i

S %
2oy ANNALES

DE

L INSTITUT FOURIER

Matt KERR & Gregory PEARLSTEIN

Naive boundary strata and nilpotent orbits
Tome 64, n° 6 (2014), p. 2659-2714.

<http://aif.cedram.org/item?id=AIF_2014__64_6_2659_0>

© Association des Annales de 1’institut Fourier, 2014, tous droits
réserves.

L’acces aux articles de la revue « Annales de I’institut Fourier »
(http://aif.cedram.org/), implique 1’accord avec les conditions
générales d’utilisation (http://aif.cedram.org/legal/). Toute re-
production en tout ou partie de cet article sous quelque forme que
ce soit pour tout usage autre que 1’utilisation a fin strictement per-
sonnelle du copiste est constitutive d’une infraction pénale. Toute
copie ou impression de ce fichier doit contenir la présente mention
de copyright.

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://aif.cedram.org/item?id=AIF_2014__64_6_2659_0
http://aif.cedram.org/
http://aif.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Ann. Inst. Fourier, Grenoble
64, 6 (2014) 2659-2714

NAIVE BOUNDARY STRATA AND NILPOTENT
ORBITS

by Matt KERR & Gregory PEARLSTEIN

ABSTRACT. — We give a Hodge-theoretic parametrization of certain real Lie
group orbits in the compact dual of a Mumford-Tate domain, and characterize the
orbits which contain a naive limit Hodge filtration. A series of examples are worked
out for the groups SU(2,1), Sp4, and Ga.

RESUME. — Nous donnons une paramétrisation de certaines orbites de groupes
de Lie réels dans le dual compact d’un domaine de Mumford-Tate et une carac-
térisation des orbites qui contiennent une filtration limite de Hodge naive. Une
série d’exemples est élaborée pour les groupes SU(2,1), Sp4, et Ga.

1. Introduction

In a previous work [15], we introduced and studied boundary compo-
nents for Mumford-Tate domains, which are homogeneous classifying spaces
D = G(R)°/H for Hodge structures with additional symmetries (in a Tan-
nakian sense) [12]. Here G is a reductive, connected Q-algebraic group,
G(R)° the identity component of the (Lie) group of real points, and H a
compact subgroup. The boundary components B(/V) essentially parame-
trize all possible LMHS (limiting mixed Hodge structures) for period maps
®: S - I' \ D into such a domain with given monodromy logarithm N,
and also admit a homogeneous description. A feature of that work was the
interesting representation theory that arises from considering symmetries
and asymptotics of Hodge structures in tandem.

The purpose of the present study is to better understand the interaction
between asymptotic Hodge theory and the G(R)°-orbit structure of the
compact dual D = G(C)/Q of D. Here @ < G(C) is a parabolic subgroup,

Keywords: Mumford-Tate groups, Mumford-Tate domains, nilpotent orbits, variation of
Hodge structure, Shimura varieties.
Math. classification: 14D07, 14M17, 17B45, 20G99, 32M10, 32G20.
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and D a projective variety containing D as an analytic open subset. The
“naive boundary strata” of the title are the orbits in the topological bound-
ary of D in D, and a natural question is which ones are Hodge-theoretically
“accessible” in the sense of containing a limit point of (a lift d of) some pe-
riod map ®. In addition to obtaining a nice answer to this question (§5.2),
we shall clarify the relationship of these “boundary orbits” to the bound-
ary components, and obtain a mixed-Hodge-theoretic parametrization of
all the orbits and description of their incidence structure.

Now the traditional way to record the asymptotics of a period map & is
via the limiting mixed Hodge structure, and not the “naive” limit point of
® in &D. There is a good reason for this: because of logarithmic growth of
periods, the latter loses information recorded by the LMHS. One has the
classic example (cf. [10]) of a degenerating family of genus-2 curves in two
parameters, with two cycles vanishing at the origin. The degenerate fiber
is a rational curve with two pairs of points identified, and the cross ratio
of these 4 points is encoded in the extension data of the LMHS, while the
“naive” limit and even the cohomology of the singular fiber record nothing.
From an algebro-geometric point of view, then, it is unclear why one would
want to study the interaction between variational Hodge theory and the
orbit structure of D.

Our motivation for this work arose instead from a perspective heavily in-
fluenced by problems in complex geometry and representation theory, where
the (finitely many) G(R)°-orbits are objects of some importance [11, 27].
Recent work of Robles [24] has finally settled the question of maximal di-
mensions of integral manifolds of the infinitesimal period relation on D
(and hence of images of period maps in I' \ D). It seems that one way
of producing interesting maximal-dimensional VHS is by threading inte-
gral manifolds through “accessible” orbits in 9D, and that this approach
holds some promise for the much-studied question of smoothing Schubert
varieties in D in their cohomology classes. We also mention that in the
forthcoming work [13], the proof of pseudo-convexity of D will be recast in
terms of our Hodge-theoretic analysis of 9D.

On the representation-theoretic side, the G(R)°-orbits are related to
the construction of infinite-dimensional unitary representations of G(R)
via parabolic induction. Moreover, one reason for writing [15] was to see
for which M-T domains one might extend H. Carayol’s approach [6] to
putting an arithmetic structure on automorphic cohomology. Our analy-
sis of codimension 1 boundary strata suggests (cf. §5.3) how to generalize
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BOUNDARY STRATA AND NILPOTENT ORBITS 2661

his definition of Fourier coefficients to at least some cases where GG is an
exceptional group. We shall pursue these connections in future works.

Summary

In the remainder of the Introduction, we briefly describe the main results.
Given a polarized Hodge structure (V,’B,’¢q) with Mumford-Tate group
'G,let Ad: 'G — 'G* =: G be the adjoint map, and set Z := ker(Ad)(C) =
Z('G(C)), wo := Ado'pg. Let © be the Cartan involution of G induced by
conjugation by ¢o(v/—1).

For any g € 'G(R)®, if ‘o1 = g~ ! o’ipg o g satisfies Ado’p; = g, then
o1/ is a cocharacter of Z°, whereupon it must clearly be trivial. So we
have a diagram

'D :='G(C) /Qp:, <~—"G(R)*/H g, =:'D

i 9

D :=G(C)/Qps, <——G(R)°/Hy, =: D

in which Z belongs to Qrs and the left-hand side is finite-to-one. But the
0

parabolic subgroup @ F2, is necessarily connected, and so in fact ’ D and D
are the same.

On right and left, we therefore have isomorphisms of complex manifolds
(though not as homogeneous manifolds). For this reason, we may work
without loss of generality in the adjoint setting. Note that we view the
points of the compact dual D as flags on g := Lie(G(C)). We shall make
the simplifying assumptions that the polarization on (g, ¢g) induced by 'B
is a multiple of the Killing form B, and that the horizontal distribution on
D (equiv. 'D) is bracket-generating.

In [12, (VI.B.10)], it was conjectured that one should be able to param-
etrize D via pairs (H, x), where H < G is a maximal algebraic torus and
X € X.(H(C)) a complex co-character of H, in G(R)°-equivariant fashion.
This is proved in §3 (Theorem 3.5), the take-away from which is summa-
rized in the following

PROPOSITION.

(a) Given any point F* € D, there exists a pair (H, x) as above such
that F* = F(H, x)*® (cf. (2.1)-(2.2)).
(b) The pair (H,x) determines a bigrading gc = ©p 405? with F'* =

, D.d _
Gp>egh? and gy" = gi?.

TOME 64 (2014), FASCICULE 6
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(¢) The G(R)°-orbit containing F'* has real codim.
D.

o dime (g3 i

In §4, this is used to index the G(R)°-orbits in D and describe their
incidence relations, beginning with the

COROLLARY. — Write Fy = % (Ho, x0)®- Let {Hy,Hy,...,H,} berep-
resentatives of the G(R)°-conjugacy classes of Cartan subgroups of G(R)®,
obtained by Cayley transforms from Hy, with complex [resp. real] Weyl
groups We(H;) [resp. Wg(H;)]. Let x; € X, (H;(C)) be obtained from xo
in the same manner, with stabilizers W; < W¢(H;). Then .# induces an
“orbit map” from the finite set

EZZUWni(Hj)\{(vajo)UE{Q ,n}, we We(Hy)/W;}

onto the set of G(R)°-orbits. This map is a bijection if D is a complete flag
variety (cf. Lemma 4.9).

Denoting analytic closure by cl, the partial order on orbits given by
01 2 0Oy < cl(O1) 2 Oy is known as Bruhat order, and is generated (at
least in the complete flag setting) by Cayley transforms and cross actions in
a sense made precise in [29]. In §4.3 it is briefly explained how to understand
these processes in terms of “naive” limits of Hodge flags and the framework
of the Corollary.

In the remainder of the paper, we are interested in those orbits incident
to D itself:

DEFINITION. — An orbit O C cl(D) is called a naive boundary stratum.

Given a polarized variation of Hodge structure ® over a punctured disk
with monodromy logarithm N, one can take the limit in two ways. The
limiting flag .Z (@) € B(N) C D associated to the LMHS is obtained by
ﬁrst tw1st1ng by e —"52N and then taking the ¢ — 0 limit; the naive limit
9(@) € B(N) C cl(D) is the limit with no twist. (See Definitions 5.1
and 5.2ff for the precise meaning of B(N) and B(N).) They are related by
the naive limit map™

FN . B(N) — cl(D)

defined and studied in §5.1. For instance, if a MHS (F*, W (N),) € B(N)
is R-split, then Z¥ (F*) is the flag obtained by flipping the associated

M1n forthcoming related work of Green and Griffiths, this will be called the reduced
limiting period mapping.

ANNALES DE L’INSTITUT FOURIER
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bigrading about the antidiagonal; moreover, ﬁlé\[n factors the projection
B(N) — D(N) induced by passing to the Q-splitting of the LMHS. In
the classical case where D is Hermitian symmetric, the maps from open
strata in a smooth toroidal compactification to those in the Baily-Borel
compactification admit a natural description in terms of naive limit maps
(see Theorem 5.21).

As we described above, the instinctive question is how to determine
whether a given naive boundary stratum O = G(R)°- % (H, x)® contains a
naive flag, or equivalently some B(N). To this end, we introduce (cf. §5.2)
the following terminology:

e () is rational if the filtration W, = B_pg<edy? is G(R)°-conjugate

to a Q-rational one; and

e O is polarizable if there exists a nonzero element N € R L

that N7 : gi’j 25 gi‘j’_p (Vp € Z, j € N) and a positivity condition
holds.

Two of our main general results (cf. Theorem 5.15ff) may then be stated

-1
such

as follows:

THEOREM. — A stratum O contains a E(N) if and only if O is rational
and polarizable. All strata of codimension one are polarizable.

In §6, we work out for a variety of examples (including the three Gs-
domains of [12]) the complete incidence diagram and the associated bi-
gradings for G(R)°-orbits, and determine which of the boundary strata are
polarizable.

Acknowledgments. — This paper has some overlap with recent work of
M. Green and p. Griffiths, and we wish to thank them as well as J. Carl-
son, R. Kulkarni, C. Robles and S. Zucker for helpful conversations and
correspondence. We also thank the referee for a helpful and thorough job.
The authors acknowledge partial support from NSF Grant DMS-1068974
(Kerr) and NSF Grant DMS-1002625 (Pearlstein).

2. Preliminaries

Let G be a connected Q-algebraic adjoint group, H¢ < G¢ a maxi-
mal algebraic torus subgroup. The groups of complex points G(C), H(C)
have natural Lie group structures, and we let g, h denote the complex
Lie algebras. From G, g inherits an underlying Q-Lie algebra gg, and we

TOME 64 (2014), FASCICULE 6
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let B: gg x go — Q denote the (symmetric, nondegenerate) Killing form
B(X,Y)=Tr(ad X ocadY).
Consider the lattice

A* = ker{exp(27i(-)): h — H(C)}.
Sending ¢ € A* to the co-character

Xo¢: c* — H((C)
yA > elOg(z)¢

yields an isomorphism
A* =5 X, (H(C)),
with inverse x — x/(1). Writing A := Hom(A*,2Z) C h*, we have

g=boPa.=bo P C(Xa),

aEA aEA

where the roots A C A generate A, and
ad(h) X, = a(h) X, (Vh €B).
In particular, for x = x4 € X.(H(C)), we define

T A — 7
A = %/\(qb)

so that ad(¢)Xs = 2my (o) X4, and
Ad(x(2)) X, = elos)add x|
— e2log()mx (@) x
=22 x .
We shall write for 7 > 0
(21) y(Hv X)lgc = @ Ja
aEA
{wx<a>>z‘
and for 7 <0
(22) y(Hv X)ig(c =ho @ Jas
acA
{”‘x(‘*)?i
note that the (partial) flag .% (H, x)* depends only on H and m,.

