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NEW EXAMPLES OF NEUWIRTH-STALLINGS PAIRS
AND NON-TRIVIAL REAL MILNOR FIBRATIONS

by Raimundo ARAUJO DOS SANTOS, Maria A.B.
HOHLENWERGER, Osamu SAEKI & Taciana O. SOUZA

ABSTRACT. — We use the topology of configuration spaces to give a charac-
terization of Neuwirth-Stallings pairs (S°, K) with dim K = 2. As a consequence,
we construct polynomial map germs (R%,0) — (R3,0) with an isolated singularity
at the origin such that their Milnor fibers are not diffeomorphic to a disk, thus
putting an end to Milnor’s non-triviality question. Furthermore, for a polynomial
map germ (R27,0) — (R",0) or (R2*+1 0) — (R",0), n > 3, with an isolated
singularity at the origin, we study the conditions under which the associated Mil-
nor fiber has the homotopy type of a bouquet of spheres. We then construct, for
every pair (n,p) with n/2 > p > 2, a new example of a polynomial map germ
(R™,0) — (RP,0) with an isolated singularity at the origin such that its Milnor
fiber has the homotopy type of a bouquet of a positive number of spheres.

RESUME. Nous utilisons la topologie des espaces de configuration pour carac-
tériser les paires de Neuwirth-Stallings (S®, K), ot K est de dimension 2. En consé-
quence, nous construisons des germes d’applications polynomiales (RS, 0) — (R3,0)
ayant une singularité isolée a l'origine tels que leurs fibres de Milnor ne soient pas
difféomorphes au disque, mettant ainsi un terme a la question de non-trivialité due
4 Milnor. En outre, pour un germe d’application polynomiale (R2P,0) — (RP,0)
ou (R?P+1 Q) — (RP,0) ayant une singularité isolée & l'origine, nous étudions
les conditions dans lesquelles la fibre de Milnor associée ait le type d’homotopie
d’un bouquet de sphéres. De plus, nous construisons pour chaque paire (n,p),
ol m/2 = p > 2, un nouveau exemple d’un germe d’application polynomiale
(R™,0) — (RP,0) ayant une singularité isolée & l'origine tel que la fibre de Milnor
associée ait le type d’homotopie d’un bouquet de sphéres non triviales.

1. Introduction

In the book “Singular points of complex hypersurfaces” [12], John Milnor
studied the topology of complex polynomial function germs in terms of the

Keywords: Neuwirth—Stallings pair, higher open book structure, configuration space,
real Milnor fiber, real polynomial map germ.
Math. classification: 32555, 57R45, 58K05.



84 R. A. DOS SANTOS, M. HOHLENWERGER, O. SAEKI & T. SOUZA

associated locally trivial fiber bundles. He also showed the existence of such
structures for real polynomial map germs with an isolated singularity as
follows.

THEOREM 1.1 ([12, Theorem 11.2]). — Let f : (R™,0) — (RP,0), n >
p = 2, be a polynomial map germ with an isolated singularity at the origin.
Then, there exists an €y > 0 such that for all 0 < € < g, the complement
of an open tubular neighborhood of the link K = f~1(0) N .S?~1 in S*~1
is the total space of a smooth fiber bundle over the sphere SP~!, with each
fiber Fy being a smooth compact (n—p)-dimensional manifold bounded by
a copy of K, where S"~1 denotes the sphere in R™ with radius € centered
at the origin.

Motivated by the above theorem, Looijenga formulated the following
notion.

DEFINITION 1.2 (Looijenga [11]). — Let K = K" P~! be an oriented
submanifold of dimension n—p—1 of the oriented sphere S™~! with trivial
normal bundle, or let K = (). Suppose that for some trivialization c :
N(K) — K x DP of a tubular neighborhood N(K) of K, the fiber bundle
defined by the composition

NK)\ K 5 K x (DP\ {0}) & sP~1,
with the last projection being given by 7 (x,y) = y/|lyll, extends to a

smooth fiber bundle S*~'\ K — SP~'. Then, the pair (S"~! K" P~1)
is called a Neuwirth—Stallings pair, or an NS—pair for short.

In fact, Milnor [12] proved that, under the hypothesis of Theorem 1.1,
(57~ f710) N S7~1) is an NS-pair. In this case Looijenga called it the
NS—pair associated to the singularity.

More recently, several generalizations of such a structure have been ob-
tained. For instance, see [16, 17, 18].

As pointed out by Milnor in [12, p. 100], the hypothesis of Theorem 1.1
is so strong that examples are difficult to find, and he posed the following
question.

PrROBLEM 1.3. — For which dimensions n > p > 2 do non-trivial exam-
ples exist 7

Milnor did not exactly specify what “trivial” means here: however, he
proposed to say that a real polynomial map germ f : (R”,0) — (RP,0) is
trivial if the fiber F; of the bundle given in Theorem 1.1 is diffeomorphic
to a closed disk D™ P. In particular, this implies that the fibers of the
associated NS—pair are diffeomorphic to the (n— p)-dimensional open disk.

ANNALES DE L’INSTITUT FOURIER



NEW EXAMPLES OF NEUWIRTH-STALLINGS PAIRS 85

Remark 1.4. — For a holomorphic function germ f : (C"*1,0) — (C,0)
with an isolated singularity at the origin, it follows from [12, Appendix
B] that the fibers of the associated Milnor fibration are diffeomorphic to
a 2n—dimensional disk if and only if 0 is a non-singular point of f; in
fact, the function germ f is trivial if and only if the Milnor number p; =
degy(V f(2)) is equal to zero, where deg,(V f(2)) stands for the topological
degree of the map

VI
€ L g2l g2l
VA :
for all € > 0 small enough, and
of 0 0
vi= (2L 2L 9
821 822 8Zn+1

In [3] Church and Lamotke used results of Looijenga [11] and answered

the above question in the following way.

