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EQUIDISTRIBUTION OF SMALL POINTS, RATIONAL
DYNAMICS, AND POTENTIAL THEORY

by Matthew H. BAKER & Robert RUMELY (¥)

ABSTRACT. — Given a rational function (T) on P! of degree at least 2 with
coefficients in a number field k, we show that for each place v of k, there is a unique
probability measure (i, on the Berkovich space ]P’}Berk o/Co such that if {z,} is a

sequence of points in P!(k) whose ¢-canonical heights tend to zero, then the z,’s
and their Gal(k/k)-conjugates are equidistributed with respect to pe,v-

The proof uses a polynomial lift F(z,y) = (Fi(z,y), Fo(z,y)) of ¢ to construct
a two-variable Arakelov-Green’s function gy, (x,y) for each v. The measure py v is
obtained by taking the Berkovich space Laplacian of g, (z,y). The main ingredi-
ents in the proof are an energy minimization principle for gy, »(z,y) and a formula
for the homogeneous transfinite diameter of the v-adic filled Julia set Kr, C (C%
for each place v.

RESUME. Etant donné une fonction rationnelle ¢(T) de degré au moins 2
défini sur un corps de nombres k, nous montrons que pour chaque place v de k, il

existe une seule mesure p, . sur ’espace de Berkovich Pllaerk,u/(cU tel que si {zn}

est un suite de points de P! (k) dont les hauteurs @-canoniques tendent vers zéro,
alors les points z,, et leurs Gal(k/k)-conjugués sont équidistribués selon Hov-

La preuve utilise un relevement F(z,y) = (Fi(z,y), F2(z,y)) de ¢ pour cons-
truire une fonction d’Arakelov-Green g, (x,y) de deux variables pour chaque v.
La mesure fip,y s’obtient comme le laplacien (au sens d’espace de Berkovich) de
9o,v(x,y). Les ingrédients principaux de la preuve sont un principe de minimisation
de l’énergie pour gy, »(x,y) et une formule pour le diamétre transfini homogene de
I’ensemble rempli de Julia v-adique Kg, C C2 pour chaque place v.

Let k be a number field, and let ¢(T) € k(T') be a rational function of
degree d > 2. In this paper we investigate the equidistribution properties of
small points relative to the canonical dynamic height h,(z). We show that
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potential theory, capacity theory.
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626 Matthew H. BAKER & Robert RUMELY

for each place v of k, there is a probability measure p, ,, such that if {z,} is
a sequence of distinct points in P! (k) satisfying ile (zn) — 0, then the Galois
conjugates of the z, (regarded as embedded in P'(C,)) are equidistributed
relative to p, ,. More precisely, if d, is the discrete probability measure
supported equally on the conjugates of z,, then the sequence ¢,, converges
weakly to i, for each v. When v is archimedean, fi, , is the well-known
canonical measure on P!(C) supported on the Julia set of ¢ which was
constructed by Lyubich [21] and Freire-Lopes-Mané [17]. (See [23, §4] for
the definition of the Julia set of a rational map.)

When v is nonarchimedean, p, , is a measure on the Berkovich space
Péerkw over C, constructed by the authors in [33]. It has the same invari-
ance properties relative to ¢ as the canonical measure in the archimedean
case.

Conceptually, the proof is very simple. Its main ingredients are an energy-
minimization principle, established at each place v for the Arakelov Green’s
function g, (x,y) associated to fi,., and two global inequalities, an up-
per bound coming from the assumption that ﬁg,(zn) — 0, and a lower
bound coming from the product formula. Combining these ingredients
yields equidistribution simultaneously at all places v.

At nonarchimedean places, the Arakelov Green’s function g, .(z,y) is
new. We construct it by lifting ¢ to a polynomial map F : C2 — C2, and
using the homogeneous local height associated to the filled Julia set Kr, of
this lift. This approach was inspired by DeMarco [12], who introduced the
homogeneous capacity c°(K) for sets K C C2, and proved for archimedean
v that

A (Kpy) = [Res(F)|~Ydd=1

Although the homogeneous capacity does not easily generalize to nonar-
chimedean places, for arbitrary v we introduce the closely related homo-
geneous transfinite diameter d° (K,) for sets K, C C2. We generalize De-
Marco’s formula by showing that

(0.1) doo(Kpo) = [Res(F)[, 1/

for each v. This is proved by relating the homogeneous transfinite di-
ameter to the sectional capacity studied in [10] and [35]. The fact that
1, d% (K F.) = 1, which follows from the product formula applied to (0.1),
is the key to the global lower bound mentioned above.

A philosophical idea which we hope to promote is the use of Berkovich
spaces as a natural setting for nonarchimedean Arakelov theory and equidis-
tribution theorems. This point of view has been most strongly espoused by
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EQUIDISTRIBUTION AND POTENTIAL THEORY 627

A. Chambert-Loir [9]. The foundational results concerning potential the-
ory on the Berkovich projective line which are used in this paper can be
found in [33]. Many of these results are proved for Berkovich curves of ar-
bitrary genus in the doctoral thesis of A. Thuillier [38], a recent student of
Chambert-Loir.

P. Autissier [1] has proved the archimedean part of the dynamical equidis-
tribution theorem using Arakelov-theoretic methods. A proof of the nonar-
chimedean (Berkovich space) part of the theorem, also based on ideas from
Arakelov theory, has been announced by Chambert-Loir [9].

C. Favre and J. Rivera-Letelier have also announced a proof of the dy-
namical equidistribution theorem. Their preprints [16], [15] give a proof of
Theorem 2.3 together with another construction of the canonical measure
on ]P]13erk,v attached to a rational map . They also prove a Berkovich space
analogue of Theorem 2.1 below. The technical foundation for their work can
be found in the monograph by Favre and Jonsson [14], in Rivera-Letelier’s
thesis [27], and in a manuscript of Rivera-Letelier [26]. As with our ap-
proach, Favre and Rivera-Letelier’s proof of of Theorem 2.3 is ultimately
based on the product formula and an adelic energy-minimization theorem.
However, there are also a number of differences between the two proofs.

Finally we note that in the nonarchimedean case, the construction of
J. Piniero, L. Szpiro and T. Tucker [24], which works scheme-theoretically
with blowups of models of P! /Spec(0O,,) attached to iterates of ¢(T), yields
a sequence of discrete measures which can be shown to converge to the
canonical measure on Py, .

1. Notation

We set the following notation and normalizations, which will be used
throughout the paper unless otherwise noted.
k a number field.
Oy, the ring of integers of k.
M, the set of places of k.
k, the completion of k at v.
O, the ring of integers in k,.
¢, the order of the residue field of k,. If v is archimedean, we put
g =cifk, @R, and ¢, = € if k, = C.
C, the completion of a fixed algebraic closure k, of k,. Throughout
the paper, we fix a choice of an embedding of k into C, for each
v € My, (though all of our conclusions will be independent of the

TOME 56 (2006), FASCICULE 3



628 Matthew H. BAKER & Robert RUMELY

choices made). If v is nonarchimedean, we write O, for the ring of
integers of C,,.

||, the canonical absolute value on k, given by the modulus of additive
Haar measure. If |z|/ is the unique absolute value on k in the equiv-
alence class of v € M}, that extends the standard absolute value on
the completion Q,, then |z|, = (|z|)»*@ ). With this normaliza-
tion, the product formula holds in the form [], [a], = 1 for each
a # 0 in k. Each |z|, extends uniquely to an absolute value on C,,
the completion of the algebraic closure of k,.

h the absolute logarithmic Weil height h : P*(Q) — R, defined for

[Zo: -+t xp] € P(k) by

h([zg @t ap]) = %Q] Z logmax{|zo|v, .-, |Tn|v}-

[k :
vEMy

¢ A non-constant rational function on P! defined over k.

2. Overview
2.1. An equidistribution result for rational functions on P!

Let ¢ : P! — P! be a finite morphism (i.e., a non-constant rational
function) of degree d > 2 defined over the number field k. Iterating ¢ gives
rise to a dynamical system on P*(C,) for all places v of k. When v is
archimedean, this type of dynamical system has been extensively studied
since the pioneering work of Fatou and Julia in the early 20th century.
Just as one defines the Néron-Tate canonical height on an elliptic curve by
iteration, one can define the dynamical height

h,:P'(k) — R
attached to the rational function ¢ by the rule
A 1
ho(z) = T —h(e™) ().

Here ¢(™ denotes the n-fold iterate g o --- o ¢. By a general result of Call
and Silverman [8], the hypothesis d > 2 guarantees that the above limit
exists.
The dynamical height iALw is uniquely characterized by the following two
properties:
(1) The difference |iALgp — k| is bounded.
(2) hpop=d-hy.
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It follows from [8] that h,(z) > 0 for all z € P'(k), and Ew(z) = 0 if and
only if z is preperiodic for p, meaning that the orbit {o(™(2) : n € N} of
2 under iteration of ¢ is a finite set. Additionally, we have hy(02) = hy(2)
for all z € P!(k) and all o € Gal(k/k).

If o(z) = 22, then va, is the usual logarithmic Weil height h on P'(Q).
Another well-known height which can be defined by dynamical methods is
the Néron-Tate canonical height on an elliptic curve. If k is a number field
and E/k is an elliptic curve with Weierstrass equation y2? = f(x), let ¢ be
the degree 4 rational function on P! given by z o [2]. Then for P € E(k) we
have h(P) = hy(z(P)).

For any rational function ¢ on P! of degree d > 2 defined over C, Lyubich
[21], and independently Freire, Lopes, and Mané [17], constructed a natural
probability measure pu, attached to the dynamical system {(p(") :n € N}
We will refer to the measure u, as the canonical measure attached to
. In order to characterize p,, we recall the following definition. A point
2y € P}(C) is said to be exceptional if the set {¢("™(z) : n € N} of
backward iterates of zg is finite. It is known (see [23]) that there are at
most 2 exceptional points for ¢ in P1(C). Proofs of the following theorem
can be found in [21], [17], and [18].

THEOREM 2.1. — There exists a probability measure p, (independent
of zg) such that:

A) For any non-exceptional point zy € P(C), let 6, be the probability
measure

(™M) (2)=20

where the points in the sum are counted with multiplicities and ¢, denotes
the Dirac measure on P*(C) giving mass 1 to the point z. Then the sequence
of measures 0, converges weakly to p,.

B) i, is the unique measure on P'(C) with no point masses such that
©* () = d - py as (1,1)-currents.

When ¢ is a polynomial, Theorem 2.1 was originally proved by Brolin,
and the measure p, is known in that case as Brolin’s measure. Brolin’s
measure coincides with the equilibrium measure (in the sense of potential
theory) on the Julia set of ¢. (Recall that the Julia set of a non-constant
rational map ¢ over C is the set of all points z € P!(C) such that the
iterates of ¢ do not form a normal family in any open neighborhood U of
z; intuitively, this is the locus where iteration of ¢ behaves chaotically.)
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630 Matthew H. BAKER & Robert RUMELY

We will now briefly recall the construction of the Berkovich space Pg,,,
associated to the projective line over C,, where v is a nonarchimedean place
of k.

The Berkovich unit disc B(0, 1) is the set of all continuous multiplicative
seminorms on the Tate algebra C,(T) (see [4, §1.4], [33, §1]). Examples
of elements of B(0,1) include the evaluation seminorms [f], = |f(a)|, for
a € C, with |al, < 15 sup norms [f]p(ar) = SUP.ep(am |f(2)|v for discs
B(a,r) = {z € C, : |z — a|, < r}; and limit norms associated to nested
sequences of discs B(ai, 1) D B(ag,r2) D -+, defined by

[f]ac = iliglo[f]B(aiﬂ’i) .

A theorem of Berkovich says that all continuous multiplicative seminorms
on C,(T) arise in this way. Following Chambert-Loir [9], we call the point
Co € B(0,1) corresponding to the Gauss norm || f|| = [f]g(,1) the Gauss
point. Given a point « € B(0, 1) corresponding either to a disc B(a,r) or to
a point a = B(a,0) (which can be thought of as a degenerate disc), there
is a path {[ |g(a,) : 7 <t < 1} connecting x to the Gauss point. Given
a collection of discs, the union of the corresponding paths forms a subtree
of B(0,1) rooted at (5. From this, one sees that B(0,1) is an infinitely
branched real tree, with countably many branches emanating from each
point corresponding to a disc with radius r € |C}|,.

As a set, the Berkovich projective line ]P113erk,u over C, is obtained by
gluing together two copies of B(0,1). It is made into a topological space
by equipping it with the Gelfand topology, the weakest topology such that
each set of the form

Uap(f) = {2 € Phency 10 < [flo <}

for a,b € R and f € C,(T) is open. The space ]P’]l%rk’v is also equipped
with a sheaf of rings Ox, constructed using localizations of Tate algebras;
see [4] for details. There is a natural inclusion P*(C,) C Py, , (which
associates to a point of P}(C,) the corresponding “evaluation seminorm”)
that induces the usual (ultrametric) topology on P!(C,), and P1(C,) is
dense in P]l?,erk)v under this inclusion.

If (T) € C,(T) is a non-constant rational function, then ¢ acts on Py,
by

[f]ap(x) = [foyls

for all f € C,(T). This coincides with the usual action of ¢ on P!(C,) C
IP)]13erk7v'

As a topological space, Py, is compact, Hausdorff and path-connected,
in contrast with P!(C,), which is completely disconnected and not even
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locally compact. Thus P, , is a much more suitable space for doing
measure theory and potential theory than P!(C,). The space ]P’%erk’v is
also metrizable, although there is not a canonical metric on it.

Remark 2.2. — If v is archimedean, one can define Pﬁerkw over C in
a similar way using continuous multiplicative seminorms on C(T'). By the
Gelfand-Mazur theorem, every such seminorm arises from evaluation at a
point. Thus Pk, ,,/C is isomorphic to P*(C).

In Theorem 2.1, note that if z, € (=™ (2), then
1 -
*hw(%) —0

he(zn) = an
as n — o0o. Also, note that if ¢ is defined over the number field k& and
2o € k, then the set ¢(~™)(2) is stable under Gal(k/k). We will prove the
following adelic equidistribution theorem, motivated by Theorem 2.1 and

by the archimedean equidistribution theorems of Bilu [5] and Szpiro-Ullmo-
Zhang [37].

THEOREM 2.3 (Main Theorem). — For each place v € My, there exists
a canonical probability measure u, . on the Berkovich space ]P’éerkw /C,
such that the following holds: Suppose z, is a sequence of distinct points
of P1(k) with izw(zn) — 0. For v € My, let 6,, be the discrete probability
measure on the Berkovich space ]P113erk,v /C,, supported equally on the Galois
conjugates of z,. Then the sequence of measures 8, converges weakly to
to,o for all v € M.

When ¢ is a polynomial, the archimedean part of Theorem 2.3 was proved
by Baker-Hsia in [2]. The present paper provides a conceptual simplifica-
tion of their method, and applies to arbitrary rational functions. We note
that the case of a rational function is more difficult than the polynomial
case, due to the absence of a fixed pole at infinity. A weaker version of
the nonarchimedean part of Theorem 2.3, formulated in terms of “pseudo-
equidistribution”, was also proved for the polynomial case in Baker-Hsia
in [2]. Here we clarify the meaning of pseudo-equidistribution by using
Arakelov Green’s functions and Berkovich spaces.

