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CONSTRUCTION OF THE SOLUTIONS
OF BOUNDARY VALUE PROBLEMS FOR THE
BIHARMONIC OPERATOR IN A RECTANGLE

by N. ARONSZAJN, R.D. BROWN and R.S. BUTCHER

Introduction.

The present paper is the completion and extension of Technical
Report 23 (new series) issued in 1970 under the same title and by the
same authors.

The subject of the paper is the development of a technique for
constructing solutions of the equation

A’u=F (0.1.1)

in the open rectangle Ra'b ={(x, y): Ix|<a, |y|<b}, subject to
the boundary conditions

ou
u=‘p’a—n=w ’ (0.1.2)

on dR, ,. This problem, which gives the position of equilibrium for a
clamped rectangular plate, has of course been extensively studied in
the literature (see, e.g., the references in [10] ; for reasons of space
only those references needed in our development are included here
in the bibliography). The novelty of the technique presented here is
that the construction yields an approximation procedure with both a
priori and a posteriori error estimates.

In the case of a clamped plate the solution u represents the
(small) deflection of the plate, and it follows from the fact that the
strain energy of the plate due to twisting and the strain energy due

(*) Reproduction in whole or in part is permitted for any purpose of the United
States Government. Research done under NSF Grant GP-16292. Lawrence,
Kansas July, 1970.
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to the bending moments in the direction of the x and y axes are
finite [10] that all second order partial derivatives of u are square
integrable. It is shown in § 1 that this latter fact implies that « is a
Bessel potential of second order in R, 5, and that this in turn imposes
certain necessary conditions on the assigned functions F, ¢, and V.
(The definitions and facts concerning Bessel potentials which are
needed here are all given in § 1.)

If F, ¢, and ¢ satisfy the above mentioned conditions, then a
solution u € P? (R, ) does in fact exist and is unique.

Since the first decade of the century (see S. Zaremba [11]) it
has been known that the problem of solving (0.1) reduces to the
problem of finding the orthogonal projection of a function w in
L’ (R, ,) onto the closed subspace ¥€ of L*(R, ,) which consists of
all square integrable functions which are harmonic in R, ,. The problem
of finding such a projection would be trivial if one knew an explicitly
given complete orthogonal basis for ¥€. Such bases are known, e.g.,
for the space of those square integrable functions harmonic in a circle,
and for the space of those harmonic in an ellipse. No such basis is
known, however, in the case of a rectangle.

Nevertheless, one may try to decompose d€ into the sum of two
closed (not necessarily orthogonal) subspaces, ¢ = HM) + 3@ such
that for each of the spaces e 5 complete orthogonal basis is known.
Such a decomposition is possible if and only if M + 56 js dense
in € and the minimal angle between ¥ and 6® s positive. If this
is the case, a projection formula from [4] can be used to express the
projection P of L*(R, ,) onto ¥ in terms of the projections P*) and
P® onto#e™ and %€ respectively. If, in addition, 56 N Fe*) = (0),
this projection formula enables one to establish very convenient ap-
proximations to the projection P in the uniform operator topology.

If one follows this approach, there are several seemingly promising
ways in which one can attempt to decompose #€. In [3] the first
author tried this approach taking for 6 and #® the harmonic
functions which are extendable in the horizontal direction as periodic
functions of period 24 and in the vertical direction as periodic func-
tions of period 2b respectively. Denote by #€,, the subspace of J€
consisting of those functions of parity 4 in x and parity » in y, where
p=0,1 and » = 0,1. It was shown in [3] that the minimal angle
between Sef‘l,,) and 3e§f,3 is positive for u = v, but is zero for u # ».
Hence this attempt was only partially successful.
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In the same paper [3] another possible decomposition of #€ was
mentioned ; namely ; by taking for #€!) and #€® those functions in
g€ which vanish on the vertical and on the horizontal boundaries res-
pectively. At that time, however, the first author mistakenly believed
that the results for this decomposition would be similar to those for
the previously mentioned case and therefore did not pursue the inves-
tigation. It was only a couple of years ago that the authors of the
present paper noticed that actually, if 4 and ¥® are chosen in
this last mentioned way, then the minimal angle between aef},) and
#e() is positive for all u = 0,1 and » = 0,1.

Evaluating the minimal angle between these subspaces comprises
the most involved part of the present paper.

The reduction of the original problem to the construction of P
is carried out in § 1 (where the conditions on u, F, ¢ and { are also
specified).

The projection formulas needed and the corresponding error
estimates are given in § 2. The decomposition of J€ is given in § 3,
where the decomposition theorem (Theorem 3.1) is stated. This
theorem not only gives the desired decomposition of € but also
gives bounds for the cosines needed in the above mentioned error
estimates. A corollary to the decomposition theorem (Corollary 3.1)
gives, for functions in €, representation formulas corresponding to
the decomposition in Theorem 3.1.

The proof of Theorem 3.1 is given in § 4. This proof requires
two estimates, which are stated in Lemma 4.1. One estimate is proved
in § 5 ; the other, in § 6. In § 7 all the preceding results are combined
to obtain (in some detail) an approximation to the solution u of (0.1),
together with a priori error bounds. In § 8 a posteriori error bounds
are derived, and methods are discussed by which they can be used to
improve the procedures of § 7.

The a priori estimates are as usual very pessimistic — they cannot
take into account the multiple cancellations in the approximating
expressions. It may happen, e.g., that to approximate the solution to
within one figure accuracy according to the a priori estimates would
require the solution of a linear system of one thousand equations for
one thousand unknowns. Therefore from a practical point of view the
procedure described in § 8 using only a posteriori error estimates
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would be much preferable-especially since the a posteriori error esti-
mate is quite precise.

We make one additional comment : there are some other problems
in partial differential equations where finding the solution reduces to
finding the orthogonal projection onto a suitable subspace V of a
functional Hilbert space. Suppose that no complete orthogonal basis
is known for V, but that V can be decomposed into a direct (non-
orthogonal) sum, V = V) + V@ where an explicit complete ortho-
gonal basis is known for each of the closed subspaces V) and V&,
If, in addition, the (necessarily positive) minimal angle between v
and V® can be evaluated, then one can apply mutatis mutandis all
the approximation procedures of § 8 involving a posteriori error esti-
mates. The techniques used in § 7 to derive the a priori error estimates,
on the other hand, even though theoretically applicable to this general
situation, may lead to even less practical evaluations than those of the
present paper.

In an Appendix at the end of the paper we give results of nume-
rical computations where we used the a posteriori evaluations of the
errors.

1. Statement and reduction of the problem.

As noted in the introduction, certain facts concerning Bessel
potentials are needed in order to state precisely the conditions which
the functions F, ¢, and ¢ in equations (0.1) must satisfy. We state
here only those definitions and results needed for the problem under
discussion ; for a complete development of the theory of Bessel po-
tentials see [8], [2], [1].

The space P? (R,, ) of Bessel potentials of second order on R, , is
the perfect functional completion of the space of restrictions of func-
tions in Cj(R?) to R, , with respect to the norm

a b 2 au2 azu 2
3 = Pr2|—=| 42| +|=| +
ntg=f [ [lu(x,y)l 251 205 e
(1.1)
u | |o%u
+2 + dy dx .
axoy| a2 ||

The elements of P? (R,,,) are precisely those functions u € L? (R,,»)
such that
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1) u is continuous on R, ,

ou

ou
2) P and :()—; exist pointwise a.e. in R, b and are equal almost
X

everywhere to functions absolutely continuous on almost all lines
parallel to the coordinate axes,
’u  d*u 0%u

3))—, — 8, nd—belon to L2 R,

) ooy Moy g Ra,p)-
Thus, as noted in the introduction, it is natural for applications to
require that the solution u of (0.1) belong to P? (R, ;). Note also
that formula (1.1) is valid for all u €P*(R, ,).

