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CONTINUOUS MEASURES ON COMPACT LIE GROUPS

by M. ANOUSSIS and A. BISBAS

1. Introduction.

In this paper we study questions concerning continuous measures on a
compact semisimple Lie group G. Analogous problems for locally compact
abelian groups have been studied extensively. Results about measures on
nonabelian groups may also be found in the literature. We should mention
the papers of D. L. Ragozin [17] and A. H. Dooley and S. K. Gupta [5]
which have motivated the present work.

In Section 2 we prove a Wiener type characterization of a contin-
uous measure based on the system of representative functions of unitary
irreducible representations of the group G. Analogous results for various
classes of groups which are based on different systems of functions may be
found in [1], [14], [15], [20]. To prove the results of the next two sections we
introduce central measures on G which are related to the well known Riesz
products on locally compact abelian groups. To construct such a measure
we begin with a Riesz product pr on a maximal torus T of the group G and
then use a result of A. H. Dooley and S. K. Gupta in [5] to obtain a central
measure 1 on G whose Fourier coefficients are determined in a relatively
simple fashion from the Fourier coefficients of pr. In Section 3 we use these
measures and the results of Section 2 to show that if C' is a compact set
of continuous measures on G there exists a singular measure v such that

Keywords: Compact semisimple Lie group — Continuous measure — Singular measure —
Riesz product — Symmetric space of compact type.
Math. classification: 43A80 — 22E30.



1278 M. ANOUSSIS & A. BISBAS

v x p is absolutely continuous with respect to the Haar measure on G for
every 4 in C. This result was proved by C. C. Graham and A. MacLean in
[8] for locally compact abelian groups. In [1] the second named author and
C. Karanikas show that this result holds for a locally compact metrizable
group using a Wiener-type characterization of a continuous measure based
on a system of Walsh functions. Our approach seems to be more appropri-
ate from the point of view of Harmonic Analysis on compact semisimple
Lie groups. In Section 4 we prove a factorization theorem for central func-
tions on G. We show that if f is a finite linear combination of characters
then there exist two singular measures p and v on G such that f = yxv.
This result was proved by C. C. Graham and A. MacLean in [8] for infinite
compact abelian groups.

In the final section we consider a symmetric space of compact type
G/K. We obtain a Wiener-type characterization of a continuous measure
on G//K based on the system of representative functions corresponding to
the spherical representations. Our proof is based on the results of D. L.
Ragozin in [18]. Taking into account [12], Ch. IV §2.3.V p. 407 and using
Theorem 20 of Section 5 we may obtain another proof of Theorem 7 of
Section 2. However we have chosen to include the proof of this theorem in
the paper because it is constructive and based only on the representation
theory of the group G. Moreover the ideas of the proof are used in Section
3 and especially in the proof of Lemma, 9.

To obtain the results of Sections 3 and 4 we use in an essential way
Theorem 13, which provides a central measure p on G with predescribed
Fourier coefficients. However, this theorem cannot be applied as it stands
in order to prove analogous results for a symmetric space G/K since the
measure g is not in general K-invariant.

2. Wiener’s theorem for a compact semisimple Lie group.

In this section we obtain a characterization of continuous measures on
a compact semisimple Lie group. Our result is analogous to a well known
theorem of N. Wiener which characterizes the continuous measures on the
unit circle ([9], Theorem A.2.2).

Let G be a compact simply connected semisimple Lie group of rank
I with Lie algebra g. We denote by G the unitary dual of G. Let t be a
Cartan subalgebra of g, ® the root system of g‘C relative to t€ and W the
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CONTINUOUS MEASURES ON COMPACT LIE GROUPS 1279

Weyl group of the pair (g€, tC). We fix a base I" of ®. Let A be the weight
lattice of gc relative to tc, A1, ..., Ay the fundamental dominant weights
and A, the root lattice. Then A is a lattice with basis Ay, ..., A; ([16], 13.1)
and A/A, is a finite group. Let s be the order of A/A,.. We denote by A*
the sublattice of dominant weights and by A} the set A, N A*. It is well
known ([16], Ch. V, Th. 1.3 and 1.5) that G is parametrized by A*. For
X € AT we denote by 7y the element of G which corresponds to A, x» the
character of ) and d) the dimension of ).

The group G is the direct product Gy X...xG,,, where G, k =1, ...,m,
is a compact simply connected simple Lie group ([21], Theorem 2.7.5).
We will indicate by the subscribe k£ the objects related to the group
Gk, k = 1,...,m. It follows from [4], Ch. II, Proposition 4.14 that G =
G1®...® G, and hence AT = [T, A}

LEMMA 1.

(a) There exists a system of representatives vy, ...,vs of A/A, in A
such that v; € At i=1,...,s.

(b) Let vy,...,vs be a system of representatives of A/A, in A such
that v; € A*,i=1,...,s. Then A* —J;_, (v; + A}) is finite.

Proof.

(a) Let K1, ..., ks be a system of representatives of A/A, in A. It follows
from [16], 13.2 Lemma A, that for each ¢, 7 = 1, ..., s, there exists an element
o; of the Weyl group such that o;(x;) is dominant. We set v; = 0;(k;). Then
k; and v; differ by an integral combination of roots and hence they are in
the same coset of A/A, in A.

