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Abstract
Tensor data is widely used in modern data science. The interest lies in identifying

and characterizing the relationship between tensor datasets and external covariates.
These datasets, though, are often incomplete. An efficient nonconvex alternating
updating algorithm proposed by J. Zhou et al. in the paper "Partially Observed
Dynamic Tensor Response Regression" provides a novel approach. The algorithm
handles the problem of unobserved entries by solving an optimization problem of a
loss function under the low-rankness, sparsity, and fusion constraints. This analysis
aims to understand in detail the proposed algorithms and their theoretical proofs
with, potentially, dropping some of the assumptions implied to the model. Also, the
efficiency and accuracy of the algorithms on a simulated data and Parkinson’s disease
real-life dataset will be illustrated.
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1 Introduction
Tensor data has several potential applications. Compared to the classical regres-

sion, tensors show the spacial structure and any correlation among individual voxels.
Moreover, with high-dimensional data, converting tensor into vectors/matrices to ap-
ply the classic regression models would result in very large parameters. Thus, the
interest in regression involving tensors is growing. Tensors are perhaps most advanta-
geous in medical analysis. For example, it has been applied to datasets in biomedical
informatics, including MRI scans in studies of Alzheimer’s disease (AD) in Thung
et al, 2016 [6] and Attention deficit hyperactivity disorder (ADHD) in Zhou et al,
2013 [2]. Tensor data can also be seen in business applications Bruce et al, 2017 [9].
The interest of those studies lie in finding the relationship between given tensor data
and external covariates. These datasets, though, are often incomplete in real appli-
cations. To solve this issue, some have simply filled out the missing data by using
the mean of the data they have or have simply used a smaller sample size. These
approaches are limited regarding biomedical data. Thus, it is important to consider
other alternatives for dealing with incomplete data.

There are studies that address this problem by completing the tensor data Jain et
al, 2014 [10], Xia at el, 2019 [11]. To complete the tensor, some tensor low-rankness
and sparsity structures are employed, and unsupervised learning methods are used.
Zhou et al, 2021 [1], deal with those models without trying to complete the data but
aiming to estimate the relationship between incomplete multidimensional arrays and
covariates. This approach is unique and worth research. To handle the unobserved
entries, Zhou et al, 2021 [1] consider an optimization problem of a loss function under
the low-rankness, sparsity, and fusion constraints.

This approach may have numerous benefits within the context of analyzing biomed-
ical or business data. To enhance the analysis, it is vital to understand, in detail, the
algorithms proposed by Zhou et al, 2021 [1] and their theoretical proofs. The non-
convexity of the problem causes the theoretical explanation to be highly nontrivial.
To apply those algorithms for a more general model, some of the assumptions about
the data could be dropped. Through theoretical analysis, one assumption was weak-
ened. Also, it is necessary to apply those algorithms for a simulation and a real-life
dataset. Two data patterns were considered for the simulations. Both illustrated the
efficiency and accuracy of the algorithms. Simulations and theoretical proofs show
that the estimation error decreases when the observation probability increases. The
method is also used to analyze a speech dataset of Parkinson’s patients Tsanas et al,
2009 [8]. Several patterns were found by this analysis, which were found consistent
existing research on speech analysis for Parkinson’s diagnosis.

Overall, the theoretical explanation of proposed in Zhou et al, 2021 [1] algorithms
are evaluated, and the results for simulations and a real-life dataset for voice analysis
of Parkinson’s disease patients are presented.
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2 Definitions and notations
In this chapter, we introduce main notations and definitions that are used regularly

through the paper. Tensors are multidimensional arrays. For example, matrices are 2-
dimensional tensors and MRI images are 3-dimensional tensors. For a m-dimensional
tensor A ∈ Rd1×···×dm : Ai1,...im is its (i1, . . . im)th entry and Ai1,...ij−1,,:,ij+1,...,im =
(Ai1,...ij−1,,1,,ij+1,...,im , . . . ,Ai1,...ij−1,,dj ,ij+1,...,im)T ∈ Rdj . Let unfoldm(A) denote the
mode-m unfolding of A. Tensor unfolding is also called tensor matricization. For
example, the mode-3 unfolding of a third-order tensor A ∈ Rd1×d2×d3 is unfold3(A) =
[A1,1,:, . . . ,Ad1,1,:, . . . ,Ad1,d2,:] ∈ R(d1d2)×d3 . Let [d] = {1, . . . , d}. For a ∈ Rdj ,
j-mode tensor product is defined as A ×j a ∈ Rd1×···×dj−1×dj+1×···×dm , such that
(A×j a)i1×···×ij−1×ij+1×···×im =

∑dj
i=1Ai1,...,imaij . For B ∈ RJ×dj , j-mode matrix prod-

uct of a tensor A ∈ Rd1×···×dm is defined as A ×j B ∈ Rd1×···××dj−1×J×dj+1×···×dm ,
such that for all i1 ∈ [d1], . . . ij−1 ∈ [dj−1], ij ∈ [J ], ij+1 ∈ [dj+1], . . . im ∈ [dm],

(A ×j B)i1,...ij−1,ij ,ij+1,...im =
dj∑
k=1

ai1,...,imbij ,k. For aj ∈ Rdj , j ∈ [m], the multilinear

combination of the tensor entries is defined as A×1 a1 ×2 · · · ×m am
=
∑

i1∈[d1] · · ·
∑

im∈[dm] a1,i1 . . . am,imAi1,...,im . The tensor spectral norm is defined
as ‖A‖ = sup‖a1‖=···=‖am‖=1|A ×1 a1 ×2 · · · ×m am|. The tensor Frobenius norm is

‖A‖F =
√∑

i1,...,im
A2
i1,...,im

.

Let ◦ and ⊗ denote outer product and Kronecker product, respectfully. For tensors
A1, . . .Am, recall that ‖A1 ◦A2 ◦ · · · ◦Am‖2

F = ‖A1‖2
F‖A2‖2

F . . . ‖Am‖2
F . For a vector

a ∈ Rd, let ‖a‖ and ‖a‖0 denote its Euclidean norm and l0 norm, respectfully. For
vectors a, b, recall the triangle inequality ‖a+b‖ ≤ ‖a‖+‖b‖ and ‖a−b‖ ≥ |‖a‖−‖b‖|.
For a matrix A, if Av = λv, where v is a vector and λ is a scalar. Then v is an eigen-
vector of A and λ is an eigenvalue corresponding to that eigenvector. Singular value
of A is defined as the square root of the non-negative eigenvalue of the matrix A∗A,
where A∗ denotes the conjugate transpose of A. Since A ∈ Rd, A∗ = AT .
For a matrix A ∈ Rd1×d2 , let ‖A‖ denote its spectral norm as

‖A‖ =
√
λmax(A∗A) = σmax(A),

where σmax(A) is the largest singular value of matrix A. For A,B - matrices, re-
call that ‖AB‖ ≤ ‖A‖‖B‖. Let ψ2 = exp(x2) − 1. Then, for a random variable
X, let ‖X‖ψ2 denote its Orlicz norm, defined as inf

{
u > 0 : E

[
ψ2

(
|X|
u

)]
≤ 1
}

={
u > 0 : E

[
exp

(
|X|2
u2

)]
≤ 2
}
.
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3 Statistical model
In this section, we introduce the tensor regression model that is a foundation for

the algorithms of our interest and their analysis. Also, we present the assumptions
on the coefficient tensor and establish an optimization problem.

At each time point t an mth-order tensor Yt of dimension d1 × · · · × dm, t ∈ [T ] is
collected. Suppose there are n subjects in the study. For each subject i, this tensor
sequence can be represented as a dynamic (m + 1)th-order tensor Yi of dimension
d1 × · · · × dm × T .

A dynamic tensor Yi and a q-dimensional vector of covariates xi are collected,
where

Yi ∈ Rd1×···×dm×T and xi ∈ Rq, i ∈ [n].

The response tensor Yi can be partially observed, with a missing pattern varying
from subject to subject. We consider the following tensor regression model:

Yi = B∗ ×m+2 xi + Ei (1)

B∗ ∈ Rd1×···×dm×T×q − (m+ 2)th-order coefficient tensor,
Ei ∈ Rd1×···×dm×T − (m + 1)th-order error tensor independent of xi. Without loss of
generality, we assume that the response tensor is centered. Therefore, the intercept
from the model can be dropped.

The main object of interest in the analysis is to estimate the coefficient tensor B∗.
Assumptions on B∗:

1. B∗ admits a rank-r CP decomposition structure.

B∗ =
∑
k∈[r]

w∗kβ
∗
k,1 ◦ · · · ◦ β∗k,m+2 , where (2)

w∗k > 0 and β∗k,j ∈ Sdj ,Sdj = {a ∈ Rd | ‖a‖ = 1}.

2. B∗ is sparse, thus the decomposed components β∗k,j’s are sparse too.

β∗k,j ∈ S(dj, sj) for all j ∈ [m+ 1], k ∈ [r], where

S(d, s) =

{
β ∈ R |

d∑
l=1

1(βl 6=0) ≤ s

}
= {β ∈ R | ‖β‖0 ≤ s} .

This assumption enables to concentrate on the tensor regions that are the most
dependent on the covariates.

3. Decomposed components β∗k,j have fusion structure,

β∗k,j ∈ F (dj, fj) for all j ∈ [m+ 1], k ∈ [r], where

F (d, f) =

{
β ∈ R |

d∑
l=2

1|βl−βl−1|6=0) ≤ f

}
= {β ∈ R | ‖Dβ‖0 ≤ f − 1} , where

3



D ∈ R(d−1)×d with Di,i = −1, Di,i+1 = 1 for i ∈ [d− 1] and other entries = 0.

This assumption encourages temporal smoothness and helps pool information
from tensors observed at adjacent time points.

A major challenge in this model is that some entries of the tensor Y are unob-
served. Let Ωi ⊆ [d1]× [d2]× · · · × [dm+1] denote the set of indexes for the observed
entries in Yi, i ∈ [n]. Also, a projection tensor ΠΩ(·) is defined as:

[ΠΩ(Y )]i1,i2,...,im+1 =

{
Yi1,i2,...,im+1 if(i1, i2, . . . , im+1) ∈ Ω,

0 otherwise.

Note that for tensors A1, . . .Am,

‖ΠΩ(A1 ◦ A2 ◦ · · · ◦ Am)‖2
F = ‖ΠΩ(A1)‖2

F‖A2‖2
F . . . ‖Am‖2

F

= ‖A1‖2
F‖ΠΩ(A2)‖2

F . . . ‖Am‖2
F = ‖A1‖2

F‖A2‖2
F . . . ‖ΠΩ(Am)‖2

F .

Also, for tensors A1,A2, we get

〈ΠΩ(A1),ΠΩ(A2)〉 = 〈ΠΩ(A1),A2〉.

Then, we consider the following constrained optimization problem:

min
wk,βk,jk∈[r],j∈[m+2]

1

n

n∑
i=1

∥∥∥∥∥∥ΠΩi

Yi −∑
k∈[r]

wk(β
T
k,m+2xi)βk,1 ◦ · · · ◦ βk,m+1

∥∥∥∥∥∥
2

F

(3)

with limitations ‖βk,j‖2 = 1, j ∈ [m+ 2], ‖βk,j‖0 ≤ τsj , ‖Dβk,j‖0 ≤ τfj ,
j ∈ [m+ 1], k ∈ [r].

4



4 Estimation methods and algorithms
In this chapter, we present algorithms for estimating a solution to the optimization

problem (3) and initializing the variables to achieve more precise results.

4.1 Estimation algorithm

In this section, we introduce an algorithm to solve the optimization problem (3).
We go step by step to understand in detail and derive the formulas used in the
algorithm.

The optimization problem (3) is a non-convex optimization with multiple con-
straints. The loss function is non-trivial since a projection tensor was added to deal
with unobserved entries. Problem (3) either does not have a closed-form solution
or it is too complex for calculations. Therefore, estimation algorithms should be
considered to find a solution of (3).

Zhou et al, 2021 [1] proposed an alternating block updating algorithm to solve
this optimization problem.

Algorithm 1 Alternating block updating algorithm
Input: the data {(xi, Yi,Ωi), i = 1, . . . , n}, the rank r, the sparsity parameter τsj , and the fusion
parameter τfj , j ∈ [m+ 1].
Initialization: set wk = 1, and randomly generate unit norm vectors βk,1, . . . , βk,m+2 from a
standard normal distribution, k ∈ [r].
Repeat
for k = 1 to r do

for j = 1 to m+ 1 do
Step 1: obtain the unconstrained estimator β̃

(t+1)
k,j , given,

ŵ
(t)
k , β̂

(t+1)
k,1 , . . . , β̂

(t+1)
k,j−1, β̂

(t)
k,j+1, . . . , β̂

(t)
k,m+1, β̂

(t)
k,m+2, by solving (4).