THEOREM 1.5.

(a) For 0 < n —p < 2, non-trivial examples occur precisely for the
dimensions (n,p) € {(2,2), (4,3), (4,2)}.

(b) For n —p > 4, non-trivial examples occur for all (n, p).

(¢) Forn—p = 3, non-trivial examples occur for (5,2) and (8, 5). More-
over, if the 3—dimensional Poincaré Conjecture is false, then there
are non-trivial examples for all (n,p). If the Poincaré Conjecture is
true, then all examples are trivial except (5,2), (8,5) and possibly
(6,3).

Since the Poincaré Conjecture has been proved to be true, we have that
for n — p = 3 the map f can be non-trivial only if

(n,p) €{(6,3),(8,5),(5,2)}.

Therefore, Problem 1.3 has been open uniquely for the dimension pair (6, 3).

In [20] the authors used an extension of Milnor-Khimshiashvili’s formula
proved in [15] (see Theorem 5.3 of the present paper) for real isolated
singularity map germs to show a manageable characterization of triviality
in Church-Lamotke’s results when the Milnor fiber is 3—dimensional. For
example, for the dimension pair (6,3), such a map germ is trivial if and
only if the link K is connected, which is characterized by the vanishing of
the degree of a certain associated mapping between (n — 1)-dimensional
spheres.

In this paper we aim to give a characterization of NS—pairs (5%, K) with
dim K = 2, and use it to prove the existence of non-trivial real polynomial
map germs (RS 0) — (R3,0) with an isolated singularity at the origin,
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86 R. A. DOS SANTOS, M. HOHLENWERGER, O. SAEKI & T. SOUZA

putting an end to Problem 1.3 posed by Milnor. For this, we will use tools
from configuration spaces and a construction by Funar in [6, Section 2.7].
More precisely, we first classify fiber bundles E®> — S? with fiber the 3
sphere with the interiors of a disjoint union of 3—disks removed, such that
the boundary fibrations are trivial and are trivialized. We will show that
the isomorphism classes of such bundles are in one-to-one correspondence
with the second homotopy group of a certain configuration space, and that
its elements correspond to a skew-symmetric integer matrix. Then, we show
that a given fiber bundle E®> — S? is associated with an NS—pair (S°, K) if
and only if the skew-symmetric matrix is unimodular. As a consequence, we
see that the number of boundary components of a fiber is always odd. Fur-
thermore, this allows us to construct a lot of non-trivial NS—pairs (S°, K),
and then the Looijenga construction [11] leads to non-trivial polynomial
map germs with an isolated singularity.

Our second aim in this paper is to introduce necessary and sufficient
conditions under which the Milnor fiber in the pairs of dimensions (2n,n)
and (2n+1,n), n > 3, is, up to homotopy, a bouquet (or a wedge) of spheres.
As applications, we give examples of polynomial map germs (R",0) —
(RP,0), n/2 = p > 2, such that the associated Milnor fiber is a bouquet of
a positive number of spheres.

Throughout the paper, the (co)homology groups are with integer coef-
ficients unless otherwise specified. The symbol “=” denotes a diffeomor-
phism between smooth manifolds or an appropriate isomorphism between
algebraic objects.

2. Classification of bundles

Let (S°, K?) be an NS-pair, where K? is a closed 2-dimensional man-
ifold embedded in the 5-dimensional sphere S°. We have the associated
fibration 7 : S \ Int N(K?) — S2, where N(K?) denotes a closed tubular
neighborhood of K? in S°, and we denote by F its fiber, which is a com-
pact 3-dimensional manifold bounded by a copy of K?2. Since S® does not
fiber over S?, we have K2 # (). Furthermore, we have the homotopy exact
sequence

72 (S° \ Int N(K?)) = m2(S?) — 71 (F) — m1(S° \ Int N(K?)).

Since 7 is trivial on the boundary, it has a section, so that the homo-
morphism 72(S% \ Int N(K?)) — m2(S?) is surjective. Furthermore, S° \

ANNALES DE L’INSTITUT FOURIER



NEW EXAMPLES OF NEUWIRTH-STALLINGS PAIRS 87

Int N (K?) is simply connected. Therefore, the compact 3-dimensional man-
ifold F' is also simply connected.

Then, since Hy(F) = 0, we see that K? = OF consists of some copies
of §? (for example, see [20, Lemma 2.2]). By pasting 3-disks to F' along
the boundary 2-spheres, we get a closed connected 3—-dimensional mani-
fold £ which is simply connected. Then, by the solution to the Poincaré
Conjecture, we see that Fis diffeomorphic to the 3—sphere (for example,
see [13]), and hence F is diffeomorphic to Sf’k +1y for some non-negative
integer k, where S?kﬂ
disjoint 3-balls removed. Therefore, 7 is a smooth fiber bundle with fiber

) denotes the 3-sphere with the interiors of k + 1

S?k +1) such that it is trivial on the boundary. In this section, we classify
such fiber bundles.

Let Diff(S3) be the topological group of diffeomorphisms of S3. By the
solution to the Smale Conjecture by Hatcher [8], we have that Diff(S3) is
homotopy equivalent to the orthogonal group O(4).

Let us denote by B? the 3-dimensional closed ball and for a non-negative
integer k, we denote by U*T1B3 the disjoint union of k + 1 copies of B>.
We sometimes regard U1 B3 to be “standardly” embedded in S3, and we
denote by ji1 : UFT1B3 — S3 the inclusion map.

We denote by Emb(UF+1 B3, §3) the space of all smooth embeddings of
Uk B3 into S3, not necessarily the standard one, and by Diff (S3, UF+1 B3)
the subspace of Diff(S%) consisting of those diffeomorphisms which re-
strict to the inclusion map jr4; on UFT!B3. Furthermore, we denote by
Diﬂ?(S?,C +1),8S?k +1)) the topological group of diffeomorphisms of S?k- 1)
which restrict to the identity on the boundary. Note that S?k 41y =
S3\ UFt Int B3.

