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THIN SETS IN NONLINEAR POTENTIAL THEORY

by L. I. HEDBERG (‘) and Th. H. WOLFF ()

1. Introduction and main results.

Let LR, a > 0, 1 < g < oo denote the space of Bessel potentials
f=G, % g, geL!R?), with norm ||fll,,=llgll;, and let LZ,(RY),
p + q = pq be its dual. Here G, is the Bessel kernel, best defined as the
inverse Fourier transform of G,(£) = (1+¢/?)~%%. As is well known
(A. P. Caldero6n [7]), when o is an integer there is a constant A so that

1/q
A7 S Nag <( > LID“fI“ dx) < Allfllag>
R

(N[N

and thus LI coincides with the Sobolev space variously denoted H*?,
Wi, etc.

We shall be interested in the case ag < d, when the functions in L
are not in general continuous. Their lack of continuity can be measured by
a set function called (a,q)-capacity which is most conveniently defined by

Coo(B) = inf{j gldx;g20,G, * g=1 for all er}~
R4
This definition is meaningful for arbitrary E < R?, because
G, * g(x) = L G, (x—y)g(y) dy
R

is always defined (< +o0) when g > 0.

(*) Supported by the Swedish Natural Science Research Council.
(%) This work was done while an NSF post doctoral fellow at the University of Chicago.
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Classical potential theory is closely associated with the space L} or
more generally L2, 0 <2x <d, and C,, is nothing but a slight
modification of Newtonian capacity (or logarithmic capacity for d=2). In
fact, for 0 < 2a < d, C,, is classical capacity with respect to the kernel
G,,, and for 0 < 2a < d this kernel has the same singularity as
the M. Riesz.kernel R,,(x) = |x|>*79.

The concept of a thin (effilé) set is fundamental in potential theory. A
set E < R? is called (a,2)-thin at a point x, if the following equivalent
statements hold.

(A) There exists a positive Radon measure p (briefly, pe #™*) such
that

Gaq * B(xo) < liminf Gy, * p(x).

x—XQ
xeE\{xp}

(B) J.l C..2(EnB;(x,)) dd

T 2§ < 0. Here B(xo) = {x;|x—xo|<3}.

The equivalence of (A) and (B) is the content of the Wiener criterion.
See e.g. Landkof [23] for 0 < a < 1, Fuglede [14] for the extension to
20 < d.

Let e,,(E) = {x; E is (0,2)-thin at x}. Thus e,,(E) contains the
exterior of E, and in general, part of the boundary JE. The set e, ,(E)
has the following important properties.

THE KELLOGG PROPERTY. — C,,(Ene,,(E)) = 0 for any E < R?.

THE CHOQUET PROPERTY — For any E = R? and any € > 0 there is an
open G = R? such that e,,(E) =« G and C,,(EnG) < €.

See Brelot [5,6], Choquet [9], Fuglede [14]. Clearly the Kellogg property
follows from the Choquet property.

Our purpose is to generalize all these results to (a,q)-capacities,
1 < g < d/a. Before we can formulate these results and discuss earlier
work in this direction we have to recall a few more facts about (a,q)-
capacities. It is in the nature of things that for g # 2 the role of the
potential G,, % p will be played by a nonlinear function of p,
G, * (G, % p)?"', called a nonlinear potential and denoted v%,. The
following results are known.
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Let E = R be an arbitrary set with finite (a,g)-capacity. Then there is
pwe.#*(E), the exterior capacity measure, such that

(@) WE) = C,,(E).
b) (G, * p? ! = geLIRY, and

f gldx = f (G, * wyPdx = C, (E).

(¢) Vi (x) =G, * (G, * p)*"'(x) = 1 on E, except, possibly on a
set of zero (a,g)-capacity, i.e. (a,g9)-quasieverywhere ((a,9)-q.e.) on E.
(d) Vi, <1 everywhere on suppp.
Moreover, there is a constant M such that for any pe.#*
(€) sup Vi (x) <M sup Vi, (x).

X €supp
Choquet’s capacitability theorem applies, so for Borel or Suslin sets E
(f) Cqo(E) = sup{C, ,(K); K<E, K compact}.
Furthermore, if E is Borel (Suslin)
(8) Cog(B)'/® = sup {n(E);pe #*, supp pcE, ||G, * pll,<1}.
(1) Cyq(E) = sup {u(E);pe #",suppucE, sup Vi, (x)<1}.

Xesupp p

In view of this the natural generalization of (A) is the following
statement about a set E < R? and a point x, e R‘.

(C) There exists a pe #* such that

Vi, (xo) < liminf V§ (x).
x—xq, x € E\{xo}

Another possibility is the following.
(D) There is a pe #* such that VY, is bounded, and

Vi, (xo) < liminf Vi (x).
x—Xxg, x € \{xp}

It turns out that the natural generalization of (B) is

L (C,,(EnBy(xo)\* ! db
® J () 5 <

Unfortunately (C), (D) and (E) are not equivalent in general. In
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addition to the obvious implication (D) = (C) the following are known :
© =@ =® for 2-3<aq<da)

(D) = (E) for l<g<2-—

&R 8R

(E) + .(D) for 1<qg<2-—-=.

