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ON THE POSITIVITY OF THE LOGARITHMIC
COTANGENT BUNDLE

by Damian BROTBEK & Ya DENG

Dedicated to Jean-Pierre Demailly on the occasion of his 60th birthday

ABSTRACT. — The aim of this work is to construct examples of pairs whose
logarithmic cotangent bundles have strong positivity properties. These examples
are constructed from any smooth n-dimensional complex projective varieties by
considering the sum of at least n general sufficiently ample hypersurfaces.

RESUME. —  L’objectif de ce travail est de construire des exemples de paires
dont le fibré cotangent logarithmique posseéde de fortes propriétés de positivité.
Ces exemples sont construit a partir de n’importe quelle variété lisse de dimension
n en considérant la somme d’au moins n diviseurs généraux suffisamment amples.

1. Introduction

To every smooth pair (X, D) (a smooth projective variety X with a sim-
ple normal crossing divisor D), one can associate a logarithmic cotangent
bundle Qx (log D). The properties of this bundle have important conse-
quences concerning the geometry of the pair (X, D). In the present paper,
we focus on the positivity properties of the logarithmic cotangent bundle
and in particular on the study in X; (D) := P(Qx (log D)) of the augmented
base locus B (Ox, (p)(1)) of the tautological line bundle &', (py(1). There
are now several examples of pairs (X, D) for which this base locus is not
the entire space X1(D) [2, 9, 10, 11, 29, 34, 39], but we lack examples of
pairs for which one has a stronger control of B (O'x, (p)(1)) when Qx itself
does not have a strong positivity property.

It should be noted that if D # @ and dim X > 2, this augmented base
locus is never empty. In particular, the logarithmic cotangent bundle is

Keywords: Logarithmic cotangent bundles, hyperbolicity.
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3002 Damian BROTBEK & Ya DENG

not ample. This follows from the existence of residue maps which induce
a trivial quotient of the logarithmic cotangent bundle when restricted to
the different components of D. Each such quotient produces a positive
dimensional subvariety of B, (Ox, (p(1)).

It is therefore natural to wonder if these are the only general obstruc-
tions to the ampleness of the logarithmic cotangent bundle. In the present
paper we show that this is the case by producing examples for which the
augmented base locus of the tautological line bundle on X;(D) is equal to
the reunion of all obstructions induced by the residue maps, in which case
we say that the logarithmic cotangent bundle is almost ample.

THEOREM A. — Let Y be a smooth projective variety of dimension n
and let ¢ > n. Let L be a very ample line bundle on Y. For any m > (4n)"*+2
and for general hypersurfaces Hy,...,H, € |L™|, writing D = Y ;_, H;,
the logarithmic cotangent bundle Qy (log D) is almost ample.

In this statement, the case ¢ = n is the critical case. In Section 4 we shall
see that for Y = P and for ¢ < n, the logarithmic cotangent bundle can
not be almost ample as it is not even big. Therefore, in this generality, our
result is optimal on c¢. Our main result is a special case of Corollary 3.2
(see Section 3), in which we also consider cases where the degrees of the
different hypersurfaces are different.

The only result of this type we are aware of is due to Noguchi [29],
who proved that for pair (P2, D), where D is the sum of 6 lines in gen-
eral position, the logarithmic cotangent bundle satisfies a similar positivity
property.

Let us mention that Theorem A has a straightforward implication re-
garding the hyperbolicity of Y \ D. In fact it implies that Y\ D does not
contain any entire curve, where we recall that an entire curve in Y\ D is a
non constant holomorphic map f : C — Y \ D. Moreover, one can actually
prove that Y\ D is hyperbolically embedded in Y (see [23] for the defini-
tion). These results are not new and follow from the work [12] or [38], but
while these works rely on higher order jet space technics, here we just rely
on jets of order one. Let us put this in perspective with previously known
results and conjectures.

A conjecture of Kobayashi states that the complement of a general hy-
persurface of high degree in P" is Kobayashi hyperbolic. In view of a result
of Green [22] and the compact counterpart of the Kobayashi conjecture,
this would imply that the complement of a general hypersurface is in fact
hyperbolically embedded in P". This conjecture was only proved recently
by Siu [38]. Before that, the effective algebraic degeneracy of entire curve
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POSITIVITY OF THE LOG COTANGENT BUNDLE 3003

in these complements was proved by Darondeau [12] building on ideas of
Voisin [40, 41], Siu [37], Diverio, Merker and Rousseau [20].

On the other hand, the logarithmic Green—Griffiths conjecture stipulates
that if (X, D) is a pair of log general type (i.e. Kx (D) is big), then every
entire curve in X \ D is algebraically degenerate (one even expects there
to be an algebraic subset Z C X containing the image of all entire curves).
One of the main general results towards this conjecture was obtained by
the work of Noguchi, Winkelmann and Yamanoi [31, 32, 33] and Lu and
Winkelmann [25] who proved that if (X, D) is a pair of log general type
with logarithmic irregularity h°(X,Qx (log D)) > dim X, then every entire
curve in X \ D is algebraically degenerate. This improves and generalizes
a classical result of Bloch and Ochiai. When X = P™ and if D has n
components, then, as we recall in Section 4, the logarithmic irregularity of
the pair (P, D) is n— 1, and therefore the situation of Theorem A lies just
outside the cases covered by the work of these authors.

The first step when one tries to control the augmented base locus of
the tautological line bundle Ox, (py(1) is to prove that this line bundle
is big and therefore to construct some logarithmic symmetric differential
forms on the pair (X, D). Under some circumstances, as in [34] one can
use a Riemann—Roch argument. A more differential geometric approach,
motivated by the study of hyperbolicity properties of moduli spaces, is
sometimes possible. It relies on the curvature properties of some metric on
X \ D. This approach has proved very fruitful when for instance X \ D
carries a variation of Hodge structure or is the base of a suitable family of
smooth varieties [2, 9, 10, 11, 17, 18, 39, 43], but we don’t know if the pairs
considered in Theorem A have such a property.

In the present article, in order to construct logarithmic symmetric differ-
ential forms on the pairs under consideration, we follow the general strat-
egy of [5, 6]. In fact, our main result can be seen as a logarithmic analogue
of a result of Darondeau and the first named author [6] on a conjecture
of Debarre, taking into account the effective results of the second named
author [15, 16]. In [13], Debarre conjectured that if X C P™ is a gen-
eral complete intersection of sufficiently high multidegree and such that
codimpn (X) > dim X, then the cotangent bundle Qx is ample. This con-
jecture was established by Xie [42] with an effective uniform lower bound
on the degree and independently, in the work [6] with no effective bound
and moreover an arithmetic condition on the multidegree, similar to the
one appearing in Corollary 3.2. In [16], among other results, the second
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3004 Damian BROTBEK & Ya DENG

named was able to make the argument of [6] effective, and improved the
bounds obtained in [42].

Let us now outline the proof of Theorem A. First we reduce ourselves to
the case ¢ = n, then, the main idea of the proof is to deduce the result for
general pairs from the construction of a particular example (Y, D) satis-
fying a stronger Zariski open property. Because the logarithmic cotangent
bundle can not be ample, we can not use the Zariski openness of ampleness
in such a direct way. Instead, one has to take into account the obstructions
from the residues by considering a “universal” modification @(Qy (log D))
of P(Qy (log D)) and prove a suitable ampleness statement on this modifi-
cation.

Such examples are constructed by considering hypersurfaces Hy, ..., H,
being defined as suitable deformations of Fermat type hypersurfaces. For
simplicity, until the end of this introduction, let us restrict ourselves to
the case Y = P" and L = Opn(1). For i € {1,...,n}, we consider the
hypersurface H; C P defined by a polynomial of the form

F; = Z az,ry" T,
|1|=5
where § € N*, r € N is large enough, the a;;’s are polynomials of de-
gree ¢ > 1 in Clyo,...,yn], and where we used the multi-index notation
Yy = (ylo . yin)* for T = (ig,...,i,) and homogeneous coordinates
[Yo,---,yn] on P™. Set m := ¢ 4+ (r + 1)¢. For any ¢ € {1,...,n} we ob-
tain, as explained in Section 2.6, a logarithmic connection Vg, : Opn(m) —
Opn (m) @ Qpn (log H;) defined by
loc dFl
VE(s):=ds—s 7

This connection satisfies moreover trivially the relation Vg, (F;) = 0. A

straightforward computation therefore implies that

0=Vg(F) = Z iyl = Z i gx!

[T|=0; [T|=06;
where for each I, a;; € HY(P", Qpn(log H;) @ Opn(e + §)) and where
(xoy.--yxn) = (Y5,--.,yh). From this observation, one can see that this

collection of connexions induces a rational map
P(Qpn(log D)) --» &

where % is the universal family of complete intersections of codimension
n and multidegree (4, ...,9):

Y ={(P1,..., Py, x]) € |0pn(0)*" x P"| P(z) = -+ = P,(z) = 0}.

ANNALES DE L’INSTITUT FOURIER
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If one denotes ﬁ(bl,. .. ,bn) = ﬁ|ﬁﬂm(5)|(bl) X oo X ﬁ\ﬁpn(éﬂ(bn) for any
integers by, ..., b,, then, as we shall see, at least for r large enough, every
element in

HY Y, 0(by,... bn) R Opn(~1)|o)

induces a symmetric logarithmic differential form of (P, D) vanishing along
some ample divisor. The map # — |Opn(5)|*™ being generically finite,
if the b;’s are positive, the pull back of &(by,...,b,) to # is big and
nef. Therefore, at least when the b;’s are large enough, there are many
global sections of &(by,...,b,) X Opn(—1)|s. Moreover, the base locus in
% of these global section can be understood geometrical from a result of
Nakamaye [27] and one can control the dimension of this base locus in
view of a work of Benoist [1]. One can thus hope to use this information
to understand the augmented base locus of the tautological line bundle on
P(Qpn (log D)).

Unfortunately, there are several technical difficulties which make the
proof rather involved. First of all, as mentioned above, we first have to
take a suitable modification of P(Qpn (log D)), this relies on the most tech-
nical part of our argument, namely an explicit resolution of the obstructions
induced by the residues. Even so, it is rather delicate to understand the
map from P(Qpr (log D)) to %, mainly because the dependence of the oy ;’s
on the a; ;’s is non-linear. Therefore we had to modify the above argument
by constructing an embedding of the pair (P", D) = (Z,D'|z) C (X,D’)
where now Z depends on the a; ;’s, but the pair (X, D’) does not. Moreover,
because of our particular shape of equation, there are also complications
occurring along the coordinate hyperplanes. These seem to be unavoidable
with this approach, as in [4, 5, 6, 16, 42].

Lastly, let us mention that, although in the case (P™, "7, H;), the condi-
tion ¢ > n in Theorem A is optimal, there exists many examples with fewer
components having almost ample logarithmic cotangent bundles. Such ex-
amples as well as generalizations of positivity to higher order jet spaces will
be studied in a forthcoming work.

The organization of the paper is as follows. In Section 2, we make some
preliminary observations on the geometry of the projectivization of the log-
arithmic cotangent bundle and study the ampleness obstructions induced
by the residue maps. We moreover explain how these obstructions are also
indeterminacy loci of natural rational maps between the projectivizations
of the logarithmic cotangent bundles of (X, D) and (X, D’) where D’ is the
sum of only some of the components of D. In Section 3 we prove our main
result by implementing the strategy explained above. In Section 4 we prove
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that our result is optimal on the number of components by establishing a
vanishing theorem for logarithmic symmetric differential form on (P", D)
where D is a divisor with less than n components. Lastely, in section Sec-
tion 5, we describe an explicit resolution algorithm for the indeterminacies
between the different rational maps studied in Section 2.

Acknowledgments. It is a great honor for us to dedicate this article
to Professor Jean-Pierre Demailly. Much of our knowledge on complex ge-
ometry comes from his lectures, surveys and articles, and our research was
strongly motivated by him. It is hard to overestimate the influence of his
ideas on both of us, especially on the second named author, who used
to be his student. We take this opportunity to express our gratitude and
admiration to him.