Remark 2.1. — G(R) and G(C) operate on flags in g¢ via Ad. This will
often be tacit; that is, Ad(g)F* will be written g- F'*. This is especially
necessary in §5 where the notation would otherwise become unwieldy.

ANNALES DE L’INSTITUT FOURIER



BOUNDARY STRATA AND NILPOTENT ORBITS 2665

Next, we specialize to the case where H is defined over R. More precisely,
let © = ¥ € Aut(Gr) (conjugation by C') be a Cartan involution, so that
0 := AdC € Aut(gg) satisfies 62 = id and —B(-,0(-)) > 0. Take H < Gg
to be a ©-stable Cartan subgroup, and let gr,hr be the Lie algebras of
G(R), H(R). We have decompositions into +1-eigenspaces

gr=tDp, br=tda=(hrNE) S (hrNp)

of 0, and clearly —B > 0 [resp. < 0] on ¢ [resp. p]. A root @ € A is real if
a(te) = 0, imaginary if a(ac) = 0, and otherwise complex. Indeed, we have
A* C it ® a, and so the action of € resp. p :=complex conjugation on the
root vectors X, € g sends « — —a resp. a. In particular, for o imaginary,
we have
lla)=a = 0X,ecR(X,) = 0X,=X, [resp. —X,]
= X, € ¢ [resp. pc]

in which case we say « is compact [resp. noncompact] imaginary. So we
have a decomposition

A=ArUACUA.UA,,

with complex roots occurring in quadruplets and other types in + pairs.
Note that every G(R)°-conjugacy class of Cartans contains a ©-stable mem-
ber. We will write

N(G(R),H[R)) _ N(G(C), H(C))

H(R) = H(C)

for the real and complex Weyl groups. The latter is of course generated by
the reflections in the roots A. An algorithm for computing the real Weyl
group (as implemented by the ATLAS computer software) is described
in [1, sec. 6] and [26]. More germane for our purposes is the connected
Weyl group

W]R(H) =

=: Wc(H)

N (G(R)°, H(R)?)
H(R)°
which contains the subgroup generated by reflections in Ag U A, but may

W (H) =

< WR(H)7

be larger than this unless H(R) is compact or split.

Now assume that there exists a maximal torus 7' < Gg with T'(R) com-
pact. Taking H := T, all roots are imaginary (in the sense that p: o
—a), and we define the compact [resp. noncompact] ones to be those with
—B(X4, X4a) > 0 [resp. < 0]. (We may normalize so that X, = X_,, resp.
—X_, for a € A, resp. A..) Setting

ti=to (@ <C<Xa>) Ngr, pi= (@ <C<Xa>> Ngz,

acA, acA,

TOME 64 (2014), FASCICULE 6
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K := exp(¥) is maximal compact, and the involution € defined by linearly
extending 6 :=id, 6|, := —id is Cartan. In particular, T' is ©-stable, and
A=A UA,.

Assume further that there exists a co-character yo € X.(T(C)) such that
Txo (Ac) C 2Z and my, (A,) C 1+ 2Z. Let ¢y denote the restriction of

C* 2% T(C) = G(C)

to S1 — G(R), and Ad: G(R) — Aut(ggr, B) the adjoint homomorphism.
Then (gg, Adoyg, —B) is a polarized Hodge structure of weight 0, with
decomposition gc = @5 677, where

o ={yegc] Adxo(2)y =277} = P CXa)
{WX(;(G@A)=J'

if j # 0 and g*0 := f«:@@ae(kerﬂxo)ﬂA C(X4). (Note that C = ¢(7).) The

conjugacy class of ¢g (or “connected Hodge domain”)
D :=GR)%.¢0 = G(R)®/Hy,

parametrizes a set of (—B)-polarized Hodge structures on gg with the same
Hodge numbers; a very general point in D has Mumford-Tate group G.
Writing
Fige =P a7 (= F(T,x0)"ac),
jzk

D is an analytic open subset in its compact dual
D :=G(C)- Fy 2 G(C)/Qrs.

Flags® F* ¢ D are called semi-Hodge. A Hodge flag is one which satisfies
gc = D,z FP N F~P; equivalently, F* is of the form .Z (T, x)® for some
compact T < Ggr [12, (VI.B.9)]. As above x has an associated weight 0
(but not necessarily (—B)-polarized) Hodge structure ¢: S' — G(R), and
we write F'* = F2. We denote the non-Hodge locus in D by 3, and shall
(by abuse of notation) write ¢ € D\ 3.

Finally, taking A" to be a system of positive roots with 7, (A1) C Z,
assume that m, takes values 0 and 1 on the simple roots. Then it is known
(cf. [24]) that the G(C)-invariant horizontal distribution W C TD given
(at o) by

F~'gc/Flgc C gc/Flgc

(2 In this paper, “flag” will mean what is sometimes called a “partial flag”, i.e. not
necessarily “maximal” or “complete”.

ANNALES DE L’INSTITUT FOURIER
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is bracket-generating; that is,

~

W+ W W+ W, WW||+---=TD

(or equivalently, F~% + [F~1, F71] + ... = gc on the Lie algebra level).

The three assumptions delineated in the last three paragraphs will remain
in effect for the rest of this paper. With T', 6 as above, we can obtain 6-
stable representatives of all G(R)°-conjugacy classes of (real) Cartans by
taking successive Cayley transforms in imaginary noncompact roots. Given
H < Gr and o € A,,, the Cayley transform in « is defined in terms of
conjugation by ¢, 1= exp (5 (X_o — X4)), where the root vectors X4, are
assumed to be normalized so that X_, = X, and [[ X4, X_.], Xo] = 2X,
(in particular, [X,, X_,] € A*). More precisely, it replaces H by the real
algebraic torus underlying ¥._(Hc), which by abuse of notation shall be
denoted W._(H). This has the effect of increasing the real rank dimg a of H
by 1, replacing b by (ker a|p, ) BR(X,+X_,). (Conjugation by the square
c2, which stabilizes H, yields the Weyl reflection in a.) Up to scaling, the
new root vectors are the images of the old ones by Ad(c, ), and Ad(cy)X+q
in particular are real root vectors.

The process may be reversed by applying (inverse) Cayley transforms
Ad(dg) in B € Ag, cf. [16, sec. VL.7]. In more detail, if X4g are nor-
malized so that 0(X3) = —X_p and [[Xs, X_g],Xg] = 2Xg, these are
given by dg := exp (—i5 (X_p + X3)). Assuming additionally that Xz =
i1 Ad(cq)Xq, one has X_3 = —i Ad(c,)X_, and

dB — eAd(Ca)%(Xafx—ﬂ) = Wc (Cil) = Ci1

(e (e

Remark 2.2. — One may pictorially represent the situation in a graph
with G(R)°-conjugacy classes of real Cartans as nodes and Cayley trans-
forms as edges; the ATLAS software can compute these so-called Hasse
diagrams (cf. [1], [2]).

3. From semi-Hodge flags to Cartan data

Take G, Hy = Ty < Ggr, xo0 € X.(T(C)), and ¢y € D C D to be as in
§2, with associated flag F§. The points of D are the (—B)-polarized Hodge
structures G(R)°-conjugate to ¢g. In this section we will give a similar
characterization of the points of D.

TOME 64 (2014), FASCICULE 6
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3.1. The bigrading

Let F* € D, with Qpe C G(C) the parabolic subgroup preserving F*.
Inside D = G(C)/Qp» we have the connected G(R)°-orbit

Ope :=G(R)° F* 2 GR)?/{Qre NQrs NG(R)°}.
LEMMA 3.1. — There exists a Cartan subgroup H < Gg with
H(R) € Qre NQrs NG(R).

Proof. — See [27, Thm. 2.6(1)] or [11, Lemma 2.1.3]. O

Fix an H (as in Lemma 3.1), and write (h)r := Lie(H(R)), b :=
Lie(H(C)) for the corresponding Lie subalgebras. From F'® we obtain a
filtration

(3.1) W,kgc = @ (Fp ﬂm) gc
PEZ

which is stabilized by Qpe N Qs hence by H(C); this is of course defined
over R. Its nontriviality “measures” the failure of F** to be a (pure) Hodge
flag.

LEMMA 3.2. — Given F* and H as above, there is a unique bigrading
(3:2) gc= P
(p,9)€Z
satisfying:

(i) each gP? is a sum of root spaces of (g,4) (and b, if (p,q) = (0,0));
(ii) 1 =Bro0 8"

p=a

(v) B|gp,qxgp/,q/ nondegenerate for (p',q") = (—p, —q), and otherwise 0.
The {dim(g”?)} do not depend upon the choice of H.

Proof. — We know that F§ := FJ = % (Ho,xo)®, and that G(C)
acts transitively on D. Taking g € G(C) so that g- F§ = F*, we have
t9\(\:[/g(.lv‘]'()#([j),\:[/L,J(Xo)). = F., and \I/g(H(]’C) < \I}gQFO' = QF-. Since QFo
is connected, any two Cartans of Qp. (i.e. Cartans of G(C) contained
in Qpe) are conjugate by an element of Qps (cf. [4, 11.16 and 12.1(a)]).
Hence, we may arrange to have V,(Hyc) = Hc; write ¥,(Hy) = H and
Wy(x0) =: x¢ =2 X-

ANNALES DE L’INSTITUT FOURIER
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Since H is real, we have x, ¥ € X.(H(C)), and so

Ad(x(2))y = 2%y }
Ad(x(2)) = 2%y
- &y C{Xa) (@b, if (p,q) = (0,0))

O(EA ""x(&)::l?
. 7| mx(e)=q

gt = {7 €gdc

gives a bigrading. Since

F*=7(H,x)= EB{W) ghd

o p=a
Fb = 9<H7>Z) = @{(p,q) gp,q)
q=b
this gives (i)—(iv), and (v) follows from the fact that X, € g"? <=
X_o € g7P7 9 Uniqueness is clear, as is the last statement since dim g?-? =

dim ({FP AFaQ)/{FP O FaHT 4 fril mﬁ}) . O

(3.3)

There are several easy remarks at this point. The first is that [g79, gp/’q/] C
gPtrat4" and so the isotropy Lie algebra qpe := Lie(Qps) identifies with
FOgc. Next, setting

Wige = P "
p+q<k

(which is clearly defined over R),(®) we see that (gg, F'*, W,) give the data
of a split R-mixed Hodge structure, which is split by property (iii) in the
Lemma. From the end of the proof, it satisfies the symmetry dim Gr}’v g=
dim Grzvj g. Defining new cocharacters xy, x¢ by

§+¢ §-¢
(3.4) Y = = ¢ = =
the mixed Hodge representation associated to (gr, F'*, W) is

Pre: R*x St — H(R) - G(R)
(w,2) = xy(wxe(z) =1 @pe(w,2).
The composition of its complexification with Ad, mapping C* x C* —

Aut(g, B), restricts on g”¢ to multiplication by wPt92P~4. Since we can
act with G(R)® (via Ad) compatibly on F'* W, H,p,Y, and {gP?}, we have

COROLLARY 3.3. — The
h%q = dim@(gp’q)

are well-defined invariants of the G(R)°-orbit O.

®)To a Hodge theorist, this filtration is much more familiar than ﬁ/., but (unlike I;Iv/.)
depends on the choice of H.

TOME 64 (2014), FASCICULE 6
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Finally, there is the

PROPOSITION 3.4. — F* is Hodge <= W, is trivial (<= W, is trivial).