When ¢(z) = 22, the archimedean part of Theorem 2.3 specializes to
(and was motivated by) the following well-known result of Bilu:

THEOREM 2.4 (Bilu [5]). — Let z, be a sequence of distinct points in
P}(Q), and suppose that h(z,) — 0. Let &, be the discrete probability
measure on P!(C) = C U {oo} which is supported with equal mass at each
Galois conjugate of z,. Then the sequence of measures §,, converges weakly
to the uniform probability measure ug: on the unit circle {|z| = 1}.

TOME 56 (2006), FASCICULE 3



632 Matthew H. BAKER & Robert RUMELY

For previous explorations of the relationship between Bilu’s theorem and
potential theory, see [6] and [32].

3. Adelic dynamics on P!
3.1. Dynamical heights associated to rational functions

Recall that ¢ : P! — P! is a rational function of degree d > 2 defined
over a number field k.
The map ¢ can be represented in homogeneous coordinates as

@([z0 : 21]) = [F1(20, 21) : F2(20,21)]

for some homogeneous polynomials Fy, Fy € k[x,y] of degree d with no
common linear factor over k. (Note that since F; and Fy factor into linear
terms over k, Fy and F» have a common factor over k if and only if they
have a common linear factor over k.) The polynomials F, F» are uniquely
determined by ¢ up to multiplication by a common scalar ¢ € k*.

Dehomogenizing by setting z = z1 /2, we obtain

o(z) = 72)

f1(z)
with f; € k[z] and max{deg(f1),deg(f2)} = d.

We will often want to work with the degree d homogeneous polynomials
F1 and F3, so we now fix a choice of Fy, Fy € k[X,Y]. This allows us to
consider the mapping

F = (Fy, Fy) : A% (k) — A%(k)

as a global lifting of ¢.

Let Res(F) := Res(F}, F») denote the homogeneous resultant of the poly-
nomials F} and Fy (see e.g. [12, §6]). Since F; and F5 have no common
linear factor over k, we have Res(F) # 0, and F(zp, 1) = (0,0) if and only
if (Zo,Zl) = (0,0)

In the archimedean case, define ||(20,21)||s = v/|20|> + \zl|2[k'":R]; in the
nonarchimedean case, put ||(zo, z1)|l» := max{|zo|v,|#1]v}. We begin with
the following simple lemma.

LEMMA 3.1. — For each place v of k, there are constants 0 < C, < D,
such that for all z € C2,
(3.1) Co(llzll0)? < IE )]l < Do(ll2]l0)".

For all but finitely many v, we may take C,, = D, = 1.
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Proof. — First suppose v is archimedean. Identify C, with C. Since
dB,(1) = {(z,y) € C? : max(|z|,|y|) = 1} is compact, and since the
only common zero of Fy(z) and Fy(z) is the origin, the constants

Cy= min ||F(2)|s, D= max ||F 2)||v
2€0B,(1) €0B,(
satisfy 0 < C, < D,,.. By homogeneity, (3.1) holds for all z € C2.
Now let v be nonarchimedean. Write

0B,(1) = {(x,y) € (sz; s max(|z]y, [yls) = 1}

Let C! := |Res(F')|y, and let D,, be an upper bound for the absolute values
of the coefficients of I and F5.

By a well-known property of the resultant of two homogeneous polyno-
mials of degree d [40, §5.8], there exist polynomials ¢1(z,y), g2(x,y), and
hi(z,y), ha(x,y), which are homogeneous of degree d — 1 in x and y and
whose coefficients lie in k, such that

g1(z,y)Fi(z,y) + g2(z,y) Fo(z,y) = Res(F)a”
hl(xu y)Fl(m7y) + h2($7y)F2(x7y) = RGS(F)
For each (z,y) € 0B,(1), all of [gi(z,y)|v, |g2(x,¥)|v, |P1(2,y)]s and

|ho(x,y)|, are < C! for some constant C;/ > 0 independent of (z,y).
Furthermore, we may take C}/ = 1 for almost all v. By the ultrametric
inequality,

Cilaf™t < O max(|Fi(z,y)o, [Fa(z, y)]o),
Cilyly™! < O max(|Fi(z,y)lo, [F2(z,9)l0).

Put C, := C! /CY. Then for each z = (z,y) € B,(1),
C, - max(|zlo, |ylo)? ! <[ F(2) o,

However, if z € B,(1) then max(|x|,|yl,) = ||z]ls = 1, so Cy, < ||F(2)]]w
for all z € 9B,(1). The first inequality in (3.1) follows by homogeneity. The
second follows trivially by the ultrametric inequality.

Finally, since the resultant and the coefficients of the F; are elements of k,
independent of v, we can take C\, = D,, = 1 for all but finitely many v. O

Remark 3.2. — 1If v is nonarchimedean and Fi, F; have v-integral co-
efficients, then we may choose g1(x,y), g2(x,y), and hy(z,y), he(z,y) to
have v-integral coefficients as well. In this case we can take C,, = |Res(F)|,
and D, = 1.

TOME 56 (2006), FASCICULE 3



634 Matthew H. BAKER & Robert RUMELY

COROLLARY 3.3. — For each v, there are radii 0 < r, < R, such that
for each z € C2 with ||z||, < v, we have |[F(2)|l, < ||2]lo - (|2]lo/70)¢ 71,
and for each z with ||z||, > R,, we have |F(2)|l, = ||zlv - (||z]lo/Ru)* 1.
In particular,

F(By(ry)) € By(ry),
F(CIN\By(R,)) S CIN\Bu(R,).
For all but finitely many v, we can take r, = R, = 1.

Proof. — Let C, and D, be as in Lemma 3.1, and put r, = Dv_l/(d_l),

Ry = Cy "V 1 ||z]|y < 7y, then
IF)l < Dolllld =7y @Y 2|1

lzllo - (lzllo /o)™

Similarly if ||z]|, > R,, then
1E(2)]]o Cuollzll§ = RV |z
= |zl (||Z||U/Rv)d71-
For each v with C, = D, = 1, we have r, = R, = 1. O
Recall that the global dynamical height f@, : PL(k) — R is defined by

WV

ho(2) = Tim ——h(p™)(2)).

n—oo d"
The choice of a global lifting F' of ¢ allows us to decompose the global
dynamical height into a sum of local heights as follows.
For v € My and z = (29,21) € C2\{0}, define the homogeneous local
dynamical height Hp, : C2\{0} — R by

. 1 B
Hp.o(2) = lim —log |F™ (2)]],.

By convention, we define Hp,,(0,0) := —oc.

1
LEMMA 3.4. — The limit lim d—nlogHF(")(z)Hv exists for all z€ C2\ {0},
n—oo
1 N
and o log || F™ (2)||,, converges uniformly on C2\{0} to H(z).

Proof. — The proof is by a standard telescoping series argument (see
e.g. [18]). Define

1 : 1 ,
(2) = log [|[FY D (2)], — = log | FY (2)]|,

T Jit1

J

1 /1 ; j
- - pU+1) — FU)
= 7 (d log || (2)[lo — log || (Z)”v) :

ANNALES DE L’INSTITUT FOURIER
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By (3.1) we see that
C(IFP@))? < IIFV D ()l < Du(IFD(2)]0)*

for all z € C2. Applying these inequalities to the sequence Tj yields the
estimate

C

) <
where C := max{log D,,, —log C,, }.

It follows easily that H,, := Z?:o T} is a Cauchy sequence, and that the

series defining Hp () converges uniformly on C2\{0}. O

Remark 3.5. — The proof yields the explicit bound
|Hpo(2) = log ||2]|o] < P
valid for all z € C2\{0}.

Note that by the definitions of the local and global canonical heights, if
x € PY(k), then for any representation x = [x¢ : 1] with z¢,21 € k, we

have
. 1 .
hy(z) = %-Q zj\; Hp (%0, 1)
veMy

By the product formula, the right side is independent of the choice of lifting.
Also, note that the definition of H F,v is independent of the norm used
to define it. This follows easily from the equivalence of norms on C2.
The homogeneous local dynamical height H F,» has the following proper-
ties, and in fact is uniquely characterized by them:
(LH1) The difference |H,(z) — log ||z||,| is bounded.
(LH2) I—:IF,U(F(Z)) =d- E[F,U(Z)'
(LH3) Hp,, scales logarithmically, i.e., for all ¢ € C},

Hro(cz) = Hpo(2) +logle], -

3.2. The filled Julia set

By definition, the filled Julia set Kp,, of F in C2 is the set of all z € C2
for which the iterates F(™(z) remain bounded. Clearly F~Y(Kr,) = Kr.,,
and the same is true for each F(—™). Since all norms on C? are equivalent,
the set K, is independent of which norm is used to define it.

By Corollary 3.3, we have B,(r,) C Kp,, so Kp, cannot be too small.
Moreover:
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LEMMA 3.6. — With R, as in Corollary 3.3, we have
FOO(B,(R,) 2 FCD(By(R,)) 2 -+

and
Kpy = N, FC™(B(R,)).

Proof. — The assertion that F(=")(B,(R,)) 2 F(-""V(B,(R,)) for all
n > 1 is equivalent to the statement that if F(™)(z) ¢ B,(R,) then
Ft(2) ¢ B,(R,). This follows from Corollary 3.3, which shows that
F(CINBy(Ry)) € CINBy(Ry).

It also follows from Corollary 3.3 that if ||z]|, > R,, then

lim |[F™ ()], = oo .

Thus, Kr, C By(R,). By iteration, Kg, C F(’”)(BU(RU)) for each n.
The fact that K, = N F~™")(B,(R,)) now follows, since if z ¢ Kp.,,
there is some n for which [|[F(™(2)||, > R,, and so z ¢ F("")(B,(R,)). O
The filled Julia set Kr, can be thought of as the ‘unit ball’ with respect
to the dynamical local height Hp ,:

LEMMA 3.7. — For each place v of k,
Kpy={z€C? : Hp,(2) <0}.
Proof. — If z € K, then there exists M > 0 such that || F(")(2)|, < M
for all n, and therefore Hp,(z) < nll)n;o di” log M = 0.

Conversely, suppose z € Kpg,. Then for ny sufficiently large, g :=
|F™)(2)||, > R,. Let a := 3/R, > 1. Then by Corollary 3.3 and in-
duction on n, it follows that

[EC0 ()], > 8- 0"
for all n > 0.

Therefore

A 1 1
Hpy(z) > lim ——— ((d" — 1)log o+ log §) = %loga > 0.

n—o0o d""""o

O

In general, it is difficult to describe K g, explicitly. However, the following
lemma shows that it is ‘trivial’ for all but finitely many v.

LEMMA 3.8. — Suppose Fy, F» € Oglz,y]. If v is a nonarchimedean
place of k such that |Res(F)|, = 1, then Kp, = B(0,1)? is the unit
polydisc in C2 and Hp,(z) = log||z|, for all z € C2.
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Proof. — By Remark 3.2, it follows that |F'(2)]|, = ||2||¢, and therefore

v

IE™ ()|, = ||2]|¢" for all n > 1. The result follows immediately. O

3.3. The homogeneous transfinite diameter

Let v be a place of k, and let K C (Cg be a nonempty bounded set. For
z = (20,21),w = (wop,wy) € C2, put
ZAW = zowi — z1Wo.
By analogy with the classical transfinite diameter, for n > 2 we let

1
nn—1)

d(T)L(K) = sup H |Zz A Zj|1)
21,..,2n €K ij

LEMMA 3.9. — The sequence of nonnegative real numbers d2 (K is non-
increasing. In particular, the quantity d9 (K) := lim, . d5(K) is well-
defined.

Proof. — We claim that d(K) > d%_,(K) for all n. The proof is the
same as for the classical transfinite diameter: write

Po(z1,...,2,) = H(Zl A z5),

i#]
take £ > 0, and choose wy, ..., wyt1 € K with |Pyyi(wy,..., wpe1)]e =
(d9. 1 (K) — &)™+, For each £ = 1,...,n + 1 write

w[ = (w17"'7w2717wf+17"~7w’n+1)'

By definition, d%(K)*("=1 > |P, ()|, for each £. It follows that

n+1 n+1
dg(K)(nH)n(n—l) > H | P ()] = (H w; /\wjlv)n—l
=1 i#j

> (@ (K) — ) DneD,

This holds for each ¢ > 0, so d%(K) > d | (K). O

We call d2 (K) the homogeneous transfinite diameter of K.

We will now show that when v is archimedean and K C C? is compact,
d% (K) coincides with the homogeneous capacity introduced by DeMarco
[12]. We recall the definition.
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DEFINITION 3.10. — If K C C? is compact and nonempty, define c°(K)
by

—log(K) := yeilPI}(fK)I(V)’

where P(K) is the space of probability measures supported on K, and
I(v) = —// log |z A w| dv(z)dv(w).
KxK

The quantity ¢°(K) is called the homogeneous capacity of K.

LEMMA 3.11. — If v is archimedean and K C C? is compact, then
40, (K) = O (K)kH,

Proof. — Note that [k, : R] = 1 or 2, according as k, = R or k, = C.
The power [k, : R] arises because of our normalization of absolute values:
2|, = |z|*+®) for all x € C. If we replace |z|, with |z| in the definition of
d% (K), it suffices to show that d% (K) = °(K).

By a general fact about measures proved in Lemma 3.26 below, if v, is a
probability measure supported equally on z1, ..., 2N, € K, with z; Az; #0
for all i # j, and if v, — v weakly on K, then

(3.2) liminf // —log |z A w| dvy(2)dv, (w)
C2xC2?\(Diag)

> // —log |z A w|dv(z)dv(w).
CzxC?

Let n > 2, and define D,, = —logd? (K). Given any z1,...,2, € K, we

have
1

i#]
by definition. Integrating this inequality against an arbitrary measure p €
P(K), we obtain

1
Tr— ; / / —log |2 A 2| du(z)dp(=;) > D,

for all n, and therefore ®(K) < d2 (K).

For the other direction, choose wq,...,w, € K such that
n(n—1)D,, = Z —log |w; A wjl.
i

Without loss of generality, we may assume that w; Aw; # 0 for all ¢ # j.
Define the measure v, to be the discrete measure on K supported equally
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on each of the points w;, i.e.,

vy, = %Z‘Swi'

By passing to a subsequence if necessary, we may assume that v, converges
weakly to some probability measure v on K. Noting that

n—1 1
D, = EZ—loghyi /\wj\://(c2 —log |z A w| dvy, (2)dvy, (w),

n ity xC2\(Diag)

it follows from (3.2) and the definition of ¢(K) that

lim D, > I(v) > —log®(K),

so that d% (K) < c’(K) as desired. O

We have introduced the homogeneous transfinite diameter by analogy
with the relation between the classical transfinite diameter and logarith-
mic capacity over C. The integral defining the homogeneous capacity is
difficult to extend to nonarchimedean places. However, the transfinite di-
ameter generalizes directly.

We will now give a formula for d% (K r,,) in terms of resultants, motivated
by the following result ([12, Theorem 1.5]):

THEOREM 3.12 (DeMarco). — Suppose F = (Fy, Fy) : C?> — C? for
some homogeneous polynomials Fy, Fy € Clz,y] of degree d with no com-
mon linear factor, and let Kr be the filled Julia set of F' in C2. Then

(3.3) A (Kp) = |[Res(F)|~1/dd=1),

The proof given in [12], which involves both algebraic and analytic ingre-
dients, does not carry over easily to the nonarchimedean setting. One of our
main results is the following adelic generalization of DeMarco’s theorem:

THEOREM 3.13. — Suppose F = (Fy,Fy) : A%(k) — A%(k) for some
homogeneous polynomials Fy, F» € k[z,y] of degree d with no common
linear factor over k. For v € My, let Kp,, be the filled Julia set of F' in (Cg.
Then

(3.4) d° (Kp.) = [Res(F)|; /441,

The proof, which is given in Section 6, requires the development of a
considerable amount of capacity-theoretic machinery. It is completely in-
dependent of DeMarco’s proof. The product formula yields the following
corollary, a key ingredient in our proof of Theorem 2.3:

TOME 56 (2006), FASCICULE 3



640 Matthew H. BAKER & Robert RUMELY

COROLLARY 3.14.

