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AN EXPLICIT UPPER BOUND FOR THE LEAST
PRIME IDEAL IN THE CHEBOTAREV DENSITY
THEOREM

by Jeoung-Hwan AHN & Soun-Hi KWON (*)

ABSTRACT. — Lagarias, Montgomery, and Odlyzko proved that there exists an
effectively computable absolute constant A; such that for every finite extension K
of Q, every finite Galois extension L of K with Galois group G and every conjugacy
class C of G, there exists a prime ideal p of K which is unramified in L, for which

L/K
(455
2d;,A1. In this paper we show without any restriction that Nkjop < di

L # Q, using the approach developed by Lagarias, Montgomery, and Odlyzko.

] = C, for which Nk qp is a rational prime, and which satisfies N, g p <
12577
if

RESUME. —  Lagarias, Montgomery, et Odlyzko ont démontré qu’il existe une
constante absolue effectivement calculable A telle que pour chaque extension finie
K de Q, chaque extension galoisienne finie L de K & groupe de Galois G, et
chaque classe de conjugaison C' de G, il existe un idéal premier p de K qui est
nonramifié dans L, pour lequel [L/TK] = C, pour lequel Nk ,qp est un nombre
premier rationel, et qui satisfait N g p < 2d7,41. Dans cet article nous démontrons

sans aucune restriction que Ng/gp < dp1?577 s L # Q, en suivant la méthode
developpée par Lagarias, Montgomery, et Odlyzko.

1. Introduction

Let K be a finite algebraic extension of Q, and L a finite Galois extension
of K with Galois group G. Let d;, and di denote the absolute values of
discriminants of L and K, respectively, and let n;, = [L : Q], nx = [K : Q.
To each prime ideal p of K unramified in L there corresponds a certain
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conjugacy class C' of G consisting of the set of Frobenius automorphisms
attached to the prime ideals 33 of L which lie over p. Denote this conjugacy
class by the Artin symbol [ S } For a conjugacy class C of G let

mo(x) = |{p | p a prime ideal of K, unramified in L,

{L/K} =C, and Nggp < z}|.

p
The Chebotarev density theorem states that
Cl
mo(x) ~ — Li(x
(@) ~ (G Lia)
as © — oo. (See [15], [53], [28], [39], and [50]. See also [47] for some ex-

tensions of Chebotarev’s theorem and applications.) The error term of this
theorem was estimated in [24], [41], and [59]. Lagarias, Montgomery, and
Odlyzko estimated upper bound for the least prime ideal p with [L/ K} =C

under the Generalized Riemann Hypothesis (GRH), and unconditionally,
in [24] and [23], respectively.

THEOREM A (Lagarias and Odlyzko [24]). — There exists an effectively
computable positive absolute constant Ag such that if the GRH holds for
Dedekind zeta function of L # Q, then for every conjugacy class C of G
there exists an unramified prime ideal p in K such that [L/TK] = (C and

NK/QP Ag(logdL) .

Oesterlé ([41]) has stated that if GRH holds, then one may have Ay = 70.
Bach and Sorenson ([4]) has improved this result in two ways: If GRH
holds, then for any class C' of G there is a prime p in K of degree 1 over Q
with {L/TK} = C and Nggp < (4logdy, + 2.5nz + 5)2. (See also [3], [38],
and [22].) Let

P(C) = {p ‘ p a prime ideal of K, unramified in L,

of degree one over Q and [L/F'K} = C} .

THEOREM B (Lagarias, Montgomery, and Odlyzko [23]). — There is
an absolute, effectively computable constant A, such that for every finite
extension K of Q, every finite Galois extension L of K, and every conjugacy
class C' of G, there exists a prime p in P(C) which satisfies

Ngjop < 2d;, ™M

ANNALES DE L’INSTITUT FOURIER
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See also [57]. When K = Q and L = Q(e?*"/4), the conjucacy classes of G
correspond to the residues classes modulo ¢ and Theorem B gives an upper
bound for the least prime in an arithmetic progression ([24] and [23]). In
this case Theorem B is weaker than Linnik’s theorem ([29], [30], [5]). For
the least prime in an arithmetic progression, see for example [7], [8], [13],
[14], [17], [18], [42], [43], [55], [56], and [61]. If K = Q, L = Q(v/D), and p
is the non identity in Gal(L/Q), Theorem B gives an upper bound for the
least quadratic nonresidue module D. For this case no upper bound better
than Theorem B is known ([54], [6], [24], [23], [2], [25], [26]). In this paper
we compute the constant A;.

THEOREM 1.1. — For every finite extension K of Q, every finite Galois
extension L(# Q) of K with Galois group G, and every conjugacy class C
of G, there exists a prime ideal p in P(C) which satisfies

Ng b < dp™
with Ay = 12577.

To compute the constant A; we follow the method developed by [23]. In
particular, we express zero-free regions for Dedekind zeta functions, density
of zeros of Dedekind zeta functions, and Deuring-Heilbronn phenomenon
with explicit constants in Sections 5-7 below. Zaman showed in [63] that
Ngpop < dp* for sufficiently large dr. See also [51]. Winckler proved
A = 27175010 without any restriction in [60].

2. Outline of Lagarias—Montgomery—Odlyzko’s method

Let Rz and 3z denote the real part and imaginary one of z € C, respec-
tively. We review the procedure for the proof of Theorem B in [23]. Let
g€ C and

C

: o Zw 5,9, L/K),
where 1 runs over the irreducible characters of G and L(s,, L/K) is the
Artin L-function attached to . The main parts of [23] consist of estimates

of inverse Mellin transforms
1 2-+1i00
— Fo(s)k(s)d
57 | (ks ds
where k(s) is a kernel function. The main steps of the proof of Theorem B
in [23] are as follows:

TOME 69 (2019), FASCICULE 3
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(i)

(i)

(iii)
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From the orthogonality relations for the characters 1 it follows that
for Rs > 1

Fo(s) = Z O(p™)(log N /ob)(Ng b))~ ™
p m=1
where for prime ideals p of K unramified in L
o [L/k7™
1 if |:T:| = C,

0 otherwise,

o(p™) =

and [0(p™)| < 1 if p ramifies in L. So we can separate the p” with

[L/TK} = C from the others. (See [24, Section 3].)

Using a method due to Deuring ([10] and [35]) Fo(s) can be writ-
ten as a linear combination of logarithmic derivatives of Hecke L-
functions instead of Artin L-functions. Let H =< g > be the cyclic
subgroup generated by g, E the fixed field of H. Then

C] L

FC(S):_i Y(g)f(SaX,E)a

where x runs over the irreducible characters of H, and L(s, x, E) is
a Hecke L-function attached to field E with x(p) = x ([L/TED for
all prime ideals p of E unramified in L. (See [24, Section 4].) So, all
the singularities of Fo(s) appear at the zeros and the pole of (. (s).
The kernel functions which weight prime ideals of small norm very
heavily are used. Set

s—1 _ xs—l 2
) fory > x> 1,

i = (222
ki(s) = ko(s; 2, 2%) for x > 2,
and

ka(s) = ka(s;z) = 2T for z > 2.

In the case that {r(s) has a real zero very close to 1 we use the
kernel ky(s). Otherwise we use the kernel kj(s). The use of the
kernel functions is the main innovation of [23].

ANNALES DE L’INSTITUT FOURIER
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(iv) For u > 0 we denote by k(u) the inverse Mellin transform of the
kernel function k(s). Then, for s > 1,
1 24100

I=— Fo(s)k(s)ds

210 Jo—ioo

=" (™) (log Nicygb)k(Nic/gp™),
p m=1

where the outer sum is over all prime ideals of K. An upper bound
E(logdy) for

(2.2) I— Z (IOgNK/QP) (Nkop) | < E(logdy)
peP(C)

was estimated in [23, (3.15) and (3.16)].
(v) The integral I is evaluated by contour integration:

_ ICI e

+0(2 ik gt (g ) ostc).

where p, runs over the zeros of L(s,x, E) in the critical strip.
(See [23, Section 3].) So we get

(2.3) :g: Z k()] — co {nLk(O) g (—;) 1ogdL} ,

where p runs over the zeros of (;(s) in the critical strip and cg is
some constant. Note that (1, (s) = Hx L(s, x, E), where x runs over
the irreducible characters of H = Gal(L/E). From (2.2) and (2.3)
it follows that

C C
20 (log Vo Nijap) > k(1 :G:Zk
peP(C)
©

cl {nLk(o) +k (—2) 1ogdL} — &(logdy).

