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SUCCESSIVE MINIMA OF TORIC HEIGHT
FUNCTIONS

by José Ignacio BURGOS GIL,
Patrice PHILIPPON & Martin SOMBRA

ABSTRACT. Given a toric metrized R-divisor on a toric variety over a global
field, we give a formula for the essential minimum of the associated height function.
Under suitable positivity conditions, we also give formulae for all the successive
minima. We apply these results to the study, in the toric setting, of the relation
between the successive minima and other arithmetic invariants like the height and
the arithmetic volume. We also apply our formulae to compute the successive
minima for several families of examples, including weighted projective spaces, toric
bundles and translates of subtori.

RissUME. —  Etant donné un R-diviseur torique métrisé d’une variété torique sur
un corps global, nous démontrons une formule pour le minimum essentiel de la fonc-
tion hauteur associée. Sous des hypotheses de positivité convenables, nous donnons
également des formules pour tous les minimums successifs. Nous appliquons ces ré-
sultats & I’étude, dans le cadre torique, des relations entre les minimums successifs
et d’autres invariants arithmétiques comme la hauteur et le volume arithmétique.
Nous appliquons aussi nos formules au calcul des minimums successifs de plusieurs
familles d’exemples, incluant les espaces projectifs pondérés, les fibrés toriques et
les translatés de sous-tores.

1. Introduction

The height is a tool that is ubiquitous in Diophantine geometry and
approximation. It plays a central role in the proof of finiteness results on
integral and rational points on curves and Abelian varieties like the the-
orems of Siegel, Mordell-Weil and Faltings, see for instance [19, 6]. It is
also very useful in transcendence theory and in the context of Schmidt’s
subspace theorem.

Keywords: Height, essential minimum, successive minima, toric variety, toric metrized
R-divisor, concave function, Legendre-Fenchel duality.
Math. classification: 14G40, 14M25, 52A41.
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Arakelov geometry provides a convenient framework to define and study
heights. Let K be a global field, that is, a field which is either a number
field or the function field of a projective curve, and let X be an algebraic
variety over K of dimension n. To an (adelically) metrized R-divisor D on
X one can associate a real-valued height function

hy: X (K) — R
on the set of algebraic points of X, see § 3 for details. It is a generalization
of the notion of height of algebraic points of projective varieties considered
by Northcott, Weil and others.
Given 1 € R, we denote by X (K)c,, the set of algebraic points p € X (K)
witE h5(p) < 7. Fori=1,...,n+ 1, the i-th minimum of X with respect
to D is defined as

H%(X) = inf{n € R | dim (m) >n—i+1}

In particular, the first minimum is the infimum of the real numbers 7 such
that the set X (K)g, is dense. It is also called the essential minimum of X
with respect to D, and denoted u%S(X ).

These successive minima contain important information on the height
function. The effective version of the generalized Bogomolov conjecture asks
for an explicit lower bound for the essential minimum of certain varieties
in terms of geometric and arithmetic data. Such lower bounds have been
extensively studied and have several applications in Diophantine geometry
and computer algebra, see for instance [2, 1].

Our aim in this text is to study the successive minima of height func-
tions in the toric setting. Toric objects can be described in combinatorial
terms, and their algebro-geometric properties can be expressed and stud-
ied in terms of this description. In particular, a proper toric variety X of
dimension n over an arbitrary field is given by a fan 3 on a vector space
Nr ~ R". Recall that a toric variety is called proper if it is proper as an
algebraic variety. In combinatorial terms, this is equivalent to the fan being
complete, that is, that the union of its cones covers the whole vector space.
A toric R-divisor D on a proper toric variety X defines a polytope Ap in
the dual space Mg := Ny. There is a “toric dictionary” that translates
algebro-geometric properties of the pair (X, D) into combinatorial proper-
ties of the fan and the polytope.

In [11, 10], we started a program to extend this toric dictionary to the
arithmetic aspects of toric varieties. Suppose that X is a proper toric variety
over the global field K. Then, to a toric metrized R-divisor D on X we
associate a family of concave functions on the polytope 195,1): Ap — R,
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indexed by the places Mk of K. These functions are called the local roof
functions of D and they are zero except for a finite set of places. The global
roof function V5 is the concave function on Ap defined as a weighted sum
over all places of these local roof functions. The main theme of this program
is that the global roof function is the arithmetic analogue of the polytope
and encodes a lot of information of the pair (X, D). Among other results,
we gave formulae for the height h(X) and the arithmetic volumes \a(ﬁ)
and \ax (D) in terms of this function.

Our first main result in this text is that the essential minimum of a toric
metrized R-divisor is given by the maximum of the global roof function.

THEOREM A (Corollary 3.9). — Let X be a proper toric variety over K
and D a toric metrized R-divisor on X. Then

M5 (X) = max J5(x).

Our second main result is that, under suitable positivity hypothesis on
D, not only the essential minimum, but all the succesive minima can be
read from the global roof function.

THEOREM B (Theorem 3.16). — Let X be a proper toric variety over K
and D a semipositive toric metrized R-divisor on X with D ample. Then,
fori=1,...,n+1,

u%(X max ¥5(x),

= min
FEF(Ap)n—i+l z€F

where F(Ap)"~**1 is the set of faces of the polytope Ap of dimension
n—1ti+ 1.

Whereas there is a considerable amount of work on upper and lower
bounds for the essential minimum, there are very few exact computations
in the literature. By contrast, Theorems A and B are very concrete and well-
suited for computations. For example, they allow to compute the successive
minima of the canonical height on translates of subtori of a projective space
as the maximum of a piecewise affine concave function on the polytope
(Proposition 5.12). The following example illustrates this computation.

Example. — Let C C IP’% be the cubic curve given as the image of the
map
1 1
P! — P3,  (to:t1) — (t% D413t gtoﬁ : iti))'
Let H be the metrized divisor of P given by the hyperplane at infinity
equipped with the canonical metric, and let D be the restriction of H to

C.

TOME 65 (2015), FASCICULE 5
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Figure 1.1 shows the local roof functions associated to D for each place
v € Mo, and Figure 1.2 shows the global roof function. This global roof
function is the sum of the local ones, and can be described as the minimal
concave piecewise affine function on the interval [0, 3] with lattice point
values

¥5(0) =0, I5(1) = glog(2) + %log(?)),
9(2) = glog(Q) tlog(3),  05(3) =0.
log(4)
. log(2) |

T T % T T T
—log(2) |- \ 1

log(3) L

v=3 v #00,2,3

Figure 1.1. Local roof functions

Figure 1.2. Global roof function
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Theorem B then implies that p2*(C) = 2 log(2)+ 3 log(3) and u%(C’) =
0. We refer to § 5.5 for explanatlons on how to do this kind of computations.

Our results allow also to compute the successive minima of toric varieties
with respect to weighted LP-metrics and of translates of subtori of a pro-
jective space with the Fubini-Study metric, generalizing the computation
of the successive minima of a subtori with the Fubini-Study metric in [25].
Another nice family of examples is given by toric bundles on a projective
space, including Hirzebruch surfaces. We refer the reader to § 5 for the
details and the explicit formulae.

A well-known theorem of Zhang shows that the successive minima of a
height function can be estimated in terms of the height and the degree
of the variety [29, 30], This result plays a key role in the proof of the
Bogomolov conjecture for Abelian varieties and its ulterior developments,
including the study of the distribution of Galois orbits of points of small
height, see for instance [15, 28].

As a direct consequence of Theorems A and B and our previous results
n [11, 10], we obtain a simple proof of Zhang’s theorem in the toric case.
This approach allows also to prove this result for an arbitrary global field
and to relax the positivity hypothesis on the metrized R-divisor.

THEOREM C (Theorem 4.1). — Let X be a proper toric variety over K
of dimension n and D a semipositive toric metrized R-divisor on X with
D big. Then

n+1 h*(X)

ZHD m < (n 4+ DppE(X).

Using our formulae, we can easily construct examples of semipositive
toric metrics on the hyperplane divisor on Pf showing that almost every
configuration of successive minima and height can actually happen.

THEOREM D (Proposition 4.3). — Let n > 0 and v, 1, ..., tint1 € R
such that

(11) [ 2/1/11—1-1 and Z,uz X n+1)

Then there exists a semipositive toric metric on H, the hyperplane divisor
on P%, such that

h#(P") =v and piﬁ(IP’") =u; fori=1,....n+1.

TOME 65 (2015), FASCICULE 5
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The case left aside in (1.1) deserves a separate explanation: we show that
if, with the hypothesis of Theorem C, we have the equality

h5(X)

degp(X) = (n+ 1us*(X),

D

then the function Y5 is constant and, necessarily, u%(X ) = us(X) for
all 7, see Corollary E below. This observation is relevant when applying the
known equidistribution results on Galois orbits of small points in the toric
case.

By replacing the height of the variety by its x-arithmetic volume, Zhang’s
lower bound for the essential minimum extends to the case when the metrics
are not necessarily semipositive: if X is a proper variety of dimension n over
a number field and D is a metrized divisor on X with D big, then

vol, (D)
(n+ 1) vol(D)’

see for instance [13, Lemme 5.1]. This lower bound is a key result in the

(1.2) WS (X) >

study of the distribution of the Galois orbits of points of small height.
Indeed, all known results in this direction are applicable only when the
inequality (1.2) is an equality. This includes the equidistribution theorems
of Szpiro, Ullmo and Zhang [26], Bilu [5], Favre and Rivera-Letelier [17],
Chambert-Loir [12], Baker and Rumely [3], Yuan [28], Berman and Bouck-
som [4], and Chen [14].

In the toric case, we can also derive a simple proof of the inequality
(1.2) for arbitrary global fields and toric metrics on a big toric R-divisor.
More importantly, we can characterize the cases when equality occurs. The
following statement is a direct consequence of Propositions 4.4 and 4.6.

COROLLARY E. — Let X be a proper toric variety over K of dimension
n and D a toric metrized R-divisor on X with D big. Then
vol, (D)

ess(X) > X
K5 X 2 53 valD)
with equality if and only if Y5 is constant. If this is the case, then p%(X )=
nS(X) for all 4.

The condition that the roof function is constant is very strong, and it is
equivalent to the fact that the v-adic metrics in D can be derived from the
canonical metric by translation and scaling (Remark 4.8). In particular,
these are the only toric metrics to which the equidistribution theorems
mentioned above can be applied.

ANNALES DE L’INSTITUT FOURIER



SUCCESSIVE MINIMA OF TORIC HEIGHT FUNCTIONS 2151
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2. Preliminary results

In this section we gather some preliminary results on global fields and
on convex analysis.

2.1. Global fields

A global field K is either a number field or the function field of a smooth
projective curve over an arbitrary field, equipped with a set of places IMk.
Each place v € My is a pair consisting of an absolute value |- |, on K and
a positive weight n, € Qs¢, defined as follows.

The places of the field of rational numbers Q consist of the Archimedean
and the p-adic absolutes values, normalized in the standard way, and with
all weights equal to 1. For the function field K(C) of a smooth projective
curve C over a field k, the set of places is indexed by the closed points of
C. For each closed point vy € C, we consider the absolute value and weight
given, for a € K(C)*, by

—ord, (a
oy = ¢ 7@, ny, = [k(v) : K],

where ord,, (o) denotes the order of « in the discrete valuation ring Oc,y,
and
e if #k = oo,
C =
#k i #k < oo.

Let Ky denote either Q or K(C), and let K be a finite extension of K.
The set of places of K is then formed by the pairs v = (] - |, n,) where ||,
is an absolute value on K extending an absolute value | - |,, on Kq and
(Ko : Ko,v]

(2.1) Ny = K Ko Ny

TOME 65 (2015), FASCICULE 5
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where K, denotes the completion of K with respect to |- |,, and similarly
for Ko v, By [20, Proposition XII.6.1], the weight n, can be also written
as
e(v/vo)f(v/vo)n

[K . KQ} vor

where e(v/vg) is the ramification degree and f(v/vg) is the residual degree
of v over vg. Therefore, the notion of global field in this paper is compatible
with that in [11, Definition 1.5.12].