Proof. —Y grades W,, so if Gr}/v = {0} for j # 0 then ¥ = 0 and
¢ 1= Pre|s1 is a Hodge structure with F'* = F2. Conversely, if F'* is Hodge
then the p-opposed condition F? N F—P+1 = {0} holds, and so W_; = {0}
by symmetry, g/WO = {0}. O

3.2. From Cartan data to semi-Hodge flags

We are now prepared to parametrize the flags in D by Cartan data. Let
&c denote the set of maximal tori 'H < Gg, and E¢ the set of pairs ("H, x)
(x € X.("H(C))) G(C)-conjugate to (Hoc,xo) Define subsets & C &c
resp. Zr C Z¢ by imposing the requirement that 'H = Hg for H defined
over R, and smaller subsets &g resp. Zg by insisting that H(R) be compact.
Finally let Z} C Er be the G(R)°-orbit of (Hy, xo). Applying .# produces
a G(R)°-equivariant® commutative diagram

¢r RS € €c

ZR° ERC Er" Ec
l«%ﬁ l(% i%@ iﬂc
D——=D\3——=p=—=D0

in which surjectivity of the leftmost and rightmost upward arrows follows
from the G(R)°-conjugacy [resp. G(R)-conjugacy] of all compact maximal
real [resp. maximal complex] tori. The desired parametrization of Hodge
and semi-Hodge flags is then given by the following

THEOREM 3.5. — (i) Fr and (ii) Fr are surjective.

Proof.
(i) Given F* € D, by (3.3) we have F* = .Z (Hc, x)* for some H < Gg.
Let g € G(C) be such that g- F§ = F'* in D. Then

F* =g 7 (Toc,x0)" = F (¥y(Toc), Yg(x0))*

4) G(R)-equivariant if the left-most column is removed; right-most column G(C)-
equivariant.
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and the {F'} are sums of root spaces of U (T ¢), so that Uy(Tpc) C Qpe.
We also have He C Qps, and so (as in the proof of Lemma 3.2) H¢ and
U, (Ty,c) are conjugate by p € Qps. That is, ¥,4(To.c) = Hc and pg- Fy =
F*; and we conclude that F* = .Z (Hc, ¥ ,4(x0))" € (ER).

(ii) Given ¢ € D~ 3, there is a compact maximal torus T' < Ggr with
T(R) D ¢(S'), and F = .7 (Tt, x,p). The rest of the argument is as in (i).
O

Remark 3.6.

(a) (ii) is essentially part of Theorem (VI.B.9) in [12], while (i) establishes
the conjecture made in Remark (VIL.B.10) of [op. cit.]. ()

(b) In the proof of (i), for any u € X.(H(C)) we have p = x <
,?(Hc, p) = F*. Hence v¥,4(x0) = x and the original (Hc,x) belongs to
Er. This shows that a real-Cartan/co-character pa1r not in Eg (i.e. not
G(C)-conjugate to (Tp, xo)) does not yield a flag in D.

(c) Suppose # (H, x) = Fj is the flag of a (—B)-polarized Hodge struc-
ture ¢. Then B(,~) is definite on each gf~". Since G C Aut(g, —B), the
isotropy group H, C G(R) is compact. Moreover, H(R) commutes with

©(S'), whereupon we have ¢(S') ¢ H(R) C H,, forcing H(R) compact.

We conclude that # (_R ~ _R) avoids the (—B)-polarized locus (which
resides between D and D 3).

For later reference we emphasize the obvious

PROPOSITION 3.7. — IfF*e D is Zc of (H, x) €Ec, then'H(C) CQpe.

Proof. — The F* are sums of eigenspaces of ad(x(z)) (which are sums
of root spaces of 'H), and ’h belongs to the “trivial” eigenspace hence to
FOg(= qp.). g

3.3. Discretizing the Cartan data

Now any given H € ER is G(R)°-conjugate to some Cartan in the list
of all successive Cayley transforms of Hj in noncompact imaginary roots
([16, p. 394]). Removing all but one Cartan in each G(R)°-conjugacy class,
we shall fix henceforth:

e the resulting sublist {Ho, H1,..., H,} =: 5]1%;

e ¢(j) := product of Cayley transforms with W, ;) (Ho) = Hj;

o Xj(2) = e8P E) = W ) (xo(2)) € X (H;(C));©

(5) Note that the uniqueness of semi-Hodge decompositions asserted there is not correct;
it depends upon the choice of Cartan.

(6) Note that & € b := Lie(H;(C)) is defined by the second equality.
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e the Cartan involution © := W, ;) (=identity on Hp);

e its £1-eigenspaces €, p C gg.
For any ©-stable H, o € A,, = 0(Xi4) = X410 = O(c,) =
c;! = O(Y. (H)) = U-1(H) = Ve,V —2(H) = Ve, (H) since ci? =
W, is the Weyl element. Hence every H € f}% is ©-stable. If Gg is split,
then we shall take H,, to be the (unique) split Cartan in £9.

Noting that & = ¢o € i(ho)r, we have §; = Ad(c(j))¢po. Given any
w € We(Hj), W := V;)-1(w) belongs to We(Hp) and

€= Ad(w)é; = Ad(e()) Ad(@)do = Ad(ce(7)el,

hence

8(e1") = Ad (B(c()) (6" = Ad@N6 = Ad(c(7)e")

= —Ad(c(j))y" = —€.
gl _gr-g”
2 ’
a; == (hj)rNp, & :=(h)rNE,

this yields (bg»w] € ity, Yj[w] € a;. This allows us to associate (nonuniquely)

Writing Y[w] = w} +§ oR

Hodge-compatible Cartan data to any flag in D:

PROPOSITION 3.8. — Given any F* € D:
(i) there exist H; € £, w € We(H;), and g € G(R)® such that

P =7 (W, (H) ,08™) (= F(H ")

and
(ii) referring to (3.4), there is a Cartan involution © pe and correspond-
ing Epe,ppe C gr, tpe,ape C hr such that

Y € ape and ¢ € itpe.

Proof.

(i) By Theorem 3.5, F* is .Z of some (H,y) € Zp; clearly H is some
W, (H;). So (H;,¥,-1(x)) is G(C)-, hence W¢(H,)-, conjugate to (Hj, x;).

(ii) Put ©pe := W, (i)g-1; then H is Ope-stable and we have ape =
Ad(g)a; and tpe = Ad(g)t;, so the result follows from the above computa-
tions. 0

COROLLARY 3.9. — Given F* = #(H,x) € D, with the bigrading gc =
@gP? associated to H, Ope(gh?) =g~ ¢ P.
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Proof. — By Prop. 3.8(ii), 0pe(Y) = =Y and 0pe(¢p) = ¢, whereupon
the formula for @pe gives

Ad(@re(w,z)) 0 Ope = bpe 0 Ad(Ope (Pre (w, 2))
= 0pe 0 Ad(@e (W™, 2)).
Restrict this to gP9. a
COROLLARY 3.10. — If F* € 3, then for some p > 0, dim¢(gP?) # 0.

Proof. — The idea is to use the basic fact that G(R) has a compact
Cartan. Any noncompact Cartan is then an iterated Cayley transform of
such and so must have a real root.

Clearly H is noncompact (i.e. H € &g \ &g) and Y € ape \ {0} (where
hr = ape @ tpe). Since the dim(gP?) depend only on F**, we may take H
to be of minimal (positive) real rank. Suppose S(Y) = 0 V3 € Ag(#£ 0),
and let H be the (inverse) Cayley transform of H in some 5y € Ag. Then
dpe = ker(Bola,.) 2 Y and tpe D tpe 2 i¢p = @pe still factors through
H = F*=2 (I;T ,X), in contradiction to the presumed minimality of
the real rank of H.

So S(Y') # 0 for some 8 € Ag, while ¢ € tpe ¢ = [(¢) = 0, whereupon

Ad(@re (w,2)) X = Ad(xy (w)) X = w) X
— Xse g2f().28(Y) O
Because even the real rank (= dimg(ape)) of hr may not be unique in
Proposition 3.8 (cf. §6), the question arises as to whether some choices are

better than others. At least in one fairly general setting, we shall now see
that this is so. Consider the (well-defined) real parabolic

Q:=Qy <Gr

defined by (3.1), with Lie algebra q = WOQR. This has unipotent radical
n:= W_l gr and, with the choice of h and Op., the natural subalgebras
m= (@quo gWJ) Ngg and (noting aps C go° C @) a:= ker{ad: ape —
End(m)}. Let m be a direct-sum complement to a in @, and M, A, N < Gg
the subgroups corresponding to m,a,n. This gives a Hodge-theoretically

defined Langlands decomposition
(3.5) Q = MAN
of the parabolic. Write £ := Q/N, [ := Lie(L) = Grg[}g.

DEFINITION 3.11. — Q (resp. q, F*) is cuspidal <= L/Z(L) has a
compact Cartan subgroup.
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Assume that Q is cuspidal; then it admits a Langlands decomposition
in which the reductive group has a compact Cartan. We claim that (when
true) this may be demonstrated Hodge-theoretically, i.e. via (3.5).

PROPOSITION 3.12. — If Q is cuspidal, then we can choose ©ge and H
(O pe-stable) so that a = ape, making tpe C m a Cartan subalgebra. The
choices of H which accomplish this are of minimal real rank.

Proof. — Suppose we have Ops, H, ¥, etc. with a C ap., and note that
br C gﬂ%’o. If £/Z(L) has a compact Cartan, then the image H of H in it
may be (inverse) Cayley transformed into one. This requires the presence
of a real root vector Xz € I/3(1), which can only lie in (1/3(1))"° = g’ /3(1).
The preimage H' of H = Uq, (ﬁ) has by C g%’o and real rank one less than
H. Evidently dg commutes with @pe, and so we still have x € X.(Hg).
Continue until the image in £/Z(L) is compact. O

4. Connected real orbits and naive boundary strata

Continuing to fix F§, (Ho, x0), ©, and &g, we now turn to the enumera-
tion and analysis of the G(R)°-orbits in D.

4.1. Basic results on orbits
PROPOSITION 4.1. — Given F* = .Z(H, x) € D with associated bigrad-
ing (3.2), the real codimension of Ope := G(R)°- F* C D is

Cpe := Z dimg(g”?).

(P,@)E(Z>0)*?

~

Proof. — Recalling qre = ®(p,q)eZ>o><ng’q and TreD = gc/qpe, we
have

dimg Tpe O = dimg (gr/{qrs Ngr})
= dim¢ gc — dim¢ (CIF' N qF)
while

~

dimg Tpe D = 2dime (gc/qre)

=2 > dimcg"!
(P,q)€EZ<oXZ

= Z dim(c gp,q

(p,a)e(2~{0})x2

= dim¢ gc — dime (qF. N qﬁ) + dim¢ < @ gp7q> ]

p,q>0
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COROLLARY 4.2. — Ope C D is open < F* € D~ 3.

Proof. — If F* € 3, then by Corollary 3.10 cps # 0; while F'* ¢ 3 —
only the {g” P} are nontrivial = cpe = 0. O

In Wolf’s study [27] of complex flag manifolds, it is shown that D contains
a unique closed orbit O, (of real codimension c.); this is in the closure of
all the other G(IR)°-orbits, and is acted upon transitively by K. One has
cpe < ¢ for any F'* ¢ O; and

(4.1) e < dime D,

with equality if and only if O, contains a real flag. We shall say that a flag
is of Hodge-Tate type if its dim(g?”?) are zero for p # q.
COROLLARY 4.3.
(i) Equality holds in (4.1) if and only if D contains a Hodge-Tate flag,
in which case O, is the set of such flags in D.
(ii) In particular, this happens whenever G is R-split.

Proof.

(i) Real flags (F'* = F'*) are obviously Hodge-Tate, and the {dim(gP%)}
are constant on orbits. Conversely, if F'* is Hodge-Tate, then dim Grf., =
dim Gr%o. = dim Gr;Of' =

p>0 p>0

(ii) Gg split = H,, split = X, (H,(C)) = X (H,(R)) = F (Hpn, Xn)

is real. O

Before proceeding to the heart of the section, we can say something about
the codimension-1 orbits as well:

COROLLARY 4.4. — If cpe = 1, then g'! is spanned by a single real
root vector, and the other {gP?} with p,q > 0 are zero.

Proof. — By Proposition 4.1, only one gP>% with py,qo > 0 can be
nonzero, and since dim g?? = dim gP? we must have ¢y = pg. Now our
standing bracket-generating assumption says that

Wre 4+ [Wre, Wie] 4+ [Wie, Wige, W] + -+ = Tre D,
whilst by Frobenius

TreOpe + [TF.OF.7TF.OF.] 4+ ... = TF‘OF‘7
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and 80 Wpe / {Wpge N Tpe OF.} 7é {0}. Taking real dimensions,

0 < dimg(g )+ 2 Z dimc(g 1"1
g<—1
= dimc(gh") + 2 dime(gh)
q>1
= dim(c(gl’l)

— po = 1.