Let u €P?(R, ,). Then Au belongs to L*(R, ,) and if we take
the Laplacian of Au in the sense of distributions we obtain that
A%u belongs to the space

“2(R, ) ={F : F = Af for some f EL*(R, ,)}.

H™? (Ra.b) includes not only every function in L! (Ra'b) and in L? (Ra'b),
considered as the density of a measure, but also every finite Borel
measure on R, ,. Moreover, if F EH2(R, ») then one may obtain
an f€L? (R, ) such that A f=Fby takmg the convolution, defined
in an appropriate way, of F with the function (27)™* log(x? + y2)~"/2.
We therefore assume :

Condition 1. — The function F in (0.1.1) belongs to H?(R, ,).

We next consider the conditions on ¢ and ¢ in (0.1.2). If

u ou

—, and — may be defined
ox oy

using Bessel potentials defined on open intervals of R!.

u € p? (Ra,b)’ then boundary values for u,

Accordingly, let I = (x,3) be a bounded open interval in R'.
The space P*/?(I) of Bessel potentials of order 1/2 on I is the perfect
functional completion of the space of restrictions of functions in
C;’(Rl) to I with respect to the norm

8
1 = [T 1 s R ax + o [ 7 02 f(y)' dxdy. (1.2)

Every function f € P2 (1) is defined at every point of I except on a
subset of I of 1-capacity zero [8] (in particular, therefore, f is defined
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a.e. on I), belongs to L?(I), and has norm given by (1.2). Moreover,
every function f€ LZ(I) such that [[fll;,, <o is equal a.e. to a
function fG PY2(1) (f is a “‘correction” of f [2]).

The space P¥2(1) of Bessel potentials of order 3/2 on I is the
perfect functional completion of the space of restrictions of functions
in C5(R") to I with respect to the norm

W32 = NI, + 01, (1.3)

and consists of those functions f € L? (I) which are continuous and
have a derivative f' which is in PY?(I). Equation (1.3) holds for
every f € P¥2(D).

Next, let u €P*(R, ,). Then u can be extended to a function
a€p? (Ry,,25)- The boundary oR, , of R, ,, minus the corners,
consists of four open segments

L ={@,»:1yI<b}, L ={(x,b):|xI<a},

(1.4)
L={a,»:1yI<b}, I, ={kx,-b): |x|<a},

and the restrictions of & to each of these intervals is a Bessel potential

ol o
of order 3/2, while the restrictions of a_u and 3 are Bessel potentials
X y

: ou
of order 1/2. In this way we obtain boundary values for u,a-, and

ou
a—»on each Ii ,J=1,...,4. Moreover, these boundary values are
Y

independent of the particular extension &# used to define them.

It is clear therefore that in order that there exist a function
u € p? (R, ) such that (0.1. 2) holds it is necessary that, on each of
the segments I which make up the boundary of R, , , ¢ must be in
P¥? and ] must be in PY2. These conditions are not by themselves
sufficient to insure the existence of such a u. However, necessary and
sufficient conditions follow from results concerning manifolds with
singularities of polyhedral type, of which 3R, , is one of the simplest
examples(!), and are as follows :

(*) These results will be included in [9].
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Condition 2. — The functions ¢, Yy in (0.1.2) are such that :
a) ¢ is continuous on aRa' b

b) The restrictions of ¢, ¥ to any of the four segments (1.4)
making up the boundary of R, , belong to P¥?, P'/? respectively.

c) The following integrals are all finite :

9 o
, W@ —Za.nr e, 8 =2 @ P
¢ ox dy dx fafb 4 dy dx
—aJ-b x —yI? OV A Ix—yI? ye
9 0
W(—a,y) + =2 (x,b) WG, b) == (—a, p)
b X b oy

a a a
‘/:aj:b [x—yl? dydx,j:a f-b

0
|w(—a.y)+—a‘° o, - b
X

x— P dydx ,

) oy 2
blw(X.—b)+;y-(—a'y)l

dydx'j::j:b |x-—y|2

L1

dy dx ,
Ix—y?

d 9
hl/(a.y)——-a‘P(x,—b)l2 Itld(x.—b)+—‘p(a,,v)lz
X b )

j::[: x—yI? dydx,[:j—'b Ix—yfz dydx .

Moreover, if condition 2 holds, then a function v € p? (R,,,) can be
oy
constructed such that v = ¢ and -; =y on dR, , (see [9] ; for spe-

cific problems an ad hoc construction of ¥ may be simpler, however).

Remark 1.1. — If a) and b) hold, then c) in condition 2 is equi-
valent to the following condition, which may be easier to verify :

¢') For € > 0 sufficiently small, the following integrals are all
finite :

9
Elw(a.b—t)—a—“’(a—t,b)l’ Wa-t,00 -2 @ b-np
X dt fe ay
) t " Jo p dt,
— _ E 2 Ay
|Y(—a,b t)+ax(a—t,b)l Ehb(a—t,b)—a(—a.b—m2

€
'/o‘ t dt’j; ; ar,
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0
Wea,b-0+2Lat,—bp Wa—t, -0y +2a,b-pp
fe ox dt fs y 4
0 t * Jo ; t,
i} i]
V@ b-n=Fa—t-nF  Wa-t, -+ fab-nP
j; P df.j; p dt.

We assume conditions 1 and 2 and seek a solution u € P2(Ra' b)
of (0.1). For the construction of u we shall make use of the following
well known facts. Let € be the closed subspace of L*(R a,p) CONsisting
of those functions in L?(R, .») Which are harmonic in Ra »» P be the
orthogonal projection of L2 (Ra ») onto €, and ¥e' be the orthogonal
complement of ¥€ in L? (R, ). Let %, be the space consisting of those
functions ¥ € P*(R, ») such that v = 0 on dR, , . For every vEZ,,
AveEL? (R, ,), and this defines a one to one mapping of %, onto
L*(R, ,)- The inverse mapping G of L*(R, ,) onto %, can be given
exphcltly by means of the Green’s function corresponding to the
Laplace operator in R, ,. Formulas for this Green’s function are
well known ; it can be expressed either by an infinite series, or in
closed form by means of elliptic functions. The function Gf € %,
can be explicitly constructed whenever f € L? (R 5)-

The map G becomes an isometry when % is provided with the
norm

a b
i = [ fblAdeydx.
-

This norm is equivalent to the norm induced on %, by the norm

(1.1) on P*(R, ,). Thus G(¥€") = G(J€)" and the orthogonal decom-

posmon L? (Ra ») =3 ¢ ¥e! induces an orthogonal decomposition
= G(e) + G(¥eY). It is well known [11] that

v
G@e') ={veP’ R, ,): v = 5, =oon aRa,,,§ . (15)

In order to construct the solution u of (0.1) we proceed as
follows : Since the system (0.1) is linear over R! we can without loss
of generality consider from now on only real valued functions. By
condition 1, there exists f€ Lz(Ra,b) such that F = Af, and, by
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condition 2, we can construct vEPz(Ra'b) such that v =¢ and

oV
o ¥ on 3R, ,. Since f and Av belong to L (R, ,) we can define

=1 =P)(f-Ay).
Then Ag = F — A”v, and from (1.5)

0
Gg=-—Gg=0o0ndR, , .

on
Define
u=Gg+v=GUA-P)(f-Av) +v. (1.6)
Then A%u = Ag + A%y = F, while, on aRa.b, u=Gg+ Vv =ypand
) ] oV
aM_2 Gg + — = . Thus u is the desired solution, and it is clear
on on on

from (1.6) that we can construct u explicitly provided we can construct
the projection Pw of an arbitrary element w € L? (R, ,) onto J. We
shall return to the construction of u in § 7 after more information
about the projection P has been obtained.

2. Review of some projection formulas.

Let £ be a Hilbert space and d€, be a closed subspace of £. We
recall some projection formulas which express the orthogonal pro-
jection P, of £ onto 3, in terms of projections onto subspaces of
¥, . For proofs and further details see [4].