In the function field case, the extension K/Kg corresponds to a dominant
morphism B — C of smooth projective curves and K = K(B). However,
the set of places of K depends on the extension and not just on the field K.

Given v € Mg and vy € MWik,, we write v | vg whenever | - |, extends
| - |vo- The set of places of K satisfies, for all vy € Mg,

(2.3) va = Ny,

v|vg

(2.2) n, =

and the product formula

H la|?» =1 for all @ € K*.
vEMK

Both properties are well-known in the case of number fields. In the func-
tion field case, the equality (2.3) follows from the projection formula [21,
Proposition 9.2.11], whereas the product formula for K follows from (2.3)
and the product formula for Kg.

We will first construct finite extensions of K of arbitrary degree that are
totally split over a given set of places. To this end, we need the following
consequence of Hilbert’s irreducibility theorem.

LEmMA 2.1. — Let f(z) € K[z] be a separable polynomial of positive
degree, S C My a finite subset of places of K and (e,)yes a collection of
positive real numbers. Then there exists an element ¢ € K such that the
polynomial f(z)+ c is irreducible in K[z] and |c|, < €, for allv € S.

Proof. — We want to use Hilbert’s irreducibility theorem for fields with
a product formula in [16, Theorem 3.4]. To this end, we need to show that
any global field satisfies its hypothesis. The first hypothesis is that the
field is either of characteristic zero or imperfect of positive characteristic.
Since, if char(K) > 0, then K is the function field of a curve over a field of
positive characteristic and so it is not perfect. Thus, this hypothesis holds
for global fields. The second one is a density hypothesis that, when K is a
number field, follows from the strong approximation theorem and, when K

ANNALES DE L’INSTITUT FOURIER
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is a function field, follows from the Riemann-Roch theorem for curves over
an arbitrary field given in [21, Theorem 7.3.17].
Consider the polynomial

F(z,y) = f(z) +y € Klz,y].

Being irreducible in K]z, y] and of positive degree in z, it is also irreducible
in K(y)[x]. Then [16, Theorem 3.4] implies that there exists ¢ € K such
that F(z,c) = f(z) + c is irreducible in K[z] and |¢|, < &, for all v € S as
stated. ]

LEMMA 2.2. — Let d > 1 be an integer and S C Mk a finite subset of
places of K. There exists an extension L/K of degree d such that, for all
v € S, there are d different extensions of the absolute value | - |, to L.

Proof. — Let B1,...,84 € K such that 8; # 5, for i # j. Set f(z) =
H;l:l(x — Bi) € K[z], which is a separable polynomial of positive degree.
For v € S, put

1 . d
Ey = (Zrznggl|ﬁl _ﬁj‘v) .

By Lemma 2.1, there is an element ¢ € K such that f(z) + ¢ is irreducible
and |c|, < €, for v € S. Set

L = Kla]/(f(x) + ).

Since f(x) is monic of degree d, so is f(x) + c¢. Denote by a1, ..., a4 the
roots of f(x) + ¢ in an algebraic closure of K. For v € S and i € {1,...,d}
we have that |f(8;) + ¢|, = |¢|v, from which it follows that there exists an
index o(v,7) € {1,...,d} satisfying

(24) ‘aa(v,i) - Bi|1) < |C|11)/d < 511)/d'

By the choice of €,, we deduce that o(v,7) # o (v, j) for i # j, and so o (v, )
is a bijection. Let 7(v, -) denote the inverse bijection. Then, using (2.4) and
the definition of &,, we obtain, for ¢ € {1,...,d} and j # 1,

(25) ‘ai - aj‘v > |Br(v7i) - 6T(U,j)|’0 - 2511;/d = 26111/d > 2|ai - ﬁ‘r(v,i)"w

This implies that f(z) + c is separable. Moreover, the inequality (2.5) also
implies that, for each i € {1,...,d}, we have K, (o) = Ky(Br(v,5)) = Ky If
v is non-Archimedean, this follows from Krasner’s lemma [22, page 152]. If
v is Archimedean, we only need to see that, if K, = R, then K,(a;) = R.
Assume that, on the contrary, K, («;) = C. Since the coefficients of f(x)+c

TOME 65 (2015), FASCICULE 5
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are real, there is j # 4 such that o; is the complex conjugate of a;. By
hypothesis, (,.s) € K, = R and so

laj — aily < 2] = Brviylo < min |a; — ajle,
1<5<d
J#i
which is a contradiction.
Thus, for all v € S, the polynomial f(z) + ¢ splits completely in K,[z].
Then, by [22, Proposition 8.2], this implies that there are d distinct places

of the extension L = K[z]/(f(x) + ¢) over v, completing the proof. O

Let G,, be the multiplicative group over K and T ~ G7, a split torus of
dimension n over K. Let N = Hom(G,,, T) be the lattice of cocharacters
of T and write Ng = N ® R. We fix a splitting T ~ G}, which induces
isomorphisms T(K) ~ (K*)" and Ng ~ R™. Given elements = € T(K)
and u € Ng, we denote by z; and u;, i = 1,...,n, the components of the
image of z and u under the previous isomorphisms. Consider the space

©D.con, Nr with the norm given by

H(uv)v” = Z nvZ\qu

vEMK i=1

The induced topology is called the L'-topology. It does not depend on the
choice of the splitting of T. We denote by Hg C EBvesmK Ny the subspace
defined by

(2.6) Hy = {(uv)v c P NR‘ > nou, = o}
vEMK v

with the induced L!-topology.
For each v € My, there is a map val,: T(K) — Ng, given, in the fixed
splitting, by

(2.7) val,(z1,...,2,) = (= log|z1|y, .., —log|znly)-

This map does not depend on the choice of the splitting. By the product
formula, we can define a map val: T(K) — Hg as

val(z) = (val,(z))veomy -
This is a group homomorphism, and so it can be extended to a map
val: T(K) ® Q — Hxk.

Dirichlet’s unit theorem does not hold for general global fields. Neverthe-
less, the following result, that in the case of number fields is a consequence
of Dirichlet’s unit theorem, is true in general.

ANNALES DE L’INSTITUT FOURIER
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LEMMA 2.3. — The set val(T(K) ® Q) is dense in Hg with respect to
the L'-topology.

Proof. — Since the torus is split, working component-wise, it is enough
to treat the case n = 1. Thus T(K) = K*.

First suppose that K is a number field or the function field of a curve
over a finite field. For each finite subset S C Mk we put

Hg s = {(ty)vemy € Hx | up, =0 for v ¢ S},
Ks={aeK||a|, =1forv¢g S} C K.

Dirichlet S-unit theorem [27, Chapter IV, § 4, Theorem 9] states that
val(Kg) is a lattice in Hg g. Let u € Hg. Then there exists a finite subset
S such that v € Hg . Let ¢ > 0. By the density of rational numbers, we
can find an element v’ € val(Kg ® Q) C Hg g with ||u — /|| < ¢, proving
the lemma in this case.

Now let B — C be a dominant morphism of smooth projective curves
over an infinite field & and set K = K(B) with the induced structure of
global field. In this case, Dirichlet S-unit theorem may not hold and the
lemma is a consequence of the Riemann-Roch theorem.

Let (uy), € Hg and € > 0. We have to show that there is an element
r € K* ® Q such that

() — val(z)|| < e.

Since Q is dense in R, we may assume without loss of generality that u, € Q
for all v € Mk. Since there is a finite subset S such that v € Hk g, we can
choose an integer ¢ > 1 such that qu, € Z for all v € M.

Recall that the set of places of K is indexed by the set of closed points of
B. With notation as in (2.2), we consider the Weil divisor on B given by
D= Z v/v0)quy (V).

vEMK
By the definition of the weights n, and the product formula,
deg(D) = Y e(v/vo)quy[k(v) : k] = q[K : Ko] Y nyu, =0.
vEMK vEMK
Let E be an effective Weil divisor on B with deg(E) = r > g(B), where
g(B) is the genus of B, and choose an integer
2r
=K Ko
Since deg(ID + E) = ldeg(D) + deg(E) = r > g(B), by the Riemann-
Roch theorem [21, Theorem 7.3.17] we can find an element & € K* and an

>

TOME 65 (2015), FASCICULE 5
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effective divisor E' on B with deg(E’) = r such that
(2.8) ID + E = E' +div(a).
Writing £/ — E = )" a,[v], the equation (2.8) reads

(2.9) a, = e(v/vo)lqu, —ord, () = e(v/vo)lq(uu—%valv(a» for all v.

Put z = als = a® . € K* ® Q. Using that E and E’ are effective divisors
of degree r, we deduce that

> [k(v) : kllay| < deg(E) + deg(E') = 2r
vEMK

and, using (2.9),

), = v}l = [, = vl = | (s ).
_ m S [k(v) : Klay| < zq[ﬂsﬁ <e,

0 vEMK

obtaining the result. O

Remark 2.4. — The space Hk has another natural topology, the direct
sum topology. A subset U C Hg is open for the direct sum topology if
and only if its intersections with all the subsets Hk g are open. The direct
sum topology is finer than the L'-topology. In fact, a sequence (u;)j>1 of
elements of Hx converges to u € Hg in the direct sum topology if and only
it converges in the L'-topology and there is a finite subset S C My such
that u; € Hg s for all 7 > 1.

The proof of Lemma 2.3 for number fields and function fields over a finite
field shows the stronger result that the set val(T(K)®Q) is dense in Hg for
the direct sum topology. By contrast, the proof of Lemma 2.3 for general
function fields only shows density for the L!-topology because we have no
control on the support of the divisor E’ in the equation (2.8).

Although the L'-topology is coarser than the direct sum topology, the
next result shows that it will be enough for our purposes.

LEMMA 2.5. — Let U: Ng — R be a continuous function with ¥(0) = 0
and Lipschitz at 0. Let (1y)yeom, be a collection of continuous functions
on Ng such that there is a finite subset S C Mg with ¢, = ¥ forv ¢ S.
Then the map Nr — R given by

(uv)v — Z nvwv(uv)

vEMK

vEMK
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is continuous with respect to the L*-topology.

Proof. — First note that the function in the lemma is well-defined be-
cause the sum only involves a finite number of nonzero terms. Within this
proof, we will indistinctly denote by || - || the L'-norm on Ng ~ R" or on

D, Nr.
Since W is Lipschitz at 0, there are constants B > 0 and g9 > 0 such
that, for v’ € Ng with ||u/|| < e,
W (u)] < B/l
Fix (uy)y € @, Nr and € > 0. Write
S'=SuU{veMg|u, #0}.

Since v, is continuous in u,, we can choose 0 < § < min(e/2B,gg) such
that, for all v € S,

g
245"

If |[(w))y — (uy)o|| < 0 then nyl|lu, —ul| < & for all v € Mg, and
> vgs ||| < 6. Therefore

o[y — ul|| < 6 = ny by (uy) — 1o (u)] <

Z nvwv(u;) - Z nvwv(uv)

vEMK vEMK

< Z M [Py () — Yo (uo)| + Z o [P (u)]

veS’ vgS’

€ , €
< E 2#5,4-32 nv||uv||<§+B(5<£.
ves’ vg S’

This shows the continuity at the point (u,),. Since this point is arbitrary
we obtain the lemma. g

2.2. Concavification of functions

We next introduce the concavification of a function and study its basic
properties.

DEFINITION 2.6. — Let f: Ng — R be a function. The concavifica-

tion of f, denoted conc(f), is the smallest concave function on Ng that is
bounded below by f.
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The concavification of a function may not exists but if it exists, it is
unique. Recall from [10, Definition A.1] that the stability set of the function
f is the subset of My given by

(2.10) stab(f) = {x € Mg | z — f is bounded below}.

