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CURVATURE RESTRICTIONS FOR LEVI-FLAT REAL
HYPERSURFACES IN COMPLEX PROJECTIVE
PLANES

by Masanori ADACHI & Judith BRINKSCHULTE (*)

ABSTRACT. —  We study curvature restrictions of Levi-flat real hypersurfaces
in complex projective planes, whose existence is in question. We focus on its totally
real Ricci curvature, the Ricci curvature of the real hypersurface in the direction of
the Reeb vector field, and show that it cannot be greater than —4 along a Levi-flat
real hypersurface. We rely on a finiteness theorem for the space of square integrable
holomorphic 2-forms on the complement of the Levi-flat real hypersurface, where
the curvature plays the role of the size of the infinitesimal holonomy of its Levi
foliation.

RESUME. — Nous étudions des restrictions sur une courbure des hypersurfaces
réelles Levi-plates dans des plans projectifs complexes, dont ’existence est en ques-
tion. Nous nous focalisons sur sa courbure de Ricci totalement réelle, c’est-a-dire la
courbure de Ricci de 'hypersurface réelle dans la direction du champ de Reeb, et
nous démontrons qu’elle ne peut pas étre supérieure & —4 le long de I’hypersurface
réelle Levi-plate. Nous nous appuyons sur un théoréme de finitude pour l’espace
des 2-formes holomorphes de carrés intégrables sur le complément de 'hypersurface
réelle Levi-plate, ou la courbure joue le role de la taille de I’holonomie infinitésimale
de son feuilletage de Levi.

1. Introduction

The past decades, the non-existence conjecture of a smooth closed Levi-
flat real hypersurface in the complex projective spaces CP™ (n > 2) has
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been intensively investigated by foliators, complex analysts, and differential
geometers. This conjecture first appeared in the papers [4] and [6] devoted
to the study of minimal sets of holomorphic foliations on CP™ and has been
affirmatively proved for n > 2 by Lins Neto [16] in the real analytic case
and by Siu [20] in the smooth case. There have been papers that announced
proofs of the non-existence for n = 2, however, they all are considered to
contain serious gaps (cf. [15]) and the case n = 2 remains open.

The following partial result by Bejancu and Deshmukh uses a differential-
geometric approach to restrict a certain curvature of the Levi-flat real hy-
persurface:

THEOREM ([3]). — Let M be an oriented C*°-smooth closed Levi-flat
real hypersurface in CP" (n > 2) equipped with the Fubini-Study metric.
Denote by v the unit normal vector field of M C CP" and set £ = —Jv,
where J denotes the complex structure of CP". Then RicM(f, &) cannot be
> 0 everywhere on M.

The Ricci curvature Ric™ (&,€) is referred to as the totally real Ricci
curvature of the real hypersurface M. The aim of this paper is to improve
the curvature restriction in the theorem of Bejancu and Deshmukh. Also,
our proof is completely complex-analytic.

Our main theorem is stated as follows:

MAIN THEOREM. — Let M be an oriented C2-smooth closed Levi-flat
real hypersurface in CP? equipped with the Fubini-Study metric. Then, the
totally real Ricci curvature RicM (€,€) cannot be > —4 everywhere on M.

The idea of the proof is as follows. The key ingredient is a leafwise (1, 0)-
form « on the Levi-flat real hypersurface M, which measures the size of
the infinitesimal holonomy of the Levi foliation of M (See §2.4 for its defi-
nition). We will find out that the restriction on the totally real Ricci cur-
vature is equivalent to an upper bound on the norm of a by observing an
adjunction-type equality (Proposition 3.1). Then, exploiting an integral for-
mula (Theorem 4.1) originating from a paper of Griffiths, we will prove the
finite dimensionality of the space of L? holomorphic 2-forms on domains
with Levi-flat boundary in CP? (Corollary 5.2) under the upper bound
on the norm of «. This finite dimensionality is however a contradiction,
because the space should be infinite dimensional (Proposition 6.1).

The organization of this paper is as follows. In §2, we explain the basic
notions and our conventions pertaining to the local geometry of Levi-flat
real hypersurfaces. The form « is defined in this section. The connection
between the form « and the totally real Ricci curvature is explained in §3

ANNALES DE L’INSTITUT FOURIER
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via Gauss’ equation. In §4, we explain and prove some integral formula a la
Griffiths. We exploit this formula in §5 to study the finite dimensionality of
the space of L? holomorphic sections of negative holomorphic line bundles
Ocpz(—m) over domains with Levi-flat boundary in CP2. In §6, we give a
proof of the infinite dimensionality of the L? canonical sections on pseudo-
convex domains in complex projective spaces and complete the proof of the
Main theorem. In Appendix A, we revisit Takeuchi’s inequality from the
viewpoint of §3 and give a remark on a general restriction on the totally
real Ricci curvature of Levi-flat real hypersurfaces in Kahler surfaces.

2. Preliminaries for local arguments

In this section, we collect basic notions and our conventions pertaining
to the local geometry of Levi-flat real hypersurfaces. We restrict ourselves
to the case of Kahler surfaces.

