the Fubini-Tonelli theorem
as follows.

(3) = (4). — Let Y the measurable subset of Q x R? of pairs (w,x)
such that the series Y X, (w)f¥(x) diverges in C. The assertion (3) and
the Fubini-Tonelli theorem give

/Q(/Rle(w’x)dx)dP(w) = /Rd (/er(w,x)dP(w)>dx = /Rdde —0.

As a consequence, with probability 1, the integral f]Rd 1y (w, z)dz vanishes.
In other words, with probability 1, for almost every x € R? the series
3 Xn(w) f¢(x) converges. O

21. Proof of Theorem 4.6

Thanks to the last statement of Theorem 12.1, we know that the al-
most sure convergence in LP(R?) of the random series > onso Xn(W)fy is a
consequence of the deterministic condition

en(x
(21.1) 3 D o ey € L2,

n>=0

The conclusion of Theorem 4.6 will come from the implication

S D | o < +oo = (2L1).

n>1

At this point, we need the following accurate estimate of the LP/2 norm of
the spectral function of —A + Vs,

(21.2) Vpe[2400] llenllmaa S naitleti) -1,

Such inequalities are proved in [41, Proposition 2.4, 6 = 1,0 = 0] by inter-
polating the trivial case p = 2 and the much more difficult case p = +oc.
The triangular inequality in L2 (R%) finally gives:

en () 2 le nHLP/2 R
> = fall ey <> —EE ) ful 32 g

nz1 LZ(R4) n>1

<Y 0 D | falfegey . O

n>1
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22. Proof of Proposition 5.1

Thanks to (6.2) and (21.2), it is sufficient to prove the inequality

ad__
||enHL°°(]Rd) 2 nat
As explained below the statement of Proposition 5.1, the proof of the lower
bounds in [41] does not cover the cases we are concerned with. The ex-
ponential decay of the spectral function and an elementary interpolation
argument allow to reverse (21.2) and complete it below 2.

PROPOSITION 22.1. — With the above notations, for any p € [1, 4],
we have
(22.1) >l Venl g =070 (a+2)-3

Proof. — Let us introduce the exponent ©(p) := 2(a+1) (a+ ) — 1 and
assume for a moment that there is M > 1 such that for any n > 1 the
following three inequalities hold true

. n®2)
(222)  [IVenll poo gay < Mn®), Vel p2@ey > —57

H /;en”Ll(Rd) < Mn@(l)-
1

Since O(p) is affine in 5, One may prove by interpolation that the last
inequalities would imply the stronger ones:

n2®)
Vp € [l,+o0] M3 < ||\/€n||Lp(Rd) < Mn®®).

As recalled in (21.2), Robert and Thomann have already obtained the upper
bound of H’/e”HLw(Rd)' The middle bound in (22.2) is obvious because

H‘/e”HLz(Rd) equals /d,, ~ n“z". The last bound in (22.2) now needs the

exponential decay of the spectral function. From (17.1) with p ~ n%7
there is ¢ > 0 and C' > 1 such that

(22.3) VzeR?
1
enta) € 0 (L msonn o) + Coxp = ol ).

By integration, we get

ad 1 4
Ven(z)dz S nTen 2pam = W), O
Rd
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23. Proof of Proposition 5.2
For any f € E,\{0}, one may decompose f on a Hilbert basis ¢y, 1,. ..,

®n,d, of B, made of eigenfunctions, and thus use the Cauchy-Schwarz
inequality to get

dn
2 2
Va e R [f@)E < gy S [0na(@)? = 1% g ena).

k=1
We again use the exponential decay (22.3) Witlh K = a‘XT‘_il — 1 to get for
any n > 1 and any = € R satisfying |z| > en=+1:

2 -1

(23.1) @ < O 1y exw (el ).

Case p € [2,+00). — Use now the Holder inequality:

/ f(@)Pdz = / L 1f(@)Pde + / L 1f(@)da
R4 || <cn ot |z|>cn ot
< Vol(B(0,en™ )5 || £175 z0)

1
+ Cn¥ Hf||2L2(Rd)/ ., exp <—C|:1:|a+1) dz.

o] en T

The remainder can be controlled as follows for n > 1:

1 1
C’nK/ exp <|x°‘+1) de < =.
|z|>cnl/(a+1) C 2

1 1 \1_2
5 17 11Z2 gy < VOU(B(O, en™T ) % || fI[7s g

which implies

So we have

1) < o Wl

(23.2) noati(373) < .
En
IeE 11l 22 may
Case p € [1,2]. — We write similarly thanks to (23.1) and the Holder
inequality:

[Lepae= [ s [ i

z|<cnotl |z|>cnetl

< Vol(B(0, cn%“))k% ||fH]Z2JRd)

+ an% ||f||1£2(11§d)/ 1 e~ zelel* g

|| Zen oI
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And by the same idea, the last term is smaller than the first one for n > 1.
So we get

£l o ey _ L (A1)

(23.3)

~

reBn 112 ray
F#0

The probabilistic argument for any p € [1,+00). — We now have to
reverse (23.2) and (23.3). We make use of a standard idea of randomiza-
tion [11, 38, 39, 41] but our approach is slightly different. Instead of large
deviations estimates or the principle of the concentration of the measure,
we will use Proposition 14.1 with W = 1 (whose proof relies on the mul-
tidimensional Kahane-Khintchine inequalities). Fix any element f € FE,
with | f|| z2(gey = 1. As the random matrix &, is unitary, one has

dn  dn

SN i @) fs Sug) b

i=1 j=1

VweS =1.