LEMMA 2.7. — Let f: Ng — R be a function. Then conc(f) exists if
and only if stab(f) # 0. If this is the case, then for u € Ng,

l
conc(f)(u) = supZujf (u),

where the supremum is over all expressions of u as a convex combination
. ) . I
of points of Ny, that is, all expressions of the form u = >

j=1 Viuj with
teN,v; >0 forall j, 25:1 v; =1 and uj € Ng.

Proof. — Clearly, conc(f) exists if and only if there exists a concave
function g: Ng — R with f < g.

Assume that stab(f) # 0. Let x € stab(f). Then, there exists ¢ € R
such that f(u) < (x,u) + ¢ for all u € Ng. Since the function (z,u) + ¢ is
concave, we deduce that conc(f) exists. Conversely, assume that conc(f)
exists. Since conc(f) is concave, stab(conc(f)) # . Therefore stab(f) D
stab(conc(f)) is not empty.

The expression for conc(f)(u) follows from [24, Theorem 5.3], see loc.
cit. page 36. (|

If the function f is locally bounded below, we can assume that the num-
bers v; of the previous lemma are rational numbers.

LEMMA 2.8. — Let f: Ng — R be a function such that stab(f) # 0 and
which is locally bounded below. Then, for u € Ng,
d

conc(f)(u) = sup fuy),

ISHE

.
Il
_

. . d ;
where the supremum is over all expressions of the form u = é > 1 Uj with
u; € Ng.

Proof. — By Lemma 2.7, it is clear that

f(uy).

conc(f)(u) = sup

<
Il
-

IS
=

Thus, we only need to show the other inequality. Let € > 0. By Lemma 2.7
we can find a convex combination u = Z?Zl vu; with v; > 0 for all j and
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Zﬁ:l v; = 1 such that

k
(2.11) conc( Zl/jf (uj) +€/2.
j=1

Fix an isomorphism Ng ~ R™ and consider the associated L'-norm, that
we denote by || - ||. Since stab(f) # 0 and f is locally bounded below, the
function |f]| is bounded on compact subsets. Therefore, there is a constant
B > 0 such that |f(v)|] < B for all v € Ng with |jv]| < 223 1 g In
particular, |f(u;)| < B.

Set n = min{ 75,1, .., v} > 0 and choose integers d > 1 and a; > 1,
7 =1,...,k, such that

(2.12) S<y—2<n
Put
k k
_ . vy
o =d= Y = (=32 %)

j=1 j=1
k+1 a; k+1 a;

so that >0, 7 =1 and > ;") “Fu; = u holds. Moreover, the inequalities

in (2.12) 1mply that k;’ < akd“ < kn and

k
d a;
||uk+1||<HakH(u;d w)| < annu]n 2Z||uj||

Thus | f(ug+1)| < B. Now we compute

k k+1 ) )
Sovattun) - 3= )| < | 3 (1= % ) ) - 2 )
Jj=1 j=1 j=1

< nkB +nkB < ¢/2.
Combining this with (2.11),

1k
conc( Zajf (uj) +e,
which proves the result. O
Remark 2.9. — 1In the previous lemma, the hypothesis that f is lo-

cally bounded below is necessary because there exist non-concave functions
that satisfy the concavity condition for rational convex combinations. For
instance, a discontinuous Q-linear function from R to R is not concave
because it is not continuous, but it satisfies the concavity condition for
rational combinations because it is Q-linear.
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The condition of being locally bounded below is trivially satisfied if f is
continuous.

The next result gives a criterion for the stability set of a conic function
to be nonempty and, a fortiori, for the existence of its concavification.

LEMMA 2.10. — Let ¥: Ng — R be a conic function. Then stab(¥) # ()
if and only if, for all collections of points u; € Ng, j = 1,...,¥¢, such that
Z§:1 uj = 0, we have

L

(2.13) > W(uy) <0.

j=1

Proof. — Suppose that, for all zero-sum families of points u; € N,
j=1,...,¢ the inequality (2.13) holds. For u € Ng, set

¢
(2.14) D(u) = supz U(w;) € RU{oo},
j=1
where the supremum is over all w; € Ngr, j = 1,...,¢, such that u = Zj w;.

By (2.13) applied to the points —u and wj, j =1,...,¢,

U(w;) < —¥(-u)

14
=1

J

and so the supremum in (2.14) is finite. Hence, (2.14) defines a conic
function ®: Ng — R. By construction, ® is concave and & > W. Hence,
stab(¥) D stab(®) # (.

Conversely, assume that stab(¥) # (). Let « € stab(¥). Since ¥ is conic,
we have U(u) < (x,u). Thus
¢ ¢

U(u;) <Y (w,u5) = 0.

1 j=1

J

O

LEMMA 2.11. — Let f: Ng — R be a function with stab(f) # 0 an
g: Nr — R another function with |f — g| bounded. Then stab(g) # () and
| conc(f) — conc(g)| is bounded.

QL

Proof. — If |f — g| is bounded, then stab(f) = stab(g), which gives the
first statement. Since |f — g| is bounded we can choose B > 0 such that
|f(u)—g(u)| < B for all u € Ng. Fix a point u € Ng and consider a convex
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combination of points of Ny

14
u = E l/jUj.
j=1

Then

l
D vif(uj) = conc(g)(w) < 3 v;f(u) Zng u )

Jj=1

Since this is true for any convex combination as above, we deduce

conc(f)(u) — conc(g)(u) < B.

By symmetry conc(g)(u) — cone(f)(u) < B and the second statement fol-
lows. g

3. Successive minima of toric metrized R-divisors

In this section, we give the formulae for the successive minima of the
height function associated to a toric metrized R-divisor on a proper toric
variety over a global field. We will use the notations and results in [11, 10]
although, for the convenience of the reader, we recall below some of them.

Let K be a global field as in the previous section and X a variety over
K, that is, a reduced and irreducible separated scheme of finite type over
K. The elements of X(K) will be called the algebraic points of X. For
each place v € Mk, we denote by X" the v-adic analytification of X. If
v is Archimedean, this is a complex space (equipped with an anti-linear
involution if K, ~ R) and, if v is non-Archimedean, it is a Berkovich space.

Given a (quasi-algebraic) metrized R-divisor D on X as in [10, Definition
3.3], we consider the associated height function

hy: X(K) - R

defined as follows.

For each p € X(K) choose a function f € K(X)n = K(X)* ® R such
that p € |D — div(f)|, the support of D — div(f). For instance, when D is
a Cartier divisor, we can take f as a local equation of D at p.

Choose a finite extension F of K such that p € X(F). To f, we can
associate a metrized R-divisor CTI:/'( f) and we consider the metrized R-
divisor D — CTRI( f) on X. For simplicity, we also denote by D — (Tl;( f) the
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metrized R-divisor on Xy obtained by base change. To each place w € 9y
is associated a w-adic Green function

gﬁfd/i?/(f),w: (Xgn)w \ ‘D - le(f)| - Ra

see [10, Definitions 3.3 and 3.4]. For instance, if D is a metrized Cartier
divisor on X and p ¢ |D|, we have that g5 , (p) = —log||sp(p)|lw with sp
the canonical rational section of the line bundle O(D) and || || the w-adic
metric on O(D)2" obtained from the extension of D on Xp by base change.
We denote by ¢y, : X(F)—(Xp)2" the inclusion of the F-rational points of
X into the v-adic analytification.

DEFINITION 3.1. — With the previous notations, the height of p with
respect to D is given by
hﬁ(p) = Z nwgﬁfgi;(f)’w(bw(p))'
wEMp

The height is independent of the choice of the rational function f and of
the extension F.

Remark 3.2. — This definition is the natural extension to metrized R-
divisor of the height functions of points from Arakelov geometry as in
[7, 30, 18, 12, 11]. Observe that, to define the height of cycles of arbitrary
dimension in [11], we need the variety to be proper and the metrics to be
DSP, but these conditions are not needed in the case of points. The reason
is that Definition 3.1 is equivalent to first restricting the metrized divisor
to the point and then computing the height of the point with respect to
this restriction, together with the observation that a point is proper and
that every metric on a point is semipositive.

DEFINITION 3.3. — Let X be a variety over K and W C X a locally
closed subset. For n € R, consider the subset of algebraic points of W given

by

W(K)<n = {p € W(K) [ h(p) < n}.
Let d = dim(W). Fori = 1,...,d + 1, the i-th successive minimum of W
with respect to D is defined as

W(W) = inf {n € R | dim (W (K)<,) > d—i+1}.

We set u%bs(W) = },L%H(W) and p=* (W) = ulﬁ(W) for the absolute mini-
mum and the essential minimum of W with respect to D, respectively.

Clearly,
; = 2 L (P7) — (2bs
(3.1) HES (W) = pl(W) > p2(X) > - > pdf L (W) = pabs ().
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The following result shows that the successive minima are stable with
respect to finite maps.

ProPOSITION 3.4. — Let f: X — Y be a dominant morphism of vari-
eties over K and D a metrized R-divisor on Y.

(1) If f is generically finite then p‘;ffﬁ(X) =S (Y).

(2) If f is finite then u;*B(X) = p%(Y) fori=1,...,dim(Y) + 1.

Proof. — For p € X (K), the equality h . 5(p) = hi(f(p)) holds, see [11,
Theorem 1.5.11(2)] and Remark 3.2. It follows that, for any real number
n, we have X (K)<, = [V (K)<,.

We first prove (2). Being finite, the morphism f is proper and, since it
is dominant, it is also surjective. Hence Y (K)<, = f(X(K)<,).

Now let 1 < ¢ < dim(Y') + 1 and suppose that u;*ﬁ(X) > 1. Then
there exists a closed subset V' C X of dimension bounded by n — i + 1
and containing X (K)<,. The image f(V) is a closed subset of dimension
bounded by n—i+1 and containing Y (K),,. Hence, p%(Y) > 7 and, since
this holds for all real numbers below the i-th minimum of X, it follows that
i 5 (X) < ().

Conversely, suppose that u%(Y) >nand let W C Y be a closed subset
of dimension bounded by n — i + 1 which contains Y (K),. Since f is
finite, the preimage f~!1(W) is a closed subset of dimension bounded by
n — i+ 1 which contains X (K)<,. Hence, ujc*ﬁ(X ) > n and we conclude
that 1, 5(X) = H(Y).

The statement (1) follows from (2) by restricting f to open dense subsets
of X and Y where it is finite. O

We now specialize to the toric case. Let T ~ G}, be a split torus of
dimension n over K. Let N = Hom(G,,,, T) be the lattice of cocharacters of
T, M = Hom(T,G,,) = NV the lattice of characters, and write Ng = N@R
and Mr = M ® R.

Let X be a proper toric variety over K with torus T, described by a
complete fan 3 on Ng. Recall that, to each cone o € ¥ correspond an open
affine subset X, and an orbit O(o). In particular, for o = {0} we obtain the
principal open subset X, that, in this case, agrees with the orbit O(0). It
is canonically isomorphic to the split torus T that acts on the toric variety
X. The action of T on X will be denoted by (¢,p) — ¢ - p.

A toric R-divisor on X is an R-divisor invariant under the action of T.
Such a divisor D defines a function ¥ p: Ng — R whose restriction to each
cone of the fan ¥ is linear, and which is called a “virtual support function”.
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The toric R-divisor D is nef if and only if Up is concave. One can also
associate to D the subset Ap C Mg given as Ap = stab(¥p), the stability
set of Up as in (2.10). If D is pseudo-effective, Ap is a polytope and,
otherwise, it is the empty set.