4.2. Orbit inventory

Now let @; < G(C) denote the parabolic stabilizing F? := .7 (H;, x;)*.
The Weyl subgroup
W, = N(Qj, H;(C))
H;(C)
is generated by the reflections in the roots belonging to ker(¢;) [14, sec.
30.1].
Consider the finite set

= Stab x; < We(H;)

=7t (80) = {(H ") 1 € {0, on) w e We(H)) )

of distinguished -stable-Cartan/co-character pairs (and its subset Z% :=

7z ({Ho})), where X;w](z) = U, (x;(2)). Let éﬁ% (resp. ET%) be the set of
equivalence classes modulo the relation

(Hj,ng])N(Hk,XLw]) < j=kandw € Wg(H,) w W,

and OF (D) denote the set of G(R)°-orbits. Writing Wg (H;)-w- W, =: {w}
for the double cosets, we introduce the orbit map

F(H J)X[w]). = Oj
THEOREM 4.5.
(i) o is well-defined and surjective, with™ o=1(D) = {(Ho, x{°)}.

(i) It restricts to a bijection between =0 and the set OF (D ~ 3) of
open orbits.

(iii) The codimension-one orbits are of the form 0;@} for H; of real
rank 1.

(M e denotes the identity element in a Weyl group; so xé - = X0-
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Proof. /
i)-(ii): For well-definedness, {w} = {w'} = X! =@, (")) for some
J 9g\Ag
g € N(GR)®, H;) =

F(H ) = 7 (v, 0,00 = v, (7).

Surjectivity is Proposition 3.8(i).
Suppose

= Ad(9).F (Ho, x¢" )" = F (Vg(Ho), ¥yl )",
where g € G(R)°. Using Proposition 3.7, Hy(R) and ¥,(Hy(R)) are com-

pact maximal tori of the real reductive Lie group®

HF' = G(R)o N QF' (: G(R)O N QF’ N QF)

So there exists g’ € Hpe such that Hy = Vg 4(Hy); let w, € Wg(Hy) be
the element represented by ¢’g. Then

F* = Ad(g)F* = 7 (0 (Ho), Uy (65)) " = 7 (Hox")

[w] [wrw']

= Xo = Xo

= w- Wy = w,w’- W

= {w} = {ww'} = {w'}.
This establishes (ii), and the last statement of (i) follows from this and
Remark 3.6(c).

(iii): Suppose F'* = .# (Hj xg-w]). has cpe = 1, gt'! = C(X3), tkg Hj (=
dimp a;) > 2. Then Ad(dg)Xs € C(Xp ), 5" a noncompact imaginary root
for Hj = Wq,(Hj). Since rkg Hj» > 1, Hj: is not maximally compact and so
has a real root 3, necessarily orthogonal to 5’. Under (conjugation by) cs,
B; goes to a real root By (of H;) orthogonal to 3, and the vanishing of the

{gPP}pro,+1 forces Xy € g%0. Therefore, conjugation by dg, replaces H;
by Hj: of smaller real rank, whilst leaving Y and ¢ — hence F'* —alone. [

Remark 4.6. — Koranyi, Takeuchi and Wolf parametrized the G(R)-
orbits in the case where D is Hermitian symmetric (cf. [28, sec. 7]). Theo-
rem 4.5 extends this to the general case.(®)

COROLLARY 4.7.

(8) While F* is Hodge, the corresponding Hodge structure need not be (—B)-polarized,
and so H e need not be compact.

(9) We thank the referee for this remark.
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() [OF (D) < 7 IWR (Hj) ~ We(Hj) /W] (< o0).
(ii) |OF (D~ 3)| = [Wg (Ho) ~ We(Ho)/Wol.

Remark 4.8. — W (H;) > W; are the same for each j, whilst Wg(H;)
varies considerably. If G is split ( = H,, is), then W¢(H,,) = Wr(H,) =
Wg(Hy,) by [5, 14.6]. Note that Corollary 4.7(ii) is due to Wolf [27, Thm.
4.9(3)].

When the isotropy group H,, is abelian, it is a compact maximal torus
in G(R)°, and we say that D is a complete flag variety (owing to how this
situation most often arises).

Recall our standing assumption (cf. §2) that m,, takes only the values 0
and 1 on the simple roots.

LEMMA 4.9. — The following are equivalent:

(i) D is a complete flag variety;
(ii) QFg is a Borel subgroup of G(C);
(iii) Qpe is Borel for any F* € D;
(iv) my, takes the value 1 on every simple root.

Under the equivalent conditions of the Lemma, Hy(R)® = H,, and
dim¢(Ho(C)) = dimc(Grl.g), so that for any F* = ﬁ(Hj,Xl[jw})', from
g%% D h; we have

(4.2) g"% = ;.
Moreover, since every () Fe s Borel, the {W,} are all trivial.

THEOREM 4.10. — In the complete flag setting, o is a bijection and
(OF (D) =D [Wg (Hj) ~ We(H,)|.
j=0

Proof. — Suppose
Fo = y(Hj,ng]).
= Ad(9) 7 (i, x")* = Z (W (He). 0y ()"
where g € G(R)°, and let g = ®gP? be the bigrading induced by F'* and
H;. Using Proposition 3.7, H;(R)° and ¥,(H(R)°) are maximal tori in
the identity component of
Hie = G(R)® N Qe (NQps).

and (4.2) says that H%./U(H%.) is a torus of the same dimension; that is,
H%. is (connected) solvable. By [4, Prop. 19.2], there exists § € H%. such
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that \Ifg (\I/g(Hk(R)O)) = Hj(R)O; ie. \Ilgg(Hk) = Hj with gg S G(R)o But
then k = j (cf. §3.3), and gg represents an element w, € Wg(H,); we have

F* = Ad@)7 (W, (1), v, () = 2 (0

J I Aj

= {w} ={ww'} ={uv'},
done. O
Continuing to assume Da complete flag variety:
COROLLARY 4.11. — The “real rank map” D — Z~o given by
F* = %(H,x)* — dimg age.
is well-defined.

We also recover the well-known

COROLLARY 4.12. — The |WR(Ho) ~ Wc(Ho)| open orbits are in 1-to-1
correspondence with Weyl chambers up to reflections in the compact roots.
(Explicitly, the correspondence is given by sending ogw} — w- Cy, where

Co is the chamber associated to QFg.)

4.3. Closure order

It remains to address how the various orbits fit together. Consider the
following two operations on the finite set of points {.% (Hj, ng])‘} in D:

(1) Cayley transforms c, in noncompact imaginary roots:
F*=7 (Hjaxgw]) — F (‘I’ca (Hj)a \I/ca (ng])) = C(xF.§

(2) Cross actions, i.e. cpe-increasing Weyl reflections w, in complex
roots:

=7 (Hj,xg-w]). — F (Hj7xg-w”w]). = w, F*.

There is a well-developed theory of Bruhat order (i.e. closure order(*?)) for

the Kc-orbits on complete flag varieties, where K¢ < G(C) is the complex-

ification of a maximal compact subgroup of G(R)°.('") (The foundational

(lo)By this we mean, in general, the partial order on orbits given by O1 > Oy <=
cl(01) 2 Os.

(11) More precisely, one takes K¢ to be the identity connected component of G((C)@.
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article is [22]; also see the helpful recent exposition [29].) We can import
these results into our setting by way of Matsuki duality, which produces
a 1-to-1 correspondence between K- and G(R)°-orbits in a complete flag

variety'? D, while reversing closure order. See [17] and the Introduction
to [18].

The upshot of this for us is twofold:

(a) In the general case, where D is not necessarily a complete flag variety,
Oc, re and O,,_ pe always lie in the analytic closure cl(Ope) =: OpsI1
0Ope.. This may also be deduced directly from the discussion below.

(b) In the complete flag case, the codimension-one inclusions obtained
as in (a) generate all closure relations in the sense of [29, Theorem
3.15] (the “subexpression property” which generates more relations
than mere iteration of (a)).

Remark 4.13.

(i) We should accompany these statements with the warning that our c,,
and w, (which operate differently from the Cayley transform and cross-
action in [29]) are not well-defined operations on the level of orbits: if
w, € Wg, it can happen that (while Oy, pe = Ope) Oc,w,re 7# Oc, re and
so forth.

(ii) On the other hand, with o € A,(H;) and F'®* as above, we need
not worry about both c,F*® and c_,F*: if § € A(VU., (H;)) is cq of «
(more precisely, X5 = —i(Adca)Xa), then dg = ;' and d = wy =
wpCo F® = c ' F* =c_oF* = O pe = Oc__pe.

(iii) We can further simplify computations by noticing that if w, €
Wg(H,;) and o € A, (H,), then we have w,(a) € A, (H;) and so cow, =
wyw teqw, = WrCyy, (o) = ch(a)po = Oc¢, w, Fe-

DiscussioN. — To see what is going on in a simple case, consider an
sly-triple X, ha, X o with a € A,, X_o = Xa, ha = [Xa, X_o] and
[ha, Xta] = £2X4,. Put

Fli= C(X,) CF':=C(X,)5 = C(Xa, ha) Cslac.

Writing

= oxp {;(X_a - Xa)} € SLy(C),

(12) 1 fact, this duality holds in the general case, cf. [23, sec. 6.6].
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we have

h(t) := Ad(y¢)ha = (cost)hy + (sint) (X + X_o),
Xi(t) == Ad(7) X1a
1 1 1
- —§(sint)ha + §(cost + )X + §(cost - 1) Xzq.

In particular, this gives

h(g) = Ad(ca)ha = Xa + X_a,
s 1 1 1
X:ﬁ:(i) — Ad(CQ)X:I:a - _iha + iXﬂ:a - §X:Fa

and
h(r) = Ad(wa)ha = —ha,
Xi(ﬂ) Ad(wQ)Xia = X¢a.

The flag F1(t) := C(X,(t)) C FO(t) := C(X4(t))3 is in fact in the
real (i.e. SLy(R)-)orbit of F® for ¢ € [0, §); explicitly, we have F*(t) =

Ad(ue)F®, where i, = diag{f(t)7, f(t) 2} € SLa(R) and f(t) = LEsint,

The problem at ¢t = § (where F*(3) = c,F*®) is that X (t) becomesciflfire
imaginary,'®) with real span, and the real group SLy(R) cannot take a non-
real line to a real one. The comparable result in the general case follows
from this one since the flag F'®* on g along an SLs-orbit is determined by
the restriction of F'® to the sly. For cross-actions, the analysis is similar

except the corresponding “non-real to real” problem occurs at ¢ = 7.

The most interesting general statement (not assuming Disa complete
flag variety) we can make beyond Remark 4.13 and (a)-(b) above it, is that
Cayley transforms give all the codimension-one orbits in the closure of an
open orbit:

PROPOSITION 4.14. — Let oi"! be any open orbit in D and 03{‘1”,} an
orbit of codimension 1, where we may take H; of real rank 1 (cf. Theo-
rem 4.5(iii) ). Then 0;{-“/} C 805“’} > (Hj, xﬁw']) = (U, (Hp), U, (X([)wo]))
for some o € A, wo € {w}.

(13)If one puts X4q = % (1&1 fi), ho = (
For X, € g},’:l, Xg € gi’:F..
think that (8 (1)) should be in g—1~1, since N = (8 (1)) for the corresponding VHS.
This is resolved by the effect of the naive limit map in §5 below, which roughly “flips”
indices (p, q) — (—q, —p).

0,4), then (Adea)Xa = —iXg = —i(94).
The Hodge-theoretically minded reader will no doubt
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Proof. — Since “<="is clear from the preceding discussion, we prove the
converse, using the elementary observation that any codimension-1 G(R)°-
orbit can bound on at most 2 open G(IR)°-orbits.

By assumption we have Ar(H;) = {8, -8}, so that dg sends H; to
Hy (the only real-rank 0 Cartan in END%), and 8 to o € A,(Hy), F* =
F(Hj, Xg_w’]). to % (Ho, X([)wl])' (where ngl] =dg (Xg-wl])). Since ¢, reverses

éwl} D 0;{-1”/}. Setting v, :=

the operation (see the end of §2), it gives do
2 (X_o — Xa), the Discussion above implies that e?.% (Hy, Xéwl]) € o({)wl}
for t € [0,1). Hence for e € (0,1], and setting 5 := —i% (X_g + X3), we
have €% ['* € o({)wl}.

Writing w, € Wec(Hp) for the element induced by c2, we have dgl =

c2dg hence
A3 7 (Hy e = F(Ho, ),

1

Since c_, = ¢

wit 5 O;rfw/} is given by c_,.

is inverse to dgl, 80[ngx

By the same argument as above, it follows that e s F*® & Oéw“wl} for

e € (0,1].

