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A REDUCTION OF CANONICAL STABILITY INDEX
OF 4 AND 5 DIMENSIONAL PROJECTIVE VARIETIES
WITH LARGE VOLUME

by Meng CHEN & Zhi JIANG (*)

ABSTRACT. — We study the canonical stability index of nonsingular projective
varieties of general type with either large canonical volume or large geometric
genus. As applications of a general extension theorem established in the first part,
we prove some optimal results in dimensions 4 and 5, which are parallel to some
well-known results on surfaces and 3-folds.

RESUME. —  Nous étudions 'indice de stabilité canonique d’une variété pro-
jective lisse de type général avec un grand volume canonique ou un grand genre
géométrique. Comme applications d’un théoréme général d’extension établi dans la
premiére partie, nous prouvons des résultats optimaux en dimensions 4 et 5 simi-
laires a certains résultats bien connus sur les surfaces et les variétés de dimension 3.

1. Introduction

Understanding pluricanonical systems of nonsingular projective varieties
of general type has been one of the major tasks in birational geometry. By
the work of Bombieri [2] for surfaces and that of Hacon-McKernan [11],
Takayama [24], Tsuji [26] for higher dimensional varieties, for each n > 0,
there exists an optimal constant r,, € Z~(, such that the pluricanonical map
¢©m,x is birational onto its image for all m > r, and for all nonsingular
projective n-folds X of general type. Such a constant 7, is, in general, non-
explicit except that r; = 3, that ro = 5 by Bombieri and that 27 < r3 < 61
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by Iano-Fletcher [13] and Chen—Chen [5, Theorem 1.6(1)]. Usually the
number 7, is referred to as the n-th canonical stability index.

The existence of r,, directly implies the existence of another optimal con-
stant v,, > 0 such that the canonical volume vol(X) > v,, for all nonsingu-
lar projective n-folds X of general type, where we recall that the canonical
volume “vol(X)” is defined as the following number

' hO(X, mK
vol(X) = lim supw
meZso m"
which is an important birational invariant. We know that v; = 2 and
vz = 1. By Chen—Chen [5, Theorem 1.6(2)], one has v3 > 1z5. Similar to

the situation of r,, when n > 4, v, is non-explicit either.

It is also interesting to consider another optimal constant 7,7 so that, for
all nonsingular projective n-folds X of general type with py(X) > 0, om x
is birational for all m > r;}f. By definition r} < r, for any n > 0. One has
rf = and 7§ = ry = 5 according to Bombieri. By Iano-Fletcher [13],
Chen [6] and Chen—Chen [5, Corollary 1.7], we know 14 < 5 < 18 < r3.
Recently, Brown and Kasprzyk [3] found many new canonical 4-folds from
which one deduces that r4 > TZ > 39.

In this paper we restrict our interest to varieties of large birational invari-
ants. Early in 1973, Bombieri [2] proved that, for a nonsingular projective
surface S with either the canonical volume vol(S) > 3 or the geometric
genus py(S) > 4, ¢, s is birational for m > r = r = 3. Such phenome-
non may not be accidental, since the following theorem respectively due to
G. Todorov and the first author has been realized:

THEOREM 0. — Let X be a nonsingular projective 3-fold of general type
satisfying either of the following conditions:

(1) vol(X) > 43553 (see Todorov [25));
(2) pg(X) >4 (see Chen [6, Theorem 1.2(2)]).

Then ¢,, x is birational for allm > ry =7y =5

Note that Theorem 0(1) has been improved by the first author [8] in
loosing the volume constraint: say, vol(X) > 122 is sufficient. One may also
refer to Di Biagio [10] and Xu [28] for other relevant results in dimensions 3
and 4.

Hence it is natural to consider the higher dimensional analog of Theo-
rem 0. In fact such problem was first raised by McKernan in his review
to the paper [25]. Anyway one should be basically guided by the following
example:

ANNALES DE L’INSTITUT FOURIER
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Example 1.1. — By the definition of r,,, for any n > 3, there is a nonsin-
gular projective (n—1)-fold, say X,,_1, of general type so that ¢, _,_1 x,_,
is not birational by the definition of r,_1. Pick up any smooth projective
curve C with ¢g(C) > 2. Take X,, = X,,_; x C. Then ¢, _,_1x, is not
birational and, clearly, vol(X,,) can be arbitrarily large as long as g(C) is

arbitrarily large. Thus r, > r,_1. For the same reason, one knows that
+

+
Ty 2T, .

One of the main observations of this paper is the following result.

THEOREM 1.2. — Let X be a birationally bounded family (see Defi-
nition 3.1) and m > 1 be an integer. Let f : X — T be a morphism
with connected fibers from a nonsingular projective variety X of dimension
n = 2 onto a smooth complete curve T'. Assume that the general fiber F' of
f is birationally equivalent to an element of X. Then there exists a constant
C(X) > 0 such that, whenever vol(X) > C(X), the restriction map

HY(X,mKx) — H(Fi,mKp,) ® H*(Fy, mKFp,)
is surjective for any two different general fibers Fy and Fy of f.
Theorem 1.2 has been applied to prove the following theorem.

THEOREM 1.3. — For any integer n > 3, there exists a constant K (n) >
0 such that, for all nonsingular projective n-folds X with vol(X) > K(n),
the pluricanonical map ., is birational for all

n—1
2
m > max{ 71, |2 1+ (n—j) %
jE[Q ( UTL—j

As the 4-dimensional analog of Theorem 0(1), the following theorem is

obtained by a direct application of Theorem 1.3.

THEOREM 1.4. — There is a constant K (4) > 0. For any smooth pro-
jective 4-folds X with vol(X) > K(4), om, x is birational for all m > rs.

For projective varieties of large geometric genus, we prove the following
theorem which is parallel to Theorem 0(2).

THEOREM 1.5. — There exist two constants L(4) > 0 and L(5) > 0.
For any smooth projective n-fold X of general type with p,(X) > L(n)

(n =4,5), om x is birational for all m > r}_|.

Remark 1.6. — The effectivity of K(4), L(4) and L(5) relies on the
constant C'(X) for certain birationally bounded families X.
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We briefly explain the structure of this paper. In the first part, we mainly
prove the key extension theorem (i.e. Theorem 1.2) which is the core of the

paper. Then we use Theorem 1.2 to prove a general result like Theorem 1.3.

In particular, we obtain Theorem 1.4 in dimension 4 which is parallel to

Todorov’s theorem for 3-folds. In Section 5, we study nonsingular projective

varieties with large geometric genus. Theorem 1.5 generalizes an earlier
theorem of the first author for 3-folds to the case of dimension 4 and 5.
In the last section, we propose some open problems and conjectures and

discuss their relations.

2. Preliminaries and Notation

2.1. Notation

Throughout we adopt the following symbols:

“~" denotes linear equivalence.
“~q” denotes Q-linear equivalence.

“=" denotes numerical equivalence.

For Q-divisors A and B, “A > B” means that A — B is Q-linearly
equivalent to an effective Q-divisor.

“IMq| > |Ms|” means, for linear systems |M;| and |Ma|, |M;| 2
|Ms| + (effective divisor).

Fix|D| denotes the fixed part of the complete linear system |D| and
Mov|D| = |D| — Fix|D| is the moving part.

2.2. Convention

For any linear system |D| of positive dimension on a normal pro-
jective variety, denote by ®p| = ®yovp| the rational map corre-
sponding to |D|. In particular, ¢,, x = ®|;, x| where Kx denotes
the canonical divisor of X.

We say that |D| is not composed of a pencil if dim @ p(X) > 1.
A generic irreducible element of |D| means a general member of
Mov|D| when |D| is not composed of a pencil or, otherwise, an
irreducible component in a general member of Mov|D|.

ANNALES DE L’INSTITUT FOURIER
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2.3. Multiplier ideal sheaves and asymptotic multiplier ideals

We mainly refer to Lazarsfeld [19, Part 3]. Here we provide the precise
definition for a couple of ordinary forms of multiplier ideal sheaves which
will appear in the context.

(1) For an ideal sheaf a C @x and an effective Q-divisor D on a smooth
projective variety X. Let 7 : X’ — X be a log resolution for the
pair (a, D) such that the inverse ideal 7=1(a) = a-Ox/ = Ox/(—E)
for a divisor F on X’ and that F + 7*D has simple normal crossing

supports. Then, for any real number ¢ > 0, the multiplier ideal
F(X,a°+ D) is defined to be

’n—*ﬁX/(KX’/X — |_CE+7T*DJ)

which is proven to be an ideal sheaf.
Especially, when a = Ox, we obtain the multiplier ideal

7(X,D)= #(X,0x + D).
(2) For a line bundle L on X with non-negative Kodaira—Titaka di-
mension, define “b.” to be the system of base ideals by = b(|kL]|)
(where k € Z~)-the ideal sheaves corresponding to Bs|kL|. Then,

for any positive real number ¢ > 0, the asymptotic multiplier ideal
is defined to be

(X, |[cL|| + D) = #(X,b} + D)

for any sufficiently large and sufficiently divisible integer p.

2.4. The volume of a line bundle and the local multiplicity

Let Z be a normal projective n-fold and D a Cartier divisor on Z. The
volume of D is defined as:
vol(D) = lim supn!ho(z’—ﬁn(mD)).
mreoo m
The canonical volume vol(Z) is defined to be vol(Kz/), where Z’ is any
smooth projective model of Z. We will frequently and tacitly use the fol-
lowing well-known results, where the integer k can be independent of any

given point.