For each place v € Mg, we associate to the torus T an analytic space
T2" and we denote by S2" its compact subtorus. In the Archimedean case,
it is isomorphic to (S!)". In the non-Archimedean case, it is a compact
analytic group, see [11, § 4.2] for a description. Then, a metrized R-divisor
D on X is toric if D is a toric R-divisor and its v-adic Green function 950
is invariant with respect to the action of S2" or, equivalently, if its v-adic
metric || - ||, is invariant with respect to the action of S2", for all v.

A toric metrized R-divisor D on X defines an adelic family of continuous
functions %71}: Nr — R indexed by the places of K. For v € 9k, this
function is given, for p € T3", by

(3-2) U5, (valy(p)) = log [sp(p)llv,

where val, is the valuation map in (2.7) and sp is the canonical rational
R-section of D as in [10, § 3].

The family of functions associated to D satisfies that, for all v € My, the
function |55, — ¥p| is bounded and, for all v except for a finite number,
%,v =Up. In particular, the stability set of %,y coincides with Ap. The
toric metrized R-divisor D is semipositive if and only if ¥p,, is concave for
all v.

Example 3.5. — Let X be a proper toric variety over K and D a toric
R-divisor on X. The canonical metric on D is the metric defined, for each
v € Mk and p € T2", by

log ||3D(p)Hcan,v = Wp(val,(p)),

see [11, Proposition-Definition 4.3.15]. We denote the resulting toric metri-
zed R-divisor by D" In this case, Ygean = Wp for all v. In particular,
D" is semipositive if and only if D is nef.

For each v € Mg, we consider the local roof function V5 ,: Ap — R
that is given, for x € Ap, by

05.,(2) =5 (2) = inf ((z,0) —v5, ().

ueNg

When 15 is concave, the function /5, coincides with the Legendre-
Fenchel dual of ¢ ,. This gives an adelic family of continuous concave
functions on Ap which are zero except for a finite number of places.
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The global roof function ¥5: Ap — R is defined as the weighted sum

195: Z nvﬂﬁv.

vEMK

As it is customary in convex analysis, we can also consider ¥ as a function
from the whole of My to the extended real line R U {—oo} by writing
Up(x) = —oo for x ¢ A. With this convention, D is not pseudo-effective if
and only if ¥ = —oo on M.

In the case of toric varieties, the height of an algebraic point can be
expressed in terms of the family of functions {U’ﬁ,v}veimw Let p be an
algebraic point in the principal open subset Xy. Since D is a toric R-
divisor, p is not in the support of D. Choose a finite extension F of K such
that p € Xo(F). For simplicity, we will also denote by D the toric metrized
R-divisor on Xy obtained by base change. Then, by the definition of the
height and the definition of these functions in (3.2),

(33) hp(p)=— > nulog|sp(®)ll

wEMp
= — Z Nw¥p w (valy, (p)) Z an Val (p)),
wEMp vEMK wlv

since ¢, = ¢, for all w | v [11, Proposition 4.3.8].

The following is the key technical result to study successive minima of
toric varieties.

THEOREM 3.6. — Let X be a proper toric variety over K and D a toric
metrized R-divisor on X. Then

abs _ _
Wy (Xo) = max Jp5(x).
Proof. — We first show that

abs _
(3.4) (Xo) = ;IEI% "9[)(:17)'

For shorthand we write ¥ = ¥p, A = Ap, ¥, = ¢, and ¥, = d5
Let p be an algebraic point of Xy and choose a finite extension F of K such
that p € Xo(F). We have ) _on nuwvaly(p) = 0 and recall that, for each

w € Mp and x € A,

ﬁw(z) = inf ((m,u> - q/}w(u))
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Hence, by (3.3), for any © € A,
- Z nwd)w (Valw (p))

= Z N ((x, valy, (p)) — ¥ (valy(p)))

> ) nwdu(z)

We conclude that u%bs(Xo) > U5 (x) for all z € A. Since u%”(Xo) > —o00=
Up(x) for all # € A, we obtain the inequality (3.4).

We now prove

abs _

(3.5) (Xo) < rg% U5().
Let S be a nonempty subset of places v € My that contains all Archimedean
places and all places v such that v, Z W. In particular, S contains all the
places where 9, # 0.

Suppose first that D is pseudo-effective. By [10, Proposition 4.9(2)], this
is equivalent to the fact that A # (. By Lemma 2.7, this implies that
conc (v, ) exists for all v.

Let z9 € A such that ¥5(20) = max,ea ¥5(2). By [24, Theorem 23.8],

0e Z Ny 0%, (x0).
veSs
Choose a collection u,, € Ng, v € S, such that
Uy € 0%y (x0) and Z Nyly = 0.
ves

For v € S put u, = 0. Since ¥, = v,/ = conc(e),,)¥ and conc(1),) is concave,

(3.6) Py (20) = (0, Uyp) — conc(yy ) (Uy).

Let € > 0. Using Lemma 2.8, we deduce that there exists d > 1 and, for
all v € 9, there exists u, ; € Nr, j = 1,...,d, such that

d

1 €

— Uyj = U and  conc(t,) < Py (U,

d J:Zl v,] v v U Z v _7 2 ZUGS nv
Forv ¢ S, put u,; =0, j ...,d. Since forngSwe have 9, = ¥ and
hence 1,(0) = conc(wv)( ) , we deduce

Ny €
(3.7) Z Z va(uv’j) > Z Ny cone(y) (uy) — 7

vEMK j=1 vEMK
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Let F/K be an extension of degree d such that all places in S split com-
pletely, as given by Lemma 2.2. For each v € S and w € 9y such that
w | v, we have n,, = n, /d. We number the places above a given place v € S
and write them as w(v,j), j=1,...,d.

Let p=a" =a®r € T(F) ® Q with o € T(F) and r € Q. Such an
element may be viewed as a point of T defined over some radical extension
of F. Hence, val,,(p) = rval, («) is the common value at p of the valuation
maps associated to the places of this extension over w.

Recall that Hr C @wemm Np is the hyperplane defined by the equation

Z N2y = 0

wEMp

as in (2.6).

The functions ¥ and ), satisfy the hypothesis of Lemma 2.5. Hence, we
deduce from Lemmas 2.3 and 2.5 that there exists p = a®r € T(F) ® Q
with o € T(F) and r € Q such that val,(p) = 0 for w above v ¢ S, with
valy(y,5) (p) sufficiently close to u, j forallv € Sand j = 1,...,d. Therefore

d
(3.8) Y nutu(valu(p) > > Z%wv(um)— %

weEMp veEMK j=1
From (3.7) and (3.8), we deduce that
hﬁ(p) = - Z nwww(valw(p)) < - Z Ty COHC(%)(%) +e.
weMp vEMx
Using >, con, Moty = 0 and (3.6), we obtain
hs(p) < Z 1y ((0, Uy) — cone(y ) (uy)) + € = V5(z0) + €.
vEMK

From this, we deduce that u%bS(Xo) < maxgen Up(x) + ¢ for all e > 0
proving the inequality (3.5) in the case when D is pseudo-effective.

If D is not pseudo-effective, then stab(¥) = () and max,ca V5(z) =
—o00. By Lemma 2.10, there exist u; € N, j =1,...,¢, such that

14

¢
Zuj =0 and Z‘I’(u]) > 0.
j=1

j=1

Using Lemmas 2.5 and 2.3, there exists p = a ® r € T(K) ® Q such that

7= Z n, ¥ (val,(p)) > 0.
vEMx
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For | > 1 such that Ir € N, we view p; := a ® Ir as a point of T(K). Then

e (pr) = ) = W(valy(p)) =1 Y —nyW(val,(p)) = ~In,

vEMK vEMK

where D" denotes the R-divisor D equipped with the canonical metric as
in Example 3.5. Since the difference between the functions hiean and hg

is bounded, it follows that lim; . h5(p;) = —oo. Hence p%bs(Xo) = —o0,
which completes the proof. O
COROLLARY 3.7. — Let X be a proper toric variety over K and D a

toric metrized R-divisor on X. Then u%bS(XO) > —oo if and only if D is
pseudo-effective.

Proof. — By [10, Proposition 4.9(2)], D is pseudo-effective if and only if
A is not empty. The result follows then from Theorem 3.6. g

The next lemma shows that the successive minima of a toric variety
with respect to a toric metrized R-divisor can be computed in terms of the
absolute minima of the orbits under the action of T.

LEMMA 3.8. — Let X be a proper toric variety over K of dimension n
and D a toric metrized R-divisor on X.
(1) Leto € ¥. Then u%(O(a)) = u%bS(O(U)) fori=1,...,dim(O(c))+
1.
(2) Fori=1,...,n+1,

i _ : abs
H5(X) = i (0(0)),

where Y51 denotes the set of cones of ¥ of dimension < i — 1.

Proof. — We first prove (1). Let T(K)iors denote the subgroup of tor-
sion points of the group of algebraic points of T. Under the identification
T(K) = Hom (M, K™), this subgroup corresponds to Hom(M, 1), the ho-
momorphisms from M to the group of roots of unity. This implies that, if

t € T(K)ors and p € X (K), then hy(t - p) = hy(p).

Now let € > 0 and choose an algebraic point p of the orbit O(c) such that
h5(p) < I.L%OS(O(O‘)) + &. Then, T(K)iors - p is a dense subset of algebraic
points of O(c) of the same height as p. Hence,

K (0(0)) < W25 (O(0) + .

We deduce that p*(0(0)) < u%bs(O(a)). If follows that the chain of in-
equalities in (3.1), applied to the variety O(c), shrinks to the equalities in
the statement.
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Now we consider (2). Let ¢ € XSL. Then, O(c) is of dimension >
n —i+ 1 and so

w5(X) < ug(0(0)).

Using (1), we deduce that u%(X) < mingexp<iot wbb(O(o)).

For the reverse inequality, observe that, for a cone o € ¥ of dimension
> i, the orbit O(o) is of dimension < n — i. Using the decomposition of X
into orbits, we deduce that

k(X) = w5 (x\ | 00) =u5( U 00).

ocexnzi ocexsi-1
Hence,
15021 ( U 00) = min 15(060)),
cexnsi—l gens
which proves the result. O

Theorem A in the introduction is a direct consequence of the previous
results.

COROLLARY 3.9. — Let X be a proper toric variety over K and D a
toric metrized R-divisor on X. Then

HE*(X) = max V(o).

Proof. — From Lemma 3.8(2) and Theorem 3.6 we obtain

ess abs

O
Using this result, we can deduce some relations between the essential
minimum and the positivity properties of D in the toric setting.
COROLLARY 3.10. — Let X be a proper toric variety over K of dimen-
sion n and D a toric metrized R-divisor on X. Then
(1) D is pseudo-effective if and only if nE(X) = 0;
(2) D is big if and only if dim(Ap) = n and HS(X) > 0.
Proof. — This follows from Corollary 3.9 and [10, Theorem 2(3,4)]. O

It is possible to reformulate Corollary 3.9 to give a formula for the essen-
tial minimum in terms of the functions ¢ , that is useful when computing
the essential minimum in concrete situations as those considered in § 5.
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For convenience we recall the definition of sup-convolution of two concave
functions [11, § 2.3]. Let A C Mg be a polytope and 1, ¥ two concave
functions on Ng whose stability set is A. Then

(Y1 Bpe)(u) = i‘lp Y1 (u1) + 2 (uz).

Ul TU2=U
This is a concave function on Ng with stability set A. The sup-convolution
is an associative operation. In fact it corresponds to the pointwise addition
by Legendre-Fenchel duality [11, Proposition 2.3.1]. That is,

Y1 Be = (97 +45)".
Moreover, if 19 = W is the support function of A, then ¢ B Y = 4.
Recall also the right multiplication of a concave function by a scalar.
(h12)(u) = Ay (u/A).

This operation is dual of the usual left multiplication
Pid = (W)Y

COROLLARY 3.11. — Let X be a proper toric variety over K and D a
toric metrized R-divisor on X.

(1) If D is pseudo-effective, then
RS (X) = h*(Xo) = —( Buean, cone(vg ) ) (0).