2. The geometry of the projectivized logarithmic
cotangent bundle

2.1. Conventions

We summarize here the main conventions we use throughout this text.
We work over the field of complex numbers C. Given a complex manifold
X and a line bundle L on X, for any global section o of L, we denote by
(0 =0) C X the zero locus of 0. The base locus Bs(L) is the intersection
of the zero loci of all global sections of L and B(L) := Bs(L™). If X
if projective, then the augmented base locus of L is

B.(L):=[|BL"®A™")
meN

meN

for any ample line bundle A on X (see [24]). Given a vector bundle E on X
we will denote by P(E) the projectivization of rank one quotients of E and
by Opgy(1) the tautological line bundle on P(E). We will often identify
P(E) with P(EV) the projectivisation of lines in EV and thus denote the
elements in P(E) in the form [¢] with £ € E) for some z € X. Given a
divisor D on X and a subvariety Z C X, we denote by D|z the divisor ¢*D
where ¢ : Z — X is the inclusion morphism. Given a morphism p: 2" — S
we will denote by X, = p~1({s}) the fiber above s € S.

2.2. Log pairs and logarithmic cotangent bundles

Let X be a (not necessarily compact) complex manifold of dimension
n>1.Let D =3¢ | D; be a simple normal crossing divisor on X, that is,

ANNALES DE L’INSTITUT FOURIER
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for any x € X, there exists an open neighborhood U of x with coordinates
(21,...,2n) centered at x and an integer k < ¢ such that

DNU=(z--2z,=0).

Such a pair (X, D) will be called a smooth pair or a log pair. One denotes
by Tx (—log D) the logarithmic tangent bundle of (X, D). Recall that this
is the locally free subsheaf of the holomorphic tangent bundle T'x of vec-
tor fields tangent to D. Locally on an open subset of U C X with local
coordinates (z1,...,2,) as above, T'x (—log D) is generated by

L0299
Y0m U M0 Ozper T Oz )

Consider the dual of Tx (—log D), which is the locally free sheaf gener-

ated by
d d
Zk

21
It is denoted by Qx (log D) and is called the logarithmic cotangent bundle
of (X, D). Note that Qx is a subsheaf of Qx (log D).
The projectivization P(2x (log D)) of Qx (log D) will be critical in this
paper, therefore we introduce the following notation

X1(D) = P(Qx (log D).

We will also denote by mx p : X1(D) — X the canonical projection, but
we will mostly write mx instead of mx p for readability. This slight abuse
of notation should not lead to any confusion.

Given another log pair (Y, E), and a morphism f : X — Y, we say
that f is a morphism of log pairs if f~1(E) C D, and in this case, we
write f : (X,D) — (Y, E). The differential of such a morphism induces a
morphism

df : TX(—logD) — f*"Ty(—logE),
or dually, a morphism
tdf: f*Qy(log E) — Qx (log D).
Therefore, one obtains a rational map

[df]: X1(D) --+ Y1(E).

A particular instance of a morphism of log pairs is given when one considers
a smooth submanifold Z of X. If Z intersects D transversely (i.e. D|z
is simple normal crossing), then (Z, D|z) is also a log manifold and the
inclusion morphism iz : (Z,D|z) — (X, D) is a morphism of log pairs.

TOME 68 (2018), FASCICULE 7



3008 Damian BROTBEK & Ya DENG

Moreover, the induced meromorphic map [diz] : Z1(D|z) — Xi(D) is
holomorphic.

2.3. Obstruction to ampleness

Take (X, D) as above. For any i € {1,...,c}, there exists a residue map
Resp, : Qx(log D) — Op,
defined, over any open subset U C X, by

o d
Resp, <a + Zﬁkak> =5
= Ok

for any o € T'(U, Qx) any B1, ..., 0. € Ox(U) and where Dy, = (o, = 0) for
any k € {1,...,c}. This map is easily seen to be a well defined morphism
of Ox-modules.

For any non-empty I = {i1,...,4,} C {1,...,c}, set It .= {1,...,¢c}\ 1,
define Dy := D;, N---N D, which is a smooth complete intersection
of dimension n — r since the divisor D is simple normal crossing, and
D(I C) = Y ie0 Di which is a simple normal crossing divisor. We obtain
the following short exact sequence of sheaves

D;»

(2.1) 0— Qx(IOgD<IB)) — QX(IOgD) E @ieIﬁDi — 0,

which induces a quotient of vector bundles over the (not necessarily con-
nected) smooth submanifold Dy C X of codimension r in X:

(2.2) Qx(log D) |p,— 05" — 0.
Since this is a morphism of &'p,-modules, it induces an inclusion
Dy =P(0F") = Dy x P! C P(Qx (log D)).

Observe that dim D; = dim Dy + #I —1 =n — 1 for any I C {1,...,¢c}.
From (2.2), we see that when X is projective of dimension n > 2 and
the number of components of D is positive (i.e. D # &), the logarithmic
cotangent bundle Qx (log D) cannot be ample. Indeed, for any non-empty
I c {1,...,¢} with #I < n, the restriction of Qx(logD) to D; has a
trivial quotient, which, since dim D; = n — #I > 0 prevents the logarith-
mic cotangent bundle from being ample. Said differently, it implies that
Dr C B, (Ox,(p)(1)) for any such I. Observe that when #I > n then D;
is empty, and that when #I = n then Dy is a finite set of point, therefore,
in this last case it does not directly follow that D; C B (&, (py(1)). This
leads us to introduce the following definition.

ANNALES DE L’INSTITUT FOURIER
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DEFINITION 2.1. — Let D = Y7 _, D; be a simple normal crossing di-
visor on a projective manifold X of dimension n. We say that the log pair
(X, D) has almost ample logarithmic cotangent bundle if the tautological
line bundle Ox, (py(1) is big and its augmented base locus satisfies

B (0x, ;)= |J Dr
0CIC{1,...,c}
#I<n

The situation can be understood in local coordinates as follows. Fix a
point x € X. Without loss of generality, we can suppose that there exists
k < ¢ such that {i € {1,...,¢} |z € D;} = {1,...,k}. One can therefore
take an open neighborhood U of x with local coordinates (21, ..., 2z,) such
that D; NU = (z; = 0) for any ¢ € {1,...,k}. In this setting, one has a
local trivialization

Uxprt = w;(l(U)

(2 [61,- - 6nl) ( Zgzzl +Zgl D

i=k+1
Take I C {1,...,c}. Observe that D;NU =@ if I ¢ {1,...,k}. If on the
other hand I = {iy,...,4.} C {1,...,k}, then from the definition of the
residue map, we see that in these local coordinates, the restricted residue
map Res : Qx(log D)|p,nv — ﬁg:m(] is given by

k n
<Z7’hd21+ Z nldzl> T]“,...7'I’}ir)-

i=k-+1

Therefore, it follows that under the above trivialization, D; is given by
zz=0Viel

(2.3) DNy (U) =4 (261, -, €a]) € Ux P! and & =0
Vjie{l,...,n}\I

For later use, let us observe that this implies that for any @ # I,J C
{1,...,¢}, since U N =18 U JC,

(24) ﬁIﬂDJCDmJ 1fIﬂJ7é®
) D]ﬂDJZ@ ifINnJ=w.
DEFINITION 2.2. — For a non-empty subset I C {1,...,c}, we define

J1 to be the ideal sheaf of Dy in Xi1(D) and Z1:= ;- J5. We also write
Ip = ﬂg?ﬂ Jyand Z; := f{i}c for brevity.

TOME 68 (2018), FASCICULE 7
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For any I C {1,...,c}, the map
g1 : Qx (log D(I%)) — Qx (log D)

induces a rational map
(2.5) v+ X1(D) --» X1 (D(I%)).
If one denotes by U(vy;) C X1(D) the complement of the indeterminacy
locus of 77, then one has an isomorphism
(2.6) Ox,(py(V|v () — Wf(ﬁxl(p(zﬁ))(l))~

On the other hand, for any line bundle L on X, one has isomorphisms

H°(X,Qx(log D) ® L) = H°(X1(D), Ox,(py(1) ® nk L)

H'(X,Qx(log D(I)) ® L) = H(Xy(D(I%)), O, (p(re) (1) @ T L).
As we also have a map H°(X, Qx (log D(I®))® L) — H(X,Qx (log D)®L)
induced by gj, we obtain a map
Vit HY(X1(D(IY), Oy, (p(r0y) () @75 L) = HOX1(D), O, () (1) & 75 L).
The choice of notation is legitimate because on U(vy) it coincides with the

map induced by (2.6).

ProprosiTION 2.3. — With the same notation as above, take I C
{1,...,c}.
(1) Let fi : X1 — X1(D) be a log resolution of the ideal sheaves Jr.
Then [i resolves the indeterminacy of the meromorphic map ~j.
(2) Given any line bundle L on X, and any element o € HO(X,(D(I%)),
Ox, (puoy (1) ® mx L), the section yjo vanishes along 7;. Equiva-
lently, v7 factors through

HO(X,(D(1%)), Ox,(pcy(l) ® mx L)
— H(X1(D), Ox,(py(1) @ 75 L ® 7).

(3) If W ¢ HO(X,(D(IY)), Ox,(pucy (1) @ mx L) is a base point free
linear system, then the ideal sheaf defined by ;W is precisely 7.

Proof. — Without loss of generality, one can assume that I = {1,...,r}.
Take z € X. One can assume that there exists an open neighborhood
U of z with local coordinates (z1,...,2,), and integers m € {0,...,r},

q € {r,...,c}, such that
UND=UN(D1U---UDpUDgi1 U---UD,)

ANNALES DE L’INSTITUT FOURIER
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and such that D; NU = (2; = 0) for any ¢ € {1,...,m,q+ 1,...,c},
here we use the convention D; U---U D,, = @ if m = 0. In this setting,
both P(Qx (log D)|y) and P(2x (log D(I1%))|) are isomorphic to the trivial
product U x P*~! in such a way that one has the following commutative
diagram

P(Qx (log D)|v) — = = P(Qx (log D(I°))|1r)

:i :l

UxPpr-t— - 27 _ = U x Pn-1

where

fU<Z7 [617 cee agn]) = (Z, [21517 .. -7zm§m7§m+la o 7577,])

On the other hand, for any J = {ji1,...,js} C {1,...,r} = I, writing
{kst1,.--,kn} ={1,...,n} \ J one has

Tr(m U) = (2,53 2 s - En)-

But then, as we shall see in Section 5.1, it follows that

(27) /1(77)_(1((])) = (Zlflv ERE) memvgm-l-h . 75”)

From the expression of fy it is clear that any resolution of _#7 resolves the
indeterminacies of fi7, and therefore also of ;. This proves the first point.
The verification of the second point can be done locally. Take a line bundle
L and a global section o € HO(X,(D(I%)), Ox,(puoy(l) ® 7% L). We can
suppose that L|y is trivialized. Above the open subset U, the restriction
oy = 0|F;1(U) is of the form
n
oy =Y si&,
i=1
for some s; € O(U). Then in our choice of coordinates
m n
Vil wy = D sizbi+ Y sib
i=1 i=m+1

In view of the above description for ¢, it is immediate that fyi*a|ﬂ;(1(U)
vanishes along _#7(my'(U)), and since this holds for any = € X and any
small enough neighborhood U of z, the second assertion follows at once.
The third assertion is also an immediate consequence of the local expression
for (+70)] =1 0, 0

Let us now show that at least under some additional assumption, the
“almost ampleness” property is preserved if one add more components.

TOME 68 (2018), FASCICULE 7
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PROPOSITION 2.4. — Let X be a smooth projective variety of dimension
n. Take an integer ¢ > n and a simple normal crossing divisor D = Y7 | D;
on X. For any j € {1,...,c} let us define D; := D — D,. If for any
j € {1,...,n+ 1} the pair (X, D;) has almost ample logarithmic cotan-
gent bundle, then the pair (X, D) has almost ample logarithmic cotangent
bundle.

In particular, if (X, D;) has almost ample logarithmic cotangent bundle
for any j € {1,...,c} then so does the pair (X, D).