2.1. Kahler metric and the bisectional curvature

Let (X, Jx) be a complex surface. The complex structure Jx : TX —
TX allows us to regard the real tangent bundle T'X as a C-vector bundle.
We identify TX with the holomorphic tangent bundle T*YX as C-vector

bundles by
o, 0 _1(90 9
8:rj 8Zj N 2 ij 3yj

where (21, z2) denotes a local coordinate and we write z; = x; + iy;.

Let g : TX x TX — R be a Jx-invariant Riemannian metric of X.
We consider its sequilinear extension on C ® TX x C ® TX and obtain a
hermitian metric of T1°X, namely,

9 ON_ L (9 9N, (9 2
g 0z, 0z,) 2 g dz;’ Oz, g oz Oy, ) )

The metric g is said to be Kéhler if its fundamental form

2
Z o 0 _

J,k=1

is a closed form. Our volume form is dV,, = w A w/8.

TOME 65 (2015), FASCICULE 6
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We denote by V the Levi-Civita connection determined by the Riemann-
ian metric g. It is well-known that V coincides with the canonical connec-
tion of the hermitian metric g. Our convention of the curvature tensor of
Vis

R(vy,v2)vs := Vi, (V- 03) = Vi, (V- 03) — V[aﬂg]ﬁé
for v; € T,X where v; are extensions of v; to vector fields respectively.
Given two Jx-invariant planes 01,02 C T,X, we define the bisectional
curvature by

H(oy,02) := g(R(v1, Jv1)Jvz, va)
= g(R(v1,v2)v2,v1) + g(R(v1, Jvg)Jva, v1)

where v; are unit vectors in o; respectively.

Our main example is the complex projective plane X = CP? endowed
with the Fubini-Study metric ¢ = gpg, whose fundamental form is given
by

wrg = 1001og(1 + |21* + |22)?)
in non-homogeneous coordinate system (z1, z2). Note that wpg can be re-
garded as the Chern curvature i§9(O(1)) of the hyperplane line bundle O(1)
with the hermitian metric induced from the standard Euclidean metric of
C3. In our conventions, the bisectional curvature of (CP?, wrg) is given by
(cf. [10])
H(o1,09) = 2(1 + g(vi,v9)? + g(v1, Jva)?).

2.2. Real hypersurfaces and their holomorphic normal bundle

Let M be an oriented C?-smooth closed real hypersurface without bound-
ary in X. A defining function p of M is a C?>-smooth real-valued function
defined on a neighborhood U of M expressing M = {z € U | p(z) = 0} as
the preimage of a regular value 0. We always assume that M is oriented as
the boundary of {z € U | p(z) < 0} by reversing the sign of p if necessary.
Later in §3, §5 and Appendix A we will choose p as the signed boundary
distance function to M with respect to the Riemannian metric g.

Along the real hypersurface M, we consider two smooth Jx-invariant
plane fields: o := TM N JxTM, the unique Jx-invariant subbundle of
TM, and oy, the orthonormal complement of o7 in T X with respect to
g. Via the C-vector bundle isomorphism TX ~ T X, we identify o7 with
the holomorphic tangent bundle of M, T*OM := Kerdp C T X|M, and
on with the holomorphic normal bundle of M, Ny := (T X|M)/T*°M.

ANNALES DE L’INSTITUT FOURIER
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We fix a global orthonormal frame {£,v} of on with respect to g, so
that v is an outward normal vector of M C X and v = J¢. The vector field
¢, tangent to M, is often referred to as a Reeb vector field. We write the
normal derivative h, :=vp : M — Rs¢. Note that h2 defines a C'-smooth
hermitian metric of N ]{/}O; we can measure the squared norm of a vector
v=al+bveoy~ N}V}O by [v|2 := h2]a + ib]?.

Remark 2.1. — We are working with a fixed K&hler metric for simplic-
ity, though note that N]b’o and the hermitian metric induced from h,% are
independent of the choice of the hermitian metric g whereas oy and {&, v}
depend on g.

2.3. Levi-flat and a distinguished parametrization

The Levi-form of M (with respect to p) is the restriction of the quadratic
form obtained by i99p to the holomorphic tangent bundle THM. The
real hypersurface M is said to be Levi-flat if the Levi-form of M vanishes
identically on M. It is easy to see that this definition does not depend on
the choice of p.

It follows from Frobenius’ theorem that M is Levi-flat if and only if M
has a foliation by complex hypersurfaces of X. The foliation is called the
Levi foliation F of M. The typical example of Levi-flat real hypersurfaces
is C x R C C2, where the Levi foliation is given by {C x {t}}iecr.

It is well-known that any real-analytic Levi-flat real hypersurface is lo-
cally identified with this typical example. For non real-analytic Levi-flat
real hypersurfaces, although its local structure is not unique, still a sort of
normal coordinate system is available. Suppose M is Levi-flat. By standard
arguments (cf. [2]), we can choose a holomorphic chart (z1,22) of X and a
local parametrization ¢ of F around any point p € M so as to satisfy the
following conditions:

(1) The parametrization ¢((,t) : Cx R DV — (V) C M is a
C%-smooth orientation-preserving diffeomorphism with ¢(0,0) = p
and holomorphic in z. (We always assume these conditions for
parametrizations of Levi foliations.)