As the projection of 65 € gttdg=1 71 to Tre D is transverse to Tpe olw

j ’
the conclusions of the previous two paragraphs establish that oéwl} and
o({)w"“wl} are the (only) open orbits bounding on oj{w ' Now apply Theo-

rem 4.5(ii). O

DEFINITION 4.15. — The (naive) boundary strata of the Mumford-Tate
domain D are the G(R)°-orbits in dD C D.

COROLLARY 4.16.

(i) To obtain (representatives of) all codimension-1 boundary strata, it
suffices to consider (modulo equivalence) those F'*= caﬁ(Ho,X([)wr]) S,
a € Ay (Hp) and w, € WR, with cpe = 1.

(ii) In the complete flag case, we have cpe = 1 in (i) <= « is or-
thogonal to a wall of w,- Cy. The resulting codimension-1 stratum
separates D from the open orbit corresponding to waw,- Cy, the

Weyl chamber “across the wall” from w,- Cy.

Proof.

(i) is clear from Proposition 4.14.

For (ii), it suffices to consider the case w, = 1. By Remark 4.13(ii), we
may assume a € A ¢, transforms Hy — Hj, ato 8 € Ar(H;) = {3, -},
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and Fy to F'* := F(H;, x := U, (x0))® with associated ¥ and ¢. Now,
ais L toawall of Chy <—

a is simple for AT «—

{ﬁ is simple for the system AT (x) := cq(AT)

4.3
(4.3) =7 (Z>0) N A(H;) of positive roots.

Since m, of simple roots is 1 by Lemma 4.9, and therefore exceeds 1 for
any other positive root, (4.3) is equivalent to m, (3) = 1.

If cpe = 1, then by Corollary 4.4 g''! = C(Xj3), and so m,(8) = 1.
Conversely, assume (4.3) and consider v € A \ {f} with X, € F! ( =
v € AT(x)). Then 7 is of the form v = rf + id, with 7 € R and § in some
open half-plane H; C t;, and ¥ = rf+i(—9) = X, ¢ F! = X, ¢ FL.
So no root vectors besides Xz lie in F*' N FL, and cpe = 1.

The last statement follows from ¢2 = w,. O

Remark 4.17.
(i) In the situation of (the proof of) Corollary 4.16, dima; =1, Y € aj,
and (adY)Xg = 2Xj force {X3,Y, X_p} to be an sl p-triple.
(ii) We can reduce the computation of cpe to pictures by computing the
dim(g™7), but the following can be faster. Let A+(Xj{w}) C A(H;) be the
{w}

roots positively graded by x; . (This is an actual system of positive roots

if and only if Disa complete flag variety.) Then

Cre = A+(X§w}) ﬂA+(X§w}) :

5. Boundary components and the naive limit map

The reader may have noticed the formal similarity between the R-mixed
Hodge structures associated to flags in D (cf. §3) and limiting mixed Hodge
structures. In this section, we shall elaborate on that relationship by de-
termining precisely when a naive boundary stratum O C 0D contains a
flag F'* in the “naive” limit of a polarized variation of Hodge structure into
I\ D, T < G(Q) a discrete group.

5.1. Limiting filtrations
For simplicity, let

O: A" (T)\D
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be the period map associated to a PVHS over the punctured unit disk, (!4
with unipotent monodromy 7' € G(Q), and N :=log(T') € gg. We can take
the limit of ® at the origin in two different ways:

(1) Choosing a local parameter ¢ on A* (and thus 7 := ¢(q) := 102%5?)
on )

U= No: A* 5 D
is well-defined and extends across the origin by the Nilpotent Orbit
Theorem of [25].(1%) Define the limiting Hodge flag

Fim(®) := W(0) € D,

where the tilde is a reminder of the dependence on g.
(2) Choosing a lift ®: $ — D of ®, we define the naive limiting flag by

Fim(®) := lim  d(7) € cl(D),

S(1)— 00
where the limit is taken whilst confining R(7) to an arbitrary com-
pact interval. As we shall see, it depends only on ®.

Remark that in (1), transversality forces %m(é)*l > N in the limit.

Write F'* := Jhm(@)'7 and let W, := W (N), denote the unique filtration
on go satisfying

(i) N(WNQ) - thﬂ@ (ve)
(ii) N*: Gr}Vgo — Gr', ggvis an isomorphism (Vk > 0).

Then by the SLg-orbit theorem of [25], ¥, P := (F°, W,) is a Q-MHS on
g, called the limiting mixed Hodge structure of ® (with respect to the

parameter ¢). Let
o= P @
(p.q)€Z?

be the unique (Deligne) bigrading® such that

(a) Fjgc = @I];a;qez a0?,

(b) ng(c = ®p+q<b gg’q7

~ba _ ~a,b ,
(C) 90 =90 mod @p<a q<b gg q’

(14) or more generally over any A := {z € A% |z] <€}

(15) Technically, one chooses also a lift ® to define ¥, but here this is absorbed by the
choice of q. If we start with a period map into I' \\ D, the lift becomes essential.
GPa . P

( .

(16) More canonically, the notation is g ~ )g, cf. for example [20].
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with equality in (c) if and only if ¢, is R-split.
Now we clearly have N € <13’1 nF-1 HW_2>R - Q(ﬁ{’*l. There also

exists a unique element § € <®(p,q)6(z<0)x2 gg»q)R (commuting with N)
and a holomorphic map I't A — @, . ez 80" (with I'(0) = 0) such
that, putting Fy := e ¥ F*, (Fg,W,) is R-split and &(7) = e™Vel (@ e,
Writing gc = @(p )€z gP? for the bigrading associated to (ﬁﬂg, W.), we
remark that ﬁﬂg does not depend on the choice of ¢, while ¢ is still in
De@o)x2 ¥ ?and N € g1~ Moreover, the element Y € End(gg)
defined by ad(Y)|gra = (p + q) idgra (¥p,q) belongs to o’ (see the proof
of Lemma 3.2 in [15], or below) and there is a unique N, € g]}gl completing
(N,Y) to an sly-triple. One consequence of this is that
(1) W)= @
p+q=k
Computing

O(r) = e Nel @i f2

_ e‘rNeF(q)ef'rNe‘rNeiéﬁng

_ 6Ad(eTN)l“(q) eifse‘rNﬁﬂg,

we note that by [9, p. 478]

(5.2) e NES = er Nt Fe,

where

(5.3) Fr= p g
PEZL;q<—a

So for the naive limit we have (for some n € N)
c/g\lim@)) = lim e (@O Ny fe
S(1)— o0

:eiéF.

since § € F'. We conclude from this that the naive limit can be deter-
mined from the limiting Hodge flag, but is independent of ¢; in fact, it
only depends on the SLy-orbit e™V Eﬁ canonically associated to ®, which
shares its naive limit. Therefore it will suffice to restrict our investigation
of which boundary strata contain a naive limit flag to limits of S Lo-orbits.
The following definitions will serve to formalize these observations.
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DEFINITION 5.1. — Given a nilpotent element N € gg, let B(N) [resp.
Bg(N)] be (a choice of connected component'™ of) the subset of D con-
sisting of flags F* such that e™F*® is a nilpotent [resp. SLo-Jorbit: that
is,

(a) e NF* € D for S(1) > 0,

(b) NFI C FI71 (Vj),

(¢) (ﬁ', W(N).) is R-split.

The (Hodge-theoretic, rational) boundary component associated to N is
B(N) := Ad(e*™)) < B(N),
with R-split locus Bg(N) := Ad(e®(N)) < Bg(N).

Let N be such that B(N) # . Given F* € B(N), e"™F* may be re-

garded as a period map &~ : AF — (eN)\ D with LMHS ’z/Jq<I>(1;_

(F’, W(N).). Clearly, W;Fmg; regard B(N) as the set of possible L71]\V/I)HS
for period maps with local monodromy e”.
DEFINITION 5.2. — The naive limit map
FN.: B(N) — cl(D)

P o T (‘I’@-,N))

sends nilpotent orbits to their naive limit flags.

Now, it is clear that .Z¥ factors through Bg(N) (and B(N), hence
Bgr(N)): we have a diagram

B(N)
Bg(N) == B(N) —> B(N)——=cl(D),

lim
where og is the canonical splitting described above, and
B(N) := 7y, (B(N)) = 7%, (Ba(V)).
PROPOSITION 5.3. — A naive boundary stratum O contains a naive

limit of a VHS if and only if O contains a B(N).

There are several important remarks concerning the naive limit map

F . First, we have the perhaps surprising

(17) The excellent reasons for making such a choice are described in the Introduction
to [15].
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THEOREM 5.4. — Viewed as a mapping from E(N) to D, FNis holo-
morphic.

Proof. — Referring to (5.3) and the discussion preceding it, we have

=@ If;?iag.,w. R

g<—a g<—a

Z Wg a) F@+a
LeL

I

~
—
ia
K
§2

(See the appendix of [20] regarding the last step.) So F* depends holomor-
phically on F*. |

Next, we may regard Z as sending a (Q-)LMHS (ﬁ‘,W(N).) to
the R-MHS (ﬁ’,W(NJr).), where F* = ZN (F*) and N, is as in the
argument above. By (5.1) and (5.3), this has Deligne bigrading

hm

g =g P,

In other words, viewing MHS in terms of their bigradings, on the R-split
locus ER(N ) the naive limit map is nothing but the reflection about the
antidiagonal. As an easy consequence, the upside-down “weight” filtra-
tion (3.1) attached to F* € D is completely determined by N:

S FPAFi» =W(N)_; (= W_;).
pEL
Furthermore, since Hodge tensors remain Hodge in the limit, the mixed

Hodge representation ¢+, (w, z) attached to the bigrading factors through
G(R), forcing the associated i and Y into g’ For F* € Bg(N), the
“flip” merely sends these to zqﬁ = i¢ and Yy = —vy.08) Taking a Cartan
subalgebra b > Y . &, b lives in g0, Whereupon the entirety of Lemma 3.2
holds with g/ := gP¢, F* := F* and W, = W(N),. So the LMHS
provides Cartan/co-character data for the naive limit flag; in particular:

PROPOSITION 5.5. —In the complete flag case, and more generally when-
ever dimc g%° = rank(G¢), %§n|§R(N) factors unambiguously through Zg.

Finally, we observe that it is possible to make %}, even more “sym-
metric”, by extending Definition 5.1 to the setting of R-nilpotent orbits,
ie. where N € gg. The resulting real boundary components B(N) D

(18) From this perspective, the “loss of extension-class information” we shall describe
later seems rather surprising, but has the heuristic explanation that “more Hodge tensors
reside at the bottom of slz-chains than at the top”: flipping them to the top annihilates
some extensions.
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Bg(N) can now only be regarded as parametrizing R-LMHS (f', W(N).)

(with the attendant much coarser equivalence relation(lg)), an apparent
weakness. On the other hand, a short computation with formula (5.2) shows
that if we let G(R)° act on everything in sight ((IV,Y, Ny), FR, F*, g7,
etc.) then the naive limit becomes a G(]R)o—equivariant map

(5.4) Five: | Ba(N) — (D),
NeN

where N is any nilpotent orbit (that is, the G(R)°-orbit of a nilpotent
element”) in gg. The image of (5.4) is obviously a boundary stratum,
which we shall denote by g(./\f ). In this sense, if one flag in a stratum is a
naive limit, they all are. On the other hand, there can exist strata of the
form g(./\/) that do not contain a E(N) for N € gg (cf. §6.2.3), essentially
because there can exist nilpotent orbits with no rational points.

Remark 5.6. — We have chosen for simplicity to suppress rational nilpo-
tent (simplicial) cones o = Rxo(Ny,...,N;) C gr of rank r > 1 and their
corresponding boundary components B (o) (for which we refer to [15, sec.
5]). In fact, given F* € B( ), limg(r) 00 e™NF* is independent of the
choice of N € ¢° (interior of o), and this produces a holomorphic map
F¢ . B(o) — D, which image §(U). (Here B(o) := e{?)¢ < B(0) is the set
of o-nilpotent orbits, where (o)¢ denotes the complex vector space spanned
by 0.) In general we have B(0) = Nyeqo B(N) hence B\(J) = ﬂNegog(N).