Proof. — For any j € {1,...,c}, set U; := X \ Dj;. Since D is simple

. 1 .
normal crossing, one has X = U?; U, and therefore it suffices to prove

that for any j € {1,...,n + 1}, one has

(2.8) B, (0x, ;) N7 (U) = |J Dinai'(U).
Ic{1,...,c}
#I<n
Without loss of generality, since our assumption ison all j € {1,...,n+1},

it suffices to prove (2.8) for j = 1. Observe that for any I € {1,...,c}, if
1 €1, then Dy N7y (U) = @. The right hand side of (2.8) is therefore

U Drnax' ().
Ic{2,...,c}
#I<n
We now resolve the ideal sheaf .71y, = J(1y C Ox,(p) by blowing up D{l}.
Write D’ = D — Dy and X; := Bly,(p)(D1y) 2 X1(D). By Proposi-
tion 2.3, the map i resolves the indeterminacies of ;1) and therefore we
have a commutative diagram

X1
| N
Xi(D) = 7 Xau(D')
X
satisfying moreover
(2.9) v Ox,pH(1) = i"Ox,(py(1) @ %, (—E)

where F is the exceptional divisor of fi.
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By hypothesis, (X, D’) has almost ample logarithmic cotangent bundle,
therefore

B (0x,0n(1)= |J D

One can find m € N and an ample line bundle A on X such that
B, (Ox,(pH(1)) = Bs (Ox,(py(m) @ m% p, A™"). After pulling back to X;
and in view of (2.9) this implies

Bs (@ (Ox,(p)(m) ® 7% pA™))
C Bs (V*(ﬁxl(D/)(m) ® W}‘(’D,Afl)) U Supp(F)
C v (B4 (Ox,(p(1))) USupp(E).

Since [i is birational and X;(D) is smooth we obtain

Bs(Ox,(p)(m) ® W;(,DAfl) C ﬂ(y*l(BJr(ﬁXl(D/)(l))) U Supp(E))
C vy (B+(Ox,(p)(1))) U Dy,

where 71y is understood to be restricted to X1 (D) \ Dy, where it is regular.
Therefore

(2.10) B4 (Ox,(p)(1)) €733 (B1(Ox, () (1)) U Ds

c U Druri(p).
Ic{2,...,c}
#I<n
To deduce the last inclusion, we use the fact that outside 77;(1 (D7) the map
Y{1} is an isomorphism and that for any I C {2,...,c} with #I < n one
has ’y{_ll}([)’]) N 7T)_<71D(U1) = D;nN 7T)_(,1D(U1). It then suffices to take the
intersection with 7' (U;) on both sides of (2.10) to deduce (2.8). O

If in Proposition 2.4 we do not ask a condition on the D; for all j €
{1,...,n+ 1}, but only on one of them, then the above argument does not
work. However, if one slightly weakens the expected conclusion by allowing
the augmented base locus of Ox,(p)(1) to contain the different D; for
#1 = n as well, then one has the following stronger result.

PROPOSITION 2.5. — Let X be a smooth projective variety of dimension
n. Take ¢ € N* and a simple normal crossing divisor D = Zle D; on X.
Let D' := %% _,D;. If

B (0,00 = | D

IC{1,...,c}
#I<n
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then

B (0x,0(1)) = U Dr.

Ic{1,...,c}
#I<n

Proof. — As in the prof of Proposition 2.4, one can prove that
B, (0x,(p)(1)) C 733 (B+(Ox,(p)(1))) U D1

Therefore we are just reduced to understand 'y{jl} (B4 (Ox,(p(1))). This

can be done locally. Outside D; there is nothing to prove because (1} is an
isomorphism and that moreover for any I one has 7{_11} (DN W)_(}D(Ul) =

Drn W)}}D(Ul), where Uy = X \ D;. Let 2 € Dy and take an open neigh-
borhood U of z with coordinates (z1, ..., z,) centered at = such that there
exists k € {1,...,n} for which DNU = (21 - - -z, = 0) and D;NU = (z; = 0)
foralli € {1,...,k}. Using the trivialization described above, the map (1}
is then given by

7{1}(2/% vy Rmy [gla cee 7£nD = (Zla ce s Rny [Z1§17§27 DR 7577,])
On the other hand, for any non-empty I = {iy,...,i.} C {2,...,¢} with
#I = r < n, writing {j1,...jn—r} = {1,...,n} \ I, the equations defining
D’ in the above coordinates for X;(D’) are

DII = (zil,...,zir,fjl,. "’gjn—T = 0)

Since 1 ¢ I, one has 1 € J, and we can therefore suppose j; = 1. Therefore,
fy{_ll} (D7) is given in the above coordinates by

(Zil’"'7Zir’€17£j2""7£jn—r = 0) U (’zilv"'7Zirvzla€j27"~,£jn_r = 0)
= DI UDIU{1}~

Since D[u{1} = & whenever #I = n, the result follows. O

2.4. Families of smooth pairs

Let us collect here some elementary observations concerning families of
smooth pairs.

DEFINITION 2.6. — A family of smooth pairs consists in the following
data:

(1) A smooth quasi-projective variety %2, a smooth quasi-projective
variety S and a smooth proper morphism

p: X —8S.
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(2) A simple normal crossing divisor 2 = Y .;_, %; on % such that
given any s € S, denoting by ts : Xs — A the canonical injection,
the divisor D, := 139 is simple normal crossing.

We will denote such a family by (X, Ds)ses or more precisely by
(2,2) 5 S if needed.

Let us first observe that as a consequence of the local inverse theorem in
several complex variables we obtain that in the analytic category, families
of smooth pairs are locally trivial.

LEMMA 2.7. — Let (2,2) % S be a family of smooth pairs. Set
n := dim p. For any x € 2  there exists a neighborhood U C %, a neigh-
borhood U; C S of p(z) and an open subset Uy C C™ with coordinates
(#1,...,2n) such that there exists an isomorphism

(I:’:U1><U2—>U

satisfying p o ® = pry (where pry : Uy x Uy — U; is the projection on the
first factor) and such that for some k < n one has

Q"D = (212, =0).
Let us now make the following observation.

LEMMA 2.8. — Let 2 be a smooth quasi-projective variety endowed
with a simple normal crossing divisor 9. Let S be a quasi-projective variety
and suppose that we are given a proper morphism p : & — S. If there
exists so € S such that (Xs,, Ds,) is a smooth pair (where Dy, = 9|x, ),
then there exists a non-empty Zariski open subset U C S such that the
restricted family (p=*(U), 2| -1 (1)) £ U is a family of smooth pairs.

Proof. — This is a consequence of the properness of the map p since
the locus of point x € 2" at which the divisor D,
crossing is closed. |

) is not simple normal

To any family of smooth pairs (2, 2) % S, one can associate a rel-
ative logarithmic cotangent bundle 2 4-,5(log Z) defined as the quotient
of Q4 (log Z) by p*Qgs. By definition, it sits in the following commutative

diagram
0 p*QS Qg{ Qgg/s ——0
0 p*Qs Qg (log V) —— Qg /s(log ) — 0.
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Observe that Lemma 2.7 implies that Qg4 ,5(logZ) is a locally free
sheaf. We denote its dual by Ty /s(—log Z). Observe also that for any
s € 8, one has Qx (logDs) = Qg /s(log Z)|x, and Tx, (—logD,) =
Tos(—1og 7)|x, .

2.5. A resolution algorithm

Let us state here the main properties of a resolution algorithm we will
construct in Section 5.

PROPOSITION 2.9. — There exists a resolution algorithm which to every
smooth pair (X, D) such that D = Y;_, D; with ¢ < dim X, associates a
smooth variety X 1(D) and a birational morphism (the so-called minimal
resolution in Section 5.4)

pi: X1(D) — X1(D),
satisfying the following properties.
(1) With the notation of Definition 2.2, the morphism p is a resolution

of #1 for every I C {1,...,c}. In particular p is a simultaneous
log resolution of {/z}ze{l,“w}. Moreover, p is birational outside
Urcqr,...ey Dr-

#I1<dim X

(2) Given a smooth subvariety Z C X intersecting D transversally
(so that (Z,D|z) is a smooth pair) and assuming that ¢ < dim Z,
the resolution Zy(D|z) is the strict transform in Xi(D) of
Zl(D|Z) C Xl(D)

(3) Given a family of smooth pairs (2", 2) % S such that the number
of components of 9 is less than the dimension of the fibers of p,
there exists a smooth variety @(Qgg/s(log 2)) with a birational
morphism p : I?"(Qgg/s(log 2)) — P(Qg/s(log Z)) such that for
any s € S, denoting X, = p~Y(s) and Dy = 9|x.,
Xs,1(Ds) as a subvariety of P(Q4 /s(log 2)), one has

(1) (X1 (D)) = X1 (Dy).

Moreover, there exists effective divisors &i,...,&, on
P(Qg /s(log Z)) such that for any s € S, the set of irreducible
exceptional divisor of the map u : 25,1(Ds) — Xs1(Ds) is

{é"1| 1(D),...,gm|§s‘lws)}.

This allows us to make the following definition:

and viewing
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DEFINITION 2.10. — Let (X, D) be a smooth pair. Suppose that X is
projective. We say that the pair (X, D) satisfies property (x) if there exists
a p-exceptional effective Q-divisor F € Divg(X1(D)) such that the Q-line
bundle

(%) 1 (Ox,(py(1)) ® ﬁ}?l(D)(—F) is ample.
From Proposition 2.9 we deduce the following useful consequence.

COROLLARY 2.11.

(1) Property (x) is a Zariski open property. Namely, given a family of
smooth pairs (2, 2) 2 S, if there exists so € S such that the pair
(Xs,, Ds,) satisfies (x), then there exists a non-empty Zariski open
subset U C S such that for any s € U the pair (X, D) satisfies ().

(2) Let (X, D) be a smooth pair and let L be an ample line bundle on
X. If (X, D) satisfies (), then the logarithmic cotangent bundle
Qx (log D) is almost ample.

Proof. — The first claim follows from Proposition 2.9(3) by the open-
ness property of ampleness. To prove the second claim, one can observe
that if 4" (Ox,(py(1)) @ ﬁ}?l(D)(—F) is ample, then B, (1*(0x,(py(1))) C
Supp(F') and therefore since p is birational and X5 (D) is smooth.

B, (0x,(p)(1)) C u(Supp(F)) c | J Di,

IC{1,...,c}
#I<dim X

in view of 2.9(1). O

2.6. Logarithmic connections

Let L be a line bundle over a (not necessarily compact) complex manifold
X. Take a smooth hypersurface D € |L] (if such a hypersurface exists) and
let sp € H°(X,L) be a section defining D. There exists a logarithmic
connection

(2.11) Vsp : L — L®Qx(log D),
defined locally by
ocC d
Vsps 12 s — 52
SD

By this we mean that over an open subset U with a fixed trivialization
of L, if we let sy,spuy € O(U) to be local representative for s € I'(U, L)
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and sp € I'(X, L) under our choice of trivialization then

dsp v
Vsps:i=dsy — sy .
SD,U

One verifies without difficulty that this local definition defines a logarithmic
connection on L with logarithmic poles along D.
Let us observe the following tautological relation

(2.12) V., (sp) = 0.

Moreover, if Y C X is a smooth subvariety transverse to D, and if one
denotes sy,p := sply, then one has the following commutative diagram

Vep
L———L®0Qx(logD)

| |

L|y V4> L|y X Qy(log l)|y)7
sY,D

where the right vertical arrow is induced by the composition
QX(logD) — Qx(logD)|y — Qy(logD‘y)

Remark 2.12. — Let us stress here that in [7] we generalize the logarith-
mic connections defined in (2.11) to higher order ones, which are used to
construct jet differentials, to prove the logarithmic Kobayashi conjecture.

3. Proof of the main results
3.1. The main technical result

We will establish the following stronger version of our main result.

THEOREM 3.1. — Let Y be a projective variety of dimension n and let
L be a very ample line bundle on Y. Take e1,...,e, € N* and take integers
91,.-.,0n = 4n — 1. Then, for any i € {1,...,n} set b; = 6;1]_[?:1@. For
any

r > Zbi(ei + 57,)
=1

and for general hypersurfaces H, € |Ls1+t(r+1)on| ¢ |Lent 1o
writing H = Y. H;, the logarithmic cotangent bundle Qy (log H) is al-
most ample. Moreover, the complement U =Y \ H is hyperbolically em-
bedded in Y.
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As a corollary of this result we obtain the following strengthening of
Theorem A.

COROLLARY 3.2. — Let Y be a projective variety of dimension n and
let L be a very ample line bundle on Y. Take an integer ¢ > n and integers
d1,...,0. € N* such that d1,...,0. = 4dn—1. Let o > 3+ 2n(maxi<i<c ;)"
be a rational number such that ad; € N for all i € {1,...,n}, and set
(my,...,m¢) = a-(01,...,0.) € N". For general hypersurfaces Hy € |L™|,
...,H. € |[L™<|, writting D = Y_;_, H;, the pair (Y, D) has almost ample
logarithmic cotangent bundle.