(2) If D is semipositive and its v-adic metric agrees with the canonical
metric for all places except one place vy, then

K (X) = 225 (Xo) = —nu, g, (0)-

Proof. — By Theorem 3.6, u%bs(Xo) = maxgen U5(r). From the def-
inition of Legendre-Fenchel duality, maxenr, ¥5(z) = —95(0). By the
duality between the sum and the sup-convolution, and that between the
right and the left multiplication,

19% = Boem, conc(yp ,ny).-

Hence we obtain the first statement.

If D is semipositive and its metric agrees with the canonical metric for
all places except one place vg, then 1/)5’1) = Up for all v # vy and 1/)5’1}0 is
concave. Since the semipositivity of D implies that D is pseudo-effective,
the first statement implies that

H%S(X) = —(%7UOTLUO)(O) = _nvowﬁ,uo (O/nvo) = _nvo%,vo (O)a

which proves the second statement. (|
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Remark 3.12. — If D is semipositive and its v-adic metric agrees with
the canonical metric for all places except one place vy, then we can identify
(X). Namely, each point

a dense set of points whose height agrees with u%ss

P € T(K)tors C Xo(K)
satisfies val,(p) = 0 for all v € Mk. Hence

hp(p) = = Y nutp, (0) = =y, (0) = p*(X).
vEMK

We now want to extend Corollary 3.9 to the other successive minima. To
do this, we have to describe the restriction to an orbit of a toric metrized
R-divisor in terms of its roof function.

Let X be a proper toric variety and D a toric metrized R-divisor with
D nef. Let ¥ be the fan of X and Ap the polytope associated to D. Recall
that, as in [11, Example 2.5.13], to a cone o € ¥ we can associate a face
F, C Ap given by

F,={zxe€Ap|{y—ax,u)y>0forally € Ap,u € o}.

Choose an element m, € Mpg in the affine space generated by the face
F,. Then the R-divisor D — div(x~"¢) intersects the orbit closure V(o)
properly, see [11, Proposition 3.3.14] for the case of Cartier divisors. We
set

(3.9) Do = (D —div(x " ))lv@) and Dy =(D—div(x ™))lv()
with &i\v(X*m”) as in [10, Definition 3.4]. In this situation, Ap = Fy —m,-.

PROPOSITION 3.13. — Let X be a proper toric variety and D a toric
metrized R-divisor with D nef. Let ¥ be the fan of X and o € X. With
notation as in (3.9), for all x € Fy — my,

U5 (z) 2 V5(z + mo).
Moreover, if D is semipositive, the equality holds.

Proof. — For short, write ¥ = ¥Up and v, = %’v' Since D is nef,
the function ¥ is concave. Since m, € Mg belongs to the affine space
generated by the face F,, this implies that ¥|, = m,. Let N, be the
partial compactification of Ng in the direction of o [11, (4.1.5)]. Recall
that there is an inclusion N(o)gr C N,. The function ¥ — m, extends to a
continuous function on N, and thus can be restricted to N (o). We denote
by ¥ (o) this restriction. For each place v € My, the function ¥, — m, can
also be extended to a continuous function on N, and restricted to N (o).
We denote by ¢, (o) this restriction.
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By the analogue of [11, Proposition 3.3.14] for R-divisors, the support
function of D, is ¥(c). By the commutative diagram in [11, Proposition
4.1.6] the metric induced on D, by the metric of D is given by the family
of functions {y () fvem -

Assume that D is semipositive. Hence for every v € Mk the function
1, is concave. We identify stab(¥ (o)) with F,, by means of the translation
by —m,. By the analogue for R-divisors of [11, Proposition 4.8.9], we have
that, for all x € F, — m,,

Gu(0)Y(2) = 05, (z + mo).
Summing up for v € Mk, we obtain the equality in this case.

We now drop the hypothesis of D being semipositive. In this case, the
functions v, are not necessarily concave. Since D is nef, the function ¥ is
concave. By Lemma 2.11, for each v € Mk, we have that | conc(¢,) — ¥|
is bounded. By [10, Proposition 4.19(1)], the family of functions
{conc(¢y) }veomy determines a semipositive toric metric on D. We denote
by D' the corresponding semipositive metrized R-divisor. Since for each
function f with nonempty stability set

conc(f)" = f",
we have that U5 = ¥5. Since ¢, < conc(y,) on Ng, then 1,(0) <
conc(ty )(0) on N(o)g. This implies that ¥5 =5  on Fy —m, for all

v. Since D is semipositive, it follows that, for all z € F, — m,,

U5 (z) > 195; (z) = V5 (v +my) = I5(x + me),
which concludes the proof. O
THEOREM 3.14. — Let X be a proper toric variety over K and D a toric

metrized R-divisor on X with D nef.
(1) Let ¥ be the fan of X and o € ¥. Then

b
W5 (0(0)) > max i (x).
If D is semipositive, then the equality holds.
(2) Fori=1,...,n+1,

i . _
Hp(X) > min  max9d5().

If D is semipositive, then the equality holds.

Proof. — The first statement follows directly from Theorem 3.6 and
Proposition 3.13. The second statement follows from the first one together
with Lemma 3.8(2). O
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Remark 3.15. — Since ¥/ is a concave function, its minimum is attained
at the vertices of Ap. Therefore, if D is semipositive, we deduce
abs .
25(X) = 95(x).
HE*(X) nin 5(@)
This result was already implicit in [10, Theorem 2(2)]. It would be interest-

ing to know if this formula and Corollary 3.9 can be generalized to non-toric
varieties.

When the divisor D is ample, we are able to give a version of Theorem
3.14(2) in terms of the polytope Ap only.

THEOREM 3.16. — Let X be a proper toric variety over K and D a
semipositive toric metrized R-divisor on X with D ample. Then, for i =
1,....,n+1,

(X)) = i =
Mp(X) = | e hoin ,, maxIp(@),

where F(Ap)"~*1 is the set of faces of dimension n—i+1 of the polytope.

Proof. — If D is ample, the correspondence o — F, is a bijection that
sends cones of dimension ¢ — 1 to faces of dimension n — ¢ + 1. Thus, by
Theorem 3.14(2), we deduce

LX) = min max J=(x).

n5(X) pern L, max 5()
where F(Ap)Z"~i*+1 is the set of faces of dimension greater of equal to
n —i+ 1. The concavity of ¥/5 implies that the minimum in the right hand
side is attained in faces of dimension n — i + 1, hence the result. |

Example 3.17. — The positivity conditions on D and D in Theorems
3.14 and 3.16 are necessary, as it can be seen in the following examples.

(1) Let X be a toric surface over K and let D be a toric metrized R-
divisor such that the underlying divisor D is big but not nef and that
there is a one dimensional orbit O(o) such that degp,(O(o)) < 0.
In this case

pE(X) < 122%(0(0)) = —o0
but

min max ¥5(r) > min maxdy(r) > —oo.
ceXSt zEF, FeF(A) zeF

Thus the hypothesis D nef in Theorem 3.14(2) is necessary.
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Consider X = Pg, and the divisor oo = (0 : 1). We consider the
toric metric given by the canonical metric for v # co and

U if u <O,
0 if0<u<99, or 101 < z,
u— 99 if 99 < u < 100,
101 —w if 100 < u < 101.

Yoo (u) =

Denote D the obtained metrized R-divisor. The associated polytope
is A = [0, 1], and the roof function is

1/100,

195(.13) = r<1

NN

100z —1 f0<x
0 if 1/100

Since h(p) = valo (p) — Yoo (Valos (p)) we deduce hy(p) = 0 for all

p € X(Q) and then

D D
but
min max ¥5(z) = min  maxdy(zr) = —1.
cex<lzeF, FeF(A)° zeF

Thus, we see that the hypothesis D semipositive is necessary for
the equality in Theorem 3.14(2) to hold.
Let X be the blow-up of ]P’(é at the point (1 : 0 : 0) and let D
be the preimage of the metrized divisor given by the hyperplane
at infinity with the canonical metric at the non-Archimedan places
and the Fubini-Study metric at the Archimedean place.

Let 09 € ¥ be the one dimensional cone corresponding to the
exceptional divisor. Then F,, is the vertex (0,0) and has dimension
zero. Thus

2 _ : _ _
Wp(X) = min maxdp(z) =0,

while

: 1
P B2 VD) = 5108

Hence the hypothesis D ample is necessary in Theorem 3.16.
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4. On Zhang’s theorem on successive minima

Zhang’s theorem on successive minima [29, Theorem 5.2], [30, Theorem
1.10], shows that the successive minima of a metrized divisor can be esti-
mated in terms of the height and the degree of the ambient variety. This
result plays an important role in Diophantine geometry in the direction of
the Bogomolov conjecture and the Lehmer problem and its generalizations.
It also plays a réle in the study of the distribution of Galois orbits of points
of small height.

We start by giving a proof of a variant of Zhang’s theorem in the toric
setting (Theorem C in the introduction).

THEOREM 4.1. — Let X be a proper toric variety over K of dimension
n and D a semipositive toric metrized R-divisor on X such that D is big.
Then

n+1
h(X)
4.1 — DS (X).
(4.1) ZuD < Ton) S (1T DT
Proof. — For short write A = Ap. Since D is a semipositive toric

metrized divisor, necessarily D is generated by global sections [11, Corol-
lary 4.8.5], hence, being toric degp(X) = n!voly(A). Since D is big, we
also have vol(A) > 0. We first prove the inequality in the right hand side
of (4.1). By Corollary 3.9, n%*(X) > d5(x) for all z € A. Therefore, by
[11, Theorem 5.2.5]

h5(X) = (n /19 dvolys < (n—I—l)/A K (X) dvolyy
= (n+ DpF (X)nlvoly (A) = (n + 1)pF(X) degp (X).

We now prove the left inequality. For each face F' of A we choose a point
zr € F such that
Ip(er) = max V().

For each flag of faces
E={FCRC - CF =4}
with dim F; = i, we denote
Az =conv(Tpy,...,TF, ).
Then Az is a (possibly degenerate) simplex. Moreover

A:UAE and intAzNintAz =0, if 2£Z.

Let f: A — R be the function determined by
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(1) For each complete flag =, the restriction f |a. is affine.
(2) If F is a face of A of dimension 7, then f(zp) = uﬁ X,

Given a face F of A of dimension 4, there exists a cone o € X"~ such that
F = F,. Therefore, by Theorem 3.14(2),

flzp) = u%fH»l(X) < ;133«35 195(.%') = ’195(5(:17)

Since Y7 is concave and f is affine in each simplex Az, we deduce f(z) <
Up(x) for all z € A. Therefore

/ ¥ dvolas > / fdvoly =" / f dvoly .
A A = Az

Since
Dico p%iHl(X) ZZ’T H' (X)
z:: /AE f dVOlM = z:: nt 1 VOI(AE) = ni_’_l VOI(A)7
we deduce
A
n+1 ) n+1
>n! ) p(X) vol(A Z H5(X) degp (X)),
i=1
proving the result. O
COROLLARY 4.2. — Suppose that D is nef. Then
hi5(X)
ess X g D 1 ess X).
() < 2 < DY)

Proof. — Since D is nef, all the successive minima are non-negative.
Then the corollary follows directly from Theorem 4.1. O

The following result improves [23, Théoréme 1.4]. We show that, already
for the universal line bundle on Pg, almost every configuration for the
successive minima and the height satisfying the inequalities in (4.1), can
be realized.

ProprosSITION 4.3. — Let r > 1 and v, 1, ..., pry1 € R such that

1= > ey and ZuZ\ (r+1)p.