The lemma below follows from [2, Proposition 1, p. 120].

LEMMA 2.1. — The canonical map
Diff (5%, U+ B) — Diff (S0, , 1), 0S(11))
induces isomorphisms
mi(Diff(S*, U1 B?)) — mi(Diff(SP 4 1), 05T 1))
for all i.
Now consider the natural map

¢ : Diff(5%) — Emb(UF*1 B3, §%)

TOME 66 (2016), FASCICULE 1



88 R. A. DOS SANTOS, M. HOHLENWERGER, O. SAEKI & T. SOUZA

that sends each diffeomorphism of S2 to its restriction to U*T1B3. The
following is a consequence of the Cerf-Palais fibration theorem (see [2,
Appendice], [14]).

LEMMA 2.2. — The natural map @ as above is the projection of a locally
trivial fiber bundle with fiber Diff (S3, UF+1B3).

Therefore, we have the homotopy exact sequence:
o (Diff(5%),1id) — mo(Emb(UM B?, $%), jit1)
(2.1) — 7wy (Diff(S3, UF 1 B3),id) — 71 (Diff(S?),id)
— m (Emb(UF B3, 9%), jiy1) = - .

Let Fx.1(S%) be the configuration space of k+ 1 points in S. This space
can be naturally identified with Emb({0,1,...,k}, S%).

LEMMA 2.3. — The space Emb(U’““B37 $3) is homotopy equivalent to
Fi41(8°%) x O(3)™.

Proof. — For a given embedding 7 : UF*1B3 — S2  we associate the
element of Fj 1 (S%) which sends the i—th point to the n-image of the center
of the i—th 3-ball. Furthermore, by associating the normalized differential
of 1 at each center, we get an element of O(3)**+1. (Note that the tangent
bundle T'S® of S2 is trivial, and we fix its trivialization here.) Then, we
can show that the map Emb(UF*1B3 S3) — Fii1(S?) x O(3)**! thus
obtained gives a homotopy equivalence. (For example, see [2, Appendice,
§5, Proposition 3].) O

Recall that Diff(S3) ~ O(4). Furthermore, Fjy1(S®) is 1-connected
(see [5], [6, Proof of Proposition 2.30]) and m2(O(3)) = 0. Thus, the ex-
act sequence (2.1) turns into

0— 71'2(]Fk+1(5’3)) — T (Diff(S3, Uk+1Bg), ld)
— m1(0(4),id) — 71 (0(3)*1id) — -

Note that 71 (0(4),id) & Zg and 71(O(3)**1,id) = (Z)**+!. By choos-
ing the standard embedding ji+1 so that it is equivariant with respect to
the natural SO(2)-actions, we see that the homomorphism 71 (0(4),id) —
71 (O(3)k*1id) sends the generator 1 € Zy to (1,1,...,1) € (Zg)**1. In
particular, it is injective. Thus, we have that the boundary homomorphism

(2.2) o (Fry1(S%)) — w1 (Diff(S3, UF 1 B3), id)

is an isomorphism.

ANNALES DE L’INSTITUT FOURIER



NEW EXAMPLES OF NEUWIRTH-STALLINGS PAIRS 89

By [5] and [6, Proof of Proposition 2.30], we have the following important
result.

LEMMA 2.4. — The homotopy group ma(Fy41(S?)) is isomorphic to
Zk(k—1)/2

Note that, for a smooth fiber bundle S? — FE°% - S? with structure

(k+1)
group Diff (Sf’,€ 41y GS?k +1)), its characteristic map is an element of

Wl(Diﬁ(S?k+1), as?k—o—l))’ ld),

which is isomorphic to 71 (Diff (S, UF+1 B3),id) = Z**~1/2 by Lemma 2.1,
(2.2) and Lemma 2.4.

In fact, given such a smooth fiber bundle 7 : E® — S2, one can consider
S? = D? U D3, where D?, i = 1,2, denote the 2-dimensional closed disk.
Since each D? is contractible, the restriction  : #=1(D?) — D2 is a trivial
fiber bundle with fiber S?k+1)7 and we have 71 (D?) = §3 |\ x DZ. Hence,

(k+1)
we can recover the total space

E° = (S?k+1) x D%) Un (S?k+1) x D%)
for some diffeomorphism A : Sé”k 41y X oD3 — S?k 41y X OD? defined by

h(z,t) = (a(t)(z),t), where a : S = 9D? — Diﬁ(Sg’kH),aS?kH)) cor-

responds to the characteristic map. Therefore, the structure of the fiber
bundle is completely determined by the homotopy class

[a] € wl(Diff(Sf’kH),8S?k+1))7id) .

3. Characterization of NS—pairs

For a non-negative integer k, let
(3.1) 83pp) o B 5 62
be a smooth fiber bundle such that its restriction to the boundary
0S(y1) — OE® — S?
is a trivial bundle whose trivialization is fixed. Note that the structure

group of the bundle (3.1) is considered to be Diff(S{, ), 057, ,,)), which
3

acts on S(k +1) by the identity on its boundary, since the trivialization of
the boundary fibration is fixed. In this section, we characterize such fiber

bundles that arise from an NS-pair (S°, K) with K = U152,

TOME 66 (2016), FASCICULE 1



90 R. A. DOS SANTOS, M. HOHLENWERGER, O. SAEKI & T. SOUZA

We start by gluing the trivial bundle U*(B? x S%) — S2 along the k
boundary components to the fibration (3.1) to get the B3—fibration

(3.2) 7Y = E°uU(UH(B® x §%) — 52

Note that when we glue the trivial bundle U¥(B? x S?) — S? to the fibra-

tion (3.1) along the boundary fibration, we use the natural identification of

3
(k+1)
of the boundary fibration. The resulting fibration (3.2) is trivial, since the

structure group Diff(B3,0B3) is contractible by Hatcher’s solution to the
Smale Conjecture [8, Appendix], where Diff(B3,0B?) denotes the space of
those diffeomorphisms of B3 which fix 0B> pointwise. Therefore, the total
space Y of the fibration (3.2) is diffeomorphic to B3 x S2. Then, by gluing
B3 x S? to Y = B3 x S? by the map B3 x S? — 0B3 x §? given by
(z,y) — (y, ), we get the sphere S° where B§ is a copy of the closed
3-dimensional ball. Set SZ = zg x S2, where x¢ is the center of B§, and
we write N(S§) = Bj x S?%, which is identified with the closed tubular
neighborhood of S3 in S°.