The reason for the difficulty is that for ¢ > 2 — % there are estimates

2 (uBs(x)\ ' _,5dd 2 (uBs(x)\P ! _, ;dd
Alf ( Sdiaq ) e blsf gV:_q(x)g AZJ ( Bdfaq e bzs_s_,

0 0

o . .
but for 1 <g<2— 7 only the lower estimate is true. To see that the

upper estimate breaks down it is enough to take p to be a point mass,
since this gives Vi = 0.

As a consequence extensions of the Kellogg and Choquet properties to

the case 1 <g<2— % have been lacking.

We shall show that (E) is the good choice of definition for an (a,g)-thin
set, and prove that the Kellogg and Choquet properties are true in this
strong sense. Furthermore, we shall show that (C) (and (D)) can be
replaced by a modified statement which is equivalent to (E). The main new
tool is an inequality which gives a characterization of the positive measures
in L? (R%. To state the results precisely we set

L "u(B P145
W (%) = L (”g,,iﬂ’j’)) 2

Like Vi,, Wi, is a lower semicontinuous function of x. In fact, for

any 8, > 0, j ! (M(Bs(X)))""‘ 3

5i-oa — 1S continuous.
)

)
By the above estimate there is A > 0 so that Wi (x) < AV (x),
and thus J'W:,q dp < AJ.V:M dy = AJ d(G“ % WP dx. The new result is
R

that the converse inequality is true, although the pointwise estimate is false.
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THEOREM 1. — Let pe #*, o> 0 and 1 < q < d/o.. Then there is
A >0 so that

J(Ga * p)fdx < AJW:,,, dp.

COROLLARY. — pe#* nLP (RY if and only if J\W:'q dp < 0.

DEFINITION. — A set E < R? is (a,q)-thinat xeR? if ag < d and
! B P-1 4%
f <C"q(§:aq8(x»> L <,
0
e.q(E) = {xeR?% Eis (a,9)-thin at x}.

THEOREM 2 (The Kellogg property). — Let a > 0, 1 < q < d/o. Then
Cyg(€aq(E)NE) =0 for any E < R%.

Theorem 1 makes it possible to develop nonlinear potential theory
using JVW;‘.q dp instead of fV:,q dp as a generalized energy, and W}, as
a nonlinear potential. In this way one can extend the Choquet property.

THeoreM 3 (The Choquet property). — Let a >0, 1 < q < d/a.
Then for any E < R? and any € > 0 there is an open G such that

e, (E) = G and Co(ENG) < €.

We also obtain an equivalent formulation of thinness in terms of W% .

THEOREM 4. — Let o >0, 1 < g < dfa. A set E = R? is (a,q)-thin
at xo€E if and only if there is pe . #* such that

WE (x)) < liminf W* (x).

x—+xq, x € E\{xo}

These results have a number of consequences which we formulate in the
next section. In section 3 we prove theorem 1, and since theorem 2 can be
deduced quickly from theorem 1 in the case when E is capacitable or, say,
Borel, we give the deduction although theorem 2 is a consequence of
theorem 3. Finally in section 4 we develop the potential theory for W,
which is needed to prove theorems 3 and 4.
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Numerous references to earlier work on potentials of L? functions and
nonlinear potential theory by D. R. Adams, B. Fuglede, V. P. Havin, V. G.
Maz’ja, N. G. Meyers, Ju. G. ReSetnyak, and others are found in the
earlier papers [17-21] of the first author. (a,q)-thin sets were defined in [17]
and independently by Adams-Meyers [2]. The relations between (C), (D)
and (E) we proved in [2] (and partly in [17]) except for a slight extension
given in [1]. The definition of (a,q)-thin sets given here was proposed by
Meyers [25], who also studied the associated (a,q)-fine topology and

. . d
properties of the function W§ . In the case 2 — % <q< m the Kellogg
and Choquet properties were proved in [17].

The results given in section 3 are due to Wolff; the results in section 4
were found subsequently by Hedberg.

Throughout the paper A denotes various constants, whose value can
change from one line to the next.

The second author is grateful to Peter Jones for drawing his attention to
these problems and for valuable conversations.

2. Applications.

The main result in [20] was that all closed sets F = R? admit so called
. e 1
(m,q)-synthesis for any positive integer m and any q > 2 — 7 It was

pointed out there (and in [18]) that the result would follow for g > 1 if the
Kellogg property could be proved for all (m,q)-capacities, ¢ > 1. Thus,
we can now state that result. We refer to [20] for the precise definition of
the traces f|g, D*fl.

THEOREM 5. — Let q > 1, let m be a positive integer, let F = R? be
closed, and let f e L4(R%. Then fel%(F°) if and only if D*f|z = 0 for
all multiindices k, 0 < |kl <m —1.

More precisely, if D*fly=0, 0<k<m-—1 (in particular if
f eL4(F) then for any & > 0 there exists a function w, 0 < w < 1,
such that suppw is compact and does not intersect F, and such that
wfel®, and ||f —wflln, <E.

Of course, all the consequences of this result which were given in [20]
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1
for ¢ >2 — 7 can now be extended to g > 1. We do not repeat these

corollaries here.

We can now also solve a problem left open in [17]. Thus the following
theorem extends theorem 7 in [17]. See also the survey [19].

THEOREM 6. — Let . >0, g>1, Ec R?, and S < E. Then the
following are equivalent.