LEMMA 2.1 (see for instance Lazarsfeld [19, Lemma 10.4.12]). — Let
x € Z be a smooth point. If vol(D) > o™ for some rational number « > 0,
then, for any sufficiently divisible integer k > 0, there exists an effective
divisor A, € |kD| with mult,(A,) > kao.

TOME 67 (2017), FASCICULE 5
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LEMMA 2.2 (see for instance Todorov [25, Lemma 2.3]). — Let z,y be
two smooth points on Z. If vol(D) > 2™ for some rational number > 0,
then, for any sufficiently divisible integer k > 0, there exists an effective
divisor A, , € |kD| with mult, (A, ) > k8 and mult, (A, ,) > kf.

2.5. Non-klt locus

Let D be an effective Q-divisor on a nonsingular projective variety X.
The non-klt locus

Nklt(X, D) = Supp(0x/ #(X,D)) C X

can be endowed with the reduced scheme structure as a sub-scheme of X.

Let A be an effective Q-divisor on X and (X, A) a log canonical pair. For
any point z € X, we denote by LLC(X, A, z) the set of all log canonical cen-
ters passing through z. The following result of Kawamata ([15, Section 1])
will be tacitly used in the proof of our main theorem.

LEMMA 2.3. — Let X be a nonsingular projective variety and A > 0
an effective Q-divisor on X. Assume that (X, A) is log canonical at some
point x € X. The following statement hold:

(1) If Wy, Wy € LLC(X, A, x) and W is any irreducible component of
W1NWy containing x, then W € LLC(X, A, x). Therefore, if (X, A)
is not klt at =, then LLC(X, A, x) has a unique minimal irreducible
element, say V.

(2) There exists an effective Q-divisor E such that

LLC(X,(1—-€e)A+¢eE,x)={V}

forall 0 < e < 1.

(3) One may also assume that there is a unique place lying over V. If x
is general and D is a big divisor, then one can take an effective Q-
divisor E ~q aD, for some positive rational number a, to fulfill (2).

2.6. A weak extension theorem

The problem of extending pluricanonical forms is an important subject
in birational geometry (see for instance [22, 16]). In this paper, we will
always use the following weak version, which corresponds to the special
case (i.e. S = spec(k)) of Kawamata [16, Theorem Al:

ANNALES DE L’INSTITUT FOURIER
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THEOREM 2.4. — Let V be a smooth projective variety and X a smooth
divisor of V. Assume that, for an ample Q-divisor A and an effective Q-
divisor B, Ky + X ~g A+ B and that X is not contained in the support
of B. Then

(1) the natural restriction map
HY(V,m(Ky + X)) = H*(X,mKx)

is surjective for any integer m > 2;
(2) the natural restriction map

H(V,m(Ky + L+ X)) = H*(X,mKx +mL|x)
is surjective for any nef divisor L on X and for any integer m > 2.

Remark 2.5. — By [1] or [23], the pair (V,X) has a minimal model
(Vb, Xo) since, for 0 < €1 < €2 < 1, one may choose an effective Q-divisor

D€1’€2 ~Q (]. - 61)X + (ElX + €2A) + €QB
so that (V, D, ¢,) is klt and one has
Ky +D., ., =1+e)(Ky+X).

Hence Theorem 2.4(1) follows from a direct application of Kawamata—
Viehweg vanishing theorem on (Vp, Xo). Similarly one gets Theorem 2.4 (2)
as well.

3. Multplier ideals and the restriction of pluricanonical
forms

We start with recalling the following definition (see [12]).

DEFINITION 3.1. — We say that a set X of varieties is birationally
bounded if there is a projective morphism between schemes, say 7 : Z — T
where T is of finite type, such that for every element X € X, there is a
closed point t € T and a birational equivalence X --+ Z; = 77 1(t).

For a real number M > 0, define X,, 57 to be the set of smooth projective
n-folds X of general type with vol(Kx) < M. One knows that X, »s is
birationally bounded (see [11, 24, 26]).

PRrROPOSITION 3.2. — Let a be an ideal sheaf on a smooth projective
variety X and L an effective Q-divisor on X with L # 0. Fix a positive

TOME 67 (2017), FASCICULE 5
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integer N > 0, there exists a constant ¢, which depends on L, N and X,
such that

J(X,0a°+eD) = _7(X,a°)
holds for any positive rational number s whose denominator divides N, for

any number ¢ with 0 < € < ¢ and for any effective Q-divisor D satisfying
D=1L.

Proof. — We first take a log resolution p : X' — X of (X, a) and write
p(a) = Ox/(—= >, a;E;) where ) E; is a p-exceptional divisor.
By the birational transformation rule [19, Theorem 9.2.33],

(X, 0%) = (O (K yx) @ 7 (X', pa))
and
J (X0 +eD) = p(Oxi(Kxoyx) @ J (X', 70" + e D) ).

Hence, it suffices to show that # (X', p*a®) = 7 (X', p*a® + eu* D).
We have

F (X', p*a®) ﬁx/( ZLS% z)
F(X,pta + e D) = ﬁx/( ZLsa )](X',Z{sai}Ei—s—eu*D).

Note that, since s = & with t € Z, {sa;} < Y. Therefore, it suffices
to prove the following statement:

Let ), b;E; be a divisor with simple normal crossing support on
a smooth projective variety X, where 0 < b; < % Let L be
an effective Q-divisor. Fix a very ample divisor H on X and let
M= (H" 1. L)x. Then for all effective Q-divisor D with D = L
and for all € < ¢ = 4, we have 7 (X, Y, b;E; + eD) = Ox.

Since D = L and H is very ample, mult, D < M for any x € X. We shall
apply a similar argument to that in the proof of [19, Proposition 9.5.13]. In
fact, the above statement is certainly true in dimension 1. Assume dim X =
n > 1. For any € X, we take a smooth divisor Y € |H| passing through z,
which is not contained in the support of D, so that ) . E; + H is a simple
normal crossing divisor. Note that H|y is still very ample and (H|% 2 -
Dly)y = M. Then, by induction, we have

f<Y7Zb7E1Y —+ €D|y> = ﬁy,

ANNALES DE L’INSTITUT FOURIER
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for all € < ¢. By the restriction theorem (see [19, Theorem 9.5.1]), we have

/(Y,ZbiEAy —|—6D|y> C /(X,ZbiEi+eD>

Thus 7 (X,> ., biE; +€D), = Ox , holds for any € X. Hence

j(XaZbiEi +€D) = 0Ox,

Y

for all e < c. O

In practice we need a relative version of the above proposition.

ProproSITION 3.3. — Let f : X — T be a projective smooth morphism
between irreducible smooth varieties. Let N > 0 be a positive integer and
let a be an ideal sheaf on X such that a, = a- Ox, is non-zero for allt € T.
Let L be an effective Q-divisor on X with L # 0 such that X, = f~1(t)
is not contained in the support of L for each t € T. Then there exists a
constant ¢, which depends on L, N and X, such that

/(Xt’af +ED) = /(Xtvaf)

holds for all positive rational number s whose denominator divides N, for
all 0 < e < ¢, for allt € T, and for all effective Q-divisor D on X; with
D= L|Xt .

Proof. — Let p: X’ — X be a log resolution of (X, a) and write pu*(a) =
Ox (=), a;E;) where ) Ej is a p-exceptional divisor. We note that there
exists a Zariski open subset U of T' such that ), F; remains a simple normal
crossing divisor on X/ for all ¢ € U (see [19, proof of Theorem 9.5.35]).
Since h is projective, we can fix a h-very ample divisor H on X. Define
M= (H|?(:1'L|Xt) and define C; = . As in the proof of Proposition 3.2,
(X, 0] +€eD) = _#(X,a7) forall t € U and for all 0 < e < Ci.

We then consider the finite number of families over 7'\ U. By Noether’s
induction, we may eventually find the desired positive number ¢ by taking
the minimum of thos numbers in {C;}. O

PRrROPOSITION 3.4. — Let X be a nonsingular projective variety with
positive Kodaira dimension. Assume that, for some integer m > 1 and for
a non-negative rational number € < 1, the relation

S (X [(m =1 —-e)Kx[|+eD) 2 7 (X,[[(m - 1)Kx]|)

holds for all effective Q-divisors D with D = K x. Then, for all nonsingular
projective birational model X’ of X and for all effective Q-divisor D’ on

TOME 67 (2017), FASCICULE 5
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X' with D' = Kx, the natural inclusion

HYX',Ox/(mKx)® 7(X',||(m—1—€e)Kx/||+eD"))
C HYX', Ox/(mKx/))

induces an isomorphism of vector spaces.

Proof. — Since #Z(X,||((m—1—-¢€)Kx| +€eD) 2> _Z(X,|(m—1)Kx|),
we have
H°(X,0x(mKx))
DHO(X Ox(mKx) ® /(X,H(mflfe)KX||+eD))
> H0<X Ox(mKx)® 7 (X,||(m— 1)Kx|\))

X, Ox(mkx)® 7 (X, |[mKx|))
O(X, Ox(mKx))

by [19, Proposition 11.2.10].