One simple and well known formula arises in case 3¢, is separable.
For then there exists a complete orthonormal basis {«,} in ¥€, and

Po=3Y P, , 2.1
n=1

where P, is the orthogonal projection of £ onto the subspace spanned
by u, : P,h = (h,u,)u, for h€L. In order that (2.1) be practical
for computations, however, the orthonormal basis{un} must be known
explicitly and one must be able to evaluate the error committed by
truncating the series in (2.1) to finitely many terms.
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A similar but more complicated formula holds in case 4, is the
closed direct sum of two subspaces ¥, and ¥€, :

g, =3, 04, .

In this case P, is expressed in terms of the orthogonal projections P,
and P, of £ onto 8, and 3€, respectively by means of the following
series :

P, =3 [P,(®,P)"' +P,(P,P,)""" — (P,P,)" — (P,P,)"].(2.2)
n=1
If the minimal angle 6 between €, and 3@, is positive, then
m
P, — Y [P,(®,P)" ' +P,(P,P,)"" — (P,P,)" — (P,P,)"] =
n=1

=[Py — P,) (P, — P,)I™ + (P,P)™,
and

1By — Py) (By — P)I™ | < cos*™ =10, | (P,P,)" || < cos?™~14 .

(The norm || || here means the bound of the operator.) Thus we have
the error estimate

1P — X [P, (PP " + P,(P, P, — (P,P,)" — (P,P,)']II <
n=1

<2cos?™m-lg (2.3)
In view of (2.3), (2.2) is practical for computations provided one
knows P, and P, (or sufficiently good estimates for P, and P,) and
cos § (or a sufficiently good upper bound for cos 6).

Another useful fnequality is obtained if (2.2) is rewritten in the
form

P,= 3 U-P)(®P)P, + 3 (I-P)®,P)P,.

n=0 n=0

Since for h € £,
(P, P,)" P | <(cos 0)2" | P, kI, Il (B, P, P, lI<(cos 0)*" || Pyl ,

therefore
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Pl < Y, (cos®0)" [P Al + IPyA ) =
n=0

= (1 — cos?0) '[P, Al + IP,A1] .
Hence for every h € £2,

max [P, 211, 1P, 211} < Pk Il < (1 — cos?0) ' [P, 21l + |P,21I] .
2.4

In the remainder of this paper £ will be L2 (Ra, ») and the sub-
spaces considered will be subspaces of 3€.

3. The decomposition of &€ .

Let J€ be the subspace of L*(R, ,) defined in § 1, and for
u=0,1 and v = 0,1 define

g,, ={h:h€8 and h(x, y) is of parity u in x and » in y}. (3.1)

11
For any h € € we have the decomposition A(z) = 2 Z h“,,(z),

k=0 »=0
1 1 1
where ,,(2)= X X (= D**" h((= 1) x + i(= 1)'y). Thus one
1=0 k=0
sees easily that
1 ll
r=3 3 2, , 3.2)
r=0 v=0

where 1 indicates the sum is orthogonal.
Next define the closed subspaces
365,13 ={he€d,, :asx > *a, h(x,y) = 0 uniformlyiny on
‘ compact subsets of (—b,bd)}, (3.3)
yeff,) ={h€8€w tasy > b, h(x, y) > 0 uniformly in x on
compact subsets of (—a,a)}. (3.4)

The following theorem, proved in § 4, completes the decomposition
of 3¢ :
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THEOREM 3.1. — Let 8¢, , 9€() 5€C) be defined by (3.1), (3.3),
(3.4) respectively, and let 0, be the minimal angle between 3¢ ) and
96‘(‘2,,) Then for u = 0,1 and v = 0,1

3, = 3i) o5’ (3.5)
and
cos 6, < (I,1,)"*, (3.6)

where 0 <1, < .80 and 0 <1, <2/m.

Any function h#v(x , V) E L? (Ra’b) which is of parity u in x and
parity v in y has a Fourier series expansion of the form

By, N~ 3 S Y, 0, ),

m=1 n=1

where the 'y"{',,"’s are constants and form, n=1,2,..

2m — 1 mx

7) s ”‘o,n(Y) = cos(

Ug, m(x) = cos (

2 b
3.7

2n—11ry)’

Uy p(x) = sin

.. nmy
’ Via() = sin—= -

If in addition h,,€3€,,, then this expansion takes a special form
illustrating the decomposition 3, = 98‘(‘1,,) ® 36‘(‘2,,) :

COROLLARY 3.1. — A function h,, € L*(R, ,) belongs to 3, if

and only if h,, = h‘(‘lv) + h‘(fv), where hf},}e 36‘(‘1,,) and h‘(ﬁ) EZE,(‘? have

Fourier expansions of the form

hf‘lp)(x ,y)~ 21 21 (- pme = ?:n()rf)_f%(n(l)z agy) Uy, m) Yy, (¥),
m=1 n= : ® v

(3.8.1.uv)

2) ~ o = __qym+n au(m) 311(”) (n)
R R T M iy
(3.8.2.uv)

with a7, b‘f:) constants ; u, ,,(x), v, ,(y) given by (3.7) ; and

2m — 1
2a

2n -1

2b

m n
ao(m) = s al(m) =-; ’ Bo(n) = s 61(”) = ; :
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The expansions (3.8.1.uv) and (3.8.2.uv) can also be written in the
form

KD~ $ amuysr (3.9.1.uv)
m=1
h‘(}u) ~ i bﬁ':,) v, (3.9.2.uv)

S
—

b D™ tem-1 2m — 1 2m — 1
Uyl (x, )__12r_;_( D (2m ) os(m E)cosh(m il

2m — 1 wb 2 a 2
2 —
o (2T
b (-D™'@2m-1) 2m — 1 mx 2m—11ry
uot === h
m . ) 2a 2m—lwb cos( 2 a sin a)
2 sinh )
a
uto( )_12 =D""'m X o Y
m XY 2a mnb
cosh —
b m-—1
U,l,,l(x, )=_—u n_x smh'_"ﬂ’,
a . mmb
sinh —
00 _ma -D"t@en-1) 2n —1mx 2n — 11y ’
Vo =57 n—1ma cosh ( 2 b)‘m( 2 b)
ZCosh( —
b
Ta(=1)""n nmx nmy
Vg‘(x,y)—z-l; p— coshTsm—b—,
cosh —
b
10 _ma D)T'@n-1) o o2n - 1mxy 2n —1myy
Va .9 =55 2n—l1fa inh ( 2 b) cos 2 b)
2 sinh )
3
Vi e y) Ta(=D""n o ST ATy
- sinh — —_
2b b
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It is well known that the sequences

U m=1,2,... and IV3"hoyp

form complete orthogonal bases for the spaces 3ef},) and yeff,,’ respec-
tively. Thus, a function hf";,) eL? (R, ) belongs to ¥e) if and only if

uy

it has an expansion of the form (3.9.j.uv). Using the Fourier expansions
. 2 o (=D)"'n

sinh ax ~ ;‘ (sinh am) ,,?:1 W sin nx , (3.10)

1 = (=" '@2n- 2n —
coshax~;(cosha1r) > S, 2izf 1)12) cos( n2 !

x),(3.11)
n=l o2+ >

which converge uniformly in x on compact subsets of (— 7 ,m), one
sees easily that for such functions h‘(‘{,’ expansion (3.9.j.uv) holds if
and only if (3.8.j.uv) does. Thus, Corollary 3.1 follows immediately
from Theorem 3.1.

It remains to prove Theorem 3.1.

4. The proof of Theorem 3.1.

The proof of Theorem 3.1 breaks down into several steps. We
shall prove that for u, » = 0,1 :

1) 4L NJe® = (0) ; ie., L) + 762 is a direct sum.

2) 5e() +5e) is dense in 5, .