Normalize β̃(t+1)
k,j .

Step 2: obtain the constrained estimator β̂(t+1)
k,j , by applying the Truncatefuse operator to

β̃
(t+1)
k,j

Normalize β̂(t+1)
k,j .

end for
Step 3: obtain w̃(t+1)

k , given β̂(t+1)
k,1 , . . . , β̂

(t+1)
k,m+1, β̂

(t)
k,m+2 using (8)

Step 4: obtain β̃(t+1)
k,m+2, given ŵ

(t+1)
k , β̂

(t+1)
k,1 , . . . , β̂

(t+1)
k,m+1 using (9)

end for
Until the stopping criteria is met.
Output: ŵk, β̂k,1, . . . , β̂k,m+2, k ∈ [r].

Step 1: solving an unconstrained weighted tensor completion problem

min
βk,j

1

n

n∑
i=1

{
α

(t)
i,k

}∥∥∥ΠΩi

(
R

(t+1)
i,k − ŵkβ̂(t+1)

k,1 ◦ · · · ◦ β̂(t+1)
k,j−1 ◦ βk,j ◦ β̂

(t)
k,j+1 ◦ · · · ◦ β̂

(t)
k,m+1

)∥∥∥2

F
,

(4)
where α(t)

i,k = β
(t)T
k,m+2xi and R

(t+1)
i,k is a residual form defined as

5



R
(t+1)
i,k =

(
Yi −

∑
k′<k

ŵ
(t+1)
k′ α

(t+1)
i,k′ β

(t+1)
k′,1 ◦ · · · ◦ β

(t+1)
k′,m+1 −

∑
k′>k

ŵ
(t)
k′ α

(t)
i,k′β

(t)
k′,1 ◦ · · · ◦ β

(t)
k′,m+1

)
α

(t)
i,k

(5)
for i ∈ [n], k ∈ [r].

The optimization problem (4) has a closed-form solution.To simplify the calculations,
the solution is presented for m = 2. For m ≥ 3 calculations are similar. In particular,
β̃k,3 is estimated as follows:

The optimization problem becomes:

min
βk,3

1

n

n∑
i=1

{
α

(t)
i,k

}∥∥∥ΠΩi

(
R

(t+1)
i,k − ŵkβ̂(t+1)

k,1 ◦ β̂(t+1)
k,2 ◦ βk,3

)∥∥∥2

F∥∥∥ΠΩi

(
R

(t+1)
i,k − ŵkβ̂(t+1)

k,1 ◦ β̂(t+1)
k,2 ◦ βk,3

)∥∥∥2

F

=
∑
l1,l2,l

∣∣∣δi,l1,l2,l (R(t+1)
i,k,l1,l2,l

− ŵkβ̂(t+1)
k,1,l1

β̂
(t+1)
k,2,l2

βk,3,l

)∣∣∣2 ,
where δi,l1,l2,l is an indicator function on Ωi, which means that δi,l1,l2,l = 1 if

(l1, l2, l) ∈ Ωi and δi,l1,l2,l = 0 otherwise.
The function can be minimized by every entry of βk,3:

n∑
i=1

(α
(t)
i,k)

2
∑
l1,l2

∣∣∣δi,l1,l2,l (R(t+1)
i,k,l1,l2,l

− ŵkβ̂(t+1)
k,1,l1

β̂
(t+1)
k,2,l2

βk,3,l

)∣∣∣2 → min

Let αi = (α
(t)
i,k)

2, (l1, l2) = j, βk,3,l = x, δi,l1,l2,lR
(t+1)
i,k,l1,l2,l

= ai,j

and δi,l1,l2,lŵkβ̂
(t+1)
k,1,l1

β̂
(t+1)
k,2,l2

= bi,j.
Hence, by applying Proposition A.1, we get:

β̃k,3,l =

n∑
i=1

(α
(t)
i,k)

2
∑
l1,l2

δi,l1,l2,lR
(t+1)
i,k,l1,l2,l

β̂
(t+1)
k,1,l1

β̂
(t+1)
k,2,l2

n∑
i=1

(α
(t)
i,k)

2
∑
l1,l2

δi,l1,l2,lŵk(β̂
(t+1)
k,1,l1

)2(β̂
(t+1)
k,2,l2

)2

. (6)

Similarly, we get a closed form solutions for β̃k,2,l and β̃k,1,l

β̃k,2,l =

n∑
i=1

(α
(t)
i,k)

2
∑
l1,l3

δi,l1,l3,lR
(t+1)
i,k,l1,l3,l

β̂
(t+1)
k,1,l1

β̂
(t+1)
k,3,l3

n∑
i=1

(α
(t)
i,k)

2
∑
l1,l3

δi,l1,l3,lŵk(β̂
(t+1)
k,1,l1

)2(β̂
(t+1)
k,3,l3

)2

.
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β̃k,1,l =

n∑
i=1

(α
(t)
i,k)

2
∑
l2,l3

δi,l2,l3,lR
(t+1)
i,k,l2,l3,l

β̂
(t+1)
k,2,l2

β̂
(t+1)
k,3,l3

n∑
i=1

(α
(t)
i,k)

2
∑
l1,l2

δi,l1,l2,lŵk(β̂
(t+1)
k,1,l1

)2(β̂
(t+1)
k,2,l2

)2

.

As seen from the formulas above, β̃’s need to be updated in an element-wise
fashion as an indicator δi,l1,l2,l3 is present in both nominator and denominator. Since
it could change across different entries of β̃’s, it can not be canceled.

Step 2: applying operators to the unconstrained estimators to incorpo-
rate the sparsity and fusion constraints

As in Zhou et al, 2021 [1], we define Truncate operator as follows

[Truncate(a, τs)]j =

{
aj if j ∈ supp(a, τs)

0 otherwise,

where supp(a, τs) refers to the indexes of τs entries with the largest absolute values
in a. The truncation operator ensures that the total number of nonzero entries in a
is bounded by τs.

We also consider Fuse operator which is defined as

[Fuse(a, τf )]j =

τf∑
i=1

1j∈Ci
1

|Ci|
∑
l∈Ci

al,

where {Ci}
τf
i=1 are the fusion groups. To calculate the fusion groups:

1. Calculate Truncate(Da, τf−1). The resulting vector has at most τf−1 nonzero
entries.

2. The elements aj and aj+1 are put into the same group if [Truncate(Da, τf−1)]j =
0.

3. Elements of each group are averaged.

Combining Truncate and Fuse operators, we obtain Truncasefuse operator, de-
fined as

Truncatefuse(a, τs, τf ) = Truncate [Fuse(a, τf ), τs] .

For example, consider a = (0.2, 0.1, 0.5, 0.6, 0.7)T , τs = 3 and τf = 2.

1. Da = (−0.1, 0.4, 0.1, 0.1)T .

2. Truncate(Da, τf − 1) = Truncate((−0.1, 0.4, 0.1, 0.1)T , 1) = (0, 0.4, 0.1, 0.1)T .

3. The previous step shows that a1, a2 belong to one group, and a3, a4, a5 belong
to the other.
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4. Fuse (a, τf ) = (0.15, 0.15, 0.6, 0.6, 0.6)T .

5. Truncatefuse(a, τs, τf ) = Truncate [Fuse(a, 2), 3] = Truncate
[
(0, 0, 0.6, 0.6, 0.6)T

]
.

Step 3: update ŵ(t+1)
k

Since β̂(t+1)
k,1 , . . . , β̂

(t+1)
k,m+1 are already estimated, the optimization problem becomes:

min
wk

1

n

n∑
i=1

{
α

(t)
i,k

}2 ∥∥∥ΠΩi

(
R

(t+1)
i,k − wkβ̂(t+1)

k,1 ◦ · · · ◦ β̂(t+1)
k,m+1

)∥∥∥2

F
,

where

R
(t+1)
i,k =

(
Yi −

∑
k′<k

w
(t+1)
k′ α

(t)
i,k′β

(t+1)
k′,1 ◦ · · · ◦ β

(t+1)
k′,m+1 −

∑
k′>k

w
(t)
k′ α

(t)
i,k′β

(t+1)
k′,1 ◦ · · · ◦ β

(t+1)
k′,m+1

)
α

(t)
i,k

.

Note that R(t+1)
i,k does not depend on wk. By the definition of the Frobenius norm,

we have ∥∥∥ΠΩi

(
R

(t+1)
i,k − wkβ̂(t+1)

k,1 · · · β̂(t+1)
k,m+1

)∥∥∥2

F

=
∑

l1,...,lm+1

∣∣∣δi,l1,...,lm+1

(
R

(t+1)
i,k,l1,...,lm+1

− wkβ̂(t+1)
k,1,l1
· · · β̂(t+1)

k,m+1,lm+1

)∣∣∣2 .
Then, the function we minimize in wk becomes:

1

n

n∑
i=1

{
α

(t)
i,k

}2 ∑
l1,...,lm+1

∣∣∣δi,l1,...,lm+1

(
R

(t+1)
i,k,l1,...,lm+1

− wkβ̂(t+1)
k,1,l1
· · · β̂(t+1)

k,m+1,lm+1

)∣∣∣2

Let x = wk, αi =
{
α

(t)
i,k

}2

, j = (l1, . . . , lm+1), ai,j = δi,l1,...,lm+1R
(t+1)
i,k,l1,...,lm+1

and bi,j =

δi,l1,...,lm+1 β̂
(t+1)
k,1,l1
· · · β̂(t+1)

k,m+1,lm+1
. Therefore, by applying Proposition A.1, the closed

form solution is:

ŵ
(t+1)
k =

n∑
i=1

{
α

(t)
i,k

}2 ∑
l1,...,lm+1

δi,l1,...,lm+1R
(t+1)
i,k,l1,...,lm+1

β̂
(t+1)
k,1,l1
· · · β̂(t+1)

k,m+1,lm+1

n∑
i=1

{
α

(t)
i,k

}2 ∑
l1,...,lm+1

(
δi,l1,...,lm+1 β̂

(t+1)
k,1,l1
· · · β̂(t+1)

k,m+1,lm+1

)2
.

Then,

ŵ
(t+1)
k =

n∑
i=1

{
α

(t)
i,k

}2

ΠΩi(R
(t+1)
i,k )×1 β̂

(t+1)
k,1 ×2 · · · ×m+1 β̂

(t+1)
k,m+1

n∑
i=1

{
α

(t)
i,k

}2 ∥∥∥ΠΩi

(
β̂

(t+1)
k,1 ◦ · · · ◦ β̂(t+1)

k,m+1

)∥∥∥2

F

. (7)

Step 4: update β̂(t+1)
k,m+2
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Since β̂(t+1)
k,1 , . . . , β̂

(t+1)
k,m+1 and ŵ

(t+1)
k are already estimated, the optimization problem

becomes:

min
βk,m+2

1

n

n∑
i=1

{
βTk,m+2xi

}2

∥∥∥∥∥ΠΩi

(
R

(t+1)
i,k

βTk,m+2xi
− A(t+1)

k

)∥∥∥∥∥
2

F

,

where
R

(t+1)
i,k = Yi −

∑
k′ 6=k,k′∈[r]

ŵ
(t+1)
k′ β

(t)T
k′,m+2xiβ

(t+1)
k′,1 ◦ · · · ◦ β

(t+1)
k′,m+1 and

A
(t+1)
k = ŵ

(t+1)
k β̂

(t+1)
k,1 ◦ · · · ◦ β̂(t+1)

k,m+1.

By the definition of the Frobenius norm, we have∥∥∥∥∥ΠΩi

(
R

(t+1)
i,k

βTk,m+2xi
− A(t+1)

k

)∥∥∥∥∥
2

F

=
∑

l1,...,lm+1

∣∣∣∣∣δi,l1,...,lm+1

(
R

(t+1)
i,k,l1,...,lm+1

βTk,m+2xi
− A(t+1)

k,l1,...,lm+1

)∣∣∣∣∣
2

.

Therefore, the function that needs to be minimized in βk,m+2 becomes

n∑
i=1

∑
l1,...,lm+1

(
δi,l1,...,lm+1

(
R

(t+1)
i,k,l1,...,lm+1

− A(t+1)
k,l1,...,lm+1

βTk,m+2xi

))2

.

