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ON THE DISTRIBUTION OF THE FREE PATH
LENGTH OF THE LINEAR FLOW IN A HONEYCOMB

by Florin P. BOCA & Radu N. GOLOGAN

ABSTRACT. — Consider the region obtained by removing from R? the discs of
radius €, centered at the points of integer coordinates (a,b) with b # a (mod ¢).
We are interested in the distribution of the free path length (exit time) 7 . (w)
of a point particle, moving from (0,0) along a linear trajectory of direction w,
as € — 01. For every integer number £ > 2, we prove the weak convergence of
the probability measures associated with the random variables ey ., explicitly
computing the limiting distribution. For £ = 3, respectively £ = 2, this result leads
to asymptotic formulas for the exit time of a billiard with pockets of radius ¢ — 07T
centered at the corners and trajectory starting at the center in a regular hexagon,
respectively in a square.

RESUME. — Nous considérons la région obtenue en enlevant de R? les disques
de rayon ¢, centrés aux points de coordonnées entieres (a,b) avec b Z a (mod ).
Nous étudions la répartition de la longueur du libre parcours (temps de sortie)
T¢,e(w) d’une particule ponctuelle, partant de (0,0) sur une trajectoire rectiligne
de direction w quand € — 0F. Pour tout nombre entier £ > 2, on montre la conver-
gence faible des mesures de probabilité attachées aux variables aléatoires 7y ., en
calculant la distribution limite d’une maniére explicite. Pour £ = 3, respective-
ment £ = 2, ce résultat mene a des formules asymptotiques pour le temps de sortie
d’un billard avec des poches de rayon € — 0T centrés aux coins dans un hexagone
régulier, respectivement dans un carré.

1. Introduction

Recent progress led to a better understanding of the statistics of the
free path length of the periodic Lorentz gas in the small scatterer limit
[2, 3, 5,6,7,8,9, 10]. The aim of this paper is to study situations where
periodicity conditions are altered by imposing certain congruence condi-
tions on the integer lattice points where scatterers are placed. The case of

Keywords: Periodic Lorentz gas, linear flow, Farey fractions, honeycomb lattice.
Math. classification: 11P21, 37D50, 82C40.



1044 Florin P. BOCA & Radu N. GOLOGAN

the honeycomb lattice arises as a particular example in this context. In this
paper we only consider the situation where motion originates at the origin,
extending the results from [2] and [3]. The case where the initial position
is randomly chosen is more intricate and will not be treated here.

Let ¢ > 2 be an integer. Consider the set Z%@) of pairs (a,b) of integers
with a # b (mod ¢). For every € > 0 consider the “fat lattice points"
(scatterers) given by small discs of radius € centered at all points of Z(Qe)
and the region

Zye ={zeR?: dist(x,Z(Qe)) >e}

obtained by removing all scatterers. In R? consider a point-like particle
moving at constant unit speed along a linear trajectory originating at (0, 0).
The free path length (exit time) is defined as

Tre(w) =inf{r >0:7d € 0Z,.},

the distance traveled to reach the first scatterer along the direction & =
e € T, w € [0,27), and as +oco when the particle escapes to infinity
without reaching any scatterer. The Lebesgue measure of a measurable set
A C R is denoted by |A|. This paper is concerned with the study, in the
small scatterer limit (¢ — 07), of the asymptotic behavior of the repartition
function of 7y . defined by

Preh) = 5| {w € 0.2m) et > 2.

To accomplish this we first consider the situation where scatterers are
obtained by translating the vertical segment V. = {0} x [—¢,¢] by (a,b) €
Z%Z) and estimate, for any interval I C [0, 1] of length |I] < &° with fixed
¢ € (0,1), the repartition

e— 0T,

)

Gere(N) = Hw € arctan ] : g (w) > i‘}

of the horizontal free path length

qr.e(w) = inf {q : (g, qtanw) € Z%e) + VE} , w € {0, Z}

In this paper ¢ denotes Euler’s totient function. The dilogarithm is de-
fined by

Liz(x):zxzz—/ozln(l_t)dt, z € [0,1].

t

Clearly Lis(1) = ¢(2)

ANNALES DE L’INSTITUT FOURIER



THE LINEAR FLOW IN A HONEYCOMB 1045
The main result of this paper shows that the limit of Py . exists ase — 07
and this limit is explicitly computed.
THEOREM 1.1. — (i) For every 0 < ¢; <1 and é >0, ase — 0T,
(1.1) Ge1e(N) = c1Go(N) + Os 20 (57“0(6’“)) ) A>0,
where
d 1
c[:/ll_i_iuu27 H(C,cl):min{c+cl,2—2cl},
and the limiting repartition function G, is given by
1 . 1
1= (g +A®) A if A€ (0,3
Ge(A) = {1 — 25 + A(OH2(\) if A€ [3,1

— :
260 Fy(n) if \e[l,00),
with
0} 1Y e 1
o) = o g <1 pz) / g (1 p2>,
1200
(1.2) A(z)_C(Q) ¢

Hy(\) =3XA—24¢(2) — (InA\)?4+2(1 =\ In <§\ — 1) — 2Liy(N),

Ha()) = Lis (i) (A= 1Dn (1 - i) Y

(ii) For every § >0, ase — 0T,

Pre(A) = Ge(N) + Os.a0 (E%”) , 2> 0.

10f j

08 \
08 \
061 06
041 04F

D 021 ==

Figure 1.1. The repartition function Gs and the density function gs
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1046 Florin P. BOCA & Radu N. GOLOGAN

The continuity of Gy at A\ = % is equivalent with the well known diloga-
rithm identity

S| 1 124 1 ¢(2) — (In2)?
S :L' - = —_ 1 —_— = —————:8
2 g2 12(2) /O w Ty 2

n=1

Since % — 0and A(Y) — ﬁz) as £ — oo, the compactly supported lim-

iting repartition H()\) from [2, Theorem 1.1] is being recovered as limg_,
Go(N).

Figure 1.2. The free path in a hexagonal billiard and in a honeycomb

Our original motivation for considering this problem comes from the
study of the exit time of the linear motion with specular cushion collisions
on a hexagonal (open) billiard table with (small) circular open pockets of
radius € removed from its corners (see Figure 1.2). The starting remark
here is that, after unfolding the hexagon to a honeycomb in R2, one can
deform the later to Z?g)' This process converts the problem on the hexag-
onal billiard with pockets into one concerning the free path length of a
Lorentz gas in R? with small identical ellipses centered at the points from
L7y as scatterers (see Figure 5.1).