3) For every h(}) € %) and 1(}) € 52,
RS + RDIP > (1 = L)Y AR IR + 1A | (@1

2
where 0 <1, < .8, 0<Il<-;~

It follows from (4.1) (see [7], [3], [5]) that the direct sum
ge() + 3e() is closed in € and that cos 6, < (I,1,)/*, where 0,

is the minimal angle between 5621,,) and 365",,) . Theorem 3.1 is thus
immediate.
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("
can be extended by reflection to a function # which is harmonic in

R3a,3b , except possibly for isolated singularities at (—a, — b), (—a, b),
(a,—b), and (a,b). Since h€L*(R, ,), therefore 1 € L*(Ry, ;,)
and these singularities, if they exist, can therefore only be logarithmic
singularities. But for |x| <a and | y| <0b,

In order to prove 1) we note that if heyef,‘,)n:;em then A

h(xa,y)=h(x,*b)=0.

Thus, for example,
lim h(@,y) =0+# o |
y'b

so (a, b) is not a logarithmic singularity ; similarly for (—a, b), (a, — b),
and (—a, — b). It follows that 4 is harmonic in all of Rj,, 35 Hence
h is harmonic in R, ,, continuous in R, , = R, , UdR, ,, and equal
to zero on aR,,,,, ;ie., h =0.

In order to prove 2), we first note that, if 4, € ¥¢,, N C(R, ,),
then the Green’s function G(x, y, x', y') for Laplace’s equation in
R, ;, can be used to write &, in the form

— 1) (2)
h,, =h0) + n()

oG
where, with a— the exterior normal of G,
n

» [3G o , =0
o= 2 [Z ey o mae ] |10 ares,

4 aG ! ’ ’ ! y' b !
h,(,z,,)(x,y)=‘/:a [J(x,y,x,y)h,,p(x,y)] Iy, . dx' € 962 |

Thus, #€,, N C(R, ,) C &) +5e2).
For arbitrary h,, €3¢, , define h,(z) = h,,(az), 0 <a <l

1

Then h, €4, N C(R, ,)C e} +5e), while (see e.g. the proof

uv
of Theorem 15 in [3]) h, = h,, in L*(R, ,) as o« = 1. Thus %€ +
3€f‘2,,) is dense in d€,,.
The proof of 3) is somewhat more involved and makes use of the
following lemma, proved in § S and § 6 :

LEMMA 4.1. — Let F(x) = x(1 + x*)72, G(x) = x*(1 + x*)™2.
Then



64 N. ARONSZAIJN, R.D. BROWN AND R.S. BUTCHER

v [E PP [E o)) < @

n=1

sG] o) <3 @

L

n= n=1

Let 1)) €5e(}) and r()) €5e(3). Then, as noted in § 3, () has
a Fourier series representation given by (3.8.j.ur) and therefore

a, (m)’ B,(n)’

w2 = SERS (m) 2
Ih V" =ob 2 2, [o, (m)? + B,uP P
2 2
)2 — —~ . a“(m) By(n) (n) 2
I 117 = ab ,,,2=1 2] lo, (m)* + B, (n)*]? SRR

and
(1) 2)2 = (1) 2 (2) 2
RS + h@ 12 = 1AS P + 1212 +

a, (m)® B,(n)’

+2b § ¥ admp™  (4.4)
",2:, 2y o, (m)? + B, (n))? T T
Note that
SERS O‘u(m)zﬁv(")z (m) p(n)
uh| 5 3 o S| <
s & a,mPB,m V2 ( « = a,(m)p,(n)? 2
<! Y —_—b Y 4m) 2 — w2
im:. L, fmomy + 5,07 4! ; 3 Z, L fmon® + g0 |00 @5

while, with I, as in Lemma 4.1,

& e _%mgm o afa L/8® ] o2
o _!__—_.. » = — v =
mz:l nz=l [au(m) -*'Bv(n)z]2 la“ ! mz=l n=1 F(au(m)) Ia“ I <
a,(m)’ B,(n)’
| Lo, (m)® + B8,(n)*)

[ Nl]

o [ a B,(n)
< v (m) 2 —
) [Z, G(oz“(m))] la? 1" =1,

1
lagP = — L IAGI?
m

1n
and, similarly,

= = o,(m)B,n?
D —
2 L Ty + 6,007

m n=

1
()12 « 2) 2
L <— LA .
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Thus the right hand side of (4.5) is less than or equal to
2, L) AU AN < @, L)Y ARSI + 1RGP .
This fact together with (4.4) gives (4.1).

Therefore Theorem 3.1 is proved provided the estimates in
Lemma 4.1 are true.

5. The estimate for I, .

For > 0, let I, (o) = [i F(%)] [i G(%)] _l, where
n=1 n=1

F(x) = x(1 + x*)™%, G(x) = xF(x) as in Lemma 4.1. Note that for

2
0<ax<—
T

o2 r(D- (L) r(2)s0
foralln=1,2,... Thus clearly |

: 2
Il(a)<; for0<a< —- ¢.1D

2

T
. ) 2

In order to obtain an estimate for o = — we make use of the
T

classical Euler-Maclaurin expansion, computed to the fourth derivative

[3]:
L;LQF(x)dx =é n‘ék F(%)—- 21_a [F(S) +F (;l-{)] -

e PO (O] + 5 L w0 P02

where ®,(x) is periodic of period one, and, for 0 < x < 1,
®,(x) = x*(x — 1)* (the fourth Bernoulli polynomial). Thus with
k =0 and ! = o we have
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c. 2 2 _
j; ®, (cx) 120x (x* — 3) 3x 1) dx

4ot (1 + x?)°

The left hand side equals 1/2 and F(0) = 0. Thus

| = 1 1 1
?.:% () 2 T2 240 e ©-2)

n

- 1
where J, = [ ®, (o) F9(x) dx. Note that 0 < &, (x) <=, and
1

F®(x) > 0 unless —= < x < /3. Thus

V3

1 V3 21
— F@® - =
Jo> f\/_ () dx ===
and
1 & ny _ 1 1 7
- Y F(-)<=z(1—-— + : 5.3
a = F a) 2 : 602 256a4) -3

On the other hand it follows from (3.10) that

n2

— (smh2 am) 2 ?—27“——

= f sinh? ax dx =

1
= — (sinh ar cosh ar — am) ,
20

from which we obtain

L sinh ma cosh T — T o sinh 2 — 2w«
2264 .

—_— - (54
sinh? " 4 cosh2ma — 1 G4
Thus, from (5.3) and (5.4) :
2 cosh2ma — 1 | 7
I <—-"——(1—— + 5.5
1@< m sinh 27ma — 27« 602 25 60:‘) ©-5)

Purely elementary techniques show that for a = —
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{ ‘
?Qra — 1 + e ") < 21 < 1 (cosh 21 — 1) <

1 7
< (E —~ 256&2) (cosh 2ma — 1),
so that
__l_+ 7 < _21ra—1+e‘2"°‘_sinh21ra-21ra
662  2560% cosh 2ma — 1 cosh 2ma — 1

From (5.5) therefore we obtain

2 2
L@<— for a=—>
1r T

and this fact combined with (5.1) gives equation (4.3) of Lemma 4.1 :

2
<=
™

Remark 5.1. — Using the estimate

1 13 o 69
< — 4) + (4) <—
T, T6 [ j; F*%(x) dx ‘/:/3 F%(x) dx] o

we find from (5.2) that

L2 r(@)> (- )

25604
so that
2 cosh2ma — 1 1 23
L@> - —m—m—— (1 —— — ——).
1@ = 7 sinh 27 — 27 ( 602 256014)

2
This fact combined with (5.5) gives lim I, (a) = ; ; so actually
a—>oo

2
I, =sup I,(&) =— -
a>0 m

It follows from (4.1) that cos 6,, <
e ge) and K e ge?,

Q|

. But also, for every
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1A + h®)1% = (1 - cos? 8,,) 1101

Forp=1,2,... define (see (3.8.1.11), (3.8.2.11))

o (3) (3
(1 2 i . (a)gb) ;};)Sinm:x ,nm;y

]

SR NTINT
(_ m+n
h;f):'g gj ( )< ) Z )Sinm—:xsin-'?)