L2(R4)

As a consequence of the two-side bound given by Proposition 14.1, one sees

that there are a constant C'(p) > 1 and two functions f; € E,, and fs € E,,,

with || f1ll 2 gay = [If2ll 2 (gey = 1, such that

1f1ll e ray V0ol + -+ [dna, 2
C(p) Vd,

The middle bound can easily be controlled thanks to the asymptotic d,, ~
nd=1 and (22.1):

| \/|¢n,1|2 + e + |¢n7dn|2

<

< C(p) ||f2||Lp(Rd,) .

Lr(R4)

7

Vd,

LP(R4) LP(R%)
d 2 1
nz(a+1)(a+z)*5 4 (1
~ —_— = natl (;

Nl

).

2

n
Finally, the function f; allows to reverse (23.2) whereas f> reverses (23.3).
The proof of Proposition 5.2 is finished. O

Appendix A. Parametrix for the Weyl-Hormander
pseudo-differential calculus

The goal of this part is to extend the classical construction of an arbitrary
precise parametrix to the Weyl-Hormander pseudo-differential calculus (see
for instance the strategy in [18, Proposition 2.5] or [15, Part 8]).

TOME 69 (2019), FASCICULE 6



2786 Rafik IMEKRAZ

Let us begin by setting the notations of the Weyl-Hérmander pseudo-
differential calculus (see [22, Parts 18.4, 18.5, 18.6] or [32]). For any
Schwartz functions o € S(R? x RY) and u € S(R?), one can give a sense to
the following Weyl quantization

(A1) YzeR? OpY /Rd/Rdzxyg <$+y,g) ()(dyd)f

One can still give a sense to the previous expression for any tempered
distribution ¢ € S'(R? x R%) as an operator Op® (o) : S(RY) — S'(R?). If
o1 and o are two symbols, for instance belonging to S(R? x R?), then there
is a unique symbol o1#0c9 such that Op”(o1#02) = Op“(o1) o Op®“(0o2).
The Weyl-Hérmander pseudo-differential calculus now needs

e a Riemannian metric g on the phase space R? x R? (more precisely,
a measurable map from R? x R? into the cone of positive-definite
quadratic forms on R? x R%),

e a function M : R? x R? — (0, +00) called a weight.

The class of symbols S(M,g) is then defined as the linear subspace of
symbols o € C®(R? x R? C) such that for any k € N there is C}, > 0 for
which the following estimates hold true:

(A2) VY (2,6) eR* VY (T,...,T}) € (R*HE

k
107, ... On,0(,€)] < CpM(z,€) H \/7

where O, ... Jr, 0 equals the differential expression (d¥c)(T1, .. ., T). Note
that the symmetry of the multilinear map d*o allows to replace (A.2) with

(A.3) VT eR™ |0ho(z,€)| < CuM(2,8)gse(T)F/2.

If C}, is the best constant in (A.2), then one defines

k
o1 §0h 4y = max(Co, ..., C).
There is a special function, denoted A : R? x R% — (0, +00), that is asso-
ciated to the metric g (see [32, Part 2.2.3]). To define A, we recall that the
classical symplectic classification of metrics (see also [20, Part 1.7]) states
that there is a symplectic basis B, ¢ of R? x R? in which the metric g can
be written
4 da? + d¢?

(A4) 2 MT,&;’ 0<Ai(2,8) <+ < A, €),
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where the numbers A1 (z,§), ..., Aq(x,§) are uniquely determined by g, ¢
and the canonic symplectic structure of R? x R?. We then define

)\(.’E, 5) =M (iE, 5)

To get a symbolic calculus, the theory needs to assume that g is an
admissible metric, namely that is slowly varying, is temperate and satisfies
the uncertainty principle. We also assume that M is admissible with respect
to g. It is not necessary for us to recall the precise above definitions. It is
however important to give the main example we will use in Appendix B. For
any a € N*, we introduce the following admissible metric and admissible
weight

d 2 d£2
Z l’ é‘ l/oc (xjé-)’ M(Z‘,f) ::1+|£‘2+|$|2a.

Then the smooth symbol [£]?+|z|?>* belongs to S(M, g) and is associated, in
the Weyl-Hormander pseudo-differential calculus, to the superquadratic os-
cillator —A+|#|2*. The symplectic map (&) — (M~30-3)z, Mi(1=3)¢)
of R?? puts the latter metric to the form (A.4) so that the corresponding
function A = Ay = --- = A4 reads

(A.5) A, &) = (1+ €[ + [a**) 5=

Consequently, the Weyl-Hormander symbolic calculus (see below (A.6))

gives an enlightenment of the reason why (—A + \x|2°‘)a27t<1 is usually con-
sidered as an operator of order 1 (see [19]).

We can now state the fundamental symbolic calculus [22, Theorem 18.5.4]
or [32, Theorem 2.3.7]: for any admissible weights M and M’ with respect
to an admissible metric g, for any symbols a € S(M,g) and b € S(M’, g),
for any integer N € N, one has

N
(A.6) a#tb — > Ta(a,b) € S(IMM' AN g),

n=0
where T}, (a,b) is the bilinear differential operator defined by

,L’TL

(A7) 5 ((Ders Do) = (Days Dea)" a1, €0)b(x2, &)l (21,61)=(02,62)=(,6)
1 1)lsl
= Y S @0k )(@0000(n,),
(21) slt!
(s,t)ENded
|s+t|=n
where (D¢, , Dy, ) — <Dm1 , D52> is the differential operator of (R? x R?)2 that

can be written as Z] 1 7% aa
2,7

-3 ‘96 in any symplectic coordinates
1,5 €1,5 %225
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(z,€) of RY x R?. For instance, the first two terms are Ty(a,b) = ab and
Ti(a,b) = 2{a,b} where {-,-} is the Poisson bracket. Moreover, for any
N € N and ¢ € N, there is m € N such that

N 0)

a#tb — Y Tu(a,b)

n=0

< NallS, o 1elST

(A.8) S(M,g) 1°ls(017,g) -

S(MM/A=N=1,g)
One can check that X is an admissible weight for g. The previous symbolic
calculus gives a motivation to state the following heuristic rule:
“the class S(),g) can be considered as the class of symbols of
order 1.”