(2) The parametrization ¢ is in the form of ¢({,t) = (¢, w({,t)) in the
coordinate system (z1, z2).

(3) The parametrization behaves along the leaf passing through p in
such a way that

0
w(¢,0) =0 and a—l:(C,O) =1,

TOME 65 (2015), FASCICULE 6
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o (3) = (3)
/) oy \972/ )

(4) The coordinate system (z1, z2) is normalized at p with respect to g,
namely, its fundamental form w satisfies w = i(dz; AdzZ7+dza A dZ3)
at p.

namely,

We refer to such a parametrization ¢((,t) of M in the coordinate system
(21, 22) as a distinguished parametrization around p € M in this paper.

2.4. The form «

Let us define the key object of this paper.

Suppose M is Levi-flat and a C'-smooth hermitian metric h? of N}V}O is
given. Consider a parametrization of the Levi foliation F, not necessarily
a distinguished parametrization, say ¢((,t) : C x R € V. — M. This
parametrization gives us a local trivialization of N]}/}O over ¢(V) since %
induces a local section of N ]{/}0. We denote by h?o the local weight function of
h? in this local trivialization. Using these notations, we define a continuous

leafwise (1, 0)-form defined on (V') by
~_0Ologh,
o= o

One easily sees that a is well-defined on M. The point is that N j/,[o be-
comes a leafwise flat line bundle, namely all the transition functions are

dc.

leafwise constant if we equip IV ]b’[o with the local trivializations given by
parametrizations of the Levi foliation.

Remark 2.2. — We can associate a transversal measure y = hdt of F
from the hermitian metric A% of N ]1%0. The form « measures the infinitesimal
holonomy with respect to this transversal measure u. In particular, p is
holonomy invariant measure if and only if & = 0. The form « is essentially
the modular form of y in the context of foliation, which is useful in the study
of the d-Neumann problem on weakly pseudoconvex domains (cf. [21]).

The following Lemma will be used in §5. We can describe « in terms of
defining function of M when the hermitian metric of Nj/}o is induced from
a defining function of M.

ANNALES DE L’INSTITUT FOURIER
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LEMMA 2.3. — Suppose M is Levi-flat. Let p be a defining function of
M and consider o induced from h/27' Then, « is characterized as a continuous
leafwise (1,0)-form on M satisfying

d0p=aAdp+dpAa (mod CO(M)dpAdp).

Proof. — First see that this equality makes sense modulo dp A dp. This
is because a leafwise (1,0)-form « is a linear functional on T1°M = Kerdp
and its extension on T*%X is unique modulo Jp.

Now we regard the equality as an equation on « and solve this. Take
a point p € M and a distinguished parametrization ¢((,t) : V. — M in
(21, 22). Then, we have at p, as an alternating 2-form,

- o 0 9?p
000, (5 7 ) = 0.0
i 0%p

- 5 82’183;2 (07 0)

i 9 (0p
~3ac (ay> (0.0)

Note that ¢ gives the standard embedding C x {0} NV C C? and we are
allowed to confuse C and z; on this image. Our local weight function (h,).,
is just given by a , therefore, we have

(89p), (6217 ai) - ;a(aq) (0,0).

Similarly,

= a 9
(aAOp), <E?z:1’ 8,22> =

o (5) 5000,

Hence, « should agree with the one given above.
This « actually gives the solution since we can check the equality by
looking at

000, (s ) =0 @00, (5 ) = @ (5 )

Since we want to compute 0dp only modulo dp A Op, we can ignore the

contribution coming from (99p), (6—22, 6—%) O

TOME 65 (2015), FASCICULE 6
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3. An adjunction-type equality

In this section, we relate the totally real Ricci curvature, which we are
going to estimate, with the form « via the Gauss’ equation. Let M be
an oriented C2?-smooth Levi-flat real hypersurface without boundary in a
Kahler surface (X, Jx, g). We restrict the Riemannian metric g on M and
denote by VM RM RicM its Levi-Civita connection, curvature tenor, Ricci
tensor respectively. We will compare the bisectional curvature of X and the
totally real Ricci curvature of M and see that their difference is exactly the
squared norm of & induced from the signed boundary distance function.

We consider near M the signed boundary distance function § with respect
to the Riemannian metric g, namely,

é(p) =+ nf, dist, (p, q)

where we choose the sign so that § becomes a defining function of M. It is
well-known that § is actually of C2-smooth near M. Using this particular
defining function § of M, we induce a hermitian metric, simply denoted
by h2, on the holomorphic normal bundle N i}o as described in §2.2, and
consider the form « with respect to this h2.

Under this setting, we compute the difference in terms of « as follows:

PrOPOSITION 3.1. — The following equality holds:
H (o7,0n5) — RicM (£,€) = dia N@/w
where w is the fundamental form of g and the ratio of ia AN@ and w is taken

as quadratic forms on TVOM.

The main ingredient of the proof is Gauss’ equation: for any real hyper-
surface M in a Riemannian manifold, we have

9(R(v1,va)v3,v4) — g(RM (1, v2)v3, 04)
= g(Avi, v3)g(Avz, va) — g(Avz, v3)g(Avi, va)
where v; € TM and A denotes the shape operator of M C X, namely, for

veTT,M, we let
Av = -V,veT,M.