1 n=p (a_) +(;) man

Then hf,”e ey, hf,”eae‘fl) and it can be shown that

A + B2 4
m-—m; —=1——"
p>= AV 2
Thus
2 < 4
1 — cos 0“\1——1;;’
. 2
from which we conclude cos 8,, 2 — . Thus
LS
2
cosf,, = P

6. Estimate for I .

For o> 0 let Io(a)=[ F (2= ][i G(2"a_l)]~
n=1 n=1

where F(x) = x(1 + x2)™%, G(x) = xF(x) as in Lemma 4.1. We note

first that for 0 < a < .8,
—1)F(2"; 1)>o

1)__F(2na— l) =((.8) 2n

for all » = 1,2 ... Hence clearly

(8) G (2"
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[[(<.8 for 0<a<.8, (6.1)

so we may restrict our attention to « = .8.

= -1
Next note that, as in § 5, 2 G ) can be expressed in
ne

closed form. For it follows from (3.11) that

2

211r (cos ) i:‘ @n — 1)’ = " cosh ax) dx =

= [(Zn 1) ( )2]2 2

=—|s —acosh"—+—,
L (s 2 o 72 1 22)

2 2 2
so that ) ) o N T
sinh — ¢ —_ + —
1 & G(Zn—l>_1 o8 2 2 _ m sinhma + 7o
a :‘:‘l o 8 o 8 coshma + 1
cosh? —
2 (6.2)
sinh o + v .
Note that ———————— is monotone decreasing and larger than one
coshma + 1
for a = .8, a fact which will be important in what follows.
2n —

In order to obtain estimates for 2 F ) we note that
1

n 1 2 = 2
F(Q) 2722 F(g )
Thus from (5.2) we obtain

1 = 2n — 1 1 1 1
s FCT) -G )

=1

X

or
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. e A 1
where J, = [ ®ex) FO() dx, and $(x) = 5 @, (%) ——,(x)

is periodic of period two,

Lx2(2—x2) 0<x<1
48 ’

1 2 2
—_ — —(x — <x<2.
a8 x-2)2 - 2)9), 1 2

1 - 1
Since F¥(x)=>0 unleSSﬁ <x < \/'3', and 0 < d(x) < 4—8 , therefore

. 1 1/4/3 o I 23
—_ (4) (4) Pt
J, < 3 [j; F*¥(x) dx +f\/-3-F x)dx]| =

64

so that

1l = 2n — 1 1 1 23

~ Y F <—(1+— ,

a nz=1 ( a ) 4 (l 302 l6a“)
and

2 coshmoa + 1 1 23
I < — 1+ +
0@ 7 sinh o + T 3a? 16a“)

If follows that for « = 2 :

2 1 23
< —_ + — + — < .
bl@<7 (1 12 256) &

6.4)

(6.5)

In order to estimate I () for « <2 we need a better estimate
for J,. For this purpose we use integration by parts to calculate

V3,
j; & (ax) F® (x) dx explicitly. Direct computation shows that all

derivatives of ®(x) are periodic of period two and that all are conti-

"

nuous except ¢

1
1_2x(1_x2), 0<x<l1
®'(x) =

%(x—2)(1——(x—2)2), 1<x<2

(x), which has jump discontinuitiesatx=1,3,5,...:
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1
1—2-(1—3x2), 0<x<1
(i’“(X) — |
—(1-3x-2?%, 1<x<2
12
x
B 0<x<1
él'l(x) =
_x2 1<x<2
) ’ X S
&)(4)()6) = _l
2
Moreover, for /3 < a <2 and 0 <x <./3, clearly 0 < ax < ay/3

and 3 < a4/3 < 24/3 < 4. Thus

/[ Y (@) FO () dx = [ (ax) B ()] 1Y — ald’ (ex) B ()] Y
+a? & (@) F' )Y - @ [<i>"'(1 —-)F (é) — &"'(0) F(0) +
. 3y - 1\ .
+%"3-)F (;)— " (1+)F (Z) + @' (ay/3) F(\/3) —

_ ci’m(3 +)F (:3;)] + ot /0‘\/—3. (i)(“)(OlX) F(x)dx ,

and it is a simple but tedious matter to compute

\/3 R @ . C!2 3a2 ] 27
_ + =L e
j; ®(ax) F*V(x)dx = « @ + 1% (@ + 9)? 256 *

SRV JRE T PO .

32 ¥ 7 192 32

On the other hand

1
(4) <_ (4) ——
f & (ax) F®(x) dx [/_ FO () dx = ——-

It therefore follows from (6.3) that for /3 <a<2:
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LIRS 2n | <l{4f(a)+g(a)},
a = 4
where o2 32
f@O=Z Tt @ty

attains its maximum between a? = 1.24 and a? = 1.25, and

91 _21y3 517 _ 453
T4 8a a8’ 8a® 640:“

is monotone increasing for /3 < a < 2. Hence

125  3(1.25)
< + < .2858 ,
SR, T@S G287 T oaey

(S f@<f(/3)=.25,

and
sup gl <g)<.22,
Vi<a<2

Combining (6.2), (6.6), (6.8), and (6.9) we obtain

cosh7 + 1
L@ < (————

mh7+7)(1.22)<.78 for V3<a<2.
S

(6.6)

6.7)

6.8)

6.9)

(6.10)

Finally we consider .8 < a< /3. For x> 0 the function
a~'F(x/a)=x0*(x? + a?)"? is monotone increasing in a for 0 < a < x

Thus (see (6.7)) for a < /3

1 = 2n — 1 3 2n — 1)a?
— N = <.
a nz=‘1 F( « ) =@+ ,.;3 @n— 17 +ary 2887
= 2n—-1)3
Z (@n — 1)* + 3)?
Moreover, for any N = 3,4 .
d 2n-1) _l hed n—1/2
o @n- T 8B, o (0 _1)’ +3)’
2 4
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Thus for N=3,4,...

1 = 2n — 1 N 2n — 1
— Y F < .2858 + 3 +
o 2 ( « ) "23((2n—1)2+3)2
1 1
16 3
N* + =
4

We therefore obtain (with N = 10, e.g.)
l = 2n -1
=3 F(" ) <3238,
« = o
from which it follows that

8 cosh5.46 + 1
I (o) <~
o< (sinh 5.46 + 5.46

Combining (6.1), (6.5), (6.10), and (6.12) gives

I, = sup Ij() < .8,
az>0

proving Lemma 4.1.

Remark 6.1. — Note that

- 1 3 7
>— F®(x)dx = ——-
«Z g Sz T XIx 64

Hence from (6.3)

1 = 2n — 1 1 1 7
— SN F Z2—\1+—-—— s
a 2. ( ! ) 4 ( 3a? l6o¢")
and
2 coshma + 1 1 7
I () > = ————— _— .
o(@= 7 sinh 7o + 7 ( 3a2 1601")

Equations (6.4) and (6.13) show that
2
lim I,(a) =
a —» oo

m

)(.3238)<.8, 8<a< 3.

73

6.11)

(6.12)

(6.13)
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However, it is not difficult to see from (6.13) that actually I, (a) > 2

LS

for sufficiently large finite a. Thus I («) attains its maximum I at
2

some finite positive «, and I, > —. Obtaining an exact value for I; is
T

therefore much more difficult than obtaining the exact value for I, .

7. Construction of the solution.

Theorem 3.1 being proved, the solution u of (0.1) can now be
constructed from equation (1.6). In this equation, set w = f — AV ;
then

u=v+GUAd-P)w, a.n

or, with G*?(x', »") =G(x,y,x',»") (the Green’s function corres-
ponding to the Laplacian in R, ;)

u,y)=vx,y)+ G*”, 1-P)w)

for (x,y)ERa'b.