(@) C,,(8nG) = C, (ENG) for all open G;
(b) For some n >0, C,,(SNnG) = nC, (EnG) for all open G;

(c) For (w9)-qe.x€E, liminf CaaBnBs(x) _ .

0 C, (EnBs(x)) =
(@) Cqq(€a,q(S)\enq(E)) = 05
(€) €4,4(E) = €,,4(S);
(f) Cay(€aq(S)NE) = 0.

Remark. — In the terminology of Choquet [10] a subset S of a set E is
called C, -representative for E if (a) holds.

Proof. — The implications (a) = (b) = (¢) = (d) and (a) = (e)
are trivial. (d) implies (f) by the Kellogg property. (f) implies (a) by the
implication (D) => (E) of section 1. In fact, if (f) is assumed, it follows
that the capacitary potential for S (which is known to be bounded) is
> 1(a,q9) qe. on E, which gives the result.

As in [17] we can apply Theorem 6 to solve a problem on rational
approximation. See also [19]. Let K = G be compact, let LZ(K) denote
the subspace of LP(K) consisting of functions analytic on K°, the
interior of K, and let R?(K) be the closure in L?(K) of the rational
functions with poles off K. Then R?(K) is a subspace of L2(K), and it
is well known (Havin [16]) that RP(K) = L2(K) for 1 <p < 2.

THEOREM 7. — Let 2 < p < oo. The following are equivalent :
(@) R?(K) = L{(K);

() K is (1,9)-stable,'i.e. if e WI(R?) and ¢ =0 on K¢, then
¢ € Wi (K9);

(c) C,,(GK) = Cl,q(G\KO) for all open G;
(@) C,(0KNey 4(K)) = 0.
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For p = 2 the equivalence of (a), (b) and (d) is due to Havin [16]. The
equivalence of (b) and (c) is due to T.Bagby [3]. Havin’s result was

1 3
extended to p < 3 (i.e. q>2—2=5) in [17; Th. 11 and Cor. 2, p. 316];

this was in fact the motivation for the introduction of (a,q)-thin sets. What
is new is the extension of Havin’s result to all p < co. The equivalence of
(¢) and (d) and other conditions which we omit is an immediate
consequence of theorem 6.

Let f be a function which is defined (a,g)-q.e. Then f is called (o,q)-
quasicontinuous if for every € > 0 there is an open set G such that the
restriction f|g is continuous as a function on G¢. f is called (a,q)-finely
continuous at a point x, if it is defined there, and if for all € > 0 the set
E, = {x;|f(x)—f(xo)| =€} is (a,q)-thin there.

It is known that every (a,q)-quasicontinuous function is (a,g)-finely
continuous (a,g)-q.e. This result is due to Fuglede [13]. See also [17]. Itis a
general result of Brelot [6; Theorem IV : 7] that the Choquet property
implies the converse. (We are grateful to T. Kolsrud for pointing out this
fact.) Thus we have the following theorem.

THEOREM 8. — A function is (a,q)-quasicontinuous if and only if it is
(o,q)-finely continuous (a,q)-q.e.

An application of this result is given by Kolsrud in [22].

3. The main inequality.

For the proof of Theorem 1 we shall use subdivisions of R? into
dyadic cubes. For each n > 0 we subdivide R? into non-intersecting
cubes of side 27", so that each cube in one generation is split into 27
cubes of the next generation. Q and Q’ will always denote such dyadic
cubes. The volume of Q is |Q|, its sidelength is £(Q), and yqo(x)
denotes the characteristic function of Q. The cube concentric to Q with
sidelength 3/(Q) is denoted Q. Finally, the unit cube is denoted I,.

As is well known there are constants a and A so that

Gy(x) < AIXP™, 0 <|x <1,
and
G,(x) < Ae™™, x| > 1.
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See e.g. Stein [26]. Note that 0 < o < d since we are assuming
ag<d, g>1.

Set
Rx)=x¢ O0<lx<l1,
R.(x) =0, Ix| >1.

Our first observation is that it is enough to estimate
J (R, % pyrdx.
R4

In fact, for any fixed n,

G, * p(x) < AR, * p(x) + J e~ du(y))

Ix—=yl>1

SAR, % p(x) + A Y ety (Q).

/(Q=2""
Thus
) P
(G * WP(x) < AR, * wP(x) + A( ) e_“d's""'Q’u(Q))
/(Q=2""
. p-1
S AR, * pP(x) + A( ) e“’d's‘("'Q’)
/(Q=2""
( Z e—a dist (x,Q) u(Q)p)
/(Q=2""
SAR % )P(x) +A T ey Qp,
Q@=2""
so that
f (G, * WP dx < AJ Ro*prdx+A Y pQpr.
R4 R4 /(Q=2""

But if n is chosen so that 2"'\/2 < 1/2, we have for

5

1 p—-1
xeQ (@ =27 Wi = [ (BN auqrt
0
so that

fW”dp= Y LW"duzA Y nQy,

‘(Q=2"" ¢(Q=2""

which proves the assertion.
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Secondly, we observe that it is no loss of generality to assume

supp p < I,. In fact,

‘[d(ﬁa * W)F dx =j ( J R.(x—y) du(y)) dx
R RI\z(Q=1

xeQ

sAJ (f R, (x- y)du(y)) d.
R4 £(Q=1

14
It follows that if fd<J R.(x—y) dp(y)) dx < AJ WH4p, then
R Q Q

J (R, * pyrdx < j- WHe gy < AJW" dp.
R4 Q=1
It is easily seen that
R, * n(o < J o) f 20+ D6=9 (B, ()
x—y<l Ix—yl n=0
1(0)
<AL ZQr e
and that
WH(x) =J (”(;a(j)))" (185 A Z 2n(d—aq)u(B —a(x))P 1
o n=
()
>A 2 <f(Q)““") %o(x)-
1(Q)? rQ >"
Wt — = A —=
f WA Y QAL (l’(Q)"“’ Ql

= rQ
B AJRd f((§<l (W) Xo(x) dx.

