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ON THE CECH BICOMPLEX ASSOCIATED
WITH FOLIATED STRUCTURES

by H. KITAHARA and S. YOROZU

1. We shall be in C”-category. Let M be a paracompact connected
n-dimensional manifold with a foliation & of codimension ¢q, and
let U ={U,} be a simple covering of M such that each U, is
a flat neighborhood with respect to % . Then there exists a decom-
posable g-form w = w! A...Aw? on each U, and, by Frobenius’
theorem, there exists a 1-form 7 on each..U, satisfying dw = w a7,
where d denotes the exterior differentiation and A the exterior
product. The 1l-form 7 is an interesting object; it is well known
that m A (dn)? defines a de Rham class in H*?*'(M,R) ([1], [2],
[3]). Our aim is to show that 7 itself defines a certain cohomology
class, that is,

THEOREM A. — ((—1)?~Y27)n defines a D-cohomology class
in H* (C*)(U; A*(M)), D) depending only on .

The above theorem was announced in [4], where it contained
misstatements.

THEOREM B. — Supposing M. admits foliations & , &' comple-
mentally transversal to each other, n defines a D'-cohomology class
in H'(C®) (U ; A*(M)), D’) (CE. [51], [6], [7]).

2. Since M has a foliation & of codimension ¢, the tangent

bundle TM of M has an integrable subbundle ‘E with fibre di-

mension n—q. Let Q = TM/E be a quotient bundle with fibre

dimension ¢q. Choosing a suitable Riemannian metric on TM,
- we obtain an isomorphism TM = E ® Q (Whitney sum).
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Then

dw' = 2, dti awl + Xt dw
) )

= % (= T thof) v,
Jj k

and on the other hand

= (— by t;‘@,’;) A wl,
i K
Thus
T da =~ Lt o+ 2 fhwt
k K k

where f}, are functions on U, N U,, .

i : . i
Let(si 0 ) denote the inverse matrix of ( t; O ) .
0 s 0 ¢

b
Then
Yoshtkel ==Y shari+ Y stk of — X 5] fp w*
ik j ik ik

Yei=— Lsidrj+ X ol — X shfi vt
i ij i ij k

From (4), dt/ = > th w*.. Thus, by (3), we obtain Yoi=Yvi.
k i i
Therefore we obtain 7 =7 on U, NU,, and 7€ Col (U; A*(M)).

Q.E.D.

THEOREM B. — Supposing M admits foliations %,5' complemen-
tally transversal to each other, n defines a D'-cohomology class in
H! (C® (U ; A*(M)), D') where n is defined by .
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We may suppose that U = {U,} is a simple covering such that
each U, is a locally trivial neighborhood of the bundle Q —M.

Let V¢ denote a local connection on QIU , and let w,

(resp. £2,) denote a connection form (resp. a curvature form) of
V® on U,. Let AP be a canonical p-simplex in RP*! (with coor-
dinates (¢,, ,,..., tp)). We define a connection form Way.

..ap
on Usy o) X & (Usg 0y = Uag NUg, N...N Uy ) by

Way...ap = toWay, +... .t W,

=(1-¢ —...—tp)wa0+ tlwa1+...+tpwap
and let an.-.a,, denote a corresponding curvature form on
Usg...ap X A7.

For the set A¥(U,, ap X AP) of all k-forms on U, a, X AP
f A*(U,,.. ap X A”)-—> Ak-P (Usy...,) denotes the integra-
tron along the frbre Then we obtain Stokes’ theorem

eamcras v fer

where j: Uao...ap X 0AP —> Uao‘__ap x AP denotes the inclusion.

We consider Cech bicomplex ' é<‘>(‘u ;A*(M)) : Let
&= T AY(Uyy. o), and let D': EPa— &P denote

ao...oz v
the ordinary simplicial differential and D" = (—1)?d: CPa —s ¢patt
the de Rham differential. A multiplication-;€7% @ CP"9' — (P*P'a%q
is defined by .

((I) ) q’,)ao...ap+q = (_ l)qp' q)ao...aplU A q):x

ag---Qpiq p+q.
For ¢ @ ;A*(M) = ¥ &P and D=D'+D": (® — E&*+D),
p+a=k
we obtain a graded algebra (C™*) (U ; A*(M)), D, ).

P %ptq IUao...a

Tet I*(gl,) denote a graded algebra of invariant polynomials
onaLiealgebra gl,. A caracteristic homomorphism
A v : I*@l,) — C(U ; A*(M))
is defined by

o= % (yp)P*P o ET¥@l,)
P
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where
,2k—p — :
P = [ 0y ey s Ragay):
Then we obtain,
Lemma 1 (Cf. [8]). — For ¢ € I*@gl,),
(k—p)!
_ lee-0I12 p.2k—p
(=Dietp - (Y9 e
Apfdtl AN /\dtp /\w(wal _waoy waz - wao,---swap - waoyr‘i‘;{’_a
= p Sk
0  p>k

where Ty o

= Qag ey — 2 dt; A (We; — Way) -

Remark. — « induces the Chern-Weil homomorphism
v*: I¥@gl,) — H*(C®), D) <= H*M).

The following lemma is easily proved.

LemMMA 2. — Let w!,..., w? be I-forms on U, such that
w'Aa... Aw?#0 on U,. Put w=w'A...aw?. Then (i) and
(ii) are equivalent:

(i) There exists a (q,q)-matrix (g}) of I-forms on U, such

that dw' = X, w /\50;.
: i

(ii) There exists a I-form n on U, such that dw = w An.

Remark. — The existance of the matrix (<p;) doesn’t depend
on choice of ¢ 1-forms w!, ..., w? on U,.