It will be convenient to set the following convention: for any a € S(1, g)
and any sequence (a;);>o of symbols satisfying a; € S(A™7,g), we write a
symbolic expansion as follows

E
(A.9) a~> a & VEkeN a-) a;eS0A ")
j=0 Jj=0

From this point, I" will denote the open subset {z € C, 0 < |Im(z)| < 1}.
The following result, whose scheme of proof is classical, gives the param-
etrix of the resolvent of an “elliptic” symbol.

ProprosITION A.1. — Consider an admissible weight M 2 1 for an
admissible metric g. Consider also an integer N > 2 and a real symbol
p € S(M, g) satisfying 1 + p 2 M. Then there are

e asymbol ry(-,-,2z) € S(A\™N, g) that depends of z € T,
e an integer N’ > 2 and symbols qo, ...,qn+ where q, belongs to the
set S(M*¥\=2, g) for each k,

such that the following equality holds

1 42 gn’

where the remainder v moreover satisfies the following estimates:
(A10) V¢eN dmeN* Vzel

A+]z)™

oAl <O N
lra (s 2lga-w gy < Clo, N, 0) T (2)[™

For N = 2, one may choose N' = 2 and g = 0.

In the next lemma, we define for any integer N € N a subfamily Y_ of
(meromorphic) symbols of S(A™, g) that appear in the construction of a
parametrix.
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LEMMA A.2. — Consider an admissible weight M 2 1 for an admissible
metric g and a real symbol p € S(M, g) satisfying 14+p = M. For any integer
N € N, we define Y _ the linear space of symbols o : R* x R4 x I' — C of
the form

N
(A.11) a(m,f,z)zzm, N' > 2, UjES(Mj)\_N,g).

Then for any integer n > N, one has

VoeT_n Th-N <Z - P 0> €T _p,
Z—=p
where T,,_n is defined in (A.7).

Proof. — 1t is sufficient to check the following for any integer j > 2:

4 jy—N _ 9

Vo e S(M' A, g) ThonN (z D, (z—p)j“) er_,.

The case n = N is obvious so we may assume that n > N + 1 holds.
Using (A.7), one sees that the number

0j _ _ 0j
fnow ( RAE —p>j+1) — e ( e —p)ﬂ‘ﬂ)
becomes

A2 Cyr (030t (asa;{"j.}),
( ) |s+t§—N !l E) : (z = p)itt

for suitable complex constants Cs ;. Applying the Leibniz rule rises to a
formula like

N
g o
T, %) _ _9%J
N<Z P <zp>ﬂ+1) 2 Gy

J=j+1

where N is an integer and each symbol o, ; is a product of p, o; and
their derivatives. We now have to explain why o, ; indeed belongs to
S(M7X\~" g). To see this point, it is much interesting to fix (x,&) and
to compute the differential expression (Dg, , Dy,) — (Dy,, De,) in the sym-
plectic basis B, ¢ (see (A.4)) that diagonalizes the metric g, ¢. One still
has a formula like (A.12) but the main advantage is that each derivative
at (z,£) with respect to any direction of an element of B, ¢ gives ——

VA:E)

as a multiplicative gain. Hence (A.12) gives W as a global multi-

plicative gain. Moreover, each symbol (Z?';) > comes from the Leibniz rule
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in (A.12), so belongs to S(A™", g). By fixing z, one sees that o, ; belongs
to S(M7A~", g) as announced above. O

We can now prove Proposition A.1.

For any N > 2, we denote by H(N) the following induction hypothesis:
there are 0 € T_5 (see Lemma A.2) and a sequence (A_;);j>n of sym-
bols satisfying A_; € Y_; for any integer j > N such that the following
symbolic expansion, in the sense of (A.9), holds true

(A.13) (z—p)#( L e >~1+2Aj.

z—p zZ—Dp S

We moreover assume that for any integers K > N and ¢ > 0, one may find
an integer m > 0 such that the following estimates hold true for any z € T’

1 o Kl ©
(c—p)# < Lo —p>l§v A

where C depends on (p, N, K,¢). Note that the conclusion of Proposi-
tion A.1 is merely the case K = N (for which ZJK:_A} A_; vanishes) but our
proof needs to consider any integer K > N in the induction hypothesis.

L+ [=)™
[Tm(2)[™

(A.14)

S(A~K.g)

Proof of H(2). — We choose ¢ = 0. Remember that for any functions
u € CY(R?*,C*) and F € C}(C*,C), the Poisson bracket {u, F(u)} = 0
vanishes. Notice now that the elliptic assumption on 1+ p = M ensures
that (z —p)~! belongs to S(M 1, g). Hence, the beginning of the symbolic
calculus of z —p € S(M, g) and (z —p)~! € S(M ™1, g) gives

1 1 1 1
) #E—— ~ 1 =z —p, —— Tolz—p,——
(z p)#zip +2i{z p7zp}+z <z pzp)

n>2

€14+0+S(\"29).

By using (A.12), one gets a formula like

R U DR AC)
e T"<Z p’z—p)‘z<z—p<x,s>w"

for a suitable integer N > 2 and symbols o; € S(MIA\™",g). In other
words, T,,(z — p, Zflp) belongs to T_,,.
The adequate estimates on the semi-norms of the remainders will be a
consequence of the following two observations:
e the obvious relation 7),(z —p, ﬁ) = T (—p, ﬁ) kills the constant
symbol z,
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1 — = (that is a consequence of the definition of
z—p zZ—p

the operation #).