It is thus enough to prove

* J( X! (Q)““’M(Q)XQ(X)Y dx <A Y (QnQ)IQl.
Ip \/@Qx<!

Q<1

Our argument is rather similar to Hansson’s proof of the strong type
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capacitary inequality [15]. We first prove a lemma. We set

Q" 'n(Q = b(Q.

LemMMAa 1. — Let s >0, n>=1. Then for any dyadic cube 1,
Y, b@Qy Z QI <A Y bQ**IQl
Qcl Qcl

Proof. — If n =1 the left hand side is

Y b@Q) Y b@QQI=A Z b@Qr Y n@sQ"

Qcl QcqQ Q=Q

<A QZ lb(Q,)sl»l(Q') Z 27" Aozlb(Q’)HllQlL

270 @)

If n>1, first assume Q = I,. Then, by Holder’s inequality there
are ¢, € >0 so that

Y bQrQ=A ¥ b@Q ' (Q)"u(Q)

Qcly Q<ly

(Z b ”V’(Q)"”u(Q)) (Z Q" w@»)ﬁ_‘

Qcly Qcly
n—l

( > b(Q)"”ﬂQ)“‘) A

Qcly

Multiplying by p({,)*, and observing that

@)+ = bA (oY < 3 b@Q Qe

Qcly

we find
n—1

Ko X, bQIIQl< (Z b(Q)"*’/(Q)‘”) T A

Qcly Qcly

SA Z b(Q)"+s/(Q)d+t.

Qcly

Replacing I, by Q' we obtain by homogeneity

bQysQ) Y bQIQA <A Y bQ Q.
Q<Q Q<@



172 L.1. HEDBERG AND TH. H. WOLFF

Now divide by £(Q’)* and sum over Q < I, obtaining

QIZIb(Q')’ QZQ’ QI <A Y bQ @' Y /@)

Qcl Q:QcQ el

<A Y b@QIQl,

Qcl

which proves the lemma.

We can now prove (*). It is clearly enough to prove

f. 0(2 b(Q))" ix<A ¥ bQrQl

xeQ [{(N]

Let p=n+s, n=integer, 0 <s < 1. Then

L O(Z b(Q))" dx <A L Q,,:.Z b@,) - .. b(Q,)( y b(Q))’ dx.

xeQ ..2Qpax xeQ

For fixed Q,, ...,Q, we split the sum over Q according to which
Q/’s are inside or outside Q. The case Q < Q, has to be considered
separately. For the others, look at

» b(Qn)...b(Ol)( » b(o))’dx

Q> - 2Qy3x QcQeQyyy
<A Z b(Qn)"'b(Qk+l) 2 b(Qy
Q= 2 Qg Qe Qg
Y b@)... b@QIQl,
QoQ>---2Q

which by repeated application of the lemma is < AZb(Q)”lQI.
Q

For Q = Q; we have

b@,) ... b(Ql)( ) b(O))s dx

Q=2 2Q xeQc Q)

= X " b@Q,) ... b(Qy) L (QZ b(Q)xQ(x))s dx.

Q> cq
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By Holder’s inequality the integral over Q, is

SIQII’_’( Y b(Q)xQ(x)dx)’=|QI|‘-’( Y b(Q)nol)s

Q= Q<=Q

< Ale’“(qZQ u(Q)/(Q)“)s < AIQYI @04 (QY
<Q

= Ab@Q,)’1Ql.

Thus the left hand side is
<A Y b(@Q) - b@Q)b@Q) Q.
1

Q=---2Q

Again repeated applications of the lemma show that this is
< A%:b(Q)”IQI-

This proves Theorem 1.

In the case of Borel sets Theorem 2, the Kellogg property, now follows
from Theorem 1 and the following lemma.

LeEMMA 2. — If there is a Borel set E without the Kellogg property then
for any € > 0 there is a compact E, c E such that C,,(E) > 0 and

J‘ 1 (CM(Ee A Bﬁ(Jc)))”'l ds

R 5 <% forall xe€E,.
]

Proof. — Set (37¢C, (EnB;(x)))? ' 8! = C(E,3,x). Suppose that
1
J'Cm@nd8<w for all xeEne, (E)=E, and C,,(E)>0.