Theorem 3.1 = Corollary 3.2 and Theorem A. — Let us first fix
ro := 1+ 2n max (6;)".
Sisce
In view of Proposition 2.4 we are reduced to prove that under the hypothesis
of Corollary 3.2, for every divisor D’ consisting of n of the components of
D, the logarithmic cotangent bundle of (Y, D’) is almost ample. Without
loss of generality, we may assume D' ="  H;.
Our hypothesis on ry guaranties that ro > Z?:l 2b;6;, and therefore one

can apply Theorem 3.1 for any r > rg and for any (e1,...,e,) such that
1<eg <9 forallie{l,...,n}.

For any rational number a > rg + 2, and any (mg,...,m,) € N® of the
form «(dy,...,0d,), one can set 7 := [a] =2 = g and for any ¢ € {1,...,n}

one can set ¢; = (a — [a] +1)0; € {1,...,0;}, so that m; = &; + (r + 1)J;.
Applying Theorem 3.1 implies that the logarithmic cotangent bundle of
(Y, D') is almost ample, which concludes the proof of Corollary 3.2.

To prove Theorem A, it suffices to take d1,...,d. = 4n — 1. The bound
for o is a = 34 2n(4n — 1)™. And we can therefore apply Corollary 3.2 to
obtain the almost ampleness of the logarithmic cotangent bundle for degree

m=m;=--=m. > (4n—1)3+2n(dn — 1)").
It then remains to observe that (4n — 1)(3 +2n(4n — 1)) < (4n)"*2. O

3.2. Notation and conventions

Let us summarize here the main notation and conventions we will use
in Section 3. We fix an integer n > 2 and take homogenous coordinates
[0, ..., x,] on P Given any § € N* these homogenous coordinates induce
an isomorphism

HO(P", Opn (0)) = Clzo, . .., Tn)s,
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where the right hand side denotes the set of homogenous polynomials of
degree § in n+ 1 variables. The set of unitary monomials of degree § forms
a basis of this space, and this basis is naturally in bijection with the set of
multi-indices of weight §

1(8) := {I = (igy...,in) €E NI |I| =ig+ -+ +i, =0}

For any I = (ig,...,i,) € I(d), we use the standard multi-index notation

al =2} ... 2in. We therefore have the following identification

CIC) =5 HOY(P™, Opn (6))
(a[)Ieﬂ((g) — Z aILL’I.
|I|=6

This induces an identification P(C'®)) = |Gpn (5)|. We will implicitly use
these identifications in what follows.

Given a subset J C {0,...,n} of cardinality #J = n — k, we consider
the k-dimensional projective subspace P; C P™ defined by

Py={lz]eP"|z; =0 Vje J}

The coordinates [z, ..., z,] induce homogenous coordinates [zg,, .. ., T,
on Py, where {{g,...,0r} ={0,...,n}\ J. Moreover, we have a restriction
map

res’y : HO(P™, Opn (8)) — H(Py, Op, (9)),

which, with our choice of homogenous coordinates, is the map given by

res‘}i E arz’ | = E arz’.
[1]=0: [1]=0:
Supp(I)NJ=2

where Supp(I) = {j € {0,...,n}|i; # 0}. Writing
I;(8) ;== {I e N"*1||I| =6 and Supp(I)NJ = @},

we can therefore identify the restriction map res‘f, with the natural projec-
tion C1®) — Cl(9),

3.3. Setting

Following the ideas of [6], we will construct n families of divisors para-
metrized by certain Fermat-type equations. Let L be a very ample line
bundle over Y. Fix n+ 1 sections in general position 7o, ..., 7, € H(Y, L).
By “general position” we mean that the divisor .1 ((7; = 0) is simple
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normal crossing. We fix two n-tuples of positive integers € = (e1,...,&,)
and & = (01,...,d,). For any i € {1,...,n} we define

A= @ HO(Y, L) = HOY, L) @ HO (PN, Opn ().
I€I(6;)
Let us also fix a positive integer » and consider for any a; = (as,1)rer(s,)
the hypersurface Hy, in Y defined by the zero locus of the section

oi(a;) == Z ai Y e gy, L™)
[T|=6;
where m; = &;4 (r+1)d; and 70T .= (7l i)+ for [ = (ig, ..., ip).
Define
A=A x---xA,,
and for any a = (ay,...,a,) € A, define H, := > i | Ha,. Let us now
observe that this way we obtain indeed smooth pairs.

LEMMA 3.3. — There exists a non-empty Zariski open subset AS™ C A
such that for any a € A®™ | the pair (Y, H,) is a smooth pair.

Proof. — In [6, Lemma 2.1] was proven the following Bertini type result:
Given any smooth subvariety W C Y and any ¢ € {1,...,n}, then for a
general a; € A;, the intersection W N H,, is smooth. From there it suf-
fices to make an induction on the number of components since this result
ensures that at each step one can chose the hypersurface Hy,,, to be trans-
verse to the configuration given by the first ¢ constructed hypersurfaces
Hy ,...,H,,. O

For any i € {1,...,n}, let us define L; := L™ and let us denote by
L; the total space of L;. Moreover, let us denote by V the total space of
the rank n vector bundle Ly ® Lo @& --- @ L, and let py : V — Y be the
canonical projection. For any i € {1,...,n}, denote by T; € H*(V,p}L;)
the tautological section defined by

Ti(lr,....0) =4 Y (l1,...,0,) €V=0L1 xy -+ xy L,.
These induce a simple normal crossing divisor D = " | D; on V where
for each i € {1,...,n} we write D; = (T; = 0). For any a; € A;, consider
the section
El(al) =1T; —p{,ai(ai) S HO(V,p;\F]LZ)
Denote also by Ea, = (X;(a;) = 0) C V the hypersurface defined by ¥;(a;),
and for a = (a1,...,a,) € A denote

D = ﬁEai cV.

i=1
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If H, is simple normal crossing, then so is Z?:l E,,, and therefore Z, is
a smooth complete intersection subvariety of V. For any i € {1,...,n} set
D; a = D;|z, and D, := .1 | D, a. By construction, the restriction of py
to Zy
Pvlza + (Za, Da) — (Y, Ha)

is a biholomorphism of log manifolds. We will consider these varieties in
families. Let us denote by pr; : A xV — A and pry : A XV — V the
two canonical projections, and consider for each i € {1,...,n}, the sec-
tion %; € HO(A x V,prjpiL;) defined by ¥;(a,v) := ¥;(a;)(v) for any
a:= (a,...,a.) € A and any v € V. We then consider the family of

complete intersections Z, as above, namely the subvariety 2 C A x V
defined by

Z ={(a,v) e AxV]|Xi(a;,v) = =3X.(a.,v) =0}.

On Z we consider the divisor 2 := prj D which satisfies 2|z, = D, for
any a € A¥". We will denote by

27N D) = P(Qy jasm (log 2)),

the projectivisation of the relative logarithmic cotangent bundle of
(Z,9) — A*™, the family (2, 2) restricted to A and we will denote by

é‘i\rel(.@) = HAD(QQ"/AS‘“ (log 7)),

the associated resolution constructed in Proposition 2.9. This proposition
moreover allows us to identify, for any a € AS™, Z, 1(D,) with the fiber in
Z7Y(P) above a.

3.4. Modified logarithmic connections

In this section, let us fix ¢ € {1,...,n}. Recall that we defined L; to be
the total space of the line bundle L; = L™:. Let us denote by p; : L; = Y
the canonical projection and by Ty, € HO(L;, p; L;) the tautological section
defined by T, (¢;) := ¢; for any ¢; € ;. Note that one can identify ¥ with
the zero locus of Tp,, Y = (T, = 0). We will use this identification and
study the log pair (L;,Y"). For shortness, denote by m; : L; 1(Y) — L; the
canonical projection. Observe that under the canonical projection ¢; : V —
L;, one has ¢;Ty,, = T; and ¢;Y = D;. Therefore we get a morphism of log
pairs ¢; : (V,D;) — (L;,Y). Let us denote by

Vi:piLi — piL; @ Qp,(logY)
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the logarithmic connexion associated to the section 71, as defined in (2.11).
By (2.12) one has V;(T1,,) = 0.

LEMMA 3.4. — For any I € [;, there exists a C-linear map
Vig: HO(Y, L) — H°(L;, O, (log Y) @ p; L +%)
(3.1)
a+— vi,l(a)
such that

pi(r™Vir(a) = Vi(pia - pirtOT).

Proof. — One just needs to verify that V;(pia - pir("+D1) is divisible
by pi(7"1). This can be done locally: over an open subset U with a fixed
choice of trivialization for L|ys, denoting by ay, 7, € €(U) the holomorphic
function associated to a, 7! under this choice of trivialization, and denoting
by t; € €(p; *(U)) the holomorphic function associated to 71, one has

Vi(pfa-pirtHT)
loc 7] * dt
Zpirt! ( (r+ Dpfavd(pird) + pirds | d(pjav) — p; aw—
(3
=pi7 - Vir(a)u.
Since V;(pja - pir*tV) e HO(L;,Qu,(logY) ® p;Leit(r+bdi) and
1 e HO(Y, L"), we see that the elements V; r(a)y defined this way in-
duces the desired global twisted logarithmic differential form V; ;(a). O

This allows us to define the rational map

(3.2) B; Ay x Ly (Y) — |Opn (6)]
(ai, [¢]) — [ Z Vz‘,l(ai,f)(ﬁ)l“[]
I€1(5;)

This is well defined since it is independent of the choice of ¢ representing
[€]. We will now study the indeterminacy locus of this map.

Take an open set U C Y with local coordinates (z1, ..., 2,) and a fixed
trivialization of L|y. Then there are induced coordinates (¢;, z1, ..., z,) on
the open set p; *(U) in L; with Y Np; *(U) = (t; = 0). For any ¢ € p; ' (U)
and any non-zero £ € Ty, (—log Dy, )¢, consider the evaluation map

Ve A, — HO(P, ﬁpn(a)).
(33) a; — Z VZ I aZ I ’
|1|=5;

where a; = (ai’])leﬂ(ai) and where Vf’l(a“) corresponds to the local repre-
sentation of V; j(a; 1)(§) obtained from our choice of trivialization. Namely,

s
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for any a € HO(Y, L¥%), if we denote by ayy € &(U) the corresponding holo-
morphic function under our choice of trivialization, then

V(o) = (O + Dntavatind) + it (ataw) - i) ) @
= (0 + Davdsf + rfdav) [@pi(©) — pi (rhar) S €).

K3

(3.4)

Observe that VfJ : HO(Y, L) — C is linear for each I.
We are now going to estimate the rank of Vf. Let us first introduce a
natural stratification on Y. Given any J C {0,...,n}, define
Yy ={yeY|nly)=0&j e J}.

Observe that since 79, ..., 7, are supposed to be in general position, each
Y is smooth of dimension n—#.J. Moreover, the family (Y;); C {0,...,n}
is a stratification of Y.

LEMMA 3.5. — Same notation as above. Take ¢ € L; and a non-zero
¢ € Ty, (—logY),. Set y = p;(¢) and let J C {0,...,n} be such that
y €Yy Set k=n—+#J. Then

k

Proof. — The first inequality being obvious, we only prove the second
one. Observe that the linear map

(3.5) res’} oV = (V5 ) rer, (s,)

i

rank V$ > rank(res) o) > (k i 6)

is diagonal by blocs. Therefore we just have to study the rank of Vi ; for
each I such that |I| = ¢; and Supp(I) N J = &. There are precisely (k'zéi)
such multi-indices I, and therefore it suffices to prove that for each of these,
rank(Vf’ ;) =1 or equivalently, Vf’ 1 #0.

Fix I such that 77 (y) # 0. If dp;(£) = 0 then there exists A € C* such that
E=X- ti(%. Since L is very ample and &; > 1, there exists a € H°(Y, L?)
such that a(y) # 0. Thus (with ay € O(U) as above)

VE (@) = ((r -+ Davdel, + 7 dag) (dpi(©)) — (rfa)(v) S
7

= —Xau(y)m! (y) #0.

If dp; (&) # 0, it also follows from the very ampleness of L that there exists
a € H°(Y, L#%) such that

av(y) =0 and day(dp;(€)) # 0.
Therefore V?)I(a) = 71(y)day (dp;(€)) # 0. Hence the result. O

&)
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This lemma allows us to control the indeterminacies of @; in the following
way.

PROPOSITION 3.6. — Assume 9; > 2n. Then there exists a non-empty
open set A" C A; such that the indeterminacy locus of ®; does not inter-
sect A%t x IL; 1(Y).