= Ik(p)

is estimated from below. To do this we need to know the location
and the density of the zeros of (g (s). If the possible exceptional
zero exists, say o, then k(fBp) is large. The term k(1) — |k(5o)]

— Cg—=r

(vi) The sum

TOME 69 (2019), FASCICULE 3
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must be controlled compared to _ 5 |k(p)|. We need an enlarged
zero-free region which makes possible 3 5 [k(p)| to be small. The
Deuring—Heilbronn phenomenon guarantees that the other zeros of
¢r(s) can not be very close to 1.
(vii) We choose z of the kernel k(s) in terms of dy, so that the right side
of (2.4) is positive.
Then Theorem B follows. In the remaining sections of this paper we will
make explicit numerically the constants intervening in the zero free regions,
the density of zeros, and Deuring—Heilbronn phenomenon of (r(s), and
ultimately Aj.

3. Prime ideals in P(C)
In this section we will estimate from above

I— Z (10gNK/QP)%(NK/@P) .
peP(C)

We will treat carefully their bounds in [23, Section 3]. We begin by recalling
the inverse Mellin transform of the kernel functions. They can be easily
computed. For x > 2 and u > 0 we have

R 1 a-+i00 2(s—1) _ ,s—1 2
ki(u) = — {H} u?ds

270 Sy i s—1
u‘llog‘/""—u4 if 23 <u<at,
=qutlog% if 2% <u<ad,
0 otherwise,
and
. 2
R 1 a+1i00 . log *
ka(u) = 5 /a_ioo 25ty ds = (4mlogx)™ 2 exp {_(41%);3:} ,
where a > —%.
LEMMA 3.1. — Let ZR denote summation over the prime ideals p of
K that ramify in L. For x > 2 we have then
R ~ 2logx
(1) > > 0(p™)(log Nicjop)kr (Nicygb™) < 5 10gdr;

m=1

ANNALES DE L’INSTITUT FOURIER
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R N
2) Z Z O(p™)(log Nk jop)k2(Nkop™)
m2>=1
Ny jop™<a®

) 1
<——=(1 2 logdr.
2\/E10g3(0gx) 8L

Proof.

(1). — Let p be a prime ideal of K that is ramified in L. Note that
Ngop 2 2 and ZR log Nk /op < logdy. We have

S > (6108 N o) s (Vi o™

R
<10gxz log Nk /qp Z (Ngjop™) ™!

m>1
Ngjgp™ >a?
RlogNK/Qp 1
<
ESOD el G

21
< nglogdL,
fL'

_ [ _log(z?)
where my = [IOgNK/@p .

(2). — Let Nz be the number prime ideals of K that are ramified in
L/K. Note that dy, > 3V=. (See [46, Chapters III and IV]).) We have

R .
> > 0(p™)(log Nicjob)ka(Nicjgb™)
m2>1
Nic/op™ <a®

R
< (47rloga:)’%z log N /qb Z 1
m>1
NK/Qangzs

< (Arlogz)™ Z 5logx

5
< —" (logz)? logdy. 0
2ﬁ10g3< og)? logdi

LEMMA 3.2.
(1) (Rosser and Schoenfeld [44]) For x > 1,

m(z) < ap

log x
with g = 1.25506, where w(z) is the number of primes p with
p <.

TOME 69 (2019), FASCICULE 3



1418 Jeoung-Hwan AHN & Soun-Hi KWON

(2) Forx > 1,
20[0
S(z) < ;
(z) logQ\/E
where S(z) is the number of prime powers p" with h > 2 and
h
p' <.

(3) For x > 101

Z b < 4.020[0.

i zlogx
p">a? h>2

Proof.

(1). — See [44, Corollary 1].

(2). — We have

log 20
S) < <\/E) log 2 < log2\/5

by (1).
(3). — We have

DR

p prime p prime
p"2a? h>2

where h, = max G%—‘ ,2) for each prime p. We observe that

—h,
p~ " <27r < 2a

— -1 S .
p§x1 p z zlogx
For x > 101
—h _9
b p x . .
PN e D DY e s D LIS S
p>x p>x p>x P>z
By using the integration by parts and (1) we estimate > ., p~2 from
above. Namely,
St [ s [C 5
p>x z T
<2 2 <dt 2
</ 20 _di < 0‘0/ G
o t?logt logz J, t*  xlogx
Hence,
Z p e 4.02a
_n—1 ’
p prime 1 p Z‘]Oga?
which yields (3). 0

ANNALES DE L’INSTITUT FOURIER
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LEMMA 3.3. — Fory < oo, let ZZ}) denote summation over those (p, m)
for which Ny op™ is not a rational prime and Ny op™ < y. Then

(1) for z > 101

P om ~ m log
ZMG(P )(log Nk jop)k1 (N jop™) < 16.08con ;

)
x

(2) for z > 10

P - 3 3
Zﬁ@(pm)(log Nijop)k2(Nkjop™) < arngad(logz)?

with
ap 15 37
= +T74+— | =24234--- .
T 3 /mlog2 (10“2710g 10 103
Proof.
(1). — Since for a positive integer ¢ there are at most ny distinct prime

power ideals p™ with Ng ,op™ = g, it follows that

P m 2 m P my—1
Y 0(p™)(log Nic/gp)kr (Nicjqp™) < logzy ~ (log Nicjgh) (Nic/qb™)

2 —h
< 4(log ) ng > p".
p prime
2*<p" <zt h>2

Hence, by Lemma 3.2 (3) we obtain (1).
(2). — We have

P ~ ~
Z L0(p™)(log Nic/op)ka(Nie/op™) < nige Z (log p")ka(p")

T
p prime
p’<ph<a®
5

< [ logu) Ra(w)dS(w),
4
where S(u) is as Lemma 3.2(2). According to Lemma 3.2(2), we have

20[0
Slu) < —Vu.
() log 2 b

TOME 69 (2019), FASCICULE 3
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Hence,

5

/ " llog u) () dS(u)

logulog % du
I -1 —
< Qoxs®)Bata)56) + [ ot (s 1) st
Sag 3 1 togw ([ (t+logx)t ;
< 1 k —_— dt
\/Elong 2(logx)2 +/10g;1 2(ze’) Slog z S(ze")
g 15 37\ = 3
T+ — a(1 2 U
3\/>10g2 (xz logx Tt xi) (ng)
LEMMA 3.4. — For x > 2, we have
1
Z > 0(p™)(log Nijgb)ka(Nijgp™) < azngx (log )2
m21
Nk jop™ >z°
with Qo = %

Proof. — We have
Z > 0(p™)(log Nicjgh)ka(Nicjop™) <nge > (log p")ka(p")

m>=1 p prime
NK/@p’”>x pt>ab

<ng /Oo(logu) kAg(u) dT(u),

5

where T'(u) is the number of prime powers p" with A > 1 and p” < u. Since
T(u) < u for u > 0, we have

/;O(logu)/%(u) dT(u) < /:okAz(u) (IOgUIOg; _ 1) () d?u

5 5 2logz
RPN t+1 t
< / ko (zet) {(—’—ng) - 1} T(xe')dt
4logx QIng
< agx(logaj)%. O

From Lemmas 3.1, 3.3, and 3.4 we deduce an upper bound for

I = Z (log N /gb)k; (Nx sgb)
pEP(C)

for j = 1,2 as follows.

ANNALES DE L’INSTITUT FOURIER
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PROPOSITION 3.5. — Let k;(s) be as above. Let
1 24100
I = Fe(s)k;(s)ds.

27Ti 2—100

Assume that L # Q. Then
(1) for z > 101

(31) |[i— Y (log Nigp)ki(Nk/gb)

peP(C)
21 1
< 228 log dy, + 16.08a0nx —o—
X X
1
< o3 et logdr,
X
with 2 32.16
—_ | @0 — et
05 = Jo7 + Togg — 3070

(2) for z > 10

(32) |Ia— Z (10gNK/QIJ)kA2(NK/QP)
peP(C)
NK/Qp<w5

[SE

ogx 3 og L—i—aanx% ogx %—&—agn;{x ogx
1 logd 1 1

)
< JE—
2y/mlog3

< agz(log x)% logdy,

with
1 1072  aqlogl0
= 2 = 5.4567--- .
= og3 (4\/7? T v o
Note that dy, > 3"£/2 for ny, > 2. It follows from the Hermite Minkowski’s

inequality dy > %(%")Mﬁl for n, > 1. For np, = 2, dr, > 3, and for
nL =3, § (%’T)nLil = 4 (32)"" > 3m/2 (See also [48, p. 140] and [23,

p. 291].) )

4. The Contour integral

In this section we will evaluate the integrals I1 and Is by contour integra-
tion. We will use L(s, x) to denote L(s, x, E). Let F(x) be the conductor

TOME 69 (2019), FASCICULE 3
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of x and A(x) = deNg/oF(x). Let

1 if x is the principal character,
6(x) =

0 otherwise.