0
Then for some (large) €, >0 there is an E, < E' such that

1
j C(E,, 8,x)dd < &y, and C,,(E,) > 0. By Choquet’s theorem we

0

can assume that E, is compact. We choose E, so that

Ca'q(Een-nlBs(x)) >0 for all xeE, and &>0. Let
W(x) = f C(E,,3,x)dd, and let a be a point of E, with
V]

W(a) > sup W(x) — €/4. Then choose y > 0 with
XEESO

fc&ﬁm@>ww-m.
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If p <y is small enough, then for all xe B,(a),

1
j C(E%,S,x) dd > W(a) — €/4 > sup W(x) — 34—8,
Y

xeE

€0

Y 1 3e
SO J C(EEO,S,X) dd = W(x) — L C(E%,S,x) dd < e

0

Let E, = E, nBy(a). Then E, is compact, C,,(E) >0, and

1 1
f C(E,,5,x) dd < 345 + C, (B, (@) " j §ea-dP-D-1 45 < ¢

0 Y

if p is small enough.

Proof of Theorem 2. — If the property fails, choose E, by the lemma.
Let p be its capacitary measure. Then

n(E,) = J Vigdp = j (G, * p)Pdx < AJ' Wtdp.
Eg R4 E.

But by property (h) on p. 163 u(E.nB;(x)) < C, ,(E.nB;s(x)), so

1 p—1
WH(x) < L <&%x_))) d—; <eg for xeE,.

Thus jV" dp < Agp(E,) which is a contradiction if Ae < 1. The
Kellogg property follows.

Remark. — John L. Lewis has given a different, simpler proof of
Theorem 1, obtaining the good-A inequality

I{x;R, * p(x)>C A} < Cuel{x;R, * p(x)>Ar}|

{x;(J'm (& (Bs(x))? d—;)w > aXH
0

where C; and C, are positive absolute constants and A > 0 and
0 < &€ < 1/2 are arbitrary.

+

Remark added in April 1983. — Per Nilsson recently observed the
inequality

© 1/p
ATTR, * p) *(x) < <L (& p(Bs(x))” d—:) S AR, * p)(x),
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where # denotes the Fefferman-Stein « sharp » operation. Theorem 1
then follows from the Fefferman-Stein inequality for the sharp function.
See Acta Math. 129 (1972), 137-193, Theorem 5.

Nilsson also noticed that Theorem 1 means that the positive cones in
L?, and in the Besov space B, *? coincide. See J. Peetre, New thoughts on
Besov spaces, Duke University, Durham, N. C., 1976, Theorem 4 in Ch. 8.

4. Nonlinear potential theory revisited.

We shall use the dyadic cubes Q and expanded cubes Q of section 3.
For any such Q we let @, be a C* function such that yq < @q < %g-

We write j@Q dp = p(@y). Asin section 3 one easily finds that there are

constants A, ¢, and ¢, such that for pe.#*

- n(og) ! " 1(Pg) p—1
w2 (drs) e < viea 3 () e,

H(P) )" -
W wr = T , and
e set W (x) ((Q§)<|< Z(Q)F @Po(x), an

J."I/’;"qdp =J50).

The reason for introducing the functions @4 is that in this way we get a
lower semicontinuous #*. By Theorem 1 we have

A1 jW;qdp < va,qdp = J‘(G(,l * pPdx < AjW:qdp.
In the classical potential theory of Gauss, Frostman, H. Cartan, etc.,

the energy of a measure p plays a fundamental role. In our situation,
where we use Bessel potentials, the energy of a measure pu in #* N L2, is

I(w) = JGZa * pdp = J'(Ga * "1)2 dx.
In the nonlinear situation, the generalized energy,

I(w) = j Veqdr = I(Ga * p)f dx
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plays a similar part, although the difficulties mentioned in the introduction
arise. Here we shall show that using the equivalent functional
RAMES I Wi,du as the energy one can develop nonlinear potential

theory in a way which completely parallels the classical theory as exposed
in e.g. _Carleson [8, ch. III] or Landkof [23,ch.II]. In particular the

. . a ..
problems associated with the number ¢ = 2 — 7 disappear.
This programm is carried out in a series of propositions. These may be of
some interest in themselves, but our motivation is that they lead to proofs of

Theorems 2, 3 and 4, and we carry the theory as far as we need to achieve that
goal.

In what follows o and g will be fixed, and we usually drop those indices.

We have S(p) = J“I/f“ dp= Y £(QY @' Pu(ey)?, which we
/Qx<l
abbreviate by writing

FE) = Y aqn(9o).
7(Q)<!

For a compact K we now define the capacity ¥,,(K) = ¢(K) by
#(K)'" = sup {p(K); pe A" (K), £(p) < 1},
or equivalently
¢K) ' =inf{F(W 5 pe (K},
where we denote {p ‘e M (K);uK)=1} = 4] (K).
%(-) is extended to arbitrary sets as an outer capacity in the usual way :

%(G) = sup {¢(K); K compact, K =« G} if G open.
%(E) = inf {¢(G); G open, G o E}, E arbitrary.

By Theorem 1, C,, and #%,, are equivalent capacities, i.e.

A1 C,,(E) < %,,(E) < AC, (E).