Proof. — Let us define
B = {(a;,[§]) € A x L 1(Y) | Vir(air)(§) =0 VI}.

Certainly the indeterminacy locus of ¥, is contained in B. We are now
going to prove that B does not dominate A; under the projection pr; (here
we denote by pr; and pr, the projections from A; x L; 1(Y") to each factor).
To prove this we are going to prove that for each J C {0,...,n} the locus

By =DBn(piomopry) *(Yy)

does not dominate A;. This will be done by dimension count.

Fix J C {0,...,n}. Let us first suppose that k := n — #J > 0. Fix
(€] € (popi)~*(Yy) and set B¢ = BNpry ' ([¢]). The projection pr; induces
an isomorphism

Be = pry(Be) = ker Vf.
Thus by Lemma 3.5, we obtain, in view of our hypothesis on §;:

k+9;

dim B¢ = dim A; — rank Vf < dimA; — < I

) < dimA; — (k+ ;).
Therefore

dim B; < dim(p; o m; 0 pry) H(Yy) + dimA; — k — §;

Hence B; can not dominate A;.

Let us now suppose n — #.J = 0. Recall that Y is of dimension 0. Fix
y € Y. We will prove that BN(p;om;opry)~!(y) does not dominate A;. This
will prove that B; does not dominate A; since there are only finitely many
points in Y. Without loss of generality, we may assume that J = {1,...,n}.
Take an open neighborhood U of y in Y with the coordinates (z1, ..., 2,)
centered at y such that (7; = 0) = (z; =0) for all j € {1,...,n}, and such
that (1o = 0)NU = &. Then there exists natural coordinates (¢;, 21, ..., 2n)
for p; 1 (U) =~ C x U such that Y Np; (U) = (t; = 0). In this setting, one
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has an isomorphism

CxUxP" =L, (Y)

n

0 0 0
(ti,Z, [50) me - agn]) — (ti;za |:§0t7,atl +€18721 + - +§naz:|> .

Let us now observe that for any £ = fotiaiti + 518%1 + -4 §n%, (3.4)
implies (let us drop here the local notation ay, 7[5 for readability)

ng(a) =((r+ 1)ad7'I — Tlda) )+ Eoat?,

where ¢ = 518%1 + e+ fn%. This expression is independent of the
variable ¢;. Therefore, there exists B, C A; x P" such that if one denotes
by priy : A; x C x {y} x P* — A; x P" the canonical projection, under our
choice of coordinates,

BN (piomiopry) ' (y) = priy (By).
We are therefore reduced to prove that B, does not dominate A;. Take
I = (ig,...,in) € I(6;) and a; € A;. If ig < §; — 2 then V5 1(a; )|, = 0. If
I= ((52,07,0) then
f(@i,€) == V5 f(ain)ly = ((r + Dai 1675 dro — 70" dai 1)(€) + &oai 1700,

and if there exists j € {1,...,n} such I = (69 — 1,0,...,1,...,0) where
the element “1” is at slot number j, then

. 0ai o
f(@i€) = Vi rlain)ly = (r + )27 "
J

With this notation one has
By = {(ai, [¢]) € Ay x P | f)(a;,€) = - = fy}(a;,€) = 0}
Hence, for any [¢] € P", one has B, N (A; x {[¢]}) = ker (f,(-,£)), where
Fy(8) = (F)(-,6), o f1(-,6) : Ay — C*H

is the linear map induced by the different fg( -, &)’s. Let us now stratify P
as follows: for any K C {1,...,n} define

S(K)={[(leP"|Vje{l,...,n}, {{,=0&j € K}.

One has dim X(K) = n — #K. Moreover, for any [¢{] € X(K) one verifies
easily that rank f,(-,£) =14 n — #K, and therefore

dim B, N (A; x £(K)) = dim A; — (1 +n — #K) + dim B(K)
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Therefore, for any K C {1,...,n}, B,N(A; x £(K)) does not dominate A;,
and since the family ¥(K) stratifies P, the locus B, does not dominate
A; either, which implies the result. O

Remark 3.7. — In fact Proposition 3.6 still holds under the weaker as-
sumption §; > 3, but the proof would require the use of a more intricate
stratification, similar to the one used in [6]. Since we will soon suppose that
d; = 4n — 1 > 2n, we chose to present this non-optimal result in order to
avoid those complications.

Let us define
A% = (AT x - x AT N AT C A

Recall that ¢; : (V,D;) — (L;,Y) is a morphism of smooth log pairs and
therefore we obtain a morphism

fdg; : ¢FQr, (logY) — Qy(log D;).
Composing this map with the map Qy(log D;) — Qy(log D), twisting it
by p{,LSiHi, and applying the global section functor, we obtain a C-linear
map
HO(Li, Qu, (logY) @ pf L) — HO(V, Qy(log D) ® py L= %)
= H(V1(D), Oy, (p)(1) @ mypy L7).
For any I € [(6;) and any a € H°(Y, L¥), we denote by
i1(a) € HY(Vi(D), Oy, (p)(1) @ mipiy L5

the image of V; ;(a) under the above composition. It follows from Propo-
sition 2.3 that this global section vanishes along the ideal _#; (with the
notation of Definition 2.2 for the log pair (V, D)), namely

(3.6) i1(a) € HY(V1(D), Oy, (p)(1) @ mipy L5 @ 7).

Since the resolution algorithm defined in Proposition 2.9 provides in
particular a log resolution of _#;, one has

(3.7) WS = 05, 1) (—F)

for some effective divisor F; on V; (D). Since @'1(D) is smooth, it follows
from (3.6) that there exists

Virla) € HO(V1(D), 1" (05, ) (D) @ mipy L) © 05 ) (~F)

such that
Vir(a) = F; - p*V; (a).
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Then, as in (3.2), we define a rational map

®; 2 Ai x V(D) —=» |Gen (5:)]

(a5, @) — Z 1(ai,r)(@)a!

1(d;)
By Proposition 2.9, u resolves the indeterminacies of the rational map
vi : Vi(D) --» V1(D;). Let us denote by v; = 7; o u. By the definition of
Vi1 one can easily show that one has the following commutative diagram

Aix@l(D)———___ o,

(3.8) im L ST -

-
-~
~

i fdg; i
AixVi(D) 2% Ax V(D) P A x Loy (V) T = [6pn (51)],

where 1 denotes the identity on A;. Let us now define V;(D;)° to be the
locus where [*dg;] is regular (i.e. the complement of the indeterminacy locus
of [tdg;]), and let us define

Vi(D)* = v (Vi (D2)).
Then we have the following.

LEMMA 3.8. — For any a = (a1,...,a,) € A", Za_,l(Da) C Ql(D)O”
In particular, the restriction of 1 x ([tdg;] o v;) to 27 D) is regular :

7N D) € A™ x V(D) —A; x Li 1 (Y).

Proof. — By Proposition 2.9, one has l/i(,Z\a,l(Da)) = Za1(D;.a). It thus
suffices to prove that Z, 1(D;.a) C V1(D;)°. Let [£] € V1(D;) be in the inde-
terminacy locus of [*dg;]. This means that dg;(§) = 0 in TL;(— log ), from
which we deduce that & # (0 when seen as a vector in TV.
Assume moreover that [£] € Za1(D;.a). Then d(py|z,)(§) # 0 in TY since
pylz. : Za — Y is a biholomorphism. But then from the commutative

diagram
PV\L /
Di
Y
one deduces that dg;(§) # 0 in TL;, and a fortiori dg;(¢§) # 0 in
TL;(—1logY’), which is a contradiction. O
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Since we will be working simultaneously with all ¢ € {1,...,n} we define
Vi(D)° = () V(D)
i=1

Define a rational map
B : A x V(D) =5 |Opn(61)] X - % |Opn ()]
(a, %) —> (D1 (ay, D),...,Pp(an, H))

then by Proposition 3.6, (3.8) and Lemma 3.8, its restriction to
Adef x V1 (D)° is regular. In particular, the restriction of @ to 27°(D)
is also regular.

3.5. Universal complete intersections

Let us define
G:= ‘ﬁpn((slﬂ X e X |ﬁ1pn((5n)|

and let % C G x P" be the universal, smooth, complete intersection
Y ={(P1,..., Py, [z]) € G X P"|Py(z) =+ = Py(z) = 0}.

This object was of critical importance in [5, 6, 16].
Let us define

@2 Al x %All(D)O — G x P"
(a,) — (P(a, ), [To(®D)", ..., Tn(D)]).

where 7; () := 7; (py o my o pu()) for each i € {0,...,n}. Let us also define
Qﬁlrcl = Qelrcl(g) ) (Adcf X i\]l(D))

PROPOSITION 3.9. — When restricted to Q/pl\rel C Adef x @1(D)°, the
morphism ¥ factors through % :

V| g 2 — ¥ C G x P
1
Proof. — We will prove that for any a € A one has @(2371(Da)) c¥.

Recall the notation of Section 3.3 and Section 3.4. Fix a = (a;,...,a,) €
A%t For any i € {1,...,n} let us define

E = (T]Li —pfoi(ai) = 0) C L;.
Observe that by definition of Z,, one has
['dgi] 0 vi(Za,1(Da) C ['d4i)(Za1(Dia)) C Ei (Y

).
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Consider the map W' : L; 1(Y) — |Opn (6;)| x P™ defined by

v ([€]) = (i@, [€]). [ (), -, Ta(®)"])

where y = p; o m;([¢]). From Diagram (3.8) we are reduced to prove that
for any i € {1,...,n} one has U*(E!(Y|g:)) C #* where

Y= {(P;, [z]) € |65 (3:)] x P"| P(x) = 0}.

To see this, we apply the tautological relation (2.12) to the connection V;
associated to 71, and obtain

Vi(T,) = 0 € H(L;, Qp, (log Y)).
When restricted to E?, this implies that
0=Vi(TL,) = -Vipoi(ai)) = — > Vir(a:n)p;(r"")
I€1(5;)

when viewed as element in H°(E?,Qp:(logY |p:) ® L5+%). From this it
follows that for any [¢] € EY{(Y|g:) one has ¥ ([¢]) € %, hence the
result. g

We will need to consider a slightly modified version of " on each strata
Y;. For any J C {0,...,n} we define

Yy =%N(GxPy)CGxP".
Define also @'LJ(D)" :=V1(D)° N (py o my o p)~L(Yy) and &T’”l\“f} = D%T’i\rel N
@1)J(D)O. Observe that by the very definition of Y; and P;, we have that
for any y € Yy, [1o(y)", ..., 7a(y)"] € P;. Therefore ¥ (A% x V; ;(D)°) C

G x Py and therefore, combining this with Proposition 3.9 we deduce that
¥ factors through % when restricted to Q‘”fe}

(3.9) @@el ZY — ¥ CGxPy.

Observe that the morphism p; : #; — G induced by the projection
G x P; — G is generically finite. Let us define
GF = {A € G|dim(p;'(A)) > 0} CG,

which is a closed subset of G.
Now we are ready to prove the following lemma:

LEMMA 3.10. — Assume that 0; > 4n — 1 for any i € {1,...,n}. Then
there exists a non-empty Zariski open subset A™f ¢ Ad°f such that for any

J c{0,...,n},
“1GF) N (A" x V; 5(D)°) = @.
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Proof. — Take J < {0,...,n}. Fix & € \71,J(D)° and set y =
(pvomyop)(w) € Yy. For any ¢ € {1,...,n}, define ¢; = (g; oy, p, ov;)(d)
and let & € T1,(—logY),, such that [@,] = [tdg;] o v; (). Then p;(4;) = y.
The following commutative diagram summarizes the maps between the dif-
ferent spaces under consideration.

Fix a neighborhood U C Y of y with a fixed choice of trivialization of L|y
and consider the map (recall (3.5))

res’ oVE 1 A; — H'(Py, Op, (5-))

a; — Z V”a”
Iel;(d:)

Define G := [T, H°(P;, Op,(5;)) and define
V% = (res’ o oV, .. ., res’ oVEn) ‘A — Gy.
Consider moreover the complete intersection
Wy = {(Pr,...,Pn,[z]) € Gy x Py | Pi(z) = --- = Py(z) = 0},

and let us denote by p : ,@\; -G J the morphism induced by the projection
on the first factor. Observe that p; is generically finite and let us define

G¥ :={A € G| dim(5;'(A)) > 0}.