We recall that for each x there exist non-negative integers a(x), b(x) such
that

a(x) +b(x) = [E£: Q] =ng,
and such that if we define

st O o ()

E(s,x) = {s(s = DI AN P9 (s)L(5, %),

then &£(s, x) satisfies the functional equation

5(1 - Svy) = W(X)&(&X)a

where W(x) is a certain constant of absolute value 1. Furthermore, £(s, x)

and

is an entire function of order 1 and does not vanish at s = 0. By Hadamard
product theorem we have for every s € C

_g(svx)Z;logA(X)+6(X)(1+11>+7>;(8)
1 1
—B(x) - Z +—,

where B(x) is some constant and Z(x) denotes the set of nontrivial zeros
of L(s,x). (See [48] and [24].) According to [40, (2.8)]

BB =— 3 R

ez X

Hence, for every s € C

4 Rf-Fe0) = Josano +o0m (14 1) +aZ0

PxEZ(X)

For j =1, 2 we have

C
Iy = GIZX i(x) by (2.1),

ANNALES DE L’INSTITUT FOURIER
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where

2+i00 /
J;i(x) L /2 —Lf(s,x)kj(s) ds.

211 —ico

Assume that T" > 2 does not equal the ordinate of any of the zeros of
L(s, x). Consider

1 L
. T = — _ .
JJ (X’ ) 2710 /B(T) L (S’ X)kj (S> ds

for j = 1, 2, where B(T) is the positively oriented rectangle with vertices
2 —iT, 2+4T, —1 +iT, and —1 —iT. By Cauchy’s theorem

(42)  J06T) =600k (1) = {a() =600} k;(0) = D kjlpy)

PxEZ(X)
[Spx|<T

for j =1, 2.

LEMMA 4.1. — Let

for j =1, 2. Then
(1) for x > 101

V001 < (=) G log A + ngra),

where py = 0.75296 - - - and v; = 19.405- - -;
(2) for z > 10

1
Va0l < ke () fmlog AL + sl
where po = 0.058787--- and vy = 1.4793- - -.

Proof. — Let s = —3 +it. By [59, Lemme 5.1]

L 2

/1 19683

TOME 69 (2019), FASCICULE 3
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Moreover, for x > 101

1 2731+ 27 3)2
ki(—=+it)| < —5——
1 ( 2-1—1)‘ %+t2

_3\2
with vy (t) = (le 2 ) <9+%1t2) and for z > 1010

1-101"3
2 1 2 1
=271 =k <2> 7" <k <2> v2(1)

1
kg <2 + Zt)

with va(£) = 10719, Hence,

1 7%71‘T L
ol B R OL S

2mi ) %+’L‘T

1 1\ ("
< —kj <> / {log A(x) + ngv(t)}v,(t) dt.
T 2/ Jo
Set e | e
i = f/ vj(t)dt and v; = f/ v(t)v;(t)dt.
T Jo T Jo
The result follows. O

On the two segments from 2 £ T to —% =+ ¢T we proceed with the same

way as [24, Section 6]. (See [23, Section 3], [59, Section 5], and [27].) Let

H,(T) = — /__14{Ll(a+iT7 Vki(o+iT) —%(a—m X)kj(a—iT)} do

Tomi ) L
and
1 [2(r L
H;(T) = 271_i/}1{L(cf—i—iT,X)kj(cr—i-z'T) - L(a—iT,x)k‘j(U—iT)}da.
Then

H;(T) + H;(T)

1 —%-i—iT L/ 2—iT L/
= — —— (s, k-sds+/ ——(s,x)k;(s)ds p .
AU ACIOLIR B ACRVIE

LEMMA 4.2. — For j =1, 2 we have
H;(T') < |k; (iT)|(log A(X) + n log T).

ANNALES DE L’INSTITUT FOURIER
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Proof. — Let s = 0 £ 4T with — < 0 < —1. Then
!

L
—(s,x) <log A(x) +nglogT

L
by [24, Lemma 6.2] and k;(s) < |k;(iT)|. The result follows. O
LEMMA 4.3. — Let —i < 0 < 2. Then, we have
r . 1
f(O':l:ZT,X) — Z W < 10gA(X) +nE logT
PxEZ(X) x
ISPy FTIS1
Proof. — See [24, Lemma 5.6]. (See also [59, Lemma 4.8].) O

Therefore, for j =1, 2

. 12 . 1
M) - [ AblerT) Y
X

-4 Px€Z(x)
[Spx—TI<1
e Y Ly,
J o— il — py
PxEZ(X)
[Spx+TI<1

< |k;(iT)|(log A(x) + nglogT)
since k;(o £ iT) < |k;(iT)| for —1 < o < 2.
LEMMA 4.4. — Let p, € Z(x) with t # Spy. If |t| > 2, then
/2 k;(o + it)

do < |k; (it
T 4o < )

1
1

for j =1,2.

Proof. — Suppose first that Sp,, > t. Let B; be the positive oriented
rectangle with vertices 2 4 i(t — 1), 2 +it, —; +it, and —% +i(t — 1). By

Cauchy’s theorem,
/ Ri($) 45
B s — pX

for j = 1,2. However, on the three sides of the rectangle other than the
segment from f% + it to 2 + it, the integrand is majorized by

as|k;(it))|

for some positive constant as depending on x, which proves the result for
Spy > t. A similar proof for Sp, < t uses the rectangle with vertices 2 +it,
24i(t+1), -2 +i(t+1), and —1 +it. O
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For j =1, 2 we have

12 1

— k; (o +14T) Z T =a—

271 -1 €200 o+1T — py
[Spx—T|<1

1
kil —iT - -
ki(o —iT) Z P do
PxEZ(x)
[Spx+T1<1
<k ET) {nx (T) + nx (=T}
< |k;(iT)|(log A(x) + nglog T) by [24, Lemma 5.4],

where n, (T') denotes the number of zeros p, € Z(x) with |Sp, —T'] < 1.
We may then conclude as follows.
LEMMA 4.5. — For j =1, 2 we have

Hi(T) < [k;(iT)|(log A(x) + nplogT).

LEMMA 4.6. — For j =1, 2 we have

1 . .
1 —5+iT L 2—4T L
lim — —Z(s,x)k;(s)d =
Jim o {/2+m 7 (5:0k;(s) S+/

Proof. — By Lemmas 4.2 and 4.5

H(T) +H;(T) < |k (iT)[{log A(x) + nglog T}.
Since

9 e
‘k.] (ZT)l < 49:2(12+T2) lf] = 17
=T if j =2,
the result follows.

Letting T'— oo in (4.2) and combining this and Lemmas 4.6 yield

T300) + V500 = 600k; (1) = {a(x) =600} ki(0) = D~ kjlpx)
PxEZ(X)
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for 7 =1, 2. Hence, we have
G|

i = X(g
v Z

= k(1) = k;(0) > X(g) {alx) =000} = D_x@) | D kilpy)

X X PxEZ(X)
= x9Vi(x)
X

for j =1, 2. Note that by the conductor-discriminant formula ([46, Chap-
ter VI, Section 3])

Z log A(x) = logdy,.
We therefore conclude as follows.

PROPOSITION 4.7. — For j = 1,2 we have

43 AL 50~ 5 )]k (- ) osds

PEZ(CL)
. {k (0) + vk (-é) }

where Z ((1,) denotes the set of all nontrivial zeros of {1,(s), u; and v; are
as in Lemma 4.1.

5. Density of zeros of Dedekind zeta functions

To begin with, we recall that for every s € C we have
L 1
(5.1) Rq—2E(s) logdLJr@? Jri
Cr 1
?R,YL Z %7

L pEZ(CL) —p

i ={ir (G} e ()}

r1 and 2rg are the numbers of real and complex embeddings of L. (See [24
Lemma 5.1] or [48].)
For any real number ¢ we let

np(t)=[{p=p8+iy[Cc(p) =0 with 0 <3 <1and [y -t <1}

where
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For any complex number s and positive real number r > 0 we let
n(ris) =[{pe Z (L) [lp—sl <.
From (4.1) Lagarias and Odlyzko deduced that
ny(t) < log A(x) +nplog(|t| +2)

for all ¢. (See [24, Lemma 5.4].) In this section we will bound ny(t) and
n(r; s) from above using (4.1). To do this we need some lemmas.

LEMMA 5.1. — Let s=o0 + it thh o > 1. We have

> 9?7 folo)n(b),

pEZ(CL) —f

where

1 . o—1 O’—%
fO(U):2mln{(0_1)2+la(O_§)2+1}

S
|
[N

g
(0—§)2+1’”2+1}'

Proof. — We have

L o—p c+p8-1 }
%7 z
pe;:m o 26+i'y§E;(<L){(U_ﬁ)2+1+(‘7+ﬂ—1)2+1
[t—~|<1
> folo)ns(t). .

LEMMA 5.2. — If Rs = o > 1, then
®SL (5) < np (o),
CL

where

(o

CQ()

filo) =
Proof. — For Rs > 1,

CL( ) Z logNSB ZIOgN(B Z N;B—ms

L
where 3 runs over all prime ideals of L. Comparing —C—L( ) with —%(0)
yields
9 ‘ S ‘ ¢r { & }
RE=(s) < [—=(9)] < — <n
CL() CL() CL() t C@()
(See [24, Lemma 3.2].) O
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See also [9], [31, Lemma (a)], [59, Lemma 3.2], [11, p. 184], and [33,
Proposition 2].