Proof of Proposition 3.1. — Fix a point p € M and take a distinguished
parametrization around p, say ¢((,t) : V — M in (21, 22). Applying Gauss’
equation at p for

0 0
U1v4<8$1) , W2U3(8$2) :fp
p p

ANNALES DE L’INSTITUT FOURIER
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0 0
mmes (), oo (o), 7o
p p

respectively and adding resulting two equalities, we have at p

and

H (o7,0n5) —RicY (£,€)

_ a9 e 9 e
(3.1) =94z -8) +9(A5 -, 8)

o 0 g 0
—g(A¢,§) (g(Aaxl’ 87331) + Q(AaTJla 6y1)) .
Note that the totally real Ricci curvature at p is by its definition
0 0 0 0
- M _ v v Y v
Ric (6,6) =gl (506 ) € o) + 9l (€] € )

We observe that the last term in (3.1) is zero. This is because any complex
submanifold in any K&hler surface is minimal with respect to the Kéhler
metric, hence, the trace of the shape operator restricted on the tangent
space of a complex submanifold is always zero. We therefore have

0 0
H (o7,0n) — Ric" (£,€) = g(Aa—ml,fV *9“4371792'

The rest of the proof is to show the equality

9 2 0 9 . _
9(14876175) Jrg(AaT;l’E) =dia Najw

by direct computation. First we compute its first term at p

0
Q(Aaixlvf) = —Q(V%M £).

Our normal vector field v is expressed as

U= Gza, <a _ Jz1y: i _ y1y2 8)
9z1219y2y2 — (gglyg +951y2) Y2 Gryay 01 Gyyy, O

on C x {0} NV where we use notations
—g(2 9 —g(2 9 —g( 2 9
g:cja:k =g axj ) al'k 9 gz_jyk =g 8$j’ 8yk ) gyjyk =49 ayj’ 6yk

TOME 65 (2015), FASCICULE 6
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for short. Using the explicit expression of the Christoffel symbol of the
Levi-Civita connection and the Kéhlerity of g, we have at p

0 a 9
AL )= z 2
g( 6$17£) g(V% ay27 81'2)

N~ N~ N

0 0 0
ngszQ + %gzlzg - 871‘29131];2

9, 9
5yz gaf1332 8.%'2 gxlyz

(@)
8y1 gIzIz .

We can compute the second term at p in the same way:

0 1/ 0
g(Aaiy17£) - 5 (axlgaﬂzxz> :

On the other hand, we have on C x {0} NV,

/N 7N

a6 0 g2, + g2
3.2 h _ - v, —) = o — Z1Y2 Y1y2 .
( ) ® ayQ g( 8y2 ) \/g 22 gxlxl
and we have at p
iaNajw = ilo h 2*i 9 2+ o ’
o 821 & ® o 16 81‘1 91212 8y1 ngmQ '

This completes the proof. O

COROLLARY 3.2. — Let M be an oriented C?-smooth Levi-flat real hy-

persurface without boundary in a Kéhler surface X. Then its totally real
Ricci curvature satisfies

Ric"(¢,€) < H (or,0n).
In particular, when X is CP? equipped with the Fubini-Study metric,
Ric" (£,¢) < 2.

Remark 3.3. — The induced metric h,, in (3.2) is exactly the metric in-
duced from the adjunction formula for Levi-flat real hypersurfaces (cf. [8]),

Kx|M ® N, = (TY°M)*.

Here we equip Kx|M and (TH°M)* with the hermitian metrics induced
from the given Kéhler metric g. From this viewpoint we will revisit
Takeuchi’s inequality [22] in Appendix A.

ANNALES DE L’INSTITUT FOURIER
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4. An integral formula

In this section, we will prove an estimate for L?-norm of smooth sec-
tions of hermitian holomorphic line bundles over pseudoconcave domains
in Kéhler surfaces. This will be used in the next section to show a finiteness
theorem for holomorphic sections of negative holomorphic line bundles over
domains with Levi-flat boundary in CP?2.

As in the previous sections, let X be a complex surface equipped with
a Kéhler metric g and denote its fundamental form by w. We consider a
relatively compact domain € X with C2-smooth boundary M. Later we
will assume M to be pseudoconcave in §4.2 or Levi-flat in §5.

Take a defining function p of M that is extended on Q. We normalize our
defining function so as to satisfy |dp|, = 1 on M; this is always possible
replacing p by p/|dp|, near M and using a partition of unity argument.
Later in §5 we will choose p as the signed boundary distance function to
M. We will denote by dvy; the area element of M with respect to the
restriction of the Riemannian metric g on M.

4.1. An integral formula for functions over complex manifolds

The main ingredient of our L?-estimate is an integral formula for func-
tions, which has already appeared in Griffiths’ paper [12].

Choose locally an orthonormal frame w!,w? of (1,0)-forms with dual
frame Ly, Ly of TV9X with respect to the hermitian metric g. On M,
we also require that w? = /29p. Then, L, gives a local trivialization of
the holomorphic tangent bundle T%°M and the Levi-form of M can be
identified with a scalar function, say £,(p) = 89p(p)(L1, L) for p € M. It
is easily seen that ¢, is independent of the choice of the orthonormal frame.