(b) Since At = U;_,((vs + A;) N AT), it suffices to show that
(vi + Ar) N AT — (v; + Af) is finite, ¢ = 1,...,s. Let A € A, and A + y;
€ (v + A) N AT — (v; + At). Then 2(\ + vi,@)/(e,@) > 0 and hence
20\ a)/(oya) = =2, a)/(a,a) for a € T. Since 2(\,@)/(a, @) is an
integer for a € T', we conclude that if the numbers 2(\, &)/(e, ) are not
all greater than zero then there exist finitely many values for the vector
(2(\, @)/(a, @))aer- But X is determined by this vector, and so the set
(vi + Ar) N AT — (v; + A}) is finite. ]

Let A be a finite subset of AT. We denote by |A| the cardinality
of A. The proof of the following Lemma is straightforward. The symbol A
denotes symmetric difference.
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LEMMA 2. — Let {Ap},en and {Bp},en be two sequences of non
empty finite subsets of A* such that lim, .. |An A By| |Bn|™! = 0 and
w(A) be a bounded function on A*. Then lim,_, |A, A By||A,|7! =0
and the sequence |An| ™' 3-5c 4 w(A) =|Bal ™t X5, w(A) converges to 0,
as n — oo.

DEFINITION 3.

a) Assume that G is simple. A sequence {A,},cN of subsets of A™ is
called admissible if there exists a system of representatives vy, ..., vs of A/ A,
in A such that v; € At,i=1,...,s and an enumeration {831, (32, ...} of A}
such that lim,_, |[An A By| |B,|™! =0, where B, = {v; + 3 : 1 <i < s,
1<j<n}.

b) Let Gk, k = 1,....,m be the simple factors of G. A sequence
{An}nen of subsets of At is called admissible if there exists an admissible
sequence {By n} of At, k =1,...,m, such that lim,_, |An A By| |Bn|™!
=0, where B, = [[=, Bk.n-

We denote by e the neutral element of G and by Z(G) the center
of G. Let A be a finite subset of AT. We define the function

$a(9) =147 D> dra"'xal9), 9 €G.
A€A
It is clear that ¢4 takes the value 1 at e and is bounded by 1. Let T' be
the maximal torus of G with Lie algebra t. For A € A we denote by £, the
unitary character of T with differential A¢.

LEMMA 4. — Let {An}neN be an admissible sequence of subsets of
At and z € Z(G), z # e. Then lim,_,o ¢4, (2) = 0.

Proof. — Assume first that G is simple. The space of the represen-
tation ) is the highest weight module V) with highest weight \. It is well
known that z € T and if vy is a highest weight vector in V), we have
mA(2)vx = &x(2)vy. Since, by Schur’s Lemma, my(2) is a scalar multiple of
the identity we conclude that mx(2) = £x(2) Id and xx(2) = dxéx(2). Since
{An}nen is an admissible sequence of subsets of A™ there exists a system
of representatives vy, ..., s of A/A, in A such that v; € A*,i=1,...,s and
an enumeration {31, B2, ...} of A} such that lim, o |An A By| |Ba|™! =0,
where B, = {v; + 3; : 1 <i <s,1<j <n}. By Lemma 2 it suffices to
show that lim, ., ¢p, (z) = 0.
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The mapping ¢, defined by &,()\) — £x(2) is a unitary character of
A and its kernel contains A,. Note that since z # e it follows from [7], IX
3.9, that &, is non-trivial. The character &, is trivial on A, and induces
a unitary character £, of A/A,. The image of £, is a finite subgroup of
the group of complex numbers of modulus 1 and hence it is cyclic. Since
EL(A/A;) = E({va, ..., vs}) it follows that Y ._; &,(2) = 0. So

=1Bal™' D dTxa(2) = |Bal Tt Y 6a(2)

AEB, AEB,

=(sn) 7' (n ) &n(2)) =0
i=1

We consider now the general case. Let Gg, kK = 1, ..., m be the simple
factors of G. There exists an admissible sequence { By ,, } of A:, k=1,...m
such that limp—,o0 |[An A By| |Bn|™! = 0, where B, =[]~ Bk n. It follows
from Lemma 2 that it suffices to show that lim,_,. ¢p,(2) = 0. Since
Z(G) = Z(G1) X ... x Z(Gy,), there exist zx € Z(Gg), k = 1,...,m such
that z = (21, .., zm). We have ¢p, (2) = [[j=; ¢B,..(2x) and it follows from
above that lim, . ¢5, (2) = 0. O

LEMMA 5. — Let {Ap},en be an admissible sequence of subsets of
At and g € G — Z(G). Then lim,_,» ¢4, (g) = 0.