Let 7.1*%(w) denote the exit time in the hexagonal billiard with discs of
radius € removed from the corners and motion starting at the center, and

let

{w € [0,27] : TP (w) > AH

ex 1
PE(N) = 52 :

™

denote the repartition function of 7. We prove

ANNALES DE L’INSTITUT FOURIER



THE LINEAR FLOW IN A HONEYCOMB 1047

THEOREM 1.2. — For every § > 0, ase — 07,

2 1
PrX(A) = G5 (\%) Os (55‘5) , A > 0.

Scaling € to £1/2 one can apply Theorem 1.1 (ii) with £ = 2 to estimate
the repartition function P2(X) = ok |[{w € [0,27] : 77 (w) > 2} of the exit
time 77 (w) of a billiard in the unit square with pockets of radius ¢ at the

corners and trajectory starting at the center (see Figure 1.3), getting

THEOREM 1.3. — For every § > 0, ase — 0T,

PI()) = Gy (\%) + 05 (e%*é), A> 0.

C@ CZ

C

c

G

Cy

Figure 1.3. The free path in a square billiard with trajectory starting at the
center

Theorem 1.3 should be compared with the situation where the initial
position is at one of the four vertices, and where the limiting distribution
has compact support [2, 3]. It is not clear whether these methods would
directly extend to other concrete initial positions, such as (%,O), n € N.
However, it looks likely that further refinements could lead to “space-phase
average' results similar to those from [5]. The main difficulty seems to
arise from the increasing complexity and number of cases that need to be
analyzed in detail, leading to integrals in the main terms of the asymptotic
formula which are manifestly more intricate than in the case of the square.

TOME 59 (2009), FASCICULE 3



1048 Florin P. BOCA & Radu N. GOLOGAN

2. The contribution of consecutive Farey fractions v < 7/
with v, € Fo \ F©

Let e > 0 and Q = [1], the integer part of 1. Denote by F¢ the set

of Farey fractions v = % in lowest terms with 0 < a < ¢ < Q. For any

interval I C [0,1], set Fr o = I N Fg. Denote by _7-'(5) the set of Farey
fractions v = ¢ 6 Fo with £ | (¢ — a), and set .7](% =1InN fg). Set also
FO = Uo= .7: . It is well known that v = % <q = %: are consecutive
elements in .7-"Q if and only if

adqg—aq =1 and q+q > Q > max{q,q'}.

In particular we have

(2.1) e(g+4q) >e(Q+1)>1>max{eq,eq'}.

For convenience consider
~ 1
Gore(N) = ’{w € arctan ] : g (w) > )\Q}’ =Gy ()\e L] ), A> 0.

For any interval I C [0,1] with |I| < Q7¢ 0 < ¢ < 1, we will prove a
formula of type

GZ,I,&(/\) _ CIGZ()\) + 05 <€7§+9(C,cl)) ,

which will immediately imply (1.1), because e[1] = 1+ O(e) and for any
compact set K C Ry there is Cx > 0 such that

(2.2) |Ge(2") — Go(2")] < Ckl2’ — 2", 22" e K.
Given v < 4/ consecutive elements in Fq, denote ty = v — &= “/qTE,
U =7y+: = “%;5. Employing (2.1) and
1—eq e(g+¢) -1 1—¢eq
(23) tO_'Y: ;o uO_t():i,a 7/_u0: ;0
qq qq qq

we find v < tg < ug < «'. In particular if v < 7' < 4" are consecutive
elements in Fq, then v+ £ < v <A = 77+ Therefore the intervals [y —
S+ %], 7 = ¢ € Fq, cover the interval [0,1] in such a way that every
element in [0, 1] belongs to at most two of these intervals. As a result any
trajectory with slope tanw € (v,7’) will intersect, as in the case of the
square lattice [2, 3], one of the scatterers (¢,a) + Vz or (¢/,a’) + V.

Since a’q — ag’ = 1, only two situations can occur here: v ¢ F) and
v ¢ FO respectively v € F© or v/ € FO). The later will be discussed
in Section 3. In the remainder of this section we assume that v ¢ F*) and

ANNALES DE L’INSTITUT FOURIER



THE LINEAR FLOW IN A HONEYCOMB 1049

v ¢ FO) situation where the horizontal free path is given (see Figure 2.1)
by

q if v <tanw < tg,
qre(w) = ¢ min{q,¢'} if to < tanw < uy,
q if up < tanw < +/'.
qe(w) = C]l l%,g(w) =min{q, ¢'}| grc(w) = ¢
gl to uo v

Figure 2.1. The horizontal free path when v, € Fr o \ F)

In this way the contribution of the interval [y,v] to Gy.r.(\) is given by

0 if max{q,q'} < AQ,
arctanvy’ — arctany  if min{q, ¢’} > A\Q,
arctanvy’ — arctanwug if ¢ < AQ < ¢,
arctanty — arctany if ¢ < \Q < q.

This contribution is zero whenever A > 1, so we next assume 0 < A < 1.
Using (2.3), the estimates

arctan(x + h) — arctanz =

—z + o),

1 1 2

o —y) = =
1+42 1+42° o= qq”

(2.4)

and the inequality
1 1 1
E - < E -
2,2 / ’
JF, T F, Qe @

we infer that the contribution to @“75()\) of all intervals [y,~'] C I with
v < 7' consecutive elements in Fq and 7,7 ¢ F*) is given by

GY).(\) = Aro(N) + Brg(\) + Cro(\) + 0(e),

TOME 59 (2009), FASCICULE 3



1050 Florin P. BOCA & Radu N. GOLOGAN

with
1 1
(2.5) Aro(\) = Z —
S €T \FO q¢" 1+~
min{q,q’ }>\Q
1—eq 1
Bro(A) = > T
vy €FrQ\FY % 1+7
(2.6) q<AQ<g . .
—&q
Cro(\) = Z — 5
vy €Fr,0\F® 14 L+
q'<AQ<q

Since there are no consecutive elements in F¢ which belong both to F*)

we have
(2.7) Arg\) = Af () — AT 5(\) — AT50),
with
1 1
= Y Lk
,Q r1 27
v eF1 o qq +
min{g,q'} >\Q
1 1
AT\ = — T
I7Q( ) ([)Z qq/ 1+72
YEF; 5V EFILQ

min{q,q'}>AQ
1 1
_72 f— — ————
I7Q()\)_ Z q / 1+72’
VEFL,Q,Y €FLY
min{q,q'}>AQ

A

and respectively
Br.o(\) = Bfq(\) = By o(A) = By (),
(W) = CroM) = CraW),

)

(2.8)

with

1—¢eq 1
B;f N\ = Z _—

/ 1+ 127
.Y €Fr,0 9 "
a<AQ<q’
1,Q - / '1_|_ 27
v €F1.qQ 14 K
q'<AQ<q

ANNALES DE L’INSTITUT FOURIER



THE LINEAR FLOW IN A HONEYCOMB 1051

_ 1—eq 1
BioWN= > = —

¢ 149
'76-7:1(2277/6-7:1,(2
a<AQ<q’
C_’l(A) o Z 1-— £q 1
1,Q - qq 1+ 72 )
'yefl(%,—y’e]ﬁ@
'<AQ<q
1—¢eq 1
-2 _ q
BI’Q()\)_ Z qq' ’ 1+,Y/2’

£
VEFQ, Y EFY
a<AQ<q’

_ 1—eq 1
Cron= > : .
,Q / 1 + 2
v eF1 o qq Y
¢'<AQ<q

LEMMA 2.1. — For any function V € C1[0, N] with total variation T;" V
and C(¢) as in (1.2),

o(k) N N
> v :cw)/ V40 ((IV ]l + TV I N,
1<kSN 0
ged(€,k)=1

Proof. — The left-hand side Ly x can be expressed as

>y @ V (k).