We now define the nonnegative (1, 1)-form w, by

w, = 2i0p A Dp.

What is important is that the form w, has essentially the same properties
as the form €, in the paper of Griffiths [12] for n = 2. One can then prove
the following integral formula (see also [12, p. 433]):

THEOREM 4.1. — For any function g € C>®(Q) one has
/(iagg) ANwp — / igdow,, :/ g - Lyddvyy.
Q Q M

TOME 65 (2015), FASCICULE 6
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Proof. — First of all it is easy to check that one has

(4.1) i(0 — 0w, | M = 8L dvs.
Indeed,
(4.2) i(0— d)w, = —2(0 —)(0p A dp) = 200p A (9p — Dp).

On the other hand, we have
1 _
(4.3) dvyr = xdp | M = ! N1 A (Op — Dp).
Since dp A Op =0 on M, (4.2) and (4.3) imply (4.1).
Now (4.1) and Stokes’ theorem imply

(4.4) / g-Lyddvy = + / 4i(0 = D), = = [ dfgi(d - D), ).
M 2 M 2 Q

But for bidegree reasons
d{gi(0 — O)w,} = —2giddw, + dg A i(0 — D)w,
= —2gi00w, + i (—0g N Ow, + g N Ow,)
= —2gi85wp +d {z (8g ANwp — dg A wp)} +2i00g A Wp-

By (4.4) and Stokes’ theorem again (note that w, | M = 0), we get

/ g~€p4de:/iagg/\wp—/giagwp.
M Q Q

4.2. An estimate for sections over pseudoconcave domains

Let L be a holomorphic line bundle on X with a hermitian metric h. For
an (open or closed) subset W C X we will use the following notations for
sections over W:

— Cp°(W, L) denotes the space of smooth p-forms with values in L.

— C2°(W, L) denotes the space of smooth sections of L with compact
support in W.

— Lg’q(I/V, L) denotes the Hilbert space of square-integrable (p,q)-
forms with values in L with respect to the L2-norm || - || induced by
g and h.

ANNALES DE L’INSTITUT FOURIER
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The Chern connection D = D’ + D" of L is the unique connection
whose (0,1)-part D" coincides with the canonical d-operator of L and
which is compatible with the hermitian structure of L; that is for every
51 € C0(X, L), s2 € C°(X, L) we have

(45) d{Sl, 52} = {DSl, 82} + (—1)[){81, DSQ}.

Here the sequilinear map { , } is defined as usual: If e is a local frame of
L,and s1 = f1 ®e, so = fo ® e, then

{51,821 = fr /\?2|€|2-

We denote by O(L) the curvature of D for given h.
We can now prove the following:

PROPOSITION 4.2. — Assume that M is pseudoconcave, i.e. £, < 0.
Then for any section s € C*(£2, L) one has

[ 18P (<0(E) A, = i00i3) <4 [ (B -y + 051 |- 0, V..

Proof. — Let s € C*°(Q2, L). We will apply Theorem 4.1 with g = |s|.

First recall that in a local holomorphic frame e one has |s|? = |f|?e~Y,
D' =9 — 0 A- and iO(L) = i00y where we denote s = f ® e and
le|> = e~ Y.

A straightforward computation shows that
i00|s|> =i(0f ADf + D'f ND'F — 00| f|?)e ¥
1+ i((9f — 9 NBF)T + (0T — OF A D)) .
Hence we obtain
/ i00|s|* Aw, = / (iDs A Ds +iD's A D's — |s|%iO(L)) A Wy
Q Q
(4.6) + 2Re/ i{D's, s} Aw,
Q
> / —|s[2iO(L) A w, + 2Re/ i{D'8s, s} N w,.
Q Q
Using (4.5) we have

{D'0s,s} = {Dds,s} = {0s, Ds} + d{0s, s}.

For bidegree reasons we have {9s, Ds} A w, = {ds,0s} A w,. Therefore we
obtain

/i{D’gs,s} ANw, = / i{0s,0s} A w, +/ id{0s, s} A w,,
Q Q )
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and the second term is
/ id{0s,s} Nw, = / id({0s, s} Aw)) +/ i{0s, s} A 0w,
Q Q Q
= / i{0s,s} Nw, + / i{0s, s} A Ow,
M Q
= / i{0s, s} A Ow,,
Q

where the last equality holds since w, | M = 0. Combining this with (4.6)
we have

/ i00|s|* A w,
Q

2/ —|s[2iO(L) Aw, — 2Re/ (i{0s,0s} Aw, — i{Ds, s} A Ow,)
Q Q

/—| 2i0(L )/\wp—4/|83|2 lw,ldV, —4/ @] - || - |0, |dVL,
Q
where the last inequality holds since dV,, = —§w AT AW? A2

Together with Theorem 4.1 we then get from our assumption £, < 0

02/ |s|2£p4de
M
:/i85|s|2/\wp—/ |s[2i00w,,
> [ o) Aw,—4 [ 57 foylav
—4/ 05| - |s] - |Ow,|dV,, — /| 2100w,

This proves the proposition. O

5. Finiteness of the space of holomorphic sections over
Levi-flat domains

In this section, we will apply the estimate of Proposition 4.2 to negative
holomorphic line bundles L = O(—m), m > 0, over a domain Q with
smooth Levi-flat boundary M in CP?. Here, of course, we equip CP? with
the Fubini-Study metric gps and L = O(—m) with the hermitian metric
induced from gpg.