> logdd (Kr) =0.
vE My

Remark 3.15. — When ¢(z) is a polynomial of degree d with leading
coefficient aq, and K, C C, is the v-adic filled Julia set of ¢ (as defined
in [2]), formula (3.4) specializes to the formula

C(Kw,v) = |ad‘;1/(d71)7

which was first proved in [2].

3.4. The Arakelov Green’s function and local heights

In this subsection we will construct a two-variable Green’s function
Je,v(z,w) for the dynamical system associated to ¢. It arises as a function
on C2? which is invariant under scaling, and therefore descends to a function
on P(C,). We will see that the descended function gives a continuously
varying one-parameter family (indexed by w € P1(C,)) of Call-Silverman
local height functions.

For notational convenience, write ¢, (F) := |Res(F)|;1/d(d71).

If v € My and z,w € C2 are linearly independent over C,, define

(3.5) Gpy(z,w) := —log|z Aw|, + FIF7U(Z) + ﬁpw(w) +log e, (F).

Recall that in the archimedean case, SU(2) = {# € SL(2,C) : 100 = 1} is
the group preserving the both the norm ||z, on C? and the alternating
product z A w, while in the nonarchimedean case if O, denotes the ring of
integers of C,, then SL(2, @v) is the group preserving ||z||, and z A w on
C2. Write (F) =00 Fo 1.

We note the following properties of G .

LEMMA 3.16.

A) Gp,, is doubly scale-invariant, in the sense that if o, § € C}, then
Gro(az, fw) = Gpy(z,w).

B) For v € C, we have
Gyrp(z,w) = Gpy(z,w).

C) Ifwv is archimedean, then for each 6 € SU(2),

GQ(F),U(G(Z)v H(w)) = GFyv(Zv w)
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If v is nonarchimedean, then for each 8 € SL(2,0,)
Gor),w(0(2),0(w)) = Gro(z,w).
Proof. — Part A) follows immediately from the fact that
log|az A fwl, = log [z A wl, + log |al, + log 5],

and from the fact that H F,v scales logarithmically.
Part B) follows from the following two easily verified facts:
() Hyr(2) = Hrol2) + 7
(b) [Res(yF)|o = [Res(F)[o |73
Part C) follows from the fact that the group SU(2) (resp. SL(Z@U))
preserves z A w, ||z|ly, and |Res(F')|,. To see that Res(6(F)) = Res(F),
note first that manipulating the determinant defining Res(f o F') shows
that Res(6 o F') = Res(F’). On the other hand, if Fy(z) = Hle(z Aa;) and
Fy(z) = H?:l(Z/\bJ)’ then Res(F') = £, ;(a;Abj). A simple computation
shows that 671(2) A a; = 2 A 0(a;) and 07(2) Ab; = z A 0(b;). Since
0(a;) AO(b;) = a; Abj, it follows that Res(F o 0~!) = Res(F). O
In particular, Gr, descends to a well-defined function g, .(z,w) on
P!(C,): for any z,w € P}(C,) and any lifts z,w € C?

log |al,.

(3.6) Gow(z,0) = —log|Z Ay + Hpo(2) + Hp (1) + log ¢, (F).

If z # w then the right-hand side of (3.6) is finite; if z = w then we define
9o w(2,2) 1= +00.

We will now establish another fact needed for the proof of Theorem 2.3.
Define

- . 1
(3.7) Lo =limint W e nn=1) ;g%v(% o

LEMMA 3.17 (Positivity). — For each v € My, we haveT', , > 0.

Proof. — Let € > 0. Choose the lifts of the points z; in the statement of
the Lemma so that
—€ < ﬁpw(fi) < 0
for all 4. This is possible because H Fv scales logarithmically and the set
{log|a|y, : a € C%} is dense in R.
In particular, Z; € Kp, for all i. By the definition of the homogeneous
transfinite diameter,

1
lim inf inf o nmn =T > —loglzi Al > —logdd (Kr).

n—00 z1,...,2n €P —
i#]
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But d% (Kp,) = ¢,(F) by Theorem 3.13. Therefore we obtain the inequal-
ity

li f f — wlZis25) > =2

1nrr_1>1£ 21, ,zlnneIP’l(C )n(n— 1) ;gw 2is %) “
Since € > 0 was arbitrary, this gives the desired result. |
Remark 3.18. — Later, in Corollary 4.7, we will see via a global argu-

ment that I', , = 0 for each v.

Next we will show that g, (2, w) forms a one- parameter family of Call-
Silverman local heights (see [8],[7]). Recall that a function h<p o0 PHC,)\
supp(D) — R is called a Call-Silverman canonical local height function for
, relative to the divisor D, if it is a Weil local height associated to D, and
if there exists a rational function f on P! over C, with div(f) = ¢*D—d-D
such that

hgw,0(¢(2)) =d - hy .y p(2) —log|fls
for all 2 € PL(C,) \ (supp(D) U supp(e*(D))). It is proved in [8] that a
canonical local height function exists for every divisor D, and is unique up
to an additive constant.

Choose coordinates on P*(C,) in such a way that co corresponds to the
point [0 : 1] and 0 corresponds to [1 : 0]. Let Vo, = P}(C,) \ {0}, so that
every z = (29 : 21) € Vo can be expressed uniquely as [1 : T(z)] with
T(z) = z1/2 € C,.

Define BF’,U’(OO) : Voo = R by

hpw,(00)(2) = Hpw(1,T(2)),
and note that for z € Vi, we have (1,7(z)) A (0,1) =1, so
—10g|T'(2) = T(w)| + (o0 (2)+

. w # 00
(3.8)  gpu(z,w) = hEp,(00) (W) + log ¢y (F)

hp,(00) (2) + Hp o ((0,1)) +log e (F)  w = 0.
For z € P}(C,) \ ({00} Up~1(c0)), we have the identity
R(LT(), _ FO0.T()
TR(LT() AT

Taking logarithms in (3.9) and letting n — oo gives the functional equa-
tion

(310) iLF v7(oo)( (Z)) =d- ilFm(oo)(Z) - lOg ‘F1(17T(Z))|’Ua
which is valid for all z € P1(C,) \ ({oo} U ¢~ 1(00)).

(3.9) F" (1, T(p(z)) =F" D1
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By Remark 3.5, there exists a constant C' > 0 such that
(3.11) |hpp,(0)(2) — logmax(1, |T(2)[,)] < C
for all z € V.

Equations (3.10) and (3.11) show that ﬁp’vy(oo) is a Call-Silverman canon-
ical local height function on P!(C,) for ¢ relative to the divisor D = (00).
By (3.8), the function g, ,(z,00) is also a Call-Silverman canonical lo-
cal height for ¢ relative to (00), since g(z,00) and szﬁv,(oo)(z) differ by
a constant. More generally, using the fact that SU(2) (resp. SL(2,0,))
acts transitively on P*(C,), it follows that for each w € P!(C,), the func-
tion g, (2, w) is a Call-Silverman local height for ¢ relative to the divisor
D = (w). Thus g, (2, w) is a continuously varying one-parameter family
of local heights.

As a concrete example, take w = 0. In the affine patch Vy = P1(C,)\ {0},
every point z € V4 can be represented uniquely as [U(z) : 1] with U(z) =
20/21 e C,.

Define ilev’(O)(Z) : Vo — R by

}ALF,U,(O)(Z) = ﬁF,U(U(z)a 1)a
so that for z € V, we have
—log|U(2) = U(w)| + hp 0)(2)+

. w#0
(312)  gou(zw) = o) (W) +log e (F)

hp,0)(2) + Hpo((0,1)) + log ey (F)  w = 0.
Then for z € PY(C,) \ ({0} Up~1(0)), the identity

ORI
F(U(2),1)’

FM(U(2), 1)

FOD(U(p(2)),1) = B (=), DT

gives the functional equation
(313)  hro)(#(2) = d- b 0)(2) —log [Fa(U(2), Do,
valid for all z € PY(C,) \ ({0} U ~1(0)). We also have

A, (0)(2) = log max(|U ()], 1)| < C

for all z € V.
Finally, note that letting n tend to infinity in the identity

FO(U(2),1) = FO(1,T(2))/T(2)"
and taking logarithms gives

(3.14) ﬁp’vy(o)(z) = iLFﬂ)’(oo)(Z) —log|T(2)]v
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for all z € Vo NV, =PYHC,) \ {0, 00}

3.5. Arakelov Green’s functions and the canonical measure

In this subsection, we will show that mg%v (z,w) is in fact an
Arakelov Green’s function. This means showing that for each w, the Lapla-
cian of g, (2, w) satisfies

1
log(gy)
where fi,, is a probability measure, independent of w. As will be explained

Algen(z,w)) = 0u(2) = pe(2),

below, in the nonarchimedean case the Laplacian is taken on the Berkovich
space Ph . In the archimedean case, ji, . turns out to be the canonical
measure supported on the Julia set of ¢ (see §2.1). Thus “the canonical
measure is the minus Laplacian of the local height”.

The measures ji, ., play a central role in our theory: they are the target
measures in our main equidistribution theorem, Theorem 2.3.

In the archimedean case, for any Riemann surface X/C, we define an
Arakelov Green’s function to be a function g(z,w) : X(C) x X(C) —
R U {oc0} which satisfies the following two conditions:

(RS1) (Continuity) The function g(z, w) is a continuous as a function from
X(C) x X(C) to the extended reals, and is finite off the diagonal.
(RS2) (Differential equation) There is a probability measure p on X (C)
such that for each fixed w, g(z,w) satisfies the distributional iden-
tity
Azg(z,w) = 0u(z) — pu(2).

Conditions (RS1) and (RS2) imply that g(z,w) is symmetric and boun-
ded below, with a logarithmic singularity along the diagonal. These two
conditions determine the function g(z,w) up to an additive constant. There
is a canonical way to normalize it: if

(RS3) (Normalization) // g(z,w) du(z)du(w) =0,

we will say g(z,w) is a normalized Arakelov Green’s function. In any case,
a non-normalized Arakelov Green’s function still satisfies

(3.15) [ o0 dutyintw) < .

As noted in [11] (see also Lemma 5.7 below), if g(z, w) satisfies (RS1) and
(RS2), then differentiating A\(z) := [ g(z,w) dpu(w) under the integral sign
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shows that A\(z) is harmonic everywhere and therefore constant. Thus (RS3)
is equivalent to the following apparently stronger condition:

(RS3)" (Strong Normalization) /g(z,w) dp(w) =0 .

Remark 3.19. — This definition of an Arakelov Green’s function, taken
from [30] (see also [31] and [22]), is slightly looser than the one commonly
used in the literature, where the measure p is required to be a smooth
positive (1, 1)-form w with total mass 1.

The operator A = —dd® on X (C) is to be considered in the distributional
sense. In local coordinates, if f is C? then in terms of the standard real
Laplacian we have

1 (9°f O
Af = ~or (aa;£+8y];) dz A dy.

The fact that the distributional Laplacian of g(z,w) is a negative mea-
sure on X (C)\{w} means that the restriction of g(z,w) to X(C)\{w} is
subharmonic. It should also be noted that the continuity of g(z,w) imposes
conditions on the measure p; in particular, u cannot have any point masses.
This follows from the Riesz Decomposition theorem ([39], Theorem II.24,
p. 45): on any local coordinate patch V' C X (C)\{w}, there is a harmonic
function hy (z) such that for all z € V

gz w) = hy(2) + /V log |z — | du(z).

If 11 had a point mass at some p € V, then we would have g(p,w) = —o0,
a contradiction.

The continuity of g(z,w) also shows that uy (z) = [}, log |z — x| du(z) is
a continuous function of z on V. Therefore p must be log-continuous, in
the following sense:

DEFINITION 3.20. — A bounded Borel measure p is log-continuous if
for each p € X (C) there is a neighborhood V' of p such that

w (@)= [ logllz - al) du(o)
v
is continuous on V.

In [30] this concept was called log-finiteness. However, the terminology
log-continuous used here seems more appropriate.

In the nonarchimedean case, there is also a notion of an Arakelov Green’s
function. In theory, one could define Arakelov Green’s functions on an
arbitrary Berkovich curve over C,, but we restrict ourselves here to the
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case X = Pp,, - We only sketch the basic framework; for further details,
see [33, §4 -§7].

There is a class of functions on Péerk,v, called functions of bounded dif-
ferential variation, for which it is possible to define a measure-valued Lapla-
cian; this class is denoted BDV(Pg,,y ,) (see [33], §5.3). The Laplacian is
defined first for functions on finitely branched subgraphs of Pg ., \P*(C,)
via the construction in ([3], §4) which generalizes the approaches of [11]
and [41]. It is then extended by a limiting process to functions on open
subdomains of Ph, ,,, using the Riesz Representation theorem. There are
analogues of harmonic functions and subharmonic functions on ]P’]lgerkw.
Harmonic functions satisfy a maximum principle ([33], Proposition 5.14),
a Poisson formula ([33], Proposition 5.18), and Harnack’s principle ([33],
Proposition 5.24). Subharmonic functions are functions which locally be-
long to BDV(IP’}Serk’U) and have non-negative Laplacian ([33], Proposition
6.1). They have stability properties similar to classical subharmonic func-
tions ([33], Proposition 6.11) and satisfy a maximum principle ([33], Propo-
sition 6.15), a comparison theorem ([33], Proposition 6.16), and a Riesz
Decomposition Theorem ([33], Proposition 6.19). The pullback of a subhar-
monic function by a rational map is subharmonic ([33], Proposition 7.13).
In brief, [33] provides all the tools necessary carry through arguments of
classical potential theory on Pg -

For a rational function ¢ acting on ]P’%erkw7 there is a theory of multi-
plicities at points of Péerk’v, extending the usual algebraic multiplicities on
P*(C,) (see [33], Proposition 7.2). Given a Borel measure y on Pg, ,, this
makes it possible to define pushforward and pullback measures ¢,u and
©*p with the usual formal properties ([33], §7.3).

A (Berkovich) Arakelov Green’s function is a function g(z, w) : Pga , X
Pherk,o — RU {00} such that

(B1) (Semicontinuity) The function g(z,w) is finite and continuous off
the diagonal, and is strongly lower-semicontinuous on the diagonal,
in the sense that for each z € P113erk,v

g(z,2z) = liminf g(z,y).
(z,y)—(2,2)
zFY

(B2) (Differential equation) For each w € PL,, g(z,w) belongs to
BDV(IP’]lgcrk,U). Furthermore, there is a probability measure p on
Phert,» Such that for each w, g(z, w) satisfies the identity

Azg(z,w) = bu(z) — p(2)-

ANNALES DE L’INSTITUT FOURIER



EQUIDISTRIBUTION AND POTENTIAL THEORY 647

As in the archimedean case, conditions (B1) and (B2) imply that g(z,w)
is symmetric and bounded below. The semicontinuity along the diago-
nal is a technical condition which arises naturally from properties of the
space Py, , (see [33], Proposition 3.1). Together, (B1) and (B2) deter-
mine g(z,w) up to an additive constant by the maximum principle ([33],
Proposition 5.14). If in addition

(B3) (Normalization) //g(z,w) dp(z)dp(w) = 0,

we will say g(z,w) is a normalized Berkovich Arakelov Green’s function.