1<k<N  dlk
ged(4,k)=1

Writing k = dk’ with 1 < & < [&¥] and ged(¢, d) = ged(4, k') = 1, denoting
d

k/
Va(x) = V(nx), oo(f) := #{d > 1 : d | £}, and using M&bius summation
(as in [1, Lemma 2.2]) we have

TOME 59 (2009), FASCICULE 3



1052 Florin P. BOCA & Radu N. GOLOGAN

Lo n
d
= Z % Va(k'")
1<d<N 1<Kk’ <[N/d]
ged(4,d)=1 ged(€,k")=1
d gy [IN/d]
-y M9 ﬁ/ Va+ O( (Walloo + T8/ "Va ) o)
d ‘J
1<d<N
ged(£,d)=1
_ () pd) 1 /N
=5 X Breal] veowmi)
1<d<N
ged(€,d)=1
Al
T w((vnw +TV) Y d)
d=1
¢ dy N
~ 2@ ua(lz)/ V4 O(IVllsenN) + Or((IV oo + T3'V) In N)
1<d< 0
ged(€,d)=1
0 p(d) 1 /N N
== ( 2o > OV+O¢<(HV||OO+TO V)lnN)
d>1 d>N
ged(4,d)=1
N
=) [ V0 (Wl + TV) N,
0
with
ol w(d pl 1
C0-F0 > S0 (1)
d>1 pf@ p
ged(4,d)=1 p prime
/0 11 < L )‘1
= — 1 —_ —
2)¢ 2 ’
2) ple P
p prime
which gives the desired estimate. O

LEMMA 2.2. — For any function V € C'[0, N] and any § > 0,
N N
In
> L(n ) Vi(n) = ecw)/ V4 0us (IVllso + T VIN?)..
n=1 0

Proof. — Let £ = p{* - - - p with pq,...,p, distinct primes and ay, ..
a, € N (so r = w(f), the number of prime divisors of ¢).

9

ANNALES DE L’INSTITUT FOURIER



THE LINEAR FLOW IN A HONEYCOMB 1053

Writing n = p’fl - pFrm with k; > 0 and ged(¢,m) = 1, we obtain

29) 3 PR 1y =

n
1<n<N
kito
e ™) p(m)
)y m)
5 pk1 m Py Pr
1’317“-7]}:7-20 1<igr t 1<m<1\//(p’1“1,,,pl:y~)

PPN ged(€,m)=1

According to Lemma 2.1 the inner sum above can be expressed as

N/(pyt-phr) i i .
C(E)/ Vb ) da+ O (Ve + TNV) In N)
0

O
pl . .pr 0
Inserting this into (2.9) and using the fact that the number of terms in the
first sum in (2.9) is < (In N)*(®) and o(pf ) = pFitei(1 - p1) we infer

K3

that the expression in (2.9) is given by

e I (1—;) > 1/0Nv

k]‘ DREEY k/y‘
(2.10) ple kiokez0 P10t TPr
. p prime plflwpl,ngN

+ 0 (Vo + T V) (I N)HH0)

The statement now follows from (2.10), using

St 00

k:l “ ..
kioookez0 P17 Pr Pl
p prime
and the bound
1 (In N)™—1
§ : ki k- <<P1 ----- Pr N .
kyekr 20 P1 v

k )
p,lphr >N
O

The following estimate [4, Proposition A4] will be employed several times.

LEMMA 2.3. — Assume that ¢ > 1 and h are two given integers, T and
J are intervals of length less than ¢, and f : T x J — R is a C' function.

TOME 59 (2009), FASCICULE 3



1054 Florin P. BOCA & Radu N. GOLOGAN

Then for any integer T' > 1 and any § > 0

_ p(q) o) de
> fan=2 //Mf( ) dedy + €,

ac€Z,beJ
ab=h (mod q)
ged(b,q)=1
with
1 1 : 1 VileolZ
£ <5 T2 oo} sed(h )} + TV f g ged(h, )} + IV I=ZITL

where || ||, respectively ||V f]|oo, denotes the sup-norm of f, respectively
of|%| + |%|, onZ x J.

Lemma 2.3 will be typically applied to the following situations: Let I be
a subinterval of [0,1]. For every ¢ € [1,Q)] consider the intervals T = ¢I
and J = Jy 4 = (max{\Q, Q — ¢}, Q], and the functions f, and g, defined
on gl x Jy 4 by

1 1 1—ev 1
fq(uav) 5:(7[]'727 gq(uyv): qu : PR
1+ (2) 1+ (2)
We clearly have
(2.11)
1 1
max o) o K\ —, max{ ||V filloo, IV9glloo } €2 =—=.
{Ilfqlloos lggllac} <x 04 {1V fallsos [Vgglloc} <x o

PROPOSITION 2.4. — For every A € (0,1] and ¢; € (0,1),
AIvQ(A) = CIA(E)Il()\) + 057)\,5(@5+01(Cl)),

where
1
1 1
Ii(\) = -In——md
1) //\ x nmax{)\,l—x} “
@ -+ {7 I m s de if A e (0,1,
(InX)? ifxe [3,1],

and 91(61) = max {201 - %7 —C1, _1}

Proof. — There is at most one v € Fy, o with 4" ¢ I. Since ﬁ < Q°
and ﬁ < 57 the total contribution to the final asymptotic results from
Theorem 1.1 resulting from replacing the two conditions v,7 € Frg by
a € ql or by a' € ¢'I will be < Q! and respectively < Q%! thus
negligible. As a result we shall tacitly do this in formulas (2.12), (2.15),
(2.18), (2.22), (2.24), and (2.27).