There is however a special case which is important for Theorem 5.21
below: that of D Hermitian, with W = TD. Given o (with nonempty
B(o)) and F* € B(o), let @ < G(R) be the parabolic subgroup with
Lie(Q) = W(o)ogr, and {§"?} _1<p,q<1 the bigrading of gc attached to
(F*,W(o)e ) Then the description of B(o) in [15 sec. 7] leads at once
to B( ) = 'Q.F* = B(N), and hence also B(o) = B(N), for any
N e€o°.

5.2. Main results

Returning to the question motivating this section, we wish to determine
when a naive boundary stratum contains a B(N) (or more generally, is a
B(N)). The key is given by the following two definitions, which concern
the situation

F*=7(H,x)* €O Ccl(D)

(19) Obviously, we are not going modulo this relation, or E]R(N) would reduce to a point.
(20) This is the usual meaning of the term in Lie theory (as opposed to Hodge theory).
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together with its associated

e bigrading (cf. Lemma 3.2)

(5.5) gc =Pt 77 =g,

p,q

o filtration
Wojge =S i @ ¢
pEZ p+q=j
defined over R, and
e R-parabolic subalgebra q := Wog.

DEFINITION 5.7. — O is rational <= W, is G(R)°-conjugate to a
filtration defined over Q.

Remark 5.8. — In Definition 5.7, it suffices to assume q is G(R)°-
conjugate to a Q-parabolic, provided g; := @pEZ g”17P bracket-generates
W_l. (This does not follow from our bracket-generating assumption on
the horizontal distribution.) This is because q = Lie(Q) = W, defined
over Q = W_; = Lie(U(Q)) and Wy = W}l are defined over QQ, and
bracket-generation then implies W_z = [W_l, W_l] and so forth, so that
all filtrands are defined over Q.

DEFINITION 5.9.
(a) O is polarizable if and only if there exists N € gg " such that:
(i) ]\ATJ gives isomorpAhfsms gri—p 5 gP~7~P for each p, j; and
(i) i77(=1)P*'B(v, N7v) > 0 for each p, j, and non-zero v €
Ppp:i—p .— ng—p N ker(Nj“).
(b) O belongs to the nilpotent closure ncl(D) <= there exists a nilpo-
tent N € F~' N gg such that ¢¥NF* € D for y > 0. (Clearly
ncl(D) C cl(D).)

The criteria (a) and (b) are useful in different situations, and will turn
out to be equivalent (cf. Theorem 5.15 below). Evidently (b) is independent
of the choice of F'* € O and H, and hence well-defined. (That the same is
true for (a) follows from the proof of Theorem 5.15.)

Remark 5.10. — Unlike the {g”4}, the P4 need not be sums of root
spaces, precisely because N need not be a multiple of a root vector, cf. §6.2.1.

An additional criterion, which will make an appearance in the examples
in §6, is given by
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DEFINITION 5.11. — A boundary stratum O [resp. boundary compo-
nent B(N)] is cuspidal <= q [resp. W(N)og] is a cuspidal parabolic
subalgebra.

Since the anti-diagonal flip sends W (N )og exactly to q, the naive limit
map sends cuspidal boundary components to cuspidal strata.

PROPOSITION 5.12. — Codimension-one boundary strata are cuspidal.

Proof. — This is an immediate consequence of Corollary 4.16(i), as the
Cartan W._(Hp) will have real rank 1, with “noncompact part” A = eR)
centralizing the Levi. O

To put definition 5.9(a) in context, recall the notion of a polarized R-
MHS (on (g, —B)), which for us shall mean a triple (W,, F'*, N') such that:

(I) W, is an increasing filtration of gg, and (F'*,W,) is an R-MHS
(not necessarily split), with associated Deligne bigrading {gP?} of
9c;
(I) N is a nilpotent element of F~! N gg, with W(N), = W, (which
implies N € g~b~1); and
(III) the Hodge structure induced by F'® on
ker {Nj+1: Gr;/v — GTKVJ;Q} =P
is polarized by —B(-, N7(-)), for each j > 0.
Conditions 5.9(a)(i,ii) are nothing but a translation of (ILIII) for the spe-
cific (split) setting considered there. We shall require a couple of lemmas,
from the work of Cattani, Kaplan and Schmid (cf. [25, Thm. 6.16], [9, Cor.
3.13], [8, (2.18)]):

LEMMA 5.13. — Ife*N F'® is an R-nilpotent orbit, then (W (N)o, F'®*, N)
is a polarized R-MHS.

LEMMA 5.14. — If (W(N),, F*, N) is a polarized R-MHS, then e*N F®
is an R-nilpotent orbit; if it is R-split, then e*N F* € D for $(z) > 0.

We are now ready to prove the first main theorem of this section:

THEOREM 5.15. — For O C cl(D), the following are equivalent:

(A) O Cncl(D);

(B) O is of the form B(N);

(C) O is polarizable.

Proof.
(C) = (A): Let F* € O, {g"?}, N € gz "' be as in Definition 5.9(a)
and We =D, , ;<o 877. (Note that N must be nilpotent.) By 5.9(a)(i), we
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have W, = W(N),, whereupon 5.9(a)(i-ii) and (5.5) = (W,,F*,N) is
a polarized split R-MHS. By Lemma 5.14, eiyﬁF' € D for y > 0.

(B) = (C): (B) says that there exists a polarized R-mixed Hodge struc-
ture (W(N)s,, F *,N), without loss of generality R-split, such that
limy, WNF® = F* € O. Let {gP'?} be the associated bigrading, Ny €
g 17! be as in the discussion preceding (5.1), and N := —N,. Then
g7 := g% P is the bigrading associated to (F',W(N).) and it is an
easy exercise to check that (W(N).,F',ﬁ) is a polarized R-MHS. It is
obviously split, and (C) follows at once.

(A) = (B): Let F* € O, {g"?} be as in the discussion preceding Def-
initions 5.7 and 5.9, and put W, := @pﬂg.gp’q, g; = @p+q:j gP?. By
assumption, Ne F~'Ngg is nilpotent with eV F'* € D for y > 0. The pro-
jection of N to gﬂgl’d still satisfies this hypothesis, since iNe F-InFT
while F~1 N F~1 N (F° + F9) belongs to gr + F°. Hence we may assume
N e gﬂgl’_l.

By Lemma 5.13, (W(N)a, F*, N) is a polarized R-MHS. To deduce that
it is split, we will show that W (N)s = W,. If this is not the case, then for
some j > 0 the map

Vit gj — 0-;
induced by N7 is not an isomorphism, and there exists
o€ FPNFi—PNker N7.

But then o € Fi—P N ker Ni —>

eNo € N (Fi—p N ker N7) = e~wN (Fi—p A ker N7)

— eiwN {eﬂiyﬁ(Fj*P N ker NJ’)}
C N ppi,
where the last inclusion is argued as follows: given 8 € F/~P N ker Ni ,
(—2i)i—1
(=Dt

c pU-p)-0G-1) — p-p+l

P ~ 42 ~ o~
MG = g —2iyNp - N8+ + Y INITIB 40

So

(0#)e"Na c N FPN ewN P+l —; FIn Fy Pt
where F)? € D is a Hodge flag (for y > 0). This violates the p-opposed
condition on a Hodge flag.
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We conclude that (W (N)e = W,, F*, N) is a split polarized R-MHS. Let
Y € gRO be the element inducing the gradlng {g]} and N+ S gil com-
plete N Y to an slo-triple. Then setting F-a .= ®pEZ, 4<a 9 W_
@p+q>bg (NN Y,N,):= (=N, -Y,—N), we have W, = W(N),, and
(W(N)o, F*,N) is a split polarized R- MHS. At this point, formula (5.2)

applies to give lim,_, e’yNF‘ = limy €™ ] F‘ F*, completing the
proof. O

PROPOSITION 5.16.

(i) Any codimension-one boundary stratum is polarizable.

(ii) Suppose D is strongly classical, in the sense that m, takes val-
ues in {—1,0,1}. (This implies in particular that D is Hermitian
symmetric.) Then all boundary strata are polarizable.

(iti) If g~ " = {0}, then O is not polarizable.

Proof.

(i) By Corollary 4.4, g=1=! (for some F'* € ) is spanned by a single
real root vector X. Clearly iX spans the normal tangent space (N, / DIF*
and so X or —X satisfies Definition 5.9(b). Now use the implication
(A) = (C).

(ii) The normal space (N, /p)Fe identifies naturally with igp b1 vield-
ing a diffeomorphism between a ball B > F*® and a ball in igg Ll we
must have BN D # 0, and so there exists N € gz ' ~ {0} such that
¢’NF* € D. The same argument as in the proof of (A) = (B) (with yN
replaced by N) in Theorem 5.15 shows that W, = W(N),, whereupon
direct calculation establishes (ii) in Definition 5.9(a). (For example, given
v € ker(N?) C g we have eNv € F§ = 9(1)’71 where F§ € D, so that
0 < B(e'Nwv,etNv) = —2iB(v, Nv).)

(iii) is obvious. O

Our second result completely characterizes when O has a flag occurring
as the naive limit of a Q-VHS into a discrete quotient I \. D.

THEOREM 5.17. — Let O C cl(D) be a boundary stratum. Then O
contains a B(N) (N € gg) <= O is rational and polarizable.

Proof. — Only “<=" requires proof. By polarizablility, O contains the
naive limit of an element (F' W, = W(N).) € B(N), N € gg. Bearing in
mind the antidiagonal flip, W is the W in Definition 5.7, and by rationality
we may assume it is defined over Q. The issue is whether we can orbit by
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Q(R) to get N into gg. But W_sgg is exactly N(Wogr), and for v € Wogr,
d
£ (Ad(E)N) li—o = ad(x)N = ~N(3).

Hence Ty (AdQ(R)- N) = W_agRr, and Ad Q(R).N contains an open subset
of W_sgr centered about N. Since Q-points are dense in W_oggr, we are
done. O

Remark 5.18. — Tt suffices to assume q is G(R)°-conjugate to a Q-
parabolic if g; bracket-generates W_; (cf. Remark 5.8) or if W_; = W_,.

5.3. Dimension formulas, and a classical digression

In the remainder of this section, we turn our attention to the naive limit
map
Fitm: B(N) - B(N)
and its image, where N € gg {0} is nilpotent and B(N) # 0.
Let F* € Bg(N) resp. F* := FN (F*) e B(N) be given, with associated
MHS (F*, W, := W(N)a) resp. (F*, W, := W(N4)s)®" and bigradings
@pq resp. gP9 = g~9 7P with dimension h?? := dimc g"? = dim¢ gP9. In

'* indexing we have the pictures

L

For p + ¢ > 0, the primitive subspaces are PP := {ker(NPTatl) C gra}
and N
PPa .= Np+q(pp7q) — {ker(N) C gp,q}

of dimension hpd s for p 4+ ¢ < 0 we set 2P := h 0. Write §; :=
D,i=; 877 = 9-j, and q = Wog = Lie(Q). Of course, cps > 0 and

B(N) C Ope C 0D.

We recall the following basic material on boundary components from
(15, sec. 7].%2) Let Z(N) denote the centralizer of N in G, with unipotent
radical Uy and Levi subgroup Gy = Z(N)/Un; write

Y (N) :=Un(C) x GN(R) > Un(R) x GN(R) = Z(N)(R).

(21 A above, N is determined by (N,Y) where Y arises from the Deligne bigrading
associated to (F'®, W,).
(22) 1y this paragraph, all groups are tacitly identity components of the group written.
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On the Lie algebra level, we have 3(N) := Lie(Z(N)(C)) = ker(ad N) C
Wogc, uy := Lie(Un(C)) = 3(N) N W_1gc, and gy := Lie(Gn(C)) = go N
3(N). Letting Z(N)(R) resp. 4(N) act on (F*,W,) gives isomorphisms(?*)

12

Bx(N)
B(N)

Z(N)R)/{Z(N)(R) N Qp. },
GIN){G(N)NQp.}-

1%

Passing to the associated graded (or quotienting by Uy) gives projections
from both to the Mumford-Tate domain

D(N) = Gn(R)/Hn

(where Lie(Hy) = g%’o N 3(N)), which is Hermitian symmetric if gy C
g b1 @ g?0 @ gl The boundary components Bg(N) and B(N) are ob-
tained by quotienting out by e®(N) resp. eC{(V)
the equivariant nature of ﬁljivm, it is evident that

on the left. Finally, from

(5.6)  B(N)=Z(N)(R)-F* = Z(N)(R)/{Z(N)(R) N Qp-}.