Again, our assumption that g(z,w) is continuous off the diagonal means
that p is log-continuous (the precise definition, and proof, are given in [33],
Proposition 7.15). And as in the archimedean case, log-continuity implies
that p has no point masses on P*(C,). However, it can have point masses
on Py, \P*(C,) (see Example 3.24 below).

The function g, ,(z,w) has a natural extension ‘by continuity’ to Ph ,;
for details, see ([33], §7.5). We will write g, ,(z,w) for both the function
on P'(C,) constructed above, and its extension to Pk .-

Recall that ¢, is the order of the residue field of k,. We will now show that
for each v, the function @ngv(z’w) is an Arakelov Green’s function.
The probability measure p, , associated to g, ,(2z,w) (i.e., the measure
occurring in (RS2) or (B2)) plays a key role in our theory. In the nonar-
chimedean case, fi, , is a measure on Pllaerk,u; in the archimedean case, it
is a measure on P!(C). As noted earlier, P}, /C = P!(C), so in fact we
can view [i, , as a measure on ]P’]l%rkm for all v.

PROPOSITION 3.21. — A) For each v € My, the function mg%v(z7 w)
is an Arakelov Green’s function associated to a log-continuous probability
measure fi, , On ]P’%erk’v. For each w € }P’l((Cv), the measure [i, . is given
locally on V,, := Py, \{w} by

1
log(qy)
Furthermore, ©* i, v = d - fip.v aNd Puflp v = fhp -

B) If v € My, is archimedean, then p, , coincides with the canonical

measure on P!(C) associated to ¢ by Lyubich and Freire-Lopes-Mainé.

(3'16) /’[’CP,U|Vw = Agg&,v(z7w)'

Proof. — For v nonarchimedean, this is [33, Theorem 7.14]. Henceforth
assume v is archimedean. For part A), note first that both hp, (0)(2) and
h Fov,(c0)(2) are uniform limits of subharmonic functions, and are therefore
subharmonic. Thus both —Ahp,, (0)(2) and —Ahp, (o0)(2) are nonnegative
measures. Using the relation (3.14), we see that ]tlpyv’(o)(z) and iLFW’(OO)(Z)
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differ by a harmonic function on VNV, and therefore AiLFﬂ})(OO)(Z) =
A}ALFWV(O)(Z) on Vp N V. It follows that there is a non-negative mea-
sure fi, . given locally by (3.16). By (3.8) and (3.12), for any w we have
mAzg%v(z,w) = 0w(%2) — fp,» on both Vy and V.., and hence on
Vo U Vao = PY(C), as desired.

The fact that p, , is a probability measure (i.e., that p, ., (P*(C)) = 1)
follows immediately from the identity mAZgW,(z,w) = 0w (2) — Hew,
since the distributional Laplacian of a function on P!(C) always has total
mass zero.

To see that ¢*(fpn) = d- fi,n, combine (3.10) and (3.13), using the fact
that F; and F» have no common zeros in C? by assumption. Finally, the
relation ¢, (g ») = e, follows formally from ¢*(pe ») = d- 1y, using the
fact that @.(0* (1)) = d - pu for all measures p on P*(C).

For part B), recall from Theorem 2.1 that the canonical measure is the
unique probability measure p on P!(C) with no point masses such that
©*(u) = d - p. As noted above, the continuity of g, (2, w) off the diag-
onal implies that p,, has no point masses, and the functional equation
©*(fp,w) = d - fip has been established in A). Hence p, ., coincides with

the canonical measure. O

Remark 3.22. — We will see in Corollary 4.7, as a consequence of
global considerations, that @ 9ov(2,w) is in fact a normalized Arakelov
Green’s function for each v.

Assuming Remark 3.22, we can establish the following invariance prop-
erty of g, (2, w):

COROLLARY 3.23. — Givenw € Py, write o* ((w)) = >_7_, m;(w;).
Then for all z € ]Pll?)erk,v’

gtp,ﬂ(w(z)vw) = Zmigap,v(szi)'
=1

Proof. — We will only give the proof in the archimedean case; in the
nonarchimedean case the proof is formally identical, using properties of
the Berkovich Laplacian.

Since SU(2) acts transitively on P!(C), we can assume without loss that
w = 00. By formula (3.8), there is a constant Cy such that

(3.17) o0 (9(2),00) = I (00) (9(2)) + Ch.
By the functional equation (3.10) of the Call-Silverman local height & Fu,(09)
(3.18) hie,(00) (9(2)) = d - Bipy (00) (2) — log | Fy (1, T(2))] -
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Here f(z) := F(1,T(z)) is a polynomial with divisor div(f) = m(w;) —
d - (00), where Y m;(w;) = ¢*(00). We claim there is a constant Co such
that

(3.19) —log(|f(z Zmlg¢ o(2,w;) —d - gp.o(2,00) + Ca.

To see this, note that both sides have Laplacian equal to log(g,) times
> m;dy, (2)—d-d(2); hence their difference is a function which is harmonic
everywhere, thus constant. (In the nonarchimedean case this argument is
justified by [33], Proposition 5.14 and Lemma 5.12). Combining (3.17),
(3.18) and (3.19) shows that

Jow(p(2),00) = Z Migp,0(2,wi) +C

for some constant C'. Integrating the left-hand Side against ji, , and using
the invariance property of 1, ., the fact that log( 9. » (2, w) is normalized,

and (RS3)’, we have
[ 900002 59) dton®) = [ gz 50) dlpusian)(2)

= [ gealz0) sl

= 0.
Computing the integral of the right-hand side, we get C. Therefore C' = 0
as desired. 0

Example 3.24. — Recall from [8] that ¢ is said to have good reduction
at a place v if it can be written as ¢(T') = G(T)/G1(T) where G1,G3 €
O,(T) are such that the reduced polynomials g1 = G; mod (m,), g2 = G
mod (m,) are nonzero and coprime, with max(deg(g1),deg(g2)) = d.

If ¢ has good reduction at v, then by Example 7.2 of [33], p1,. is the
discrete measure supported at the Gauss point (y of ]P’%erkm, and

—log |z —wl, + 10g+ 2|y + 10g+ lwl, z,w # oo

(3.20) gyw(z,w) = log™ |z, w = 00

log™ |wl, z = 00.

3.6. The Energy Minimization Principle

If g(z,w) is an Arakelov Green’s function on P]13erk,v associated to the
measure u, we will often write g, (2, w) instead of g(z,w). With this nota-

tiOI’L log( )g@, (Z7w) = gﬂgp,v('z’w)-
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Arakelov Green’s functions on P}Berkw satisfy the following important
energy minimization principle:

THEOREM 3.25. — Let v be a place of k, and let g,,(z, w) be an Arakelov
Green’s function on ]P’]l_%erkm whose associated measure p is log-continuous.
Define the “energy functional” I,,(v) on the space P of probability measures
on P}13erk,u by the formula

//P - gu(z,w) dv(2)dv(w).

Berk,v Berk,v

Then I,(v) > I,(p) for all v € P, with equality if and only if v = p

In the archimedean case, Theorem 3.25 will be proved in §5 as a conse-
quence of the more general Theorem 5.3; in the nonarchimedean case, it is
proved in [33, Theorem 7.20].

3.7. Discrete approximations to the energy integral

In this section, v denotes an arbitrary place of k, and we work on the
Berkovich space Pk ,,- Recall that if v is archimedean, the space Py,
is just P*(C).

The following lemma enables us to apply the energy minimization prin-
ciple in a useful way to discrete measures. We state it abstractly because
it was also used in Lemma 3.11.

LEMMA 3.26. — Let (X,v) be a measure space, with v a probability
measure. Let {S),}n>1 be a sequence of finite subsets of X, and for each n
let 0,, be the discrete probability measure supported equally at all elements
of S,,. Suppose the measures ¢,, converge weakly to v. Let g : X x X —
RU{oo} be a function which is finite, continuous, and bounded from below
on X x X\(Diag). Then

liminf// (z,w) dopn(2)ddn( // g(z,w) dv(z)dv(w).
n—oo X><X\(D1ag) X><X

Proof. — Define N,, := #.5,,. For any fixed real number M > 0, we have

VN (M, g(a,) 40 ()00 (1) -
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by the definition of §,,, and therefore

lim inf // g(z,y) do, (x)dd, (y)
n—oo X x X\ (Diag)

> lim liminf / / min{ M, g(z, y)} db,(x)d6, ()
X x X\(Diag)

M—oo n—oo
(since (*) > min{M, (x)})

= lim liminf //XXX min{M, g(x,y)} do,(x)dd,(y) (by (3.21))

—00 N—00

= lim // min{ M, g(x,y)} dv(z)dv(y) (6, — v weakly)
M—oo J JxxX
= / / g(z,y) dv(z)dv(y) (monotone convergence theorem).
XxX

O

Let g,(z,w) be an Arakelov Green’s function on Pk, ,, with associated
log-continuous measure p. We now introduce a quantity Do (1) analogous
to the (negative logarithm of the) classical transfinite diameter. For n > 2,
define

1
Dn(p) := zl,i..,zlnr,lefpl(cv) n(n—1) Zg“(zi7 %)
i#]
Since g, (z,w) is bounded below and is finite off the diagonal, each D,,(u)
is a well-defined real number.
The proof of the following lemma is similar to that of Lemma 3.9.

LEMMA 3.27. — The sequence D, (u) is non-decreasing.

Proof. — Take n > 2, fix € > 0, and choose wy, ..., w,+1 such that
> gu(wi,w;) < n(n+1)(Dnia(p) +€).
i#£]

By the definition of D,, (1), we have (for each 1 <m < n+1)

n(n = 1)) < 3 gpwiswy).
i,J#m
i#]
Adding together these n + 1 inequalities gives
(n+1)n(n=1)Dp(n) < (n=1) Y g(wi, wy) < (n=1)n(n+1)(Dpy1(n)+e).
i#]
Since € > 0 is arbitrary, D, (1) < Dp41(p) as desired. O
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Define
Doo(p) = Tim Dy (p).

The following result is analogous to the equality of the transfinite diameter
and the capacity of a compact set in classical complex potential theory.

THEOREM 3.28. — Doo(p) = I,(1).

Proof. — Let n > 2. We first claim that for all 2y, ..., 2z, € Pgo
1
(3.22) m;gu(ziazj) = Dn(.u) .

In the archimedean case this is immediate, since Pllgerk,v =P!(C). To see it
in the nonarchimedean case, first suppose the z; are distinct, and note that
by the continuity of g,(z,w) off the diagonal and the fact that P*(C,) is
dense in Pllscrk’v, for any £ > 0 there are points z1, ..., x, € P}(C,) with

|g,u(zi7zj) - g,u(xi; x])‘ <E.
By definition we have ﬁ > iz 9u(@i, x5) = Dy(p), so letting € — 0
gives (3.22). The general case follows by the strong lower semicontinuity of
gu(z,w) (see axiom (B1) for Berkovich Arakelov Green’s functions).

Integrating (3.22) against du(z1) - - - du(zy), we see that
1
5 2 [[ st zdutzdutz) > Daw),
n(n — 1) &~
i#]
for all n, and therefore I,,(1) > Doo(1t).
For the other direction, for each n choose wy, ..., w, € P (C,) such that
1 1
— i Wi) < Dy -

and let v, be the discrete measure supported equally on each of the points

Up i= %Z&wi.
i

By passing to a subsequence if necessary, we may assume that the v,

wj, i.e.,

converge weakly to some measure v on P, ,. Noting that

n1<Dn(u)+1) > %Zgu(wzwwj)

i#]

gu(w, z) dv,dvy,,

chrk,v X ]P]130rk,v \ (Diag)
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it follows from Theorem 3.25 and Lemma 3.26 that
Doo(p) = liminf Dy, (p) > 1, (v) = 1 (1)
as desired. O
Remark 3.29. — By the exact same arguments, one sees that Lemma

3.27 and Theorem 3.28 remain true in the archimedean case for an arbitrary
Riemann surface, using Theorem 5.3 instead of Theorem 3.25.

4. Proof of the main equidistribution theorem

We now turn to the proof of Theorem 2.3. As will be seen, the theorem
follows rather formally from the machinery developed above. Before giving
the argument, we deal with some technical preliminaries.

4.1. Base change lemmas

In this subsection, we formulate a lemma which relates local Arakelov
Green’s functions over different base fields.

Let ¢ be a rational function of degree d > 2 defined over the number
field k. For v € My, define g, (2, w) := Gr(z, w) for some lift F' of ¢ to
k[z,y] x k[z,y], i.e., given z,w € P!(k), take lifts Z,% of z and w to Ez;
then

9pv(z,w) = —log |Z A W], + fAIF’U(Z) + I:IFW(U?) +log ¢, (F),

where ¢, (F) = |Res(F)|7d<d1*1) as before. If k'/k is a finite extension, we

can in a similar way define g, (2, w) for v' € M. We have:

LEMMA 4.1. — A) The expression

1
o (2, W) = [ : Q] Z G (2, 0)

v’ €My,

is independent of the choice of a number field k' containing z and w, and
therefore gives a well-defined function on k x k\(Diag).
B) For all z,w € k, z # w,

gv(z,w) = Bw('z) + Bw(w)-
C) Let k' be a finite extension of k. Take v € My, and let v' be a place
of k' withv' | v. If S is a finite Gal(k'/k)-invariant subset of k', then for

TOME 56 (2006), FASCICULE 3



654 Matthew H. BAKER & Robert RUMELY

all z,w € S, z # w, the expression Z#wes g (2, w) is independent of the
place v', and

1 1
g | 2 e | =g | 2 gew ()

z#wWES v'|v \zAwWES

D) Let 21, . .., zy be the Galois conjugates of an element z € P1(Q\P{Q).
Then

1 1 .
(4.1) 0 GZM NV =) ggw,v(z“zj) 2h, ().

Proof. — The proofs of A) and C) are straightforward consequences of
our choice of normalizations for absolute values. B) follows from A) by the
product formula (applied twice): if ¥'/k is a finite extension such that the
lifts Z and @ are rational over k', then

1
ggo(sz) = [k‘l : @] Z gtp,v'(za UJ)
v’ €My,

= [k’@] Z (*log|2/\w|1)/+HF,U/(2)+HF7U/(1Z))+10gCU,(F))
v' €My,
= }ALSP(Z) + }Also(w)
—1/d(d—1)

since Z AW = Zowy — Z1Wo € (K')* and ¢ (F') = |Res(F)|,, . Finally,
D) follows from C) by summing both sides over all places v of k. O

4.2. Lemmas on double sums

Before turning to Theorem 2.3 and its proof, we need two lemmas on
doubly-indexed sums. The first is a discrete analogue of Fatou’s lemma
from real analysis:

LEMMA 4.2. — Suppose a¥) is a doubly-indexed sequence of real num-
bers which satisfy the following two properties:

(F1) For eachn, 3, ayy) converges.

(F2) There is a collection {M;} of real numbers, almost all zero, such

that ag) > —M; for all j,n.
Then

(4.2) Zliminf ¥ < limianag)
J J

as extended real numbers.
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Proof. — Replacing aﬁf ) by aﬁ] )+ M ; if necessary, we may assume with-

out loss of generality that ayy) > 0 for all n,j. The result now follows
immediately from the usual version of Fatou’s lemma (see [28], Theorem
4.3.9) applied to the sequence f, of locally constant functions defined by
falz)=a ifze[j,j+1). 0

The next lemma is a simple application of Lemma 4.2.