To fix the notation we write UST1B3 = Uk_ B3, and denote by z; the
center of B, where we consider U*B3 = UF_ B3, We also write S? =
x; x S2,i=1,2,...,k. Note that the 2-spheres S2, i =0,1,...,k, are all
embedded in S% in a standard way. Furthermore, each of S?,i =1,2,...,k,
has linking number +1 with S2. In the following discussions, we orient S,
i=0,1,2,...,k, in such a way that the linking number of S? with S is
equal to +1,¢=1,2,..., k.

For y € S?, we have UX_,(B? x y) € 7 1(y) = B3. Therefore, to each
y € S? we can naturally associate an element of the k—point configuration
space Fi(Int B?) = Fi(R3). This defines a classifying map c : S — Fy(R?).

Then, we have the following.

0B? and each component of 05 together with the fixed trivialization

LEMMA 3.1. — The isomorphism classes of the fibrations as in (3.1)
are in one-to-one correspondence with mo(F)(R3)) = Z*(*=1/2_ The cor-
respondence is given by associating the homotopy class of the classifying
map c.

Recall that according to [6, Lemma 2.31], a fiber bundle (3.1) corresponds
to the element (Ik(S?, 5?))1<icj<k € Z**~D/2 in the above correspon-
dence, where lk denotes the linking number in S°, and we fix orientations

of $?,i=1,2,...,k, and S°.

Proof of Lemma 3.1. — As has been seen in Section 2, the isomorphism
classes of the bundles in question are in one-to-one correspondence with

ANNALES DE L’INSTITUT FOURIER



NEW EXAMPLES OF NEUWIRTH-STALLINGS PAIRS 91

7o (Fpy1(S?)) = my(Diff (53, Uk B3),id). On the other hand, it is known
that ma(Fx(R?)) is naturally isomorphic to ma(Fx11(S%)) (see [5, p. 38]).
Recall the locally trivial fiber bundle

Diff(S%, Uk B%) X Diff(S%) 5 Emb(UFH1 B3, 5%)

of Lemma 2.2, where ¢ is the natural inclusion map. For the homotopy
class [a] € m (Diff(SF,,),050,,,))) = m(Diff(S%,U"1B%)) of the char-
acteristic map, its t,—image vanishes in 1 (Diff(S%)), so that there ex-
ists a continuous map @ : D? — Diff(S3) which extends toa : S* —
Diff(S3). Then, the homotopy class of p o & : D? — Emb(UrF1 B3, $%)
in mo(Emb(UFH1 B3 83)) 22 73(F141(59%)) = ma(Fr(R?)) is the class cor-
responding to [a] by the isomorphism (2.2). By construction, this coin-
cides with the homotopy class of the classifying map c. This completes the
proof. O

Now, we have the following natural question.

PROBLEM 3.2. — Which elements of mo(Fy(R?)) = ZF+-=1/2 corre-
spond to an NS—pair?

We answer this question in our main result in this section, as follows.

THEOREM 3.3. — The fiber bundle Sf ) — E°> = S* as in (3.1)

arises from an NS-pair if and only if det (Ik(S7,57)), _. j<p = T1, where
1k(S?,52) = 0 for all 1 < i < k by convention.

Note that (lk(Slz’Sﬂz))lgi,jgk;

The rest of this section is devoted to the proof of the above theorem.

For a fiber bundle (3.1), let F' be its fiber. Recall that the trivialization of
the boundary fibration is fixed, and we write 9E® = Uk_ (K; x S?), where
K; = S? are the boundary components of F = S?k +1) and are oriented in
such a way that the cycle represented by K is homologous to the sum of the
cycles represented by K;, i =1,2,...,k. Let X° = E5U(UY_ (K, x B®)) be
the closed 5-dimensional manifold obtained by gluing E° and U¥_,(K; x B?)
along their boundaries in such a way that the natural projection

Uimo(Ki x (B*\ {0})) — 52

extends to a smooth fibration X° \ K — S2, where K = UF_,(K; x {0}).
Note that in this notation, K; is identified with B3, i = 1,2,...,k, and
Ky is identified with * x S? C 9B§ x S%. We warn the reader that the
way that K; x B3 are attached to E° is very different from that for the
construction of Y C S5 in (3.2).

The theorem is a consequence of Lemmas 3.4 and 3.5 below.

is a k x k skew-symmetric integer matrix.

TOME 66 (2016), FASCICULE 1



92 R. A. DOS SANTOS, M. HOHLENWERGER, O. SAEKI & T. SOUZA

Figure 3.1. Situation in S°

LEMMA 3.4. — The fiber bundle 7 (3.1) arises from an NS—pair if and
only if X° is homotopy equivalent to S°.

The above lemma is a consequence of the well-known fact that every
homotopy 5—sphere is standard [19].

Since we see easily that X® is simply connected, it suffices to study the
homology group Hs(X®). Now consider the following piece of the Mayer—
Vietoris exact sequence:

Hy(UF_(K; x OB®)) & Hy(E®) @ Ho(UF_o(K; x B%)) — Hy(X°) — 0,

where the homomorphism p = (i1, —i24) is induced by the inclusions i; :
UF o(K; x OB3) — E® and iy : UF_(K; x 0B3) — UF_(K; x B®).