ProposiTioN 1. — Let K = R? be compact. Then there is a
ye#)(K) which minimizes (), so that F(y) = €, (K)' 7.
Moreover W'} (x) > #(y) (a,9)—q.e. on K.
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Proof. — Only the last assertion needs proof. Suppose #7Y(x) < £ ()
on a subset of K with positive capacity. Then there is an € > 0 and
a compact

FcKn{x;#'(x)<S(y)—¢}
such that ¢(F) > 0. Let te 4, (F) and #(1) < oo, and set
s =(1-8)y +8t, 0<d<1,

so that p;e #)(K), and thus £(u;) > £(y). This leads to a
contradiction. In fact, consider

Fuy) = F(y+d(t—7)) = l«%‘ l aq(Y(9g) +3(t(9g) —7(9q)))” .

By the mean value theorem

(Y(9q) +3(t(9q) — Y(90)))?

= 7(9Q)” + 3(t(9q) —Y(9Q)) P(Y(Pq) + & (T(90) — Y(9q)))” !, where

0<& <.
Moreover

0 < 7(9Q) + Eo(t(9Q) —1(9Q)) < Y(9Q) + T(Pg).
Thus

F (1) = F (1) + 5pZag(t(9e) — (9 (Y(9o) + Eo(T(Pe)—7(9r))" ™.
Now the sum of the absolute values is majorized by
Zag(Y(90) +1(9g))” < AS(y) + AS (1) < w.
It follows that we can let £ — 0 in the sum, and obtain
I (s) = £ (1) + 3p(Zaqr(9a)¥(90)” ™' — Zaqy(9o)”) + 0(8)
=J(y) + SP(JWV dt—J(7))+0(8) < F£(y) — dpe + o(8) < £(y)

if & is small enough.

PROPOSITION 2.— #7] (x) < F(y) everywhere on supp y.

Proof. — Suppose #(xo) > £(y). Then #7(x) > #£(y) on a
neighborhood G of x,. If x,esuppy, then y(G) > 0. But by
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proposition 1, #''(x) > #(y) q.e. on K, and thus a.e. (y), whence
the contradiction J WYdy > F(y).

If pes is a signed measure, p=p, —p_, such that
Fs+p_) < oo we define

WH(x) = /(:4): ‘ Aol (9Q)IP 2 1(Pg) Po(x);

W) = f Wiy = T adu(@ol”.
/Q)<1

Let E, = {x;#*(x)>Ak or #*+*¥-(x)=+00}.

1
PROPOSITION 3. — With the above notation €, ,(K.) < 2 F (W) for any

compact K c E,.

Remark. — We have not proved that
%,.4(Es) = sup {%,,(K); K c E,, K compact},

so we cannot immediately replace K by E, in the proposition. But since
Choquet’s capacitability theorem applies to C,, (see e.g. [24]), and since

C

A
aq 1S €quivalent to €, ,, we have €, ,(E;) < a F(w). Itis of course

not difficult to prove that Choquet’s theorem applies to €, , as well. Cf.
[23, ch. II]. ‘

Proof. — Firstlet pe #*, and let o be a probability measure with
F(c) < o and suppo < E,. Then

"< f WHdo = Zaqu(g? ™ 5(09) < FW)"4.5(0)"”,

thus FO)T1I<ATII®Q).

Choosing ok as extremal measures for compact subsets K of the open
set E, we find

€.(E) = sup €,,(K) = sup F(0)" 4 < A7ISI().

KcE, K cEy

It follows in particular that €, ,({x;# *(x)=}) = 0.
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Now we let p be a signed measure, and we let K < E,. By the above
we can assume #*'+*"- < oo on K. If ogx again is the extremal
probability measure for K we find in the same way

A< JW” doy = Zagln(9o)l” ™ (9o ok (90) < F (W' S (ok)'?,

which proves the proposition.

ProposiTioN 4. — Let K be compact. Then
oK) =inf {F(u);peh™, Wt (x) 21 (x,q9)—qe. onK}.
Proof. — By the argument in the proof of Proposition 3
. (K) <inf {F(n); pe A, #*(x) > 1qe. onK}.
But the capacitary measure yg, normalized so that
Yk (K) = €,,(K),
gives # "K(x) > 1q.e. on K by Proposition 1.
ProposiTION 5. — Let K be compact. Then
€oq(K) = sup {(n(K); pe M *(K), W2, (x) < 1 on suppp}.
Proof. — Equality holds for p = yx. Suppose pe.#*(K),
#¥*(x) <1 on suppp. Then F(p) = IW" dp < p(K), so that

r(K) < IW“"‘ dp = Zagyx(9)” (o) < Ly F (WP
< €, (K)1u(K)'P,
and n(K) < %,,K).

ProPOSITION 6. — If pe # ™ and F(p) < oo, then W, is (o,9)-
quasicontinuous, i.e. for any & > 0 there is an open G with €,,(G) < ¢
such that W% g is continuous on G°.

Proof. — #W*(x) = Y aqu(99)*™ ! 9o().
Q<1
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Set

Wr(x) = Y agh(99)" ' @o(x),

17" <@xI
so that #7} is continuous. Then

J(W"—W:‘)du= Y, ag(@gf =& -0 as n— .
/Q<27"

Let

E, = {x; #*(x)—# "} (x)>A}.
Then as in the proof of Proposition 3, (ga 4E) <A7%,. Let €¢>0,
choose n; > o0 and A; » 0 so that Zk“a <g. Set G = UEA,
so that G is open and €,,(G) < a Then, outside G wle 1have
0 #H(x) — v " (x) < A; for all j, so "I//11 converges uniformly to
#*(x), which proves the proposition.