For any smooth birational model X’ of X, we take a common smooth
birational model X" of both X and X', say 7: X" — X and p: X" — X',
For some effective Q-divisor D’ = Kx/, we take D" = p*D' + Kx)x/ =
K x . We may assume that sD” is an effective divisor for some integer s > 0.
Since sD" = sKxu + P" for some divisor P” € Pic’(X"), we write P" =
7 (P) = 7*(sQ) for some divisor Q € Pic”(X). Since h®(X", sKxn+P") =
hO(X, s(Kx +Q)), we have |sKx» +P"| = n*|s(Kx +Q)|+sKx»/x. Thus
there exists an effective Q-divisor D on X such that D" = 7*(D)+ Kx/x.
Note that D is nothing but m,.(D"). We also note that for any positive
integer N, [INKxn»| = 7*|[NKx|+ NKxn/x. Hence,

m.(Ox(mExn) @ F(X"||(m~ 1= Kxn| +eD"))
= . (Oxn (mExn)

® F (X", (m—1=n" Kx| + (m = 1= ) Kxn/x +eD"))
= . (ﬂX//(KXw(mfl)w*Kx) ® 7(X", w*ll(mflfe>KX||+ew*D))

- ﬁX(mKX)Q@w*(ﬁXu (KXN/X)®j(X”,7r*||(m—1—e)KXH+e7r*D)))
= Ox(mKx)® 7 (X,||(m —1—e)Kx||+¢D),

ANNALES DE L’INSTITUT FOURIER
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where the first equality holds by [19, Proposition 9.2.31] and the definition
of asymptotic multiplier ideals, the third equality holds by projection for-
mula, and the last equality holds by the birational transformation rule [19,
Theorem 9.2.33].

Hence

dim H° (X Oxn(mExn)® F(X",||(m—1—e)Kxn| + ED”))
= Pu(X) = Pu(X")

and we have the desired isomorphism on X”.
Similarly, we have

e (O (mE ) @ 7 (X", |(m =1 = K| +eD"))
= Ox/(mEx) © 7 (X',||(m —1—€e)Kx:|| +€D').
Thus
Prn(X') = Po(X")
= dim B (X', O (mEx) @ 7 (X' ||(m — 1= K| + eD)),

which means that the isomorphism on X’ holds.
The last equality naively implies the following property:

(3.1) b(ImEKx|) € 7 (X', ]|(m — 1 = Ko +€D').

We are done. 0
Combing the above propositions, we have the following theorem.
THEOREM 3.5. — Let X be a birationally bounded set of smooth pro-

jective varieties. Then there exists a positive constant ¢(X) such that, for

any nonsingular projective variety X which is birationally equivalent to

some element in X, for all effective Q-divisors D on X with D = Kx and
for all 0 < € < ¢(X), the isomorphism of vector spaces

H° (X, Ox(mKx)® #(X,||(m—1—eKx| + ED)) ~ {O(X, Ox(mKx))
holds for all m > 2.

Proof. — Let h : Z — T be a projective morphism, where T is of finite
type, such that each element of X is birational to a fiber of h. After taking
birational modifications of Z and T and taking stratifications of T', we
may assume that h is a smooth morphism between smooth varieties, say
T = U;T; is of finite type, T; are affine, and h = U;(h; : Z; — T;).

TOME 67 (2017), FASCICULE 5
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By [1], we know that the canonical ring

Ki = EB hisOz,(mKz,)
m=0

is a finitely generated Or, graded algebra. Let s; € h;x Oz, (m;Kz,) (1 <
j < k) be generators of this ring and let M > 2 be a common multiple
of all m;. Denote by b; the base ideal of |MK,|. By Siu’s deformation
invariance of plurigenera (see for instance [19, Theorem 11.5.1]), P,,,(Z;) is
a constant for each m > 1 where Z; denotes the fiber of h; over t € T;.
Equivalently, as being pointed out in [19, p. 310, (11.26), (11.27)], the
natural restriction (as a ring homomorphism between graded rings) %; —
@D, _, H(Z;,mKz,) is surjective in all degrees for any ¢ € T'. In particular,
the natural map h. Oz, (MKz,) — H°(Z;, MK,) is surjective. We have
the following commutative diagram:

HYMKz)® 07, —2— 67, (MKz,)®0b;

i

ol Je

HY(MKz,)® Oy, —— 07,(MKz,)® b ® O,

where 6, surjective and so is 6y = 0, ® El Also 03 is surjective by the
definition of base ideal. Thus ’[;Z-,t = Ei@ﬁzi Oy, is the base ideal of |M K z,|.
Hence M is also a common multiple of the degrees of the generators of the
canonical ring of Z;.

Now, by the definition of asymptotic multiplier ideal, we have

I (Z, ||(m = 1)Kz, ||) = 7 (Ze,b(|(m — 1)pKz,|)7) for p>>0
— 7 (Zi,6(|MKy,|)7)  (here,(m —1)p = IM)
~m=—1
= /(Zta bz’é\/f )
Proposition 3.3 implies that there exists a constant C; such that
I(Ze,|(m = 1)Kz, | + eDy) = 7 (Z,||(m — 1)K z,]|) holds for all ¢ € Tj,

for all effective Q-divisor D; on Z; with D; = Kz, and for all 0 < e < a
Hence

A (2 |[(m =1 =) Kz, || +€Di) 2 7 (2, [|(m = 1)Kz, || + €Dy)
= J (2, [(m = 1)Kgz,]|)-

Since we only need to consider finitely many strata of T', we take ¢(X) =
min{C;}, which is positive. Then

A (Zi [(m =1 = €e)Kz, +eDi|| 2 7 (2, [[(m = 1)Kz
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holds for all m > 2, for all t € T, for all effective Q-divisor D; on Z; with
D; = Kz, and for all 0 < € < ¢(X). The main statement directly follows
from Proposition 3.4. g

COROLLARY 3.6. — Let X be a birationally bounded set of smooth pro-
jective varieties. Assume P, (Y) # 0 for all Y € X and m > 1. Then, for
any nonsingular projective variety X which is birationally equivalent to
some element in X, for all effective Q-divisors D on X with D = Kx and
for all 0 < € < ¢(X), we have

A (X;eD) 2 b(lmKx|).

Proof. — By Theorem 3.5 and Property (3.1) in the proof of Proposi-
tion 3.4, we have

F(X,eD) 2 F (X, |[(m—1—eKx| +eD) 2 b(ImKx]). O

THEOREM 3.7. — Let X be a birationally bounded family. Let f : X —
T be fibration from a nonsingular projective variety onto a smooth complete
curve T. Assume that the general fiber F' of f is birationally equivalent to
an element of X. Then there exists a constant c1(X) > 0 such that, whenever
vol(X) > ¢1(X), the restriction map

HY(X,mKx) — H*(F,mKr)
is surjective for all m > 2.

Proof. — By assumption, X must be of general type since vol(X) > 0.
For k > 0, we have P,(X) = vol(X) - ’%L where n = dim X. On the other
hand, there is a constant M (X) > 0 such that vol(Z) < M(X) for any
element Z € X. In particular, for the general fiber F of f, h°(F,kKFr) <
M(%)- (I;Lfll), for k > 0. Pick general fibers F; (1 <14 < s) of f, we consider
the short exact sequence

0— Ox (kKX -3 F) — Ox(kKx) = @;0p,(kF;) = 0.
i=1
By comparing dimensions of those cohomological groups in question, we
see that HO(X, Ox(kKx — >.;_ F})) # 0 for k> 0 and
kVOl(Kx) kVOl(Kx)
Thus, Kx ~g pF + E, where E is an effective Q-divisor and

J—1<S<

is a rational number.
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When vol(Kx) > 2nM (%), we can pick p > 1, then (m — 1)Kx — F is
a big divisor. We denote by ¢ = #(||(m —1)Kx — F||) and consider the
short exact sequence:

0= O0x(mKx —F)® ¢ = Ox(mKx)® 7 — Op(mKp)® 7| —0.
By Nadel’s vanishing theorem, we have
HY(X,0x(mKx —F)® #)=0.
We then have the surjective map
HY(X,0x(mKx)® #)— H(F,0p(mKp)® #|F).
It suffices to show that the natural inclusion
H(F, 0p(mKrp)® #|r) C H(F, Op(mKF))

is an isomorphism of vector spaces. Next we study the sheaf #|p. Since
ll(m —1)Kp| 2 |l((m —1)Kx — F)||p for any integer [ > 0, we have

Alr € Z(lm = 1DKF|)

(see for instance [18, Section 11.2]).
We pick a sufficiently large and divisible integer N and take € = ST
Then

‘N((m—l)KX—F)’ - ’N((mfl—e)Kx+(m—lfe)F+eE)’
DIN(m—1—¢)(Kx + F)|+ NcE.
On the other hand, by Theorem 2.4, we know that
INm—1—¢€)(Kx + F)||r=|N(m—-1-—¢)KF|.
Hence

Al 2 J(F|l(m—1-€e)Kr| +eDr),

where Dy = E|p ~q K is an effective Q-divisor.
Therefore

HY(F,0p(mKp)® f|p)
D HYF,0p(mKr)® Z(F,||(m—1-¢eKp| +eDr)).