This is a closed algebraic subset of @_]. Let us now denote by pry : Adef x
V1.7(D)° — At and pr, : Adf x V; ;(D)° — V; ;(D)° the projections
on the first and second factor. Then pr; induces an isomorphism

P (GF) Npry  ({w}) = pry (2-1(GF) Npry ' ({@})).
On the other hand, one has

pry (271(GF) Ny (@) = (V5) HCF) N AT
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Indeed, for any a € Adef,
D(a, ) = (P1(ar, [1]), - -, Pulan, []) = (V] (@1)],- -, [VE (an)).
Therefore one has p;'(®(a, ®)) = 57 (V%(a)) and thus
ac prl( HG>®)npry ' ({w})) @ a € A% and dim (pJ (515(517 w))) >0
Sae (VHH(GF) N A,

It follows from a result of Benoist, [1, Lemma 2.3] (see [6, §3] for more
details), that
codimg (GOO) > 1rgun 0; +1 > 4n,

<ige
where the second inequality follows from our hypothesis on the §;’s. Since
pi(¢;) =y € Yy, by Lemma 3.5 this implies that for each i € {1,...,n} the
linear map resfsf' on" is surjective, and we obtain that

dim (V9)"YGF)) = dim A + dim GF — dim G/
= dim A — codimg (GOO) dim A — 4n.
Therefore we have
dim(¢~ YGF) npry ' ({w})) < dim A — 4n.

Since this holds for any @ € WA/LJ(D)O, and since dim(\A/L_](D)O) <
dim (Vl(D)) = 4n — 1 < 4n we obtain

dim (6~ 1(GF) N pry {(Vy 5(D)°)) < dim A — 4n + dim V;_;(D)° < dim A.
2 5 s

It follows that @‘1((@30) N pAI'Q_I(i\/LJ(D)O) does not dominate A, and thus
there exists an non-empty Zariski open subset A; ¢ A%°f such that

“1GF)N (As x Vi 4(D)°) = 2.
It then suffices to take A"f = Nscgo,..ny A O

3.6. Proof of the main results

For G as above, and for aq,...,a, € Z we write

@g(al, .. .,an) = ﬁ|@>ﬂm(5l)‘(a1) XK ﬁ|ﬁﬂm(5n)‘(an).

From Nakamaye’s Theorem on the augmented base locus, we know that
for any J C {0,...,n} and for any aq,...,a, > 0, one has

B (p50c(as, ... an)) = Exc(ps) C p; ' (GT),
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where Exc(py) := {y € % |dim,(p; " (ps(y))) > 0} is certainly contained
in p}l(Gf}O). Recall that p; : # — G is the map induced by the projection
on the first factor ¢; : G X P — G. Let us also denote by g2 : G x P — P"
the projection on the second factor.

In [16] the second named author established the following “effective
Nakamaye theorem” (which we present here in a weaker version):

THEOREM 3.11. — For any n positive integers 61,...,6, € N* if
ai = by = 6" H?Zl d; for each i, then for any J C {0,...,n}, the base
locus of the line bundle ¢f Og(aq,...,a,) ® q5Opn(—1)|a, satisfies

(3.10) Bs (¢1 Og(ar, ..., an) © 43 Opn (—1)|2,) C pj ' (GT).
We are now going to prove the following result.

THEOREM 3.12. — Same notation as above. Suppose €1, ...,&, = 1 and
01,0y 0n = 4n — 1. Write b; = 6; ' [[7_, 6; for alli € {1,...,n}. If

r > sz(51 + 51),
=1

then, for any a € A" the pair (Z,, D,) satisfies Property (x).
Proof. — Let a € A, Let us first prove that
(3.11) U*(q; Og(by, ..., bn) ® qé‘ﬁpn(—l)|%)|2a (D) is nef.

In order to prove that a line bundle is nef, it suffices to show that for
any irreducible curve, its intersection with the given line bundle is non-
negative. Let C' C 2371(Da) be an irreducible curve. There exists a unique
J C{0,...,n}such that C°:=Cn é’?‘f} is a non-empty Zariski open subset
of C. Tt follows from (3.9) that ¥(C®°) C %, and since %; is closed in %,
it follows that ¥(C)) C %;. By Lemma 3.10, we have ¥(C) ¢ p;H(GF) in
view of our assumption of the ¢;’s. Then, from (3.10) one obtains that

U(C) ¢ Bs (¢; Oc(br,- ., bn) ® 45 Opn (—1)|a;).
Thus one has
V(5 Og (b, ..., bn) © @5 Opn (1)) - C
> (¢7Og(by, ... bn) @ ¢ Opn (—1)|a,) - ¥(C) > 0.

Since C' is arbitrary, (3.11) is thus proved.
Form the definition of the map ¥ and the definition of the exceptional di-
visors F1, ..., F,, see (3.7), we obtain that, with the notation b := Y_""_| b;,
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b= Z:‘L:l bi(e; +6;) and F' = Z:‘L:I biF3,

T (gi O (br, -, bu) @ 450 (~Dla) |5

a,l

= (N*(ﬁ\h(D)(b) ® W%(fp%k’Lb _T) ® ﬁ§1(D)(_F/))‘2a,l(Da).

Taking the %—th power of this last line bundle, and writing 6 = %(r =b),
we obtain that the Q-line bundle

* * ok — 1
W (G, () (1) @ Wipy L) @ 95, (p) ( - ZF/>

is nef. Our hypothesis on r precisely implies that 6 > 0. On the other

hand, since py|z, : Za — Y is a biholomorphism, there exists o € N* and

another p-exceptional effective Q-divisor F” such that the Q-line bundle
* ) * % (o3 ) N nUAY BN 3

1 (ﬁVI(D)(l) Q TPy L®) ® ﬁVI(D)( F )|Za,1(Da) is ample. Therefore the

line bundle

* 6 1 / 0 i
w0 (1+3)) @ %0 (- 57 = 5F7)
is ample as sum of an ample and a nef line bundle. Let us denote by

Fa= (b(eia)F/"f' OJriaF”) Za1(Da)’ Lo :=pyL|z,, Ta : Za1(Da) = Za the

~

natural projection map, and pa : Za1(Da) = Za,1(Da) the restriction of
w. By 2.9(2), pta is the minimal resolution of Z, 1(D,) and one has

Za,l(Da)

Za,1(Da)

a 0
(O 1 O~ — - ") .
1 (Oyy iy (1)) @ w)( Uy )Za,1<Da>

= 13020, 00() © O3y (~Fa),
such that Fj, is pa-exceptional. Whence the result. O

We can now prove Theorem 3.1.

Proof of Theorem 3.1. — Take a € A", Since (Za, Da) is biholomorphic
to the pair (Y, Ha) and that (Za, Da) satisfies property (x), it follows that
(Y, H,) satisfies property (). Since Property (x) is Zariski open, it follows
that for general Hy € |L™|,..., H, € |L™|, writing H = I, H; the
pair (Y, H) satisfies (x), and therefore, by Corollary 2, (Y, H) has almost
ample logarithmic cotangent bundle.

Let us now see that this implies that Y \ H is hyperbolically embed-
ded. First observe that the complement Y \ H is Brody hyperbolic, which
means that Y\ H doesn’t contain any entire curve. This follows from a
well known result in the theory of entire curves (see for instance [14, 23,
26, 30]), which states that for any non-constant holomorphic morphism
f:C =Y\ H,one has f(C) C my(B4(Oy,(m)(1))). Since in our case
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Ty (B4 (Oy,(#)(1)) = D, such entire curves cannot exist. Moreover, for
any I = {zl,.. yir} C {1,...,n} we can apply our result to the pair
(Dr, D(I%)]|p,) where we recall that D; = D;, N---N D;, and D(I%) =
> icre Di. Therefore the previous argument implies that for any such 7,
the variety D; \ D(I%) is Brody hyperbolic. A result of Green [22] now
insures that this implies that Y \ H is hyperbolically embedded. O

4. Optimality on the number of components

In this section we mention two remarks concerning the number of com-
ponents ¢ of the divisor D in the case Y = P™. First we show that if the
ambient variety is P™ then our main result is optimal on the number of
components. And then we recall that the logarithmic irregularity of the
pair (P", D) is ¢ — 1.

The following vanishing result, is a generalization to the logarithmic set-
ting of a vanishing result for symmetric differential forms which was first
established by Sakai [35] (see also [8, 36]). We provide here a logarithmic
adaptation of the arguments of [35] and [3]. The one component case ¢ = 1
is a special case of a result proven in [19] and the case n = 2 was already
established in [21].

PROPOSITION 4.1. — Let D := Y7 | D; be a simple normal crossing
divisor in P™. If ¢ < n then for any m > 1
(4.1) H° (P, S Qpn (log D) ® Opn(—1)) =0

In particular, Qpr (log D) can not be almost ample.

Proof. — For every i € {1,...,c}, set d; = deg D; and let us denote by
s; € HO (IP’”, Opn (d;)) the homogeneous polynomials defining the hypersur-
faces D;. One can view P* C P""¢ as the subspace in P"*¢ defined by

Zpn41 == 2Znye =0. Set D' =3¢ | D} with D} :={[z] € P"*¢| 2,4, = 0}
forany i € {1,...,c}. Let Hy,..., H. be ¢ hypersurfaces in P"*¢ defined by
{zﬁq_z —5i(21,. .., 2n) = O0}ieq1,....c}- Since D is simple normal crossing, the

sum of these hypersurfaces is a simple normal crossing divisor and therefore
there intersection X = HyN---N H,. is a smooth complete intersection. Let
us define £ := D’'|x. Then (X, E) is a sub-log pair of (P"*¢, D’), and the
natural projection p : P?T¢ ——s P" induces a cover m : X — P" ramified
along E. One has a natural inclusion induced by tdr|x,

H° (P, 5™ Qpn (log D) ® Opn (—1)) — H°(X,5™Qx (log E) ® Ox(—1)).
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It then suffices to prove the vanishing of the right hand side. Set
N :=n+ c. Observe that one also has a logarithmic Euler exact sequence
in this situation:

00— Q]pN (log D/) — Q]P:N (IOg DI) — ﬁ[p:N — O,
where we denote
Q]}»N (log D/) = ﬁpN(-l)eanJrl @ ﬁga]\?

This logarithmic Euler exact sequence is induced by the usual Euler
exact sequence by observing that one has a morphism of log pairs
p: (CNHI\ {0}, D) — (PN, D), where p : CN*1\ {0} — PV denotes the
canonical projection, D} := p* D/ for any i € {1,...,c},and D' = 35 | D..
It then suffices to observe that the inclusion Qcn+1y\ 103 = Qw13 103 (log D)
descends on PV to the morphism ﬁH?NN R ﬁg?“ D ﬁ]ﬁ\f(l) given by
oy ENn) = (o0, s &ny 2nt1&ntt, - - -, 2nEN) and to twist this map by
Opn (—1) in order to make it fit in the following diagram

0 —— Qpn o5 (-1) Opn 0
0—— Q]P:N (log Dl) e QPN (log D/) ﬁ]pN 0.

Let us denote by N* = @;_, Ox(—d;) the conormal bundle of X in PV.
Since (X, E) is a sub-log manifold of (PV, D’), one has the following exact
sequence:

0— N* — Qpn(log D')|x — Qx(log E) — 0,

which induces a locally free sheaf x (log E) sitting in the following com-
mutative diagram
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We obtain an inclusion
H°(X,5™Qx (log E) ® Ox(—1)) ¢ H*(X,5™Qx(log E) ® Ox(—1))

and we are therefore reduced to prove that H(X, S"Qx (log E)® Ox (—1))
vanishes.

Taking symmetric powers of the middle vertical exact sequence in the
above diagram, and twisting it by &pn~(—1) we obtain a resolution

0—Ep— ... — & — & — S™Qx(log E) @ Ox(—1) — 0,
where
& = NN*® S™ Qpn (log D') ® Opn (—1).
Therefore the cohomology of S™Qx (log E) ® €x (—1) can be computed be
the hypercohomology spectral sequence (E?'9) of the complex &,:
EP? = HY(X, & ,) = HPT(X,S"Qx (log B) ® Ox(—1)).

Observe that since N* is of rank ¢, one has &, = 0 for all p > c¢. Moreover,
for any p > 0, the vector bundle &), is a sum of duals of ample line bundles.
Therefore, by Kodaira’s vanishing theorem, we obtain H%(X, &,) = 0 for
any ¢ < n. But since ¢ < n, this implies that EY"? = 0 if p + ¢ = 0, and
therefore we obtain the desired vanishing. O

By contrast, one has the following result. This property is well known
(see for instance [28]), but we provide here a short proof for the reader’s
convenience.