LEMMA 4.3. — Suppose a¥) is a doubly-indexed sequence of real num-
bers which satisty properties (F'1) and (F2). Consider the following condi-
tions, where L, L; € R.

(L1) limsup Z a9 < L,

imi J) >
(L2) Zhnnlgfan > L,
J

(L2)" liminfal) > L,

n—oo J

Then:
A) If (L1) and (L2) hold for some L, then lim a\/) exists for all j.

n—oo

B) If (L1) holds, and there are numbers L; with with 3, L; > L such
that (L2)" holds for all j, then lim a$) = L; for all j.

Proof. — For any sequences ay,b,, of real numbers which are bounded
from below, it is easy to see that lim sup(a,+b,) > limsup(a,)+liminf(b,,).
For any index 4, one therefore sees from Lemma 4.2 that

L > lim supZag) > lim sup agf) + lim ianag)

J j#i
> limsupal” + Zlim inf ) > limsup a{Y) — liminf oY) + L,
J#i

which implies that limsup ag ) < liminf agf ), Therefore lim,,_, o agf) exists

for all 4, which proves A).
For B), note that

L > limsupZagj)Zlimianag)
J J
> ) liminfa$) > ) L; > L.
J

Therefore equality holds everywhere, so lim inf o) = L; for all j. By A),

we conclude that lim a%j ) — L; for all j, which establishes B). O
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In applying Lemma 4.3, we will use the following easily verified properties
of the collection of functions g, ,(z, w):
(G1) For fixed z,w € P*(k) with 2z # w, we have g,, ,(z, w) = 0 for almost
all v.
(G2) For almost all v, we have g, ,(z,w) > 0 for all z,w € P}(C,).

4.3. Pseudo-equidistribution

Let v be a place of k. If S is a finite subset of P!(C,) of cardinality N,
we define a discrete probability measure §(S) on P1(C,) by

5(S) = % S ..

z€S
Note that if S is a subset of P*(k), we can consider S as a subset of P*(C,)
for each v € Mj, since we have fixed an embedding k < C, for each v. If
S is Gal(k/k)-stable, the resulting subset of P*(C,) is independent of the
choice of embedding.

DEFINITION 4.4. — A sequence of finite subsets {Sy }n>1 of P1(C,) is

pseudo-equidistributed with respect to g, . if Ny, = #(Sp) — 00
. 1
(4.3) nhi& NN =D) Z,wze:sn Jo,v(z,w) = 0.
274w

Recall that by Lemma 3.17 the minimal possible value for the left-hand
side of (4.3) is 0. Thus, the sequence {S,},>1 is pseudo-equidistributed if
and only if it achieves this minimum value.

Remark 4.5. — This definition is a bit different from the definition of
pseudo-equidistribution in ([2]). It anticipates the fact, shown in Corollary
4.7 below, that mgwj (z,w) is a normalized Arakelov Green’s function.

We now prove the following adelic pseudo-equidistribution result:

THEOREM 4.6. — Let z, be a sequence of distinct points of P1(k) such
that fzsa (zn) — 0. Let S,, denote the set of Galois conjugates (over k) of zy,.
Then the sequence {S,} is pseudo-equidistributed with respect to g, for
all v € M.

Proof. — Let N, be the cardinality of S;,. By Northcott’s finiteness the-
orem, the hypothesis h,(z,) — 0 (and the fact that the points z, are all
distinct) implies that NV,, — co as n — oc.
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For v € My and n > 1, set

Z,WES,
zF#w
By (4.1), we have
1
9n = Z Gu,n
k:Q] &7
(4.4) _ ! LYy (Y gntaw)
Nn(Nn o 1) [k : Q] zZ,WES, \veM
zF#w
= 2hy(2n) =0
In particular,
(4.5) limsup »  gy.n < 0.
n— oo vE M,

1
N let ¢ = inf _ iy Zi that T’ =
ow let ¢, v 21,...,Z§VHEP1((C1;) N(N — 1) ;gw;(zuzj), so that L'y ,

liminf¢, 5 > 0 by Lemma 3.17. Note that g, , > t, n, and liminft, y, >

N—oo n— o0

liminf¢, n. Thus
N—oo

(4.6) liminf g, , > 0

n—oo

for all v.

Finally, we apply Lemma 4.3 to a;”) = gu,n- The hypotheses (F1) and
(F2) in that lemma are satisfied because the functions g, , satisfy (G1)
and (G2), and conditions (L1) and (L2)" are satisfied because of (4.6) and
(4.5), respectively. We conclude that lim;,,_ . g,,» = 0 for each v € My, as
desired.

O

As a consequence of this result, and the fact that there are infinitely
many pre-periodic points, we obtain

COROLLARY 4.7. — Let ¢ € k(T') be a rational function of degree d > 2.
For each place v of k:

A) The constants I'y, , and I, ,(11,.») are equal to zero.

B) The Arakelov Green’s function m Je.v(z,w) is normalized.

Proof. — For A), choose an infinite sequence {z,, } of distinct pre-periodic
points; then hy(zy,) = 0 for each n. Let S,, be the set of Galois conjugates
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of x,, and put N,, = #(S,,). Applying Theorem 4.6, we see that

1
liminf ————— =0.
imin NN, = 1) Zﬂuzesn gow(z,w) =0

zF£w

Hence T'y, ,, defined in (3.7), is < 0. Combined with the inequality I, , >
0 proved in Lemma 3.17, this gives I', , = 0. Write u = p, .. Since
Doo(p) =T, by the definitions, it follows from Theorem 3.28 that I, (1) =
0.

For B), it is only necessary to show that axiom (RS3) (resp (B3)) is
satisfied, i.e., we must show that

1
log(qu) //gtp,v(Z,w)d,u(Z)dlu(w) -0

However, this is exactly the assertion that I,(u) = 0. O

4.4. The equidistribution theorem for dynamical
systems on P!

In this subsection we will show that pseudo-equidistribution, combined
with the energy minimization principle, implies equidistribution.

DEFINITION 4.8. — If S, is a finite subset of P*(C,) for each n > 1,
we say that the sequence {S,},>1 is equidistributed with respect to a
probability measure p on Py, over C, if the sequence of measures 6, =
8(Syn) converges weakly to juon Ph . .

For each v € My, pseudo-equidistribution implies equidistribution, in the
following precise sense:

THEOREM 4.9. — Let {S,, }n>1 be a sequence of finite subsets of P*(C,)
which is pseudo-equidistributed with respect to g,.. Then {Sy}n>1 is
equidistributed with respect to iy, on Phyy ..

Proof. — Write pt = piy . Since IE”]lgerk’U is compact, it follows from Pro-
horov’s theorem that d,, has a weakly convergent subsequence. If v is any
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weak limit of a subsequence of d,,, then passing to that subsequence

1 1
0 = lim Z 9pv(2z, W)
n=00 N (N — 1) log(gv) z,u;éeSn by pseudo-equidistribution

— lim // gu(w, ) 5, (w)dd, (2)

n—oo .
Berk,v Berk,u\(Dlag)

WV

// gu(w, z) dv(w)dv(z) by Lemma 3.26
Pl x P4

Berk,v Berk,v

= L,(v) > I.(p) by Theorem 3.25.

Since I,,(p1) = 0 by Corollary 4.7, it follows that I,,(v) = I,,(1), so Theorem
3.25 gives v = u. O

Remark 4.10. — For archimedean places v one can give an alternative
proof of Theorem 4.9 using a theorem of DeMarco [12, Theorem 1.3] instead
of Theorem 3.25, and working on C? rather than on P*(C).

Remark 4.11. — For archimedean v, the same proof shows that Theo-
rem 4.9 remains valid if we replace }P’]l_%erk)v by an arbitrary compact Rie-

mann surface X/C and g, , by any normalized Arakelov Green’s function
on X(C).

Combining Theorem 4.6 and Theorem 4.9, we have finally proved:

THEOREM 2.3 (Main Theorem). — Let z, be a sequence of distinct
points of P1(k) such that fup(zn) — 0. Let S,, denote the set of Galois
conjugates (over k) of z,. Then the sequence {Sy}n>1 is equidistributed
with respect to ji, ., on ]P’éerk’v/(cv for all v € Mj,.

5. Potential theory on Riemann surfaces
The goal of this section is to prove the Energy Minimization Principle
(Theorem 5.3) for Arakelov Green’s functions on a compact Riemann sur-
face. This result was used in §3, and is needed for the proof of our main
equidistribution theorem (Theorem 2.3).

5.1. Arakelov Green’s functions

Let X/C be a compact Riemann surface of genus g. Arakelov discovered
that by fixing a volume form w on X (C), one could define an extension of
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Néron’s archimedean local height pairing from divisors of degree zero with
disjoint support to arbitrary divisors with disjoint support. When g > 1,
Arakelov defined a canonical volume form wea, (the pullback of the flat
metric on the Jacobian of X under an Albanese embedding) which plays a
distinguished role in his theory.

The extension of Néron’s pairing arises via Arakelov Green’s functions.
We proceed slightly more generally than Arakelov did, using positive mea-
sures rather than smooth (1, 1)-forms.

Recall (Definition 3.20) that a measure p on X (C) is called log-continuous
if in every coordinate patch U C X(C), the function [, log|z — w|du(w)
is finite and continuous for all z € U. For example, any measure p which
locally has the form p = f(z)dz A dy, where f(z) is continuous and dz A dy
is Lebesgue measure, is log-continuous.

We have seen that given an Arakelov Green’s function g,(z,w), the as-
sociated measure p is log-continuous. Conversely, given a log-continuous
probability measure (i.e., a positive measure of total mass 1) p on X(C), it
follows from [30, §2.3] or [31, §4.1] that there is a unique pairing ((z, w)), on
X(C) x X(C) and a corresponding normalized Arakelov Green’s function
gu(z,w) : X(C) x X(C)\(Diag) — R defined by g, (z,w) = —log((z,w)),
such that axioms (RS1), (RS2) and (RS3) hold.

One way to prove the existence of an Arakelov Green’s function g, (z,w)
attached to p is by utilizing a continuously varying family of canonical
distance functions [z, w]c on X (C), whose existence is proved in [30, The-
orem 2.1.1]. Tt is shown in [30, Theorem 2.3.4] that the integral

(5.1) /X o ol (0

satisfies properties (RS1) and (RS2) above. Therefore g,(z,w) :=
fX(C) —log[z, w]cdp(¢) is an Arakelov Green’s function for p. Furthermore,
there is a unique choice of B such that fX(c) — log[z, w]cdp(¢) + B satisfies
condition (RS3) above and yields a normalized Arakelov Green’s function.

Conversely, given an Arakelov Green’s function — log((z, w)),,, it is shown
in [30, Theorem 2.3.3] that one can construct a continuously varying family
of canonical distance functions via

(z,w)p
(2 Du(w, N

One deduces formula (5.2) from the relation

(5.2) [z,w] =

(5.3) —log[z, w]¢ = —log[z, w], + log|z, (], + log[w, (], + C(p),
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which is valid for all p, {, z, w € X(C) with z # w (see [30, Corollary 2.1.5]).
Here C(p) is a constant depending only on p, and the right-hand side must
be suitably interpreted when z = p or w = p.

5.2. Examples of archimedean Arakelov Green’s functions

Example 5.1. — Arakelov Green’s functions on P!

Suppose X = P! and p = pg is the uniform probability measure on
the unit circle in C = P*(C)\{cc}. Then an Arakelov Green’s function
associated to u is

—log |z —w| +log™ |2z| +log™ |w| z,w# oo
(5.4) g;t(sz) = 1Og+ |Z‘ w = 00

log™ |w| z = o0.
Note that the function g, (z,00) = log* |z| is the Green’s function for the
unit circle in C relative to the point at infinity, and is also the archimedean
contribution to the logarithmic Weil height on Q = P1(Q)\{cc}.

If we write (5.4) in terms of a choice of homogeneous coordinates z =
(21 : z2), w = (wq : we), we obtain

(5.5) 9u(z,w) = —log[z A w| +log ||| + log [[w]],
where z A w = zywa — zow; and ||z|| = max{|z1], |22|}-
Example 5.2. — Arakelov Green’s functions on elliptic curves

If X = F is an elliptic curve over C and u = ppaar i the normalized
Haar measure on F, then we can take g, (2, w) = Moo (2 — w), where A is
a (suitably normalized) archimedean Néron local height function on E(C)
(see [13, Section 7]). One can explicitly describe the function Ay in terms
of the Weierstrass o-function and the quasi-period homomorphism 7 (see
[36, Chapter VI]).

5.3. Statement and discussion of Theorem 5.3

The main result of this section is the following energy minimization prin-
ciple for Arakelov Green’s functions:
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THEOREM 5.3. — Let X be a compact Riemann surface, let p be a log-
continuous probability measure on X(C), and let g,(z, w) be an Arakelov
Green’s function for u. Define the “energy functional” I,, on the space P of
probability measures on X (C) by the formula

I.(v) = //X((C)XX(C) 9u(z,w) dv(z)dv(w).

Then I,,(v) > I,(u) for all probability measures v € P, with equality if and
only if v = p.

In other words, u is the unique probability measure minimizing the en-
ergy functional I,,. Note that by definition, g, (z,w) is normalized if and
only if I,,(p) = 0.

The most important difference between Theorem 5.3 and previous energy
minimization results on Riemann surfaces (e.g. [30, Theorem 3.1.12]) is that
we consider the space P of probability measures supported on all of X (C),
whereas in classical potential theory, one restricts attention to probability
measures supported on a compact set £ C X(C)\{(} for a fixed reference
point (. For the applications in the present paper, it is crucial to allow v to
vary over all of P, since it is well-known that the canonical measure attached
to a rational map can have support equal to all of P1(C) (this happens, for
example, with the degree 4 Lattes maps associated to multiplication by 2
on an elliptic curve). For polynomial maps, where the filled Julia set stays
bounded away from the point at infinity, one can get by with more classical
results from potential theory (see [2]).

We recall that the capacity of a compact set F' C C is defined as ¢(F') =
e~V where V(F) (the“Robin’s constant” of F) is the infimum (which
may be a real number or +00) over all probability measures v supported on
F of expression (5.6) below. Theorem 5.3 can be viewed as a generalization
of the following fundamental result from capacity theory (see [25]):

THEOREM 5.4. — Let F' be a compact subset of C having positive ca-
pacity. Then there exists a unique probability measure pur supported on F
(called the equilibrium measure for F') which minimizes the energy func-
tional

(5.6) I(v) = //F o log |z — w| dv(z)dv(w).

We claim that Theorem 5.3 implies Theorem 5.4 for all compact sets F’
such that each x € F is regular for the Dirichlet problem. (For example, this
holds if each connected component of F is a continuum; see [39], Theorem
I.11, p. 7). Such a set necessarily has positive capacity ([39], Theorem
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IIL5, p. 56). If gp(z) is a Green’s function for C\F' relative to oo, then
gr(z) is continuous ([39], Theorem III.36, p. 82). One verifies easily that if
urp = —Agp(z), then the function

—log|z —w| + gr(2) + gr(w)

satisfies conditions (RS1) and (RS2) above, and therefore the normalized
Arakelov Green’s function for pp is given for z,w € C, z # w by

ur (2,0) = —log|z —w| + gr(2) + gr(w) = C,

where the constant C' is chosen so that (RS3) is satisfied. (Compare with
Example 5.1). Since pp is supported on F and gr = 0 on F, we must in
fact have

C = / /F | —log[z —w|dur ()dur ().

Also, if v is any probability measure supported on F', then Theorem 5.3
implies that

I, (v)= //FXF —log |z — w| dv(z)dv(w) — C > 0.