As in the proof of Theorem 3.5, there exists a finite set S of positive
integers such that for any F' € X, the canonical ring of F is generated by
some elements whose degree numbers belong to S. Let N be a common
multiple of those numbers in S. When vol(X) is large enough, we can
take a sufficiently large integer p so that, for any 2 < m < N+ 1, ¢ =
7 S % < ¢(X). Then, by Theorem 3.5, we see that the restriction
map H°(X,mKx) — H°(F,mKFr) is surjective for 2 < m < N + 1. On
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the other hand, for any £ > N +2 and s € H*(F,kKF), s can be written
as a sum of products of elements of degrees between 2 and N. Hence the
restriction map H°(X,kKx) — HY(F,kKr) is again surjective and we
conclude the statement. ]

COROLLARY 3.8. — Under the same condition of Theorem 3.7, there
exists another constant co(X) such that, whenever vol(X) > cao(X), the
restrction map

HY(X,mKx) — H(F1,mKp,) ® H(F2,mKp,)
is surjective for two arbitrary different general fibers Fy and Fy of f and

for all m > 2.

Proof. — Note that we have
Kx ~g p(Fy + Fo) + E
with £ > 0 and p can be arbitrarily large as long as vol(X) is sufficiently
large. As in the proof of Theorem 3.7, we study ¢ = #Z(||(m —1)Kx —
F; — F5||) instead of considering #. All other argument follows accord-

ingly without any problems. We omit the details and leave it to interested
readers. ]

Remark 3.9. — Corollary 3.8 says that, as soon as P,,(X) > 0 for some
m > 2 and vol(X) > ca(X), ¢y, distinguishes different fibers of f.

Proof of Theorem 1.2. — Theorem 3.7 and Corollary 3.8 directly imply
Theorem 1.2. O

4. Proof of Theorem 1.3 and Theorem 1.4

Given a projective variety X, by convention, we say that a point z € X
is in very general position if x is in a countably dominant subset, which is
nothing but the complementary set of a union of countably many closed
subsets of X.

4.1. Point separation principle

Let X be a nonsingular projective variety and L a big divisor on X.
Assume that x and y are two distinct very general points of X. If D is an
effective Q-divisor such that L — D is nef and big, that x,y € Nklt(X, D)
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and that either = or y is an isolated lc center of Nklt(X, D), then Nadel’s
vanishing theorem implies that |Kx + L| separates x and y.

In practice, we are going to apply this principle to the special case with
L = (m—1)Kx for some integer m > 1. Write Kx ~qg A+ E where A is an
ample Q-divisor, vol(X) ~ vol(A) and E is an effective Q-divisor. Suppose
we can find an effective Q-divisor D ~q aA for some rational number a > 0
such that z, y € Nklt(X, D) and that either z or y is an isolated lc center.
Then it follows that ¢, x is birational for all m > |a] + 2.

4.2. The induction formula according to Takayama

We review some formulae and results, of Takayama [24, Section 5], which
will be used in our proof. First of all, we fix the notation following [24,
Notation 5.2]. Let X be a nonsingular projective n-fold.

e For any integer d with 1 < d < n, assume that ag > 0 is a constant
so that vol(Z) > a4~ holds for any sub-variety Z of codimension
d passing through very general points.

e Pick any rational number ¢ with 0 < ¢ < 1.

e Non-negative integers sq, ), tq and t/; are defined inductively as
follows. Let s; = 0 and t; = n3/2/(1 — ¢). Assume that s4 and 4
are defined already. Set s, = sq +¢, t;, = t4 and

Rn—d)\ , 2" V2n-—d)
=1
s (* (1-o)aq > (1-c)ag
"V2(n—d
tat1 = (1 + (1(5)%)>tg.

e For the given constant €, we may find a birational modification
i X' — X with X’ smooth and take the decomposition

p(Kx) ~g A: + Ex
where A, is Q-ample and E. is an effective Q-divisor. For simplicity

we just write A = A. and E = E. as no confusion is likely. Note
also that we may assume | vol(A) —vol(X)| < £!%9 as ¢ is very small.

The following proposition of Takayama provides an effective induction:
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PROPOSITION 4.1 (cf. [24, Proposition 5.3]). — Let x1, x2 be two dif-
ferent very general points on X’'. The following statement (x4) holds for
every d with 1 < d < n:

(*4) There exist a positive constant ag < sq+tq/cp, a non-empty
subset Iy C {1,2} and an effective Q-divisor Dy on X' satisfying
Dg ~g aqA such that
(i) (X', Dy) is log canonical at x; for all i € Iy;
(ii) (X', Dyq) is not kit at x; for each i € I4;
(iii) (X', Dq) is not log canonical at x; for each j € {1,2}\ I4;
(iv) codim Nklt(X', Dy) > d at x; for all i € I.

In fact, Takayama’s clue of the proof of Proposition 4.1 is:
(¥a) = (¥q) = (*d+1),

where “(x/)” is the following statement:
(x},) There exist a positive constant a), < s/, + t;/ag, a non-
empty subset I, C {1,2} and an effective Q-divisor D/, on X’
with D/, ~q al;A such that
(i) (X', D)) is log canonical at z; for all ¢ € I,
(if) (X', D)) is not klt at z; for each ¢ € I,
(iif) (X', DY) is not log canonical at z; for each j € {1,2}\ I},
and either of the following is true:
(iv-0) codim Nklt(X', D)) > d at x; for all ¢ € I.
(iv-1) NkIt(X’, D!)) = ZUZ, such that Z is irreducible of codi-
mension d, and x; € Z but z; ¢ Z; for i € I;. In partic-
ular Z is unique.

Since Proposition 4.1 is not strong enough for our purpose, we need
to use the following improved version for which a similar inequality was
observed by Di Biago [10, Theorem 5.5]. We observed as well that Debarre
mentioned this in his survey article (see [9, Theorem 5.2]).

VARIANT 4.2. — Keep the same notation as in Proposition 4.1. Assume
that there is a constant aq > 0 and an effective Q-divisor Dy ~gq aqA s0
that the pair (X', Dg) satisfies conditions (xq) : (i) ~ (iv). Then

(1) there exists an effective Q-divisor D, ~g @A for some positive
constant

a&<ad+5

such that (X', INDQ) satisfies conditions (x)).
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(2) there exists an effective Q-divisor D g1 ~gq Ggs1 A for some positive

constant
~ ~ "2(n—d 2" V2(n—d
(4.1) ag+1 < ag (1 + ( )> + \f( ) + e,
(6% (6%

such that (X', Dgy1) satisfies conditions (xq11) : (i) ~ (iv).

Proof. — Statement (1) follows directly from the proof of [24, Lem-
ma 5.5]. One keeps the same construction for 5& as that for D/, by re-
placing Dy with Ed, aq with @4 and so on. In fact, one gets a; < aq+ ¢
just consulting [24, p. 580, 1. 25] and [24, p. 581, 1. 15].

For Statement (2), we first refer to the proof of [24, Main Lemma 5.6],
where we observe that b = |a@/;] + 1 and thus the main consequence of the
proof of [24, Main Lemma 5.6] should be:

(1—¢e)ag ) ”‘d.

(Z'An_d)>< 1+b

Then we refer to the proof of [24, Lemma 5.8], where we may replace
ba(X), D), Dgt1 and agy1 by b, Efp Ed—i—l and agy1, respectively. The
same argument, especially by the definitions of a4y in [24, p. 583, 1. 3-19],
implies

“2(n — d)(1+b)

?id+1 < Ad:i + (1 — s)ad
_ "B —-d)\ 2" V2n—d
:ad<1—|— O(Z ))—i- a(dn )+f(5)
where f(g) — 0 (as € — 0). We are done. O

By Proposition 4.1, we can find an effective Q-divisor D; with D; ~g
a1 A, such that (X', D;) satisfies the condition (x;) where

V2n

g

a; < +e€.

For any integer m satisfying 1 < m < n, Variant 4.2 (2) inductively implies
that one can find a rational number

(4.2) am<<€/§n+2>7ﬁl<1+%>_2+a

(7)) a;

j=1

for the given ¢ < 1 and an effective Q-divisor D,,, with D,, ~g a, A such
that (X', D,,) satisfies the condition ().
A direct corollary of Takayama’s induction and Variant 4.2 is as follows.
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COROLLARY 4.3. — Let V,, = (\/in + 2) H;’;ll (1 + M) + 1.
Then for all n-fold X with vol(X) > 1, the m-th pluricanonical map @,
is birational for all m > V,,. In particular, for all nonsingular projective

3-folds of general type with vol(X) > 1, @sg x is stably birational.

Now we are ready for proving the main theorem. We shall discuss the case
of dimension 4 in details while the proof for higher dimensions is simply a
redundant generalization.

4.3. Proof of Theorem 1.3 (the case of dimension 4)

Let X be a nonsingular projective 4-fold of general type. Given a number
e with 0 < ¢ < 1. Modulo possibly a birational modification, we may
and do assume that Kx ~g A + E for some ample Q-divisor A with
0 < vol(X) — vol(A) <« ¢ and an effective Q-divisor E on X. Assume that
vol(X) > ag for some rational number ag > 0. Actually we will be working
under certain assumption that «q is sufficiently large. Note that we always
have a3 > 2 and as > 1. Pick two very general points x1, 2 € X.

By Lemma 2.2, Lemma 2.3 and Proposition 4.1, we may take an effective
Q-divisor Dy = D(()xl’M) ~qg agA with ag < %—l—s so that (X, D) satisfies
the condition (%1) of Proposition 4.1: namely, both z; and z2 belong to
Nkit(X, Dyg); (X, Do) is Ic at either x1 or za, we may simply assume that
(X, Déml’“)) is Ic at £1 modulo an exchanging of indices, and there exists
a unique Ic center V,, passing through z;.