ANNALES DE L’INSTITUT FOURIER



THE LINEAR FLOW IN A HONEYCOMB 1055

Furthermore, the summation constraints in v = & € F1,¢ and v = Z—: €
Fo will translate, using standard properties of Farey fractions, into the
following constraints on the triplet (g, a,q’):

q € (A\Q, Q)
a€ql, ¢ €Jyg ged(d,q)=1, a¢=-1 (mod g).

Summing first over ¢ and then after integer pairs (a, ¢') € ¢l x J 4 as above
(note that the number of such pairs is < ¢|I|) we infer

1
21 aW= ¥ Y flanvo(g).
9€(AQ,Q] (a,q")€qIxJx q
ged(q’,q)=1
aqg’=—1 (mod q)
Applying Lemma 2.3 with T = [Q°!] and (2.11), the inner sum in (2.12)
can be expressed as

J)\ ,q I 1+
(2.13) + Osn (Q2clq§+6Q—2 L QugitiQ q2Q73Q751>
v(q) 1 2c1— 346 —1—
= 1 @ a2 “al.
“ q? nmax{)\ 1——}+ 8 (Q +d )

Summing over ¢ € (AQ, Q] in (2.13) and employing (2.12) and [1, Lemma
2.3] we find
Cr

(@

To estimate A;’é()\), note first that ged(¢, ¢) = 1 because ¢ | ¢ — a and
ged(g,a) = 1. As a result, putting w = ¢ —a = fu, v = ¢’ and using
a'q—aq =1and ¢ > Q — q, we find (with £ denoting the multiplicative
inverse of £ (mod q))

A=Y > 1'1>2+O(c12>

AQ<g<Q (w,w)eq(1—T)xJx 4 w o4 (ﬂ

(2.14) Af o(\) = A1 (V) + 050 (Qawl(cn) _

ged(L,q)=1  ¢w, gcd(v,q)=1 4

wv=1 (mod q)

1
= Z Z fq(q—ﬁu,v)—&-O(Q) .
AQ<gSQ (u,w)e(q/L)(1-I)xEJx 4
ged(4,q)=1 ged(v,q)=1
uwv={ (mod q)

(2.15)

TOME 59 (2009), FASCICULE 3



1056 Florin P. BOCA & Radu N. GOLOGAN

By Lemma 2.3 (with T = [Q“']) and (2.11) the inner sum in (2.15) can be
expressed as

(2 16
d
- 5 + Osae (QQCI_%J”S +Q_1_C1)
Tag WV 30-1) 1 4 (qu)
q
1
_ CISO(Z) In + 067)\,2 <Q2017%+6 + Q71701> .
lq max {)\, 1-— %}

Summing over ¢ in (2.16) and employing (2.15) and Lemma 2.1 we find
C]C(é)
14
Using the second inequality in (2.4) and }° . r ﬁ < 1 we infer

1 1 1
2.18 A72 = - 40 () .
(2.18) 1% D AT 0
’YE]'-I,Q,’YIEJ:I’Q
min{g,q'}>A\Q

(2.17) Ao\ = Ii(\) + Osae (le(m)) .

We now proceed as for A;’é, noting that ged(¢,q’) = 1 because £ | ¢’ —d’
and ged(q’,a’) = 1. As above, with w = ¢ — @’ = fu, v = ¢, we infer
(2.19)
1 1 1
—,2 _
- Yy ()
/ ) qv ¢ —w Q
7'€(AQQ] (w)Eq' (1-1)x Ty o {7
ged(£,q")=1 Ljw, ged(v,q’)=1
wv=—1 (mod q’)

> > for(d = tu,v) + 0O <é)

' €(AQ,Q] (w,v)e(d' /O(A=T)XJy o

ged(£,¢')=1 ged(v,q")=1
uv=—F (mod q")

q E(XQ Q]

’2 /]A/qv/(lI)1+ )
ged(£,9")=1

+ Os.n 0 (Q(QQCI_%JF(S + Q_l_cl))
_ C?I 3 vld) | 1 Osac (Q6+91(01))

/2 q’
veoaq ! mex {4, 1~ }
ged(£,q')=1

c;C(¢
= é( ) I (M) + Os a e (QHGI(CI)) .

The estimate for A; o (A) follows from (2.7), (2.14), (2.17) and (2.19). O

ANNALES DE L’INSTITUT FOURIER



THE LINEAR FLOW IN A HONEYCOMB 1057
PROPOSITION 2.5. — For every A € (0,1] and ¢; € (0,1),

Bro() = et A(DB() + O (Q7H) = Cro(N),

where

1 J—
IQ(A):/ ! z1n1A dz.

max{\,1-A} L -

Proof. — Using the argument leading to (2.18) we see that

_ 1 l—eqd 1 1
+ _ npt _
Brolh) =Brol) + O(Q) -2 @ TiptO (Q) '
v E€FT,
q<>\Q<q(7)

Using customary properties of Farey fractions we infer (setting u = ¢ — a,

v=¢)

- 1
B;F’Q()\)z Z Z gq(q—u,v)—i—O(Q).
ISAQ (u,w)eq(1-I)xJx 4
uv=1 (mod q)

Applying Lemma 2.3 to g, and T = [Q°!] to the inner sum above and using
(2.11) we find

du 1—ev
Bi o(\) = #t) / . / dv
I,Q( ) Z ( q2 ai—n 1+ (g—u) Taa qu

4<AQ =
3 c1 5 1
+ Os Qg " L@ g5 te N arert
Qq Qq2 ch
=cCy Z @ V(q) + Oy (Qmax{2c17%+5’,cl}) ’
PVl
where
1t 1—
Vin) = 7/ Ly eagl
n max{)\,l—%} Yy
Using
(2.20) Vo<t  and 79 «, L
: 0o X )\Q 4 A Q7
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and applying Mobius summation to V' (e.g. [1, Lemma 2.3]) and Tonelli’s
theorem we find

Ay [t 1-—
B, () :i/ 7/ 27Y gy + 05 (QFFOr(en)
I’Q( ) €(2) Jo U Jmax{r1-5} Y Y 6( )
A 1
(2.21) _ / dj/ -y, 5461 (c1)
= y+ 05 (Q
C(Q) 0 T Jmax{r1-z} Y ( )
Cr

= {5 BN + 05 (@),

The condition ¢ | ¢ — a gives ged(¢,q) = 1. Taking ¢ — a = u and v = ¢/
and proceeding as in the case of A;é from the proof of Proposition 2.4 we

have
(2.22)
_ 1—¢eq 1
Bio(\) = :
I7Q( ) ([')Z qq/ 1+,YQ
"/6-7:1@7"//67:1@
g<AQ<’

1— 1 1
> > :+0(3)
GAQ  (w)e(@/D(1-DxJr, | 1+(M)
ged(¢,q)=1 ged(v,q)=1
uv={ (mod q)

- 071 > <p£1q) V(g) + Ose (QHGI(CI)) :

gs<AQ
ged(£,q)=1

Applying Lemma 2.1 to the last sum in (2.22) we find

_ crC0) (A9 du [* 1-—
SO [ b (g
(223) 0 max{\,1-5} Y
C[C(f)

= 4100 3y 4 04, ().