Proof. — Let Gk, k = 1,...,m be the simple factors of G. There
exists an admissible sequence {Bj,} of Af, k = 1,..,m, such that
lim, o0 |An A By||B,|™' = 0, where B, = [[;-, Bk It follows from
Lemma 2 that it suffices to show that lim, .. ¢p,(9) = 0. Let g =
(91, 9m) With gr € G, k =1,...,m. We have ¢, (9) = [T1—; ¢Bx... (9)-
Since Z(G) = Z(G;) X ... X Z(Gp,), there exists an kg such that gx, ¢
Z(Gy,). It follows from [19], Lemma 11, that lim, . #5,, . (9k,) = 0 and
hence lim, . ¢, (9) = 0. O

Remark 1. — D. Rider proves Lemma 11 in [19] based on the results
of D. L. Ragozin on central measures [17]. Recently K. E. Hare has given
a proof of this result using the structure theory of compact simple Lie
groups [10].

Let M(G) be the algebra of regular Borel measures on G. We denote
by |lu|| the total variation of a measure g € M(G). For 7 € G and
p € M(G) we define fi(r) = [, m(g~")du(g).

TOME 50 (2000) FASCICULE 4
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PROPOSITION 6. — Let p € M(G) and {Ap}.en an admissible
sequence of subsets of A*. Then
lim A" S da 7 Trji(m) = p({e}).

n—oo
AEA,

Proof. — Let v = p — p({e})é., where 8, is the Dirac measure at e.
It follows from Lemmas 4 and 5 and Lebesgue’s Dominated Convergence
Theorem that limp e [ ¢4, (97" )dr(g) = 0. Hence
lim | ¢a,(97")du(g) = u({e}).

n—o0o0 G

Since [ ¢a,(97")du(g) = |Anl™" Xsea, dr~ ! Trfi(my), the proposition
follows. U

Let 4 € M(G). We denote by p~ the measure on G defined by

Jo F(9)du~(g) = [, f(g~1)du(g). If X is an operator on a finite dimensional
Hilbert space we denote by || X ||z the Hilbert-Schmidt norm of X.

THEOREM 7. — Let p € M(G) and {An},eN be an admissible
sequence of subsets of AT. Then
lim |A, -1 d)\—l u(my 2 = 2,
Jim A, A;ﬂ ()2 Zg l({g})l
(The sum on the righthand side of the above equality is taken over the set
{9 € G: u({g}) # 0} which is of course a countable set).

Proof. — Apply the formula of Proposition 6 to the measure
u~ ok . O

Let Rp, 1 < p < oo be the set of measures p € M(G) such that
limy_,0 dx"Y/P||i(m)|l, = O, where ||.||, is the p-norm. The following
corollary is proved by M. Bliimlinger in [2] in the more general context
of compact groups. For p = oo it follows from earlier results of C. F. Dunkl
and D. E. Ramirez in [6].

COROLLARY 8. — Let u € Rp,1 < p < oo. Then p is continuous.

Proof. — Tt follows from the fact that R, C Ro, for 1 < p < oo [2]
and Theorem 7. ]

Remark 2. — We recall that a measure p € M(G) is central if
w(gXg~!) = u(X) for all Borel subsets X of G and for all g € G. Note
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that if p is central it follows from Schur’s Lemma that we have fi(my) =
dx~1Tri(my) Id and hence

(A3 = dalda™ Trf(ma)|? = x| Tr () .

Assume that G is simple and let u be a central measure on G. Consider
the following conditions:

1) lim) 0 Id,\_1 T‘I’ﬁ(ﬂ')\)l =0.
i) limy,— 00 |An| ™t ZAeAn da72| Tri(my)|? = 0.

Condition (i) appears to be stronger than condition (ii). However,
it follows from [17], Corollary 3.5, and Theorem 7 that they are in fact
equivalent. Hence a central measure p on G is continuous if ond only if
limy_ oo |dx~! Trzi(my)| = 0, in contrast with what happens in the abelian
case. In fact, there exist continuous measures on the unit circle whose
Fourier-Stieltjes coefficients do not converge to 0 ([9], 7.1).

3. The multiplier theorem.

Let dg be the Haar measure on G of total mass 1. We denote by
M.(G) the subalgebra of continuous measures of M (G). In this section we
are interested in the following problem:

Given a compact subset C of M.(G), construct a measure v € M.(G),
singular with respect to the Haar measure on G, such that vy is absolutely
continuous for every u € C.

We recall that § = (1/2)) ,cpra. Weset I™ = {—a : a € T}
Let W be the Weyl group of the pair (g€, tC). The group W acts simply
transitively on the set of bases of the root system ® ([16], Theorem 10.3).
It follows that there exists a unique element o € W such that o(I') = T'~
and 02 =1Id. Let Ay, ..., \; be the fundamental dominant weights. Since o
is a bijection from I’ onto I'™ we have {o)\1,...,0N} = {=\1,..., =\ }. We
set F, = {3 _,midi :mi =0,1,..,n},neN, F =0, FO = (3! m\; :
m; =1,...,n—1},n € N,n > 2. It is clear that o(F,,) = —F,, 0(F?) = —F?.

LEMMA 9. — Let p € M.(G). Then
(2) limp o0 |Fn| ™! 3o xc i, a7 HIA(TA)IZ = 0.
(b) limp o0 [Fa| ™! 3o 5ep, (d-on) T I(T—0) I3 = 0.