PROPOSITION 4.2. — Let D = Y {_, D; be a simple normal crossing
divisor in P". Then

RO (P™, Qpn(log D)) = ¢ — 1

Proof. — From the residue exact sequence and the vanishing
HO(P", Qpn) = 0 we get an exact sequence

(6]
0 — HO(P", Qp (log D)) — €D HO(D;, Op,) = C° 5 H(P", Qpr).

i=1

Denoting ¢; € H°(D;, Op,) the constant section equal to 1, we can compute
d(e;) by a diagram chase in Cech cohomology and obtain that

d(e;) = c1(Opn (D;)) = deg D; - c1(Opn (1)).

In particular rank(§) = 1 and therefore h?(P", Qpn (log D)) = ¢ — 1. O
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5. A resolution algorithm

In this section we give a proof of Proposition 2.9. To do so we will pro-
vide an explicit resolution algorithm for some particular configurations of
subvarieties in any ambient complex manifold.

5.1. Simple ideal sheaves

Let us start by a resolution procedure for some special configurations of
linear subspaces in an affine space. This is purely algebraic and could be
performed over any field. Fix an integer m > 2 and let A™ be the dimension
m affine space over C. We say that an ideal J C C[zy,...,z,,] is simple if
it is of the form

(51) J = <(E1, <oy Lpy Tp1Tr41, Lp+2Lr425 - - - axrx2rfp>~

Since J = v/J, one has J = I(V(J)), where V(J) is the (not necessarily
irreducible) variety defined by J. In fact, one has

J = ﬂ <1'1,---a'rpal‘p-l—kla-~-xp+ksaxr+é1a-~-7xr+h,p,s>
Kc{1,...,r—p}
Where K = (k1,....ks) and {1,...,7 = p} \ K = {l1,..., lr_p_s}. We
say that a subvariety of A™ is simple if its defining ideal is of the form
(Xiyy ... x4, ) for some {iy,...,i,} C {1,...,m}. Therefore the above re-
lation shows that V(.J) = [JX, V; is the union of simple varieties of same
dimensions.

LEMMA 5.1. — Take a simple ideal J C Clzy,...,zy] as (5.1) and
write V(J) = Ufil V; as above. Let i € {1,...,m}. Let i : X — A™ be the
blow-up of V;. Let us write E; := u~1(V;) the exceptional divisor and ‘7j
the strict transform of V; for every j # 1. Then p*J = ﬁg(—Ei) - J;, where
J; denotes the ideal sheaf of the variety | i V;. Moreover, one can cover
X by open sets which are all isomorphic to A™ such that on every such
open set, the ideal J; is either a simple ideal or the trivial ideal O(A™).

Proof. — Without loss of generality, we can take Vi = {(z1,...,%m) |
x1 = x9 = -+ = x, = 0}, and it suffices to prove the lemma for the blow-
up p: X — A™ of V1. In the x;-direction, one can take an affine open set
X1 :=specClx1, &, ..., TryTpi1,--.,Tm] Of )A(i, such that the blow-up p is
given by

M($17*%27 s 7'%7‘7$T’+17 s >xm) = (xlamli‘Qv s ;xli‘r7x7’+17 s >:E’m)a
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and thus

N*J‘Xl =x1 <175727 ey jp7jp+1xr+17jp+2xr+27 e 7jrx2r7p> = <.’IJ1>,

where {27 = 0} defines the exceptional divisor F; on X;. We then observe
that

Jl‘Xl = C[.’L’l,iQ, e 7£‘T’7"I;T+17 e ,l'm],
which is the trivial ideal. This implies that \71 N X; = @ for each
i=2,..., N, which also holds on the affine open set X in the z;-direction

with 7 =2,...,p by (5.1). In the x, direction, one can take an affine open
set X, :=specC[Z1,...,&r_1,ZLp,...,Tm] of X, such that the blow-up p is
given by

H(jhi?y ey T, Ty e 7xm) = (i'lxmj@xr» ey T AT, Ty 7xm)-
We thus see that
[IJ*J|XT = Xy - <Lfl, 5’2, - ,Zi'p, i’p+1l’r+1, e 75;T—1x27’—p—15 fgr_p>7
where {x, = 0} defines the exceptional divisor E7, and we see that
J1|Xr = <If1, SEQ, [N ,i'p, i’p+1l‘r+1, ey ‘%T—leT‘—p—ly 5727,_;[,>.

IiIere V(lx,) =Ui<jen Vjlx, Thus Ji|x, is still a simple ideal sheaf, and
Vj|x, is either empty or a simple variety for any j # 1. This also holds on
the affine open sets X, in the x, directions with { =p+1,...,r — 1. Since
U;_, Xi; = X, this proves the lemma. O

The following lemma will be useful later.

LEMMA 5.2. — Let {V;}i=0,1,2,3 C A™ be different simple varieties of
the same dimension. Assume that Vi N Vo C Vi. Let X — A™ be the
blowing-up of Vi, with Vi, Vs, Vs the strict transforms of Vi, Va, Vs and E
the excepmonal divisor. Then V1 N Vg - Vg, Moreover, if Vi NV, C Vy, then
Vinv, =

Proof. — Since i : X \ E — A™ \ Vj is an isomorphism, it follows from

ViNVy C V3 that
(VinVz\ E) C V.

Note that E can naturally be seen as the projectivization of the normal
bundle Ny, pm of Vg in A™. Then for any Z € E, one can write & = (z, [v])
with z € Vo and v € Ny, jpym .. f T € ViNVaNE, one has z € ViNVaNVp,
and v € Ty, ;NTy, 5. Since V; and V5, are simple varieties, by the definition,
one has TV1 - ﬂTV2 + = Tvinvy,a C Ty, . We then conclude that Z € Vg,ﬂE
and Vi N Va C V. This proves the first claim. When V3 NV, C V, for any
x € Vi1 NVa, one has Tv,nv,,2 C Tv;,4, and thus V1 N VQ N E = &. Since
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ViNVs \E =~ V1NV \Vy = &, one has Vi NV, = @. This proves the second
claim, hence the lemma. O

5.2. Resolution of compatible systems

DEFINITION 5.3. — Let X be a smooth (not necessarily compact) com-
plex manifold of dimension m. A finite collection of subvarieties of X is said
to be a compatible system if this collection admits an indexation of the form
{Y;;¥Z0 " such that, denoting by _# the ideal sheaf of U=l Ce Y
the following conditions are satisfied.

(1) For any j # {, either there exists ' < i and j' such that
Y;; NY; C Yy or Yi; NYy = @; in particular, Y,; N Y, = @

(2) The manifold X can be covered by analytic open sets {U,}, such
that each U, is biholomorphic to some open set W, C C™ contain-
ing the 0 € C™ and satisfying the following. Let J;o :=
{j | Yi;; N Uy # @}, then via the isomorphism U, = W, C C™,
{Y;; N U }je‘]l > . extends to {Y} }]EJ’ ® .in C™, such that Y, is a

.....

simple variety and the ideal 5heaf Ho defined by UJE]I cYSisa
simple ideal of the form (5.1).
We say that i is the index of Y;;, that a is the lowest index, that c—a+1 is
the length of this compatible system, and that # the ideal sheaf associated
to this system.

,C

Based on the Definition 5.3, we have the following observation.

LEMMA 5.4. — With the notation of Definition 5.3. If Y;; N Y50 C Yy,
then for each «, one has Y5 NY; %, C Y. In particular, #Ja,a <1

Proof. — By assumption, for any «, one has
(Yi; NUa) N (Yirjy NUL) C Yig NUq.
By 5.3(2), this is equivalent to
(Y5 NWo) N (Y7 NWa) C YN W,.

Since W, contains the origin, and _#, is a simple ideal, from the very
definition (5.1) we observes that

YSNYE, C Y.

For any j € Jia, Yj contains the origin, and by 5.3(1) one has

#Ji,a < 1. 0
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Now we define a natural log resolution of the ideal sheaf #. We first
define p; : )?1 — X to be the blow-up of U;Lil Y,;, with E; the exceptional
divisor and Yj; the strict transform of Y;; for i > a. By 5.3(1), U2, Ya; is a
disjoint union of smooth submanifold of the same dimension, and thus X;
is also a smooth manifold. Write }71-] for the strict transform of Y;; under
the blow-up pu; for any z > a, and j = 1,...,n;. Denote by _#; the ideal

sheaf of the variety Ul a+1 YZ] in X;.

LEMMA 5.5. — If the index of Yij is defined to be i for any
i € {a+1,...,c} and any j € {1,...,n;}, then family {fﬁ]}{z;_l"c
is a compatible system in X;. Moreover

(5.2) WS = 05 (~E)- A
Proof. — On each Ua7 if Jio # 9, define p1,4 @ ZL — C™ to be the

blow-up of | i€ aa Y5, let Ey o be exceptional divisor and for any i > a

and j € J; o let Yf; be the strict transform of Y. If Jio = O, set 1,4
to be the identity map. Then via the isomorphism U, = W,, one has

Halw, = Flu.,

(53) P81, ory = Bl 0y
and by 5.3(2) one has the following isomorphism
(5.4) i a(Wa) > W,

Hl_l(Ua) s Uq.

It follows from Lemma 5.1 that
Mo fa =0z (—Era) 10,

where ¢ , denotes the ideal sheaf of the variety Ufi{_ﬁ . Yg By (5.4),
one has

(5.5) M1/|U *1(U )( El) ’ /1|H;1(U&)'

and (5.2) follows from that U, is an open covering for X.
For any ¢ > a any j # [, by 5.3(1) either Y;; NY;; = @, in which one also
has

(5.6) YViinYy,=2

or there exists i’ < ¢ and j’ such that Y;; NYj, C Yj/j. In the second case,
we claim that Y;; NY;, C Yir;» when i’ > a, and (5.6) holds when i’ = a.
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since U, is a covering of X and since the Y;;’s are irreducible it suffices
to check this on each i ' (U,). By Lemma 5.4, Y3 NY5 C Y, and from
5.3(2) they are all simple varieties in C™. Applying Lemma 5. 2 one has

- . Yo, ifi’ > aand j € Jua
a a ()
Yyeny, e . )
%) ifi!=aorj¢Jig,.

The claim then follows immediately from (5.3). The set {V;; }/=) Gy sat-
isfies 5.3 (1).

For any Zi ,, by the proof of Lemma 5.1 it can be covered by finitely
many open sets which are all isomorphic to affine spaces spec C[z1, . .., Z.],
such that the restriction of #; , to each affine space is still a simple ideal.
Since W, contains the origin, the restriction of MIL(WQ) to each affine
space still contains the origin. From (5.3), this gives an open covering which
verifies 5.3 (2 ) We define i to be the index of Y,J forany i =a+1,...,cand
any j =1,...,n,. {Yza e a+17 . is then a compatible system in X1 O

Observe that after the blow-up p; : X1 — X, and with our choice of
indices, the length of the compatible system is decreased by one. We then
blow up U e Ya+1 .j to obtain us : X2 — Xl, and continuing in this way,
we obtain a sequence of blow-ups with smooth centers

COND A= S = NN AN N g

such that their composition pu : X = )N(C,GH — X gives rise to a log
resolution of _¢# . Indeed, this algorithm is blowing-up the varieties of lowest
index in each newly obtained compatible system. Since after each blow-up,
the inverse image of the ideal sheaf is, up to some exceptional divisors, the
ideal sheaf associates to a compatible system whose length is decreased by
1, we see that after (¢ — a + 1)-blow-ups, one resolves the ideal sheaf #.
We say that u : )N(C,GH — X the canonical log resolution of the ideal
sheaf # associated to the compatible system {Y; }zzil“ in X. We will
now prove that this log resolution also resolves certain subsheaves of ¢

simultaneously.

DEFINITION 5.6. — Same notation as Definition 5.3. We say that
{vi; y=} "yt with b < ¢ and r; < n; is a subsystem of {Y;j}fz;f, if
it is a]so a compatible system in X, and satisfies that for any i = a,...,b,

j=ri+1l,...n, k=449+1,...,b,and £ =1,...,ry, either Y;; NYyy = @
or there exists p < ¢ and 1 < g < rp, such that

(58) }/ij NYie C Yy
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In particular, one has

(5.9) U Ya]n U v | =@.

j=re+1,...,nq 1=aq,..
Jj=1,..