We then consider the Hilbert scheme 7, for a rational number a <
%\? + &, parametrizing the data

{(:Cl, T, Déxl’12)> ‘1‘17.%'2 € D[(f“’z?) ~Q aA} )

Note that 4, is the subset of X x X x |M A|, where M is an integer such
that M A is a divisor. The set .7, consists of {(x1,z2, D)} € X x X x |[M A|
such that D passes through both z; and x5. Pull back the universal divisors
in [MA| x X for each M, we get the universal divisor ¥ C 4, x X,
parametrized by 4#,. Take a log resolution of the pair (2, x X, Z). Since
log canonical singularities is defined by the discrepancies of a log resolution
of a pair, we see easily that, in each component of 7, (a is a small rational
number), there exists a constructible subset parametrizing those datum

such that
(.06 = (x.37P)
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is non-klt at x1, o and is log canonical at x1 with a unique log canon-

ical centre V,, passing through x;. Then, by the countability of Hilbert
4

schemes {74}, we see that there exists a rational number ag < 4(;—0@ +e

and an irreducible scheme U parametrizing the data (x1,xo, Vzl,D(()wl’”))
with the property: D(()rl’m) ~qg apd; (X, D(()“’z(")) is non-klt at 7 and zo;
(X, D(()Il’“)) is Ic at 7 with unique Ic centre V,, passing through x;; the
natural morphism

U — X x X defined by
(21, 22, Vay, D)) = (21, 22)

is dominant. Shrinking U a little bit, we may obtain the minimal number
ro with 0 < ro < 3 such that, for very general pair (z1,22) € X x X, there
exists (x1, xa, Vzl,Déxl’“)), parametrized by U, admitting dim V., = rg.

Case 1. — Assume rg < 2.

This means that the pair (X, D{"")) satisfies the condition (x3) of
Proposition 4.1. Set @y = ap. Repeatedly applying Variant 4.2 (2), we may
find an effective Q-divisor D, ~ G4 A such that (X, l~)4) satisfies the condi-
tion (x4), where a4 > 0 is a rational number with:

(4.3) ay < 2(142v2)ay + (8V2 +2) + 3¢

8(1+2/2) /2
+(+Q—N+
0

(4.4) < (8V2+2) (4v2 +5)e.

Clearly one can find a computable constant K7 > 0 such that the right
hand side of Inequality (4.4) is upper bounded by [8v/2 + 2] = 14 whenever
ag > K. Therefore, when vol(X) > Kf, ©m is birational for all m > 15.

Case 2. — Assume g = 3.

Set a; = ag. According to Variant 4.2(2) and Inequality (4.2), we may
find an effective Q-divisor Dy ~ a4A such that (X, D,) satisfies the condi-
tion (x4), where

ag < 2(1+2\/§)<1+ 3\%) (2+ 172

a1

o ) — 24 h(e)
and h(e) — 0.

Step 1. — If a; > 1000, by taking a sufficiently small e, then we have

4(1+2\/§)<1+ Sf) —2<14.
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Thus one can find a computable constant K5 > 0 such that a4 < 14
whenever ag > K. So, when vol(X) > K3 and a1 > 1000, ,, is birational
for all m > 15.

Step 2. — Slightly shrinking U if necessary, we may assume that, for
each V,, parametrized by U, the number vol(V,) < 1000%. By McKernan’s
idea [20] and particularly Todorov [25, Lemma 3.2] (see also [25, p. 1328]),
we have the surjective morphism 7 : X" — X from a nonsingular projec-
tive variety X” onto X and the following diagram:

T

X' — X

/|

where f : X" — B is a fibration onto the smooth curve B. We organize
the argument by distinguishing two cases:

Subcase 2.1. 7 is not birational. — Clearly, passing through a very gen-
eral point 1, there are at least two lc centers, say V., ,V, corresponding
to two elements of U. According to Lemma 2.3, one may find a rational
number as < 3ag + € and an effective divisor 52 ~ ap A such that the pair
(X, 52) satisfies condition (x3). Parallel to the situation of Case 1 and ap-
ply Variant 4.2 (2) once more, we may find an effective Q-divisor Dy ~ a,A
such that (X, D) satisfies the condition (+4), where @, > 0 is a rational
number with:

(4.5) s < 2(142v2)ay + (8V2 +2) + 3¢
(4.6) < (3va12)+ BOEIVZ o 5 g,
g

One can find a computable constant K3 > 0 such that the right hand side
of Inequality (4.6) is upper bounded by [8v/2 + 2] = 14 whenever ay > K.
Therefore, when vol(X) > K3, ¢y, is birational for all m > 15.

Subcase 2.2. m is birational. — For simplicity, we may simply assume
X" = X. By construction, the fiber of f passing through a very general
point z; is exactly the center V,, C Nklt(X, D((]xl’“)) with Dy ~ apA
and ap < %\? + €. By our assumption vol(V,,) < 1000%. Now we take
X = X3.1000%, Which is a birationally bounded family. By Theorem 3.7 and
Corollary 3.8, there exists a constant K such that, whenever vol(X) > K},
©m,x is birational for all m > rs.

TOME 67 (2017), FASCICULE 5



2064 Meng CHEN & Zhi JIANG

By Chen-Chen [5], we know that 27 < r3 < 61. Take K(4) =
max{K{, K3, K3, K{}. Then we have seen that ¢, x is birational when-
ever vol(X) > K (4). So we have proved the theorem in dimension 4. O

The above argument has the following direct corollary.

COROLLARY 4.4. — There exists a constant K (4) > 0. For any smooth
projective 4-fold X with py(X) > 0 and vol(X) > K(4), ¢, is birational
for m > max{15,r3 T}. In particular, ©18,x Is birational.

Proof. — Note that all argument in Subsection 4.3 follows except Sub-
case 2.2 where r3 should be replaced by r; as the general fiber of f has
positive geometric genus.

Since 14 < 7"; < 18 as mentioned in Introduction, the statement

follows. O

4.4. Proof of Theorem 1.3 (the general case)

Assume dim(X) > 4. The argument is similar in the spirit to that of 4.3.
Thus we will omit most of the parallel details.

Given a number ¢ with 0 < ¢ <« 1. We still write Kx ~g A+ E for some
ample Q-divisor A with 0 < vol(X)—vol(A4) < € and an effective Q-divisor
E on X. Pick two very general points x1, x5 € X.

By Lemma 2.2, Lemma 2.3 and Proposition 4.1, we may take an effective
Q-divisor Dy = D((JII’IZ) ~g apA with ag < %Oﬁ + € so that (X, Dy)
satisfies the condition (1) of Proposition 4.1. We may simply assume that
(X, D(()Il’“)) is Ic at x; modulo an exchanging of indices and that there
exists a unique Ic center V,, passing through x;.

Similarly we consider the Hilbert scheme 7, for a < %4—6, and obtain
an irreducible scheme U as in 4.3. We may still assume that the scheme U
allows to obtain a constant rq = dim V,,, where (z1, z2, le,D(()zl’M)) eU.
Clearly 0 < rg <n—1.

Case I. — Assume rog < n — 2.

This means that the pair (X, D(wl’m)) satisfies the condition (x2) of
Proposition 4.1. Set as = ao- Repeatedly applying Variant 4.2 (2), we may
find an effective Q-divisor D,, ~ @, A such that (X, D n) satisfies the con-
dition (), where @, > 0 is a rational number with:

)ﬁ(lJr””\/?O(Z—J)) —2+1(e)

A7) s < (”{f
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with I(¢) +— 0 as € — 0. Clearly one can find a computable constant
K1 > 0 such that the right hand side of Inequality (4.7) is strictly smaller

than u; = P H;:; (1 + %)J — 1 whenever ay > K;. Therefore,
when vol(X) > IA(f, ©m,x is birational for all m > uy + 1.

Case II. — Assume rg =n — 1.

Set a1 = ag. According to Variant 4.2(2) and Inequality (4.2), we may

find an effective Q-divisor D,, ~ a, A such that (X, D,,) satisfies the con-
dition (), where

(4.8) an<<wn+2>ﬁ(1+nj\/§(m>2+s.

(e «
0 j=1 7

Step i (The case with oy > T'). — From Inequality (4.8), it is clear that
there are two constant 7' > 0 and K. 2 > 0 such that, whenever a; > T and
oo > K, the right side of Inequality (4.8) is strictly smaller than ;. Thus,
meanwhile, ¢,, x is birational for all m > u; + 1.

Step ii (The case with a; < T'). — Slightly shrinking U if necessary, we
may assume that, for each V,, parametrized by U, the number vol(V,) <
T"~1. By Todorov [25, Lemma 3.2] (see also [25, p. 1328]), we have the
surjective morphism 7 : X" — X from a nonsingular projective variety
X" onto X and the following diagram:

T

X' — X

/|

where f : X" — B is a fibration onto the smooth curve B. We organize
the argument by distinguishing two cases:

Subcase ii.1 (w is not birational). — Clearly, passing through a very
general point x1, there are at least two [c centers, say V,, V}, corresponding
to two elements of U. According to Lemma 2.3, one may find a rational
number as < 3ag—+¢ and an effective Q-divisor Dy ~ Gy A such that the pair
(X, D,) satisfies condition (x3). Parallel to the situation of Case I and apply
Variant 4.2(2) once more, we may find an effective Q-divisor D, ~ G, A
such that (X, D,,) satisfies the condition (x,), where @, > 0 is a rational
number with (compare Inequality (4.7)):

(4.9) a, < (3n?/§+2)’ﬁ(l+7‘w\/§(w> — 2+ he)

(67} &%}

=2
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with h(g) — 0. One can find a computable constant K3 > 0 such that
the right hand side of Inequality (4.9) is strictly smaller than u; whenever
ao > Ks. Therefore, when vol(X) > f(g‘;, ©m 18 birational for all m > uy+1.