Then there exists a semipositive toric metric on H, the divisor given by
the hyperplane at infinity of P, such that

PL%(]PT.) = WU, 3 = 17 e, T+ 17 and hﬁ(PT) =V
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Proof. — Let ej,...,e, be the standard basis of R" and A" =
conv(0,eq,...,e.) the standard simplex of R". For 0 < ¢ < 1 consider
the function 6;: A” — R defined as the smallest concave function on A"

such that
f € tA",

w;, forx=e;_qandi=2,...,r+ 1.

Then the integral | Ar Ot dz varies continuously in the interval

1 r+1 1
(T + 1)' ;/’Liﬂ 74/"‘1) .
14

In particular, there exists t such that the corresponding integral gives (SR

Consider the semipositive toric metric (|| - ||)» on H given by, for v = oo,

the toric metric associated to #; and, for v # oo, the canonical metric.
A straightforward calculation shows that this metric satisfies the required
conditions. O

For the right hand inequality in Theorem 4.1, we can relax the hypothesis
of semipositivity of the metrized R-divisor, by replacing the height by the
arithmetic volume or the y-arithmetic volume of the divisor. In our present
toric setting, the obtained lower bound of the essential minimum in terms
of the x-arithmetic volume extends [13, Lemme 5.1] to arbitrary global
fields and metrized R-divisors.

PROPOSITION 4.4. — Let X be a proper toric variety over K of dimen-
sion n and D a toric metrized R-divisor on X such that D is big. Then
voly (D)
(4.2) K (X) >

(n+1)vol(D)’
If D is pseudo-effective, then
vol(D)
(n+1)vol(D)’
Proof. — For short write A = Ap. We first prove (4.2). By Corollary

3.9, u*(X) = Vp(x) for all z € A. Therefore, using the formula for the
Xx-arithmetic volume of a toric metrized R-divisor in [10, Theorem 1] and

(4.3) HES(X) >

the classical formula for the volume of a toric variety with respect to a toric
divisor, we have

(4.4) Vol (D) = (n+1)! /A 9 dvolyy < (n+ 1)! /A HS(X) dvoly

= (n + pF (X)nlvol(A) = (n + 1)pF*(X) vol(D),
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Since D is big, we have that vol(D) > 0, and the inequality follows.

By Corollary 3.10(1), if D is pseudo-effective then (X)) >
max(0,95(x)) for all z € A. The inequality (4.3) follows similarly because,
by using [10, Theorem 1] and Corollary 3.10(1),

(4.5) \a(ﬁ) =(n+1)! /A max (0, ¥5) dvolys

< (n+ 1)!/A HE (X) dvoly = (n + 1)u3*(X) vol(D).

O

Now we will characterize when equality occurs in the lower bounds in
Proposition 4.4. First we need a technical lemma.

LEMMA 4.5. — Let ¥: Ng — R be a conic function such that stab(¥)
has nonempty interior, and f: Ng — R a continuous function such that
|f — | is bounded. Let ug € Ng and v € R. The following conditions are
equivalent:

(1) fY(x) = (@, up) + v for all z € stab(¥);
(2) conc(f)(u) = conc(¥)(u — ug) — v for all u € Ng;
(3) f(up) = —v and f(u) < conc(¥)(u — ug) —y for all u € Ng.

Proof. — Set A = stab(¥), which is a convex subset of Mg and agrees
with stab(f) by the hypothesis |f — ¥| bounded.

(1) = (2): the function f is asymptotically conic in the sense of [10,
Definition A.3]. Hence stab(conc(f)) = stab(f) = A and conc(f) = fVV.
Thus

(4.6) cone(f)(w) = ()" = inf (z,u = ug) — 7.

Analogously

conc(V)(u) = (¥V)Y = w1161£<:r,u>

Thus, the right hand side of (4.6) agrees with conc(¥)(u — ug) — 7.
(2) = (1): This follows from the fact that f¥ = conc(f)"
(1) = (3): Since, for any function with non empty stability set,

(4.7) fu) < cone(f)(u)

the bound for f(u) follows from the implication (1) = (2). Thus we only
have to show that f(ug) = —7.

By equations (4.6) and (4.7), we have f(up) < —v. Thus assume that
f(up) = —y — € for some € > 0.
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Let ¢ be a point in the interior of A and choose a norm || - || on Ng. By
(4.6) and (4.7), and using that xo belongs to the interior of A, we deduce
that there exists K > 0 such that for all u € Ng

(4.8) f(u) = (xo,u —up) < inf (z — 2o, u —uo) =7 < —K|lu—uoll = 7.

inf

TEA

By the continuity of f there is n > 0 such that, if ||u — ug|| < n then
flu) = (xo,u —ug) < =y —¢/2.

By the inequality (4.8), if |[u—ug|| = n, then f(u)—(zg,u—ug) < —y—nkK.
Put s = min(e/2,7K) > 0. Hence

f(u) < (xo,u—ug) —7y—s
for all u € Ng. Thus
V. o B
i (wo) = ulen]\f]R@o’U) f(u)

> 1€n]\f] (xo,u) — (To,u —up) +v+ s = (xo,up) +7+5,
u R

contradicting (1). Therefore f(ug) = — finishing the proof of (3).
(3) = (1): let x € A. We have that
fi(z) = inf (z,u) - f(u).

u€Ngr
Hence, the inequality in (3) implies that f¥(z) > (z,uo) + 7 and, on the
other hand, fV(z) < (@, uo) — f(uo) = (x,up) +, which implies the state-
ment. ]
Recall that Hp C @,,con. Vr is the hyperplane defined in (2.6).

PROPOSITION 4.6. — Let X be a proper toric variety over K of dimen-
sion n and D a toric metrized R-divisor on X such that D is big.

(1) The equality

ess _ \70\19( (ﬁ)
5 ) = ) vol(D)
holds if and only if there exist real numbers (7v,)y € €D, con, R, and
vectors (uy), € Hg C @veimK Ng, indexed by the set of places of
K, such that
(a) ¥y, (uy) = =70, for all v € Mg and
(b) g ,(u) < conc(¥p)(u —uy) — 7, for all v € M.
(2) If D is big, then the equality
vol(D)

5 ) = G vl D)
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holds if and only if there exist (V) € D, con, R and (uy), € Hg C
D.con, Nr such that

(a) ZU nyYy > 0,

(b) @/)av(uv) = —7,, for all v € Mg and

(c) ¥p,,(u) < conc(¥p)(u —uy) — o for all v € M.

Proof. — For short we write A = Ap. We first prove (1). By (4.4), the
equality for the essential minimum holds if and only if, for all x € A,

(4.9) () = 1 (X).

Since ¥z = >, nvﬂﬁv, the functions 19570 are concave and the weights n,
are positive, it follows that all the functions 95  are affine and their linear
parts add to zero. Hence, (4.9) holds if and onl’y if there exists a collection
of real numbers {+,},, with v, = 0 for all but a finite number of v and
(uy)y € Hi such that, for all z € A,

(4.10) V5., () = (uo, ) + V0.

By [10, Proposition 4.16(1)], the functions |[¢55 ,— W p| are bounded. There-
fore, Lemma 4.5 implies that (4.10) is equivalent to the conditions (1a) and
(1b), since 3 (X) = U5 = >_, nvYo-

The proof of (2) is similar, but using equation (4.5) and observing that
Corollary 3.10(2) implies the extra condition (2a). O

Proposition 4.6 also gives a criterion for when the right inequality in
Theorem 4.1 is an equality.

COROLLARY 4.7. — Let X be a proper toric variety over K of dimension
n and D a semipositive toric metrized R-divisor on X such that D is big.
Then the equality
h5(X)
degp(X)
holds if and only if there exist (vy)y € @D,con, R and (uy)y € Hg C
@vEmK Ny such that, for v € Mk,

— (n+ DU (X)

U5, (u) =¥p(u—uy) =7, forallue Ng.

Proof. — Since D is assumed to be semipositive, we have that h(X) =
vol, (D) and all the functions 15 , are concave. Thus the corollary follows
from Proposition 4.6(1) and Lemma 4.5. O

Remark 4.8. — If a metrized R-divisor D = (D, (|| - [|o)vem, ) satisfies
the equivalent conditions of Corollary 4.7, then its metric is very close to
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the canonical metric. For instance, if there is an element ¢ € T(K) such
that val, (t) = u, then

|- Ml = e[ - llcan,o-

5. Examples

The previous results allow us to compute the successive minima of several
examples. The difficulty of the computations increases with the number
of places where the metric differs from the canonical one. The following
subsections are ordered increasingly according to this level of difficulty.

5.1. Canonical metric

As a first example, we show that the essential minimum of a toric va-
riety with respect to a pseudo-effective toric R-divisor equipped with the
canonical metric at all the places as in Example 3.5, is zero.

PRrROPOSITION 5.1. — Let X be a proper toric variety over K of dimen-
sion n and D a toric metrized R-divisor with the canonical metric. Then

< 0 if D is pseudo-effective,
up (X) = :
—o0  otherwise.

Moreover, if D is nef, then u%(X) =0fori=1,...,n+1.

Proof. — Since the metric of D is the canonical one, we have that, for
all v € Mg, the local roof function ¥ , is zero on Ap, and so the global
roof function ¥4 is also zero on Ap. THe result then follows from Corollary
3.9, since Ap # () if and only if D is pseudo-effective.

If D is nef, the result about the successive minima follows similarly from
Theorem 3.14(2). O

5.2. Weighted LP-metrics on toric varieties.

In the next three subsections we consider the case when only one metric
(the Archimedean one in Q) differs from the canonical one. This will allow
us to use Corollary 3.11(2).

We introduce a general family of Archimedean metrics on toric varieties.
To this end, let X be a proper toric variety of dimension n over Q, with
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fan 3, D a nef toric divisor on X and A = Ap the polytope associated to
D. The support function associated to D is the support function of A. It
is given, for u € Ng, by

5.1 U(u) = mi ,u) = mi ).

(5.1) (v)= min (mu)= Gm;&)gm u)

Let & = () menmna be a collection of non-negative real numbers such
that, if m is a vertex of A, then a,,, > 0. Let A > 0 be a real number. We
consider the metric on O(D) over Xy(C) given, for p € Xo(C), by

-1

so@ilra=( 3 anb @)

meANM

The function associated to this metric, 5 o: Nr = R, is given by

q/}A,OL(UJ) = — log ( Z Qame” m,u)) .

meANM

PROPOSITION 5.2. — The function 95 o Is concave and | o — V| is
bounded. Therefore, the metric ||-|| o, extends to a continuous semipositive
metric on O(D) over X(C).

Proof. — Each function a,,e” ™% is log-convex. Since sums of log-
convex functions are log-convex [8, § 3.5.2], we deduce that 15 o is concave.
For the second statement we first observe that

min @, max e 2w g e Mmow
F(A)O F(A)°
meF(A) meF(A) mEANM

<H#ANM) max a,, max e Mmw,
mEANM  meANM

Using the equality (5.1), we deduce that |15, o — ¥| is bounded.
The last statement follows then from [11, Theorem 4.8.1]. O

Let D be the metrized divisor given by D, the metric ||-||5.o at the Archi-
medean place and the canonical metric at the non-Archimedean places.
Hence, the adelic family of functions associated to D is given by ¥4 o at
the Archimedean place and by ¥ at the non-Archimedean places.

Example 5.3. — When A is the standard simplex, the toric variety is
the projective space and the divisor is the hyperplane at infinity. When
A=2and a,, =1 forallm € ANM = F(A)? we recover the Fubini-
Study metric. When A = 2 and «,, are arbitrary positive numbers, we
recover the case of the weighted Fubini-Study metric as in [10, Example
6.5]. For general A we obtain weighted versions of the LP metric.
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Thus the metrics we are considering in this section are the natural gener-
alization to arbitrary proper toric varieties over QQ of the weighted Fubini-
Study metric and weighted LP-metric. In fact, they are the inverse images
of the weighted Fubini-Study and weighted LP-metrics on the projective
space by a suitable toric morphism.

We first compute the absolute minima of the orbits of X.