In the next two propositions we extend Proposition 1 to arbitrary sets.
Cf. Maz’ja-Havin [24, Theorem 5.5].

ProrosiTION 7. — Let G be open with %,,(G) < co. Then there is a
measure y € M} (G) such that

Wigx) = F() = €,,(G)' 7" (ng9)—qe onG.

Remark. — As we shall see later in Theorem 4 the inequality is true
everywhere on G.

Proof. — Let K, » G be compact sets such that as n - o, ¢(K,)
tends to sup ¥(K) = ¢(G), andlet y,e #.; (K,) be the corresponding

KcG
capacitary measures. By weak compactness there is a subsequence {v,}

that converges weakly to ye # *(G) with £(y) < liminf #(y,).

If m <n, then
12(Ymt+v) e M (K,), andthus F(1/2(Yu+7s) = F(v,).

As m,n— o, #(y,) and F(y,) decrease to €(G)' 7. It follows from
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uniform convexity (Clarkson’s inequalities, Clarkson [11]) that

I (Ym—Yn) = Zao|Ym(®q) — Ya(@)P = 0.

Choosing € > 0 and letting n — o0 we find

j('Ym_’Y) < lim inff(‘Ym—‘Yn) <g

for m large enough, and thus lim #(y,,—v) = 0. It follows easily from

Proposition 3 and the remark following it that a subsequence {# '}
converges to #'7(x) q.e., thus that #'7(x) > #(y). Then y hastobea
probability measure, and the proposition is proved.

ProposiTioN 8. — Let E be an arbitrary set with 0 < €, ,(E) < .
Then there isa ye M, (E) such that

WIx) 2 F(Y) = €, (E)' P (o,9)—q.e.on E.
Moreover W7 ,(x) < #(y) everywhere on supp y.

Proof. — Let G,, G, o E, be a decreasing sequence of open sets

such that G,,, < G,, E=[\G,, and %,,(G,) - %,,(E), and let
1

Y€ M (G_,,) be the corresponding capacitary measures (Proposi-
tion 7). If m < n then #(y,) < £(y,), and 1/2(y,+7v,) € 4.} (G,), so
FA2(Ym+7n) = F (V). Again F(y,,—7v,) = 0 by Clarkson’s inequali-
ties, and thereisa ye .# *(E) such that #(y,,—y) - 0 as m — oo. That

W' (x) = £(y) q.e. on E and #77(x) < #(y) on supp y followseasily as
before.

PROPOSITION 9. — Let E be an arbitrary set with 0 < €, ,(E) < .
Let p be the measure constructed in Proposition 8, but normalized so that
W(E) = €,,(E). Then pu(S) < %,,(ENS) for any Borel set S.

Proof. — First suppose E is open. Let {F,}¥ be compact subsets of
E euch that the corresponding capacitary measures p, with
Ha(F,) = €,,(F,) converge weakly to u. Let K be a compact subset of
S. Then o, = p,|x satisfies #°»(x) <1 on suppo, <« KnF,, so

H(K) = 6,(K) < €,,(KnF,) < €,,(SnE).
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By weak convergence it follows that u(K) < %,,(SNE). Since S is Borel
it follows that p(S) < %,,(SNE).

Now let E be arbitrary. Let V be an open neighborhood of S n E
such that €,,(V) < %,,(SNE) + ¢, forsome ¢ > 0. Let {G,} be open
sets containing E such that €,,(G,) - %,,(E) and such that
SNnG,cV. Let p, be the capacitary measures for G,, and suppose
[T T weakly. By the above 1. (S) < %,,(8nG,)
< €,4(V) < %,,(8nV) + €. The lemma follows.

ProposiTION 10. — Let E be an arbitrary set. Let x, € e, ,(E) N E, let
€ > 0, and suppose that €, ,(EnG) > 0 for all neighborhoods G of x,.
Then for every sufficiently small G the (normalized) capacitary measure p for
E N G satisfies Wk (xo) <€ and #WE,(x) =1 (o,9)-qe. on ENnG.

Proof. — By definition #7*(xo) < A Y, (2" *Dp(B,-n(x,)))" *.
n=0
Choose & > 0 and choose N so large that

Y (Mg, (EnB,-n(x)))" ! < €.
n=N

It follows from Proposition 9 that if G < B,-n(x,), then

N

—1 .
Wh(xo) < A( > 2"0'-««)0’-")fg,,",(EnBz.N(x(,))v-l + A€ < 2A€,

if N is large enough. Here we have used the observation that convergence
of the series

Y (270, 4 (ENB,n(x0))" !
n=0

implies that lim (2"¢~*9¢, (EnB,-N(x,)))’ ' = 0 incase ag < d, and

N-oo

that lim N%, ,(EnB,-N(x,))? ' =0 in case ag =d.
N-oo
Proof of Theorem 3. — We can now copy Choquet’s original proof [9]. See
also[17). Let E « R?, andlet {O,};" beanenumeration of all rational balls
(ie. O, = {x;|x—x,|<r,} :with x, and r, rational) that intersect E. Let
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W, be the capacitary potential for EnO,, if €,,(EnO,) > 0, so that
#,x) =1 qe. on EnO,, and set A, = {xeEnO,; # ,(x)<1}. Set
A,=EnoO, if ¢,,(EnO,) = 0. Then, by Proposition 10,

€x4(E) < (extE) u <O A").
1

(We shall see below in Theorem 4 that equality holds.)