1 1
Since wEL*(R, ,), w= Y 3 w,,, where w,, €LL (R, ,)

(see equation (3.7)). If we truncate each of these expansions we
obtain an approximation

1 1
w=3 3 w, (7.2)
u=0 v=0
Mo No
to w, where w,, = Z > Yy Uy mVy,n is the truncation of the
m=1 n=1

Fourier expansion w,,~ 3, Y vYm'u, .Then = v+G(I-PWw

m=1 n=1

m vv,n

gives an approximation to u, and by choosing M, , N, sufficiently
large we can insure a priori that the error
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luGe, y) — a0, I<NIGEI| lw—wil
is as small as we please.

Thus in order to approximate u it suffices to approximate .
Moreover, the function v is known, and Gw can be easily constructed
using (7.2) and the fact that

Gy ¥, ) = — 772, (m)* + B,(m)*) " u, v,

B,m v,n"

Let » = Pw. We therefore need only to construct a function 4’ € 3¢
such that Gh' can be explicitly constructed and such that the error
IlA — "]l can be estimated a priori. The solution « to (0.1) will then
be approximated by the explicitly constructible function

u, =v+ Gw — GH', (7.3)
where W is given by (7.2), with an error
luGx, y)—ugGe, DISNGED | lw—w || +IGED | |h-H' 1| (7.4)

which can be estimated a priori. In the remainder of this section we
show how such approximations 4’ to 2 = PW can be constructed.

1 1
First, note that h =Pw = Z W,,, so that it suffices
=0 v=0
to approximate each of the functions h,, = P“,,ﬁ)“,,. Let
K+
S‘lf,, = 2 [P(l)(P(2) P(l))k -1 4 P(2)(P(1)P(2))k -1 (Pf‘i) Pf‘:,))k
k=1

(P(I)P(Z))k] — P(l) 2 [(P(2) P(l) P‘(‘i)(Pf‘ly) P‘(ﬁ)))k] + (1.5

+ P(2) Z [(P(l) p(2)) P‘(‘lv)(P(ﬂp(l)) ]

py "y

By (2.3) and Theorem 3.1, S"fv W,, approximates h,, with an error
Ay, — Sk, W, Il < 2(cos 6,,) 1 (1w, | (7.6)

which can be approximated a priori (using the bounds for cosé,,
given in Theorem 3.1) and, by choosing K sufficiently large, can be
made as small as we please.
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Next, note that S‘lf,, W, is the sum of a function in 3e§}3 and a
function in 3e§f,) (as are all functions in g€, by Theorem 3.1). The
spaces gefj,,’, 36‘(‘2,) have complete orthogonal bases {U4’}, {V4"} res-

pectively (given in Corollary 3.1). Choose M = M, and N = N, and
define

K
> _ pQ 2 k 2 NN,
huv - wa) Z [(P;(w) P;(tlv)) - PA(w)(P;(w)P;(w)) ]wnv +
k=0

K
+ PO N [®GPO) — POI@DIPOY W, , (1D
k=0
where f’f,’,,), 13‘(‘2,,) are the orthogonal projections of L? (R, ) onto the
finite dimensional subspaces a‘ef},,’ , Zéff,,) spanned by {U%:m=1,..., M},
{V&” :n=1,...,N} respectively. Then h,, is an approximation to
K .~
S“,, Wi and

.
ISK, W, — Ay, Il <

K N -
<Y @Y - PO @D PO W, I
& 1 - 2 2)\k
+1Y @5 - PEYPO@D PO W, I
k=0
K (2) p(2) (1) pCIE 4
+ " Z (P“v - Pl“’)(P‘“’ P“v) an ”
k=0

K
+1 2 @Y - POYPOI@D PO w1l . (7.8)
k=0

We investigate separately each of the terms on the right hand
side of (7.8). Elementary calculation shows that

&, m)* B, (n)*
[o, (m)* + B,(n)*]?
Note also that (u,, ,, v, , ,U‘,::’l) =0 form#m, and (4, ,, V,,.n,Vﬁ,‘;‘) =0
for n # n, . (Thus, in particular, (P()) — PO W , = 0,sinceM > M, .)

(U | V) = ab
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Making use of all these facts and of the representations of P‘(‘lu)

and P in terms of the orthogonal bases {U%’} and {V“”} respectively
(see (2.1)), one can easily verify that

K by -~
I Y, B0 — B @R, I

K
= 2 (@) —POY®D PO W, @D POYW,,)
k,l1=1

K oo oo oo oo Mo oo oo o0 Mo
=2 2 XX XY X X .. X

k,1=1 m=M+1 r;=1 q;=1 ry=1 qq=1 ng=1 my=1 ny=1 m;=1

MY uv 1d 14 v
E(O’”l myny Tmyny Emyng + - Emgng Mmm)

ab
KV Luv v (14
Oy, e, Ea) (1.9)

[o, (m)* + B,(r)*T
where .
g

a, (m)* U172 (U2 W,)
gy =ab B,(m* VA" 12 (e, (m)* + B,(m)*) 2,
ur = ab o, (m)* | U 1172 (o, (m)* + B,(n)*) % .

We shall derive bounds for these quantities in Lemmas 7.1, 7.2,

and 7.3 below. For this purpose we shall also need the following
equations :

NI = 5 ab® o, (m) Q3 (m) b)
IV IR = 7 @b B, QB (M a)
where
sinh 2mx + (— 1)* 27x
Qi(x) = -

cosh 2mx + (— 1)

LEmMMA 7.1. — Form=1,...,M,,

2 .
04 < ——=a 267 M2 C(c) W, Il ,

JT

hme — 12
where C(c) = (&"c—-) and ¢ = min [a/b, bla].

sinh m¢ — wc
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One checks that Q]’(x) is monotone decreasing and larger than
one for x > 0. It is also not difficult to verify that for any x, > 0,

sup Q' (x) = max{Qg'(x,), 1}, and that
xZxq

QEl(al (Mb) < Q;'(ozo(l)b)
so that  sup Q;'(oz.l (m)b) < sup Q;l(ao(m) b) < C(o) .

Similarly, sup Qp' (B, (n)a) < sup Q7' (B,(n)b) < C(c). Lemma 7.1
n n

is now immediate if one notes that form =1,...,M,,

oy (m) < a,(m) < Mya~! .

LEMMA 7.2. — gy < 1 for every n=1,2,...,and

1

I

s

Nhn < 1 for every m =1,2,....
1

n

In order to prove Lemma 7.2 we first derive the identities

= B,(n)* m
,,,2=, (a,(m)* +8,(m)*)* 4

aR2(B,(n)a) ,

= a, (m)°
o (0, (m)* + B,(m)*)?

=T . 2
=2 bR, (a,(m)d) ,

where for x > 0,

sinh 2mx — (= 1) 27x  4u )
cosh 2mx + (— 1)* 2mx

Ri(x) =

(These equations follow from the Fourier expansions

2 . 1 s (=D
h ~ = h — 4 —_— s
cosh yx - (sinh ym) (27 n§=l o + 1) cos nx)
1ty . 2n-1

. 2 d
sinh yx ~ — (coshym) 3}, x,
m =

i

21— 1)2 ST
2
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in the same way that (5.4) and (6.2) follow from (3.10) and (3.11).)
It follows immediately that

m = R3(B,(m a) Q> (B,(n)a) ,

Ips

Y 0k = R}(a,(m)b) Q;* (e, (m) b) .

n=1
One verifies that the function
R2(x) Qg% (x) = (sinh 2mx — 2mx) (sinh 2mx + 2mx)~!
is positive and monotone increasing for x > 0, and that
sup RE(x) Qg*(x) = lim R{(x) Qg* (x) =
On the other hand,
R?(x) Q7%(x) = 1 — [4(cosh 2mx — 1)
— 2(2mx)*] [2@x (sinh 27x — 2mx)] ™
is also <1 for x = 0, so

sup R3(x) Q7% (x) = im R2(x) Q7% (x) =

x=20
and the lemma follows.