LEMMA 5.3. — Assume that Rs > % We have
/

I 1
(1) §Rf(s) < log |s| + 3 < ag log(|s| +2)

with ag = 1.08;

!

r 4
(2) R (s) = logls| — 3 > log(ls| +2) — oz
with oy = 4 + log5 = 2.9427 - - -

Proof. — For Rs > 0,
I 1 o v
—(s) =1 - —_9 dv.
T (8) = logs — o /0 (2 + 02)(ezrv —1) "

(See [58, p. 251].) Since |s? + v?| = (Rs)?, we have

/OO v dol < 1 /°° Ve 1
0 (s2+0v?)(e?™ —1) TRs)2 Sy e -1 24(Rs)?’

If Rs > %, then

I 1 1 1
~(s) <1 — - < -
Rope(s) < log s + 15 g < loglsl + 5
and
I 1 1 1 4
—(s) >logls| — — — ——— >1log|s| — -.
% 1—1 (S) Og ‘S‘ 2‘5‘ 12 (%8)2 Og |8| 3

Set ¢1(v) = aglog(v +2) —logv — & for v > 1. Then,

(Oéﬁ — 1)1} -2
v(v + 2)

2
oh(v) = and ¢1(v) > ¢1 ( ) > 0.
Qg — 1

Hence
!

r
%f(s) < ag log([s| + 2).

Set pa(v) =loguv — % —log(v + 2) + a7 for v > . Then

1
o5(v) >0 and pa(v) > @2 (2) =0.
Hence
F/
%f(s) > log(|s| +2) — as. O
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LEMMA 5.4. — Let s =0 +it. If 0 > 1, then

RIL (5) < . {fz(o) log(1f] +2) 1logw} ,
YL 2

where

= [t 9 )

Proof. — By definition and Lemma 5.3 (1) we have

Vo gy = Tt )@l (o) oI (s 1Y n
RIL () = R ()+2%F log

L 2 T \2 2 2
(r1 +12) s T9 |s + 1] nr,
<ag—21 —+2 —=1 2] ——=1
(a7 5 og 5 + +a62 og B + B og T
1
<n—L ag log M—&—Q —logm ;.
2 2
It is sufficient to verify that
|s + 1] log(o + 5)
5.2 It — 2| <[ —=———-1]1 t|+2).
I - oIt +2)

Note that |s + 1| > 2[t| if and only if [t| < (o +1)/V3. If [t| = (0 +1)/V/3,
then (5.2) holds. We suppose now that [t| < (o + 1)/v/3. Set @3(v) =
©5(V)/pa(v) with p4(v) = v+ 2 and p5(v) =2+ /(0 +1)2 + v2/2. Then

wh(v) < 0and ¢5(v) < (gzggg) @a(v) for 0 < v < (0+1)/v3. For 0 < v <

(0 +1)/+/3 we have then

log ¢5(v) _ log pa(v) +log 5(0) — log ¢4 (0)

5.3 <
(53) log ¢4(v) log ¢4(v)
. log ¢5(0) _ log(o + 5) 1
= log 4(0) log 2 ’
which yields (5.2). O
We are now ready to bound npr(t).
PROPOSITION 5.5. — For all t we have

(5.4) nr(t) < 1.1logdy + 2.091log {(|t| + 2)"*} + 0.56nr, + 4.05.
In particular, if L # Q, then

(5.5) np(t) < 2.72log {dp(|t| + 2)"*}.
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Proof. — Combining (4.1), Lemmas 5.1, 5.2, 5.3, and 5.4 yields

ol (6) < 3 logdy + =+ ——

1
+np, {fg(o) log(|t| + 2) — 3 log 7 + fl(a)}
for o > 1. We write

(5.6) np(t) <ai(o)logdr + az(o)log{(Jt| +2)"t} + as(o)nL + as(o)

for o > 1, where

= L ag\0 ) = fQ(O-) az\o) = ! g _1 og T
0’1(0)_ 2f0(0')7 2( ) fo(o_)’ 3( ) fO(U) {fl( ) 21 g }7

(o) 1 1 n 1

ag(oc)=—— | =4+ ——|.

* folo) \o  o-1

We choose now appropriate o. If o = (3 + v/17)/4, then (5.6) yields (5.4).

For the proof of (5.5), we choose o = 2.45. In this case, az(c) < 0 and
2a3(0) + ayg(c) > 0. Since ny, > 2, it follows from (5.6) that
nr(t) < a1(o)logdy + as(o)log {(|t| + 2)"* } + 2a3(c) + a4(o)
Bilogdy, + By log {(Jt| +2)"*},
where By = ai(0) + @ {2a3(0) + as(0)} = 2.6885--- and By = ag(0) =
2.7106 - - - . So, we obtain (5.5). O
See also [21], [52], and [59, Lemme 4.6].

and

<
<

PROPOSITION 5.6. — Let r be a positive real number.
(1) Assume that

nr(t) < aglog {dL(Jt| +2)"*}
for some ag > 0. Then we have
n(r;o+it) < ag(l+r)log {dr(|t| +r+2)"F}.
(2) Assume that L # Q. Ifc > 1 and 0 < r < 1, then

f2( )

n(ryo+it) <10 |1+ ———=rlog{dL(|t| +2)"*}| .

Proof. — Set

Z(r;s) ={pe Z(C)|lp— sl <7}
and Z(t) = {B+iv € Z(C)| by — 1] <1},
Note that n(r;s) = |Z(r; s)| and n(t) = |Z(¢)].
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(1). — Let t1,ta,- -+ , 14}, be real numbers such that ¢t —r <t; <--- <
t1+[r] <t+rand

Then
1+(r] 1+[r]
n(r;o +it) < Z nr(t;) < as Z {logdr, + nr log(|t;| +2)}
i=1 i=1

ag(l+r){logdr + nrlog(|t| +r+2)}.
(2). — Write z = 1 4+ r +it. By (4.1),

> Rt = Cloxds +§R7L() CL()w%( L )

- 1
pezc) P G *

We now estimate %ﬁ(z) and &Ei(z) from above. By Lemma 5.4
L CL

%ﬁ(z) <nL {f2(1 +7)log(|t| +2) — 110g7r}
YL 2
< B+ ) log (1] + 2"}

It follows from [33, Proposition 2] that

1
Rek(:) < L) <~ < (;f> logd; + 1.

Therefore,

Z 8%7 ( ! )logdL+f2(1+r)log{(t|+2)”L}+2+ L

pezicy - P 2V5 robEr

Moreover,

> m—> > mi T(2rz)

pEZ(CL) P pPEZ(2r;z)

Since Z(r;o +it) C Z(r;1+4t) C Z(2r;z) and 1 — ﬁ < f2(2), we have

n(r;o 4 it) < n(2r; z)

s Kl - 2\1/5) logdr, + fa(1 + 1) log {(lt| +2)"*} + % * 1ir
<10 [1 fz( )rlog{dL(ltlJr?)"L} : -
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6. Zero-free regions for Dedekind zeta functions

We abbreviate N, g to N. The classical argument to obtain a zero-free
region for (,(s) starts from (4.1) and for o > 1

d
Zb { 'Loﬂ»mt} w30 ngﬂnw

where b, > 0, Q(¢) = Eg’t:O b, cos(mg) > 0, A(a) is the generalized Von
Mangoldt function, and a runs over all nonzero ideals of L.

Using Stechkin’s work one can reduce the constant % of the term
%log A(x) in (4.1) to L 5 (1 — 7), which yields larger zero-free regions for
Cr(s). (See [49], [45], [12], [36], [14], [19], [20], [37], [34], [32], [33], and [1].)
It is known that if L # Q, then (7, (s) has at most one zero p = 8+ iy with

(6.1) B>1-

and |v] <

2logdy, 2logdy,’

If this zero exists then it must be real and simple. (See [48, Lemma 3], [16,
Lemma 2], and [1].) This possible zero is called the exceptional zero and
denoted by pg. In this section we will show the following:

PROPOSITION 6.1. — Assume that L # Q. Let p = S+i~ be a nontrivial
zero of (r,(s) with p # pg and T = |y| + 2. Then

(6.2) 1— 8> (29.57logdyr™) "

For the zero-free regions of (1 (s) see also [20, Theorem 1.1], [59, Lem-
me 7.1], and [62].