Let € >0. Since #,(x) >1qe. on EnO, and since #°, is
quasicontinuous, there is an open ®,, %,,(®,) < €27", such that #7 |
is continuous on ®f, and ¥ ,x)=>1 on EnO,no,. Set

F = En(ﬂ mf,), so that F = En(ﬂ cof,). Then G = (F)° has the
n=1 n=1

required properties. In fact, #°, is continuous on F and #7,(x) > 1 on

FnO,, so it follows that #,(x)>1 on FnO,, and thus

Fn A, = . Thus e(E) c (F). Moreover
FYnEcFnEc|Jo, so %,,(FrnE) <e, qed
1

In order to prove Theorem 4 we need one more proposition. Since we are
interested not just in measures p with bounded #°* or finite £(u), we
have to replace Proposition 3 with the following.

ProposiTioN 11. — Let pe . #*. Then
A
CuaW 2g()>M]) < o= H(D).

Remark. — This estimate is false for Vi if 1 <q <2 — %- In fact,

in this case V¥, = + oo if p is a point mass. The estimate was broved for
\' q =2, by Adams-Meyers [2;Prop.4.4], and extended to

a,q
q>2-— % by Adams-Hedberg [1; Lemma 4]. For g = 2 it is of course
classical. See e.g. Carleson [8; Theorem III.5]. The observation that

Wi (x) < o (xg)-q.e. is due to Meyers [25; Theorem 2.1] and the proof
given here (and in [1]) is just a modification of his proof.

Proof. — It is enough to prove the estimate for W} . Let y be the
capacitary measure for a compact subset K of {W4 >A}, normalized so
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that y(K) = 4,,(K). To simplify the proof we assume that K < B (0)

’J'(Br/S (x)) Then

Let xesuppy, and set M u(x) = < v(B,(x))

WE () = f (“ o (::»), < AMpGP I W) < AMG Y,
]

since Wi, (x) < A#7 ,(x), and #7 ,(x) <1 onsuppy. Thus
-1 )\, q—l
supp 7 < {AMu(xpP "' >4} = {Myu<x>>(x) }

By a well-known covering lemma (see e.g. Stein [26; Ch. 1. 1.6]) one can
cover suppy with a union of balls B; = B, (x;) so that the balls

1
-B; = B,ils(x,-) are disjoint, and

5
R(/5B) (& )
y(By) A '
It follows that

) =10 <T@ < (7)) Tulze)<(3) wo,

q.ed.

1
Remark. — One can avoid having recourse to the balls §B" by

appealing to the deeper covering theorem of Besicovitch [4]. What we have
proved is enough for the proof of Theorem 4.

Proof of Theorem 4. — In one direction the theorem follows from
Proposition 10, and (in case C,,(ENnG) = 0 for all neighborhoods G
of x,) from the observation thatif E isthinat x,, then thereis an open set
containing E\{x,} which is also thin at x,.

The proof of the converse follows Adams-Meyers [2; Theorem 5.1]. See
also Frostman [12]. (The proof given in [17] requires W* to be bounded.)

Let xoeE  R?, and suppose there is a pe.#* such that

liminf W (x) — W%, (xo) =n > 0.

x—+xq, x € E\{xo}
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We claim this implies that x, €e,,(E), ie.

1
J 8‘“"“’""‘”C,,q(Ef\Ba(Xo))”“1 87 1dd < 0.

0

We first observe that the assumptions imply that for any ¢ > 0 and
r> 0 there is a ye.#*(B(xy,r)) such that WY(x,) < & and

liminf W*(x) > 1.

x—xg, x € E\{xq}
To see this let r >0 and set p, = plg . Let |x—xo < % Then
. r
M (Bs(x)) = n(Bs(x)) if & < 5> so

P B ()P — p, (Bs(x))" " d8
5@ @(p—1) S

WH(x) — W (x) = J

r/2

which is a continuous function of x. Thus

liminf W*(x) — W¥(x,) = liminf W*(x) — W¥(x,) = 1.

x-x, x € E\{xq} x=xq, x € E\{xo}

On the other hand W*(x,) - 0 as r — 0, so we can choose r so small
that W' (x,) < ne. Now choose y = n' 1y,.

With this y we let p <r and set v, =¥l y» ¥ =7, + ¥, For

X —Xo| < P we have
0

2
Y b (7eBsO)\ TS _ [ (v(Bs(x))\? ! dB y
W p(X) S J‘p/Z (W> 3 < jp/2< 347 > 8 tAW (Xo)
< I ’ (————Y(gﬁ“_(j"»)ﬂ‘? + AW (x,)
p/2

ar (v(B =143
- A.L (7(5+_(’°;’)2> 5+ AWI(xg) < AW (xo) < Ac.

But WY(x) < A{(W"(x) + W¢(x)), so on B,,(xo) nE we have

Wh(x) > —;—; WY(x) — W'r(x) > _;Tl — Aeg > Z/l\—l if p and € are
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small enough. By Proposition 11

€u.q(By2(x0)NE) < Ay, (1) = Ay(B,(xo))-

This proves the theorem.
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