To estimate B;g we first fix ¢ € (AQ, @], then set u = g —a, v = ¢.
Since £ | ¢ — a' and ged(¢’,a’) = 1 we have ged(4,¢') = 1. Moreover,

ANNALES DE L’INSTITUT FOURIER



THE LINEAR FLOW IN A HONEYCOMB 1059

¢ —d = q/lffl is divisible by ¢, so uv = 1 (mod (¢g)) and we have

_ 1—eq 1
)2
BI,Q()‘) = Z T 2
o U 1+ (2
’76.7:1,@77/6.7:1@ q
g<AQ<y’

DS gq(qu,v)JrO(éz).

aSAQ (u,0)€q(1-1)X Jx 4
ged(£g,v)=1
uv=1 (mod (£q))

(2.24)

By (2.24), Lemma 2.3 and (2.11) it follows that BI_S(/\) can be expressed
as

(2.25)
l 1 1-5 1 1 e
> (et [ SRaco(enteegen)
4<AQ Ixa

- % Z @ V(Q) + Os (Qmax{ch—%-‘r&—cl}) .

q<AQ

From (2.25), Lemma 2.2 and (2.20) we infer

C]C(e)

Br5\) = "V 4 05 (@0
I,Q( )= 7 ; + 05 (Q

_ CICE(K) L(\) + Oy (Q5+91(c1)) .

(2.26)

The desired estimate on By g(A) follows from (2.8), (2.21), (2.23) and
(2.26).
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In similar fashion one gets

, 1
9¢ (¢ —uw,v)+ 0 <Q)

(2.27)
I,Q - T 12
v EFIQ 4 7
q'<AQ<yq
¢'<SAQ (u,v)=(q'—a’,q)eq’ (1-I)xJy
ged(v,q’)=1,uv=—1 (mod ¢’)
_a 5401 (c1)
= L BV + 05 (7)),
¢(2)
_ 1—eq 1
Cro\) = -
LQ( ) ZZ qq 1+~72
76'7:1(,)va,€-7:ny
a'<AQ<q

D 2

I'SAQ (u,0)=(¢'—a’,q)eq’ (1=1) X Jy

gﬂ¢—wm+0<é>

gcd(v,q’)=1uv=—1 (mod (£q"))

lq 3
= Z <igq€2) q'ciV(q') + Os (Qmax{261*§+5x*01*1}) )

q'<AQ

C]C(f)

= Io(AN) + Os 20 (Q‘Hel(cl)) )

/
_ 1—eq
0175()‘) = Z :

76?1,@,7'6.7’}%

q'<AQ<q

2. 2.

1

¢ 1+9"?

9q (¢ — tu,v) + O (é)

CSAQ  (u)= (L5 g) e L (1-I)xJ,

ged(4,q")=1 ‘

. p(d) der

12 g
q'<AQ e
ged(L,q")=1

C]C(f)

JIx.q

’

ged(v,¢’)=1,uv=—F (mod q’)

o Oge (Q7F0)

_ ac L) + Os e <Q5+91(01)) .

The desired estimate on Cy (M) follows from (2.8) and (2.27).

COROLLARY 2.6. — For every A > 0 and 0 > 0,

GiH () = e AOGD () + Ogp (200
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with GV given by

(1= VA (7 I du 2 f S 2 du i v e (0.,
(InA)? 42 ) =% In 2= du it e [3.1],
0 if A€[l,00).

3. The contribution of consecutive Farey fractions v < v/
with v € fg) or v € fg)

Suppose first that v < 4 are consecutive in Fy o and v € ]—'I(’%, where
again Q = [5 Consider t_1; =~ and for k& > 0 set
ag € ap—¢
ag=ka+d, @q=k¢+d, w=—, tr=Em-—=—.
qk dk dk
Inequalities (2.1) show that
(3.1)
k
Y o= M << - <m<p=7 and tp1 <tp <Y1 < e
Since ¢ = a(mod ¢) and a’q — ag’ = 1, we cannot have ¢’ = o’ (mod ¢),
and soy' € Fr .o\ F¥). Moreover, since ¢ | (¢—a) we must have ged(¢, ¢) = 1
and gy, # ax (mod ¢) for all k > 0.

/

lqz,g(w) = Qrt1 lqz,a(w) =q lqz,g(w) =q0o=q

/

Y tk+1 tr Yk+1 11 to Yo ="

Figure 3.1. The horizontal free path when v € ]—'I(% and v € Fro\ F®

The number K = [%ﬂl’] is the unique integer K > 1 for which g =
Kqg+q <2Q < qx41 = (K +1)g+¢'. The presence of the sink at v, (3.1)
and 7y, ¢ F show that (see also Figure 3.1)

Qre(w) =qre1 i tpyr <tanw < tg, k> -1,

and the contribution to Gy g (A) of the interval [y,~'] is given by

1—¢eq 1 1
3.2) arctantyg — arctan~y = . +0 .
(3:2) 8 VS WKarq) T (q2<Kq+q'>2>
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Since q¢' > Q and Y- r, ﬁ < 1, it follows from (3.2) that the total
contribution to Gy, o(\) of intervals [y,4'] C I with v < 4 consecutive in

Fa and v € F is given by
G (V) =
= 1—eq 1 (1) (1>
: +0(=)=SoN+0(=]).
I;) 2 qkq+q') 1472 Q 1ol Q

()
'yE]—‘I,Q
G SAQ<GK+1

When +' € -7:1(,% similar bookkeeping with ¢, = k¢’ + ¢, a), = ka’ + a,

’
Up = a’j},+€, provides the contribution
k

Gf}yg()\) = Z Z (arctan~y’ — arctan uy)
k=0 ,Y/e]_-;zc)g
4 <AQ<d) 4,
%) 1—ed 1 1
=> > Lo +o(5]).
(k¢ +q) 1+ Q

k=0 /cx®

4 SAQ< G} 14

The situation is analogous to the one encountered in [5, Section 5]. Con-
sider the “Farey triangle' 7 = {(z,y) € (0,1]? : # + y > 1}, the sets

A—-1 A—-1
L= |2 272 ), k>1,
o= A=)

and for g € QIy, k > 1, the intervals
J,i?; =(N—keq, 1] ={eq : (eq,eq') € U1 NT} C (1 —eq, 1],
J,ig = (1—eq,\—keql ={eq' : (eq,eq’) € U NT} C (1 —eq,1].