Like @z, NZ(N)(R), Qp+ N Z(N)(R) projects to Hy in Gy(R); and so
B(N), too, maps (holomorphically) to D(N). In a diagram, we have

(5.7) B(N)
(8)
Bgr(N) B(N)© Ope C D,
/ ()
D(N)

and one might wonder (for example) when («)-(4) are isomorphisms. To
state the next result, consider the regions

I: p<0,¢>0,andp+4¢g<0
I'" ¢g>0andp+¢g<0

I": ¢g>0andp+¢<0

II: p<O0andg<0

(23) [15, sec. 7] describes ER(N), §(N)7 and D(N) as orbits of possibly smaller groups.
This is a refinement of the presentation here, which follows from the coarser [15, Lemma
3.3].
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in Z?; for example, I’ is

and INIINI =T IIIIIT consist of pairs (p,q) # (0,0) with p + ¢ < 0.
Write d := dim¢ D.

PROPOSITION 5.19 (Dimension formulas).
(1) dlm]R B(N) = 22 (p,q)€l 2P + 2 (Z(p,q)ell’ ZPq — 1) .

(i) dimg Be(N) =23, e 27 + (Z(p,q)en' 2P — 1)-
(iii) dimg B(N) = QZ(p,q)EI/ 2P

(iv) dimg D(N) =237 (2P P.

(V) dimR OFo = Z hP? = 2d — Cre,

p<o or q>0
where we recall cpe =37, \yeqp WP

Proof. — Only (i)—(iii) require justification. These results follow from
computing tangent spaces:

T B]R(N ]R/{3 Rﬂﬁo(ﬂﬁ)}
—s W= (@ P
(p,q)#(0,0) R

similarly,
Tr B(N) = 3N/ {3(N)NF°} = @ jxy
PEZ; ¢>0

To get tangent spaces to B(N) and Bg(IN), quotient out the span of N
in Pﬂé’l resp. P11, Noting that Wy N F° > Wy N F? and 3(N) ¢ Wy =
3(N)NFO D 3(N)NFO,

Trs B(N) 2 3(N)&/{3(N) N F*(NF0)}

vl @ r)-(L@, ).

p<0 O ¢>0 p<0 Or ¢>0
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One immediate consequence is that if F* is Hodge-Tate, then B(N) is a
point (namely, F'*). We also have:

COROLLARY 5.20. — The maps in (5.7) are isomorphisms under the
following conditions:

(a): zP1=0 for (p,q) € 1I";

(B): cpe =1;

(7): cpe = 1, and 2P° = 0 for p < 0; or equivalently, zP¢ = 0 for
(p,q) €e II~{(1,1)} and 2~ 171 =1;

(6): never.

On an infinitesimal level, the P? with p + ¢ = 0 and p # 0 parametrize
the Hodge structure given by F* on the associated graded @, GrlV; the
PPq with p 4+ q > 0 parametrize extension classes. The information lost
by the naive limit map () is precisely that which is parametrized by the
PP4 with p > 0 and ¢ > 0 (except for (N) C Pb1). Carayol’s nonclassical
SU(2,1) example ([6, 15]), with mixed-Hodge diagram

./ad( N)

is one instance where () is an isomorphism.

At another extreme is the strongly classical case, where D is Hermitian
symmetric with F~lgc = gc, so that (for T' < G(Q) neat arithmetic)
X = T ~\ D is a connected Shimura variety. It is known when D is a
Siegel space 9, (cf. [10, 7]) that smooth toroidal compactifications (as
in [3]) are obtained by adding in quotients of our B(c)’s (parametrizing
o-nilpotent orbits), and as we shall see this holds more generally. The
Baily-Borel compactification, on the other hand, is obtained by using I'-
invariant sections of KM (for some M > 0) to embed X in a projective
space, and then taking (Zariski or analytic) closure. Heuristically, since
Kp = AN*(F~1/F°) measures exactly the changes in the Hodge flag (in
any direction), the limits of sections of any K%M keep track of limits of

flags. This suggests that the subvarieties being glued in are quotients of
B(o)’s.
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More precisely, a Baily-Borel boundary component F of D is a holomor-
phic path component in cl(D) \ D, i.e. an equivalence class under the re-
lation: F ~ F/ <= 3 holomorphic x: A — D with F,F’ € u(A) C cl(D)
[19, sec. V.2]. The (singular) Baily-Borel compactification X* is a disjoint
union of X and finitely many B-B boundary strata I'y \ F, where F runs
over I'-equivalence classes of rational boundary components (see the proof
below). Let X denote a smooth toroidal compactification with X \ X = UY;
a strict normal crossing divisor; writing Y; = N;¢1Y;, the AMRT boundary
strata are the Y7 \ U;jorY;. By [3, Prop. II1.5.3], there is a natural holo-
morphic map 7: X — X* with m|x = idx, sending ARMT strata to B-B
strata.

Referring to Remark 5.6 for B(c), B(c), and F, we have

THEOREM 5.21. — In the strongly classical case:
(a) The map Fg. : B(c) — B(o) sends LMHS (up to ¢'°)c) to their

lim -
associated graded.
(b) The restriction of m: X — X* to each AMRT stratum identifies

naturally, for some rational nilpotent cone o C gr, with the map

'y ~ B(o) ﬁ-l"g ~ B(o)

lim

induced by Fg,,, where I'; = Stab(s) < I and T, = I',/{I';, N
U(Z(9))}-

Proof.

(a) We must show Fy, loses all extension information, or equivalently
that («) is an isomorphism. But this is clear since the nonzero §P-? are in
X2

the square [—1,1]
(b) We will begin by verifying the following:

CLAIM. — The rational B-B boundary components are precisely the
{B(0)} with o rational, or equivalently (in view of Remark 5.6) the B(N)
with N € gg.

Let F C cl(D) ~ D be any B-B boundary component. There exists a
homomorphism 1: U(1) x SLa(R) — G(R) such that

Fg(i))(e?) = (Adoy) (z,9- (“Hlgomb) -97")
defines a symmetric holomorphic map f: $ — D with

F*:= lim f(r)€F

RICHET
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[3, Thm. II1.3.3]. That is, f is an SLo-orbit with naive limit F'*. Writing
N :=dy (07 (8 (1)>), q := W(N)ogr is the Lie algebra of the stabilizer
of F, a maximal parabolic subgroup Q acting transitively on F [3, Thm.
I11.3.7]. Since f is an SLy-orbit, we have f(7) = ¢™™ F'® for some F* € D
with (F*,W(N),) R-split; write gc = @_an@/\@p’q for the associ/z\xted
bigrading. As §*°(= §%%) — q/3(N)g, (5.6) gives B(N) = Z(N)(R)- F* =
Q- F* =F.

Now F is by definition rational iff Q@ = Q(R) for some rational parabolic
subgroup @ < G. By [3, p. 141 (3-4)], this is the case exactly when |sr,
can be taken to be defined over QQ, which is equivalent to N € gg. This
proves the Claim.

Continuing to fix F* and F** as above, set Uc = e¢fc and D(F) :=
Uc-Q-F* C D. Taking Gy < G(R) to be the subgroup with Lie algebra
g¢ = [g&l’_l,g]}%’l] C @%’0(2 @%’0), we consider the open cone C(F) :=
Ad(G)N < §z"~" [3, Thm. 111.4.1]. For any N’ € Ad(g,)N € C(F),
W(N")e=Ad(g))W (N)e=W(N)s and e™™ F* =g,e™ g, F* = goe™ F* is
a nilpotent orbit with naive limit ggﬁ * = F'*. As in Remark 5.6 we therefore
have B(N') = D(F) = B(N); conclude that for any simplicial cone o C
cl(C(F)) with 0° € C(F), B(o) = B(N) = D(F) and B(c) = B(N) = F.

Define a map 75 : D(F) — F by 7p(ugF®) = ugF* [3, III(4.2)ff]. Writing
g€ Qas zgs (z € Z(N)(R), q € Gy), we have

uqﬁ' = uzggﬁ’ —uzF* = lim wuze™F*
S(1)—00
= lim e NVuzF* = lim eTNuqﬁ°,
RICHET-S S(1)— o0
ag N g o

so 7y is just the naive limit map Z;,, = 7 .

Let {oF} be the I'-admissible decomposition of cI(C(F)) into rational
polyhedral cones (cf. [3, Defn. IT1.5.1]) involved in the construction of X.
(Since X is smooth, they will be simplicial.) Amongst these, let o be one
the cones with interior contained in C(F).(?¥) From the proof of [3, Thm.
I11.5.2], one finds that the associated AMRT stratum is given by T'ye{7¢ <
D(F) =T, ~ B(c), and its map to 'y ~ F =T, . B(c) is induced by 7,
completing the proof. O

Remark 5.22. — fl‘fg may be understood as a morphism, defined over
a number field, from a (connected) mixed Shimura variety to a (connected)
pure Shimura variety [21, sec. 12.6].

(24) Here dim(o) < dim C(F); strict inequality leads to C* factors in I'c \ B(0).
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5.4. Parabolic induction and parabolic orbits

For applications of this material to representation theory, which we plan
to pursue in subsequent work, the following Hodge-theoretic approach to
an Iwasawa decomposition will be of use. Writing F* = % (H,x)*, let
O be as in Proposition 3.8 so that (by Corollary 3.9) ©(gP9) = g~ 9P,
For each (p,q) with p + ¢ # 0, the (+1)- and (—1)-eigenspaces of © on
(g7 @ g?? @ g~ P @ g P~ 7), are clearly both of (real) dimension 2hP9.
On the anti-diagonal line, we can use the fact that (W., F *,N) is a polar-
ized MHS on (g, —B) to deduce that the sign of © on N7 Prtii—p c go—p
is (—1)7*P determining its eigenspaces in g%’o and (gP~P @ g PP)g. The
sum ¢ of all the (41)-eigenspaces is the Lie algebra of a maximal compact
subgroup K < G(R).

Now assume Q := Q(R) is cuspidal, with Langlands decomposition Q =
MAN as in Proposition 3.12; in particular, MA = Go(R) and N' = U(Q).
(Note that Lie(Q) = qr = Wogr, Lie(N) = W_,gg, and M is reductive
with compact Cartan, but possibly not connected.) Then ¢ @ qr evidently
gives all of gg, and so

GR)° = KQ = KMAN.

Since Q contains the stabilizer Qpe (NQpe) N G(R)® of F* in G(R)°, we
have a natural fibration

Ope - GR)°/Q & K/KNM =: Kpe

over a compact base. Its fibers, one of which contains E(N ), are of real

dimension 237,y A7 (> dim B(N)).

Remark 5.23. — By Proposition 5.19(iii), if h?*9 = 2P for all (p,q) € T,
then the fibers are G(R)°-translates of B(N). For instance, this holds in
the strongly classical case. More generally, it is related to forthcoming work
of Robles on the CR-structure of the G(R)®-orbits.

Associated to any complex representation p: Q@ — Aut(V) is a vector
bundle
GR)° xV
Q

and we may define a representation Indg(R)o(p) of G(R)° by letting the
latter act by left translation on the space of C'°° C-valued sections of V,. In
order for boundary components to provide a useful framework for studying
these representations, we should have at least M/Z(M) C Gn(R), or

Vp = *»’CFO,
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equivalently
{zp’_p =hP"Pforp#0 and
9%°/3(g0) = {ker(N) C g"°}.
In this situation, one can begin with a representation u of Gy (R),(*) for
instance on a coherent cohomology group H*(D(N), O(V")) (with V' a holo-
morphic homogeneous vector bundle over D(NV)), together with a character
o of A, and pull ou back to Q (via the projection Q — Q/Z(M)N).
Two special cases of interest are:
(A) when Ope has cpe = 1, dim(Gr¥sg) = 1, and dim(Gr¥},g) = 0 for
k > 2; and
(B) when Ops is the closed orbit, (F'*, W,) Hodge-Tate, and Gy trivial.

In case (B), M is finite, and for o = A%Q (Ag := modular character(9))

together with an appropriate choice of p, Indg(R) (ow) is the direct sum of
the TDLDS (totally degenerate limits of discrete series) for G(R)°.

In another (but related) direction, we expect in some cases (including
(A) above), the Q(C)-orbit of F* to play a role in generalizing H. Carayol’s
results on Fourier coefficients [6] for nonclassical automorphic cohomology
classes (in some HY(I' ~. D,O(V))). More precisely, (Q(C)- F*) N D will
project to a sort of punctured tubular neighborhood of 'y ~ B(N) in
I' < D , whenever

dime(Q(C)-F*)= Y hPd
(p,q)€ILIT

equals dimg(B(N)) + 1, which is to say when 277 = hP? for (p,q) #
(0,0). (Basically, this gives a homogeneous structure to a union of nilpotent
orbits.) The pullback of a cohomology class to this neighborhood then is
expected to have a Laurent expansion “about” I'y \ B(V), with coefficients
lying in groups of the form {H*(T'y \ B(N),O(LE* @ W))}, . This will
be taken up in a future work.