LEMMA 5.7. — Let {YU}Z;iZ“ be a compatible system on a quasi-
projective variety X, and let {Ym}giig be a subsystem. Let #' be the
ideal sheaf of UZ:; 1Y, then pu: X — X is also a log resolution for ¢

Proof. — Since {Yg;},=1,... n, are pairwise disjoint, it follows from (5.9)
and Lemma 5.5 that for the blow-up p; : X3 — X of U?;l Y.;, one has

g = 05(-E)- 71,

where Ej is the inverse image of Ur“ Y,; and _#] is the sheaf of the
variety UZ i1 i, Vi;. By Lemma 5.5 again we note that {V;;}/= Qi
is also a compatlble system in X;. We will prove it is also a subsystem of
(V™ o

For any ¢ = a+1,....,b, j = r;+1,....,n k = 4,2+ 1,...,b, and
£ =1,...,7, by Definition 5.6 either Yj; N Yy, = &, or there exists p <4
and 1 < g < 7, such that Y;; NYy, C Yjy. As in the proof of Lemma 5.5,
we can prove that

- - Y, ifp>a
YiiNnYieecq ™ b
(%] ifp=aori=a+1.
This verifies the conditions in Definition 5 6. Thus (Vi y=] +17 s asub-
system of the compatible system {Y”}z a +1 .- We conclude by induction

on the length of the system of compatible subvarletles that for the compo-
sition of the blow-ups

Hb—a i Hb—a >
Xpoapr —5 X, 225 B X B X,

it resolves the ideal sheaf #’. This proves the lemma. O

5.3. Functorial properties

This resolution algorithm is functorial under restrictions.

LEMMA 5.8. — Let Z be a regular subvariety of X. Assume that
{¥;; n Z}fzalg is also a compatible system in Z if we define the in-
dex of Y;; N Z to be i for each Y;;. We emphasize here that we consider
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the scheme theoretic intersection Z NY;j. Denote by Z the strict transform
of Z under p. Then the restriction of the canonical log resolution p asso-
ciated to {Y; }f:;: to Z is also the canonical log resolution associated
to the compatible system {Y;; N Z}fzi? in Z. In particular, p|; is the
log resolution of the ideal sheaf of the subvariety UZ_ (YN Z).

.....

Proof. — By induction on the length of the compatible system. Assume
that the lemma holds when the length is less than ¢—a. Since 1 : X7 — X
is the blow-up of the variety Uj:l,.u,nayaj’ we deduce that ul\z 21— Z

is the blow-up of the variety J,_; , (Yo; N Z), where Zy denotes the
strict transform of Z under p1. By our definition of the indices of the sub-
varieties Z NY;, 1| A is the first blow-up of the canonical log resolution
associated to the compatible system {Y;; N Z}jzl""’r,“ in Z, such that the

c
strict transform of YZ] NZ is Yw N Z;. Then {K] N Z1}1 a+1’ . is a com-
patible system in Z1, with the index Yij N Z1 equal to 7. By the induction
on the length the canonical log resolution associated to the compatible
system {V;; 1. +"1“7” in X, which is the composition of the blow-ups,
Xp—ar1 Pometle Xy, 2o N Xl, gives rise to the canonical log

resolution associated to the compatible system {Y;; N Zl}l ;_H’T“ in Z.

The lemma is thus proved. g

This resolution algorithm is also compatible with families.

DEFINITION 5.9. — Let f : & — S be a surjective smooth morphism
between regular quasi-projective varieties, and let % be (non necessarily
irreducible) subvariety of 2 of pure dimension r such that its image under
f Is surjective. We say that the family f : (2 ,%) — S is locally analyti-
cally trivial if for any y € %, setting s := f(y) and X the fiber of f, the
following two conditions hold:

(1) There exists # C Z ,Us C S open neighborhoods of y, s, such that
f() =,

(2) Write U := % N X;, which is an analytic open set of X;. There
exists a biholomorphism 0 : % — U x U, such that the following
diagram is commutative:

v —LsUxU U

(5.10) _f\ lp%

Us
such that (U, %' NU) = (U xUs, pri(Yu)) via 0, where Yy := ' NU.
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LEMMA 5.10. — Let f : (2,%) — S be a locally analytically trivial
family. Suppose that % = Ufi;’; %;; such that for any s € S, setting
Yii; = %jlx., the induced configuration {Yy ;= "
system on X,. Then we can perform the algorithm of canonical resolu-
tion defined in (5.7) for {%;; }f:;" in order to obtain a birational map

e

is a compatible

wa X - Z, such that, for any s € S, the restriction
L-1
pa|x, g (Xs) — X

is the canonical resolutions of the compatible system {Y.Su}fz;?;, de-

noted by ps : Xy — X,. If one denotes the irreducible exceptional divisors
of wg by & ...,8, then, the set of irreducible exceptional divisor of s is

{glh@.l(xs) Tt fgorh;(xg)}-

Proof. — We will also prove by induction on the length of the compatible
system. Assume that the lemma holds when the length is less than ¢ — a.
We make same notation in 5.9(2). By the assumption of the lemma, one
observes that {%]- }jzlw’na is disjoint from each other since this holds on
each fiber. Define g 1 : 21 — Z to be the blow-up of {%0;}i=1,...nu>
with {@;J}i:;rl"c the strict transforms of {@”}{;;_1”0 By 5.9(2), its
restriction to each fiber X, is precisely the first blow-up of the canonical
log resolution of the compatible system {Ys”}fiiz From Lemma 5.5,
the sets {%; }Zjiﬂmc verify the conditions of the lemma with the length
decreased by 1. Hence we prove the lemma. |

5.4. Application to the projectivized logarithmic cotangent
bundle

In this section, we prove Proposition 2.9. From Proposition 2.4 we can
assume that ¢ < n.

.....

is a compatible system in X(D) when the index of Dj is defined to be
#J. Its lowest index is 1 and its length is c¢. Moreover, for any @ # I C
{1,...,¢}, {DJ}Q#ch is a subsystem of length #1I. In particular, the
canonical log resolution provides a birational map fi : X1(D)¢ — X1(D)
which is a simultaneous log resolution for the ideal sheaves

{/I}Z;élc{l ..... c}-
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Proof. — For any & # I,J C {1,...,c} with 1 < #I = #J < ¢, and
I # J, note that #(INJ) < #I = #J < #(I|JJ) and by (2.4) one has

=g ifInJ=9g

5.11 D;nD
(5:11) ! J{cDmJ fINJ 4o

where in the second case, 1 < #(I N J). In particular, when #1I = #J =1,
we always have D; N Dy = &

Now, for any @ # J C {1,...,c}, we define the index of D to be #.J.
For any i = 1,...,¢, set S; := {I C {1,...,¢} / #I = i}, equipped with
the lexicographical ordering, which is a total order. Then we can write
{.D]}g?g‘]c{17___7c} = {Yu}f;lf with n; = (5) in a canonical way, such
that, for any I,J € S; with I < J, there exists 1 < a < b < n; such
that D; = Y;, and D; = Y;;,. With this setting, from (5.11) one can see
that, for any ¢ > 1 and any 1 < j < [ < ny, either Y;; NY;, = &, or
there exists 1 < ¢’ <4 and 1 < 5 < ny such that Yi; NYy C Y. Thus
the set {Y;;}/=] 1 satisfies 5.3(1). Since we can cover X;(D) by open
sets with _#r in ‘the form of (2.7), which satisfies 5.3(2), we conclude that
{.Dj}g?g‘]c{17___7c} is a compatible system in X; (D). We thus prove the first
statement.

To prove the second statement, without loss of generality, we can assume
that I = {1,...,b} for some 1 < b < c¢. From (2.4) we first observe that
{Ds}oricr satisfies 5.3(1), and thus is a compatible system on X1 (D).
Within the above representation {D;}zrsc(i, .o} = {v,; ¥} 1et, one
has {Dj}orscr = {Yi o 'y where ;= (%). For any i = 1,...,b,
j=mr+1,. nz,k:—zz+1 .,b,and £ = 1,... 7, let us denote by
Dy = Yij, DK = Y. If follows from the definition that JgI,#J=1,and
K C I, #K =k >, and from (2.4) that either D;N Dk = @, in which
case JNK = @, or D;N Dy = Djnk, in which case 1 < #(JHK) < #J.
Thus by Definition 5.6 {DJ}g;éJC[ is a subsystem of {DJ}Q#Jc{17.‘_,C}.
This proves the second statement.

Since the length of the compatible system {DJ}ggjc{l’“.7c} is ¢, after
a successive blow-ups of the varieties of the lowest index in each newly-
obtained compatible system

X, (D)@ e X (D)) L2ty 22 X (D)D) 2 X (D),
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their composition 7 : X1(D)(©) — X;(D) is the canonical log resolution of
the ideal sheaf #p associated to the compatible system {DJ}QQJC{I,..A,C}
in X4 (D). The simultaneous log resolution for ¢#; follows from Lemma 5.7
directly. This concludes the proof of the lemma. O

As we saw in (3.8), we only need to find a simultaneous resolution for
the indeterminacies of the rational maps X;(D) --» X;(D;) for every
i = 1,...,¢, which by 2.3(1) is equivalent to finding a simultaneous log
resolution for the ideal sheaves {_#;};—1, . . defined in Definition 2.2. Ob-
serve that for each i = 1,..., ¢, the length of the subsystem {ﬁJ}g¢JC{i}c
is equal to ¢ — 1 by Lemma 5.11. Thus by (5.7) the composition of (¢ — 1)-
steps of the blow-ups, fic_1 0 ftc_20---0 7 : )?1 (D)(C_l) — X1(D), is a log
resolution for each _#;. We will denote this simultaneous log resolution by
W Xl(D) — X;(D), and call it the minimal resolution.

From this definition, it follows that Lemma 5.11 already implies 2.9(1).
From Lemma 2.7, given a family of smooth pairs (27, 2) 5 S as defined
in Definition 2.6, denoting by (X, D) the fiber of p, one obtains a locally
analytically trivial family

PQys(log?), |J 2] 258
Ic{1,...,c}

such that for any s € S, the fiber of p; is (X, 1(Ds), Ulc{l
follows from Lemma 5.10.

.....

Let us now see how to obtain the announced fonctoriality property in
2.9(2). Let Z be any regular subvariety of X, such that Y i | D;|z is
also a simple normal crossing divisor on Z. Denote by E; := D;|z, and
Er := (V;e; Ei for any @ # I C {1,...,c}. Note that Z;(FE) is a regular
subvariety of X1 (D). Moreover, for E; C Z;(F) associated to E; as defined
in Section 2.6, one has E; = Z;(E) N D;y. Thus {D; N Z1(E)}oricqi,..c}
is a compatible system in Z;(E), with the index of D; N Z;(E) equal to
#J. It then follows from Lemma 5.8 that the restriction of the canonical
log resolution (resp. minimal resolution) associated to {DJ}@#JC{LMC} in
X1(D), gives rise to the canonical log resolution (resp. minimal resolution)
associated to {Dy N Z1(E)}ericqi,....cp in Z1(E). In particular, for any
i=1,...,c, let us denote by uz : Z1(E) — Z1(E) the minimal resolution
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of Z1(FE), and one has the following commutative diagram

X1(D) - === X1(D;)
X1(D) J
(5.12)
Zi(E) - 27 Z\(E

//

Lastly, let us conclude by observing that this resolution procedure re-
solves the indeterminacies of the different maps 7 defined in (2.5) step by
steps in the following sense. Say that

D>Y D>y 5> > D

i€ly i€lsy i€le_1

is a filtration of compatible divisors if Iy D Is D --- D I._1 is a sequence of
subsets of {1,...,c} with the cardinalities #I; = ¢ — i. From Section 2.2,
one then has a sequence of rational maps

Xl(D) - Xl (D(Il)) I S 4 Xl (D(Icfl)) - Xl = ]P)(QX>
Since #I][; = j, by Lemmas 5.7 and 5.11, after taking j-blow-ups
X, (D)9 L X (p)u-h Bt 2 (DY Y X (D),

the composition resolves _Z;c defined in Definition 2.2, and by Prop-

J
osition 2.3, it also resolves the indeterminacy of the rational map
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X1(D) --» X1(D(I;)). Namely, we have the following commutative dia-
gram for any filtration of compatible divisors:

X, (D) (¢)

X1(D) = = == Xa(D(I1)) => -+ == X1 (D(Ie-1)) - > P(Qx).
- - o
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