TOME 50 (2000) FASCICULE 4
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Proof.

(a) Assume first that G is simple. We consider a system of representa-
tives vy, ...,vs of A/A, in A such that v; € At i =1,...,s. Then by Lemma
1(b) the set @ = AT — J;_, (v + A)) is finite. Let d,, = |F, N A}| and
choose an enumeration {f1, B2, ...} of A} such that {81,...84, } = F.NA},
n € N. The sequence {By},cN defined by B, = {v; +8; : 1 < i < s,
1 < j < n} is an admissible sequence of subsets of A*. We show that
there exists ¢ € N such that limp_,o0 |Friq & Ba, ||[Frtq|™! = 0. We have
v, = Z;zl mijAj, where m;; € NU{0}, ¢ = 1,...,s, j = 1,...,1. Let
K; = max{m;; : ¢ = 1,...,s}, L; = min{my; : ¢ = 1,...,s}, 7 = 1,...,1
and

l
®, = {)\E AZ)\=ij)\j tm; ZO,KJ' <mj<n+L;j= 1,...,[},
j=1
n €N, n > max{K; - L;:j=1,..,1}. Assume that A € &, — Q . This
means that A € v; + F, for every i and since \ ¢ § we see that A € v; + A}
for some i. We conclude that A € v; + (F,, N A}) C By, and so ®, — Q C
By, . If we set ¢ = max{Kj; : j = 1,...,l} then By, C F,4,. Hence
|Fn+q A Bdn' |Fn~+-q|—1 = |Fn+q — Ba,| |Fn+q|_1
< IFn+q - ((I)n - Q)I an+q|—1
= (|Fn+q| = |(®n — Q)|)|Fn+q|_1
< (|Fatql = (12a] = [9Q0)) | Frtql ™
!
< (n+g+1) " ((n+q+1) = [ (n+Lj—K;+1)
Jj=1
+1Q|) — 0, as n — oo.
Let g € G, g # e. It follows from Lemmas 4 and 5 that lim, . ¢5,(9) =
0. Hence lim, .. ¢5, (99 = 0 and it follows from Lemma 2 that
limg, o0 ¢Fn (g) = lim,_, 0 ¢Fn+k (g) =0.

We consider now the general case. Let Gg, k = 1, ..., m be the simple
factors of G and g € G, g # e. Then g = (g1,..,9m) With g € Gy,
k=1,..,m. We have ¢, (9) = [[ =1 ¢F..(9x)- Since g # e there exists an
ko such that gi, # e. It follows from above that lim, ¢Fk0,n (9%,) =0
and consequently lim,_,. ¢r (9) = 0.

As in Theorem 7 we see that limp o |[Fn|™' Y o\cp da ™ IA(m)I3
=0.

(b) Since {oA1,...,0A\} = {=A1,...,— A} we have {m_,\: A € F,} =
{7 : XA € F,,}. The assertion now follows from (a). O

ANNALES DE L’INSTITUT FOURIER
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i
LEMMA 10. — Let C be a compact subset of M.(G), € > 0 and
m € N. There exists £ € AT such that the following conditions are satisfied:

i) (64 FO) N =0,
i) daHa(m\)||%2 <efor A€ €+ FL and u € C.
iti) (deox) " HE(m_oa)||2 < e for N € £+ F2 and p € C.

Proof. — There exist continuous measures pq, ..., 4, in C such that
for any pu € C there exists p;, ¢ = 1,...,7, with ||u — p; || < €. Since
dx~Y2?||ii(ma)|l2 < ||ull, it suffices to show that there exists & € AT such
that the following conditions are satisfied:

i) +F))NF,=0.
i) da"Ym(m )2 <efor A€ €+ FS andi=1,..,r
iii) (deox) " Zi(m—or)|Z <efor A€ E+F2 andi=1,..,r

Let k € N. There exist £ € Fkm, j = 1,..,k' — 1 such that

& + FO C Fm, (6 + FA)NFypy —@forevery]wmhl < k'—1and

(& + F2) N (& + F2) = 0 for every pair (j, j') with 1 < _] <j <kl-1.

Then —0(& +F2) C Fem, (—0(&§+ F2))N(—0(F)) = 0 for every j with

<kl—=1and (—o(&+FQ))N(—o (& + F2) = O for every pair (4, j')

Wlth 1< j < j <k'—1. Assume that for every j with 1 < j < k! — 1, there

exists i, 1 < i < 7, such that either £;+ F?, contains a A w1th d,\ Y| ()13
> e or & + F?, contains a A with (d—,») 7| (7—0x)|13 > €. We get

Z Feml ™ Y (@IS + (d-ox) Ml (m-0a)[13)

AE€Fm
r k-1

2 Fenl 7YY D0 (b THEm)IE A (deon) M (T—on))

i=1 j=1 >\€£J+F0
K-1 r

2Pl Y (@ B EIB + (d=on) I (m—on) 3)

J=1 i=1 A\€¢;+FY
> (km +1)7H (k" — De.