Therefore pp is the unique probability measure supported on F which
minimizes the energy functional I (i.e., up is the equilibrium measure for
F). By the definition of capacity, we also see that the constant C' is just
the Robin’s constant V(F) of F, so that

Gur(z,w) = —log|z — w| + gr(z) + gr(w) + log c(F).

Remark 5.5. — P. Autissier has obtained essentially the same result as
Theorem 5.3 in the case where p is the equilibrium measure of a compact
set ' C C.

We have already discussed the relationship between Theorem 5.3 and
classical potential theory in C. There is also a relationship between Theo-
rem 5.3 and a result which is used in Arakelov theory in order to establish
an analogue of the Riemann-Roch theorem for arithmetic surfaces (see
[20]). Indeed, when g > 1 and jt = wean, the nonnegativity of I,,(v) in The-
orem 5.3 is the continuous analogue of the following theorem of Faltings
[13], originally proved using the spectral theory of the Laplacian:

THEOREM 5.6 (Faltings). — For each integer n > 1, choose an n-tuple
Z1,...,2n of distinct points in X (C). Then

1
liminf ———— 3 gonn (2, 25) = 0.
im in n(n_l);g an (202 2)
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It is easy to see that Theorem 5.3 implies Theorem 5.6. Indeed, if 9,, is
the discrete probability measure supported equally at z1, ..., z, and if v is
any weak limit of a subsequence of §,,, then

T ez = [ G (2 0) d3, ()6 (),

Pt (C)x X(C)\(Diag)

and it follows from Lemma 3.26 that

Jim inf / / G (2,0) d6 (2)d6 ()
n= | Jx(€)x X (C)\(Diag)

> // Jwenn (2, W) dv(2)dv(w).
X(C)xX(C)

This last quantity is nonnegative by Theorem 5.3, proving the claim.

5.4. Proof of Theorem 5.3

We now turn to the proof of Theorem 5.3. The proof uses the representa-
tion of g, (2, w) in terms of the canonical distance function, and is similar to
the classical proof of Theorem 5.4. Namely, our plan is to prove analogues of
Maria’s theorem and Frostman’s theorem, and to deduce Theorem 5.3 from
those results. As discussed in §5.3, a key difference between Theorem 5.3
and Theorem 5.4 is the presence in Theorem 5.4 of a fixed reference point
at infinity. It is the assumption that y is log-continuous which ultimately
allows us to apply techniques from classical potential theory to the present
situation.

We fix a (possibly non-normalized) Arakelov Green’s function g,(z,w)
for p1, and for each ¢ € X (C) we define a canonical distance function [z, w]¢

by (5.2).
Using formula (5.3), we see that if ¢ € X(C) then for all z,w # ¢
gulew) = [ ~logle.uly duty)
(5.7) = —loglz,w|¢ —uu(z,¢) —uu(w,{) + C¢ ,
where

i) = [ o, ol e )

By Proposition 2.1.3 of [30], for fixed ¢ € X (C), the two-variable function
—log[z, w]¢ can be expressed locally on X (C) x X(C) as a linear combina-
tion of log |z — w|,log|z — (|, log |w — ¢|, and a continuous function which
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is harmonic in z and w separately. Since p is log-continuous, it follows that
for fixed ¢, the function u,(z, () is continuous on X (C)\{(}.

If v is any probability measure on X (C), we define the generalized po-
tential function wu,(z,v) : X(C) — R U {oo} to be

uu(z,v) = /X(C) gu(z,w) dv(w).

LEMMA 5.7. — For any probability measure v on X(C), we have
Au,(z, 1) = v — p as distributions.

Proof. — For any test function ¢, we have

/ B(2) Ay (5, 11) = / (2, 1) AD(2)

/ ( [ oucw.avw)) suce)

I Il
—_——
s
s T
~ <
' ~
TN ‘[>/
— £
< =
< w
= S
E\ S~—
X Q.
~— X
s &
S

The use of Fubini’s theorem at the third step is justified by the fact
that the measure At(z) locally has the form f(z)dx A dy for a contin-
uous function f(z). It follows that positive and negative parts Ayt and
A~ in the Jordan decomposition of A are log-continuous. Now Fubini’s
theorem, in the form given in ([29], Theorem 7.8(b), p. 150), says that

i (f gu(z,w) Awi(z)) dv(w) = [ (f gu(z,w) dl/(w)) Ap*E(2). O

LEMMA 5.8. — For any probability measure v on X (C),
A) uy(z, p) is a lower semicontinuous function on X (C).
B) w,(z, ) is continuous and subharmonic outside supp(v).

Proof. — For each M € R define gﬁM)(z,w) = min{M, g, (z,w)}, with
gflM)(z,z) := M for all z. Then gfLM)(z,w) is a continuous function on
X(C) x X(C), and

uy(z, 1) = ]\/}li»noo e gl(LM)(z,w)dV(w).
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Therefore u,(z, 1) is lower semicontinuous, being an increasing limit of
continuous functions. This proves part A) of the lemma.

To prove part B), note that if zy ¢ supp(v), then by definition there exists
an open neighborhood U of zy whose closure is disjoint from supp(v), such
that v(U) = 0. For z € U, we have

u,(z, 1) = /X((C) gu(z,w)dv(w) = /X(C)\U gu(z,w)dv(w).

Since g, (z,w) is uniformly continuous on U x (X(C)\U), it follows that
u, (2, p) is continuous on U, and in particular at zg.

The fact that wu,(z, u) is subharmonic outside supp(v) follows from the
fact that Awu, (z, u) = v—pu, and thus —Awu, (z, 1) = p is a positive distribu-
tion on the complement of supp(v). (See [19], Theorem 2.9.11, p. 67). O

The potential function u, (z, u) has additional continuity properties be-
sides those given by Lemma 5.8. For example, we have the following (com-
pare with [25, Theorem 3.1.3]).

PROPOSITION 5.9. — Let v be a probability measure on X (C). Then
for every zp € K := supp(v), we have

lim sup u, (2, 1) = limsup u, (2, ).
z—20 z—20

zeK

Proof. — Let U be the complement in X (C) of K. Without loss of gen-
erality, we may assume that U # () and that 2o € OU. It is easy to see that
the desired result is then equivalent to

lim sup u, (2, 1) < limsup u, (2, p).
%0 2/ —zg
=gK 2€K
If u, (20, 4) = oo then by lower semicontinuity we have lim,_, ., u,(z, n) =
oo and the result is trivial. Therefore we may assume that u, (2o, p) < o0,
in which case v({z}) = 0. It follows that given € > 0, there exists a closed
disc D centered at zp such that v(D) < e.
Let F := DN K (so that zp € F'), and fix z € D\F.
Claim: There exists a constant C' > 0 (independent of z) and a point
z' € F (depending on z) such that

(5.8) gu(z,w) < gu(2',w) +C

for all w € F.
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Before proving the claim, let’s see how it gives what we want. Integrating
both sides over F' against v, we get

[ autewiviw) < [ 9. w)dviw) + € ()
F F
< [ e wivtw) - | () 40

—u - [ gl wldvlw) + C
K\F
Therefore
69 [ g+ [ g <u - e
F K\F

As z — zp in D\F, we have 2z’ — zp in F' also (take w = zp in (5.8)). By
the continuity of g,,(z,w) on D x (K\F), as 2/ — zy and z — 2o we have

/ (9u (2, w) = gu(z,w)) dv(w) — 0.
E\F
Therefore (5.9) gives

lim sup/ gu(z,w) dv(w) < limsupu, (2, p) + C - €.
=20 K Z/—>Z()
zZK 2€K
As e > 0 was arbitrary, this gives the desired result.
It remains to prove the claim. Choose ¢ € X(C), a small disc D around
¢ with D¢ N D = (), and a constant M, € R so that |g,(z,()| < M for all
z & D¢. By [30, proof of Theorem 3.1.6], there is a constant C’ (depending

only on ¢ and D) such that
—log[z,w]¢ < —log[z",w]¢ + C"
for all z, 2" € D with z # 2/
Using formula (5.2), we see that
gu(zv w) — gu(zlv w) — gu(za ¢)+ g;t(zlv () < c’
and therefore
gu(z,w) — g,(z',w) < C" 4+ 2M,
which proves the claim. O
We thus obtain the following analogue of Maria’s theorem (see [30, The-
orem 3.1.6]):

COROLLARY 5.10. — If M is a real number such that u,(z, ) < M on
supp(v), then u,(z, ) < M on all of X(C).
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Proof. — We may clearly assume that the complement U of supp(v) is
non-empty. By Lemma 5.8, u is subharmonic on U, and by Proposition 5.9,
for each boundary point zy of supp(r) we have

limsup u, (2, u) = limsup u,(z,p) < M.
zZ—20 Z—20
zeU z€supp(v)
The result now follows from the maximum principle for subharmonic func-
tions (applied to each connected component of U). |

Next we have the following result, proved by a standard argument:

LEMMA 5.11. — There exists an energy-minimizing measure vy for the
functional I,,.

Proof. — Let V,, := inf,¢p I,,(v), and choose a sequence of probability
measures [, in P such that lim,,_,o I,,(tn) = V,,. Passing to a subsequence
if necessary, we may assume that pu, converges weakly to some measure vy.
We claim that

(5.10) V, = liminf I, (1) = I, (10).
Given this claim, we see that since V,, = inf,cpl,(r), we must have
IM(VO) =V

To prove (5.10), we proceed as in the proof of Lemma 3.26:

lim inf / / 91 (2, w0) dpi () dpi (w)
n—oo X(C)xX(C)

> Jim liminf / min{M, g, (2, w)} diin(2)dpin (w)
(since () = min{M, (x)})

= A}im // min{M, g, (z, w)} dvo(z)dvy(w) (bn, — o weakly)
= / / 9u(z,w) dvy(2)dvy(w) (monotone convergence theorem).

O

Recall from [30, §3.1] that if E C X(C) is compact and ¢ ¢ E, then the
capacity ¢ (E) of E (with respect to () is defined to be ¢ (E) := e~ V<(E),
where

Ve(E) = inf / / —log[z, ¢ dv(z)dv(w)

veP(E)

and P(E) is the set of probability measures supported on E.
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Similarly, for any compact E we define the p-capacity of E by v,(E) :=

e VulB) where

Vu(E) = Velg(fE)//g# (z,w) dv(z)dv(w).

Note that if £ = X(C) then I,(1) = V,(E).

LEMMA 5.12. — If E C X(C) is compact and ( ¢ E, then v,(E) =0 if
and only if v.(E) = 0.

Proof. — This follows immediately from formula (5.2), which implies
that for each v € P(E),

Ve(BE) = //flog[z,w]gdy(z)dl/(w)
/ / (90 (210) — (21 ) — gu(w, ) dw(=)dv(w)
— V() -2 /E gu(2,0) du(2).

Here [}, gu(z,¢) dv(z) < oo, since supp(v) C E and ¢ € E. O

Remark 5.13. — If (,{’ ¢ FE then it follows from Lemma 5.12 that
v¢(E) = 0 if and only if 4. (E) = 0. In particular, it makes sense to speak
of a set of capacity zero on X (C) without reference to a particular base
point (.

LEMMA 5.14. — Let v be a probability measure on X(C) such that
I,(v) < oo. Then v(A) = 0 for any Borel subset A C X(C) of capacity
zero.

Proof. — Suppose to the contrary that v(A) > 0. Then for some compact
subset A’ C A we also have v(A4’) > 0, so without loss of generality we may
assume that A itself is compact. Recall that there exists M € R such that
gu(z,w) = —M for all z,w € X(C). Then

// gu(z,w) + M) dv(z)dv(w / C)/X(C gu(z,w) + M) dv(z)dv(w),

so that

//guzw ) dv(z)dv(w /X((C)/ gu(z,w) dv(z)dv(w)+

(1-v(4)?)
Iv)+ M

VANIV/AN
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Define a probability measure v’ on A by setting v/ := ﬁﬂ 4. Then

, 1
I,V < W (M +1,(v)) < o0,

so that «,(A) > 0, a contradiction. O

The following result is an analogue of Frostman’s theorem (see [30, The-
orem 3.1.7]):

THEOREM 5.15. — Let vy be any probability measure which minimizes
the functional I,,, and let V := I,,(vy). Then the potential function u(z) :=
Uy, (2, 1) on X (C) satisfies:

A) u(z) =V for all z € X(C) outside a set of capacity zero.
B) u(z) <V for all z € X(C).

Proof. — We first show that u(z) > V for all z € X(C) outside a set of
capacity zero. For each n > 1, put A, := {z € X(C) : u(z) <V — +}.
The lower semicontinuity of u,,(z) shows that each A, is closed, and we
have UA, = A = {z € X(C) : u(z) < V}. Clearly A # X(C), since
J u(z)dvo(z) =V and v is a positive measure.

If ¢ is any point in the complement of A, we claim that v-(A) = 0. By
Lemma 5.12, it suffices to show that v, (A) = 0. Suppose on the contrary
that v, (A) > 0. To obtain a contradiction, we first construct disjoint closed
subsets Ey, Fy of X(C) as follows.

By [30, Proposition 3.1.5], we must have v (A,) > 0, and hence v, (4,,) >
0, for some n. Thus for a suitable € > 0 and n > 1, we have u(z) <V — 2¢
on By := A, and v,(Er) > 0.

As [u(z)dvy(z) = V, there exists zg € supp(rp) such that w, (2, p) >
V — e. Lower semicontinuity implies that this inequality remains valid in a
closed disc D around zp, which we may assume to be disjoint from F;. Since
2o € supp(vp), we have vo(D) > 0. Let Ey := D, and let W := vy(E3) > 0.

Since v, (E1) > 0, there exists a probability measure ¢’ supported on E;
such that I, () < co. Define a new measure o on X (C) by setting

Wv' on Ey
o= —vy on Fy
0 elsewhere

Then o(E;) = W, o(E2) = =W, and ¢(X(C)) = 0. Note that for each
real number ¢t € [0,1], o + to is a probability measure on X (C). As in [30,
proof of Theorem 3.1.6], we calculate that I,,(c) < co and

(5.11) L(vo +to) — I,(vy) < (—2We) -t + I, (o) - 2.
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For ¢ sufficiently small, the right-hand side of (5.11) is negative, contradict-
ing the fact that I,,(1) = V is the minimum possible energy of a probability
measure on X (C). This contradiction proves that A has capacity zero, and
by construction we have u(z) > V for all z € X(C)\A.

Next, we show that u(z) < V on supp(v). To see this, suppose for the
sake of contradiction that w,(z, ) > V for some zy € supp(vp). By the
lower semicontinuity of u, there exists € > 0 and a closed disc D around zg
such that u(z) >V +e€on D.

As zy € supp(vp), the number T := vy(D) is positive.

We have already seen that u(z) > V for all z € X(C), except on a set A
of capacity (and hence, by Lemma 5.14, of vg-measure) zero. Therefore

V= /u(z)duo(z) >VA-T)+V+eT >V,

a contradiction. It follows that u(z) < V on supp(vp) as claimed.

Finally, Corollary 5.10 now shows that u(z) < V on all of X(C), which
proves both A) and B). O

We can now prove Theorem 5.3.

Proof. — As in the statement of Theorem 5.15, let vy be any probability
measure which minimizes the functional I,,(v), and let V' = I,(1p). Since
I,() < oo by (3.15), we must have V' < oo as well.

Integrating over X (C) x X(C) and applying Fubini’s theorem, we have

612 [ ([aoae) anw = [ ([aeobw) ae.

The interchange of order of integration is justified by the same reasons as
in Lemma 5.7, because p is log-continuous.