We obtain the following
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PROPOSITION 5.1. — Let 2 C CP? be a domain with C*-smooth
Levi-flat boundary M with Ric™(£,6) > 2 — 2m. Then the space
L3 (22, 0(—m)) NKerd is finite dimensional.

Proof. — Choose a defining function p of M so that it agrees with the
signed boundary distance function with respect to the Fubini-Study metric
near M. The proof is based on the observation that there exists ¢ > 0 such
that

(5.1) —i0(0(—m)) Aw, — i00w, > edV,,4

holds on a neighborhood of M if and only if RiCM(ﬁ, &) >2—2m.
Let us now present the details. First note that the first term is

—i0(0(—m)) Aw, = mwps A wp.
From Lemma 2.3, the second term is
—i00w, = —i0d(2i0p A Op)
= 2i00p N i0dp
=2i(aANdp+IpAa)Ni(aANdp+dp A@)
= -2iaNaAw,

on the points in M. Hence, it suffices to compare mwprg with 2ia A@ on the
holomorphic tangent space TH9M as quadratic forms. Using a distinguished
coordinate (¢, t) around a point p € M, we have

o0 0
o (§:2)

o 0 1 M
2icANa| =—,— | = =(2 —Ric ,
(55 2) = 52~ Rie(c.€)
from Proposition 3.1 and our normalization of the Fubini-Study metric.
Therefore,

and

m > %(2—RicM(g,§)) — RicM(£,¢) >2-2m

confirms the observation (5.1).
From (5.1), Proposition 4.2 implies that if Q' is a sufficiently large, rela-
tively open subset of ©, then for s € C>*(Q\ Q, O(—m)) we have

lls|? < 4 / (B2 - [yl + (35| - ] - |0, )dVis s

_ 5 1
S A R e L o i
Q
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for all § > 0. But this immediately implies that there exists a constant
Co > 0 such that

(5.2) Is|[2 < Col|@s||?  for all s € C(Q\ Q,0(=m)).

The estimate (5.2) implies that that there exists a constant C' > 0 such
that

(5.3) sl < C)9s|® +0/ Is]2dV,,,.  for all s € C(Q, O(—m)),
K

where K C Q is any compact containing €’ in its interior. Indeed, let x be
a smooth function on CP2, 0 < X < 1, which vanishes in a neighborhood
of ¥ and equals 1 in the complement of K. Applying (5.2) to xs we get

512 < 2lxs |2 + 2011 — x)s]?
< 2C|[3(xs)| + 2 / 5V
K
< 4G ||0s||* + 4Cy||s0x||? +2/ |52dV,, ps
K

from which (5.3) follows. It is standard to deduce from estimate (5.3) the
finite dimensionality of L ;(Q2, O(—=m)) N Kerd.
O
Considering the canonical bundle L = Kcpz = O(-3), i.e., m = 3, we
have the following finiteness result, which enables us to prove our result in
the next section.

COROLLARY 5.2. — Let Q C CP? be a domain with C?-smooth Levi-flat
boundary M with Ric™ (¢,£) > —4. Then the space L3 o(92,0(=3)) NKerd
is finite dimensional.

6. Proof of the main theorem

In this section, we will complete the proof of our Main theorem. The idea
is to combine Corollary 5.2 with the following well known result:
Let X be an n-dimensional Kéhler manifold. Assume that X ad-
mits a complete Kéahler metric and a bounded plurisubharmonic
function which is strictly plurisubharmonic on a nonempty open
subset of X. Then the space of L?-holomorphic n-forms is infinite
dimensional.
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This result is essentially contained in [14] or [7]. In our paper, we will
need this very general result for the special case of a pseudoconvex domain
in CP™:

PROPOSITION 6.1. — Let Q C CP" be a domain with C2-smooth pseu-
doconvex boundary. Then dimLj (€2, O(—n — 1)) N Kerd = +oc.

Note that in CP™, holomorphic n-forms can be identified with holomor-
phic sections of O(—n — 1). To make this paper self-contained, we include
a full proof of this proposition. We will use the L?-estimates for 0 in the
refined version of Demailly [7]:

Let (X,w) be a Kahler manifold of dimension n. Assume that X
is weakly pseudoconvex. Let E be a hermitian holomorphic vector
bundle over X, and let ¢ € Li. . be a weight function. Suppose
that

iO(E) 4+ 100y @ Idg > yw ® Idg

for some continuous positive function vy on X. Then for any (n, q)-
form f with L2 _ coefficients, ¢ > 1, satisfying 0f = 0 and

Jo ’Yj|f|2€7wde < 400, there exists u € L7 , (X, E) such
that Ou = f and

1
/\u|26_dew < f/fy_l|f\26_dew.
Q qJq

Proof of Proposition 6.1. — It suffices to show that for every k € N we
have dim L§ (92, O(—n — 1)) N Kerd > k.