Hence, for any integer K > 2, one has

RELICES

1 p R 1
- N (—p,——).
p#<z—p)+z—4> 2 L< pz—p>

Using (A.8), for any ¢ € N there is m € N such that

OM#(

K—1 1 )
(Z—M#( >—1—§:THZ—%)
ZTP n=2 Z=p S(A—K,9)
K—1 (0)

1 1
() st Emen sy

p n=2 -p S(A—K ,g)
< C(p, K, 1) ~

Z = Pllis-1,9)

We now adapt the argument of [32, Lemma 2.2.22, p. 80 with f(¢) = 1/
by using the Faa di Bruno formula. For any k£ € N and T' € R?¢, we can
prove that 6&“«(;1)) equals

1 d"(1/t) 1 & k.
BeOY S w07z )
PG T
k>l

_ k (—=1)" 1 k Ky
=k(-1DF > ) T i )9 ().
k1t +kp=k
1<r<k,k; >1

Hence, we get

o ()| < (le— (@, O+ <x,5>r+l> el

Thanks to (A.3), we obtain

(m) .
1 M
< sp @O
Z = Pllsm-1,9) (aié)kiﬂ%diﬂl%d |Z _P(%f)‘
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Then we clearly have

M(z,6) _ 1+ p(a, &)
2 = p(@. O ~ Tm(z)] + [Re() — p(a. )

o 1+ [Re() — p(r,)| + [Relz)
(=) + [Rez) — plw. )]

We finally get

M(z,€) 1\ | [Re(:)
<m“<LmM@O+

|z —p(x, )] ~ Tm(z)|
1+ 2|
<
1 (m) - Uf+|ZDm+1
2= Pllsr-1,9 " Mm(z)[mH "

Proofof H(N) = H(N+1). — We consider A_ y that appears in (A.13).
The classical idea to recursively construct the parametrix is to consider the

symbolic expansion given by the symbolic calculus of z — p and _ZA%pN

<z—@#<‘A‘N>~—A»N+ S B,

z—
p n>zN+1
—A_N
Z=p

Boi= T (20 222 ) € 5077g).
Lemma A.2 ensures that B_,, indeed belongs to T_,,. By summing (A.13)
and the previous symbolic expansion, we infer the following one

1 O’—AN)

vt (o + T

~14+ Z A, +B_,.
n>N+1

Remember that one has 0 € T_5 and A_ny € T_x. So 0 — A_N belongs
to T _s. The general form predicted by the induction is checked.

To get the good estimates on the semi-norms, one may use the trick,
used in the proof of H(2), to eliminate the constant z in the first factor

z —p. We indeed remark the equality T),— n(z — p, ’::Z) =Tu_n(-p, é:g)
and the obvious exact symbolic calculus
A,N ZA,N

2# = .
Z—=Dp Z—=p
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Then we write as above for any integer K > N

(on (25) ~Aow+ 3 B

z
n=N-+1

A_N pPA_N us
= — B_,.
(E)E e 3

This relation and the remainder estimate (A.8) give us for any ¢ € N and
some integer m € N an inequality of the form

K-1 O (m)
A_ A_
(z—p>#< _N)—A_N+ > B, < == .
=Tp n=N+1 S(A-K g) 27 Plls(m=1a-N g)

To bound the last term, we write A_y like the right-hand side of (A.11).
For suitable symbols o; € S(MIA~Y), we have

™ N’ ™
Ay || o3 o) (m)
2= Plisqu-a-vg) I E =P sar-a-v )

Using the Leibniz rule with (A.15), we get

©

A K-—1
-N
(A.16) <z—p>#(zp)—AN+ Y B,
n=N+1 S(A—K.g)
< (Ot 1) A
~\ [Im(z)[m+? '

Note that 1 4 |z| is larger than |Im(z)|. Hence, the bounds from above
still remain true if one increases m and m in both (A.14) and (A.16) such
that m = (m + 1)(N' + 1). A trivial triangular inequality with (A.14)
and (A.16) finally gives the expected estimates of the remainders. The
assumption H(N + 1) is proven. O

Appendix B. An asymptotic development via the
Helffer—Sjostrand formula

We shall use the classical idea of functional calculus of a pseudo-differ-
ential operator based on the Helffer-Sjostrand formula (see [10, Proposi-
tion 2.1], [15, Theorem 8.7], [8, Theorem 1.5] or [6, Theorem 4]). Let us fix
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an integer o > 1 and a positive 2a-homogeneous polynomial V5, on R<.
We want to apply Proposition A.1 with

p(z,&) = |7 + Vau(z), M(z,&) =1+ + [z]**,

(B.1) 4 da?  dg?

g:ZIMl/a +ﬁ
j=

We have checked in (A.5) that the A-function associated to the metric g is
given by A = M %5 . We now recall the following easy lemma.

LEMMA B.1. — For any s > % and any r € [1,+00], one has the con-
tinuous embeddings

HE(RY) c L"(RY) € H*(RY)  and  HETH(RY) ¢ WM (RY),
where W17 (RY) stands for the usual Sobolev space.

Proof. — Looking at (4.4), we have already remarked that the Sobolev
embedding H*(R?) C L*°(R?) implies the inclusion Hg (R?) C L (R9).
Now remark for any s’ > 5L that the inclusion H (RY) ¢ L'(R?) holds
true: for any u € L*(R?) we have

[ u@)ids < \/ |+ |x|>—2as'dx¢ [ @+ lalefuw)lda

S Nl ray -

As a consequence, we obtain
(B.2) He(RY) ¢ LYRY) N L°(RY) ¢ L™(RY).

The other side is obtained by duality. To prove the inclusion involving

WL (R?), we first remark that for any j € {1,...,d}, the pseudo-differ-

ential operator % o (1 — A+ |z[?>*)~1/2 admits a symbol belonging to
J

S(VMM™? g) = 5(1,g).