Denote

1—¢q 1
kq+q') o)’
1+<5)

When A > 2, we have

fk,q(ql7a> = q( gk,q(-rvy) = fk,q(maq - y)7 k 2 0.

min{k: QeNT}#0} =[N —1=1,min{k: I #0} = [\] > 2,
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y= A% Dx

1)

D ¢RD O GED W

)
Jq

(1)
Jeq

(1,0)

Figure 3.2. The set Q, N T

and

SraN =Y > frgld,a) =

k=1 WE]—'}%
(¢.4")€Q(QUNT)
(o)
> Y (Srera) + Trawha),
k=2 qeQIy
ged(€,q)=1
with

Sr.r(Aq) = Z frq(d',a),

(a,q")eal xQJ}")
—aq'=1 (mod q), ¢|(q—a)
Trqur(Xq) = > fr—1.4(d; a).

(a,q")€al x Q")
—agq'=1 (mod g), £|(g—a)
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Taking z = ¢/, y =q—a = £z € g(1 — I), and £ the multiplicative inverse
of £ (mod ¢), we can write

Srok(Xa) = > frg(z g —y)=

(.9)EQIL ) xq(1-1),
zy=1 (mod q), £y

> kg, 02),
(2,2)€QJIL ) x (a/0)(1-1),
ged(z,q)=1, xz=£ (mod q)
Troxr(\q) = > Gh—1.q(@, 02).

(2,2)€QJ") x(a/0)(1-1),
ged(z,q)=1,z2=C (mod q)

Since (¢, z) € QQy, we have Q@ — (k+1)g <z < A — kg, so (A —1)Q <
AQ — q < kq+ x <t and one finds

1 3
lgkalloe < 50 IVORalloe < 55, VR L.

Since £ | (¢ — a) and ged(q,q¢ — a) = 1 we have ged(f, q) = 1. The length

of each of the intervals QJ,g?q) and QJ,g)lq) is less than ¢, so we can apply

Lemma 2.3 with 7' = [Q“*] to find

Sror(A\q) = pla) // Gi,q(z,€2) dx dz + 5,;13713
QI x4(1-1)

P
(3.3) i
_a plg) Qg [MTF _da L e
g Q Jo, x+kq “FU
with
Q. 1
(3.4) glglg 0 Kot T2 i q%Jr‘; +T — q%+5 + M <
w qQ *Q T

Qch—lq—%+§ + Q*ch
q

A similar argument shows that 17 g (A, ¢) can be expressed as

(35 .24 Qg ? dx

t g Q Jrag-rgr+(k—1)q

—c—c
+ Os0 (QQCIlqéJﬂS + 2 q 1> .
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But
/*Q—kq do /Q dzx
Q—q I+kq AQ—kq I"i’(k* 1)q

AQ du Q+(k=1)q g, AQ
WA e
Q+(-1)a ¥ Jr@—q u AQ—q

hence (3.3)-(3.5) show that S7,0 (A, q) + T7,0,k(A, ¢) can be expressed as

ca elg) @—g AQ 2e,-1, 146 , @7
(3.6) e 0 ln)\Q_q+05,e <Q q + p >

The intervals Ij, are disjoint, so when summing over k and ¢ € QI (orin a
smaller range) we are actually summing over ¢ € [1,Q)]. This way in (3.6)
the error will sum up to

O6,€ QQCl—l Z q—%-ﬂ—& + Q—c—cl Z é — 0&5 (Qé—&(c,cl))’

q<Q a<Q

while the main term will sum up to

M@= Y Py,

q<Q q
ged(£,q)=1
where
Q—q AQ
W(g)=——1In ; q € [1,Q)],
(q) 0 304 [1,Q]

with |[W]|e < % and TEW < % Lemma 2.1 now provides

@ =50 Mg anro (259,

and we proved

PROPOSITION 3.1. — For any § > 0, uniformly in A on compacts of
2, 00),

crC) (f1—u A
R e R C)

An identical formula holds for G{] _()).
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(5 (1) @-1Ln

©.1)

p (L1

(1La-1)

1-1,2-2

(1.0)
Figure 3.3. The set U2, N7 when1 < X\ <2

When 1 < A < 2 the contribution to Sy o(A) of v with ¢ + ¢’ < AQ is

o0

AN =" > fraldha)

k=1 reF®),
(¢,4")€Q(2uNT)

o0

=2 > > frald',a)
k=2 q€Qlx (a4 )€qIx Q")

ag’=—1 (mod q), ¢|(g—a)

+>0> > fr14(d,a)

k=2 33691)’“_1 (a.q")€alxQJ°)
ged(4,q)= aq’=-1 (mod q), £|(g—a)

+ Z Z fl,q(q/aa>7

(A-1)Q<q<Q NeqIxQJ®M
ged (¢ q\):\l ,_(a,q J€alxQ 1q
’ aq’=-1 (mod q), £|(q—a)

and the contribution of v with ¢ + ¢’ > AQ is

Bro\) = > > fo.q(d'sa).

(A-1)Q<g<Q (a,¢")eqIx(AQ—q,Q]
ged(£,9)=1 aq’=-1 (mod q), £|(q—a)

Using [ frqlloe < o5 and [Viiglloo < 735 on Q40 UQJLY, ) x qf if

0
E>1,|foqllee < m and |V foqlleo < m on QJl(’q) x qI, and
summing as in the case A > 2 we also obtain
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PRrROPOSITION 3.2. — For every § > 0, uniformly in A\ on compacts of
(1,2],

ciC¢ L ) by
(38) G .(\)="" e( )/0 L e du+oé’z(€—5+9(6,c1)).

An identical asymptotic formula holds for Gf[), S(A).

As a result formula (3.7) will also hold when 1 < X\ < 2.
Consider finally the case 0 < A < 1. When ¢’ > AQ we have g > \Q for
all k£ > 0. So the contribution of each v € .7-"1(% with ¢’ > AQ is in this case

arctan~y’ — arctan~y = 1 1 +0 1
) T T ?q?)’
summing up to

(39) Cro= 3 3 z,-bﬁo(é).