But (km + 1)"!(k! — 1)e — m~'e as k — oco. This is in contradiction with
Lemma 9. a

LEMMA 11. — Let C be a compact subset of M.(G). There exists
a sequence (&;,m;, kj, ;) eN such that

TOME 50 (2000) FASCICULE 4



1286 M. ANOUSSIS & A. BISBAS

(i) & € AT, ¢; € A*, m; € N, (m;)eN s strictly increasing, k; € N,
k; is the smallest number such that Fy, contains 0 and & + 6 + Fp, .

(i) 9; € & + Fin,.
(lll) ¢j+1 + ij c £j+1 + ij+1'
(lV) ij N (§j+1 + ij+1) = @

(v) dn,HIE(m)IZ < 37™ and (d—o,)  E(T-ox)lI3 < 37™ for
A€ (§+Fy,) and peC.

Proof. — We prove the lemma by induction. We set m; = 4. It
follows from Lemma 10 that there exists £ € A1 such that condition
(v) is satisfied. Let 11 be the center of & + F,,, and k; be the smallest
number such that Fj, contains 0 and &; + 6 + F,,,, . Then conditions (i), (ii)
and (v) are satisfied. Suppose that we have constructed (§;,m;, k;j, ;) for
7 =1,...,n. Put m,41 = 4k,. It follows from Lemma 10 that there exists
&n+1 € AT such that (iv) and (v) are satisfied. Take 1,4 1to be the center of
én+1+Fm, ., and let k, 41 be the smallest number such that Fy, ,, contains
0 and &ny1+ 6+ Fpn,,,,- Then (i), (ii) and (iii) are satisfied. O

We recall that for A € A we denote by £, the unitary character of T’
with differential Aj¢. The mapping A +— £ is a bijection from A onto the
dual group of T. We identify the group A with the dual group of T via
this mapping. For the definition of dissociate sets the reader is referred to
[9], 7.1.

LEMMA 12. — Let C be a compact subset of M.(G) and (&;,m;, k;,
¥;)jeN be a sequence which satisfies the conditions (i) up to (iv) of Lemma
11. We set ¥ = {4; + 6 : j € N} and ©(¥) = {3°7_, €;(¢; +6) : n €N,
e;j=0,1o0r—1,j=1,..,n}. Then

(a) The set ©(¥) is contained in {0} U( U52,(& + 6 + Fny))U
(U521 (& + 8+ Fmy)).

(b) The set ¥ is a dissociate subset of A.

Proof. — Let 3°7_, €;(4; + 8) € ©(¥) with e, # 0. We show by
induction that 237:1 ej(¥j + 6) € en(bn + 6 + F,,). If n = 1 it follows
from condition (ii) that e1(¢1 + 6) € €1(§1 + 6 + Fi,). Assume that the
assertion is true for 1,...,n — 1. Let n’ = max{j : 1 <j <n—1, ¢; # 0}.
Then by the induction hypothesis 27;11 gi(¥; +6) = Z;’I:l gi(¥; +6) €
€n'(§n + 6+ F,). By condition (i) we have en/ (€n +6 4 Frn ) C e/ Fi,,

ANNALES DE L’INSTITUT FOURIER
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which is contained in €, Fj,, _, since by conditions (i) and (iv) the sequence
(kj)jen is increasing. Then 37, €;(1); +6) € en(n +6) + € F,,_, which
by condition (iii) is contained in &,(&, + 6 + Fi,,,)-

(a) It follows immediately from above.

(b) Consider r,s in N. Let ¢; = 0,1 or —1 for n = 0,...,7, &, # 0
and 6;— =0,1o0r -1 forn =0,...,s, €5 # 0. To show that ¥ is dissociate
it suffices to show that if 337, e;(¥; +6) = 3., _, €i(1; + 6) then r = s
and e, = €. It follows from above that }77_, €;(; +6) € &,(& + 6+ F,)
and that >0 €i(; + 6) € €5(§ + 6 + Fp,). If e, = —1 we have
er(&r+6+Fp, )NeL(Es+6+ Frn,) = 0. We conclude that ¢, = ¢,. Let 7 > s.
Then & + F,,, C Fy, and by condition (iv) (& + Fin,.) N (& + Fn,) = 0
and hence &.(& + 6 + Fp,,.) Nek(és + 6 + Fp,) = 0. Similarly we show that
we cannot have s > r. We conclude that r = s. O

The following result is proved in [5], p. 3117.

THEOREM 13. — Let vr be a singular, probability measure on T.
There exists a central measure v on G singular with respect to the Haar
measure dg such that

D(my) = Mdxy™ Y sgn(w)ip(w(A+6))1d,
wew
for A\ € AT and where M is a constant.

If X is an operator on a finite dimensional Hilbert space we denote
by || X|| the norm of X.

THEOREM 14. — Let C be a compact subset of M.(G). There exists
a central, singular measure v on G, v # 0 such that v x pu is absolutely
continuous with respect to dg for every p € C.