Figure 3.1 helps to understand the images of the elements of
Hy(UF_(K; x 0B?)) by the homomorphism p. Note that this depicts the
situation in S® and not in X°.

In order to describe the homomorphism p, let us fix bases of the homology
groups. In the following, for a cycle z, we denote by [z] the homology class
represented by z. First, we have

Hy(UF_o(K; x 0B%)) = @F_ Hy(K; x 0B?)

ANNALES DE L’INSTITUT FOURIER



NEW EXAMPLES OF NEUWIRTH-STALLINGS PAIRS 93

and each Ho(K; x OB3) = Z & Z is generated by [K; x *| and [y; x B3],
where y; € K;, 1 =0,1,..., k. Furthermore, we have

Hy(Uj_o(K; x BY)) = @F_ Ha(K; x B)

and each Hy(K; x B3) = 7 is generated by 6; = [K; x *|, * € B3, i =
0,1,...,k. On the other hand, we have

E? = §7\ (U Int N(S7)),
where N(S?) = B? x S? is the closed tubular neighborhood of S? in S°,

and S? = z; x S?,i=1,2,...,k, are so-called “Hopf duals” to S3.
Therefore, by Alexander duality we have

Hy(E®) = H?(UF_, Int N(S2)).

Since N(S?) = B? x S2, we can take the generators u; = [0B3 x ] €
Hy(E®), ¥ € S?, and Hy(EP) is freely generated by pu;, i = 0,1,.... k.
Here, we orient p; in such a way that the linking number of u; with S?
is equal to +1. Observe that u; = i1.([K; x *]) for i = 1,2,...,k, and
8; = i2.([K; x%]) for i = 0,1,..., k. Therefore, the images of the generators
by the homomorphism p can be written as follows.

p([Ko x #]) = pa+pa+ -+ px — do,

p([Ki x#]) = pi—d (1<i<k),

p(lyo x 9B°]) = po+0,

p(ly: x 0B°)) = > IK(SE S +0 (1<i<h).

0<j<k,j#i
Therefore, with respect to the above bases, the homomorphism p is rep-
resented by the following matrix:

1 1 0 0 a1 - aig

1 0o --- 1 0 ap1 -+ apk
R= 3

-1 0 0 0 O 0

0 -1 0 0 O 0

0 0 -+ -1 0 0 - 0

where a;; = 11{(5}2»,51-2)7 1 # 5,1 < 14,7 <k and a;; = 0. Observe that
aij = —aji.
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LEMMA 3.5. — The 5—dimensional manifold X® is homotopy equivalent
to S® if and only if det R = +1.

Proof. — If X is homotopy equivalent to S®, then its second homol-
ogy group must vanish and therefore the homomorphism p must be an
epimorphism, which implies that det R = +1.

Conversely, if p is an isomorphism, by the above Mayer-Vietoris exact
sequence, we have Ho(X%) = 0. Then by Poincaré duality, we see that X°
has the homology of S®. Since X? is simply connected, we have 75(X5) =
H;5(X5) 2 Z by the Hurewicz theorem. Let g : S — X° be a continuous
map that represents a generator of 75(X®). Then, the Whitehead theorem
implies that g gives a homotopy equivalence.

This completes the proof of Lemma 3.5, and hence Theorem 3.3 has been
proved. O

Since a skew-symmetric integer matrix has determinant +1 only if its
size is even, we have the following.

COROLLARY 3.6. — If the fiber bundle S{, , | — E° — S* as in (3.1)
arises from an NS—pair, then k must be even.

Remark 3.7. — 1In [11] Looijenga showed how to use the connected
sum of NS—pairs to construct new ones. In fact, he proved that given an
NS-pair (S", K"~P~1) with fiber F, there exists a polynomial map germ
f: (R*10) — (R 0) with an isolated singularity at the origin such
that the associated NS—pair is isomorphic to the connected sum

(87, K" P~ s, (—1)n R

with fiber being diffeomorphic to the interior of Fi(—1)""PF, where “f”
means the connected sum along the boundary. For further details the reader
is referred to [11, p. 421].

The following proposition follows from the remark above and the previous
result.

PROPOSITION 3.8. — For every even integer k > 0, there exists an NS—
pair (S°, Lyy1) with Ly 1 being diffeomorphic to the disjoint union of k+1
copies of S?, and there exists a polynomial map germ f : (R%,0) — (R3,0)
with an isolated critical point at 0 such that the associated NS-pair is
isomorphic to (8%, Ly+18(—Lks1)). In particular, Lyi14(—Lgi1) consists
of 2k + 1 connected components.

Proof. — First note that for each positive even integer k, there exists a
skew-symmetric integer matrix of determinant +1. (For example, consider
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(o)

and its copies.) Then, by the above argument, there exists an NS—pair
(S°, Lj41) corresponding to that matrix. Now, one can just apply Looi-
jenga’s construction explained above in Remark 3.7. g

the direct sum of the matrix

COROLLARY 3.9. — Given a real polynomial map germ as in Propo-
sition 3.8 with k > 0, the fiber of the associated Milnor fibration is not
diffeomorphic to a disk.

This answers to Milnor’s non-triviality question, Problem 1.3, for the
dimension pair (6, 3).

4. A generalization to higher dimensions

We can generalize the construction of Section 3 in higher dimensions as
follows, in order to obtain new non-trivial examples of real polynomial map
germs with an isolated singularity.

Let n > 3 be an integer. For a non-negative integer k, let SE‘k 1) denote
the n—dimensional sphere S™ with the interior of the disjoint union of £+ 1
copies of the n—dimensional disks removed. In this section, we will construct
a smooth fiber bundle

Sle+1) < ot 5o gned
such that the restriction to the boundary
OS(1y) = o1 5, gn—t

is a trivial bundle whose trivialization is fixed, and that it arises from an
NS-pair (§27~1, Kn=1).