Hence, % o (1 —A +|z[>*)~1/2 is bounded on any Sobolev space and we
infer the following

d . ) o . .

%j’HQJrl(Rd) _ aixj o (1 A+ |x|2 ) 1/2 o (1 — A+ ‘x|2 )1/27_[&+1(Rd)
C H:(RY).

Using twice (B.2), we get the inclusion H:T!H(RY) c WL (RY). 0

We are ready for the Helffer—Sjostrand formula.
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ProprosITION B.2. — Let us consider a smooth function ¥ : R — R,
with compact support. There are an integer N’ > 2 and symbols qa, . . ., qn,
where qi belongs to S(M*\~=2, g) for any k, such that for any r € [1, +00]
and any u € L"(R?), the following function from (0, 1] to the Sobolev space
Wl,r(Rd)

N/
h U(=h* A+ h*Vae)u — Op” (U(h°p)) u— Y h*Op” (‘P(k)(h2p)qk) u
k=2

is uniformly bounded by C'||ul| ., ga)-

Before proving Proposition B.2, we point out two things:

e Proposition B.2 is not semi-classical because the parameter h? is
also in front of V5. This is the reason why the symbols appearing
are not of the form ¢ (z, h§),

e it is not necessary to show that W(—h%A + h%Vh,) is a pseudo-
differential operator. However, the proof needs that some powers
of —A + Va, are pseudo-differential operators (as in the proof of
Lemma B.1). The proof of Proposition B.2 is divided in the follow-
ing steps.

Step 1. — We need the notion of “almost analytic extension” for which
we refer for instance to [15, Chapter 8]. We recall that the function ¥ : R —
R of the statement of Proposition B.2 admits an almost analytic extension
¥ : C — C in the following sense:

v
(B3) VmeN 3C,, >0 VzeC ‘%Z < Cp[Im(2)|™.

Moreover, such an extension ¥ : C — C can be constructed such that its
support is as close as wanted to the one of ¥ : R — R. As a consequence,
we can assume that the support of ¥ : C — C is included in the strip
I' = {z € C, |Im(z)| < 1}. The Helffer—Sjostrand formula then reads

(B.A) W(—h2A + h2Vhn) = ll/ g (W(h22)} (= + A — Vo)~ dL(2),
T C z

where dL(z) stands for the Lebesgue measure on C. We now need a param-
etrix of the resolvent of —A 4+ V5, as in Proposition A.1. For any integer
N > 2 (to be chosen below at the end of Step 2), we get the following
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formula for a suitable integer N’ > 2 and suitable symbols qa, ..., qn::
(B5) Vzel
(2= A+ Vo) L = Op® [ 2 +N/ Ik -R
20 p (z—p kZ_Q(Z_p)k+1> N (2),
with

Ry(2) = (z = A+ Vaa) ' 0 Op™(ry(2))
where the symbol rx(z) belongs to S(A™",g) for any 2 € T’ and satis-
fies (A.10).

Step 2. — We now explain how to bound the norm

BN (2) || oo (Re)— L oo (R4

N(a+1)

with respect to z. We recall that (1—A+7Va,)™ 2= is a pseudo-differential
operator (see for instance [19] or [6, Theorem 4]) and

N(a+1) N(a+1)
2

(1-A+Vo) 2 €Op“S(M 2 ,g)

N(a+1)

(1—A+4Vay) 2 €0p“S(AY,g).

As a consequence, we get

N(a+1)

(1=A+Vaa) 2 0 0p“(rn(2)) € Op*S(1,9).

And thus, the last operator is bounded on any Sobolev space based on
—A + Va,. Let us fix a real number s’ > g and use the classical estimates
of the norm operator of a pseudo-differential operator with (A.10), we get
for a suitable integer mq the following estimate

N(a+1)

|0 =2+ vaa) 75 0 0p¥ ()|

< @A™
Ho (R »HLT (R~ [Im(z)[mo

The behavior of the last bound with respect to s’ (both in the multiplicative
loss and the exponent myg) is not relevant and we are merely interested in
its dependence with respect to z. Writing

_ N(a+1) N(a+1)

Op“(rn(2)) = (1 = A+ Vo) " 22 o (1 = A4 Vaa) 22 0 Op®(rn(2)),

we also obtain

1+ |z[)m
Op¥ (1w (2 o , 5 (7
[Op* (rn ( ))”H;S,(Rd)a”ﬁ:«'jl)is ®?) ~ [Im(2)[mo
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If one considers —A + V5, as an operator of the Hilbert space

Neatn) J Netd) _s'42, 4
Ho © (R ) with domain H, ° (R%), then one clearly gets a
self-adjoint operator. One consequently obtains
. 1
Vze (C\R ||(Z — A+ Vga) || N(at1) N(at1) < .
Ho oo ®)oHL o @y [Im(2)]

Combining the previous inequalities, we have proved

o (™

R o _—
1Ry (2)l e ) o D o S Tz ot

Thanks to Lemma B.1, one may choose N large enough so that the inclusion
N(at+1) s
Ho © (R c WH(RY) holds true. As we have chosen s’ > ¢, we

2
finally get

(1 +[=)™
BN (D) Lty s wor ey S [ (z)[mo+1°

Step 3. — We come back to the almost analytic extension ¥ : C — C
and we assume that ¥ has support in {z € C,|z| < p}. We now choose
m =mg + 1 in (B.3) to get, uniformly in h € (0, 1], the following bounds

/C % (W(h22)} Ry (2)dL(=)

LT(Rd) w1, r(]Rd)

\I/ 1 mo

|h2z|<p |Im(z)|mo

2 m,

14 2 2 _\|mo—+1 (1+[z])me
< — h|\Im(h 0Tt
S, I
Sp° osup RETO(L A |2™)

|z|]<h=2p

<1

A classical computation, as used for instance in [15, p. 103] or [10, p. 577],
based on the Cauchy formula and the fact that — is a fundamental solution

of the Cauchy—Riemann operator -, shows the following equality
2, h2* (k) (1,2
VkeN —/ k‘*‘l(‘)*{\llh )} dL(z) 7H\I! (h*p).