Here the left side equals I,,(p), since [ g,,(z, w)dpu(z) is constant by prop-
erty (RS3)" of Arakelov Green’s functions.

On the other hand, Theorem 5.15 shows that u(z) := [ g,(z, w)dvy(w)
=V outside a set A with capacity zero. Since I,,(1) < oo by assumption,
Lemma 5.14 shows that p(A) = 0. Hence the right side of (5.12) is V.

Combining these gives I,,(1) = V. Therefore y is also energy-minimizing.

To see that u = 1, note first that sets of capacity zero have Lebesgue
measure zero in any coordinate patch on X (C). (This follows from Lemma
5.14). Hence u(z) = V almost everywhere with respect to Lebesgue mea-
sure, and consequently Awu(z) = 0. On the other hand, Lemma 5.7 gives us
the distributional identity Au(z) = vy — p. Therefore u = vy as desired. O
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6. Comparison and calculation of various capacities

As before, we let ¢ : P! — P! be a rational map of degree d > 2 defined
over a number field k, and let F = (Fy, Fy) : A2 — A? be a lifting of ¢,
where Fi(x,y) and Fy(z,y) are homogeneous polynomials of degree d with
coefficients in k having no common factors over k.

In this section we will prove Theorem 3.13, the resultant formula for the
homogeneous transfinite diameter of the filled Julia set Kg,, :

(6.1) d° (Kp,) = [Res(F)|; /441,

We do this by considering various notions of capacity: the local and global
sectional capacities and the Chebyshev constant studied in [34] and [35],
and the homogeneous sectional capacity and homogeneous transfinite di-
ameter, which are introduced here for the first time. The reason for this
proliferation of capacities is that we can compute the sectional capacity,
and there are standard methods for proving inequalities between various
other types of capacities. In outline, the plan is to first prove

local sectional capacity = |Res(F)|;/4@=1)

by proving an upper bound for the local sectional capacity and using the
fact that the global sectional capacity is the product of the local sectional
capacities, and then to show that for circled sets,

local sectional capacity = homogeneous sectional capacity
= homogenous transfinite diameter.

We prove more in this section than is strictly needed for our application
to dynamics. It is our hope that the ideas developed here will be useful in
other contexts as well. In particular, it would be interesting to know if the
resultant formula for the local sectional capacity of the pullback of a ball
(Proposition 6.2) generalizes to higher dimensions.

6.1. Sectional capacities of polynomial domains

We can view F as defining a finite map F : P2 — P2 given in homo-
geneous coordinates by F(X : Y : Z) = (Fi(X,Y) : Fy(X,Y) : Z%). Its
action on the affine patch A? is given by F and it stabilizes hyperplane
H = {Z = 0}, which we identify with P!, where its action is given by ¢.
The map F has degree d2, and F*(H) =d- H.

The definition of the sectional capacity for sets in P2, relative to the
divisor H, is as follows.
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For each place v of k, let E, C P?(C,) be a nonempty set which is stable
under the group of continuous automorphisms Gal(C, /k,) = Gal(k,/k,)
and is bounded away from H(C,) under the v-adic metric on P?(C,). For
all but finitely many v we assume that E, = B(0,1) x B(0,1) c A?(C,),
the ‘trivial set’ for v with respect to H. We will call these assumptions the
Standard Hypotheses.

Put E = HU FE, C Ay, where Ay, is the adele ring of k.

For each n > 0, identify the space of sections I'(n) := H°(P% Opz(n))
with the set of homogeneous polynomials in k[ X, Y, Z] of degree n. Consider
the basis for k[X,Y, Z] given by the monomials { X*Y*Z™} ; equip it with
the term order < given by the lexicographic order with Z < X < Y,
graded by the degree. We call this structure the ‘monic basis’; it is the key
ingredient used in defining local sectional capacities. (Any other term order
graded by the degree would work; this one is most directly compatible with
dehomogenization.)

For each place v of k, let vol, be additive Haar measure on k, (normal-
ized so that vol,(O,) = 1 if v is nonarchimedean, and given by Lebesgue
measure on R or C if v is archimedean). Let voly be the additive Haar
measure on the adele ring Ay given by the product of the measures vol,.
For each n, by transport of structure using the monic basis we obtain Haar
measures vol, on the vector spaces I', ,(n) = k, @ I'(n) and voly on the
Ag-module Ty (n) = A @ T'(n).

To define norms, we dehomogenize at Z, writing x = X/Z, y = Y/Z,
and identify I'(n) with the space of polynomials in k[z,y] of total degree
< n. We view these as functions on A2. Put

Fon) = {fe€Teu(n): Ifle, <1},

Fa(n) = (Hfu(n)>ﬂFA(n).

The local sectional capacity Sy (E,, H) is defined by
. 3!
—log(Sy(Ey, H)) = nlgrolo 3 log(vol, (Fy,(n)))
and the global sectional capacity S, (E, H) by

—log(S4(E, H)) = nlingo % log(vola (Fa(n))).

In [34] it is shown that under the Standard Hypotheses, the limits defining
Sy(Ey, H) and S, (E, H) exist, and that

Sy(E, H) =[] (B, H).

TOME 56 (2006), FASCICULE 3



674 Matthew H. BAKER & Robert RUMELY

We now apply this to polydiscs in C2 and their pullbacks by F. Given
z = (z,y) € C2, write ||2]|, = max(|x|,, |y|,). (For archimedean v, this is a
different definition of ||z||, than we used in §3.)

For each R, > 0, put

B,(R,) := B(0,R,)?* = {z € C2 : max(|z|,, [y|l,) < Ry}
Thus
FY(By(R)) = {# € Cy : max(|Fy (=)}, [Fa2)]a) < R}

Given a collection of numbers B = {R,} with R, = 1 for all but finitely
many v, define the adelic sets

B(R) = [[B.(R.).
F®BR) = [[F(Bu(R).
PROPOSITION 6.1. — A) For each v, the local sectional capacity

S, (By(Ry), H) equals R2.
B) The global sectional capacity S (B(R), H) equals I1, R2.
C) The global sectional capacity S (F~! (B(R)), H) equals (I1, R2)Y/.

Proof. — Part A) follows from the fact that the logarithmic capacity of
a ball in P! is 7. (B(0,R,)) = R, (see, e.g. [30], Example 5.2.15, p. 352),
together with the formula for the the sectional capacity of a product set
E,=FE,1 x B, CCZ:

(62) S'y(E'Ua H) = ’YOO(Ev,l) * Yoo (Ev,?)

(see [34], Example 4.3, p. 558).

Part B) follows from part A) and ([34], Theorem 3.1, p. 552).

Part C) follows from part B) and functorial properties of the global sec-
tional capacity. By the the pullback formula for finite maps ([35], Theorem
10.1, p. 54), we have

S, (F~(B(R)),dH) = S,(B(R), H)"",

since F~Y(B(R)) = F~Y(B(R)), F*(H) = dH, and deg(F) = d2. Also,
by the homogeneity of the sectional capacity in its second variable ([35],
Theorem C (5), p. 9), S (E,dH) = S,(E, H)* for any E in P2. Combining
these gives C). O
Determining the local sectional capacity S, (F~*(B,(R,)), H) is more
difficult. As before, let Res(F') denote the resultant of F} and F.
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PROPOSITION 6.2. — For each v,
Sy (F7H(By(Ry)), H) = (R)Y? - [Res(F)[; 1/~

Before giving the proof, we will need a lemma. For each m, write I'\)(m)
for the space of homogeneous polynomials in &, [x,y] of degree m.

Take m = td + d — 1 and consider the collection of m +1 = (¢t + 1)d
polynomials

{2y Fy(z,y) Po(z,y)' ti+j=d—1, k+ (=1t} CTI(m).

Let Det(m) denote the determinant of the matrix expressing these polyno-

mials in terms of the standard monomials {z™, 2™ 1y, ... y™}.

LEMMA 6.3. — Form =td+d — 1, Det(m) = £Res(F)!(t+1)/2

Proof. — We will first show that Det(m) vanishes if and only if Res(F')
vanishes. Indeed, Det(m) = 0 if and only if there is a nontrivial relation of
the form

t
(6.3) > hiz,y)Fi(w, ) Fa(z,y)' = 0
i=0

where each h;(z,y) is homogeneous of degree d — 1.

If (6.3) holds, let I be the least index for which hy(x,y) # 0; necessarily
I < t. Then Fy(z,y) divides hy(z,y)F1(z,y)! L. Since Fy(x,y) has degree d,
it must have an irreducible factor in common with Fi(x,y), so Res(F') = 0.
Conversely, if Res(F') = 0 then there is a nontrivial relation

ho(.ﬁ, y)FI(xvy) + hl(x7y)F2(x’y) =0

where hg and hy are homogeneous of degree d — 1. Multiplying through by
Fy(z,y)!~" gives a relation of the form (6.1).

Expand Det(m) and Res(F') as polynomials in the coefficients of F} and
F». Comparing degrees and using the fact that Res(F) is irreducible, we
see that

Det(m) = C - Res(F)t(t+1)/2
for some constant C. Taking Fy = 2%, Fy = y¢ and evaluating both sides,
we find that C' =1 for an appropriate ordering of the terms. O
We now turn to the proof of Proposition 6.2.

Proof. — We give the proof only when R, = 1. The general case reduces
to this by a scaling argument.
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It suffices to prove the upper bound S, (F~!(B,(1)), H) < |Res(F)|. JYE
for each v. If this is known, then by the global equalities

[IsF(B,().H) =1,
H|Res(F)

the local inequality must actually be an equality, for each v.

Write E, = F~(B,(1)). Since E,, is bounded, there is a constant ¢, € C,
such that ||c,2’y?||p, < 1 for all 4, j with i +j < 2d — 1.

We will study vol, (F,(n)) by making use of the decomposition I',(n) =
@ _oI%(m), which is compatible with the monomial bases. For each m > 0,
put

Fo(m)={f €Ty(m): | fle, <1}
If m > 2d — 1, we can uniquely write m = td + (d — 1) 4+ r with integers
t>1,0<r<d-—1, and then

I%m) =y" - T9(m (Q}lk ™ >

By Lemma 6.3, the polynomials 'y’ FFFY withi +j=d -1, k+ =1
form a basis for I'Y(m —r), so the corresponding polynomials 2y’ *" FFFy,
together with the monomials 2™~%y* for 0 < i < r, form a basis for I'0(m).
Again by Lemma 6.3, the transitlon matrix from the monomial basis for
I'%(m) to this new basis has determinant +Res(F)!(*+1)/2,

For each basis element of the first type, we have 1 + j +r < 2d — 1,

¢y - 2y TTFFFL € FO(m).

For each basis element of the second type, ™ 'y’ = xt? . gd— 1477

(d=14+r—9)+i<2d—-1,

Ci+1'l‘m 7 26]:0( )

y® with

Now suppose v is nonarchimedean. By the ultrametric inequality, we
have

(6.4) < @ OU'Cq,l'iyj+TF1kF2£>@< @ Ov.cf}Jrlg;miyi) c fg(m)
i+j=d—1 0<i<r
k+i=t

and it follows that

vol, (F2(m)) = (|cv|v)(m—7-+1)+r(t+1) . |Res(F)|fJ(t+1)/2.

ANNALES DE L’INSTITUT FOURIER



EQUIDISTRIBUTION AND POTENTIAL THEORY 677

Noting that m/d >t > (m/d) — 1, we see that

(6.5) log(vol, (F2(m)) > 5 log(|Res( )w) — O(m).

2d

By increasing the implied constant, we can assume this holds for m < 2d—1
as well.
For each n > 0, the ultrametric inequality shows that

(6.6) P 7)(m) c Fo(n).
m=0
Using (6.5) and (6.6), it follows that
!
—log(S,(Ey, H)) = lim s—log(vol (Fu(n)))

3l & [(m?
> lim — - 10 (|Res(F)|) — O(m)
:O( R )

n—oo n3 2
1
(6.7) = = log(|Res(F)|y)-
Thus S, (Ey, H) < |[Res(F)|v Lyd , as desired.
If v is archimedean and k, = R, the triangle inequality gives a weaker
containment; it is better to formulate the result directly for F,(n). Noting

that dimg(I'(n)) = (n 4+ 1)(n + 2)/2, we obtain
( D =t L1 ‘Cvxiy])@
i+j<2d—1
i . .
< K D L 'cvxlyﬁrFfFf)

m=2d—1 m=td+d—1+r
k4+e=t
i+j=d—1
t+1, m—i, i
@(@W{—l,l]-cv x y)}C]:U(n).
o<i<r

>From this inclusion, we deduce that
n3
o log([Res(F)],) — O(n* log(n).

If v is archimedean and k, = C there is a similar containment, with B(0, 1)
replacing [—1,1]. In either case, a computation like the one in (6.7) now

shows that S, (E,, H) < |Res(F)|; /% O

(6.8) log(vol, (Fy,(n)) >
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6.2. The sectional capacity of the filled Julia set
Let the numbers Ty R, be as in Corollary 3.3. Put Kr = [], Kp,,
B(r) =[], Bu(rv), B(R) = [[, Bo(Ry). Then for each n,
(6.9) (F™) " (By(ry)) € Ky © (F™) (B, (Ry)),
(6.10) (F")"Y(B(7) € Kp C (F™) 7 (B(R)).
THEOREM 6.4. — A) The global sectional capacity S(Kp,H) = 1.

Equivalently,
115 (Kpo H) =1.

B) For each v, Sy(Kp,,,H) = |Res(F)\;1/(d(d_1))_

Proof. — Part (A) follows from Proposition 6.1 (C), using (6.10) and the
fact that F(") is homogeneous of degree d".
Part (B) comes out as follows. By [12, Corollary 6.4],

Res(F(™) = Res(F)(@" =" )/(d=1),
Hence Proposition 6.2, applied to both halves of (6.9), gives
S (Kpw,H) = lim [Res(F(™)|;1/@")?

lim ‘ReS(F)|;(d2n71_dn71)/d2n(d_1)

|Res(F)|;/4d=1),

6.3. The homogeneous sectional capacity

Identify T'(n) with the space of polynomials in k[z, y] of total degree < n.
Instead of considering the asymptotics for volumes related to I'(n) in the
definition of the sectional capacity, one can can consider the corresponding
asymptotics for volumes concerning homogeneous polynomials alone. This
gives rise to the homogeneous sectional capacity.

Put

n) = {f(z,y) € k[z,y] : f is homogeneous of degree n}
and write I'(n) = k, @ T%(n), I'Y(n) = Ay, @, I%(n). Put
Fln) = {ferim):|fle <13},

Fln) = H;EO YN TY(n).
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Equipping I'%(n) and ') (n) with the bases given by the monomials z¥y¢,
and giving those bases the term order < given by the lexicographic order
with = < y, graded by the degree, we have a situation analogous to that in
the definition of the sectional capacity. By transport of structure, the Haar
measure vol, on k, induces a measure vol, on each I'’(n), and the Haar
measure voly = [[, vol, on Ay induces a measure on each I') (n). Define
the local homogeneous sectional capacity SO(EU, H) by

(6.11) —log(SY(E,, H)) = lim —log(vol (F2(n)))

n—oo

and the global homogeneous sectional capacity Sw (E,H) by

(6.12) —log(SY(Ey, H)) = lim % log(vola (F2(n))).

The existence of these limits follows from the general existence theorem
for sectional capacities of line bundles with “adelically normed sections”
(see [35], Theorem A, p. 4), applied to the variety P! rather than P2. The
details are as follows.