Choose k distinct points py,...pg € Q. For each j = 1,...,k, we choose
a local holomorphic coordinate system (z{ ,...,z)) around p;. In such a
coordinate system, we identify p; with 27 =(0,...,0), and we also assume
that B, = {z | |27| < 4} C Q are mutually disjoint by taking enough
small € > 0. Let us further choose a smooth function ¢ on Q\ U?Zl{pj}
such that ¢ = 0 outside Ule Bi and ¢(z7) = nlog|z7? if |27] < £. We
then have i00¢ > —C - wps for some constant C; > 0.

Next, we will use results of Takeuchi [22] and Ohsawa and Sibony [19],
namely if  C CP" is a pseudoconvex domain with C2-smooth boundary,
then there exists some n € (0,1) such that ¢ = —§7 is strictly plurisub-
harmonic in §2; here ¢ is the (unsigned) boundary distance function with
respect to wpg. But this implies that for some constant C' > 0, we have
i09(p + C1p) > 0 in Q.

Finally, we choose C*°-smooth functions x;, j = 1,...,k with compact
support in Q such that x;(z) =11if z € Bg/Q and x(z) =0if 2 € Q\ BI.
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Observe that the (0,1)-forms f; = d(x;+>_ .., x¢21) have compact support
in U?:l Bj_\ Bg/Q.

Now a (0,1)-form with values in O(—n — 1) can be naturally identified
with an (n, 1)-form with values in L = A"TCP" @ O(—n—1) ~ O(n+1)®
O(-n-1)~C.

From [22] we know that every pseudoconvex domain Q C CP" is Stein,
hence (Q,wrg) satisfies the assumptions of Demailly’s L%-existence result.
Thus we get functions u; satisfying du; = f; with the property

/Q |uj e (PTEVaY,, . < /Q YU f1E e T AV, < 400,

where v > 0 is the smallest eigenvalue of i85(<p+0¢) with respect to wrg.

Notice that e=% = |27| 72" forall z € Bg/2 and that e~“¥ is bounded from
above and from below by constants on Q. Hence we must have that u;(p¢) =
0 for ¢ :,1’ ..., k. Furthermore, we have that h; = x; + >, Xezt — uj
satisfies Oh; = 0 and

/Q PV, < +oc.

By our construction, hj(p;) =1—0=1, and for £ # j, h;j(p¢) =0—-0=0.
So in particular, we have h;(pe) = 6;s.
Hence dimL§ (€2, O(—n — 1)) N Kerd > k. O
We would like to remark that Proposition 6.1 gives an improvement for
the unweighted case of [13, Proposition 4.3].

Proof of the Main theorem. — Assume by contradiction, that M is
an oriented C?-smooth closed Levi-flat real hypersurface in CP? such that
RicM (£,€) > —4 everywhere along M. Then M bounds a domain  and,
using Corollary 5.2, L(Q)’O(Q, O(-3)) N Kerd is finite dimensional. On the
other hand, this space is infinite dimensional according to Proposition 6.1.
This contradiction completes the proof. O

Appendix A. A revisit to Takeuchi’s inequality

In this appendix, we revisit Takeuchi’s inequality in a special case, do-
mains with Levi-flat boundary, and reveal an equality that is hidden behind
Takeuchi’s inequality. Based on this formula, we also observe that recent
studies on the Diederich—Fornaess index [1], [9] involve a general restriction
on the totally real Ricci curvature of Levi-flat real hypersurfaces in Kéhler
surfaces.

Let us recall Takeuchi’s inequality with the explicit constant.
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THEOREM A.1 ([22], [11]). — Let Q@ & CP™ (n > 1) be a proper pseu-
doconvex domain. Denote by § the unsigned boundary distance function to
0 with respect to the Fubini—Study metric wgg. Then the inequality

— 1
100(—logd) > JWFs
holds in Q) in the sense of currents.

When n = 2 and the boundary 9 is a C3-smooth Levi-flat real hyper-
surface M, we can deduce an inequality along M.

COROLLARY A.2. — Let M be an oriented C3-smooth Levi-flat real hy-
persurface without boundary in CP2?. Consider the signed boundary dis-
tance function to M with respect to wrs and induce from it a hermitian
metric h on the holomorphic normal bundle Nj/}o. Then, the Chern curva-
ture of h along T°M denoted by ©(N,;’) satisfies the inequality

) 1
(A1) iO(N") > SWFS

as quadratic forms on TVOM.

Proof. — By taking a limit of Takeuchi’s inequality toward the tangential
directions of M. See the proof of [2, Proposition 3.3]. |

Remark A.3. — One can see that the constant in (A.1) can be improved
to 1/2 if one looks carefully at the proof of Takeuchi’s inequality. See e.g. [5].