Combining the Helffer-Sjostrand formula (B.4) and (B.5), we can finish
the proof of Proposition B.2. O
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Appendix C. About L" — L" estimates of
pseudo-differential operators

A pseudo-differential of order 0 on R?, in a suitable setting, is expected
to be bounded on L?(R%). The case LP(R?), with finite p, has also been
studied in the literature. We have not found known estimates of the case
L>(R?) that can be appropriate for our needs. For this reason, we prove
elementary results that covers this extremal case. Before stating our results,
we make a remark that will motivate the sequel. Consider r € [1,400] and a
symbol o € C*°(R¢ x R?, C). We expect to bound 10p™ ()| 1 () L. ()
by a suitable norm on ¢ (and certainly its derivatives). For any A > 0,
consider now the following linear isometry of L"(R%):

Urr: L"(RY) — L"(R?)
Fs (z = AT f(A2).

Due to the definition (A.1) of the Weyl quantization, one easily checks the
formula

UA,TOp“’(U)U;’i = Op"¥ <O’ <)\x, i)) )

This remark implies that any reasonable bound from above of the norm
[I0p™ ()] Lr(R?)— L (re) Should be scale-invariant by replacing the symbol
o with a(/\x, %) This is the purpose of the following result relying on the
Schur test.

ProrosiTiON C.1. — For any integer s > %, there is C(d, s) > 0 such
that for any symbol o € C*(R? x R¢, C) with compact support, for any
€ [1, +o0], the norm ||Op”(o)| 1+ ga)— - (re) is bounded by

1-4L =
C(d7s)<sup/ |U($,§)|d§> (sup/ |(—A§)sa(m,§)|d§) )
zER JR4 zeRd JRE

Proof. — By interpolating, one merely has to prove the cases r = 1 and
r = 400. From (A.1), the Schwartz kernel of Op™ (o) is clearly given by

_ ilo—ye) [T TY dé
K(I’y)_/Rde Y U( 2 ’6) (271_)(1'

Hence, the bounds L>® — L and L' — L' will respectively come from
the bounds of

(C.1) sup/ |K(z,y)|dy and sup/ |K(x,y)|dz.
reR4 JRRA yeRd JRA
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Since ¢ has a compact support, we may integrate by parts with the differ-
ential operator I + (—A¢)® to get

eH{z—v,8) s T4y de
Jorrmmt 20 (5)

K (z,y)| =

which is less than

1 s dg
THle =g 20, J, 7O+ Ao (X Ol 5 g
<M < sup [ [o(X,€)de+ sup [ |(—A)Yo(X, @Idé)-
1+ ‘m — y|25 XeRd JRd X €eRd JR4

As a result, the two suprema in (C.1) are bounded by

c.s) (sw [ lotxolacs sw [ -aracx.olc).
XeRd JRA XeRd

From the remark made in the beginning of this part, we may improve the

last bound by

cta.s) ot (sw [ onxglacs s [ -araxglae)

XeRd JR4 XEeRd

where we denote by o the symbol o(Az,£/A). This reduces to

C(d, s) inf [Adsup Xl sup [ [(-a )U(X,é)Idf].
A>0 XeRd JRA X eRd

The conclusion comes from the easy fact

VAB>0  inf NA 4+ \~@—dp ~ Al-5 B 0
>
The previous result allows to prove two corollaries needed to deal with
the pseudo-differential operators appearing in Proposition B.2.

COROLLARY C.2. — Consider an integer o > 1 and a positive 2a-
homogeneous polynomial Vo, on RY. Set now p(z,&) = |£|2 + Vaa(z). For
any smooth function ¥ : R — R, with compact support, and any smooth
function q : R — C, the following estimate holds true

Vre(l,+oo] sup [|Op”(¥(h*p)q(h&))] < +o0.

0<h<1

L7 (Rd)— L (R)
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Proof. — Let us assume that ¥ has a support in [—R, R] for some real
number R > 0. For any x € R? and h € (0,1], we can write

[ 10Vt + R1EP)a(he) e
=t [ B0 @) + eP)a(e g
< B Vol (BO, VR 1] ey a0y ) = O )
Fix now an integer s > £ and let us write
A 1V (o) + 1216k e
=12 [ A (W(2Vanle) + IO,

which is uniformly bounded with respect to x, with a similar argument, by
O(h?s=4). Proposition C.1 gives us the expected bound for any r € [1, +o0]:

(C.2) [[Op" (¥ (h*p)g(hE))|

L7 (R4)—L"(R9)
<o (- -FE=9E) o). O

For the next result, we stress that we consider cut-off functions whose
support is far from 0. This is a little trick that will allow to deal with the
terms h2*Op™ (W*) (h2p)qi), k > 1, of Proposition B.2 under the reasonable
additional assumption that W is identically constant near 0.