One can interpret the set of homogeneous polynomials I'°(n) as the space
of global sections H?(P!, Opi(n)). The sup norms | f||g, on the spaces
I'Y(n) satisfy axioms (A1) and (A2) of ([35], p. 3), because they are implied
by Standard Hypotheses for sets ([35], Example 1.1, p. 13). Then ([35],
Theorem 6.2, p. 66) asserts that the limit (6.11) exists, and ([35], Theorem
7.1, p. 73) tells us that the limit (6.12) exists, and also that

SYE, H) =[] S)(E., H).

For each place v (archimedean or nonarchimedean), given a set E, C C2,
the circled set obtained from E, is

B ={wz:z€E,, weC,,|w|, =1}.
We will call B, circled if E, = EY. Trivially S9(E, H) = S%(E,, H).

PROPOSITION 6.5. — For each bounded, Galois-stable set E,, C C2, we

v

have S,(E,, H) < SU(E,, H). If E, = EY, then S,(E,, H) = S)(E,, H).

Proof. — We first show that S, (E,, H) < SS(EU7 H). The proof breaks
into two cases, according as Sg(Ev,H) >0 or SS(EU7 H)=0.

First suppose SS(EU, H) >0, and fix £ >0. By the definition of Sg(EU, H),
for all sufficiently large k
(6.13)

— Log(SY(Ey. H)) — = < 5 log(vol, (FY(n))) < ~log(82(E,. H)) + ¢

k
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Suppose v is nonarchimedean. By the ultrametric inequality, for each n

éff}(k:) C Fo(n).

Since the union of the monomlal bases for the T'?(k) is the monomial basis
for T'y(n), we have vol,(F,(n)) = [Ti_, vol,(F,(n)). Hence

we have

—log(Sy(Ey, H)) = lim 3—'log(vol (Fu(n))

n—oo n3

WV

lim ﬁ Zlog(volv(}'v(k))

(6.14) > nﬂmnBZ —log(SY(E,, H)) —¢)

= —log(SS(EmH)) -

Since & > 0 is arbitrary, S, (E,, H) < S)(E,, H).
If v is archimedean, then 1/(n + 1) ®&7_, F2(k) C F,(n) by the triangle
inequality, so

nin+1)

5 log |n 4 1],.

3! 1 L, ( ; 1 L, ( 3

—3 log vol, > Z og vol, )—E-
Thus the factor of 1/(n + 1) washes out in the asymptotics as n — oo, and
the same computation as in (6.14) carries through.

If SY9(E,,H) = 0, take M > 0; then for all sufficiently large &,

(6.15) = log(vol (FO(n))) = M.

k
If v is nonarchimedean, using (6.15) in place of (6.13) in (6.14) shows
—log(Sy(E,, H)) > M. Since M is arbitrary, S,(E,, H) = 0. A similar
argument, with minor modifications to deal with the triangle inequality,
applies in the archimedean case.

Now suppose E, = EV. We claim that SS(EU, H) < Sy(Ey,, H).

We will give the proof under the assumption that 59/ (Ey, H) > 0, leaving
the other case to the reader.

Fix n, and suppose f € F,(n). Thus f is a polynomial in &, [z, y] of total
degree at most n, with || f||g, < 1. Decompose f = )", fi as the sum of its
homogeneous parts of degree k. The fi, can be recovered from f by finite
Fourier analysis: if ¢ is a primitive (n + 1)-st root of unity, then

- —Lk £
n+1;< f(¢t2).

fe(2) =
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Since E, is circled and || f||z, < 1, for each £ we have ||f(¢/2)[, < 1

If v is archimedean, then | fx||g, < 1, and F,(n) C ®_Fo(k). If v is
nonarchimedean, then (n + 1)F,(n) C &7_,F0(k). The factor n + 1 has
no effect on the asymptotics of the volumes; in both the archimedean and
nonarchimedean case, for each £ > 0 we have

|
—log(Sy(E,,H)) = lim s—log(vol (Fu(n))
< Jlim Z —log(S5(Ey, H)) +¢)

= - log(SS(Ev, H)) +e,
which yields SY(E,, H) < S(E,, H). 0

Remark 6.6. — It can happen that S (E,, H) < S(E,, H). For ex-
ample, let k¥ = Q and let v be the archimedean place. Take E, = [0,1] x
B(0,1) C C?; then E2 = B(0,1)xB(0, 1). It is well known from the classical
theory of logarithmic capacities that v, ([0,1]) = 1/4 and v-(B(0,1)) =1
By formula (6.2),

SV(EvaH):1/4a S’Y(EgaH):]-

But then Proposition 6.5 and the remarks preceding it imply that 5'2 (E,, H)
= SY(EY, H) = S,(E),H) = 1. Similar examples can be given for nonar-
chimedean v.

6.4. The homogeneous Chebyshev constant

As before, let E,, C C2 be bounded and stable under Gal®(C, /k,). It will
be useful to introduce another quantity equal to the homogeneous sectional
capacity: the homogeneous Chebyshev constant. Its chief virtue is that it
is independent of the ground field used to compute it.

For each field L with k, C L C C,, put I'Y(n) = L ®, I'%(n). (The
cases of greatest interest are L = k,, and L = C,.) The basis elements for
I'n) are 2™ < 2"y < ... < y™. For each k = 0,...,n, define the set of
“monic L-rational homogeneous polynomials of degree n with leading term
2" Fyk 7 to be

Y (n, k) :={f € L&, T %n): f(x,y) =a" " k—l—ZaZ niyty
i<k
and put

My (n, k) = inf (Hfl

)l/n
f€r9 (n Ev
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By ([35], Theorem 6.1, p. 64), the number CHY (E,,, H) defined by

log(CHY (B, H)) = lim 2 (Z log(My,(n, k)))
k=0

exists, and is independent of L. We will call it the homogeneous Chebyshev
constant. By ([35], Theorem 6.2, p. 66),

(6.16) SY(E,,H)= CH}, (E,,H)= CH{ (E,, H).

6.5. The homogeneous transfinite diameter

We have already introduced the homogeneous transfinite diameter
d% (E,). The definition makes sense for an arbitrary set E, C C2. Un-
der the assumptions that E, is bounded and stable under Gal®(C,/k,), we
will show that it coincides with the homogeneous sectional capacity.

Note that since the kernel |z; Nzj |, is invariant when z; or z; is multiplied
by w € C, with |w|, = 1, we clearly have d% (E,) = d° (EY).

PROPOSITION 6.7. — Let E,, be bounded and stable under Gal®(C, /k,).
Then

SY(Ey, H) = d2,(Ey).

Proof. — We claim that we can assume without loss that each d,,(E,) >
0 and that each F,(n) C T'9(n) is bounded.
If d,,(F,) = 0 for some n, then there would be a finite set of points
&, ..., &, with
E,c{wé:1<i<n, weC,}.

This means d2,(E,) = 0 for each m > n, so d% (E,) = 0. Also, for each
m > n the polynomial f,,(z) = ([T/_(z A&)) A (z A&)™™ € T (n)
vanishes on E,, which means that vol,(F,(m)) = oo so S9(E,, H) = 0.

On the other hand, if F,(n) is unbounded for some n, then (by the local
compactness of k,) there would be a nonzero polynomial f(z) € T'9(n) with
| flle, = 0. Factoring f(z) = [[;,(z A &), we find that again

E, c{wé:1<i<n, we Cy,},

so d2(Ey) = SY(E,, H) = 0.
Henceforth we will assume that each d)(E,) > 0 and each F,(n) is
bounded.

We will first show that d2 (E,) < S9(E.,).
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Fix n. Given € > 0, choose &1,...,&,41 € E, so that
[Pog1 (&1, Gngt)lo = (d0 41 (By) — g)ntn/2,

Write £ = (x4, y¢) and let D be the (n + 1) x (n + 1) matrix whose ¢-th
column is given by the x?iiyé, i=0,...,n. Thendet(D) = + Hi<j (&iNEj).
(To see this, first suppose each x, is nonzero. If z} is factored out from
each column, we obtain a Vandermonde determinant in the yy/xz,. When
the x} are multiplied through in the formula for the Vandermonde, the
formula for det(D) results. The general case follows by continuity.) Thus
(det(D)], > (d(B,) — &)mr+im/2,

If v is nonarchimedean, the bounded O,-module F,(n) has an O,-basis
{90, -, gn}. Write g¢(z) = D1 cex’y" " for i = 0,...,n, and let C be
the (n+ 1) x (n+ 1) matrix with rows ¢;;, 0 < i < n. Then vol,(F,(n)) =
|det(C)]o-

For each g € F,(n) we have |g(&;)], < 1. Identifying a polynomial with
its vector of coeflicients, this says that F,(n) C D_lég“‘l. Passing to the
the Oy-module O, ®p, Fy(n) = CO"F! generated by F,(n), we conclude
that CO™M ¢ D=10" | so0 |det(C)|, < |det(D~1)],. Thus

voly (Fy (n)) < (df 41 (By) — )=,

and hence
2!
(6.17)  —log(SY(E,, H)) = nlinéoﬁlog(volv(fv(n)))
1
< lim =" log(d) 4 (By) — <)

= —log(d3,(Eu) —¢).

Letting ¢ — 0, we obtain d%,(E,) < SY(E,, H).

If v is archimedean, then by the same argument as above we find

F,(n) c D~'B(0, 1)+

If k, = C, this gives vol,(F,(n)) < |det(D)|;! - #"*! (normalizing | |, so
that |wl|, = |w|? for w € C). If k, = R, then the triangle inequality shows
that |
5 (Fo(n) @i+ Fo(n)) € DT1B(0,1)"*,
which gives vol,(F,(n)) < |det(D)|; ! - (2y/m)" L. In either case a compu-
tation similar to that in (6.17) shows that d3, (E,) < SY(E,, H).

Next we will show that SI(E,, H) < d (E,).

Fixing n, we can choose &,...,&, € E, such that

1
(618) §d91+1(EU)(n+l)n/2 < |Pn+1(£07 s 7£n)‘v < d%+1(Ev)(n+1)n/2'
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For each £ =0,...,n, put

LiaGAG) Paa(o,- - &1, 28041, - 6n)
(6.19) fé(z) - Hi;ﬁé(gz/\gi) == Pn+1(£1;~~-7§n+1) .

Writing z = (x,y), we can also expand f,(z) as a polynomial

fo(z) =Y aria" 'y € Cyla,y).
i=0

By the definition of d9_, (E,),

(6.20) Seu]g |Prt1(80s -5 80—1,2, 80415+ -5 &n)]o < d9L+1(Ev)(”+1)n/2'
2EE,
Combining (6.18), (6.19), and (6.20) shows that || f¢l|g, < 2.

If v is nonarchimedean, let G,(n) C C, ®, I'%(n) be the O,-module
generated by fo(2),..., fn(2). Let A be the (n+ 1) X (n + 1) matrix with
entries ag;, and let D be the (n + 1) x (n 4+ 1) matrix defined above,
with columns obtained from &, ..., &,+1. Since fe(&;) = d¢,; it follows that
A-D = 1. Hence

(6.21) |det(A)], = |[det(D)|;1 = dpyr (B,)~ /2,

The nonsingularity of A means that the fy(z) span C, ® I')(n). Using
elementary row operations, we can transform A to a lower triangular ma-
trix B with det(B) = det(A). Equivalently, we can find a new O,-basis
{90(2),...,9n(2)} for G,(n) having the form

¢
ge(z) =Y bpaa" Tyt
i=0

By the ultrametric inequality, ||g¢||g, < 2 for each £. Dividing through by
be,¢ we obtain a monic homogeneous polynomial

with sup norm ||he|| g, < 2|bee|,*. >From the definition of Mc,(n,?), we
obtain

(6.22) Me, (n, 0)" < 2|bel,
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Using (6.22) and (6.21), together with |det(B)|, = |det(A)|,,

2l & P
- > log, (Mg, (n, ) < 3 > log(2/[be.elv)
£=0 £=0
2 2
= S log(2) - — log(|det(B)].)
2 n+1
< ) log(2) + log(dy 41 (Ey))-

Passing to the limit as n — oo, we get
CHY, (B,) < d%(E,).
Since S9(E,, H) = CH%U (Ey), we are done.

If v is archimedean, fix n and let the fy(2) € Clz,y] be as above; each
fe(z) satisfies || fell g, < 2. If k, = C, then by the triangle inequality
1 1

nrl 3 N B(0,1)f, C Fu(n).

Introducing the matrices A and D as before, and identifying a polynomial

with its vector of coefficients, we have 1/(2(n+1))-A-B(0,1)"*1 C F,(n).
If k, 2 R, then

!

n+1 2

: éB(O, 1)fe C Fu(n) ®iF,(n) C C @, T(n)
(=1

and 1/(2(n +1))- A- B(0,1)"*! C F,(n) @ iF,(n).
In either case,

vol, (Fo(n)) = [2(n+1)|; Y . |det(4)], - 7"
> (20 DI w Ll (By) O,
Thus
log(SY(Ew, H) = lim 2 log(vol,(F,(n)))
> tim " log(dl 4 (B,) = o (e (),
or equivalently, S9(E,, H) < d3,(E,). O

As we have noted before, the homogeneous transfinite diameter is defined
for arbitrary sets E, C C2. When F = (Fy, Fy) is defined over a number
field, then Propositions 6.5, 6.7, and Theorem 6.4 tell us that the filled
Julia set K, satisfies

(6:23) Sy (Kp, H) = $3(Kr, H) = d%(Kpy) = [Res(F)|; /070,

In particular, we have finally proved Theorem 3.13.
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Remark 6.8. — Note that Corollary 3.14 follows directly from Proposi-
tions 6.5, 6.7 and Theorem 6.4(A), and in particular Proposition 6.2 is not
needed for the proof.

Finally, we show that the last equality in (6.23) holds for arbitrary poly-
nomial maps defined over C, (and not just for maps defined over k).

COROLLARY 6.9. — Let Fy, Fy € C,[z,y] be homogeneous polynomials
of degree d > 2, having no common factor. Put F' = (Fy, Fy) and let R, > 0.
Then

A) % (F~(Bu(R,))) = (R2)/* - |Res(F)[; /™,

B) d° (Kp.) = [Res(F)|; /4=,

Proof. — Part (B) follows from (A) by the proof of Theorem 6.4, so it
suffices to prove (A).

First suppose v is nonarchimedean. Since Q is dense in C,, there are
polynomials Fy, Fy defined over a number field k such that the map F =
(Fy, Fy) satisfies F~1(B,(R,)) = F~*(B,(R,)), and such that [Res(F)|, =
|Res(F)|,. Let w be the place of k induced by the given embedding k — C,,.
The normalized absolute value | |, on C,, = C, is a power of | |,, say
| |w = | |P. For each set E C C, = C,, the homogeneous transfinite
diameters d’, (E), and d% (E), computed relative to | |, and | |,, are
related by the same power D. Hence our assertion follows from (6.23) for F'.

If v is archimedean, choose a sequence {si,ss,...} decreasing mono-
tonically to R, from above, and another sequence {ri,rs,...} increasing
monotonically to R, from below. By continuity, for each n we can choose
(@ rational polynomlals Fn 1, Fn o close enough to F1 and Fg that the maps
Fy = (P, Fyy) satisfy Fy'(Bu(ra)) € F-1(B,(R,)) C F;'(By(s,)) and

lim Res(F,) = Res(F).
n—oo

If K, 2 R, we also require that the coefficients of the Fn,i belong to R.
Applying (6.23) to the sets F, (B, (ry)), F; 1(By(sn)) and taking a limit,

we obtain (A). O
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