Proof. — Let (§;,m;,k;j,¥;)jen, ¥, ©(¥) be as in Lemma 12. Let
{a;}jen be a sequence of complex numbers such that Y72, |a;|*> = 400,
laj| < 1/2, 7 € N and « be the function on ¥ defined by a(i; + 6) = a;,
j € N. We denote by v the Riesz product based on ¥ and a. (For the
definition of Riesz products see [9], 7.1). Then v is a probability measure
on T and the support of U7 is contained in ©(¥). It follows from [9], 7.1.4
and 7.2.2 that vr is a continuous measure singular to the Haar measure
on T and from Theorem 13 that there exists a singular, central measure v
on G such that D(my) = Mdx™' Y, vy sgn(w)op(w(X + 6))Id for A € AT
and where M is a constant. Let W(T') (resp. W(I'™)) be the Weyl chamber
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which corresponds to the base I" (resp. I'"™) of the root system ®. By Lemma
12, vr is supported in W(I') U W(I'™) and since the Weyl group W acts
simply transitively on the set of Weyl chambers [16], 10.3, i (w(A+8)) =0
for any w in W, w ¢ {o,1d}. Hence

D(ma) = Mdy~ (o7 (X + 6) + sgn(o)vr(o(X + 6))) 1d

We are going to show that we may choose the sequence {a;};en
in such a way that v # 0. We have U(my,) = Mdx~ vz (yy + 6) +
sgn(o)vr(o(Pr + 6)))1d. If o # —1Id taking a; = (1/2)j7(1/?), we have
V(my,) # 0. If 0 = —1Id then if we take a; # a7 we obtain D(my, ) # 0.

We are going to show that v u is absolutely continuous with respect
to dg for every p € C. From [13], Theorem 28.43, it suffices to show that

Z dxllv* ()3 < +oo.
AEA+

We have

Y dllrFam)li3

AEAT )
= Y dalp(m) P13
AEAT
=M? Y |[or(A +8) +sgn(o)vr(o (A + 6))Pda | A(ma) |13
AEAT
<2M? Y da T ([or A+ )P + [7r(a (A + 6) ) () 3-
AEAT

It follows from Lemmas 11 and 12

ST A +OPATHEENIE =Y D [T+ 8P TR
AEA+ J=LAEE;+Fm;
(m; +1)'37™ < +o0.
j=1

The mapping A — —o () is a bijection of AT and o(§) = —4. Hence

3 1R+ 8)Pdx a(m) I3
AEAT

= > (= +8)P(d-on) M IE(T—o2) 3.

AEAT

Since —(A+96) € —(& + 6 + Fyy,;) if and only if A € (§; + Fin;) we get from
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Lemmas 11 and 12

> [Tr(e(r+8)PdaHIA(m) 13

AEA+ -
=> Y 1=+ 8)Pdeoy) Ar-on)l3
J=1X€€j+Fm;
Z(mJ +1)!137™ < +o0.
j=1
We conclude that Y, cx+ dallv* p(ma)[|13 < +oo. 0

4. The factorization theorem.

In [8] C. C. Graham and A. MacLean show that if f is a trigonometric
polynomial on the unit circle T then there exist two singular measures p
and v on T such that f = p * v. In this section we prove an analogous
factorization result. Let A € A. Then there exist real numbers x1,...,2;
such that A = Eli=1 z;hi. We set |Al; = Zizl |;]- Since {oA1,...,oN} =
{=A1, .-, =Ai} we have |o(N\)|1 = |A]1 for A € A.

LEMMA 15. — Let ¢ € N, q > 3. There exist singular, central
measures pg and vg on G such that

a) [gdpo(g) = [ dw(g) = 1.

b) If k,n are in A*, (k,n) # (0,0) and fo(me)io(m,) # O then
|k —nl > (¢ = 2)L.

Proof. — Let ¥ = {6} U {¢™6 : n € N}. It is easy to see that ¥
is a dissociate set. Let {a,}n>0 be a sequence of complex numbers such
that 5°°°  |an|? = 400, |as| < 1/2, n = 0,1,... and a the function on ¥
defined by a(q"6) = a,, n =0,1,.... We set ¥; = {6} U {¢*" 16 : n € N},
Uy, = {6} U{g*6 : n € N}. Let ur and v be the Riesz products based on
¥, and g, and ¥, and a,y, respectively. Then ur and vr are probability
measures on T such that /7 has support ©(¥;) = {3-F_ ,¢?" 16+ 06 :
keN e =0,10r -1, n = 0,1,...,k} and vr has support O(¥3) =
{EZ=1 €nq®6 +e06: k€N, g, =0,10r -1, n = 0,1,...,k}. It follows
from [9], 7.1.4 and 7.2.2, that ur and v are continuous measures singular
to the Haar measure on T. By Theorem 13 there exist singular, central
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measures po and vy on G such that

To(my) = Mdy™* Z sgn(w)pr(w(A + 6))Id
weWw

o(ma) = Mdx™ > sgn(w)or(w(X + 6)) Id
wew

for A € AT and where M is a constant.