COROLLARY C.3. — As above, we consider an integer a > 1, a positive
2a-homogeneous polynomial Vi, on R?. Consider as above the symbol p,
the weight M and the admissible metric g associated to —A + V5, defined
n (B.1). Let ® : R — R be a smooth function whose support is compact
and included in (0,400). Fix n € R and let q be a symbol belonging to the
class S(M", g). Then the following holds

Vrell,400] Vhelo,1] ||Op*(®(hp)q)| < B,

L7 (R¥)—L7(R4) ~

Proof. — As for Corollary C.2, we aim to use Proposition C.1. For any
r € R% and h € (0, 1], we begin by writing

[ 1902 Vaq (@) + 121eP)a(e. €)lae

< / B(h2Va () + H2[E[2)[(1 + [2]2* + |¢[2)7dE.
Rd
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Since the support of @ is far from 0, one has Vo, (z) +|£|? =~ h=2 in the last
integral. As h belongs to (0, 1] and V3, is 2a-homogeneous, we also have
the equivalence 1 + |x[?* + |£]2 ~ h=2. Whatever the sign of 7 is, a similar
argument than that of the proof of Corollary C.2 gives us

1B(h2Van () + 121€[2) (e, €)]dE < B2 / 1B(12Vau () + h2)¢[)|de
Rd R4
< p2nd / 1B(12Vau () + €]%)|de.
Rd
SO,

Choose now an integer s > % and make use of the Leibniz rule:
[ =200 @2l + 21eR)ate. 0} ag

<0l X[ 1D @ + 121D (ol )
(Sl,SQ)GNdXNd R
[s1]|+]s2|=2s

We now use the gain of derivatives in £ of the symbol ¢ € S(M",g)
(see (B.1)). We then get

|80 @02Van ) + 1€ Phate. ) ag

> /‘D?{‘I’<h2V2a<w>+h2|£\2>}\<1+|w|2a+|£|2>”*%15

d
(s1,52)ENTx N4 R
|s1|+]s2|=2s

S X e[ Dg eV ) + R
(sl,sz)ENd’XNd R
|s1]+]s2|=2s

5 Z h—2n+\52|+\sl|—d /Rd ‘D?{q)(hQle(x) + |§|2)}|d€,
(s1,82)ENI XN

|s1|+]s2|=2s

which is O(h=27+25=4). Again, Proposition C.1 gives the conclusion with
the same computation made in (C.2). O

Appendix D. Proof of Theorem 5.3

We shall first prove the following result.
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THEOREM D.1. — Consider an integer @ > 1 and a 2a-homogeneous
positive) polynomial Va, on R%. For any smooth function ¥ : R — R,
with compact support, and that is identically constant near 0, there is
C > 0 such that for any r € [1,+o00] and any f € L"(RY) the following
holds true

D.1 su U(—h2A + h2V o - <C ” .
( ) O<h21 H ( 2 )f’ L™ (R%) ||f||L (R%)
(D.2) sSup HC{@( h*A + h?V )f}| < *C ||f|| R
. 0<h<1 2o Lr(®Y) = p Lr(Re) -

It is easy to check that Theorem D.1 implies Theorem 5.3. We firstly
remark that any f € L2(R9) that is spectrally localized in [0, p] (with re-
spect to —A + Va,) automatically belongs to any Sobolev space HZ (R?),
with s > 1, so belongs to L"(R?) (see Lemma B.1). Choose now a function
U € C°(R,R) such that ¥ =1 on [0,1] and set h = ﬁ, we immediately
obtain the equality ¢¥(—h%A + h?Va,)f = f. Hence, (D.2) implies the con-
clusion of Theorem 5.3. The inequality (D.1) is useless for us but its proof
is easier than that of (D.2) and may be useful for further developments.

Let us now explain the proof of Theorem D.1. We use the same notations
as those of Appendix B (in particular (B.1)) and we apply Proposition B.2.
We shall merely invoke that each symbol g belongs to S(MF¥, g) instead
of S(M*A~2, g).

Proof of (D.1). — Corollary C.2 (with ¢ = 1) and Corollary C.3 (with
® = Uk and g, € S(M*, g)) respectively give us

w 2
20 00" Sy <+

Vkel2,...,N'} sup HthOpw(‘l’(k)(hQP)Qk)’
he(0,1]

< +o0. O
L7 (R4)— L (R4)

Proof of (D.2). — It is sufficient to prove for any j € {1,...,d}:

0 w C.
D23 oot (wap) <,
T L7 (R4)— L7 (RY)
(D.4)
0 Ch .
Vke{2,...,N'} HaﬁQkOPm (\I/(k)(th)qk> < Z,j'
L L (Rd)— L7 (Re)

(1) we recall that “positive” means positive on R\ {0}, see Section 4.
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For any u € S(R?), the definition (A.1) ensures that 5 Op (U (h%p))u(z)
equals

o i(z—y8) 2 (1Y dyd¢
[ ‘P<’””( 5 f)) ) Gy

o (R (57) ) or (5
(5

dydg
) (27T)d ‘
0

O ) .

Notice that the last formula is predicted by the exact symbolic calcu-
lus (A.6) and (A.7). For the metric g = Zz 1 Mf/{, dgf , the symbol 9, ;p

belongs to S(M'~2s,g). Corollary C.2 (with g(h¢) = zh{l) and Corol-
lary C.3 allow us to get (D.3):

In other words, we have

——O0p"(¥(h?p)) = Op" (i&; ¥ (h?p)) + Op"

1
2 i 2 ( 2()1) <
‘&UJOp U(hp)) + h“h™ S

>
S| =

L7'(Rd)~>L’"(Rd)
Proving the inequality (D.4) is essentially similar because of the following
equality

0]

7}12}6 w \I/(k) h2
o, OP (W (h"p)ak)

2
_ h%Op“’(ié“j\I’(k)(th)qk) + thOpw (};‘I’(kﬂ)(h%)qk@jp)
w 1
+ h%*0p <\If(k)(h2p)23$jqk> .