We use the Stechkin’s work ([49]) as [36] and [20] and use the same
notations as [36] and [20]. Set

. 1+ vV1+40? . 1
s = o +1it, alzf, s1 = o1 + 1t K:ﬁ’
and
1 1
F(s,z) =R .
(8,2) {s—z+s—(1—z)}
For o > 1

n{-Sndhion} = A (1- i) mOve),
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where a runs over all nonzero ideals of L. Moreover, by (4.1)

R{-E(5) 4 n k(o)

(L (L
1-k 07, o
= log d —|—§R{L s) — kL (s }
5 gar 7L( ) %( 1)
!
+{F(s,1) = kF(s1, 1)} = > {F(s,p) — xF(s1,p)},
Rp>3
where )
/
ST VRIS
Rp>1 peZ(Cr)  pEZ(CL)

ﬂ?p:% %<%p§1

Assume that b,, > 0 and Q(¢) = Zzz:o by, cos(mg) = 0. Then, for o > 1

!

‘ ¢ ¢,
me { La—i—zmv)—&-/ﬁg(al—&—zmv)}

m=0

=Y A (1 jams ) Qylog Na) > 0.
a

So,
(63) 0 < S2 + S3(U7 ’Y) + 54(07 ’Y) - Sl (07 7);
where
d
! . .
(64) Z bm {IF o+ mr, p) - "{]F(Ul + my, p)}a
m=0  Rp>3
1-—
(6.5) Sy = 5 ~—"9(0)log dy,
d
(6.6) S3(o,7v) = Z b {F(o +im~,1) — kF (o1 + im~y, 1)},
m=0
and

d / !
(6.7) Sy(o,y) = Z bR {Zi(a +im7y) — m%(al + imv)} .

m=0
Our proof of Proposition 6.1 consists of three parts: We estimate S; (o, )
from below, S3(o,v) and S4(o, ) from above. Note that if p is a nontrivial
zero with |y| < (2logdy) ™1, then (6.2) is satisfied. So, we may assume that
p € Z(¢r) and |y| > (2logdr)~!. Assume that

1— B < (blogdy )™,
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where b > 4 is a constant that will be specified later. Let ¢ = (blog12)~!
and 0 — 1 = (blogdy7"t)~!. That is, 1 — 8 < € and 0 — 1 < € with
€ < (4log12)~ L.

LEMMA 6.2 (Stechkin [49]). — Let s = o + it with o > 1.
(1) If0 < Rz < 1, then
F(s,z) — kF(s1,2) = 0.
(2) If Sz =t and 3 < Rz < 1, then

1
——— —kF > 0.
=153 " (s1,2) 20
LEMMA 6.3. — Keeping the above notation we have
b b (o0 —
(68) Si(0.7) > 2~ {Q0) - b + 3 T
2o+ {m— 1)
where
V-1 { 2¢ € } €
Qg = and «aip =k + + )
9 2 10 049 (049 1 6)2 (1 _ 6)2

Proof. — By Lemma 6.2 (1)

d
(6.9) Si(o,v) = Z b {F (o + imry, 8+ i) — kF(o1 + imy, B+ i7) }.

m=0
When m = 1, we have

1
(6.10) F(o +iv, 8 +iv) — 6F(o1 +iv, B +iv) > Py
by Lemma 6.2(2). When m # 1, we have

(6.11) F(o + im~y, B +iv) — kF(o1 + imy, B + i)
_ o—p
(0= B2+ {(m—1)}?
—G(o1 = B0 =1+ B,0 =1+ 5;(m — 1)),

where
L wi wo w3
g(w17w2aw3av)_’{<w%+v2+wg+vz> w§—|—v2’
Note that
(6.12) 0< o1 —f0—ag < 2, 01—1—1—6—049 <e,

and —e<o-1+8-1<

TOME 69 (2019), FASCICULE 3



1436 Jeoung-Hwan AHN & Soun-Hi KWON

For w > 0 and ug > 0

u Ug |u — ug|

6.13 - < .
(6.13) w2+ 02wl +0?| T min(u,up)?

(See the proof of [20, Lemma 2.2] or that of [21, Lemma 5].) Using (6.12),
(6.13), and the fact that G(ag,ag',1;v) < 0 for all v € R ([20, Lem-
ma 2.2 (7)] or [21, Lemma 5 (7)]) we get

(6.14) G(o1 —B,01 =1+ p,0 =1+ B;(m—1)y) < aqp-
Substituting (6.10), (6.11), and (6.14) into (6.9) yields (6.8). O
LEMMA 6.4. — Keeping the above notation we have

(615) S5(7,7) < 2 +bofa(1+€) — {Q(0) ~ bo} (G — an)

b (o — 1)
L e

m#0

1 1 1
f3(0):—/f< +>,011=/€(a€2+€_2>+e:(35+1)e,
9

o1 —1 01 Qg
and Gy = —0.121585107.

Proof. — When m = 0, we have
1 1
(616) F(O’,l)—I{F(Ul,l):m—F‘fé(O’) < m—ng(l—‘rG)

since f3(0o) is increasing for 1 < o < 1.75. When m # 0, we have

(6.17) TF(o +imvy,1) — kF(o1 + im~, 1)
_ o—1
(o= 1)2 + (my)?
Note that 0 < 01 — 1 — ag zal—agl <eand 0 < o —1 < e. Using [20,
Lemma 2.2] we get

- g(al - 170170; m’Y)

(6.18) G(o1 — 1,01,0;m7y) = Go — an.
On feeding (6.16), (6.17), and (6.18) into (6.6) we get (6.15). O
Let

(m) HTi(1+€) +To(1+€)} — 55 logm  if m =0,
fa(l+¢e)logm + aqa if m #0,
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I [(s+a I (s1+a _ag— K [log(o+5)
F“(S)_F< 2 >_“r< 2 )’f“((’)_ 2 { log 2 _1}’

(1wl
an = P27 = > WIBT _ o a416... |

LEMMA 6.5. — Keeping the above notation we have
Si(o,7) < cauzlog 7" + auany,
where a3 = {Q(0) — bo} fa(1l + €) and 14 = ZZAL:Q b D(m).

Proof. — Since T'g(v) and T'y(v) are monotonically increasing and
I'i(v) > To(v) for 1 <v < 2,
1-—x
2

ny logm

ol ] _ L o 2 o) — o) —
%{»)/Z(U)Hyi(gl)}_ 5 To(o) + 2{F1( ) —Tolo)}

1 1 1—k
< nL{n(o) gy -

1 < nrD(0).
1 1 5 ogw} nrD(0)

Set s =0 4+ imy and s;1 = o1 +im~y. Form > 1

r{ T - 2e(on)

YL YL

< @ {aﬁlog <|;| —|—2> — klog <|521 +2> —I—HOW}

1 1
+ %2 {aglog ('S; | +2) — klog (Sl; ‘ —|—2) +I€a7}

1—+x

nr logm by Lemma 5.3

% {(ozﬁ — k) log <|S+21| + 2> +rar — (1 — n)logﬂ'}
< np{fa(o)log(lmy] +2) + 12} by (5.2)

< np{fa(l+€)log(ly| +2) + D(m)}.

N

Hence

d
Su(0,7) <bonD(0) +np Y bn{fa(1 +€)logT + D(m)}
m=1

= ay3log 7" + ayuny,. O
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Now, Proposition 6.1 is ready to be proven. Combining (6.3), (6.5), Lem-
mas 6.3, 6.4, and 6.5 yields

1— b
HQ(O) logdr, + a3log 7™ 4+ ajany + s + Ufo

1
b1 + bl(O' — ].) . bo(O’ — 5)
o8 G- (o-B

d
(-1 (0 -8
r b { @12+ (m)? (@B + {(m— 1P } ’
where a5 = bof3(1 + 6) — {Q(O) — bo}(go — 0411) + {Q(O) — bl}alo. Since

bifc—1)  bo(c—p) <(b1*bo)(0*1)
(0—124+7% (0—p8)2+79* " (0—-12+72

0<

and for m > 2

) I e B
(0 =124 (my)? (0 —=B)2+{(m—-1)y}2 =~
it follows that
b b
(6.19) 0 < agglogdyr + ajglog 7™ + ayyng + a5 + 0 _ !
c—1 o-—p
with
11—k 4b
= by —b .
Q16 5 Q(0) + (b 0)<4+b2)
Let 0 < d <1and0<n<1. Notethat dy, > 3nL/2 Qe
20014 a1s Q14 Q15
11 a16+log3 +log3n’ 12 a13+log2( )+210g2( ),
and

BIS — Imax (3117 Blg).
The inequality (6.19) is replaced by

b b
(6.20) 0 < Byglogdy ™ + —— — —_
c—1 o-—0
From (6.20) it follows that
by 1 B
1->2|——=—— =) (logdpm"")™".
p (b0b+313 b) (logdz.7™)
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We choose Q(¢) with by < by, b, §, and 7 as follows:
Q(¢) = 4(1 4+ cos ¢)(0.51 + cos $)?, b =8.7, § = 0.66, and n = 0.26,
and obtain (6.2).