6. Examples

The simplest nontrivial case is, of course, the upper half-plane, Let G =
PGLy, D = $, D = P!, where we think of §) as parametrizing polarized

(25) optionally twisted by a character of the component group of M

(26) The modular (or modulus) character Ag: Q — C* of a parabolic subgroup Q with
unipotent radical N is given by | det(Ady;e(ar)(-))|- The reason for including the factor

o is so that IndSOR) takes unitary representations to unitary representations.
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Hodge structures on g = sly with A=11 = h00 = pb=1 = 1. The group
G(R) has two components, with G(R)® = SLy(R)/{xid} and [(9 {)] in the
non-identity component, so that Wy is trivial and Wg = W = Z/2Z. The
two nontrivial G(R)°-conjugacy classes of Cartan subgroups in G(R)®°
depicted in a Hasse diagram

are

compact split
0 1 =real rank

where the arrow denotes a Cayley transform. The G(R)°-orbits in D are of
course

- =g
- )

(6.1) 0 1 =real codim.

where the segments denote incidence: that is, the orbit on the right endpoint
is contained in the closure of the left-endpoint orbit.

We call (6.1) an enhanced Hasse diagram, and produce them for a number
of other examples in §6.1. The “enhancements” are as follows:

a solid vertex corresponds to an orbit in ncl(D) (i.e. polarizable);

a vertex with an “x” denotes an orbit in cl(D) \ ncl(D) (i.e. non-
polarizable);
e an open vertex signifies an orbit not in cl(D);

a solid edge with [resp. without] an arrow is an incidence obtained via
a Cayley transform [resp. cross-action|; and

a dotted edge is an incidence deduced from the subexpression property
(cf. §4.3 and [29, Thm. 3.15]).

Orbits will be labeled as in §4.2 (viz., 01"?), and we shall indicate as well

the {dim(gP?)} attached to each orbit: for PG Ly this is simply

q q
° °

f (open orbits) (closed orbit)
p
® [ J
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where a dot stands for a single complex dimension. We call these mixed
Hodge diagrams.

In §6.2 we will discuss a few simple “negative examples” which motivated
the definitions in §5.2.

6.1. Enhanced Hasse diagrams

This subsection treats the cases where G is (a Q-form of) SU(2,1)2d,
PSpy, and (R-split) G, briefly illustrating the method for SU(2,1)2¢ and
merely describing results for the other two groups.

6.1.1. G = SU(2,1)™

G(R) (= G(R)°) has two conjugacy classes of Cartan subgroups

compact
Hy H,

and no Cartan of real rank 2. In the root diagram associated to a choice of
(real) Cartan, we denote by

A [resp. [o] (o), @]

a noncompact imaginary [resp. compact imaginary, real, complex] root.
A character x € X, (H(C)) is depicted by shading half of the root diagram,
which is meant to heuristically indicate x ! (R>¢) C A ® R. We begin with
(Ho, X0), apply a Cayley transform to get (Hi, x1), then apply W¢ to both,
and finally, group the results in Wg (Hy)- resp. Wy (H1)-orbits. These latter
are labeled by their images under the orbit map (§4.2), with elements of
W written in terms of reflections in simple roots.

Now, the results will depend upon D, for which there are essentially two
choices compatible with the assumptions of §2. For both, we let V' be a
6-dimensional Q-vector space, with a symplectic form @ and a decomposi-
tion Vo) = V4 @ Vi with Q(V, Vi) = 0. We assume that the Hermitian
form H(v,w) := —2iQ(v,w) on V, has signature (2,1), so that the pro-
jectivization of those v € V, with H(v,v) < 0 yields a (Picard) 2-ball
B C P(V4). This parametrizes Hodge structures on V' with Hodge numbers
(3,3), and a nontrivial involution (with eigenspaces V., V). Alternatively,
one can consider Carayol’s nonclassical domain D parametrizing point-line

(27)

27 we represent the Cartan subalgebra in our root diagram by two bullets at the origin.
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pairs (p, L) in P(Vy) with LNB # () and p € L~ (L Ncl(B)), or equiva-
lently HS-with-involution on V' with numbers (1,2, 2,1). The corresponding
Hodge structures on g have Hodge numbers (2,4, 2) for B and (1,2,2,2,1)
for D.

We carry out the procedure for D first: since it is a complete flag domain,
Theorem 4.10 applies.

From Hj, we obtain the (three) open orbits:

0{6}

1
0{}

2
O{}

(Note that Wg(Hy) = Z/2Z is generated by reflection in [e].)
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From H;, we get three more orbits whose codimensions can be read off
from the accompanying mixed Hodge diagrams:

{e}
0
{21}
0
[ ]
[ )
* 2)
0
..
[ ]
codim. 3

(Here Wgr(H;) = Z/2Z is generated by reflection in a real root.)
For the enhanced Hasse diagram, we read off inclusions

cd(of) 5 ol c M) 5 0! c cl(ofP)
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from visually “obvious” Cayley transforms,(*®) obtaining the left half of

0 1 3 =real codim.

The right-hand inclusions are, as the diagram indicates, given by cross-

actions.
Turning to the classical domain B, we have (from Hp) only 2 open or-

bits:(29)

O{e}

(28) What seems clear from the pictures may be justified more carefully using §4.3; this
is left to the reader.

(29) The “photographic negatives” of these pictures do not appear because they cannot
be obtained from the first picture via W¢.
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From Hy, we get

T

codim. 1

ol

where the last Wg-orbit demonstrates that the orbit map o need not be
one-to-one in the non-complete-flag case. The incidence diagram is the same
as for PG Ly, since ol*} =B, o' = P(V,) \ cI(B), and o{*} = 0B = 53,

6.1.2. G = PSpy

The Hasse diagram for the Cartan subgroups of G(R)® is
H,
H, H,

0 1 2 =real rank

where H; [resp. Hs]| is obtained from Hj by the Cayley transform in a long
[resp. short] root. We shall only consider the two cases®®*?) where D is the
period domain for rank 4 Hodge structures of weight 1 resp. 3 with Hodge

(30) There is also a weight 2 case with numbers (1,2, 1), left to the reader.
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numbers (2,2) resp. (1,1,1,1) (inducing weight zero HS of type (3,4,3)
resp. (1,1,2,2,2,1,1) on g). The pictures corresponding to (Ho, xo) are®)

resp.

and the enhanced Hasse diagram in the first (Siegel $2) case is, up to
labeling, the same as for the Carayol domain. The second (complete flag)
case D = D(y,1,1,1) has enhanced Hasse diagram

0 1 3 4 =real codim.

(D) with apologies to the reader for taking aj to be the short root (meaning that the
Cayley transform in aq gives Ho and vice versa).

TOME 64 (2014), FASCICULE 6



2708 Matt KERR & Gregory PEARLSTEIN

in which we obtain the first examples of non-polarizable boundary strata.
Of the mixed Hodge diagrams

open orbits closed orbit 0%‘3}
° + + [ ]
b T T+ °
o T %
g —————— —
is .. .. 4
+ [ ] [ ] _<
+ ° [ ] 4
{1} {21} {e}
0y, 0 0,
° + o
[ ] T ) 4
° Tt o ° + e
— —
o ° o °
4 ° T [ ]
+ [ + [ J
(2} f{e} {2}
0,9 0,
+ . “+ .
4 ° T [ ]
o ° o °
g —t——+—— g —t——+——
° T e ° T e
[ J T ) 4
° N * -

the first four correspond to boundary components in [15], whereas the bot-
tom two have dim(g="~!) = 0 making the codimension-three substrata
obviously non-polarizable.
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6.1.3. G = split G

Note that G(R) = G(R)°. There are three cases, corresponding to po-
larized HS’s with Hodge numbers (A) (2,3,2), (B) (1,2,1,2,1), resp. (C)
(1,1,1,1,1,1,1) on the standard (7-dimensional) representation and (A)
(1,4,4,4,1), (B) (2,1,2,4,2,1,2), resp. (C) (1,1,1,1,2,2,2,1,1,1,1) on g

(see [12, Chap. 4]). The Cartan diagram is as for PSp4,? and the (Hy, o)
pictures are

(Note that WR(H;) is generated by reflections in A, resp. Ag for j = 0
resp. 3, and by the reflection in Ag and (—id) for j = 1 and 2.) The
complete flag case is (C), with enhanced Hasse diagram

(B) ©)

00
< PECA
D—O{g} 6‘; \’ . - 622} \\\\/\ {221}
e \@// AN 0{g}
d? o)’ d)! o
0 1 3 5 6  =real codim.

We omit the mixed Hodge diagrams, which are unwieldy, but include them
for (B)

D=0
———————— o—> @
, T
0{0} 1 3

0 1 3 5 =real codim.

(32) same meaning for H; vs. Ha, and the same absurd convention on aj vs. a2
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0 1 3 5 =real codim.

Omne can check that (A) Oée} and oé{,e} are both in the image of a B(N)
(see [15, sec. 8]), while polarizability of (B) oge} and (A) oie} is of course
covered by Proposition 5.16(i). Note that (B) oge} gives an example of a

non-polarizable closed orbit, since the displayed bigrading cannot satisfy
Definition 5.9(a)(i) (take p =3, j = 6).

6.2. Counterexamples

The 3 vignettes with which we conclude this paper illustrate, for polar-
izable boundary strata, the potential failure of cuspidality, of rationality,
and of a stronger notion of polarizability.

6.2.1. g~%~! need not contain a real root

To see this, we have to consider strata of codimension strictly larger
than 1. Let D be Carayol’s nonclassical domain (cf. §6.1), and O, C D the
(polarizable) closed orbit. The Cartan H determined by F'* € O, has real
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rank 1, which gives a root diagram

° .
X
,,,,,, NCEEEEEEENY WS EEENRNY STTRRN complex
conjugation
°o_ °
X

The associated bigrading is

where N € or 1'=1 s as in Definition 5.9 and arrows denote the action of
ad N. Clearly g~"~! = C(X, X) and N is a multiple of X + X.

6.2.2. A noncuspidal boundary component

This time, in addition to codimension > 1, we have to start with a
Mumford-Tate group of rank at least 3. Taking G = Spg, we consider the
Siegel domain D = $)3 parametrizing Hodge structures ¢ of type (3,3).
The associated projection , on roots takes the form

2e, 2e,

2¢

l

|
I
-1 0 1

sending ae; + beg + ces — %(a +b—c).
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On the other hand, with H R-split, the same picture describes . for
Y

the (Hodge-Tate) limiting mixed Hodge structures parametrized by Bg(N),
where N is the sum of root vectors for the 3 circled roots (e3 — €1, e3 — ea,
—e1 — e3). The subalgebra ker(adY) 2 Grl¥ g, whose root system maps to
0 in the picture, is sl3. Since S L3 has no compact Cartan, q = Wog is not a
cuspidal parabolic subgroup. The boundary component B(NN) maps to the
closed orbit O, C [)’ and so O, is not cuspidal.

6.2.3. A non-rational G(R)°-orbit in 0D

Take D once more to be Carayol’s (1,2,2,1)-domain, but this time
with G a Q-anisotropic form of SU(2,1). More precisely, let V. be a 3-
dimensional vector space over Q(i), H a Q(i)-Hermitian form of signature
(2,1) on V4 hat does not represent zero, and @ the alternating form on
V' := Resg(i)/q(V4) given by minus the imaginary part of H. So

G = Resg(i)/q (Aut(Vy, H)) = Resqi/q (GL(V4)) N Sp(V, Q),

and extending @ to V() = V4 @ Vi, we have H(v,v) = —2iQ(v, 0).

Now, we know that the resulting domain D has polarizable boundary
strata, which then come from R-limit mixed Hodge structures. But if the
stratum is rational in our sense, then W, = W(N), can be defined over Q
(with weights on V' centered about 3, not 0). Taking any nonzero rational
vector w € W3V, we have w = v+ v for (0 #)v € W3V, and 0 =
Q (WQW@(Z'), WQVQ(U) forces

0=-2iQ(v,v) = H(v,v),

in contradiction to anisotropy.
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