Since by construction g and vr are supported in W(I') UW (I'™) we
have

fio(mx) = Mdx™" (r (A + 6) + sgn(0) iz (o(X + 6))) 1d

and
vo(my) = Mdy~ (or (X + 68) + sgn(o)vr(a(A + 6))) Id.

a) Since o(§) = —6, we have [, duo(g) = [;dw(g) = M(ao +
sgn(o)ag). Hence we may choose ap in such a way that ag + sgn(o)ag
# 0, |an| < 1/2. Replacing po and vy by suitable scalar multiples of them
we have the assertion.

b) If ig(m) # 0 we have k + 6§ € ©(¥,) or o(k + §) € O(¥;). Since
©(¥,) is invariant by o we conclude that k + § € ©(¥;). In the same way
o(my) # 0 implies that n + 6 € ©(¥3). There exist r,s in N such that
K+86=3"_, eng®" 16 + €06, with €, = 0,1 or —1 for n = 0, ...,r and
n+6=>3"_,e,¢°"6 + €y, with ), = 0,1 or —1 for n =0, ..., s. We get
K== 1eng®" 6 — 30 _ehg®™6 +eob —epb. I YT eng®™ 6 —
> _1€ng°"6 # 0, it is a non zero integral multiple of ¢é. Since |6]; = by
[16], 13.3 Lemma A, and |eg — &g < 2 we see that |k — n|; > (¢ — 2)I. If
S _1eng® 18 — 30 €lg*™6 =0, we have k+ 6 = €96 and ) + 6 = £(6,
since ¥ is dissociate. But x and n belong to A* and so K =n = 0. a

For m € G and p € M(G) we denote by m(u) the operator
Jo m(9)du(g)-

THEOREM 16. — Let f =Y. | a;x»,, wheren € N, a; are complex
numbers and \; € At, i = 1,...,n. Then there exist two singular central
measures p and v on G such that f = p*v.

Proof. — Put h =", d;x»,. From the orthogonality relations ([4],
Ch. II, Proposition 4.16) it follows that h* f = f. Let ¢ € N, ¢ > 3 and uo,
v as in Lemma 15. We set u = hug and v = fry. The measures p and v
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are singular, central measures on G. We are going to show that f = px v.
To see this it suffices to show that

TY/ flg)ma(g™)dg = TT/ T (g7 )d(p * v)(g), A € AT.
G G
We have

Tr/Gf(g)m(g”l)dg=/Gf(g)xA(g‘l)dg
- / > aixa (9)xa(g7")dg
G =1
= Zai(x,\i *xx)(e),

which by the orthogonality relations ([4], Ch. II, Proposition 4.16), is equal
to ag if A = A for some k € {1,...,n} and equal to 0 if A ¢ {A\1,.., A, }. It
follows from (7], IX 5.2, that Tr [, ma(g™1)d(p * v)(g) = Trma-(u)ma«(v)
where )+ is the representation adjoint to . (For the definition of the
adjoint representation see [7], IX 3.7). Since my+ (1), ma+(v) are multiples
of the identity,

Trmas ()mas (V) = da= "~ Trmae () Trma- (v).
We have

%WW=LEMm@M@WM)
i=1

Now xx,(9)xx(9) = 2 rco, Mi(K)Xx(g) Where ©; is the set of the
elements k € A* such that 7y is contained in ), ® my» and m;(k) the
multiplicity of 7 in 7y, ® mx~. We obtain

Tr7r,\~ /Zd Z mz Xn(g)duo(g)

=1 KEB;
Similarly we get

ﬁww=/Z%ZmMm@MU
j=1 ne6j
Finally

ﬂ/m Yd(u  v)(g)

—mr/Zd mi(R)Xag %@/z% (mxn(g)drn(9)
KEB; neEB;

= d»‘lzz Yo Y diami(x) mg(n)/ X (9)dpio(g / Xn(9)dvo(9)-

i=1 j=1K€EO; NEO;
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Assume that (x,71) # (0,0) and [ x«(9)dro(9) [5 Xn(9)dro(g) # 0.
Then fig(7y)o(my+) # 0 and it follows from Lemma 15 that |* — n*|;

> (¢ — 2)l. We have k* = —o(k), n* = —o(n) and hence |k — 7|y
> (q— 2)l Let II(\;) be the set of weights of the module of highest weight
Ai, 1 i< Set II = UZ 1 II(XA;) and m = max{|¢|; : { € II}. It follows

from [16] Exermse 24.12, that k € A* +II and n € A* + II and hence
|k —n|1 < 2m. We conclude that if we choose ¢ > 2mi~! + 2 we obtain

Jo xx(9)dro(9) Jg xn(9)dro(g) = 0 if (k,m) # (0,0). Therefore

T [ m(a™)dGe s (o)
_d,\,“IZZdaJmZ(O m;(0) /d,uo(g /dl/()

11]1

= d)\-_l ZZdzaJml(O)mJ(O)
i=1 j=1
Now it follows from [7], IX 5.6, that m;(0) = 0 if A; # A and m;(0) =1 if
Ai = A Hence if A ¢ {1, ..., A\n} we have Tr [, ma(g™!)d(p *v)(g) = 0 and
if A = A\ for some k € {1, ...,n} we have

Tr/ (g™ )d(u * v)(g) = dx; ™~ dAkak = ag

since dx: = d, by [7] IX 3.7. We conclude that f = p*v. a

5. Wiener’s theorem for symmetric spaces
of compact type.

Let K be a closed subgroup of G which is the group of fixed points
of an involutive automorphism of G. It follows then from [11], Ch. VII
Theorem 8.2, that K is connected. We assume that the symmetric pair
(G, K) is irreducible. It follows from [12], Ch. IV §3 Theorem 3.1, that the
assumptions of Theorem 3.11 in [18] are satisfied and hence we may use the
results of Section 3 of that paper. In this section we prove a Wiener-type
theorem for the symmetric space G/K. We will use in the sequel some facts
about spherical representations and spherical functions. For the definitions
and information concerning these notions the reader is referred to [12].