Subcase ii.2 (w is birational). — For simplicity, we may simply assume
X" = X. By construction, the fiber of f passing through a very general
point x; is exactly the center V,, C Nklt(X, Déxl’xz)) with Dy ~ agA
and ag < "TT‘? + €. By our assumption, vol(V,,) < T" 1. Now we take
X = X,, pn—1, which is a birationally bounded family. By Theorem 3.7 and
Corollary 3.8, there exists a constant K4 such that, whenever vol(X) > KZ,
©m,x is birational for all m > r,_;.

Finally take K(n) = max{K7, K}, K% K}}. What we have proved is
that ¢, x is birational for

m > max{r,_1,u; + 1}

whenever vol(X) > K(n). Since

n—1

2
2 1 — )i = 1
j|_|2< +(n—j) vvn_j> up +1,

the main theorem is proved. (|

5. Proof of Theorem 1.5
5.1. Convention

Let Z be any nonsingular projective variety of general type over an al-
gebraically closed field k of characteristic 0. By [1] or [23], we know that
the canonical ring R(Z, Kz) is finitely generated over k. One can obtain
the morphism 7y : Z — Zj possibly after a birational modification of Z.

5.2. The canonical map ¢,

Let X be a nonsingular projective n-fold of general type. Assume pg(X) >
2. Modulo further birational morphism, we may assume that Mov|K x| is
base point free. Taking the Stein factorization, we have the following dia-
gram:

x—1 r

X PN
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where ¢4 is the canonical morphism and N = py(X) — 1. Denote by H €
Mov|K x| the general member. Then h°(X, Kx — H) = 1. Set d = dimT.

5.3. Canonical restriction inequalities

Denote by F' a general fiber of f. Unless d = n, F' is a smooth projective
variety of dimension n —d > 0. We then take d — 1 general hyperplane
sections Hy,...,Hy—1 on s(I'). Set the curve W = H1N---NHy_1, Xy =
f7Y(W) and Xy, = f~1(H,) for each i. We may assume that Xy and
Xp, are all nonsingular for each i. Clearly we have Xy, ~ H for each
i=1,...,d—1.

Consider the fibration fy : Xy — W with F a general fiber. First
we write H|x,, = > ; Fj = al" for some smooth fibers F; of f, where
a= H{ > p,(X) —d (see for instance [17, Lemma 1.3]). By Theorem 2.4,
we have

1
61 |m (Kot Ll )| | = Imlx + Pl = i

F

for sufficiently large and divisible integer m.
Note also that, Kx,, ~ (Kx 4+ (d — 1)H)|x, < (dKx)|x,, . Moreover,
for a sufficiently large and divisible integer m, Theorem 2.4 (2) implies:

oo oo (o))

Z 1
; a X
1<i<d—1 w
1
2<i<d—1 a X, | Xw
1
ot =l (8 xaegn)| )]
2<i<d—1 Xy Xw

1
= (R (K )| Jiin
Hin--NHg o w

1
(5.5) —‘m(KXWJrH‘ )‘
axy
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where Xy, n..nm,_, = [TH(H1N---NHy_3). Since Kx — H is effective, we
conclude from (5.1) and (5.5) that

m(ad + 1)
a

KX §|mKF|

F
By the base point free theorem, we have

d+1 d+1
Mov‘m(aaﬂ . (m<aa+> KX0>

MovimKp| = |tp(mKg,)|.

)

x| =

Thus

. a
(5.6) x (Kx,)|F 2

1+ ad
Finally, noting that 7% (Kx,) > H, we have

vol(X) = (m (Kx,))% = (H -k (Kx,)" ™ %)x

7.(-;‘7'(1(170>'

n—d
* n— a * n—
— o By 20 () mRER)
a n—d
(5.7) =a- (1—|—ad) - vol(F)
Un—d
5.8 > — X)—4d).
COROLLARY 5.1. — There exist positive constants a,, and b,, such that

vol(X) 2 anpy(X) — by
holds for any smooth projective n-fold X of general type.

Proof. — Keep above settings. When d = n, one has vol(X) > 2p,(X) —
2n by [17, Proposition (2.1)]. Thus we have

69 w00 > min (2,00 20 2 0,00 - @)} O

5.4. Key reduction steps

We keep the same setting as in Subsection 5.2. We always have an induced
fibration f = fiw : Xyw — W with the general fiber F' a smooth projective
(n — d)-fold of general type. Assume d < n. We may write

Tx (Kx, )| xw = ZE + EBw =aF + Ew
i=1
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where Eyy is an effective Q-divisor on Xy, each F; is a smooth fiber of f
and a > py(X) — d. For any integer m with m > d + %, we may consider
the linear system

(5.10) ‘KXJF Km—d—i)w;gxxoﬂ +(d—1)H’ < ImKx|.

The Q-divisor (m — d — 1)7% (Kx,)|r is nef and big and after further
modification of X, we may and do assume that 7% (K x,) has simple normal
crossing support. Kawamata—Viehweg vanishing theorem ([14, 27]) implies

Al

Our key theorem will essentially work under the following assumption:

1
(511) |mKX|F>‘KF+ ’V(m—d—a>w}(KXO)

(%) Assume that, on a general fiber F', there are | =n —d — 1
positive integers, say ni,...,n;, such that, for eachi =1,...,1l,

dim @, |(F) > i where L; = Mov]||n;7% (Kx,)|r]|-

Modulo further necessary birational modifications, we may and do as-
sume that, for each i, |L;| is base point free. For an integer m > d + % +

>, ni, we have
F-‘

- ‘KF + Kmd % — Xl:ni>ﬂ'§<(KXo)

i=1

(5.12) ‘KF+ Km—d— i)W}(Kxo)

F =1

Take V(1) to be a generic irreducible element of |L;| on F. Since |L;] is
base point free, V(Y is smooth. For j = 2,...,1, take V) to be a generic
irreducible element of |L;| ;-1 |. Each V) is smooth simply due to the
base point freeness of |L;| for each j. Set C = V) which is a smooth
complete curve by our assumption that dim &z, (F') > I.
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By the Kawamata—Viehweg vanishing theorem, for each j =1,...,1, we
have

l

(5.13) ‘KF + Km—d— % - Zm)w}}(Kxo)

=1

Tt

i=1

V(i)

V(jl>—‘

1
+ ZLi|vu—1>
i=j
1 !
Kyo + Kmdzni>7&(KXo) —‘
N — V)
!
+ Z Lily o)

i=j+1

l

1
Kyg-ny + [(m—d— i Zm)w}}(KXO)

=1

=

V@)

=

Particularly, when j = [, we simply get
(5.14) ImKx||lc = |Kc + Dl
where D, = [(m —d — L — 3! ni)m% (Kx,)|c] is a divisor on C with

l
1 *
deg(Dy) > (m —a- o Zn> (rx(Kx,) - C).
Set n = (7% (Kx,) - C) and ayp, = (m —d — 2 — Zizl n;)n. Clearly, since
7% (Kx,) is nef and big and C is moving in an algebraic family, we see

n > 0.

THEOREM 5.2. — Let m > 1 be an integer. Let X be a nonsingular
projective n-fold (n > 4) with py(X) > 2. Keep the same notation as
above. Assume d < n and that Assumption (x) holds. Then

(1) under the condition «,, > 1, we have

mn > deg(K¢g) + Km—d— 2 —zl:m)n]

i=1
Consequently one has
. deg(Kc)
d + % + Zé:l n;
(2) @m,x is birational provided that o, > 2.
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This theorem is in fact parallel to the key theorem in dimension 3 (see,
for instance, Chen—Chen [4, Subsection 2.10]). So we just explain the cen-
tral part while omitting those redundant details. We will tacitly use the
following lemma in reducing the birationality to lower dimensional case:

LEMMA 5.3. — Let V be a smooth projective variety with p,(V) > 0.
Let @ be an effective nef and big Q-divisor on V. Assume that |L| is a
base point free linear system on V. Then |Ky + [Q] + L| distinguishes
different generic irreducible elements of |L|. In other words, ® |k, +1Q1+L|
is birational if and only if so is @k, 114+ 1)ly for each generic irreducible
element Y of |L|.

Proof. — When |L| is not composed of an irrational pencil, since |Ky +
[Q] + L| = |L|, ®|k,+701+1| automatically distinguishes different irre-
ducible elements of |L|.

When |L| is composed of an irrational pencil, we may assume that ) has
simple normal crossing supports after a further modification of X. Pick two
different generic irreducible elements, say Y7 and Y3, of |L|. Then L—Y; Y5
is nef. Then it follows from the Kawamata—Viehweg vanishing theorem that
one has the surjective map:

HO(V; KV + |—Q.| + L) - HO(YviY1 + |—Q.||Y1) @HO(}/QaKyl + I—Q“Yz)a
where HY(Y;, Ky, + [Qly;) # 0 for i = 1,2. Thus Lemma 5.3 holds. O

Proof of Theorem 5.2

Since py(X) > 0, frequent applications of Lemma, 5.3 tells us that ¢,, x is
birational if and only if ¢,,, x|c is birational for any irreducible component
C in |Li|yya-1)|. Hence we naturally refer to Relation (5.14).