PRrROPOSITION 5.4. — Let 0 € ¥ and F, C A the corresponding face.
Then 1
abs .
K=(0(0) = slog (Y0 am):
meF,NM

Proof. — Let N(o) = N/(Ro N N) and M(o) C M be the dual lat-
tice. Choose mo € F, N M. The divisor D’ = D + div(x"™°) intersects
properly the closure of the orbit V(o) = O(c). The polytope of D’|y (o) is
Fy —mg C M(o)r. The metric of D induces a metric on D'|y (). By [11,
Corollary 4.3.18] at every non-Archimedean place the induced metric is the
canonical metric. Let 7, : Ng — N(o0)g be the projection. By [11, Proposi-
tion 4.8.9], the function associated to the metric on the Archimedean place
is given, for v € N(o)g, by

P(v) = sup 1og( Z e Am=mo, “>>
(v)

-1
UET, meEANM

Fix v € M(o)g and u € 7, (v). If m € F,, then (m — mg,u) does not
depend on the choice of u and agrees with (m — mg,v), when we consider
m—mgy € M(o). If m & F,, we choose ug in the relative interior of . Then
lim (m — mg,u + Aug) = oo.
A—00

Hence, we deduce

P(v) = %1 log ( Z ameA<mm°’”>).

meF;NM
By Corollary 3.11,

mbs<0<o>>=—w<o>:ilog( ) am).

meF,NM
O
We can compute now the successive minima of X with respect to D.
THEOREM 5.5. — Let notation be as above. Then, fori=1,...,n+ 1,
- 1
? — —_
)= min e ),
meF;NM
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If furthermore D is ample, then

- 1
)= i g le( 3 am)
meFNM
Proof. — The first part follows directly from Proposition 5.4, Lemma
3.8(2) and the observation that, if o C 7, then F. C F,. The second
statement follows from the first and the fact that, when D is ample, the
correspondence between cones of X and faces of A gives a bijection between
cones of dimension ¢ — 1 and faces of dimension n —¢ — 1. g

The example below and those in § 5.5 and 5.6 share a common setting
that we summarize here.

Setting 5.6. — Let K be a global field, P" the projective space of di-
mension r over K and H the divisor corresponding to the hyperplane at
infinity. Then P is a toric variety and H is an ample toric divisor.

Let e1,..., e, be the standard basis of (R")Y = R" and set also ey = 0.
The polytope associated to H is the standard simplex of R":

A" = conv(eg, ..., e).

The toric divisor H corresponds to the support function of this polytope
War: R” — R, that is

Uar(ug,...,up) =min(0,ug,...,u.).

Let N be a lattice of rank n and M the dual lattice. Let ¢: N — Z" be
an injective linear map. We set m; = 1Ye; € M for the j-th coordinate of
t,j=1,...,r, and also mg = tYeg = 0. Let p = (po : -+ : p;) € PH(K) ~
(K*)" be a rational point and consider the monomial map ¢, ,: T — P”
given, for t € T, by

@p.u(t) = (PoX™0(t) : - s prx™" (1))

The image im(¢, , ) is the translate of a subtorus of the open orbit P ~ G,
by the point p. We set Y for its closure in P.

Let ¥ be the complete fan on Nk induced by ¢ and Ya-, and set ¥ =
t*WAr. We denote by X and D the proper toric variety over K and the toric
Cartier divisor on X associated to this data. Set A = conv(my,...,m,) C
Mpg. We can verify that ¥ coincides with the normal fan of A and that ¥
is the support function of this polytope. In particular, ¥ is strictly concave
on X, the divisor D is ample, and Ap = A.

Therefore, the monomial map ¢, , extends to a toric morphism X — P”"
that we denote also by ¢, , as in [11, (3.2.3)]. Let Y denote the image of
wp,.- If L(N) is a saturated sublattice of Z", then X is the normalization
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of Y. In general, the map X — Y is finite and its degree is given by the
index of the Z-module ¢(N) in its saturation. The definition of ¥ implies
that D = ¢, H.

Example 5.7. — We place ourselves in the Setting 5.6 with K = Q
and p = (1 :---: 1) the distinguished point of the principal orbit of P".
Thus we consider the projective space P" as a toric variety. We equip the
divisor at infinity H with the Fubini-Study metric at the Archimedean
place and the canonical metric at the non-Archimedean places. We denote
FFS the obtained metrized divisor. As in Example 5.3 this corresponds to
the standard simplex, A = 2 and «,;, = 1. Thus Theorem 5.5 implies

, 1 .
Hors (P = 5 log(r 4+ 2 — ).

We consider now the metrized divisor on X given by
—FS « =FS
D =g, H .
Then, since D is ample and the map X — Y is finite, by Theorem 5.5 and
Proposition 3.4(2),
. . 1
[3 I . 3 — y .
Wors (X) = pirs (V) = pern LD log(#{j | m; € F'}).
Hence we recover the computation of the successive minima of subtori with
respect to the Fubini-Study metric in [25].
As an illustration, we consider the quadric Q C P? defined as the image
of the monomial map

]P)Q — ]PS, (to,tl,tg) — (to : totl . totg : tltg).
The polytope A is the unit square [0, 1]?. Considering the lattice points in
its different faces, we deduce that

s (Q) = Toa(2),  12es(Q) = 3 log(2), 1es(@) = 0.

5.3. Weighted projective spaces

Let A C Mg be a lattice simplex of dimension n and (X, D) the asso-
ciated polarized toric variety over Q. Let ug,...,u, be a set of vectors of
Ng, orthogonal to the faces of A and pointing inwards. The variety X is
a weighted projective space if and only if the primitive vectors colinear to
ug, - - - , Uy generate the lattice NV while, for a general lattice simplex A, the
toric variety X is a fake weighted projective space, see [9].
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In this section we are going to consider a family of Archimedean metrics
on this kind of polarized toric varieties. To this end choose a system of
affine functions on Mg, ¢;(z) = (u;,x) — A;, i =0,...,n, such that

A={reMg|l(x)>0,i=0,...,n}.

Let ¢;, ¢ = 0,...,n be a collection of positive real numbers such that
S o ciu; = 0. We consider the function on A given by

chgz log ())

=0

This function is concave [10, Lemma 6.2.1(1)]. We endow D with the canon-
ical metric at all the finite places of Q and with the metric associated to
¥ under the correspondence of [11, Theorem 4.8.1(2)] at the Archimedean
one. This is a particular case of the metrics associated to polytopes de-
scribed in [11, § 6.2].

Let sp be the toric section of O(D), my, . .., m, the vertices of A, ordered
in such a way that £;(m;) >0, and A := —( > [, ci)\i)_l. Note that A > 0
because — Y i ;N = >y ¢ili(z) > 0.

The next proposition shows that the metrics considered in this section
are a particular case of the metrics considered in the previous section.

PRrROPOSITION 5.8. — The Legendre-Fenchel dual of ¥ is the concave

function
Y(u) log(ZAcz “)

Therefore the metric at the Archimedan place is given, for p € Xo(C), by

-1

N
lsn( ||oo=(ZAcz|xmb )

Proof. — We consider first the case of the simplex standard A™ and the
concave function

1
Jo(z) = e Zml log(x;/Ac;),
i=0

where we write zg =1 — >_"" | ;. Arguing as in [11, Example 2.4.3], one

checks that
o(u) == 9y (u) log(ZAcZ “'i>,

where u = (u1,...,u,) and ug = 0.
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We now consider the function ¢: Mg — R”™ given by

() = ( l1(x) £ (x) )

ﬁl(ml)" o En(mn)

This affine function sends A to the standard simplex. Note that, by the
definition of ¢; and A, we have

Zi i) = d =1.

(m ) ACi at ; Ez(ml)

Using these relations one can verify that ¢ = ¢*¥9. We write ¢(x) =
H(z) + a, where H is a linear isomorphism and a € R™. Then, by [11,
Proposition 2.3.8(2)],

(5:2)  W(u) = (H")(vo — a)(u) = vo((H) " u) = (H ™ a,u).

Let ey, ..., e, be the standard basis of R” and put ey = 0. Since ¢! sends
e; to m;, we deduce that

(HY)Yu = ((my — mo,u),..., (m, —mg,u))

and that H 'a = mg. Substituting this in equation (5.2) we obtain the
first statement of the proposition. The second statement follows directly
from the first. 0

The faces of A are in one-to-one correspondence with the nonempty
subsets I C {0,...,n} by the formula

Fr={veA|t2)=0,j¢1}.

Therefore, Proposition 5.8 and Theorem 5.5 imply that the successive min-
ima of X are given by

i . 1 )
0= g, (Fe(Sa0) ) i
HI=n—it2 Jel

In contrast with the previous example, for the metrics of this section we
can also compute explicitly the height of X with respect to D [11, (6.2.4)]:

hs(X) n4leR1l 1¢
= -+ — log(Ac;).
degp(X) A = A ; g(Aci)
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5.4. Toric bundles

In this section, we compute the successive minima of the toric bundles
that we considered in [11, § 7.2]. Let n > 0 and write P* = Pg for short.
Let a, = -+ 2 ap > 1 be integers, consider the bundle P(E) — P" of
hyperplanes of the vector bundle

E =0(ap) ® O(a1) ® -+ ® O(a,) — P",

where O(a;) denotes the aj-th power of the universal line bundle of P™.
This bundle is a smooth toric variety over QQ of dimension n + r.

We consider its universal line bundle Op(g)(1), that is the line bundle
corresponding to the Cartier divisor D := aqgDg + D1, where Dy denotes
the inverse image in P(E) of the hyperplane at infinity of P* and D; =
PO® O(a1) @ --- @ O(ay)). It is an ample Cartier divisor.

As explained in [11, § 7.2], there is a standard splitting Ng = R"*".
This splitting gives us coordinates (z,y) = (1, ..., Tn,Y1,--.,Yr) on Mg =
R™7". Weset yo = 1=>"1_, vi, L(y) = X7 ajy; and xo = L(y) =Y, ;.
With this notation, the polytope associated to D is

Ap = {(m,y) ER"™ | mg, ..y Ty Yo, - - Yr 20}.

At the Archimedean place, we equip D with the smooth metric induced
by the Fubini-Study metric in each summand of E. If we denote by sp the
toric section associated to D, this metric is given, for (z,w) € (C*)"*" ~
P(E)o(C), by

(53) I55(2, w)lloe = (iw(f]ziﬁ)%)é

j=0 i=0

with w9 = 29 = 1. We also equip D with the canonical metric at the
non-Archimedean places and we denote by D the obtained semipositive
metrized divisor. Clearly,

(5.9 sptzul = X am|xm<z,w>|2)%

meApNM

for certain weights o, € R>o. Hence, this is again a particular case of the
metrics considered in § 5.2.