Using Proposition A.1, a closed form solution is:

β̂
(t+1)
k,m+2 =

{
1

n

n∑
i=1

∥∥∥ΠΩi

(
A

(t+1)
k

)∥∥∥2

F
xix

T
i

}−1 n∑
i=1

〈
ΠΩi(R

(t+1)
i,k ),ΠΩi(A

(t+1)
k )

〉
xi. (8)

With a good initialization, which can be achieved through the algorithm below, the
iterative estimator from the considered algorithm is within the statistical precision
of the true parameter. Results from the theorems in the later chapters provide a
theoretical condition to end the iterative process: the computation error is dominated
by statistical error. In practice, the iteration ends when two consecutive iterations
are close.

4.2 Initialization algorithms

The success of the alternating block updating algorithm depends on a good initial-
ization of the main variables. In the section, we consider two initialization algorithms
for the cases of r = 1 and r > 1. Since the optimization problem (3) is non-convex,
the initialization might not have a closed-form solution. Therefore, initialization algo-
rithms that solve this issue are considered. Zhou et al, 2021 [1] provide an algorithm
for initialization called a spectral initialization. In order to simplify the presentation,
the notion is used for the case of m = 2. Nevertheless, it can be extended to cases
where m > 2. Let

T =
1

n

∑
i

ΠΩi(Yi),
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A1 = unfold3(p−1T ) ∈ Rd3×d1d2 , A2 = unfold1(p−1T ) ∈ Rd1×d2d3

B1 = Πoff-diag(A1A
T
1 ) ∈ Rd3×d3 , B2 = Πoff-diag(A2A

T
2 ) ∈ Rd1×d1 ,

where Πoff-diag keeps only the off-diagonal entries of the matrix.
Let U1Λ1U

T
1 be the rank-r decomposition of B1, and let U2Λ2U

T
2 be the rank-r

decomposition of B2.

Algorithm 2 Spectral initialization algorithm for r = 1

Input: the number of restarts L, the estimates U1, U2,and the sparsity parameter τsj , j ∈ [3]
for l = 1 to L do

Generate gl1 ∼ Normal(0, Id3), and compute g̃l1 = U1U
T
1 g1,M

l
1 = p−1T ×3 g̃

l
1.

Set vl1 and vl2 are the first left and right singular vector of M l
1 corresponding to the largest

absolute value |λl1|.
end for
for l = 1 to L do

Generate gl2 ∼ Normal(0, Id1
), and compute g̃l2 = U2U

T
2 g2,M

l
2 = p−1T ×3 g̃

l
2.

Set vl3 and vl4 are the first left and right singular vector of M l
2 corresponding to the largest

absolute value |λl2|.
end for
Choose (v1, v2) from {(v1, v2)}Ll=1 with the largest |λl1|.
Choose (v3, v4) from {(v3, v4)}Ll=1 with the largest |λl2|.
Compute β̂

(0)
1,j = Norm(Truncate(ṽj , τsj )) for j = 1, 2, 3, where (ṽ1, ṽ2, ṽ3) is obtained from

(v1, v2), (v3, v4) and Norm is the normalization operator.
Compute ŵ(0)

1 and β̂(0)
1,4 using (9).

Output: ŵ(0)
1 , β̂

(0)
1,1 , β̂

(0)
1,2 , β̂

(0)
1,3 , β̂

(0)
1,4 .

Given β̂(0)
1,1 , β̂

(0)
1,2 , β̂

(0)
1,3 , we have the following optimization problem,

min
w1>0,‖β1,4‖=1

1

n

n∑
i=1

∥∥∥ΠΩi

(
Yi − ŵk(βT1,4xi)β̂

(0)
1,1 ◦ β̂

(0)
1,2 ◦ β̂

(0)
1,3

)∥∥∥2

F

The solutions are obtained as:

β̂
(0)
1,4 =

{
1

n

n∑
i=1

∥∥∥ΠΩi

(
β̂

(0)
1,1 ◦ β̂

(0)
1,2 ◦ β̂

(0)
1,3

)∥∥∥2

F
xix

T
i

}−1

n−1

×
n∑
i=1

〈
ΠΩi(Yi),ΠΩi(β̂

(0)
1,1 ◦ β̂

(0)
1,2 ◦ β̂

(0)
1,3)
〉
xi,

ŵ
(0)
1 =

n∑
i=1

β̂T1,4xiΠΩi(Yi)×1 β̂
(0)
1,1 ×2 β̂

(0)
1,2 ×3 β̂

(0)
1,3

n∑
i=1

{
β̂T1,4xi

}2 ∥∥∥ΠΩi

(
β̂

(0)
1,1 ◦ β̂

(0)
1,2 ◦ β̂

(0)
1,3

)∥∥∥2

F

(9)
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Zhou et al, 2021 [1] also propose the initialization algorithm for a more general
case where r > 1:

Algorithm 3 Spectral initialization algorithm for r > 1

Input: the number of restarts L, the estimates U1, U2, the tolerance parameter εth and the
sparsity parameter τsj , j ∈ [3]

Obtain {(v1, v2)}Ll=1 and {(v3, v4)}Ll=1 using Algorithm 2.
Obtain the triplet S = {(ṽ1, ṽ2, ṽ3)}Ll=1 from (v1, v2)Ll=1, (v3, v4)Ll=1
for l = 1 to L do

Find (β̂k,1, β̂k,2, β̂k,3) = argmax(ṽ1,ṽ2,ṽ3))∈S |p
−1T ×1 ṽ1 ×2 ṽ2 ×3 ṽ3|

Remove all the triplets in (ṽ1, ṽ2, ṽ3))Ll=1 with max{|〈β̂k,1, ṽl1〉|, |〈β̂k,2, ṽl2〉|, |〈β̂k,3, ṽl3〉|} > 1−εth
end for
Set ŵk = 1, and randomly generate unit-norm vectors β̂k,4, k ∈ [r] from a standard normal
distribution.
Repeat
Update β̂k,1, β̂k,2, β̂k,3 using (6), and set β̂k,j = Norm(Truncate(β̂k,j , τsj )) for j = 1, 2, 3.
Update ŵk using (7).
Update β̂k,4 using (8).
Until the stopping criteria is met.
Denote the final update of ŵk, β̂k,1, β̂k,2, β̂k,3, β̂k,4 as ŵ(0)

k , β̂
(0)
k,1, β̂

(0)
k,2, β̂

(0)
k,3, β̂

(0)
k,4, k ∈ [r], respectively.

Output: ŵ(0)
k , β̂

(0)
k,1, β̂

(0)
k,2, β̂

(0)
k,3, β̂

(0)
k,4, k ∈ [r].
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5 Theoretical results
In this chapter, we discuss assumptions that are implemented for a theoretical

analysis of Algorithms 1 and 2. We present two theorems that show that estimation
from Algorithm 1 gives precise results with a high probability. Also, we present a
theorem to theoretically prove that Algorithms 2 provides a good initialization.

5.1 Assumptions

In this section, we introduce assumptions on the statistical model (1). Precise
results of Algorithms 1 and 2 cannot be achieved using any initial parameters or under
any true model. Therefore, several limitations and assumptions are implemented. We
discuss those assumptions and point at the ones that could be weakened. At first,
the general assumptions are discussed.

Assumption 1.

(a) The predictor xi satisfies:

‖xi‖ ≤ c1 and
1

n

n∑
i=1

‖xixTi ‖2 ≤ c2, i ∈ [n]

1/c0 < λmin ≤ λmax < c0, where λmin, λmax are the minimum and maximum

eigenvalues of the sample covariance matrix Σ = 1
n

n∑
i=1

xix
T
i , respectively, and

c0, c1, c2 are some positive constants.

(b) The true coefficient tensor B∗ satisfies the CP decomposition with sparsity and
fusion constraints. The decomposition is unique up to a permutation.

(c) The decomposed component β∗k,j is a µ-mass unit vector:

max
l∈dj
|β∗k,j,l| ≤ µ/

√
s ≤ 1.

(d) The entries in the error tensor Ei are independent and identically distributed
sub-Gaussian with a variance σ2.

(e) The entries of the response tensor Yi are observed independently with an equal
probability p ∈ (0, 1].

Remarks:

1. In Zhou et al, 2021 [1], the assumption in (b) is added with ‖B∗‖ ≤ c3w
∗
max

where w∗max = maxk{w∗k}, w∗min = mink{w∗k}. Also, w∗max = O(w∗min). However,
this assumption is not used in the proofs.
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2. In real applications, assumption (e) might not be satisfied due to the nature of
the unobserved entries. This assumption is required for the theoretical analysis,
even though the algorithm does not require it.

Then, we introduce regularity conditions for r = 1.
Assumption 2.
Let d = max{d1, · · · dm+1}

(a) The observation probability p satisfies:

p ≥ c4{log(d)}4µ3

ns1.5
,

where c4 is some positive constant.

(b) The sparsity and fusion parameters satisfy:

τsj ≥ sj, τsj = ∫| and τfj ≥ fj

Also, for the minimal gap ∆∗ = min
1<s≤dj ,β∗1,j,s 6=β∗1,j,s−1,j∈[3]

|β∗1,j,s − β∗1,j,s−1|:

∆∗ >
C1σ

w∗1

√
slog(d)

np
,

where C1 is the positive constant defined in Theorem 5.1.

(c) For the initialization error ε = max{|ŵ(0)
1 − w∗1|/w∗1,maxj‖β̂(0)

1,j − β∗1,j‖2} :

ε < min
{

λ3
min

24
√

10c2λ2
max

,
1

6

}
,

where c2 is the same constant as in Assumption 1.

(d) The sample size n satisfies:

n ≥ min

{
c5σ

2s2log(d)

w∗21 p
,
c6σslog(

√
s3/p)

w∗1p

}
,

where c5 and c6 are some positive constants.

Remarks:

1. The condition (a) places a lower bound on the observation probability to ensure
a recovery of the tensor coefficient.

2. The condition (b) for the sparsity parameter ensures that the truly nonzero
elements would not shrunk to zero.
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3. The assumption (c) requires the initial values to be reasonable close to the
true parameters, which can be achieved with the considered above initialization
algorithm. The condition on the minimal gap ensure that the fused estimator
wouldn’t incorrectly merge two distinct groups.

4. For the most part, those assumption have a theoretical explanation. Indeed,
they are used in the proof of the Theorem 5.1.

Finally, we introduce regularity conditions for r > 1.
Assumption 3.

(a) The observation probability p satisfies:

p ≥ c7{log(d)}4µ3rw∗2max

ns1.5w∗2min
,

where c7 is some positive constant.

(b) The sparsity and fusion parameters satisfy:

τsj ≥ sj, τsj = ∫| and τfj ≥ fj

Also, for the minimal gap ∆∗ = min
1<s≤dj ,β∗1,j,s 6=β∗1,j,s−1,j∈[3]

|β∗1,j,s − β∗1,j,s−1|:

∆∗ >
C1σ

w∗1

√
slog(d)

np
,

where C1 is the positive constant.

(c) For the initialization error ε = max{|ŵ(0)
1 − w∗1|/w∗1,maxj‖β̂(0)

1,j − β∗1,j‖2} :

ε < min
{

λ3
minw

∗2
min

24
√

10c2λ2
maxw

∗2
maxr

,
λ3
minw

∗3
min

4c2λmaxw∗3maxr
2
,
1

6

}
,

where c1, c2 is the same constants as in Assumption 1.

(d) The incoherence parameter ξ = max
j∈[3],k 6=k′

|〈β∗k,j, β∗k′,j〉| satisfies:

ξ ≤ λ3
minw

∗3
min

4c2λmaxw∗3maxr
2
.

(e) The sample size n satisfies:

n ≥ min

{
c5σ

2s2log(d)

w∗2minp
,
c6σslog(d)log(

√
s3/p)

w∗minp

}
,

where c5 and c6 are some positive constants.
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Remarks:

1. The conditions are similar to corresponding conditions of Assumption 2 with
an added affect of general rank r.

2. The condition (d) ensures control of correlations between the decomposed com-
ponents across different ranks.

5.2 Main theorems

In this section, we introduce two theorems that show that estimation from Algo-
rithm 1 gives precise results with a high probability. Moreover, we calculate the error
of the estimator. Good performance from Algorithms 2 and 3 are crucial for a precise
initialization for Algorithm 1 due to Assumption 2(c). Therefore, we present a theo-
rem to theoretically prove that Algorithm 2 provides precise initialization with a high
probability, and calculate its error. Zhou et al, 2021 [1] derive the non asymptotic
error bound of the algorithms.