Now we are going to derive an adjunction-type equality hidden in the
inequality (A.1). Let M be an oriented C3-smooth Levi-flat real hypersur-
face without boundary in a Kéahler surface (X, Jx,g). We restrict g on M
as before and use the same notation as in §2 and §3. We shall consider an
extrinsic curvature of the leaves of the Levi foliation F in M: we define for
peM

)2

where z; = x1 + iy; is the first coordinate of a distinguished parametriza-
tion around p, say ¢((,t) : V. — M in (21 = z1 + iy1, 22). This curva-
ture G/ may be referred to as the Gauss—Kronecker curvature or the
Lipschitz—Killing curvature of the leaves of F. They are usually defined
for real hypersurfaces or real submanifolds in the Euclidean spaces by the
same formula, namely, the determinant of the shape operator.

We used the shape operator of the leaves of F in M to define Gz/p;.
Instead of it, one may use the shape operator A of M in X because of the

9 9 9
o M M _ M
Grm(p) =9(Vig & 5 )0(Voa &5 ) —a(Vos & 5 -
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Kéhlerity of g: we have at p € M

0 0
(A.2) Grm(p) = Q(V%JX% %)Q(V%JXV» aT/1)

o 0
— g(Vag1 Jxv, %)Q(V%JXVy 8761)

0 0
= Q(V%% JX%)Q(V%% JX@TH)

0 0
—9(V 2 v, JXaT,l)g(v% v, JXE)T:l)

a 9 g 0 g 0
A ) T (A 5 )g(Am—, ).
6.%‘1 8y1 8I1 8l‘1 ayl 8y1
Hence G z/ps < 0 because the leaves of F are minimal in X and the trace
of the shape operator A restricted on or is zero.

=—g(A

PROPOSITION A.4. — The following equality holds on M :
H (or,0n) — 2G5/ = 4iO(N,}) Jw
where the ratio ofi@(N]{/’[O) and w is taken as quadratic forms on TOM.

Proof. — We work in the same local situation of Proposition 3.1. We
denote by P = C x {0} NV the plaque of the leaf passing through p and
by Ric” its Ricci tensor with respect to the restriction of g on the leaf.

Since (3.2) is equivalent to

o 0 s o 0
g <a a) Vg = det [9 <a M)L,kzl,;

we have at p

ZQ(N&O)/ = azlaz—l (_ IOg h#’)
YA R I
= B (Rlc(am,az) — Ric (821781)>

1

= (H(aT,aN) + H(or,o7) — g(R"(

1 9 9.0 0
Z .

day’ Oy Oy1” Dy
Repeated use of Gauss’ equation and (A.2) yields

g o0 .0 0
H(or,or) — g(RP(a—xl, o) By By

o o0 .0 0
:H(UT’UT)_g(RM(Tm’Tm)@’%)_GI/wf

=—2Gr/m
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and this completes the proof. g

Remark A.5. — By exploiting the formula of Matsumoto [17], Oh-
sawa [18] substantially derived this equality when X = C? and g is the
Euclidean metric. Here we quote the result of Ohsawa:

Let A be a non-singular complex curve in C? and denote by 4
the Fuclidean distance to A. Take zy € A and a real normal
line v of A at zy. Consider smooth level sets M. := &' () for
0 < & < 1. Then, i00log 6 4(z) evaluated on T+°Mj, . tends to
the Lipschitz—Killing curvature of A at zy in the direction of v as
2z — zo through the normal line v.

We conclude this paper with a remark on a general restriction on the to-
tally real Ricci curvature of Levi-flat real hypersurfaces in Kéhler surfaces.
In the first part of the proof of the theorem of Bejancu and Deshmukh, the
following rigidity result is used.

PROPOSITION A.6 ([3, Remark in p.272]). — Let M be an oriented C*°-
smooth compact Levi-flat real hypersurface without boundary in a Kéhler
manifold of dimension > 2. Suppose that the totally real Ricci curvature
RicM (¢,€) > 0 is non-negative along M. Then Ric™ (¢,€) = 0 everywhere
on M.

We would now like to point out that a weaker version of this proposition
follows from our adjunction-type equalities, Proposition 3.1 and A.4, and
recent studies on the Diederich-Fornaess index [1], [9].

COROLLARY A.7. — Let M be an oriented C3-smooth closed Levi-flat
real hypersurface in a Kéhler surface (X, Jx,g). Suppose that M is a
boundary of a relatively compact domain 2 € X. Then, the totally real
Ricci curvature Ric™ (€,€) cannot be > 0 everywhere on M.

Sketch of the proof. — Suppose Ric™ (&,€) > 0 on M. Proposition 3.1
and A.4 yield

4i0(Ny)/w = H(or,0n) — 2G £/
> H(or,on)
= dia AN@jw + Ric™ (€, €)

> dia Najw.

We therefore have an inequality {© (N ]1\/}0) > ja A @ as quadratic forms on
TOM.
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Following [2, Theorem 1.1], this inequality implies that the Diederich—
Fornaess exponent in a weak sense of the signed boundary distance function
p to M with respect to g is greater than 1/2, namely, ,\/m is strictly
plurisubharmonic in €2 except a compact subset. This contradicts the global
restriction on the Diederich—Fornaess index of relatively compact domains
with Levi-flat boundary proved in [1] and [9].

More precisely, since our domain €2 need not to be Stein, the global
restriction stated in these papers cannot be applied literally, however, the
argument in [9] still works in the current setting. We leave its detail to the
reader. g
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