Let A = (a;;) be a k x k integer matrix which is (—1)"-symmetric
such that the diagonal entries all vanish. Let Sy = S"~! be a trivially
embedded oriented (n — 1)-sphere in S?"~1. Then, there exist mutually
disjoint smoothly embedded oriented (n — 1)-spheres S; in S?"~1 i =
1,2,...,k, such that

(1) S; do not intersect Sy,
(2) S; have linking number +1 with Sy,
(3) the linking number 1k(S;, S;) = a;j, ¢ # J.
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Such embeddings do exist (for example, see [7]). Note that then
E?n=l = g2\ Uk Int N(S))

naturally fibers over S"~! in such a way that the restriction to the
boundary is trivial. (More precisely, consider the associated sub-fibration
of the trivial fiber bundle S?"~1 \ Int N(Sp) & B" x S"~1 — gn-1),
Then, by the same construction as in Section 3, we obtain an object
(X271 Kn=1) where X?"~!isa (2n—1)-dimensional smooth closed man-
ifold, X?7~1 \ Int N(K"~1!) is diffeomorphic to E?"~! and it fibers over
S~ with fiber S?kﬂ) in such a way that the projection map is compatible
with a trivialization of the closed tubular neighborhood N(K"™~1!). Then,
we have the following.

LEMMA 4.1. — The manifold X?"~! is a homotopy (2n — 1)-sphere if
and only if det A = +1.

Proof. — We see easily that E?"~! is (n — 2)-connected, and hence
so is X271, Thus, X2~ ! is a homotopy (2n — 1)-sphere if and only if
H,,_1(X?"1) vanishes. Then, an argument using a Mayer-Vietoris exact
sequence as in the previous section leads to the desired result. O

Combining this with the Looijenga construction (Remark 3.7), we have
the following.

COROLLARY 4.2. — Let n > 3 be an integer. For every positive integer
k with k =1 (mod 4), there exists an NS-pair (S?"~1, L) with Ly, being
diffeomorphic to the disjoint union of k copies of S*~!, and there exists a
polynomial map germ f : (R?",0) — (R"™,0) with an isolated singularity at
0 such that the associated NS-pair is isomorphic to (S?"~1, Lif(—1)"Ly).
In particular, Li#(—1)"Ly, consists of 2k — 1 connected components.

Note that the associated Milnor fiber is diffeomorphic to S&kfl) and is
homotopy equivalent to the bouquet of 2k — 2 copies of the (n — 1)—sphere.

Proof of Corollary 4.2. — Set £ = (k — 1)/2, which is a nonnegative
even integer. There exists an ¢ x ¢ (—1)"—symmetric integer matrix A with
vanishing diagonal entries and determinant +1. By Haefliger [7], there ex-
ists an embedding of U¥_S?~! into S?"~! such that each component is
embedded trivially, that S;" ~! links with Sy once for all i > 0, and that the
linking matrix for UleS;%l coincides with A, where each S/ ! is a copy
of §»~! and the linking number lk(Sffl,Sf‘fl) =0,7=12,...,¢ by
convention. Then by the above construction, we get the homotopy sphere
X?27=1 in which the disjoint union of £ + 1 copies of the (n — 1)-spheres is
embedded. Then, the connected sum X 2"~ 1f(—X?"~1) is diffeomorphic to
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S2n=1 by [9], since n > 3. Therefore, by the connected sum construction,
we get an NS-pair (S2"~1, L), where L, is diffeomorphic to the disjoint
union of 2¢+1 = k copies of S"~!. Then, applying Looijenga’s construction,
we get the desired conclusion. g

5. Bouquet theorems for real isolated singularities

It is known that for a holomorphic function germ f : (C"** 0) — (C,0)
with an isolated singularity at the origin, the Milnor fiber F; has the ho-
motopy type of a bouquet (or a wedge) of n—dimensional spheres. For real
polynomial map germs with an isolated singularity, we cannot expect, in
general, such a bouquet theorem, which can be seen as follows.

By Zeeman’s twist spinning construction [21], one can construct an NS—
pair (84, K?) such that the fundamental group of the fiber is not a free
group. Then Looijenga’s construction leads to a non-trivial polynomial map
germ (R% 0) — (R?,0) with an isolated singularity at the origin such that
the Milnor fiber does not have a free fundamental group. Consequently, the
Milnor fiber is not homotopy equivalent to a bouquet of spheres.

Remark 5.1. — 1In the following, in order to get examples in higher
dimensions, we use the spinning construction due to Artin [1]. For com-
pleteness, let us recall the construction. Let (S™, K*) be an NS-pair with
K* # (and 7: S™\ K* — Sm~*~1 the associated fibration. We denote the
fiber of the fibration S™ \ Int N(K*) — S™~F~1 by FFt1 where N(K¥)
is the closed tubular neighborhood of K* in S™. We take a point ¢ € K*
and a small m—disk neighborhood D in S™ such that (D, D N K*) is dif-
feomorphic to the standard disk pair (D™, D¥) and that 7 restricted to
D\ (DN K*) is equivalent to the standard fibration D™ \ D* — §m~—k=1,
Then, we consider the quotient space of (S™\Int D, K*\ (Int DNK*)) x S,
where for each « € 9D, the points of the form (z, t) are identified to a point
for all ¢. This kind of a construction is called the spinning. The resulting
pair gives (S™*1, K*1) where K**! is a smoothly embedded submani-
fold of S™*! of dimension k + 1. By construction, there exists a fibration
70 GmAL\ KR gm=k=1 which restricts to  on (S™\ (Int DUK*)) x {t}
for each ¢ € S'. It is straightforward to see that (S™1, K*1) is an NS-
pair. We call it the spun of the NS-pair (S™, K*). Note that the fiber
FF+2 of the fibration S™1 \ Int N (K**+1) — §™~*~1 i diffeomorphic to
the (k + 2)-dimensional manifold obtained from F*¥*! x S! by identifying,
for each x € A*, the points of the form (z,t) to a point for all ¢, where
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A* is a k-dimensional disk embedded in OF¥*! (near ¢). Note that the
fundamental groups of S™\ K* and S™+!\ K**! are isomorphic, and that
F*+1 and F*+2 also have isomorphic fundamental groups.