Theorem 5.1. Suppose that assumptions 1 and 2 hold. Then, for rank r = 1, the
estimator from the tth iteration of Algorithm 1 satisfies with high probability:

max{|ŵ(t)
1 − w∗1|/w∗1,maxj‖β̂(t)

1,j − β∗1,j‖2} ≤ ktε︸︷︷︸
computational error

+
1

1− k
C1σ

w∗1

√
slog(d)

np︸ ︷︷ ︸
statistical error

,

where k = 6
√

10c2λ
2
maxε/λ

3
min + 1/2 < 1 is a positive coefficient, ε is defined in As-

sumption 2(c), c2, q are defined in Assumption 1, C1 = (6
√

10C̃λmax+C̃2λmin
√
q)/λ2

min

and C̃, C̃2 are some positive constants.

The proof of this result is given in Appendix B.1.

Theorem 5.2. Suppose that assumptions 1 and 3 hold. Then, for a general rank r,
the estimator from the tth iteration of Algorithm 1 satisfies with high probability:

max{max
k
|ŵ(t)

k − w
∗
k|/w∗k,max

k,j
‖β̂(t)

k,j − β
∗
k,j‖2} ≤ k̃tε︸︷︷︸

computational error

+
1

1− k̃
C1w

∗
maxσ

w∗2min

√
slog(d)

np︸ ︷︷ ︸
statistical error

,

where k̃ = 6
√

10c2λ2
maxw

∗2
maxr

λ3
minw

∗2
min

ε+
c21c2λmaxw∗3maxr

2

λ3
minw

∗3
min

ε+
c21c2λmaxw∗3maxr

2

λ3
minw

∗3
min

ξ+ 1
4
< 1 is a positive coef-

ficient, c2 and q are defined in Assumption 1, C2 = (6
√

10C̃λmax + 12C̃2λmin
√
q)/λ2

min

and C̃, C̃2 are some positive constants.
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The proof of this result is given in Appendix B.2.
Remark:
k̃ is greater than k, which indicates that the algorithm for the general case has a

slower convergence rate. Moreover, k̃ increases with an increasing rank r. This can
be expected since as the tensor estimation problem becomes more challenging, the
algorithm will show a slower convergence rate.

Theorem 5.3. Suppose that Assumptions 1 and 2 (a, b, d) hold. Also, suppose that

L ≥ C ′1 for some large C ′1, |
n∑
i=1

n−1β∗T1,4xi| ≥ C ′2 for some positive constant C ′2.

Then, the initial estimator produced by Algorithm 2 satisfies that

max{|ŵ(0)
1 − w∗1|/w∗1,max

j
‖β̂(0)

1,j − β∗1,j‖2} = Op

{√
log(d)

nps2
+

σ

w1∗

√
slog(d)

np

}
.

The proof of this result is given in Appendix B.3.
Remarks:

1. The result of the theorem shows that the initialization error decreases when n
increases. Thus, the constant initialization error bound in Assumption 2(c) is
guaranteed to hold as n increases.

2. The estimation error is slower than the statistical error rate in Theorem 5.1
when σ/w∗1 ≤ c/s1.5. This suggests that after obtaining the initial estimator
using the spectral initialization algorithm, the alternating block algorithm 1
could further improve the error rate of the estimator.
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6 Simulation studies and real dataset application
In this chapter, we aim to analyze the accuracy of the algorithms. Our goal is to

investigate their performance using simulations and to analyze Parkinson’s patience
speech dataset.

6.1 Simulation

In this section, we perform some simulations to analyze the accuracy of the algo-
rithm. Our goal is to investigate the performance of considered algorithms. Moreover,
we want to explore the change in the error for different sample sizes, observation prob-
ability and fusion constraint.

To evaluate the performance of the estimator of the coefficient tensor B∗, we use
the mean squared error (MSE) that is defined as:

MSE = E
[∥∥∥B̂ −B∥∥∥2

F

]
=

∑
i1,i2,i3,i4,i5

E
[
(B̂i1,i2,i3,i4,i5 −Bi1,i2,i3,i4,i5)2

]

= E
[
tr(vec(B∗ − B̂)(vec(B∗ − B̂))T )

]
.

For each considered set of model parameters m = 30 simulations are performed.
The empirical mean squared error that is reported in the table is an average Error =
m∑
l=1
‖B̂l−B‖2

F

m
, where B̂l is an estimate of the coefficient tensor in lth simulation for set

parameters. The standard error is also reported for the simulations.
The computational time of the algorithm is linear with the sample size and tensor

dimension.
Two patterns of an observed data are considered: random missing and block

missing.

6.1.1 Random missing

In this subsection, the missing data points are random, and don’t follow a certain
pattern. A fourth-order tensor response YI ∈ Rd1×d2×d3×T is generated as follows.

At the first step, the coefficient tensor is generated: B∗ ∈ Rd1×d2×d3×T×q as B∗ =
2∑

k=1

w∗kβ
∗
k,1 ◦ β∗k,2 ◦ β∗k,3 ◦ β∗k,4 ◦ β∗k,5, where d1 = d2 = d3 = 32, T = 5, q = 5 and the true

rank r = 2. Entries of β∗k,j, j ∈ [4], k ∈ [2] are iid standard normal.
Then Truncatefuse operator is applied on β∗k,j, j ∈ [3], k ∈ [2] with the true sparsity

and fusion parameters (s0 × dj, f0 × dj), j ∈ [3], k ∈ [2], where s0 = 0.7, and f0 = 0.7
or f0 = 0.3. Then, Fuse operator is applied to βk,4, k ∈ [2] with the true fusion
parameter f0 × T . β∗k,5, k ∈ [2] is set as a vector of all ones: β∗k,5 = (1, . . . , 1)T . Then,
each vector is normalized.
After those steps β∗k,1, β∗k,2, β∗k,3, β∗k,4, β∗k,5, k ∈ [2] meet the assumptions of the model.
The weight is set as w∗k = 20, k ∈ [2].
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Then the q-dimensional predictor vector xi is generated such that its entries are iid
normal with mean 2 and standard deviation 3. The error tensor E whose entries are
iid standard normal is generated as well.

Next, the response tensor Yi is computed following the model in (1).
Eight sets for simulations are performed, based on the probability of observed

data: p = 0.3, p = 0.7, fusion constant: f0 = 0.3, f0 = 0.7, and sample size n = 80,
n = 150.

Table 1: Simulation for random missing with p = 0.3

(a) f0 = 0.3

n Error SE

80 0.0149 0.0017

150 0.0069 0.0003

(b) f0 = 0.7

n Error SE

80 0.0228 0.0022

150 0.0112 0.0005

Table 2: Simulation for random missing with p = 0.5

(a) f0 = 0.3

n Error SE

80 0.0062 0.0009

150 0.0028 0.0001

(b) f0 = 0.7

n Error SE

80 0.0088 0.0012

150 0.0071 0.0003

As seen by the results, the error decreases when the observation probability (p)
and sample size increase. This is consistent with the theoretical results. Addition-
ally, incorporating the fusion structure improves the estimation accuracy, however,
estimation error increases when the fusion constant increases.

6.1.2 Block missing

In this subsection, we consider the scenario where the unobserved data is located
in blocks. In real life applications, this is a common situation. For example, a missing
MRI scan would be a missing block for a subject at a certain time.

Two probability variables are introduced: pn - probability that each subject has
missing values and pt - proportion of missing blocks for the subject by the time
variable. For example, if there are 100 subjects and T = 5, pn = 0.8, pt = 0.4, then
it means that 0.8× 100 = 80 subjects have partially observed tensor, and for each of
those 80 subjects, observations are missing 2 out of 5 times.

The simulation process stays the same as in the previous case with randommissing.

Table 3: Simulation for block missing with pn = 0.8, pt = 0.4

(a) f0 = 0.3

n Error SE

80 0.0067 0.0012

150 0.0044 0.0004

(b) f0 = 0.7

n Error SE

80 0.0166 0.0022

150 0.0121 0.0007
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Table 4: Simulation for block missing with pn = 0.8, pt = 0.6

(a) f0 = 0.3

n Error SE

80 0.0151 0.0029

150 0.0085 0.0013

(b) f0 = 0.7

n Error SE

80 0.0243 0.0033

150 0.0180 0.0019

As with random missing, the error decreases when the observation probability (p)
and sample size increase.

6.2 Analysis of a real dataset

In this section, we apply considered algorithms to a real-life dataset. The algo-
rithm is illustrated by applying it to a voice analysis dataset of Parkinson’s disease
patients. Parkinson’s disease is a progressive disorder that affects the nervous sys-
tem and the parts of the body controlled by the nerves, which causes unintended
or uncontrollable movements, such as shaking, stiffness, and difficulty with balance
and coordination. There are currently no blood or laboratory tests to diagnose most
cases of Parkinson’s. Therefore, it is important to detect patterns that can help an
early diagnosis of Parkinson’s. One of the considered symptoms of the disease is that
patient’s speech becomes soft or slurred.

The analyzed data is taken from the study on telemonitoring of Parkinson’s disease
progression by non-invasive speech tests Tsanas et al, 2009 [8]. It is of interest to see
how different speech attributes relate to the disease’s progression. To measure the
Parkinson’s progression, Unified Parkinson’s disease rating scale (UPDRS) is used.

The speech data was collected over 6 months from n = 42 participants . Each
months, there were several tests taken. For every voice recording, there are a num-
ber of attributes that were measured. Based on previous research and simplicity of
interpretation, those three attributes are chosen: Jitter.PPQ5, Shimmer.APQ5 and
PPE.

Jitter and shimmer are acoustic char-
acteristics of voice signals, and they are
caused by irregular vocal fold vibration.
They are perceived as roughness, breath-
iness, or hoarseness in a speaker’s voice.
PPQ5 is the five-point Period Perturba-
tion Quotient, the average absolute dif-
ference between a period and the aver-
age of it and its four closest neighbors,
divided by the average period. Let

PPQ5 =

N−2∑
i=3

∣∣∣Ti − Ti−2+Ti−1+Ti+Ti+1+Ti+2

5

∣∣∣ /(N − 4)

N∑
i=1

Ti/N

.
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APQ5 is the five-point Amplitude of Perturbation Quotient, the average absolute
difference between the amplitude of a period and the mean amplitudes of it and its
four closest neighbors, divided by the average amplitude. Moreover, PPE - Pitch
Period Entropy is a nonlinear measure of fundamental frequency variation.

Each group of speech tests after preprocessing and mapping is summarized in the
form of 35×34×25 tensor. For each participant, there are 6 tensors for every month.
For each subject, we stack those tensors collected over time as a fourth-order tensor,
which is to serve as the response tensor Yi with dimensions 35× 34× 25× 6. 20% of
the data is missing in blocks: for example, if a subject wouldn’t record their test in
a month.

Figure 1: For each subject and for each month of the study, we have a group of voice
recordings. Each voice recording is the point in a 3D space with coordinates as its
corresponding attributes. As picture shows, this process would create sparse tensors.

The predictor xi consists of a continuous variable Unified Parkinson’s disease
rating scale, age and sex. The goal is to identify the values or a pattern of Jitter.PPQ5,
Shimmer.APQ5 and PPE that relates to progression of Parkinson’s.
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Figure 2: The estimated regression coefficient tensor after applying proposed algo-
rithms. The points show non-zero entries of the tensor.

As a result, the estimation of the regression coefficient tensor was obtained. It is
seen that the estimate identifies that the relationships between Jitter.PPQ5 and UP-
DRS, as well as, Shimmer.APQ5 and UPDRS are mostly significant for lower values of
Jitter.PPQ5 and Shimmer.APQ5. In regards of PPE, it is a highly significant variable
for predicting the progression of Parkinson’s disease. PPE indicates impaired pitch
control that could be interpreted as deteriorating muscle coordination. Those find-
ings are consistent with existing research on speech analysis for Parkinson’s diagnosis
Little et al, 2011 [12], Tsanas et al, 2009 [8].
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7 Conclusion
In this major paper, we study with more details the alternating updating algo-

rithm proposed by Zhou et al, 2021 [1]. This proposed method is unique in terms of
estimation algorithm, theoretical properties, and regularity conditions. Zhou et al,
2021 [1] developed an efficient algorithm that deals with a challenge of unobserved
tensor data. Without completing the data, the algorithms estimates solution of a non-
convex optimization problem. The non-convexity causes the theoretical explanation
to be highly nontrivial.