When deg(D,,) > 1, | K¢ + D,y | is base point free. Thus Relations (5.10)
and (5.14) imply that

(5.15) m(nx (Kx,) - C) > deg(K¢) + deg(Dyy,),

which proves (1). One may always take a very large number m’ so that

deg(Dyys) > 1. Then Inequality (5.15) reads n > —aceU<e)

—_——7 b eliminat-
d+i+> n Y

ing m’.
When deg(D,,) > 2, | K¢ + Dy, | gives a birational map and so is ¢, x.
So the theorem holds true. O

Applying the above method to the extremal case with d = n, we obtain
the following corollary which might be known to experts.
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COROLLARY 5.4. — Let X be a nonsingular projective n-fold (n > 3)
such that ¢ x is generically finite map. Then ¢, x is birational for m >
n+ 2.

Proof. — We are in the situation d = n. So fy : Xy — W is a finite map
where C' = Xy is a smooth projective curve. By the vanishing theorem,
we have

mEx||5 = |Kx + [(m — d)r (Kx,)] + Hoy + - + H
= K+ [(m = d)mx (Kxo)|511-

g

Repeatedly using Lemma 5.3, we can see that ¢, x is birational if and
only if so is ¢, x |5 for a general member C € | Xwl.

We have degmy (Kx, )|z = 2, since ¢1 x is generically finite. So [K5 +
[(m — d)m% (Kx,)|z]| gives a birational map when m —d > 2. Thus ¢, is
birational for all m > n + 2. O

COROLLARY 5.5. — Let X be a nonsingular projective n-fold (n > 3)
with dim @1, x (X) = n — 1. Then ¢, x is birational for m > 2n + 1.

Proof. — Under the assumption, F' is a smooth projective curve of genus
> 2. The situation fits into the consideration of Theorem 5.2. We have
C=F,n;=0foreachi,andd=mn—1.

Pick a general fiber F' of f, we need to study the linear system

A

by virtue of Relation (5.11). According to Inequality (5.6), we have

‘KF + Km—d— DW;(KXO)

2a
d (K >
egmx (Kx,)|r a1 11

noting that F' = Fj is a smooth complete curve of genus > 2.
Whenever m > 2n + 1, we have

1 2a
z2(n+2—-—-| —— > 2.
P a) aln—1)+1

Thus, by Theorem 5.2, ¢, x is birational when m > 2n 4 1. O

1
QU = (md )w}(KXO)
a

We need the following simple lemma to treat the case with d =n — 2.
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LEMMA 5.6. — Let F be smooth projective surface of general type.
Then, for any Q-divisor Q» satistying Qx = A\ (Kp,) with A > 3, |Kp +
[Qx\]| gives a birational map.

Proof. — When (K%, ,py(Fo)) # (1,2), this is due to Chen-Chen 5,
Lemma 2.3, Lemma 2.5].

When (K%, ,py(Fo)) = (1,2), |Kp| is composed of a rational pencil of
genus 2 curves. Modulo a further blow up, we may assume that Mov|Kp|
is base point free. Pick two different generic irreducible elements C and C4
of |Kp|. Write

mr(Kpg,) ~ C+ Ey
for an effective divisor Ey on F'. Then since

Q}\ - C - Cl — 2E0 = ()\ — 2)7‘[’}(}‘(KFO)
is nef and big, Kawamata—Viehweg vanishing theorem implies the surjective
map:

HO(F,Kr + [Qx — 2Eo]) — H°(C, K¢ + D) ® H°(C1, K¢, + D)
where D = ([Qx —2Ey — C1)|c and Dy = ([Qx — 2Ey — C1])|c,- Note
that |C] is a free pencil. Clearly we have

deg(D) = (A = 2)(7p(KR,) - C) > 0

and, similarly, deg(D1) > 0. So H(K¢ + D) # 0 and H°(Cy, K¢, + D1) #
0. This means that |Kp + [Q,]| distinguishes different irreducible elements
of |C|.

Applying Kawamata—Viehweg vanishing theorem, we have the surjective

map
H°(Kp +[Qx — Bo]) — H°(Kc + [Qx — Eo — Cllo)
where
deg([Qx = Eo = Cllo) 2 (A = )(7p(KR,) - C) =A—1>2
Thus @k, 410, —Ee||c is birational. So is @k, 10,7 O
COROLLARY 5.7. — Let X be a nonsingular projective n-fold (n > 3)

with dim ¢y x (X) =n — 2. Then ¢, x is birational for m > 4n — 3.

Proof. — By assumption, F' is a smooth projective surface of general
type and py(F) > 0. By Inequality (5.6), we have
a

m”?(KFo)

W;{(KXONF P
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where a > p,(X) — d. Referring to Relation (5.11), it is sufficient to study
the linear system
Al

= )\’/T}(KFO) + H),
F

1
KF+ lr(m—n+2—a>7T;((KX0)

Whenever m > 4n — 3, we have

(m—d— i)w}(KXO)

for some rational number A > 3 and an effective Q-divisor Hy. By Lem-
ma 5.6, we see that | Kp+[(m — d — L)7% (Kx,)|r — HxJ| gives a birational
map. Hence ¢,, x is birational when m > 4n — 3. O

Remark 5.8. — With the same method, Corollary 5.5 and Corollary 5.7
can be easily improved when py(X) is large enough:
(1) When dimg; x(X) =n —1 and py(X) > n+ 2, ¢o,-1,x is bira-
tional.
(2) When dimg; x(X) =n —2 and py(X) > n+ 3, @an_7,x is bira-
tional.

5.5. Proof of Theorem 1.5 (the case n =4)

By Corollary 5.4, Corollary 5.5 and Corollary 5.7, we know that ¢, x is
birational whenever m > 13 and d > 2. Hence we only need to study the
case with d = 1.

In this case, we have W =T and Xy = X. Pick a general fiber F'. We
may write

x(Kx,) =pF+E
where E is an effective Q-divisor and p > p,(X)—1. For any integer m > 1,
the vanishing theorem implies

|(m+ D) Kx||r = |[Kx + [(m — 1)7x(Kx,)| + F||r
= |Kr + [(m = 1)7x (Kx,)|F]]-

Case 1. — vol(F) > 123. By Theorem 0, @5 p is birational. First let
us consider the case with ¢g(I') > 0. By Chen [7, Lemma 2.5], we have
% (Kx,)|F ~ 75 (Kp,). In particular, 7% (Kx,)|r is a Cartier divisor. So
Relation (5.16) implies that ¢g x|r is birational. Hence ¢, x is birational
for all m > 6. Next let us consider the case with ¢g(I") = 0. Suppose p > 5.
Then Theorem 2.4 (1) implies that

6Kx||r = [5(Kx + F)|r = [5KF]|,

(5.16)
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which means g x is birational. In a word, ¢, x is birational when p,(X) >
6 and vol(F) > 123.

Case 2. — vol(F) < 123. Take X to be set of all those 3-folds of general
type with positive geometric genus and the canonical volume being upper
bounded by 123. By Theorem 1.2, there exists a constant ¢(X) > 0 such
that, whenever vol(X) > ¢(X), ¢m x is birational for all m > ri. Now by
Corollary 5.1, there exists a constant L(4) > 0 such that py(X) > L(4)
implies vol(X) > ¢(X).

Since we know r;f > 14 as mentioned earlier, we have actually proved
Theorem 1.5 in the case n = 4. O

5.6. Proof of Theorem 1.5 (the case n =5)

By Corollary 5.4, Corollary 5.5 and Corollary 5.7, we know that ¢, x is
birational whenever m > 17 and d > 3. Hence we only need to study the
cases d = 1,2.

Case I. d = 2. — 1In this case, F' is a smooth projective 3-fold of general
type with py(F) > 0. By Relation (5.11), we need to study the Q-divisor
Qm = (m—d— )75 (Kx,)|r where a > py(X) —d. When py(X) > 20, we
have a > 18. For m > 35, Inequality (5.6) implies

1 a "
Q’m = (m—d— a) . 2a+17TF(KFO)+Hm
where (m —d — 1) . a7 > 16 and Hy, is an effective Q-divisor. Thus,
by Chen—Chen [5, Theorem 8.1], |[Kp + [(m — d — 1)7% (Kx,)|r]| gives a
birational map. Thus ¢35 x is birational whenever p,(X) > 20.

Case II. d = 1. — Similar to the discussion in Subsection 5.5, we still
have the parallel relation to (5.16):
(6.17) [(m+ DKx||r = [mKx + F|[p = |Kp 4 [(m — D)mx (Kx,)|F1].

Subcase II.1. — vol(F) > K(4) where K (4) is the same constant as in
Corollary 4.4. When ¢(I") > 0, we have 7% (Kx,)|r ~ 75 (KF,) by Chen [7,
Lemma 2.5]. Then both Relation (5.17) and Corollary 4.4 imply that @19 x
is birational. When g¢(I') = 0, we work under the assumption py(X) > 19.
Then the extension theorem 2.4 implies that

|19Kx||p >~ |18(Kx+F)|F= |18KF‘,

which means @19, x is birational. To make the summary, (19, x is birational
when pg(X) > 19 and vol(F) > K (4).
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Subcase I1.2. — vol(F) < K (4). Take X to be set of all those 4-folds of
general type with positive geometric genus and the canonical volume being
upper bounded by K (4). By Theorem 1.2, there exists a constant ¢(X) > 0
such that, whenever vol(X) > ¢(X), ¢, x is birational for all m > 7. Now
by Corollary 5.1, there exists a constant L(5) > 0 such that p,(X) > L(5)
implies vol(X) > ¢(X) .