Remark. — In the proof of this lemma, we obtain
n=(D"" Y gl 6]
i

Let I'(:) denote the space of all sections of bundle. The Bott
connection V : I'(E) x I'(Q) — I'(Q) is defined by
V 2=m(X.Z) XETI(E),ZETQ

where Z € I'(TM) such that ﬂ*(Z) =Z7Z and 7#: TM — Q. Let
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{e;, e} (1 <i<gq,q+ 1<a<n) be alocal basis dual to {w’, w*}
on U, satisfying ¢; € I" (Q IUa) and e, €T (E an) with respect to
the isomorphism TM = E ® Q . Hereafter, we suppose that the indices
run the following ranges : 1 <i,j, k,...<q,q +1<a,b,... <n.
We define a connection V* on U, by

V$Z =V Z+ L Xo@Z e, + X 20 ok (X ey )
i ik

where X=Xp+ Xq €T(Ely ) ® I'(Qly,) and Z= Y. Z'¢;€ET(Qly).

We put V¢ e = Y wi;(X)e; , thatis, wl; denotes the connection
i

form of V* on U,.

Lemma 3. — wi; = ¢} on U,.

Proof. — We put GXE e = 5; (Xg) e;, then
i
wh;(X) = &(Xg) + ¢j(Xq) . Now we obtain

. 1 . . .
aw' (e,, ;) = = {e, (w' (¢;)) — ¢; (w' (e,)) —w' ([e,, ¢;])}

2
e
B} wj (e,) -

- On the other hand,
aw' (e, , ;) = (2 w* A b)) (e, , 6’,-))
Kk

1 .
Py @ (e,) .

Thus we obtain ZJ; Xg) = ap;:(XE) . Therefore, for any

X.€ D(TMly ), wiy(X) = ¢(Xg) + ¢l (Xg) = ¢/ (X). QED.

Lemma 4. — If we consider the connection V*° defined by
(2) on U, and a Riemannian connection Vel on U,, , then, for

‘pl € Il(ﬁlq),(’Y‘Pl);’(:al = ((_)q_ 1/2”)1? .
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Proof. — By Lemma 1,

(7‘p1)¢lx’olal = lf dt[ A ‘pl(wa_wao)
A

=9, (("ax_w ).
Since g, € I¥ (gI,) is defined by

det(\, —(1/2m)X) = > ¢ (X)N* | X Egl, and trace(w) ;)=0,

oy j
K
we obtain (yy, );(;’QI = (1/2m) trace (wqy;) . By (1) and Lemma 3,
(Vo) kle, = (=1 '2mn. QED.

From this lemma, we obtain

@p

THEOREM A. — ((—1)27'/2m) n defines a D-cohomology class in
H2 (CM U ; A*(M)), D) depending only on & .

Proof. — If yp, € C@ @ ; A*(M)) is D-closed, then particular
object (yy, );;)Ll is D-closed and, by Lemma 4,

(=D '2mne C"‘(‘u;A*(M)) define a D-cohomology class in
H?(C® (U ; A*(M)), D). Now we prove that vy, is D-closed.
(D (rp))ils, = (D'(vey) + D" (v, )es,
= (D' (v, 52, + (D" (7%))};;,,1
= {(re )} — ()32 + CD) A5, -
From Stokes’ theorem,

Dds oy @uga) = [ dor Quge) = [0 (e
A A

34
and the left side of this is equal to (—1)d - ('-y&pl)é’o‘al , the first term
of the right side vanishes and the second term of the right side is equal
to ¢,(R4,) = 01(Ry,). Thus d+ (v9))aga, = 1(Ry) = 01(Q,,).
From this and (yy, )2’3 =9,(,,), we obtain
(D(’Y<P1 ) )‘:‘,ga‘l = {<P1 (Q ul) — ¢ (QU‘O)}
: + (_1) {‘Pl (Qal) - ‘Pl(ﬂuo)}
=0.

From (v¢,)32 = ¢,(2,,) and doyp,(2,)) =0, we obtain

(D(wl))g’: = (D" (yp, )32
—1)° (@(yp, )%
=0.

1l
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Now, from lemma 1, (yp,) € ¢02 + ¢4 | Thus we obtain
(D(7‘p1)0360ala2u3 = 0
and
(D('Y(Pl ) )Zr,olalatz = (D,('Y‘pl) (2!,01121012
= 0, (Wy,) = 91 (Wy,) = @) (W,,) + ¢, (Wy)
+ 9 (Wy) — ¢ (W)

=0.
Therefore we obtain D(yp,) = 0. Q.E.D.
3. For ¢ 1-forms w',..., w? on U, (w'A ... A w? #0) we
may choose n—q 1-forms w?*! ..., w" on U, such that

w' A oAwd Aw?tt AL Aw" #0 on U,.

Thus we obtain expressions

4= Sehut + T et
k

n=Ymnw+¥nw
. k

Using same letters ¢/, 1 to simplify, we put

ol= Yol w and n=n,w 3)
a a
on U,.
Hereafter, we suppose that the'manifold M admits foliations %, &'
complementally transversal to each other and that & (resp. ') is of
codimension g (resp. n — g) . Then we may consider that w!,..., w?
are defined by % and that w9*!, ..., w” are defined by ¥’ .

Let 1-forms w', w*, ¢/, 7 on U, correspond to 1-forms
. . 7 aq
w',w*,¢;,n on U, o respectively. Then we obtain

LemMa 5. — On U, NU, (F¢), n=n.

Proof. — On U,/ N U, , we may put

r.v1>

wi =Y ttw W= Y wb. (4)
j b
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Proof. — We take Na, (1€SP. ’7011) for n on Uao (resp. m on Ua, ).
Then we obtain
Moy — NMag = 0 on U“o ﬂUal ,
and

(D’n);;o‘a1 = Mgy — Moy = 0.

Thus n is D'-closed. Q.E.D.
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