After careful consideration of the proofs, this analysis shows that one of the as-
sumptions could be dropped. Specifically, we weaken assumption on the bound of
tensor coefficient’s norm. Thus, those findings show that the algorithm could be ap-
plied for a more general model. Moreover, we calculated the estimation error and
proved that the considered algorithm gives a precise estimator with a high proba-
bility. Also, we analyzed an initialization algorithms which is crucial to the good
performance of the estimation algorithm. The efficiency and accuracy of the algo-
rithm were illustrated using simulations. Two data patterns - block and random
missing were considered, and both showed that the estimation error decreases when
the observation probability and sample size increase. Theoretical analysis proves the
same result. The computational time of the algorithm is linear with the sample size
and tensor dimension. The method was also applied to a speech data of Parkinson’s
patients. As a results, an important pattern of changes in the speech attributed were
discovered. Pitch Period Entropy showed strong significance for Parkinson’s diagno-
sis. This finding is consistent with the results in Little et al, 2011 [12], where the
analysis proved that PPE has the best classification performance out of all consid-
ered variables. Our findings are also consistent with the results given in Tsanas et
al, 2009 [8]. More precisely, our analysis highlights a significance for Shimmer, Jitter
and PPE.
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Appendix A Some useful preliminary results
This Appendix contains propositions and their proofs, as well as theorems and

lemmas, that are used to prove Theorems 5.1 - 5.3.

Theorem A.1 (Bernstein’s inequality). Let X1, X2, . . . , Xn be independent zero-
mean random variables. Suppose that |Xi| ≤ M almost surely for all i ∈ [n]. Then,
for all positive t:

P

(
n∑
i=1

Xi ≥ t

)
≤ exp

− 1
2
t2

n∑
i=1

E[X2
i ] + 1

3
Mt


The proof of this theorem is given in Bennett, 1962 [20].

Theorem A.2 (Vector Bernstein’s inequality). Let X1, . . . Xn be independent
vector-valued random variables with common dimension d and assume that

E(Xi) = 0, ‖Xi‖2 ≤ µ,E
[
‖Xi‖2

]
≤ σ2

Then

P

(∥∥∥∥∥ 1

n

n∑
i=1

Xi

∥∥∥∥∥ ≥ ε

)
≤ exp

(
1

4
− nε2

8σ2

)
The proof of this theorem is given in Kohler and Lucchi, 2017 [21].

Theorem A.3 (Matrix Bernstein’s inequality). Let X1, . . . Xn be independent
d1×d2 random matrices and assume that E(Xi) = 0, ‖Xi‖ ≤ B. DefineW =

∑n
i=1 Xi

and
δ2 := max

{∥∥EWW T
∥∥ ,∥∥EW TW

∥∥} .
Then

P (‖W‖ ≥ t) ≤ (d1 + d2)exp
(
−t2/2

σ2 +Bt/3

)
.

The proof of this theorem is given in Tropp, 2015 [22].

Theorem A.4 (Wedin’s theorem). (Theorem 4.4 from Stewart and Sun, 1990 [19])
Let A,E ∈ Rm×n with m ≥ n. Suppose that A has singular value decomposition.UT

1

UT
2

UT
3

A [V1 V2

]
=

Σ1 0
0 Σ2

0 0

 .
Let Ã = A+E, with analogous singular value decomposition (Ũ1, Ũ2, Ũ3, Ṽ1, Ṽ2, Σ̃1, Σ̃2).

Let δ > 0, δ = min
{
min
i,j
|Σ1[i, i]− Σ2[j, j]|,min

i
Σ1[i, i]

}
. If δ ≥ 4‖E‖2, then the dis-

tance between U and Ũ is bounded by O(‖E‖2/δ).
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Lemma A.1. (Lemma 5 from Xia et al, 2020 [13].)

Let X1, . . . , Xn ∈ Rm1×m2 be random matrices with zero mean. Suppose that
max
1≤i≤n

‖‖Xi‖‖ψα ≤ U (α) <∞ for some α ≥ 1. Let

δ2 := max

{∥∥∥∥∥
n∑
i=1

EXiX
T
i

∥∥∥∥∥ ,
∥∥∥∥∥

n∑
i=1

EXT
i Xi

∥∥∥∥∥
}
.

Then there exist a universal constant C > 1 such that for all t > 0, the following
bound holds with probability at least 1− e−t,∥∥∥∥X1 + · · ·+Xn

n

∥∥∥∥ ≤ Cmax

{
δ

√
t+ log(m1 +m2)

n
,

U (α)

(
log
√
nU (α)

δ

)
t+ log(m1 +m2)

n

}
.

Lemma A.2. (Theorem 1 from Ryota and Taiji, 2014 [14].)

Let X ∈ Rn1×···×nK is a K-way tensor. The spectral norm of X is defined as
follows:

|||X||| = sup
u1,u2,...,uk

X(u1, u2, . . . , uk), uk ∈ Snk−1, k = 1, . . . , K

where X(u1, . . . , uk) =
∑

i1,i2,...,ik
Xi1,i2,...,iku1i1 . . . uKiK and Snk−1 is the unit sphere

in Rnk . Then,

P(‖||X||| ≥ t) ≤
∑

ū1∈C1,...,ūK∈CK

P
(
X(ū1, . . . , ūK) ≥ t

2

)
Lemma A.3. (Lemma 4 from Zhang, 2019 [15].)

For a scalar a∗ and any sequence (a1, a2, . . . , aS),

S∑
i=1

(ai − a∗)2 ≥ S

(
S−1

S∑
i=1

ai − a∗
)2

,

where the equality holds if and only if a1 = a2 = · · · = aS.

Lemma A.4. (Lemma D.6 from Cai et al, 2021 [18].)

Let U and V be two d× r matrices, each with orthogonal columns. Suppose that
‖UUT − V V T‖ ≤ δ. Then, for any unit vector uo ∈ Rd lying in spanU ,we have

‖PV (u0)‖ ≥
√

1− δ2 and ‖PV⊥(u0)‖ ≤ δ,

where PV (u0) = V V Tu0.

26



Proposition A.1. Let f(x) =
∑
i

αi
∑
j

(ai,j − bi,jx)2 , x ∈ R, for given αi ≥ 0,

ai,j ∈ R, bi,j ∈ R for all i = 1, . . . , n, j = 1, . . . ,m. Then, f(x) reaches its minimum
at

xmin =

∑
i

αi
∑
j

ai,jbi,j∑
i

αi
∑
j

b2
i,j

.

Proof. We have∑
i

αi
∑
j

(ai,j − bi,jx)2 =
∑
i

αi
∑
j

a2
i,j +

∑
i

αi
∑
j

(−2ai,jbi,jx) +
∑
i

αi
∑
j

b2
i,jx

2.

Since x does not depend on i, j, we have∑
i

αi
∑
j

(ai,j − bi,jx)2 =
∑
i

αi
∑
j

a2
i,j − 2x

∑
i

αi
∑
j

ai,jbi,j + x2
∑
i

αi
∑
j

b2
i,j.

Let D =
∑
i

αi
∑
j

b2
i,j ≥ 0, F =

∑
i

αi
∑
j

ai,jbi,j and C =
∑
i

αi
∑
j

a2
i,j. Then, we have

f(x) = Dx2 − 2xF + C, x ∈ R for given D ≥ 0.

Hence, we solve a quadratic minimization problem with positive leading coefficient.
Then, we have

xmin =
2F

2D
=

∑
i

αi
∑
j

ai,jbi,j∑
i

αi
∑
j

b2
i,j

.

�

Proposition A.2. Let x, y be two q-column unit vectors. Then

〈x, y〉 = 1− ‖x− y‖
2

2
.

Proof. We have
〈x, y〉 = 〈(x− y) + y, (y − x) + x〉.

Recall that ‖x‖2 = 〈x, x〉 for any vector x, then

〈x, y〉 = −‖x−y‖2 + 〈x−y, x〉+ 〈y, y−x〉+ 〈y, x〉 = −‖x−y‖2 +1−〈y, x〉+1−〈y, x〉

+〈y, x〉 = 2− ‖x− y‖2 − 〈y, x〉.

Hence, we have

〈x, y〉 = 1− ‖x− y‖
2

2
.

�
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Proposition A.3. Let A1 and A2 be two positive defined matrices, such that
1− ‖A1 − A2‖‖A−1

2 ‖ > 0. Then

‖A−1
1 ‖ ≤

‖A−1
2 ‖

1− ‖A1 − A2‖‖A−1
2 ‖

.

Proof. Since A1 and A2 are positive definite matrices, A1, A2 are invertible, and
A−1

1 , A−1
2 are positive definite. Using matrix norm properties, we have

‖A1 − A2‖‖A−1
1 ‖‖A−1

2 ‖ ≥ ‖(A1 − A2)A−1
1 A−1

2 ‖ = ‖A−1
1 − A−1

2 ‖.

Recall that ‖A−1
1 − A−1

2 ‖ ≥ ‖A−1
1 ‖ − ‖A−1

2 ‖. Therefore,

‖A1 − A2‖‖A−1
1 ‖‖A−1

2 ‖ ≥ ‖A−1
1 ‖ − ‖A−1

2 ‖.

Then,
‖A−1

1 ‖ − ‖A1 − A2‖‖A−1
1 ‖‖A−1

2 ‖ ≤ ‖A−1
2 ‖.

Recall that 1− ‖A1 − A2‖‖A−1
2 ‖ > 0. Then

‖A−1
1 ‖ − ‖A1 − A2‖‖A−1

1 ‖‖A−1
2 ‖

1− ‖A1 − A2‖‖A−1
2 ‖

≤ ‖A−1
2 ‖

1− ‖A1 − A2‖‖A−1
2 ‖

‖A−1
1 ‖(1− ‖A1 − A2‖‖A−1

2 ‖)
1− ‖A1 − A2‖‖A−1

2 ‖
≤ ‖A−1

2 ‖
1− ‖A1 − A2‖‖A−1

2 ‖
.

Therefore,

‖A−1
1 ‖ ≤

‖A−1
2 ‖

1− ‖A1 − A2‖‖A−1
2 ‖

.

�

Proposition A.4. LetX be a sub-Gaussian random variable with variance σ2. Then,
for any positive integer k ≥ 1,

E(|X|k) ≤ (2σ2)k/2kΓ(k/2).

Proof.

E(|X|k) =

∞∫
0

P(|X|k > t) dt =

∞∫
0

P(|X| > t1/k) dt.

Since X be a sub-Gaussian random variable with variance σ2, we have that
P(|X| > t) ≤ 2exp

(
−t2
2σ2

)
. Therefore, we get

E(|X|k) ≤
∞∫

0

2exp
(
−t2/k

2σ2

)
dt.
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Let u = t2/k

2σ2 . Then, t = (2σ2u)
k/2 and

∞∫
0

2exp
(
−t2/k

2σ2

)
dt =

∞∫
0

2e−u(2σ2)k/2
k

2
e−uuk/2−1 du = (2σ2)k/2k

∞∫
0

e−uuk/2−1 du

= (2σ2)k/2kΓ(k/2).

Therefore, we have that
E(|X|k) ≤ (2σ2)k/2kΓ(k/2).

�

Corollary A.1. Let δ be a random indicator variable, such that δ = 1 with proba-
bility p and δ = 0 with probability 1 − p. Let E be a sub-Gaussian random variable
with variance σ2. Then,

E(δE2) ≤ 4σ2√p.

Proof. By Hölder’s inequality, we have

E(δE2) ≤
√
Eδ2
√
EE4.

By Proposition A.4, we have that for any positive integer k ≥ 1, E(|E|k) ≤ (2σ2)k/2kΓ(k/2).
Then, we get

E(E4) ≤ (2σ2)24Γ(2) = 16σ4.

Moreover, it is clear that Eδ2 = 12p+ 0(1− p) = p. Therefore,

E(δE2) ≤ √p4σ2.

�

Proposition A.5. Suppose that the conditions of Theorem 5.1 hold and let

I1 =

w∗1
n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

{
〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉 − 1

}
β∗1,3.

Then ‖I1‖ ≤ 2λmax
λmin

ε2.

Proof. By norm properties, we have

‖I1‖ =

∣∣∣∣∣∣∣∣
w∗1

n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

∣∣∣∣∣∣∣∣
∣∣∣〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉 − 1

∣∣∣ ‖β∗1,3‖.
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Further, by combining the fact that ||x| − |y|| ≤ |x − y| and Assumption 2(c), we
have

||ŵ1| − |w∗1|| ≤ |ŵ1 − w∗1| < εw∗1 <
1

2
w∗1.