7. The Deuring—Heilbronn phenomenon

The Deuring—Heilbronn phenomenon means that if the exceptional zero
of (1, (s) exists then the other zeros of (1, (s) can not be very close to s = 1.
In [23] Lagarias, Montgomery, and Odlyzko proved more precisely the fol-
lowing.

THEOREM C (Lagarias, Montgomery, Odlyzko [23]). — There are posi-
tive, absolute, effectively computable constants ¢; and cg such that if (,(s)
has a real zero wy > 0 then (1, (o + it) # 0 for

log (1—w0)10g{§7L(|t\+2)"L}}
log {dp([t] +2)"x}

with the single exception o + it = wy.

c>1—cg

See also [30]. In this section we will estimate the values of ¢; and cg
explicitly. We will use a power sum inequality as [23]. We begin by recalling
the fact that (s —1){z(s) is an entire function of order one. The Hadamard
product theorem says that

-1 _ oritra—1_a+bs <1 _ i) s/w
(5= aals) = st T (1= )
for some constants a and b, where w runs through all the zeros of (1 (s),
w # 0, including the trivial ones, counted with multiplicity.([48]) The Euler
product for r,(s) gives

C/ - —ms
—2E(s) =) ) (log N) (NP)
CL B m=1
for ®s > 1, where P runs over all prime ideals of L. This series is absolutely
convergent for fs > 1.
Suppose that r,(s) has a real zero wy > 0. Differenciating (25 — 1) times
the equality

> s 1 1 1 +rg—1

P m=1
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yields that for ®s > 1 and j > 1

,§j§jngm )(log NB™)*/ =1 (Ng) "™
P m=1

(23

oo

1 1 1 Ui,
T GoDY (5_w)¥ we;(m (5 —w)¥ EZ:O (s + )%’
w#wo

where
ri+ro—1 ifh =0,
bin =< 11 + 79 if h # 0 is even,
9 if v is odd.

If sg = o¢ + itg with o9 > 1, then

(71) 2] 1 |Z Z 10qu3 1Oqu3m)2] 1Nq3—m0'0 {1+ Nq3m) zto}

o0 grh
+Z{O’o+m +(80+m)2j}

m=2

(

1 1 n 1 Z
(00 —1)%7 (00 —wo)¥  (so—1)%  (s0—wo)?

where z, is the series of the terms (09 — w)™2 and (sp — w) ™2 for all w €
{0, =1} U(Z(¢r)\{wo}) such that w is counted according to its multiplicity
and |z, | is decreasing for n > 1. Since the real part of the left side of (7.1)
is nonnegative,

— 1 1
72 %;Zn s (00— 1)% (09 —wp)?
1 1
R [{(UO —1) +itg} B {(o0 —wo) + ito}%} '

To evaluate the constants c¢; and cg, first, we estimate the right side
of (7.2) from above.

LEMMA 7.1. — Forop > 1,521, and 0 < v < 1 we let
fs(oo +itg, j;v) =R L 1
o itg, J; V) = - - — - — | .
P {00 - ) + it} ~ {(o0 —v) + it}

Then _
45(1 — wo)

f5(00, j;w0) + f5(00 + ito, j;wo) < (00 — )T+
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Proof. — We have

) ) ) o0—v 1 . 1 —v
fs(oo +ito, j;v) = 25 /601 %{Wo)%“} dy < QJW'
(See [60, (2.43)].) The result follows. O

Second, we estimate R Y - | zJ from below using [23, Theorem 4.2]. (See
also [63, Theorem 2.3]). Set

)
=lzl™' Y Izl
n=1

According to [23, Theorem 4.2] (see also [63, Theorem 2.3]) for any ¢ > 12,
there exists jo with 1 < jo < ¢£ such that

(7.3) %Zz“ > ( 12) |z

Now we estimate Y-, |2,| from above.

LEMMA 7.2. — Let sg = og+1itg, z, and wy be as above. Then we have

Z |Zn| Bq7 0'()) lOg dr, + Blg(O'()) log{(|t0| + 2)”L}

+ Big(00)nr, + Bao(00),

where B17(0'0) e 2(11(0'0), BlS(UO) e ag((fo), Blg(O'Q) = CLQ(O'()) log2 +
2a3(00) + %7 and Bgo(O'o) = 2(14(0’0) — % with
0

_ 1 fa(oo) B log
alo0) = 55y a2lo0) = 77T asloo) =~ P
and
as(00) 1 1 n 1
0g) = — .
470 agg — 1 (o) gg — 1
(Here, f2(0y) is as in Section 5.)
Proof. — Note that
= 1 1
dlaml= > ——+ > %
n=1 weZ(CL) o0 — | weZ(CL) [0 = w|
wHwo w#wo
n Lo £y 41 %

- + + :
lo0l? * sol*  loo + 112 [so +1[?

As
s —1 1

s—wZ ~ Ts—w
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for s € C and w € Z (¢1,) we have

Rs —1 1
D narS X B
w€eZ(Cr) w€Z(CL)
w#wo

(7.5) 1ogdL+8?< +11>+§R7L()+3‘1‘12§()

Gathering together the bound in Lemma 5.4, the fact that

{fi i) o

and (7.5) we get

1 1
2 omart 2 e

gp — W
weZ((L) weZ(CL)
wHwo wF#wo
< 2aq (0’0) 10gdL + CLQ(O'()) log {(|t0| + 2)”L}
+ {a2(09) log 2 + 2a3(09) } nr, + 2a4(09).
Moreover,
Lo Lo 2 2 2(7“1 + 7o — 1) 2ro
+ o+ - < +
ool [sol* oo+ 112 [so + 1|2 o3 (00 +1)2
< 2 2
< =np — —5.
ol L o}
The result follows. |

We are now ready to prove the following.

THEOREM 7.3. — Suppose that L # Q and (1, (s) has a real zero wg > 0.
Let p = B +iv be a zero of {1,(s) with p # wo.

(1) If L is not an imaginary quadratic number field, then

log { (lfwo) 1CO7g drT™L }
log dy T

(7.6) 1-B2>cs )
where 7 = |y| + 2, ¢7 = 6.7934--- x 1074, and cg = 16¢7 = é.
When L is an imagjnary quadratic number ﬁeld then (7.6) holds
with ¢; = 5.5803--- x 1074 and ¢g = 16¢7 = ﬁ

(2) If p is a nontrivial zero of (r(s), then (7.6) holds with ¢; =
8.1168--- x 10~* and cg = 16¢7 = =-.
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Proof.
(1). — If L is not an imaginary quadratic number field, then (;,(s) has
a zero at s = 0 and |21]|7! < 03. Setting to = v in (7.4) yields
L < 0’8 {317(0'0) IOg dL + Blg(O'()) IOg TnE + Blg(o’o)’nL + Bgo(a'o)} .

Note that Big(og) = 0 for o9 > 1.74. For 09 > 1.74 and 0 < 0, n < 1, we

let
2B19(00) Bao(00)

BQQ(O'(), (5, ’17) = 317(0'0) + 10g3 10g3 m,
Big(00) Bao(00)
B =B 1-— 1-—
23 (007 5a 77) 18(00) + 10g2 ( 6) =+ 2 10g2 ( T])a

and
BQ4<O‘Q,57 ’17) = maX{B22<00,57 77),323(0'0,5, 7’])}
Then we have
L < 02Bay(00,0,n)logdp ™"
since dy, > 3"/2 and ny > 2. Note that if p € Z((z), then |z;| >
log + iy — p|72 = |oo — B|72 and if p & Z (L), then p = B < 0 and
21| = |oo| ™2 = |og — B]72. Thus

1 1-8
=1 > =T e"p{2 (oo - 1>}

and the bound (7.3) yields

L (E—12 1 (1-8
%Zzﬂ P> ( ) (00— 120 exp{?jo (00_1>}.

Comblnlng this with (7.2) and the bound in Lemma 7.1 we have

¢—12 1 (1-p 4jo(1 — wo)
(7.7) ( yF ) (oo = 1750 eXp{ZJo (00 — 1>} < (00 — 1501

From jo < ¢L < ¢é02 Bay(0o,d,n) logdy 7™ it follows that

exeo.din)
)log{u—ulm%dfm}

7.8 1- 2 v’ 75a ’
(7.8) B = cs(é00,0,n log dprt
where ¢7(¢, 09,0,7n) = (5;%2) cs(¢,00,0,m) and

oo — 1
260 B24(O—Oa 65 7]) .

Choosing ¢ = 24, 09 = 7.79, 6 = 1, and n = 1 we get (7.6). If L is an
imaginary quadratic number field, then {7, (s) has a zero at s = —1 and
|z1|7! < (00 + 1)%. We have then

L < (00 + 1)2324(0'0,5, ’l’}) logdLTnL

cs(¢,00,0,m) =
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and jo < éL < &(og + 1)2Bay(00, 6,m) log d, 7™ . Moreover,

21| > oo — 8172 = woll)zexp{—Q (;{;ﬁ)}

since (r(s) does not have a zero at s = 0. From (7.7) we get

og— 1
26(00 + 1)2324(0'0, 6, 77) '
Choosing ¢ = 24, 09 = 12.21, § = 1, and n = 1 we get the result.