PROPOSITION 5.9. — With the previous notation

u%’b(]P)(E)) = %log ((n + ]_)ao + .+ (’I’L + 1)ar) )
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Proof. — By Theorem 5.5, we deduce from (5.4) that

w2 (B(E) = slog (Y am).

meAp

To compute the sum inside the logarithm, it is enough to evaluate the
expression for ||sp(z,w)||52 given by (5.3) at w; = z; = 1 for all j,i, which
gives the stated formula. a

ProrOSITION 5.10. — Let 1 <t <n-+r -+ 1. Then

u%(IP’(E)) = min (; log <T+§H(n +1- Z)%‘)).

max(0,i—r—1)<l<min(i—1,n) o
j=

Proof. — By Theorem 5.5

(5.5) W (P(E)) = m %log ( 3 am>,

= in
F A n4+r—i+4+1
€7 (4Ap) meFNM

where the weights a,, in (5.4) are defined by the equation
r n G.J‘
69 Swl(T) = X anhGoP
§=0 i=0 meApNM
with 2o = wo = 1. In order to compute ) -1, G easily without devel-
oping equation (5.6) we use the following trick. Let
m = (Ilv"'aznaylv"'ayr) € ADﬁM,

as before we put yo = 1 — 37, y; and zo = L(y) — >_;_, #; and write

n T
m _ x; Yj
X0 (205« -+ s Zn, W0, - - ., Wy) —Hzi’ ij .
i=0  j=0

We claim that

(5.7) > mﬂ(Z |zi|2> = > aml(zw)
3=0 i=0 meApNM
for all (zo,...,2n, Wo,...,w,) € C""T2. We consider the bigrading that
gives z; bidegree (1,0) and w; bidegree (—a;,1). Then both sides of equa-
tion (5.7) are bihomogeneous of bidegree (0,1) and they agree whenever
20 = wo = 1. Therefore they agree on C*+7+2,
The faces of Ap of dimension n 4+ r — h are the slices obtained cutting
Ap by hyperplanes z; = 0,7 € [ and y; =0, j € J, with I C {0,...,n},
J C{0,...,r} and #I + #J = h. We denote Fy ; such a face. Consider
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the point p; y € C"™ 2 given by z; =0ifi € I, z; = 1if i € I, w; = 0 if
jedJ,w; =1if j ¢ J. This point satisfies

1 imeF]’JﬂM,

m
pr,g) = .
XO(IJ) {O 1fm€(AD\F1)J)ﬂM.

Evaluating (5.7) at the point p;,; we obtain

Z(nJrlf#I)aj = Z Q.-

JgJ meFr jNM

Thus, by (5.5), p%(IP’(E)) is the minimum of 1 log (ngy(” +1-— #[)aj)
over all I, J satisfying #I + #J = i — 1. We obtain the result by writing

¢ = #1I and taking into account that we ordered the a; so that a, > --- >
ao 2 1. O

In particular, when ¢ = 1 then ¢ necessarily takes the value 0 and we
recover Proposition 5.9. Whereas for n+1 <7 <n+ 17+ 1 it can be shown
that the minimum is attained with £ = n. For this value the sum inside the
logarithm equals n +r 4+ 2 — ¢ and we get

; 1
u%(P(E))zilog(n+r+2—i) fori=n+1,...,n+r+1.

Remarkably, as in § 5.3, in this example the roof function and the height
of P(E) with respect to D are also computed, see [11, § 7.2].

Example 5.11. — The particular case n = r = 1 corresponds to the
Hirzebruch surfaces: for b > 0, we have F, = P(O(0) ® O(b)) ~ P(O(ag)
O(ap + b)) for any ag > 1. Although the surface does not depend on the
choice of ag, the divisor does. We set a; = ag + b. Then we obtain

1 1
HES(Fy) = 5 log(2% +27), 12(Fy) = Slog(2),  Wi(F,) = 0.

5.5. Translates of subtori with the canonical metric

In this section and the next one we study examples where more that one
v-adic metric may be different from the canonical one. We place ourselves
in Setting 5.6. We equip H with the canonical metric at all the places and
denote H " the obtained toric metrized divisor. Write D = gop’Lﬁcan. Note
that the metric induced on D is not necessarily the canonical one.
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ProPOSITION 5.12. — With the previous notation, for each v € Mg
let ¥9,: A — R be the function parametrizing the upper envelope of the

polytope

A, = conv((mo,log|polv), -, (my,log|prlv)) C Mg xR

and set ¥ = con.
fori=1,...,n+1,

nyUy. Then, ¥ is the roof function of D. In particular,

RS(X) = p(Y) = Fe}‘{gi)g*“rl max I(z).

Proof. — By [11, Example 5.1.16], the function ¥ coincides with the
roof function of D. Since D is ample and D is semipositive, Theorem 3.16
then gives the formula for the successive minima of X. The fact that the
successive minima of X and Y coincide follows from Proposition 3.4(2). O

By Proposition 5.12, the computation of the successive minima of a trans-
late of a subtori and of its normalization amounts to the computation of the
maximum of a piecewice affine function over a polytope. This is a problem
of linear programming. To do this in a concrete case, consider the polytopes
ﬁv and the functions ¥, in Proposition 5.12 and apply the following steps:

(a) for each v such that ¢, # 0, compute the regular subdivision II,, of
A given by the projection of the faces of the polytope ﬁv;

(b) compute a subdivision II refining I, for all v. This subdivision can
be constructed by intersecting all the polyhedra in the different II,,
as in [11, Definition 2.1.8];

(c) the function ¥ is affine on each polytope of II. Hence, for each face
F of A, the maximum max,ep () is realized at a vertex of IT and
to compute it we only need the values of ¥ at the finite set F NII°.
Thus we obtain

(X)) = (Y) = min max Y(x).
W(X) = i) = min | max 0(@)

Observe that, for each place v, the vertices of the subdivision II, in (a)
are lattice points. If the dimension of Y is one, this implies that we can
choose II in (b) such that all its vertices are lattice points. This is the case
in the example in the introduction. By contrast, in higher dimension, we

may need II to have non-lattice vertices as shown in the next example.

Example 5.13. — Consider the quadric S C P? defined as the closure
of the monomial map

TQ — ]P)3, (tl,tg) — (1 12ty 1 4o tltg).
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As before let D be the restriction of the metrized divisor H to S. The
corresponding v-adic roof functions are described by the diagram in Figure
5.1. These functions are the minimal concave piecewise affine functions on
the square with the prescribed values at the vertices. The subdivisions II,,
are also given in the diagram.

2log(2) 0 —2log(2 0 0 0

0 log(2) 0 —log(2) 0 0

V=00 v=2 U#OO,Q

Figure 5.1. Local roof functions

The global roof function and the subdivision II are given in Figure 5.2.
From this picture, it follows that pe*(S) = 2 log(2) and u%(S) = u%(S) =

D
0.
0 0
P
5 log(2)
0 0

Figure 5.2. Global roof function

Remark 5.14. — The method used in this example can be applied to
compute the successive minima of any toric variety over K with a semipos-
itive toric metrized R-divisor D such that D is ample and the associated
functions /IZ)B,’U are piecewise affine. In this case, for each v, the local roof
function 9, is not given by Proposition 5.12, but it is computed as the
Legendre dual of wﬁv. Moreover, if one is only interested in the essential
minimum, we can drop the ampleness and semipositiveness assumptions.
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5.6. Translates of subtori with the Fubini-Study metric

We consider now the case when X is a toric variety over Q and D is
a semipositive toric metrized R-divisor, with D ample and such that, for
every non-Archimedean place v € Mk, the function %,v is piecewise affine
and for v = oo, the function z/zﬁ,v is smooth. This is the case when the non-
Archimedean metrics are defined by means of a model and the Archimedean
metric is smooth, which is the situation classically considered in Arakelov
geometry.

Let S C Mk be the finite subset containing all non-Archimedean places

LEMMA 5.15. — With the previous notation, the essential minimum of
X with respect to D is computed by applying the following steps.

(a) For each placev € S we compute the function ¥ , as the Legendre-
Fenchel dual of ¢ . ’

(b) Set¥s =3, cq 195:1] and compute its Legendre-Fenchel dual ¢g.

(¢) Find a value ug € Ng such that

N5 o (—uo) € 0Ys(up).

In this condition, the left hand side is the differential of a smooth
function and hence a vector, while the right hand side is the sup-
differential of a concave piecewise affine function and hence is a set
of vectors.

(d) The essential minimum of X with respect to D is given by

w5 (X) = —vs(uo) — ¢p o (—uo)-
Proof. — By Corollary 3.11, we know that
K (X) = —((Boes vp,) Bup ) (0):
By [11, Proposition 2.3.1], the sup-convolution is dual to the sum and so

Hﬂveswﬁv = 1)g. Hence

H%S(X) _ —(1/JS 2] %,OO>(O) = — sup (il)s(u) + wﬁoo(_u))‘

u€ Ng

Since the stability sets of g and v _ agree, by [24, Theorem 16.4], the
supremum is attained at some point. By the concavity of the functions, the
supremum is attained at any point ug satisfying the condition

0 € D(tbs (u) + o, (—u))(uo),

which is equivalent to the condition given in step (c). a
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We place ourselves again in Setting 5.6 with K = Q and we equip H
with the Fubini-Study metric at the Archimedean place and the canonical
metric at the non-Archimedean places. We denote ﬁFS the obtained toric
metrized divisor and we set D = @Z,LﬁF .

In this case the pair (X, D) satisfies the hypothesis of Lemma 5.15.
Moreover, for each Archimedean place v, the function ¥, is given by
the function ¥, in Proposition 5.12, hence step (a) is alreadyﬁ done. For the
Archimedean place the function 15 _ is given by

1 - — m,,u
waoow)——zlog(jz&pjﬁe 2 ).

We illustrate the recipe in Lemma 5.15 in the following examples, where D
denotes the metrized divisor defined as before.

Example 5.16. — Let C' C ]P’?Q be the quadric curve over QQ given as the
image of the map

1 1
P! — P?, (to:t1) — (tg P bt 5ﬁ).

Then, for v # 2,00, we have )5 = W¥p and the corresponding metric
agrees with the canonical metric. Moreover

U5 o(u) = min(0, u — 2log(2), 2u — log(2)),
_ 1 1 —2u 1 —4u
U (1) = =5 log (14 Toe™2 4 Je74).
In this case ¢g = Y5, and JvYg is given by

2 if u < —log(2),
[1,2]  if u=—log(2),
OMs(u) =<1 if —log(2) < u < 2log(2),
[0,1] if u = 2log(2),
0 if 2log(2) < u.

Then, analyzing the function 0¢5  (—u), we deduce that the point u that
satisfies the condition in step (c) belongs to the interval —log(2) < u <
2log(2). Thus we have to solve the equation 0y (—u) = 1, whose only
solution is ug = 1 log(2). Thus

K(C) = g5 (5108(2)) — v oo (— 3 T08(2)) = 3 los(17).
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Example 5.17. — Consider the quadric surface of Example 5.13, but
recall that now D has the restriction of the Fubini-Study metric at the
Archimedean place instead of the restriction of the canonical one.

For v # 2, 00, the function %,v = Up. Hence 95 = 7,/)5’2. The function
1 and its sup-differential is illustrated in Figure 5.3. In this figure, we see a
polyhedral decomposition of the plane. The two vertices of this polyhedral
decomposition are the points (—log(2),log(2)) and (2log(2), —21og(2)).

The function g is affine in each of the four maximal polyhedra and
its value on each polyhedra is given in the figure. In the interior of each
of these polyhedra, the sup-differential contains a single vector also given
in the figure. The sup-differential at a point belonging to a non-maximal
polyhedra is the convex envelope of the sup-differentials of the neighbouring
maximal polyhedra. For instance,

Mg (u1,usz) = conv((0,0),(1,0),(1,1)) if —log(2) =u; = —us,

s (uy,uz) = conv((0,0),(1,1)) if —log(2) <up = —ug < 2log(2).
s = uy — log(2) s =0
Ws = (1,0) s = (0,0)
s =u1 +up
Ops = (1,1) Ys = uz — 2log(2)
s = (0,1)

Figure 5.3. Function ¥ g and its gradient

The function ¢ _ is given by

1
U5 (U1, ug) = —3 log(1 + 4e™2% 4 16~ 242 4 e~ 2(wmituz)y,

One checks that

oy gy
0< 2 (uy,ug), 2 (uy,u9) < 1.
Ouy (1, u2) Oug (1, u2)
This implies that a point ug satisfying the condition of step (c) belongs to
the interval —log(2) < u; = —ug < 2log(2). Thus we have to solve the
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equation
5 N5
%(—Ul, —Ug) = #(—Ul, —U,Q)7 with Uy = —U3.
1 2
This equation has a single solution at the point ug = % (log(2), — log(2)).
Thus
nE (S) = —ths(uo) — ¥ o (—uo) = log(3v/2).
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