Then
−1

2
w∗1 < |ŵ1| − |w∗1| ⇒ |ŵ1| >

1

2
w∗1. (A.1)

Applying the Cauchy–Schwarz inequality, we get∣∣∣∣∣
n∑
i=1

α̂i,1α
∗
i,1

n

∣∣∣∣∣ ≤
√√√√ n∑

i=1

α̂2
i,1

n

√√√√ n∑
i=1

α∗2i,1
n

=

√√√√ 1

n

n∑
i=1

β̂T1,4xix
T
i β̂1,4

√√√√ 1

n

n∑
i=1

β∗T1,4xix
T
i β
∗
1,4

=

√√√√β̂T1,4

n∑
i=1

xixTi
n

β̂1,4

√√√√β̂∗T1,4

n∑
i=1

xixTi
n

β̂∗1,4.

Note that if X is a symmetric matrix and v is a unit vector, then vTXv ≤ λmax,

where λmax is a maximum eigenvalue of X. Further, recall that
n∑
i=1

xix
T
i

n
is a symmetric

matrix. Hence, using Assumption 1, we have∣∣∣∣∣
n∑
i=1

α̂i,1α
∗
i,1

n

∣∣∣∣∣ ≤√λmax

√
λmax = λmax.

Likewise, we have that

n∑
i=1

α̂2
i,1

n
= β̂T1,4

n∑
i=1

xix
T
i

n
β̂1,4 ≥ λmin > 0.

Therefore, ∣∣∣∣∣∣∣∣
n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

∣∣∣∣∣∣∣∣ ≤
λmax

λmin
. (A.2)

Then, we apply Proposition A.2:∣∣∣1− 〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉
∣∣∣ =

∣∣∣∣1− 1

4
(2− ‖β̂1,1 − β∗1,1‖2)(2− ‖β̂1,2 − β∗1,2‖2)

∣∣∣∣
=

∣∣∣∣12‖β̂1,1 − β∗1,1‖2 +
1

2
‖β̂1,2 − β∗1,2‖2 − 1

4
‖β̂1,1 − β∗1,1‖2‖β̂1,2 − β∗1,2‖2

∣∣∣∣
≤ 1

2
‖β̂1,1 − β∗1,1‖2 +

1

2
‖β̂1,2 − β∗1,2‖2.
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Since by Assumption 2(c), we have ‖β̂1,1 − β∗1,1‖ ≤ ε, we get that ‖β̂1,1 − β∗1,1‖2 ≤ ε2

and ‖β̂1,2 − β∗1,2‖2 ≤ ε2. Hence, we have∣∣∣1− 〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉
∣∣∣ ≤ ε2. (A.3)

Hence, by combining (A.1), (A.2), (A.3) and the fact that ‖β∗1,3‖ = 1, we get

‖I1‖ ≤
2λmax

λmin
ε2.

�

Proposition A.6. Suppose that the conditions of Theorem 5.1 hold and let

J1 =

∣∣∣∣∣∣∣∣
n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

α̂i,1〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉β̂1,1,l1 β̂1,2,l2 − α∗i,1β∗1,1,l1β
∗
1,2,l2

∣∣∣∣∣∣∣∣
2

.

Then,

J1 ≤
{

4
λ2
max

λ2
min

+ 1

}
c2

1ε
2.

Proof.

J1 =

∣∣∣∣∣∣∣∣
n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

α̂i,1〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉β̂1,1,l1 β̂1,2,l2 − α∗i,1β∗1,1,l1β
∗
1,2,l2

∣∣∣∣∣∣∣∣
2

=


n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

α̂i,1〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉β̂1,1,l1 β̂1,2,l2


2

−2

n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

α̂i,1α
∗
i,1〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉β̂1,1,l1 β̂1,2,l2β

∗
1,1,l1

β∗1,2,l2 + α∗2i,1β
∗2
1,1,l1

β∗21,2,l2
.

Since β’s are unit vectors, |βk,j,i| ≤ 1. Then, by Cauchy–Schwarz inequality |〈β∗1,1, β̂1,1〉|
≤ ‖β∗1,1‖‖β̂1,1‖ ≤ 1 and 〈β∗1,1, β̂1,1〉2 ≤ |〈β∗1,1, β̂1,1〉|. Therefore, by combining with
proven in Zhou et al, 2021 [1], we have

J1 ≤ 〈β∗1,1, β̂1,1〉2〈β∗1,2, β̂1,2〉2
[

n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n


2

α̂2
i,1 − 2

n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

α̂i,1α
∗
i,1

]
+ α∗2i,1.
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This gives

J1 ≤ 〈β∗1,1, β̂1,1〉2〈β∗1,2, β̂1,2〉2
[

n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n


2α̂i,1 − α∗i,1 + α∗i,1︸ ︷︷ ︸

=0


2

+ α∗2i,1︸︷︷︸
≥0

−2

n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

{
α̂i,1 − α∗i,1 + α∗i,1

}
α∗i,1

]
+ α∗2i,1(1− 〈β∗1,1, β̂1,1〉2〈β∗1,2, β̂1,2〉2︸ ︷︷ ︸

≥0

).

Since 〈β∗1,1, β̂1,1〉2 ≤ 1 and 〈β∗1,2, β̂1,2〉2 ≤ 1, we have

J1 ≤

[ n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

{
α̂i,1 − α∗i,1 + α∗i,1

}
− α∗i,1

]2

+ α∗2i,1(1− 〈β∗1,1, β̂1,1〉2〈β∗1,2, β̂1,2〉2).

Then, by (A.3) and the fact that α∗2i,1 ≤ c2
1 from Assumption 1, we have

J1 ≤

[ n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

{
α̂i,1 − α∗i,1

}
+ α∗i,1

n∑
i=1

α̂i,1(α∗i,1 − α̂i,1)/n

n∑
i=1

α̂2
i,1/n

]2

+ c2
1ε

2.

Therefore,

J1 ≤


n∑
i=1

α̂i,1(α∗i,1 − α̂i,1)/n

n∑
i=1

α̂2
i,1/n


2

α∗2i,1+2(α̂i,1−α∗i,1)α∗i,1

n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

n∑
i=1

α̂i,1(α∗i,1 − α̂i,1)/n

n∑
i=1

α̂2
i,1/n

+


n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n


2

{α̂i,1 − α∗i,1}2 + c2
1ε

2.

Using Assumption 1, i.e. ‖xi‖ ≤ c1, ‖β̂i,1 − β∗i,1‖ < ε, and (A.2), we get:

J1 ≤
λ2
max

λ2
min

c2
1ε

2 + 2
λ2
max

λ2
min

c2
1ε

2 +
λ2
max

λ2
min

c2
1ε

2 + c2
1ε

2 =

{
4
λ2
max

λ2
min

+ 1

}
c2

1ε
2.

�
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Proposition A.7. Suppose that the conditions of Theorem 5.1 hold and let

J2 =
1

p

∑
i,l1,l2

1

n2
β̂2

1,1,l1
β̂2

1,2,l2
β∗21,3,lα̂

2
i,1

{ n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

α̂i,1〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉β̂1,1,l1 β̂1,2,l2

−α∗i,1β∗1,1,l1β
∗
1,2,l2

}2

.

Then,

J2 ≤
λmax

np

µ3

s1.5

{
4
λ2
max

λ2
min

+ 1

}
c2

1ε
2.

Proof. Note that
J2 =

1

p

∑
i,l1,l2

1

n2
β̂2

1,1,l1
β̂2

1,2,l2
β∗21,3,lα̂

2
i,1J1,

where J1 is defined in Proposition A.6. Since β∗1,1,l1 ≤
µ√
s
for all l1 ∈ [d1], β∗1,2,l2 ≤

µ√
s

for all l2 ∈ [d2], we have

J2 ≤
1

np

∑
i

α̂2
i,1

n

µ4

s2

∑
l

β∗21,3,lJ1.

Hence, by applying Proposition A.6, we get

J2 ≤
λmax

np

µ3

s1.5

{
4
λ2
max

λ2
min

+ 1

}
c2

1ε
2.

�

Proposition A.8. Suppose that the conditions of Theorem 5.1 hold and let

II1 =
w∗1
ŵ1

A−1

B − A
n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉

 β∗1,3,

where A and B are diagonal matrices with diagonal entry,

All =
n∑
i=1

α̂2
i,1/n

∑
l1,l2

δi,l1,l2,lβ̂
2
1,1,l1

β̂2
1,2,l2

Bll =
n∑
i=1

α̂i,1α
∗
i,1/n

∑
l1,l2

δi,l1,l2,lβ̂1,1,l1 β̂1,2,l2β
∗
1,1,l1

β∗1,2,l2 . (A.4)

Then, with probability at least 1− e 1
4/d10, we have ‖II1‖ ≤ 4γε

λmin
.

33



Proof. We have

II1 =
w∗1
ŵ1

{
1

p
A

}−1
1

p

B − A
n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉

 β∗1,3.

We first find an upper bound of each diagonal entry of the matrix p−1A. Assume that
for all i ∈ [n], l1 ∈ [d1], l2 ∈ [d2], l ∈ [d3], δi,l1,l2,l is independent with α̂i,1, β̂1,1,l1 , β̂1,2,l2 .
Let Zi,l1,l2 = p−1n−1α̂2

i,1

∑
l1,l2

δi,l1,l2,lβ̂
2
1,1,l1

β̂2
1,2,l2

. Then p−1A has the form of

1

p

n∑
i=1

α̂2
i,1/n

∑
l1,l2

δi,l1,l2,lβ̂
2
1,1,l1

β̂2
1,2,l2

=
∑
i,l1,l2

Zi,l1,l2 .

Note that,
E(δi,l1,l2,l) = 1× p+ 0× (1− p) = p,

E(Zi,l1,l2|α̂i,1β̂1,1,l1 β̂1,2,l2) = α̂2
i,1/n

∑
l1,l2

β̂2
1,1,l1

β̂2
1,2,l2

.

Hence, since |α̂i,1| = |β̂T1,4xi| ≤ c1 and max
l∈dj
|β∗k,j,l| ≤ µ/

√
s from Assumption 1, we

have: ∣∣∣Zi,l1,l2 − E(Zi,l1,l2|α̂i,1β̂1,1,l1 β̂1,2,l2)
∣∣∣ ≤ ∣∣∣∣(1

p
δi,l1,l2,l − 1

)
1

n

∣∣∣∣ c2
1

µ4

s2
≤ c2

1µ
4

nps2
.

Then, ∑
i,l1,l2

E
([
Zi,l1,l2 − E(Zi,l1,l2|α̂i,1β̂1,1,l1 β̂1,2,l2)

]2 ∣∣∣α̂i,1β̂1,1,l1 β̂1,2,l2

)
=
∑
i,l1,l2

E
(
Z2
i,l1,l2
|α̂i,1β̂1,1,l1 β̂1,2,l2

)
− E2

(
Zi,l1,l2 |α̂i,1β̂1,1,l1 β̂1,2,l2

)
=

(
1

p
− 1

)∑
i,l1,l2

1

n2
α̂4
i,1β̂

4
1,1,l1

β̂4
1,2,l2
≤ 1

p

∑
i,l1,l2

1

n2
α̂4
i,1β̂

4
1,1,l1

β̂4
1,2,l2

,

and then∑
i,l1,l2

E
([
Zi,l1,l2 − E(Zi,l1,l2|α̂i,1β̂1,1,l1 β̂1,2,l2)

]2 ∣∣∣α̂i,1β̂1,1,l1 β̂1,2,l2

)
≤ c2

1λmaxµ
4

nps2
.

Note that in Assumption 1(e), we assume that the entries of the response tensor are
observed independently. Thus, for all i ∈ [n], δi,l1,l2,l are independent with each other.
Let Xi =

∑
l1,l2

(
Zi,l1,l2 −E(Zi,l1,l2|α̂i,1β̂1,1,l1 β̂1,2,l2)

)
. Then,

P

(∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥ ≥ t

)
= E

P
((∥∥∥∥∥

n∑
i=1

Xi

∥∥∥∥∥ ≥ t

)∣∣∣∣α̂i,1β̂1,1,l1 β̂1,2,l2

)
︸ ︷︷ ︸

(∗)

 .
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Hence, following the proof of Zhou et al, 2021 [1], we apply the Bernstein’s inequality
given in Theorem A.1 to (*) with t = γ and M =

c21µ
4

nps2
. We have

P

(∣∣∣∣∣∑
i,l1,l2

Zi,l1,l2 −
∑
i,l1,l2

E(Zi,l1,l2|α̂i,1β̂1,1,l1 β̂1,2,l2)

∣∣∣∣∣ ≥ γ

)
≤ 2 exp

{
−γ2/2

λmax + γ/3
× pns2

c2
1µ

4

}
,

where γ is a fixed positive constant:

γ =
1

2
min

{
λmin

2
, c2,

λ2
min

48
√

10λmax
,

λ3
min

48
√

10c2λmax

}
. (A.5)

Since γ < λmin
4

, we have γ < 3λmax. Note that λmax + γ
3
> 2γ

3
. Also,

−γ2

2

λmax+ γ
3
> −3γ

4
.