1<g<Q (a,q)EqQIX Jx q q 1+ %
ged(£,0)=1 ged(q’,q)=1, £|(¢—a)

aq’=—1 (mod q)
Using the same estimates as in case A > 2, (3.9) leads to
(3.10)
Cro\) = S0 /1 1 1 S S du + Os (Q‘S—"(Cacl))
0

u max{l — u, A}

¢
CIC(€> 1=A 1 1 5—0( 1)
_ / Z In du+In(1 — \)In X +0M(Q )
0

i u 1—u

Finally the contribution of each v € F I(% with ¢/ < A\Q is

1-— 1 1
arctanty — arctany = =4 +0 ( /2> ,

qq"  1+~2 7?q

summing up to

(3.11)
1—¢q 1 1
e = Y > o Loy
(1-M)Q<q<Q (a,¢")€qI X (Q—q,AQ] 1+ %)
ged(6,9)=1  ged(q’,q)=1,£|(q—a)
aqg’=—1 (mod q)

1

_ac / Lo 2 + Os4 ()\Qflﬂs + QHmaX{zclf%ﬁc*cl}) .
14 1-x U 1—-u ’
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From (3.10) and (3.11) we infer, uniformly in A on compacts of (0, 1],

GY) .(N) = C1o(A) + D1g(\)
1
(3.12) _acl® (/ Iyt du—/\)

u —Uu
+ Oéi (AQ71+6 + Q5+max{2¢:17%,7c7c1})
whence

PRrOPOSITION 3.3. — For every § > 0, uniformly in A on compacts of
(0,1],

e () = TCOERIZA) o) (mtroteen).

An identical formula holds for Gt(f]), (A).

4. End of the proof of Theorem 1.1

From Corollary 2.6 and Propositions 3.1, 3.2, 3.3 we gather
@rg’]?s()\) = CIGg(A) + Ose <676+9(C’61)),
with repartition function G, given by

1— oy +AMOHL(N) if A€ (0,5
Go(N) =1 - g5 T AW H(N) if A€ [5,1
260 Ha(N) if Ael,00),

9
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where

Hl()\):)\—C(Q)+(ln/\)1n(1—)\)+2/1_)\1 In !

A U 1—u

1
1-— A
—|—2/ uln du,
1y U 1—u

du

A= (InA) In(1 /\)+/111 L 4 /All d
=-A—(InA)In(1 — — In u — — In
1) U 1—u 0o U 1—u “
:—)\’
1w A
Ha(\) = A — C(2) + (In\)? + 2/ n—2 du
AU 1—u
=3\ —2—((2) — (In\)?
1 "1 1
20—A)In| - -1 21 -1 d
+2( )n()\ >+/,\un1—u u,
1
1—u A
Hs(\) = 1 du.
3V /0 TR W
This establishes part (i) in Theorem 1.1. Using also
"1-u (1 1 1 (11-u
Hi(\) = I du=—= d
3 /0 u ()\ A—u)u )\/O)\—uu
1 1 1
=4 (1-)m(1-% 1
v (a)m(es) e
it follows that the density of the repartition function Gy is
9¢(A) = =Gy(N)
s + A it Ae (0,1],
=y AO(-3+3 -2 -)m(;-1)) if re[4),
O (L--Hm(-1) it A€ (1,00)

Part (ii) of Theorem 1.1 can now be deduced from part (i) by a standard
approximation argument [1, 2, 3, 6] based on 7. (w) = qé’cfs(:) for tanw € I
with I C [0, 1] interval of length |I| < £°. We skip the detailed proof, which

can be easily reconstructed from some of the arguments in the next section.
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5. The conversion from a honeycomb to a square lattice
with congruence constraints

In the situation of the honeycomb it suffices to consider w € [0, ¥]. The
linear transformation

2 T o y 2y 2
R* > (z,y) — (z,y)-(:n \/§’\/§>€R
maps the first sextant I'y := {(¢+ , ‘“2/5) :q,a € 7,0 < a < ¢} of the grid
of equilateral triangles of side 1 onto the first quadrant of the square lattice
Z* = {(q,a) : a,q € Z}. Elements of the subset I'}** C Ty of vertices from
the honeycomb grid map to integer lattice points (¢, a) with ¢ Z a (mod 3)
(see Figure 5.1).

Figure 5.1. The free path length in the honeycomb and in the deformed
honeycomb

T also maps circular scatterers (q + %, 2¥3) + £(cos 6, sin ) centered at

(z0,90) = (q+ %, 2¥2) to ellipsoidal scatterers (g, a) +&(cos 6 — Si‘/lge, 2?}%‘?)

centered at (z(,yy) = (¢, a). Denote wo = arctan £ and wj = arctan z—io’
Denote also S. = {d(cos §,sin §) : |[§] < e}
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(x0,Y0)+€+(cos m/3 sin 7/3)

00 (x0) (xh+¥5/2) 00

Figure 5.2. Change of scatterers under the linear transformation T

In the honeycomb with scatterers {(zo,y0) + Se : (wo,y0) € T} of
same length, the “local” repartition function

@Ihf-:x()‘> = Hw € arctan : cjehex(w) > i‘}

, IC [O, 7(;] interval,

of the “horizontal” free path length G'**(w) defined as the infimum of the
set

2 3/2
{q € N:3Ja € N,3(zo,y0) € T}, <q+a/ a\f/> € (wo,%0) + Se} ,

cosw = sinw

turns out to be closely related with Gs ; (), being estimated through the
same approximation procedure as for the later when I C [0,1] is a short
interval of length |I| < &% 0 < & < 1. Indeed, the equality

/ /
T (v + 0) = ( R URAN *25%),

shows that 7" maps the oblique scatterer (zg, yo) + Se from the honeycomb

onto the vertical scatterer (xf,y() + Ve from the square lattice with zf, = y,
(mod 3), and the line through the origin with slope yc;;& onto the line

0
Yo+

x

), where @ is the bijection

M\/g
7 Q) = S
+

through the origin with slope <I>(

V3
"3

!
0
2x

V3—a
~hex

In the process the condition ¢**(w) > % above is being replaced by
g3,c(w') > 2 in the square lattice. The only difference arises from replacing

expressions (with z(, = ¢, y, =a and 0 < J§ < é)

o+d A 1) 1 52 ) 52
arctanwfarctany—g]:—,-i,erO —5 :27q+0 —
T T T ¥ T q? + a? q?
0 0 0 1+m,2 0
0

®:00,1] — [0 ol(z) =
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that collect the contribution of angles w for Gs ; -()), by

/ 5 !
arctan ® <y0 —J— ) — arctan ® <y?>
T T
0 0

(vo +0)V/3 YyoV3
— — —arctan ———
2e) +yy+9 2z, + vy},

:<(y6+5)\/§_ Yov'3 ) 1
14 (2

= arctan

2oy +yy+9 2z +y)

2x! +y!