Let (8%, K?) be an NS—pair such that the fiber has non-free fundamental
group. Then, applying once the spinning construction explained above to
(S, K?), one gets a non-trivial example in dimension (6,2) such that the
Milnor fiber is not homotopy equivalent to a bouquet of spheres. Perform-
ing such procedures inductively one can construct examples in all pairs
of dimensions (n,2), n > 5, such that the Milnor fiber is not homotopy
equivalent to a bouquet of spheres.

In this section we give sufficient conditions to guarantee that the real
Milnor fiber is homotopy equivalent to a bouquet of spheres of the same
dimension, or of different dimensions.

Throughout this section we consider f : (R",0) — (R?,0), n > p > 2,
a polynomial map germ with an isolated singularity at the origin and the
Milnor fibration (the “Milnor tube”),

FofN SN DE = sy
where 0 < § < ¢ < 1. We denote by F} its fiber and by §; = rank H;(Fy)
its j—th Betti number.

Consider 7 : (RP,0) — (RP~1,0), p > 3, the germ of the canonical
projection. Clearly, the composition map germ G = wo f : (R*,0) —
(RP=1,0) also has an isolated singularity at the origin and thus we have
two fibrations:

FofNSEnDr s
and
G:G NS NDr — P2

In [4] it was shown the relationship between the Milnor fibers F; and
F¢. It is worth pointing out that the results in [4] hold in a more general
setting which includes the case of non-isolated singularities. Nevertheless,
in the special case of an isolated singularity, it provides a positive answer
to a conjecture stated by Milnor in [12, p. 100] as follows:

THEOREM 5.2 ([4]). — Let f : (R™,0) — (RP,0), n > p > 2, be a
polynomial map germ with an isolated singularity at the origin and set G =
mof : (R",0) — (RP~1,0). Then, the Milnor fiber F of G is homeomorphic
to Fy x [0,1], where for p = 2 the Milnor fiber of G is, by definition, the
intersection of a sufficiently small closed ball centered at the origin and the
inverse image of a regular value sufficiently close to the origin. In particular,
the Milnor fibers F'y and Fg have the same homotopy type.
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In [12, Chapter 11], Milnor provided information concerning the topology
of the fiber Fy. It was proved in Lemma 11.4 that if n < 2(p — 1), then
the Milnor fiber is necessarily contractible. It also follows from the first
paragraph of the proof that for n > p > 2 in general, if the link is not empty,
then the fiber F is (p — 2)—connected, i.e., m;(Fy) =0,i=0,1,...,p— 2.

In [15] the authors proved formulae relating the Euler characteristic of
the Milnor fiber and the topological degree of the gradient mapping of the
coordinate functions, which extends Milnor’s formula for complex function
germs with an isolated singularity (see [12, p. 64]) and Khimshiashvili’s
formula [10] for isolated singularity real analytic function germs, as follows.

THEOREM 5.3 ([15]). — Let f : (R™,0) — (RP,0), n > p > 2, be
a polynomial map germ with an isolated singularity at the origin, and
consider

f(@) = (fr(@), f2(2), .., fp(2),
an arbitrary representative of the germ. Denote by deg,(Vf;(z)), for

V fi
1 =1,2,...,p, the topological degree of the map €|V; T : ngl — S;’fl,

for € > 0 small enough.

(i) If n is even, then x(Fy) = 1 — degyV f1. Moreover, we have

degoVfi = degyVfa =+ =degyVfp.
(ii) If n is odd, then x(Fy) = 1. Moreover, we have degyV f; = 0 for
1=1,2,...,p.

In particular, from item (ii) above it follows that if the source space is
odd-dimensional, then the fiber can never be homotopy equivalent to a
bouquet of a positive number of spheres of the same dimension.

In the following subsections, we consider the dimension pairs (2n,n) and
(2n + 1,n), and study conditions for a Milnor fiber to have the homotopy
type of a bouquet of spheres. We also study the dimension pairs (2n, p) and
(2n + 1,p) with 2 < p < n using the composition with a projection.

5.1. The case of (R?",0) — (R",0)

Consider f: (R?",0) — (R",0), n > 2, a polynomial map germ with an
isolated singularity at the origin. Note that S?"~! does not smoothly fiber
over S"~!. Hence, in this case F '+ is an n—dimensional compact orientable
manifold with non-empty boundary and 7;(¥¢) =0 for i =0,1,...,n— 2.
Since 0Ff # (), we have H, (Fy) = 0. Moreover, since Fy is orientable, the
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homology H,_1(F}) is torsion free. Then, by Theorem 5.3, item (i), we
have f,-1 = (—1)"degy(V f1). (Recall that, as mentioned earlier in this
section, 3; denotes the Betti number rank H,;(Fy) for each j.)

Furthermore, in the special case n = 2, the fibers are compact connected
surfaces with non-empty boundary, so that they have the homotopy type
of a bouquet of 1-dimensional spheres (circles). Furthermore, for n = 3,
we have seen in Section 2 that the fibers are diffeomorphic to S?k +1) for
some non-negative integer k, and hence they are homotopy equivalent to a
bouquet of 2—spheres. Therefore, we may assume that n > 4. Note that if
degy(V f1) = 0, then the Milnor fiber is contractible.