Then,
−γ2/2

λmax + γ/3
× pns2

c2
1µ

4
>
−3γ

4
× pns2

c2
1µ

4
.

By Assumption 2(d), we have that n ≥ c5σ2s2log(d)

w∗21 p
. Therefore,

−γ2/2

λmax + γ/3
× pns2

c2
1µ

4
>
−3γ

4
× s2c5σ

2s2log(d)

c2
1µ

4w∗21

.

Let c′ = −3γs2c5σ2s2

4c21µ
4w∗21

be some negative constant, since c5 > 0 and γ > 0 by the
definition. Then

−γ2/2

λmax + γ/3
× pns2

c2
1µ

4
> c′log(d).

Hence, we have

1− 2 exp
{
−γ2/2

λmax + γ/3
× pns2

c2
1µ

4

}
< 1− 2 exp(c′log(d)) ≤ 1− 2

d10
.

Then, with probability at least 1−2/d10, where d = max{d1, d2}, the inequality below
holds: ∣∣∣∣∣∑

i,l1,l2

Zi,l1,l2 −
∑
i,l1,l2

E(Zi,l1,l2|α̂i,1β̂1,1,l1 β̂1,2,l2)

∣∣∣∣∣ ≤ γ

⇒

∣∣∣∣∣p−1

n∑
i=1

n−1α̂2
i,1

∑
l1,l2

δi,l1,l2,lβ̂
2
1,1,l1

β̂2
1,2,l2
−

n∑
i=1

n−1α̂2
i,1

∣∣∣∣∣ ≤ γ

⇒ −γ ≤ p−1

n∑
i=1

n−1α̂2
i,1

∑
l1,l2

δi,l1,l2,lβ̂
2
1,1,l1

β̂2
1,2,l2
−

n∑
i=1

n−1α̂2
i,1

⇒ 1

p

n∑
i=1

α̂2
i,1

n

∑
l1,l2

δi,l1,l2,lβ̂
2
1,1,l1

β̂2
1,2,l2
≥

n∑
i=1

α̂2
i,1

n
− γ > 0.
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Therefore, ∥∥∥∥∥
{

1

p
A

}−1
∥∥∥∥∥ ≤ 1

n∑
i=1

α̂2
i,1

n
− γ

. (A.6)

Next, we find an upper bound:∥∥∥∥∥∥∥∥
1

p

B − A
n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉

 β∗1,3

∥∥∥∥∥∥∥∥ .
Denote

Zi,l1,l2,l =

{ n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

α̂2
i,1〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉β̂2

1,1,l1
β̂2

1,2,l2

−α̂i,1α∗i,1β∗1,1,l1β
∗
1,2,l2

β̂1,1,l1 β̂1,2,l2

}
δi,l1,l2,lp

−1n−1β∗1,3,lel,

where el is the d3-column vector whose lth entry is 1, others are 0 and d3 is the
dimension of β1,3.
By definitions of Zi,l1,l2,l, A and B, we get that

1

p

B − A
n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉

 β∗1,3 =
∑
i,l1,l2,l

Zi,l1,l2,l.

Note that

E(Zi,l1,l2|α̂i,1β̂1,1,l1 β̂1,2,l2) =

{ n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

α̂2
i,1〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉β̂2

1,1,l1
β̂2

1,2,l2

−α̂i,1α∗i,1β∗1,1,l1β
∗
1,2,l2

β̂1,1,l1 β̂1,2,l2

}
n−1β∗1,3,lel.

Then, using the fact that ‖δi,l1,l2,lp−1 − 1‖ ≤ 1, we have

‖Zi,l1,l2 − E(Zi,l1,l2 |α̂i,1β̂1,1,l1 β̂1,2,l2)‖ ≤ 1

np

∣∣∣β̂1,1,l1 β̂1,2,l2β
∗
1,3,lα̂i,1

∣∣∣×
∣∣∣∣∣
n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

α̂i,1〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉β̂1,1,l1 β̂1,2,l2 − α∗i,1β∗1,1,l1β
∗
1,2,l2

∣∣∣∣∣.
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By Assumption 1, we have that
∣∣∣β̂1,1,l1 β̂1,2,l2β

∗
1,3,lα̂i,1

∣∣∣ ≤ c1µ
3/s1.5. This gives

‖Zi,l1,l2 − E(Zi,l1,l2|α̂i,1β̂1,1,l1 β̂1,2,l2)‖

≤ c1µ
3

nps1.5

∣∣∣∣∣
n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

α̂i,1〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉β̂1,1,l1 β̂1,2,l2 − α∗i,1β∗1,1,l1β
∗
1,2,l2

∣∣∣∣∣
=

c1µ
3

nps1.5

√
J1.

Therefore, by applying Proposition A.6, we have:

‖Zi,l1,l2 − E(Zi,l1,l2|α̂i,1β̂1,1,l1 β̂1,2,l2)‖ ≤ c1ε

np

µ3

s1.5

√{
4
λ2
max

λ2
min

+ 1

}
c2

1.

Also, we have

J2 =
∑
i,l1,l2

E
([
Zi,l1,l2 − E(Zi,l1,l2 |α̂i,1β̂1,1,l1 β̂1,2,l2)

]2 ∣∣∣α̂i,1β̂1,1,l1 β̂1,2,l2

)

=
1

p

∑
i,l1,l2

1

n2
β̂2

1,1,l1
β̂2

1,2,l2
β∗21,3,lα̂

2
i,1

{ n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

α̂i,1〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉β̂1,1,l1 β̂1,2,l2

−α∗i,1β∗1,1,l1β
∗
1,2,l2

}2

.

By Proposition A.7, we get

J2 ≤
λmax

np

µ3

s1.5

{
4
λ2
max

λ2
min

+ 1

}
c2

1ε
2.

Recall that by Assumption 1 (e) for all i ∈ [n], δi,l1,l2,l are independent with each
other. Let Xi = n

∑
l1,l2,l

Zi,l1,l2,l −E(Zi,l1,l2,l|α̂i,1β̂1,1,l1 β̂1,2,l2). Then,

P

(∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥ ≥ t

)
= E

P
((∥∥∥∥∥

n∑
i=1

Xi

∥∥∥∥∥ ≥ t

)∣∣∣∣α̂i,1β̂1,1,l1 β̂1,2,l2

)
︸ ︷︷ ︸

(∗)

 .
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Hence, following the proof of Zhou et al, 2021 [1], we apply the vector Bernstein’s
inequality given in Theorem A.2 to (*) with ε ≡ γε, σ2 ≡ λmax

p
µ3

s1.5

{
4λ

2
max
λ2
min

+ 1
}
c2

1ε
2.

We have:

P

(∥∥∥∥∥ ∑
i,l1,l2,l

Zi,l1,l2,l −
∑
i,l1,l2,l

E(Zi,l1,l2,l|α̂i,1β̂1,1,l1 β̂1,2,l2)

∥∥∥∥∥ ≥ γε

)

≤ exp

1

4
− γ2

8λmaxµ3
{

4λ
2
max
λ2
min

+ 1
}
c2

1/(pns
1.5)

 .

Note that
∑

i,l1,l2,l

E(Zi,l1,l2,l|α̂i,1β̂1,1,l1 β̂1,2,l2) = 0. By Assumption 2(a):

p ≥ c4{log(d)}4µ3/{ns1.5} > cµ3log(d)/{ns1.5γ2} for some positive constant c. Then,
the following holds with probability at least 1− e 1

4/d10,∥∥∥∥∥ ∑
i,l1,l2,l

Zi,l1,l2,l

∥∥∥∥∥ ≤ γε.

∥∥∥∥∥∥∥∥
1

p

B − A
n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉

 β∗1,3

∥∥∥∥∥∥∥∥ ≤ γε. (A.7)

The bound for II1 is simplified to:

‖II1‖ ≤
∣∣∣∣w∗1ŵ1

∣∣∣∣
∥∥∥∥∥
{

1

p
A

}−1
∥∥∥∥∥
∥∥∥∥∥∥∥∥

1

p

B − A
n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉

 β∗1,3

∥∥∥∥∥∥∥∥ .
Then, by combining (A.1), (A.6) and (A.7), we conclude that with probability at
least 1− e 1

4/d10,

‖II1‖ ≤
2γε∑

i α̂
2
i,1/n− γ

.

Since
∑

i α̂
2
i,1/n− γ = β̂T1,4

∑
i xix

T
i

n
β̂1,4− γ ≥ λmin− γ and λmin− γ > 0 by Assumption

2(c), with probability at least 1− e 1
4/d10, we have

‖II1‖ ≤
2γε

λmin − γ
.

Note that by (A.5) 1/(λmin−γ) < 2/λmin. Then, with probability at least 1− e 1
4/d10,

we get

‖II1‖ ≤
4γε

λmin
.

�
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Proposition A.9. Suppose that the conditions of Theorem 5.1 hold and let

III12 =
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 {β̂1,1 − β∗1,1} ×2 β̂1,2.

Then, with probability at least 1− 3d−10,

‖III12‖ ≤ C̃1σ

√
slog(d)

np
ε+ C̃1

σlog(d)

np
√
s
log
(√

s

p

)
ε+ C̃2σ

√
slog(d)

np
ε2

+C̃2
σslog(d)

np
log

(√
s3

p

)
ε2.

Proof. From Assumption 2(c) and Cauchy-Schwartz inequality, we have

‖III12‖ ≤

∥∥∥∥∥
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×2 β̂1,2

∥∥∥∥∥ ‖β̂1,1 − β∗1,1‖ ≤

∥∥∥∥∥
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×2 β̂1,2

∥∥∥∥∥ ε.
It suffices to bound

∥∥∥∥ n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×2 β̂1,2

∥∥∥∥. Let Pβ∗1,2 = β∗1,2β
∗T
1,2 - the projection

onto the column space of β∗1,2 and P⊥β∗1,2 - orthogonal compliment of Pβ∗1,2 . We write∥∥∥∥∥
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×2 β̂1,2

∥∥∥∥∥ =

∥∥∥∥∥
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×2 {Pβ∗1,2 + P⊥β∗1,2}β̂1,2

∥∥∥∥∥
≤

∥∥∥∥∥
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×2 Pβ∗1,2 β̂1,2

∥∥∥∥∥+

∥∥∥∥∥
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×2 P
⊥
β∗1,2

β̂1,2

∥∥∥∥∥ . (A.8)

Note that ‖Pβ∗1,2 β̂1,2‖ = ‖β∗1,2β∗T1,2β̂1,2‖ and |β∗T1,2β̂1,2| ≤ 1. Hence,∥∥∥∥∥
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×2 Pβ∗1,2 β̂1,2

∥∥∥∥∥ =

∥∥∥∥∥
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×2 β
∗
1,2β

∗T
1,2β̂1,2

∥∥∥∥∥
= |β∗T1,2β̂1,2|

∥∥∥∥∥
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×2 β
∗
1,2

∥∥∥∥∥ ≤
∥∥∥∥∥

n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×2 β
∗
1,2

∥∥∥∥∥ .
Therefore, it is suffices to bound

∥∥∥∥ n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×2 β
∗
1,2

∥∥∥∥.
We write

n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×2 β
∗
1,2 =

1

pn

∑
i∈[n],j∈F1,k∈F2,l∈F3

α∗i,1δi,j,k,lEi,j,k,lβ∗1,2,kej,l,
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where F1 = supp(β∗1,1)∪supp(β̂∗1,1), F2 = supp(β∗1,2)∪supp(β̂∗1,2), supp(v) refers to the
set of indices in v that are nonzero and ej,l ∈ Rd1×d2 is a matrix with all zero entries
except the (j, l)-th entry to 1. Let F = F1 ∪ F2.
Observe that since ‖α∗2i,1‖ ≤ c2

1, ‖β1,2‖ = 1, and by Corollary A.1 E(δi,j,k,lE2
i,j,k,l) ≤

4
√
pσ2, we have∥∥∥∥∥∥

∑
i∈[n],j∈F1,k∈F2,l∈F3

E(δi,j,k,lE2
i,j,k,l)α

∗2
i,1β

∗2
1,2,kej,le

T
j,l

∥∥∥∥∥∥ ≤ 4
√
pnc2

1sσ
2 and

∥∥∥∥∥∥
∑

i∈[n],j∈F1,k∈F2,l∈F3

E(δi,j,k,lE2
i,j,k,l)α

∗2
i,1β

∗2
1,2,ke

T
j,lej,l

∥∥∥∥∥∥ ≤ 4
√
pnc2

1sσ
2.