22)6+/3 ) 1
:(2x’+y’)2 <1+O<2m’+y’)> yo /3 \2
07T Y% 07T Y% 1_|_( )

2z +y;
2
:A.’.O (i .
2(¢% + aq + a?) q

The effect will only be on the main term, where c¢; = f 77 +

ﬁ)2

:1627 J g [07 1}7

= fq) (1) mdl‘ IC [0, ﬁ] In this way
we obtain, uniformly in )\ on compacts in Ry \ {1},

(5.1) GhEX()\) _ cl]lexGS()\) + O (E_6+9(C’Cl)>,

will be replaced by chex

The change of variable x = ®(u) gives
C \/>/ Ltanwy) dx _ /tanwl d,U/ o
[tan wo,tanwy] — L (tan wo) 224+ r+1 tan wo ,LL2 +1 1 0-

In this case ¢ (w) and the free path length 71 (w) are related (by the
rule of Sines) by

~ hex _ sin 2771— ~hex _ \/g qshex( )
TE (w) - . T qE ((.U) - 5 )
sin (g —w) 2 cos (g —|—w)
so that
m™ hex ~ hex A
Pre(A) 1 = |qw € arctan I : 7" (w) > Z
(5.2)
2\ z
:HwEarctanI G (w )>C08(6+w)}’.
5\/3

Fix w; € arctan[. Using }cos (2 +w) —cos (F + LUI)‘ < |w —wi] < €9,
(2.2), and 1 < ¢, equalities (5.1) and (5.2) yield

_ 22 s
(5.3) IP’RCEX()\):(;?CXGS(@S\(/%W) +05(€zc +5_5+9<c,m>),
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THE LINEAR FLOW IN A HONEYCOMB 1073

Let ex = e1+(wp,e) as in Figure 5.2. Consider the case of scatterers
(0, Y0) + Swy,er (To,%0) € Fﬂex, where S, . denotes the segment

{5(cos%,sing) c—e_ <6<}

Let 7."°*(w) denote the free path length and I@Ih?‘()\) = |[{w € arctanT :
7hex(w) > 21|, Since |coswy — cosw| < £° and cos(Z + wy) > 1 there
exists C; > 0 such that

(5.4) € :=¢ (7T

1
= (ﬂ_ + C]_EC> .
cos(g +wr)

The inequalities 72 (w) < 72 (w) < 72 (w) and (5.4) combined with formula
(5.3) and (2.2) lead to

= A
Pre(A) < Hw € arctan I : 71%(w) > H

A
= |qw € arctan I : 7} (w) >
|{w arctan € (w) El(COS(% + WI) - 0166) }|

_ ]:NP)hex A
& cos(§ +wr) — Che¢

2\ cos(Z + wy) _
hexG 6 O 2c 6+06(c,c1)
' + - ( )

s <\/§ cos(g +wr) C150> o\ y

2\
= c?eng <\/§) + Os (520 + 5‘5+9(c701)),

and to a similar lower bound for ]f”kesx()\), and so we get

= 2X
hex — hex an 2c —0+06(c,c1)
(5.5) PrE(N) = c1™G3 (\/3) + Os (E +e )
The trivial inequality |72 (w) — 72 (w)| < 2¢ and (5.5) now provide the
formula

ex ex 2A C - c,C
(5.6) IPI}; (\) = Gy (\/5) +05<52 4 g oHb(e 1))
forhthe repartition function PREX(A) = |{w € arctan T : 71 (w) > %H of
eT

g
Finally we choose a partition [07 %] = U;VZII]- with intervals I; of equal

size % = e°. Applying (5.6) to each individual interval I; with ¢ = ¢; = %
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and summing over j we find

(5.7) Phex (\) =

0.1/V8].e
N (2 i 2 .
;c}; Gy <\/§) 05(c477) = 26 <\/§> 05 (=477).

Theorem 1.2 now follows immediately from (5.7) and obvious symmetry

properties of the honeycomb.

Acknowledgments

We would like to thank the referee for careful reading and useful com-
ments. The second author thanks Department of Mathematics, UITUC, for
hospitality during his Fall 2007 visit, when most of this research has been
completed.

[1]
2]

[3]

[4]

[5]

[6

[7]

8

[9]

[10]

BIBLIOGRAPHY

F. P. Boca, C. COBELI & A. ZAHARESCU, “Distribution of lattice points visible
from the origin”, Comm. Math. Phys. 213 (2000), no. 2, p. 433-470.
F. P. Boca, R. N. GOLOGAN & A. ZAHARESCU, “The average length of a trajectory
in a certain billiard in a flat two-torus”, New York J. Math. (electronic) 9 (2003),
p. 303-330.

, “The statistics of the trajectory of a certain billiard in a flat two-torus”,
Comm. Math. Phys. 240 (2003), no. 1-2, p. 53-73.
F. P. BocA & A. ZAHARESCU, “On the correlations of directions in the Euclidean
plane”, Trans. Amer. Math. Soc. 358 (2006), no. 4, p. 1797-1825.
, “The distribution of the free path lengths in the periodic two-dimensional
Lorentz gas in the small-scatterer limit”, Comm. Math. Phys. 269 (2007), no. 2,
p. 425-471.
E. CacgrioTt & F. GOLSE, “On the distribution of free path lengths for the periodic
Lorentz gas. I11.”, Comm. Math. Phys. 236 (2003), no. 2, p. 199-221.
, “The Boltzman-Grad limit of the periodic Lorentz gas in two space dimen-
sions”, C. R. Math. Acad. Sci. Paris 346 (2008), no. 7-8, p. 477-482.
P. DAHLQVIST, “The Lyapunov exponent in the Sinai billiard in the small scatterer
limit”, Nonlinearity 10 (1997), no. 1, p. 159-173.
F. GoLsE, “The periodic Lorentz gas in the Boltzman-Grad limit”, in International
Congress of Mathematicians (Ziirich), vol. III, Eur. Math. Soc., 2006, p. 183-201.
J. MARKLOF & A. STROMBERGSSON, “The distribution of free path lengths in the
periodic Lorentz gas and related lattice point problems”, to appear in Ann. of Math.

ANNALES DE L’INSTITUT FOURIER



THE LINEAR FLOW IN A HONEYCOMB 1075

TOME 59 (2009), FASCICULE 3

Manuscrit recu le 8 février 2008,
révisé le 8 juillet 2008,
accepté le 17 juillet 2008.

Florin P. BOCA

University of Illinois at Urbana-Champaign
Department of Mathematics

1409 W. Green St.

Urbana, IL 61801 (USA)

fboca@illinois.edu

Radu N. GOLOGAN

Institute of Mathematics of the Romanian Academy
P.O.Box 1-764

Bucharest 014700 (Romania)

Radu.Gologan@imar.ro


mailto:fboca@illinois.edu
mailto:Radu.Gologan@imar.ro

	1. Introduction
	2. The contribution of consecutive Farey fractions < with ,FQF()
	3. The contribution of consecutive Farey fractions < with FQ() or FQ()
	4. End of the proof of Theorem 1.1
	5. The conversion from a honeycomb to a square lattice with congruence constraints
	Acknowledgments
	Bibliography