Since we know 7"2_ > 39 as mentioned earlier, we have proved Theorem 1.5
in the case n = 5. ]

6. Open problems and further discussion

Naturally we would like to propose the following conjectures:

CONJECTURE 6.1. — For any integer n > 5, there exists a constant
K(n) > 0 such that, for all smooth projective n-folds X with vol(X) >
K(n), ¢m,x Is birational for all m > rp_1.

CONJECTURE 6.2. — For any integer n > 6, there exists a constant
L(n) such that, for all smooth projective n-folds X with py(X) > L(n),
©m,x is birational for all m > rjl'_l.

It is also very interesting to compare two key numbers in the statement
of Theorem 1.3. We have the following question which has an affirmative
answer for n = 3,4:

QUESTION 6.3. — For any n > 5, is it true that

Fao1 > Fif[: (H (n—3) K/Z)J

Clearly the positive answer to Question 6.3 implies that Conjecture 6.1 is

true. Recently Gavin Brown kindly informed us of many interesting exam-
ples of canonical 4-folds. In fact, in the paper [3], one can find the following
4-fold:

Example 6.4. — Let P = P(a19, a12,a17, ass, asr,as5) be a weighted
projective space, where the weight of the homogenous coordinate a; is i.
Let X C P be a general hypersurface of degree 165. Then X has canon-
ical singularities and Kx = Ox(1). Hence X has the canonical volume
K% = 1/830280. Since X is general, the defining equation of X can be
written as a2 + {other terms}. On the other hand, it is easy to check that
the space HY(X, Ox(93)) is generated by the variables a1o, ai2, ai7, ass, asr.
Hence, for the degree-165 hypersurface X, (g3 is not birational and thus
ry > 94.
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In the last part of this paper, we establish a general approach and show
that a generalization of Theorem 1.2 would give an affirmative answer to
Conjecture 6.1.

We begin with the following definition.

DEFINITION 6.5. — Given a birationally bounded set X of smooth pro-
jective varieties and given a positive number ¢, we say that a fibraion
f: X — T between smooth projective varieties satisfies condition (B)x . if

(1) a general fiber F of f is birationally equivalent to an element of X;

(2) for a general point t € T, there exists an effective Q-divisor Dy with
D, ~q eKx for a positive rational number € < ¢, such that the fiber
Fy = f~Y(t) is an irreducible component of Nklt(X, Dy).

The following question is an analogue of Theorem 1.4 in higher dimen-
sional base case.

QUESTION 6.6. — Given a birationally bounded set X and a positive in-
teger t, does there exist a number ¢ = ¢(X, t) such that, for any smooth pro-
jective variety X of general type and a fibration f : X — T satisfying (B)x ¢
and dimT = t, the restriction map H°(X,mKx) — H°(Fi,mKp,) ®
HO(F,,mKF,) is surjective for two arbitrary general fibers I, and Fy of f
and for all m > 2.

Remark 6.7.

(1) When dim T = 1, a fibration f : X — T satisfies property (B)z,c if
and only if F' is birational to an element of X and vol(X) > M, for
some positive integer M..

(2) However, when dimT > 2, to work on the extension problem as
Question 6.6, we cannot simply assume that vol(X) > vol(F).
For instance, take X = C xV x Fand T = C x V, where C
is a smooth projective curve with genus ¢g(C) > 1 and V and F
are smooth projective varieties of general type. Let f : X — T
be the natural projection. For any m > 0, we can choose cer-
tain V and F such that p,, (V) = 0 and p,,,(¥) > 0. Then, when
g(C) is large enough, vol(X) > vol(F'), however the restriction
map H°(X,mKx) — H°(F,mKFr) is never surjective. Hence prop-
erty (2) in Definition 6.5 is reasonable.

We now apply Takayama and McKernan’s induction process once again
to obtain the following unconditional result, which has its own flavor.

TOME 67 (2017), FASCICULE 5



2078 Meng CHEN & Zhi JIANG

THEOREM 6.8. — Fix a function X\ : Z~q X Z~o — Rsq. There exists
integers My,_1 > My_o > ... > M; > 0 and K > 0 such that for any
smooth projective n-fold X with vol(X) > K, all pluricanonical map ¢,
of X is birational for a > 2, unless that, after birational modifications, X
admits a fibration f : X — Z which satisfies (B)%k.AI}if’A(k’MII:) for some

1<k<n—1.

Remark 6.9. — Note that bicanonical map of surfaces has been inten-
sively studied. In particular, Reider [21] proved that the bicanonical map
of a smooth projective surface S is always birational if vol(S) > 10, unless
S presents the standard case, namely after birational modification of S,
there exists a fibration f :.S — B such that a general fiber of f is a genus
2 curve. We can also work out the explicit (not optimal) bounds for 3-folds
and, once again, it seems rather hard to have an explicit version of the
above theorem in dimension > 4.

Proof. — For each 1 < d < n — 1, we define the positive numbers M, in
the following way. First, take M; to be a positive number such that

2”1<H (1+ZA‘£>—1> <1.

i=1

Inductively, if M;_1 is defined, take My > My_1 such that

(6.1) znd( 1T <1 + M) - 1) <ANd—1, M.
i=d

We then run the effective induction of Takayama and McKernan again
to finish the proof of Theorem 6.8.

To initiate the induction, pick two very general points x1 and x5 of X.
We first take D; ~q 61 Kx with #; < n2w vol(KX)ﬂlT + € such that z1,
x2 € Nklt(X, D;) and that (X, D) is log canonical at z; with the minimal
lc center V; containing x.

The induction goes as follows. Assume z1, z2 € NkIt(X, Dy), (X, Dg) is
lc at z7 with V; the minimal lc centre of (X, D4) containing z1, dim V; =
ng <n—d, and Dy ~q tqKx. Then,

(1)q either vol(Vy) > M4 and by Takayama’s induction, there exists

nd

Dy ~Q tar1Kx with

n 2 n 2
Ngq %>td+2nd Qf_’_e

2 t 1
(62 o< (1422 o

d d
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such that z1, 29 € NkIt(X, Dgt1), (X, Dgs1) is lc at 21 with Vi
the minimal lc centre of (X, Dg) containing z1, and dim Vg4 =
ng+1 <n—d—1;

(2) orvol(Vy) < M4, and by McKernan’s lemma (see [25, Lemma 3.2]),

we have either
(2.1)q degm > 2, then there exists Dgy1 ~q tar1Kx with

(63) ta+1 < 2tq +e€,

such that zq, 9 € NkIt(X, Dgy1), (X, Day1) is lc at xy with
Vas1 the minimal lc centre of (X, D4) containing z;, and
dim Vg4 =ng41 <n—d—1;or
(2.2)4 after birational modifications of X, we have a fibration f,, :
X — Z with a general fiber F' € X, /s and F' is a pure log
Mg
canonical centre for (X, D) with Dp ~g t4Kx.
Combining (6.2) and (6.3), we see that we always have
ng "2 ng "2
% )tk Lok %ﬁ N

ng

ther < 2<1+

Nk
for k > 2

The induction stops when arriving at (2.2)q4 for some d, or we run the
induction to the end and get D,, ~q ¢, Kx such that dimV,,, = 0.

In the first case, we have

(6.4) tq<n———— (1+”1 V2 )

T
+2d—1<cﬁ(1+w> —1>+e

. n;
=1 *

By (6.1) and the fact that M; < M;1 and n; < n — i, we see that when
vol(X) is large enough,

td<2d1<d1:[1 <1+ ?’wnﬂ> —1)

ndg—1
d—1 n
2n ng— 1<H (1+n1 f) _1)
=1
n—1
k
<2n—nd 1< H (1+ f>_1>

k=ng+1 Mnd-&-l

< A(ng, M;L;) .
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Thus, fy, satisfies (B)x"d)MZ;b)\(nd’ng).

In the second case, we have

(6.5) tn < V2 e ﬁ (1 o TW)

Y/vol(X) e M,

n—1 .
'"\”/i
gn—1 14+ 1 .
+ (H( + i +e

i=1

Once again, when vol(X) is large enough,

n—1 .
iv/2
tn<2”1<H <1+) —1) <1.

i=1 My

Thus, by the point separation principle, we conclude that ¢, is birational
for all a > 2. O

PROPOSITION 6.10. — If Question 6.6 has an affirmative answer, then
Conjecture 6.1 holds.

Proof. — Assume that Question 6.6 has an affirmative answer, we then
define the function

)\ . Z>0 X Z>0 — R>O

Ma,b) = c(Xgp,n —a).
By Theorem 6.8, there exists integers M,,_1 > M,,_5 > ... > M; > 0 and
K > 0 such that for any smooth projective n-fold X with vol(X) > K,
the ¢,, is birational for m > 2, unless that, after birational modifications,
X admits a fibration f: X — Z which satisfies (B)fk,lev)\(kva) for some
1 < k < n—1. But in the latter case, by the definition of A and the
assumption that Question 6.6 has an affirmative answer, the map ¢, is
birational, for all m > ry.

Combining all these together, we see that ¢, is birational for all a >
Tn—1- O
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