LEMMA 7.3. — i i o, m)* + B,(m?*] 2 < 7= M2,

m=M+1 n=1 4

This lemma is immediately verified :

PR R NORRES T3 (o0m) + By(n)?]?

+1 n=1 m=M+1 n=1



80 N. ARONSZAIN, R.D. BROWN AND R.S. BUTCHER
wadh
4

Applying the estimates in Lemmas 7.1, 7.2, and 7.3 to equation
(7.9), one obtains that

nmah [~
< — -3 = -2
2 ‘/1;[ x"2dx M .

K = -~ -~
Iy @ — POy @DPO*W,, | KM Cle)M™ (1w, Il .
k=0

In an entirely analogous fashion one finds that

K
- R a - -
I :éo @) - POYPO @ PO W, 1l < 5 K+ DNY2CleM™ i, Il ,

K r-3 -~ -~
Y @3 — Py @) POY W, IIP KNG/ Ce)N! W, Il ,
k=0

3 i R b A
1Y @D - PR @D P W, IP < — K + DM C@ONT I, Il ,
k=0
so that X
IS W — B | STAM™ + A NI, I (7.10)
where

A =Cl@XK+1) ((%)”2 M2 +(§)m Nglz) (%)1/2 , (7.11.1)

1/2

A, =CE K+ 1) ((Z;—)”2 My + (7 )”2 N?,”)(S) , (1.11.2)

and C(c) is given in Lemma 7.1.

Thus the function };“u defined by (7.7) lgives an approximation

to h and the error (see (7.6) and (7.10)),

uy 2

By, — Ay Il < [2(cos 6,7 + A, M~ + A, N7 - b, I

can be estimated a priori. Note that ﬁw belongs to the M + N dimen-
sional subspace &K ,, of ¥, spanned by the vectors UY”,..., Uy,
e VY
1 PEEEEEE ) N .
Let Q,, be the projection of L*(R, ,) onto K
M>M,, N>Nyh,, =Q, W, =Q,,h,. Then

uv» and (recall

Ith,, — hy Nl = inf{llh,, — kIl - k,, €K, }<Ih,, — bl ,
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SO h"“, is an approximation to &, with an error which satisfies the a
priori estimate

Iy — By, 11 < 2(c0s 0,25 1, Il + [A, M7 + Ay N T (1, Il -

(7.12)
Moreover, h"“, can be computed explicitly, for
, M N
hy, = 2 sy uny + Z thY vk (7.13)
m=1 n=1

where the coefficients s,”, ;" are so chosen that [|w,, — A, I?=

. - 2, . :
inf{llw,, — k,, I : k,,€5,,}; ie., so that the function

14 vy — "
X6, o8 0, ., =1w,, —

o 2

By yTMY X KV MY 12
»wu ——Zth Il
1 n=

0X oX

oskv  ar)?

m=1,...,Mandn=1,...,N;ie., if and only if

attains its minimum. This occurs precisely when

N
U, hy,) = sE OS2 IE + Y (Ut Vi) = Ob

n=1

14
KBy 2 U; )>

m=1,..., M, (7.14.1)

M
W) = VIV + Y s U V) = o

m=1

By ’V}':V)’
=1,...,N. (7.14.2)

These equations can be solved explicitly for s§”,... sk, 4", ..., 18"
(7.13) then gives A, explicitly.

!

Furthermore, having constructed h,y,
explicitly using (7.13) and the equations :

Gh,, can be constructed

b - n" b
(GU,) (x,y =%— CD 2§y cosh 22 nn 7Y

. mm
27 sinh? ——
a

mmnb mny | . mux
_ y sinh —— cosh — ) sin ——
y 2 a a
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11 _ra_ ___._.(_‘ b i h__mrx cosh -
GV, ) (x,») 2b2 -hz’"’a asinh — 5
7 sin 5
nm
—xsinhn—?coshn—:f i-—-y
mb -nm m
GUOY e,y =22 e N Gn 20 oo 2T
2(121rcosh2-"l 4 a
b
_ysinhmcosh.'ﬂ-gsininlx.
a a a
s - D"
GV, ) =22 DD NG 2T cogn 2%
2b21rcosh2 na b b
—xsmh—coshﬂq sm-’-l—g
b b
b - " 2 1 2m — 1 wb
GUM (x,p) === 1 a bsinh ——— X cosh — T2 —
2a21rsinh22m—lﬂ a 2 a
2 a
.. 2m—1ab 2m — 1 wy 2m — 1 nx
— y sinh — CO! —= [ cos -
2 2 a
T a - Db 2n — 1 mx 2n — 1
GV x, ) === ) sinh =—— ZX cosh —— T2
2b2,h22n—11ra 2 b
7 sin -
b
xsinhzn—lﬁcs 2n — 1 mx 2n - 1wy
2 5 T2 (T2 »
b - " 2m — 1) b 2m — 1
(GU:,O)(X.}')-‘-I— 1)a (bsinh(m )Lcoshi—ﬂ—
2a21rcosh22m—11r_{7_ a 2 a
2 a
. 2m— 1wy 2m — 1 @b 2m — 1 nx
— y sinh — cosh -—) cos -
a a 2 a
T a 1> .. 2n—1ma 2n — 1 mx
A\ == h — cos - -
GV") &, ) 20 h,zn—lm(' b T2
T COS| —
2 b
s,h2n~l_12c_coh2n-lﬂ) os2n——12
X sin b s 3 b c 5 b
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11
Finally, let &' = 3} > h,, , where h,, is given by (7.13) with
u=0 v=0 '

coefficients which satisfy (7.14). Then both 4’ and GA' are explicitly
computable, and 4’ gives an approximation to & = Pw (see (7.12))
with an error which can be made, a priori, arbitrarily small. As noted
earlier, (7.3) then gives an explicitly computable approximation to u
and (7.4) the corresponding error estimate.

Remark 7.1. — In the construction of &, (see (7.13) and (7.12))
the choice of M and N determines how small the quantity

[A, M7+ A N7 1,
will be. Suppose one requires
AMT + AN W, < €. (7.15)

There are infinitely many choices of M and N which imply (7.15).
We wish to find that choice which will make construction of 4,
simplest ; i.e., such that M + N is smallest. Put another way, for the
sum M + N fixed, we wish to find that choice of M and N which
will make the left hand side of (7.15) smallest.

If (see (7.11)) one minimizes the function {a/b)"/*x~1 + (b/a)"/*y~1
subject to the constraint x + y = L, one finds the minimum is
(@b)"Y?(/a ++/B)*L™! and this is attained when x =/a(/a ++/B)"'L,
y =B /@ ++/B)"'L. Thus, for fixed L, the “best” choice for M
and N such that L<M + N< L + 1 would be the smallest integers

such that M >./a(v/a ++/B)"'L and N >/b(n/a + /D) 'L. In this

case the left hand side of (7.15) becomes
C(c) (K + 1) [(b/@)"1* MY? + (a/b)"* N¥?) (ab) M2 (/@ ++/B)* L7,

and the error estimate (7.12) takes the form
7y, — By Il < 2(c0s 6,)* (1w, | + C(c) K + 1) (ab)™/?

[(3)1/2 Mgﬂ +(%)1/2 Ng/:] (\/E+\/E)2 L' . (1.16)
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In particular the preceding considerations show that it is advan-
tageous to choose M and N so that their ratio is approximately (a/b)” z
Of course we must also always choose M > M, and N = N,.

Remark 7.2. — Solving equations (7.14) requires solving M + N

linear equations in M + N unknowns. However, the number of equa-
tions can be reduced considerably. For instance if M 2 N, we have

MY — MY —1 o
s = U217 b,

N

w3 vl me 1,
n=1

where t/¥ ..., t{" satisfy the N equations
1 N

N M
ENVEIE =y U, VI (U V) 1 =

k=1 m=1
-~ M -
= (W, , VB — 2 U7 UL, Vi) Oy, , UL
m=1

Note also that the above formulas (as well as (7.14) are unchanged if
W, is replaced by w.