Note that &g, = 286,,—J\§4J_q;C clearly belongs to S(Mk“‘%,g), that qx0.;p be-
longs to S(M* =2, g) and Oz;qr belongs to S(M*2s,g). Thanks to
Corollary C.3, we obtain

B

2k (k) (1,2
6th Op" ('™ (h*p)qx)

L"(Rd)aLT‘(Rd)

—|—h2h 2(1—54) hzxi ~

O
Nh

Sl

Appendix E. About unitarily invariant random vectors

In the sequel, we denote by || - || the Euclidean norm of C9.

TOME 69 (2019), FASCICULE 6



2804 Rafik IMEKRAZ

LEMMA E.1. — Let T : Q — C? be a random vector that almost surely
never vanishes and whose law is unitarily invariant, then

(1) ||Y]| and HTH (Which is almost surely well defined) are independent,

(2) the law of HTH is the normalized volume measure of the sphere
S%-1 c .

Proof. — The law of the random vector ﬁ is a unitarily invariant Borel

probability measure on the sphere S24~1 hence (2) is proved. It remains to
prove (1). Considering two measurable subsets A C [0, +00) and B C S2¢—1,
we want to show the equality

T
Pl|T]le A and EB) T eAP(eB)
(n || T PO € AP (7

which indeed means
T
(E.1) P(Y € AB) =P(||T|| € AP (T eB)

Considering v4 the normalized Haar measure of the unitary group Uy(C),
we clearly have

VpeUy(C) P(T e AB) =P((pY € AB),

P(T € AB) = / P(pY € AB)dva(p)
(E.2) Ua(©)

:Ew

/ 1A3<pr<w>>dud<p>] .
Ua(C)
Let us now explain that we indeed have

©3) vwen [ Le@Te)ui) = 1.0T@DP (5 5).

If || (w)|| does not belong to A then pY(w) does not belong to AB and
hence the two sides of (E.3) vanish. If |Y(w)]|| belongs to A then we have

1up(pY(w)) = 15 (pI\TEw)H) Whatever is a fixed point = € S?371 it is

known that the pushforward measure of vy via the map p € Uy(C) —
pr € S?471 is the normalized volume measure of S?*~1 and so also equals
the distribution of HTH Choosing = = %, it appears that (E.3) is
completely proved. Finally, (E.2) and (E.3) imply (E.1). O

Appendix F. Splitting independent random vectors

We recall that the proof of Theorem 6.1 begins with the formula (7.3).
Similar identities are usually used if each random variable X, is symmetric
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(see [33, p. 125 and 531] or [34, p. 83]). We give here a self-contained argu-
ment showing that (7.3) essentially comes from the mutual independence.
More precisely, we apply the lemma below for

o V, =Cand Vyi, =My, (C) forany n € {1,...,N};

e X, taking values in C;

e Y, =&, taking values in the unitary group Uy, (C) C My, (C);

o F(T1,...,ZN,Y1,---,YN) = HZQLQ xnmtr(ynbn)"im(x) for any
element (x1,...,TN,Y1,---,YN) € HiJL V,,. We also recall that b,
belongs to My, (L (X)) (see Theorem 6.1).

LEMMA F.1. — Consider an integer N € N*| a sequence Vi,...,Von of
finite-dimensional R-vector spaces, a measurable function F : HZJL V, —
R* and a family of 2N random vectors Xi,...,Xy,Y1,...,Yy satisfying

(1) for any n € {1,..., N}, the random vector X,, takes values in Vy,;

(2) foranyn € {1,..., N}, the random vector Y,, takes values in Vi 4n;
(3) the 2N random vectors Xi,...,Xn,Y1,..., Yy are mutually inde-
pendent.

Then the following equality holds true

E[F(X1,...,Xn,Y1,...,YN)]
= Elew[F(Xl(w/)7 PN 7XN(W/),Y1(OJ), N 7YN(W))],

where the last double expectation has to be understood as

(F.1) /Q/QF(Xl(w’),...,XN(w'),Yl(w),...,YN(w))dP(w’)dP(w).

Proof. — At first reading, the reader may consider the case V; = --- =
Van = R for the sake of clarity. Let Px,,...,Px,, Py, ..., Py, bethe dis-
tributions of the 2N random vectors X1,..., Xn,Y1,...,Yn. Assertion (3)
means that the distribution of the random vector

W (X1 (@)oo X (@), Vi (@), Vv (@)
is the tensorial product measure Px, ® --- @ Px, ® Py, ® --- ® Py, on
the product vector space Hi]L V... Still thanks to Assertion (3), Px :=

Px, ® --- ® Px, is the distribution of (Xy,...,Xx). Similarly, we note
Py := Py, ® --- ® Py, the distribution of (Y7,...,Yy).
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Setting = (x1,...,2N) € HTJLI Veandy = (y1,...,YN) € HZIZNH Vi,
we have

E[F(Xy,...,XN,Y1,...,Yy)]

:/H2N " F(mh-'-axvala---ayN)dPX(LIJ)dPy<y),

n=1
which also equals the following integral thanks to the Fubini—Tonelli
theorem

/2N v l/HN F(xy,...,xN,Y1,---,yn)dPx(2) | dPy (y),

n=N+1 —

which becomes

E[F(Xl7 v 7XN7y17 v ayN)]dPY(y)
HiZNJrl Vi

Moreover, we have
E[F(Xl,...7XN,y1,...,yN)]
= [ PO X )IP ).
Q

So we have proved that E[F(Xq,...,Xn,Y1,...,Yny)] equals

Jroe o LR X0 ) | P )

n=N+1

_ / / P (@) X @)y yn)dPy () | AP (),
Q2 H =N Vn
n=N+1
Still remembering that the N random vectors Y7, ..., Yy are mutually in-

dependent, we can again simplify the integral in the brackets and we get

/Q{/QF(XNO'),...,XN(w')’Y1(w),...,YN(M))dP(w)] dP ().

The Fubini-Tonelli theorem finally gives (F.1). O
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