We set A} = {A € At : 7, is spherical} and we denote by ¢, the
spherical function on G which corresponds to 7). Let N be the normalizer
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of K in G. It follows from [18], Proposition 1.11 and Lemma 2.4, that N/K

is finite abelian group. Let r be the order and J\T/}( the dual group of
N/K. It follows from [12], Ch. IV §3 Theorem 3.4 and Lemma 3.6, that ¢y,

A € A}, induces a unitary character ¢’ of the group N/K. Let v € 1\7/\K
and M, = {\ € A% : ¢} =~}. Then the family {M,} YeRTR
of A}, and it follows from [18], Theorem 3.16, that M., is infinite for every
v € N/K.

is a partition

DEFINITION 17. — A sequence {Ay},¢cn of finite subsets of AK is
called K-admissible if limp_,oo |AnN M, | |Ap|™! =771, for vy € N/K
Let A be a finite subset of Aj;. We define the function
pa(9) = A7) eal9),9€ G

A€EA

The function 14 takes the value 1 at e and is bounded by 1.

LEMMA 18. — Let ¢ € N — K and {An},en be a K-admissible
sequence of subsets of Af;. Then lim, o, ¥4, (g) = 0.

Proof. — Let q be the canonical projection from N onto N/K. We

have
=14nI7 ) oalg) =14n™ Z PDRRNC)
AEA, ’yEN/K AEANM,
=147 Y Y ()
JENTR AEARNM,
= Y |Ann M| |47 (a(9))
+eN/K
and hence limp o0 ¥4, (9) =771 e TR v(q(g))- Since q(g) # e we have
Z%N/K (¢(g)) = 0. We conclude that lim, o %4, (g9) = 0. 0

Let M(G/K) be the space of regular Borel measures on G/K and
M(G, K) the space of regular Borel right K-invariant measures on G. We
denote by dk the Haar measure on K of total mass 1 and by p be the
canonical projection from G onto G/K. Let f be a continuous function on
G. We set: f*(p(g)) = [« f(gk)dk. If p € M(G/K) we define a measure y*
on G by the relation: p(f) = u(f*). Then pf € M(G, K) and the mapping
p — pl is a bijection from M(G/K) onto M(G, K) ([3], Ch. VII, §2, n° 2,
Proposition 4).
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PROPOSITION 19. — Let p € M(G,K) and {An}.eN be a K-
admissible sequence of subsets of AJr Then

lim |A,|™? Z Tr i(my) = p(K).

n—00
A€EA,

Proof. — Tt follows from [18], Corollary 3.14 and Lemma 18 that
lim, 00 ¥4, (9) = 0 for every g € G — K. Hence by Lebesgue’s Dominated
Convergence Theorem limy o [5_x %4, (9)dp(g) = 0. On the other hand
Ya,(9) = 1 for g € K and hence [}, ¥4, (9)du(9) = p(K). We conclude
that

Jm [ Ga @duts) = ().

To finish the proof we have to show that [ (g)du(g) = Trzi(my). From
[12], Ch. IV §4 Theorem 4.2, we have @i (g) = [ xa(97'k)dk. Hence

/ ox(0)du(9) / / xalg™ k) dkdp(g) = / / (kg™ V) dkdu(g)

since x is a central function. Using Fubini’s Theorem and the fact that u
is right K-invariant we obtain

/G ox(9)du(g) = /K /G (kg ™) dpu(g)dk = /G x2(0™Y)du(g) = Te ().

0

For v € M(G) the measure v~ is defined in Section 2.

THEOREM 20. — Let u € M(G/K) and {Ap},cN be a K-admissible
sequence of subsets of Aj;. Then

Jim (A7 3 I3 = 3 kel
AEA, z€G/K

(The sum on the righthand side of the above equality is taken over the set
{z € G/K : u({z}) # 0} which is of course a countable set).

Proof. — Let v € M(G, K). Then v~ xv € M(G, K) and applying
Proposition 19 to this measure we have
Tim A7 Y [9(m) 3 = v~ w(K).
AEAR
Let A be a system of representatives of G/K in G. Since v~ * v(K) =
> yea lV(YK)|? we obtain

Jim 14,70 3 9(m)IE = 3 k)P,

AEA, yeEA
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The theorem follows applying this formula to the measure uf, since
K (yK) = p(p(y)). o

Remark 3. — Using [11], Ch. VIII §5 Proposition 5.5, we can show
that Theorem 20 holds without the assumption that G/K is irreducible.
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