Remark 7.3. — It follows from (7.1) that
Au=(0-P)w+Av=w - h + Av,

while (7.3) implies that

Auy,=w — 1’ + Av .
Thus
HA@W — u)ll = lAu — Augl < llw - Wl +lh -1,

and, since [|Aull < (1 = P)wl + Avl<wl + llAv] ,

MAul? — 1 Aug 121 = 11 8u + Ay — W) — Aul? | <
<21(Au, Ay — u) | + 1 A@w, — w1
S2(0Aull + 1Ay — w)I) 1 Ay — w)|
20wl + 1AV + TA@ — ug) D1 A@ — uy)l
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can be estimated a priori using (7.12) or (7.16). Therefore IlAuOII2
gives an approximation to the energy || Au I1? of system (0.1) and the
error can be estimated a priori.

8. A posteriori estimates.

As mentioned in the introduction, the a priori error estimates
derived in § 7 are so large as to be mainly of theoretical interest only.
However, the method used to derive these estimates makes no use of
the cancellations inherent in the definition of Sﬁ, (see (7.5)). Thus it
is extremely likely that the a priori bound (7.12) obtained for
I hy, — h;", || is much larger than the actual error ;i.e., that M and N
could actually be chosen much smaller than (7.12) would indicate in
order to insure that || h,, — h,, || is small.

It thus becomes all the more important from a practical point
of view that an alternative method is available for approximating the
solution ¥ which makes use of quite accurate a posteriori estimates.

Specifically, according to (7.1) the solution « is given by the
formula

u=v+Gw - GPw ,

and as seen in § 7, v is a known function and Gw can be easily ap-
proximated. Thus in order to approximate u it suffices to'approximate
h =Pw by an explicitly constructible function 4’ such that GA' is
also explicitly constructible. (Note that hére we use the function w
itself to define A rather than the approximating function w asin § 7.)

For any choice of M and N, such an approximating function

11
=3 ¥ h,, can be chosen as in. § 7 by taking h,, to be the
§=0 »=0

projection of w onto the M + N dimensional subspace SC“,, of 3¢,
spanned by UY",... Uy, V", ... VY’ h,, is given by (7.13),
where the coefficients are determined by solving the linear system
(7.14) with W“, replaced by w,, (see also Remark 7.2). The resulting
error || h‘w — h"w'il = P“p(w - h"w) | can then be approximated a
posteriori using the inequalities
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max[I| PG w — m )0, IPQw — k) 1) <
< hy — h;,ll <

< (1 —cos?6,,) " IPQYw — A )+ IPQw — A1, (B.1)

which follow from (2.4) and Theorem 3.1.

Suppose then one wishes to choose &, so that ||k, — A, Il <Ee.
The approximation procedure would be as follows : For a first ap-
proximation, one could, for example, choose M and N sufficiently
large that || (P,(‘{,) - f’f";,))w Il <€ forj=1, 2, where f"(“,,) and f’ﬁ,) are
the orthogonal projections of Lz(Ra',,) onto the spaces spanned by
Uy :m=1,...,M} and by {VW :n=1,...,N}, respectively.
(It seems likely heuristically that M and N should be taken at least
this large.) Find the function h"‘,, corresponding to this choice of M and
N, compute || P‘(";,)(w — h;,,) |l (which can be done to any desired accu-
racy), and use (8.1) to evaluate the error a posteriori.

If (8.1) does not show that || &, — h,'“, | <€, then M and N are
replaced by larger integers M' =M + M, ,N' =N+ N, , and 4, is
replaced by a new approximation h,, corresponding to M’ and N,
(In view of Remark 7.1 it would seem reasonable to choose these
new values M’ and N’ so that the quotient M'N’'~! is approximately
equal to (a/? b~V 2) This procedure is continued until the desired
accuracy is insured.

In following this procedure, it would perhaps be advantageous
to apply the Gram-Schmidt orthonormalization process to the basis
vectors U”, ..., Ul , V47, .., V§” to obtain an orthonormal basis
Wi, ..., Wisn for &K, . Although this process entails considerable
effort, the expression for h"", in terms of the new basis is immediate :

M+N
W= W, W)W

m=1
More important, if the resulting a posteriori error bound shows
that M and N are too small, then rather than starting all over from the
beginning using the larger values M' =M + M,, N' =N + N, one
need only to continue the orthonormalization procedure to obtain
(from the augmented basis U{”, ... , U, V", ..., V", Ui.,, - -

U‘,,‘,,"“,,{l s VRS- s V‘,‘,"ml) an orthonormal basis Wi”, ..., Wy",

s
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for the new space ZK;, corresponding to M’ and N’, and the improved
M +N’

approximation h"",, = ¥y W , WEy WhY to h,,. In this way very
m=1

little of the effort expended at the initial stage (using M and N) has

been wasted.

Remark 8.1. — As noted in the introduction, other ways are
known for decomposing de,, in case u = v. Let € be the subspace of
constant functions on R, , and, considering the elements of € as
functions of z = x + iy, define
ge() ={h €&, : h can be analytically extended to the band

|y | < b periodically of period 2a} ,
3@}3,,) ={h €3€,, : h can be analytically extended to the band
|x| < a periodically of period 2b} N@*.

It was shown in [3] that for (u,v) = (0,0) or (1,1), that
8, = 8L + e

2

A A . . (1
and that cos6,, = .’ where 6, is the minimal angle between 9efw’

and Séffv) Moreover, complete orthogonal bases {fJ‘,:,"} and {\7‘;"} for

éfef“,) and Séf‘f,) are known, so that the techniques of sections 7 and 8
could be applied to the decomposition 3e“,, = 56{“,) + 565‘:,’ foru = ».
It would seem, in fact, that this would lead to some improvement in
our results, at least for the case u = v = 0, since those error bounds

. 2
which involve cos 6, would surely be improved if cos 6, = - were

substituted for cos 6y, < .8.

The drawback in this approach is that the basis functions
. mmx mm
Ug,o(x,y)=cos— cosh-a—y ,m=0,1,...,
a

. nmx nm
Vgo(x,y)=cosh—b— cosTy ,n=1,2,...,
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are not as convenient for our purposes as are {UJ’} and {Vo°}. This

is due to the fact that the functions GUI?, GV°° cannot be given
explicitly in closed form in terms of elementary functions.

Appendix.

In this appendix we give the results of numerical calculations
performed, for each of the four parity cases, on a clamped plate
R, » with a = 2w, b = m. The computations were programmed (and
the calculations supervised) by Professor R. G. Hetherington of the
University of Kansas computer science department.

We took as data F=1 in the positive quarter and F= 1,
depending on the parity, in the other quarters of R, ,. To establish
the approximate solution & we used the projection onto the subspace
g¢,, generated by Uy, m=1,...,12,and V}*, n=1,...,8. The

m> n

value of & was calculated at the points (0, 0), (0, #/2), (7, 0), (7, 7/2)
for parity (0, 0), at the points (0, #/2), (w, /2) for parity (0, 1), at
the points (7, 0), (w, m/2) for parity (1, 0), and at the point (7 , 7/2)
for parity (1, 1). The results are listed below :
Parity (0,0) : 3.82<u(0,0) < 3.88
2.11 <u(0,n/2) < 2.17
3.03<u(r,0)<3.10
1.76 < u(mw , w/2) < 1.82
107.8600 < || Au||> < 107.8608

Parity (0,1) : 0.36 <u(0, n/2) < 0.41
0.53 < u(m,n/2) < 0.59
18.3511 < ||Au|l®> < 18.3516

Parity (1,0) : 242 <u(w,0) <247
1.42 < u(m,n/2) < 1.47
65.1830 < || Au > < 65.1834

Parity (1,1) : 0.44 <u(m,n/2) <048
14.3069 < || Au||* < 14.3072 .
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