It follows from the Hurewicz theorem that the Hurewicz homomorphism

Pn—1: 7Tn—1(Ff) - Hn—l(Ff) > 7P

is an isomorphism. Then, for each generator v; € H,,_(Fy) = ZPr=1 there
exists a continuous map ¢; : S"7! — Fr, i =1,2,...,8n-1, such that
vi = pn_1([pi]) = (i)« ([S"71]), where [S"71] € H,,_1(S""!) & Z is the
fundamental class (given by the natural orientation of S™~1). Therefore,
we have the continuous map
Br-1
Y \/ st Fy
obtained by the wedge of the maps ¢; : "~ — Fr fori=1,2,...,8,-1,
which is a homotopy equivalence by the Whitehead theorem.
Thus we have proved the following:

PROPOSITION 5.4. — Let f : (R?",0) — (R"™,0) be a polynomial map
germ with an isolated singularity at the origin, n > 2. Given f(z) =
(f1(x), fa(x),..., fn(z)), a representative of the germ f, we have the fol-
lowing.

(i) Bn—1 = (=1)"degy(V f1)-
(ii) The Milnor fiber Fy has the homotopy type of a bouquet of (n—1)—
dimensional spheres
Brn-1

\/ Sn717

where it means a point when f3,,_1 = 0.

For n > 4, it follows from Theorem 1.5, item (c), that in all pairs of
dimensions (2n,n) there exist non-trivial examples. However, these non-
trivial examples due to Church—Lamotke [3] have contractible Milnor fibers
(with non-simply connected links). On the other hand, according to our
construction in Section 4 together with Theorem 5.2, we get the following.
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COROLLARY 5.5. — For each pair of dimensions (2n,p), 2 < p < n,
there exists a real isolated singularity polynomial map germ (R?" 0) —
(RP,0) such that the Milnor fiber is, up to homotopy, a bouquet of (n —1)—
dimensional spheres with the number of spheres equal to |degy(V f1)| > 0,

where f(z) = (fu(x), fo(@),. ., fy(x)).

5.2. The case of (R*"*1 0) — (R",0)

Consider now f : (R>"*1,0) — (R",0), n > 3, a polynomial map germ
with an isolated singularity at the origin. In this case, the Milnor fiber
Fy is an (n+ 1)—-dimensional compact orientable manifold with non-empty
boundary and is (n—2)-connected. Then, H,,11(Fy) = 0, H,(FY) is torsion
free and, by Theorem 5.3, 5, = f,—1. Suppose that H, _;(F}) is torsion
free. Then, we have H,_q(Fy) = ZPn—1 = H,(Fy). By Hurewicz theorem,
the Hurewicz homomorphisms

pn—1:Tpn_1(Fy) = Hy_1(Fy) = 7,Bn—1
and
P Tn(Fy) = Hp(Fy) =2 20

are surjective. Then, by an argument similar to that used in the case (2n,n),
we can construct a homotopy equivalence

Br—1 Bn
w: \/S”f1 v \/S” — F.

Thus, we have proved the following result.

PROPOSITION 5.6. — Let f : (R*"*1,0) — (R™,0), n > 3, be a real
isolated singularity polynomial map germ. Then, the (n — 1)—th homol-
ogy H,_1(Fy) of the Milnor fiber is torsion free if and only if F; has the
homotopy type of a bouquet of spheres of the form

Brn—-1 Brn-1 Bn-1

Vst v Vst =V tvsm,
where it means a point when 3,1 = 0.

According to our construction in Section 4 together with Theorem 5.2
again, we get the following.
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COROLLARY 5.7. — For each pair of dimensions (2n+1,p), 2 < p < n,
there exists a real isolated singularity polynomial map germ (R*"*+1 0) —
(RP,0) such that the Milnor fiber is, up to homotopy, a bouquet of ¢ copies
of the n—dimensional sphere and ¢ copies of the (n — 1)—dimensional sphere
with £ > 0.

Proof. — For n > 3, this is a consequence of Proposition 5.6. For n = 2,
we start with a non-trivial fibered knot (S3, K). Then, its spun (S*, IN() is
a non-trivial fibered 2-knot, and its fiber is obtained by spinning a posi-
tive genus surface with boundary. Therefore, the fiber of (5%, K ) has the
homotopy type of a bouquet of a positive number of circles and 2—spheres.
This completes the proof. O

5.3. Application to k—stairs maps

Given a polynomial map germ f : (R, 0) — (R?%,0), n > ¢ > 1, with an
isolated singularity at the origin, we say that a map germ F : (R",0) —
(RP,0), 1 < g < p, is a (p — q)—stairs map for f if there exist germs of
polynomial functions g; : (R",0) — (R,0), ¢+ 1 < j < p, such that
F(z) = (f(2),9q+1(2), gg+2(x), ..., gp(x)) has an isolated singularity at
the origin. If p = ¢, then by definition, we have F'(z) = f(z) and f is its
own (O-stairs map.

COROLLARY 5.8. — Let f : (R",0) — (RP,0), n/2 > p > 2, be a
polynomial map germ with an isolated singularity at the origin. Then we
have the following.

(i) If n is even and f admits a (n/2 — p)-stairs map, then the Milnor
fiber is homotopy equivalent to a bouquet of (n/2 — 1)—dimensional
spheres.

(ii) Suppose n is odd and Hy(Fy) is torsion free for k = (n —1)/2 — 1,
where Fy denotes the Milnor fiber. If f admits a ((n—1)/2—p)-stairs
map, then the Milnor fiber is homotopy equivalent to a bouquet of
k— and (k + 1)-dimensional spheres, where the numbers of spheres
are the same.

Proof. — Just apply Propositions 5.4, 5.6, and Theorem 5.2. O

We do not know whether or not the bouquet structure in the fiber char-
acterizes the existence of such k—stairs maps for k > 1.
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