(2). — We consider y >~ ! zJ (instead of 7, 27 in (7.2)), where Z,, is
the series of terms (o9 —w) ™2 and (o +itg —w)~ 2 forallw € Z (¢r,) \{wo}
such that w is counted according to its multiplicity and |z,| is decreasing
for n > 1. Since

— Lo Lo 15 5
j fo
%;znﬁ-%{agj + (00 + itg)2 + (00 + 1)Z + (@ +it0+1)2j}

Cs (éa g0, 5a 77) =

> .
“ny
n=1
and
R ! + ! >0 f 0,-1
, - b > or w=0,-1,
(Jo —w)zﬂ (O’O -I-’Lt() —w)QJ
(7.9) %Z?J S -
0'0 - 1) (O’Q - W())Qj
1 1
= - o
{(0’() — ].) + Zto}zg {(0’() — wo) + ’Lt()}zj
We use the power-sum inequality in [23, Theorem 4. 2] for Zoo . Set
L =127 | |Z,|. For any ¢ > 12, there exists Jo with 1 < P g L

such that

(7.10) mzﬂo < 12>|21|J0

If pe Z((), then 1 —p € Z(¢). Set to = . Then

1 2
B! < min{(oo — B)2 (00 — 1 + 8%} < (00— ) |
Then we have

2
. 1 . ~
L< (00 - 2) {317(00)10g dr + Big(op) log 7"F +Bl9(00)nL+320(00)},
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where Big(0o) = ag(oo) log2 + 2a3(ao) and Bag(0g) = 2a4(00). Note that
Blg(a'o) < 0 and 2B19(O’0) + BQQ(O’()) 0 for 1 < o9 < 11.66. So, for
1 <o0p <11.66

2
. 1 . .
L< (Uo - 2) {317(00) log dr, + Big(00) log 7" + 2B19(00) + Bzo(Uo)}~

For 1 < 09 < 11.66 and 0 < n < 1, we let

2§19(00) + EQO(UO)
log 3

21?19(00) + Ezo(Uo)
2log2

Bas(00,m) = Bir(oo) +

b

Bag(00,m) = Big(oo) + (1-n),

and

Ba7(00,m) = max{Bas(00, 1), Bas(00,7)}

Then we have

. 1\ 2
L g (O’O - 2> B27(O'0777) 1OgdL’7'nL

Note that dy, > 3"%/2. Since

1 1-—-
|21] > Joo +iy = p| 7* > ———5 exp { -2 L
(0'071)2 0'071

the bound (7.10) yields

o (5 e (22
%Z ( (00 — 1)23\0 P 2o oo —1 .

Combining this with (7.9) and the bound in Lemma 7.1 we have

&—12 1 . (1- 4Go(1 — w)
v ~—expq —2jo | —— | £ ———=".
4¢ (o9 — 1)2do0 oo —1 (o9 — 1)2j0+1

From Jjo < &L < ¢ (oo — f) Baz(00,n)logdy 7" it follows that

gg — 1
2¢ (00 — *) Baz(00,m)

Choosing ¢ = 24, 0g = 5.42, and 1) = 1 we get the result. O

08(57 g9, 77) =

TOME 69 (2019), FASCICULE 3



1446 Jeoung-Hwan AHN & Soun-Hi KWON

Remark. — To get an upper bound for £ the zero-density estimate for
the number of zeros of (1,(s) was used in [23]:

2 1 L
L<(2-0) zw:<2_w|2 + |2+z‘v—WI)

< 1 < 1

< logdp"F,

where w runs through all the zeros of (1 (s) including the trivial ones.
(See [23, (5.6)].) However we used

-1 1
Y by el
s — s —
pezc) " PV ez 7P
for ®s = o > 1 and (5.1). (See (7.5) above.)
COROLLARY 7.4. — Assume that L # Q. Then for any real zero wg > 0
of (r.(s) we have
(7.11) 1—wp > dpo°
with c1g = 114.72 - - -.
Proof. — When L is not an imaginary quadratic number fields, we let
¢=121, 09 =7.79, 6 = 1, and n = 1. The inequality (7.8) yields
. log c7 + log(1 — wp) ™! — loglog dy 7"t
8 log dp ™

for any zero 8 + iy # wo of (r(s), where c; = 2.2434-.- x 10~° and
cg = 2.1716--- x 1072, Set 1 — wp = d; °. Since (1,(s) always has a trivial
zero at s = 0 and dy, > 3"%/2, we have

(7.12) 1—-8>

logcr + clogdy, loglog dp2™-

1 2 Cs — o
(1+ 2282 ) 108, logdr2™
2log 2 -t log ¢y 1
7.13 > 1 — =N
( ) CS{( + log 3 > <logdL+C e

Note that &% < 1 for # > 0. Then (7.13) yields

T

1 1 2log 2 1
e<(—+=) (14+522) - 28T 1472
cg e log 3 log 3
When L is an imaginary quadratic number field, it is known that

(r(o) # 0 for o > 1— (2/d )_1. (See [48, proof of Lemma 11].) The
result follows. O

ANNALES DE L’INSTITUT FOURIER



LEAST PRIME IDEAL IN THE CHEBOTAREV DENSITY THEOREM 1447

Remarks.

(1) For the zero-free regions for (1(s) see also [48].
(2) In [63], Zaman proved that, for dy, sufficiently large, 1—wq > d ',

8. Proof of Theorem 1.1

Theorem 1.1 is ready to be proven. We will choose appropriate kernel
functions k(s) and estimate

K1) = D ko)l
PEZ(CL)
from below. From now on we denote by 3y the exceptional zero of (,(s) if

it exists, and By = 1 — (2logdy) ! otherwise. Our proof is divided into a
sequence of lemmas.

LEMMA 8.1. — We have

1) k)~ ki(fo) > - (loga) min{l, (1 - fo) log )
and

(8.2) ka(1) — ka(o) > —=a® min{1, (1 — o) log 2.

10

Proof. — We have
2(Bo—=1) _ 22(Bo—1)\ 2
(1) = b (80) = (loga)? — (= )
— Bo

= (log )6 ((1 — Bo) log ),

=1 (25

It is easily verified that

(0) > we(l)v for 0 < v <1,
v) =
v we(l)  forv>=1

where

with ¢g(1) = 0.94592---. Hence @g(v) > @g(1)min{l,v}, which
yields (8.1). We have

ko (1) — ka(Bo) = 2%(1 — 2P~ DBoF2)) > 320 ((1 - By) log z),

where p7(v) = 1 — e~ 3% It is easy to see that

(0) > w7(1)v for 0 < v <1,
ez o7(1)  forv>1
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with ¢7(1) = 0.91791---. Hence ¢7(v) > ¢7(1)min{l,v}, which
yields (8.2). O

In the following ¢7 and cg are as in Theorem 7.3 (2).

LEMMA 8.2. — Suppose that By < 1 — c7?(logd3")~2. We use the
kernel function k1(s) and obtain

N log x
> [ki(p)| < caslogdy, + cra(log dp)*{(1 — Bo) log dp } 2 @e L,

PEZ(CL)
p#Bo

where c1p = 6.8610 - - - x 1074, c15 = 124.14 - -, and c14 = 1.7700 - - - x 10°.

Proof. — Write

Yo k)= Y k)l+ Yo k(o)

p#Bo lp—1|>1 [p—1]<1
PEZ (L)

where >, ;5 (resp. 32|, /<) denotes that we sum over p = 3+ such
that p € Z (¢r) with p # By and |p — 1] > 1 (resp. |p — 1| < 1). Since
22(p=1) _ pp—1 2

p—1

Agp—2(1-8)
lp—112 "

k1(p)| =

it follows that

> <[ Sdn

|p—1|>1

1+ r){logdr, + nrlog(r+2)}
< 21.76/1 3 dr
(by (5.5) and Proposition 5.6 (1))

< cizlogdy

where ¢13 = 21.76 (g+%) ~124.14---. For the sum |,y <, [k (p)|
we consider two cases separately.
(i) If an exceptional zero Sy exists with 1 — 5y < (%7)2 (logdr)~*, then

e e > {(1— Bo)logdy} 2.

2
(1= PBo)logdrme = 3(1 — Bo)logdy,
Hence, by Theorem 7.3(2)

_1 _
1 —po)logdr} 2 _ log{(1—fo)logdr}""
=z C11
log dpmr logdy,

1_526810@{(

: c 1
with C11 = FS = Z63°
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(ii) It 1— By > (£)° (logdy) !, then by (6.2)
1— B> (2957logdr7"=)~! > (88.71logdr) .

Set 19 = {177.42 log (%)}

1
= 6.8610--- x 10~%. Then

3 _
(88.71)_1 = 2¢12 log (C7> > C19 log{(l — 60) log dL} !

and
log {(1 — Bo) logdL]fl'

1=8>en logdy,

As ¢11 > ¢12 we have

log {(1 — fo) log dL}f1
log dy,

1-8>ci2

in all cases. Let L
1 1-— 1 -
B=ci og {(1 — fo)logdr} .
logdr,

Then
4720B=1)  gp—2B

< .
lp—1[* " |p—1J?

k1 (p)| <

By Proposition 5.6 (2),

1
> k)l <47 [ an(rin)

2
p1l<1 BT
114282 (142182 1100
_ g3
< 42728 n(1;1) + 20/B p dr

(by Proposition 5.6 (2))

Afs(2 21og 2
<a0p28 { g2 A2 (4 2182 poyy g,
5 log 3

2f2(2) 2log2
— 1 1
5 + log 3 ogdL

< cralogdr)? {(1 — Bo) log dy Y212 s r

where
40 1 4£5(2) 21og 2 .
= 1 = 1.7700--- x 10°.
€14 c12log2 { c12log 2 + 5 + log 3 X
For the last inequality we used (6.1), which yields

P (e Bo) logdr} ™" _ cizlog?2
12 logdy, ~ logdy
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We have therefore

(83) k()= > k(o)
PEZ(CL)
190 (log z)?min{1, (1 — By) log '}
log «
— C13 logdL — 014(10gdL)2 {(1 — ﬁo) log dL}zcmlOgdL .

Note that for z > 101

8.4) ik <_1> logdr, +ng, {kl(O) + vk <_;>}

2 -2 12, 4 2 < -3 73/2)2
< - — — - logd
{log?) (x v ) + 9 <M1 + log3y1> * v e aL

2 4 2
< —2 = o -3 logd
{log?)x +9 (u1+log3yl>x } B ar

S 015.23_2 log dL,

where

2 4 2
S . 2 ) =1.9792. - .
‘5= 10g3 T 909 <“1 * 1og3”1>

Gathering together the bounds (3.1), (4.3), (8.3), and (8.4) we conclude
the following:

LEMMA 8.3. — Suppose that By < 1 — c7%2(logdp3"%)~2. We have then

(8.5) g: D" (log Nicjgb)ki (N jop)

peP(C)
9
> TO(IOg x)Q min{1, (1 — By)logx} — c13logdy,
log x
— cra(logdp)? {(1 — Bo) log dp }>* ™= dc — ¢y50 2 logdy

|G\ log z

logdy,.
|C\ ogar,

LEMMA 8.4. — Suppose that 3y < 1 — c7?(logd3"t)~2. For logx =

c16logdy with c16 = 3144.25, we have

> (log Nicjop)k1 (N /gp) > 0
peP(C)

In particular, there is a prime p € P(C) with Ngop < a* = d4016

ANNALES DE L’INSTITUT FOURIER



LEAST PRIME IDEAL IN THE CHEBOTAREV DENSITY THEOREM 1451

Proof. — Let logx = cy4logdy.
(i) Suppose that 1 < ¢16(1 — Bo) logdy,. (8.5) and (6.1) yield

|G ~
(logdy) 2% Z (log Ng/gb)k1(Nk op)

| peP(C)
- 9 ) 1 2ci2¢16
Z 4 —cCg—cuul = — €1,
D) !

where

(13 c1s 2a3c16logdy,

' logdy, A3 log dy, df¢log3
(Note that f&t < |G| = 2= < ny < 25 logdy.) For c1g = 3144.25,
we have

9 02 . 1 2c12¢16 N
— - €1.
10716 7 "\ 2 !

(ii) Sup%ose that 1 > c16(1—fp) log dy.. Since 1—fg = c2(log d,3"=) =2 >
(%)” (logdr)™2, (8.5) and (6.1) yield

G|

{(—Bo)logdr} ™" (logdu) ™7 D (log Nicsqp)ka(Nic/qp)
pEP(C)
> 23— era {(1— o) logdy 1o~ —
10 (1 — ﬂo)(log dL)2
Cis 2a3c16

A2 (1— By)(logdy)?  dF°(1— Bo)log3

2(;1261671 2
9 1 3
> *100?6 —C14 <2> —C13 <C7> — €2,

where
3 2 C15 + 20(3616 (log dL)2
€= | — .
? cr dae - log3  d°

For ¢14 = 1261, we have

9 cg > 1 201261671 + . 3 2 +
— C = — €9.
10 16 14 ) 13 cr 2

The result follows. O
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LEMMA 8.5. — Suppose that 1 — By < c72(logdr3"t)~2. We have then

G ~
(8.6) C: >~ (log Nijgp)k2(Ni/gp)
peP(C)
N gp<a®

9 o log =
> E$2 min{1, (1—8p)logx} — copxlogdy, — 021x2(1—50)2 19 Tog o7 log dy,

G
— cislogdy, — a;LCIac(logx)% logdy,
where cyo = 19.16---, co1 = 6.1522---, cj9 = T = ﬁ, and dj; =

1.8291 ...

Proof. — For p = f+ivy € Z (¢r,) with |y] < 1 we have by Theorem 7.3 (2)

log { (1—B0)lco7gdL3"L } - log(1 — Bg) 1
logdp3nr Z o logdr,

1-082cs

with c19 = ¢ = 462 Since

log =
ko (p)] < 2718 < 22720-8) C 42(1 — Bo) >0 osar

> Jka(p 2(1 — fo)* e o1

[vI<1 [vI<1

< ema®(1 - o)™ ™ logdy, by (5.5)

with cg; = 2.72 (1 + 2110;32) = 6.1522 - -. For zeros p = f+iv with |7] > 1

and z > 10'° we have

37 Jka2(p)l <22 Y {np(2m) + np(—2m)}a~ D
[y[>1 m=1

< 5.44z22 Z{log dr, + ng log(2m + 2)}x_(2m_1)2 by (5.5)
m=1

< e logdy,

where

- 2
co0 = 5.44 Z {1 + log3 log(2m + 2)} 10~ 40m*+40m _ 19 1g. ..
m=1
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It follows that for x > 101°

(87) ka(1) = 3 Ikalp)] > s min1, (1~ o) log )

p

log «
—epa®(1— 50)201910’5” log dr, — coozlogdy.

Note that for z > 1010

(8.8)  paks (—é) logdr, + ng, {kg(o) + voks (—é) }

where
¢ 2 (e 20 ) 1073 = 1.8201
157 Jog 3 H2 log3 ° - '
Combining (3.2), (4.3), (8.7), and (8.8) yields (8.6). O

LEMMA 8.6. — Suppose that 1 — By < c7*(logdy3")72. If z = dP*®
with ca3 = 179, then

> (log Nijop)ka(Ngjgp) > 0.
pEP(C)
N jop<a®

In particular, there is a prime p € P(C) with Nk op < z® = d%”.
Proof. — Let x = d7**. Then (8.6) becomes

|G|

1] Z (log Nk jop)k2 (N jgb)
pEP(C)
NK/@P§$5
9
2 Ed%CQB min{l, 823(1 — ﬁo) 10g dL} — Cgod%‘?’ log dL
Yousct
— 01 d23 (1 — By)29%3 log dy, — 5 log dy, — %d;ﬂ (logdy)?.
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When 1 < ¢23(1 — o) logdy,, we have

200 |G 2
dL2 3u Z (]ogNK/Qp)kQ(NK/Qp)

C
peP(C)
Ny gp<a®
9
> 0 cor{c2(logdy) 2}2“19°23 Jog df, — €3
_ 1% o C2lc$619023 (IOg dL)1*4619C23 — €3,
where
1 5
e logdy, y logdr, = 2auc3s; (logdy)?
3 = C20 ez 15 di@ﬂ log 3 P
If co3 = (4019)71 = 114.76- - -, then
J > ¢ +
10 21C7 T €3.
When 1 > co3(1 — fp) logdy,, using Corollary 7.4 we have
9 411G ~
dp***{(1 - Bo)logdy} 1: > (log Nijgp)ka(Nkjgb)
pEP(C)
Ngjop<a®
9 C20 6/15

— ca1(1 = fo)>croczt —

WV

D20 G5
107% 7 42 (1 - Bo) 423 (1 — fy)

B 204402%3 (logdL)%
log3 d7**(1— fo)

N 9
—C — €4,
= 10 23 4
where
C20 — _
€4 = Tem—c0 + 02104%019623 2(10g dL)Z 4ci9ca3
L
/ 1 3
n Cis 2a4¢3, (logdy)?
d%cm*cm 10g3 d?gfcm .
If Co3 = 179, then
9
—C23 > €4.

10
The result follows.

Lemma 8.4 and 8.6 yield Theorem 1.1.
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