Also, since β∗1,2 is a µ-mass vector:

‖‖α∗i,1δi,j,k,lEi,j,k,lβ∗1,2,kej,l‖‖ψ2 ≤ ‖Ei,j,k,l‖ψ2‖α∗i,1β∗1,2,kej,l‖ ≤ c1σ
µ√
s
,

where ‖ · ‖ψ2 is an Orlicz norm defined in chapter 2.
By Lemma A.1 with Xi =

α∗i,1
p

ΠΩi(EiF ) ×2 β
∗
1,2 , Uα = c1σµ

p
√
s

and δ2 =
nc21sσ

2

√
p

, the
following bound holds with probability at least 1− d−10,∥∥∥∥∥

n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×2 β
∗
1,2

∥∥∥∥∥ ≤ C̃1max

{
σ

√
slog(d)

np
,
σlog(d)

np
√
s
log
(√

s

p

)}
(A.9)

for some large enough constant C̃1.
Next, we bound the second term in (A.8). By Cauchy-Schwartz inequality, we have∥∥∥∥∥

n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×2 P
⊥
β∗1,2

β̂1,2

∥∥∥∥∥ ≤
∥∥∥∥∥

n∑
i=1

α∗i,1
pn

ΠΩi(EiF )

∥∥∥∥∥∥∥∥(β∗⊥1,2)T β̂1,2

∥∥∥
≤

∥∥∥∥∥
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )

∥∥∥∥∥
∥∥∥∥∥∥(β∗⊥1,2)T (β∗1,2︸ ︷︷ ︸

=0

−β̂1,2)

∥∥∥∥∥∥ ≤
∥∥∥∥∥

n∑
i=1

α∗i,1
pn

ΠΩi(EiF )

∥∥∥∥∥∥∥(β∗⊥1,2)T
∥∥∥∥∥β∗1,2 − β̂1,2

∥∥∥ .
Recall that

∥∥(β∗⊥1,2)T
∥∥ = 1 and

∥∥∥β∗1,2 − β̂1,2

∥∥∥ ≤ ε. Then∥∥∥∥∥
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×2 P
⊥
β∗1,2

β̂1,2

∥∥∥∥∥ ≤
∥∥∥∥∥

n∑
i=1

α∗i,1
pn

ΠΩi(EiF )

∥∥∥∥∥ ε.
We write∥∥∥∥∥

n∑
i=1

α∗i,1
pn

ΠΩi(EiF )

∥∥∥∥∥ = sup
u1∈S1,u2∈S2,u3∈S3

∣∣∣∣∣
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 u1 ×2 u2 ×3 u3

∣∣∣∣∣ ,
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where Si = {u ∈ Rdi : ‖u‖ = 1, ‖u‖0 ≤ si}, for i = 1, 2, 3 is the unit sphere in Rdi .
The idea is to use a covering number algorithm. For each given subset Ui ⊆ [di], we
define the set SUi = {v ∈ Rdi : ‖v‖ = 1, supp(v) ⊆ Ui}. Let C1, C2, C3 be ε̃-covers of
SU1 , SU2 , SU3 . Next we use Lemma A.2 with ε̃ = log(3/2)/3. We get that

P

(∥∥∥∥∥
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )

∥∥∥∥∥ ≥ t̄

)
≤
∑
ūj∈Cj

P

(∣∣∣∣∣
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 ū1 ×2 ū2 ×3 ū3

∣∣∣∣∣ ≥ t̄/2

)

For each fixed ū1, ū2, ū3, we write:

n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 ū1 ×2 ū2 ×3 ū3 =
1

pn

∑
i∈[n],j∈F̄1,k∈F̄2,l∈F̄3

α∗i,1δi,j,k,lEi,j,k,lū1,jū2,kū3,l,

where F̄j = supp(ūj). Since ‖α∗2i,1‖ ≤ c2
1,, and by Corollary A.1 we have that

E(δi,j,k,lE2
i,j,k,l) ≤ 4

√
pσ2. Then, we get∑

i∈[n],j∈F̄1,k∈F̄2,l∈F̄3

E(δi,j,k,lE2
i,j,k,l)α

∗2
i,1ū

2
1,jū

2
2,kū

2
3,l ≤ 4

√
pc2

1nσ
2

and
‖α∗i,1δi,j,k,lEi,j,k,lū1,jū2,kū3,l‖ψ2 ≤ c1‖Ei,j,k,l‖ψ2 ≤ c1σ,

Let t̄ = C̃2max
{
σ
√
t√

np
, σt
np
log
(√

s1s2s3
p

)}
. By Lemma A.1, we have that

P

(∣∣∣∣∣
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 ū1 ×2 ū2 ×3 ū3

∣∣∣∣∣ ≥ t̄

)
≤ e−t.

Then, by properties of ε̃-covers with ε̃ = log(3/2)/3, we have

P

(∥∥∥∥∥
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )

∥∥∥∥∥ ≥ t̄

)
≤

∑
ū1∈C1,ū2∈C2,ū3∈C3

e−t ≤
{

6

log(3/2)

}s1+s2+s3

2e−t.

Taking a union bound over
(
d1

s1

)(
d2

s2

)(
d3

s3

)
≤ ds1+s2+s3 choices of U1 ◦ U2 ◦ U3, we get

P

(∥∥∥∥∥
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )

∥∥∥∥∥ ≥ t̄

)
≤ 2e−t+(s1+s2+s3)log(d).

Let t = slog(d). Then, the following bound holds with probability at least 1−2d−10s,∥∥∥∥∥
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )

∥∥∥∥∥ ≤ t̄ = C̃2max

{
σ
√
slog(d)
√
np

,
σslog(d)

np
log
(√

s1s2s3

p

)}
(A.10)
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Combining (A.8), (A.9), (A.10), we can construct an upper bound for III12. The
following bound holds with probability at least 1− 3d−10,

‖III12‖ ≤ C̃1σ

√
slog(d)

np
ε+ C̃1

σlog(d)

np
√
s
log
(√

s

p

)
ε

+C̃2σ

√
slog(d)

np
ε2 + C̃2

σslog(d)

np
log

(√
s3

p

)
ε2.

�

Proposition A.10. Suppose that the conditions of Theorem 5.1 hold and let

III14 =
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 β
∗
1,1 ×2 β

∗
1,2.

Then, with probability at least 1− d−10,

‖III14‖ ≤ C̃3max

{
σ

√
slog(d)

np
,
σlog(d)

nps
log
(

1
√
p

)}
,

for some large enough constant C̃3.

Proof. We write
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 β
∗
1,1 ×2 β

∗
1,2 =

1

pn

∑
i∈[n],j∈F1,k∈F2,l∈F3

α∗i,1δi,j,k,lEi,j,k,lβ∗1,1,kβ∗1,2,kel,

where el is a d3-column vector with all zero entries except the lth entry equal to 1.
Let F = F1 ∪ F2. Observe that, since ‖α∗2i,1‖ ≤ c2

1, ‖β1,2‖ = 1, and by Corollary A.1
we have that E(δi,j,k,lE2

i,j,k,l) ≤ 4
√
pσ2. Then, we have∥∥∥∥∥∥

∑
i∈[n],j∈F1,k∈F2,l∈F3

E(δi,j,k,lE2
i,j,k,l)α

∗2
i,1β

∗2
1,1,jβ

∗2
1,2,kele

T
l

∥∥∥∥∥∥ ≤ 4
√
pc2

1nσ
2s

and ∥∥∥∥∥∥
∑

i∈[n],j∈F1,k∈F2,l∈F3

E(δi,j,k,lE2
i,j,k,l)α

∗2
i,1β

∗2
1,1,jβ

∗2
1,2,ke

T
l el

∥∥∥∥∥∥ ≤ 4
√
pc2

1nσ
2s.

Also, since β∗1,2 and β∗1,1 are µ-mass vectors,

‖‖α∗i,1δi,j,k,lEi,j,k,lβ∗1,1,jβ∗1,2,kel‖‖ψ2 ≤ ‖Ei,j,k,l‖ψ2‖α∗i,1β∗1,1,jβ∗1,2,kel‖ ≤
c1µ

2σ

s
.
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Set Xi =
α∗i,1
p

ΠΩi(EiF ) ×1 β
∗
1,1 ×2 β

∗
1,2, Uα = c1σµ2

ps
and δ2 =

nc21sσ
2

√
p

. By Lemma A.1,
with probability at least 1− d−10,

‖III14‖ ≤ C̃3max

{
σ

√
slog(d)

np
,
σlog(d)

nps
log
(

1
√
p

)}
,

for some large enough constant C̃3.
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Proposition A.11. Suppose that the conditions of Theorem 5.1 hold and let

III11 =
n∑
i=1

α̂i,1 − α∗i,1
pn

ΠΩi(EiF )×1 β̂1,1 ×2 β̂1,2.

Then, with probability at least 1− 2d−10,

‖III11‖ ≤ C̃3σ

√
slog(d)

np
ε+ C̃3

σlog(d)

nps
log
(

1
√
p

)
ε

+C̃2σ

√
slog(d)

np
ε2 + C̃2

σslog(d)

np
log
(√

s1s2s3

p

)
ε2.

Proof.

‖III11‖ =

∥∥∥∥∥
n∑
i=1

α̂i,1 − α∗i,1
pn

ΠΩi(EiF )×1 β̂1,1 ×2 β̂1,2

∥∥∥∥∥
=

∥∥∥∥∥
n∑
i=1

β̂T1,4xi − β∗T1,4xi

pn
ΠΩi(EiF )×1 β̂1,1 ×2 β̂1,2

∥∥∥∥∥ .
Then, by Cauchy-Schwartz inequality, we get

‖III11‖ ≤

∥∥∥∥∥
n∑
i=1

1

pn
ΠΩi(EiF )×1 β̂1,1 ×2 β̂1,2x

T
i

∥∥∥∥∥∥∥∥β̂1,4 − β∗1,4
∥∥∥ .

We write
n∑
i=1

1

pn
ΠΩi(EiF )×1 β̂1,1 ×2 β̂1,2x

T
i

=
n∑
i=1

1

pn
ΠΩi(EiF )×1 {Pβ∗1,1 + P⊥β∗1,1}β̂1,1 ×2 {Pβ∗1,2 + P⊥β∗1,2}β̂1,2x

T
i

=
n∑
i=1

1

pn
ΠΩi(EiF )×1 Pβ∗1,1 β̂1,1 ×2 Pβ∗1,2 β̂1,2x

T
i + D̂, (A.11)
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with

D̂ =
n∑
i=1

1

pn
ΠΩi(EiF )×1 Pβ∗1,1 β̂1,1 ×2 P

⊥
β∗1,2

β̂1,2x
T
i

+
n∑
i=1

1

pn
ΠΩi(EiF )×1P

⊥
β∗1,1

β̂1,1×2Pβ∗1,2 β̂1,2x
T
i +

n∑
i=1

1

pn
ΠΩi(EiF )×1P

⊥
β∗1,1

β̂1,1×2P
⊥
β∗1,2

β̂1,2x
T
i .

Since ‖β∗T1,1β̂1,1‖ ≤ 1, it is sufficient to find an upper bound of

n∑
i=1

1

pn
ΠΩi(EiF )×1 β

∗
1,1 ×2 β

∗
1,2x

T
i .

Observe that since ‖α∗2i,1‖ ≤ c2
1, ‖β1,2‖ = 1, and by Corollary A.1 we have that

E(δi,j,k,lE2
i,j,k,l) ≤ 4

√
pσ2. Then, we get∥∥∥∥∥∥

∑
i∈[n],j∈F1,k∈F2,l∈F3

E(δi,j,k,lE2
i,j,k,l)β

∗2
1,1,lβ

∗2
1,2,kelx

T
i xie

T
l

∥∥∥∥∥∥ ≤ 4
√
pσ2

∥∥∥∥∥∥
∑

i∈[n],l∈F3

elx
T
i xie

T
l

∥∥∥∥∥∥ .
Then ∥∥∥∥∥∥

∑
i∈[n],j∈F1,k∈F2,l∈F3

E(δi,j,k,lE2
i,j,k,l)β

∗2
1,1,lβ

∗2
1,2,kelx

T
i xie

T
l

∥∥∥∥∥∥ ≤ 4
√
pc2

1nσ
2,

∥∥∥∥∥∥
∑

i∈[n],j∈F1,k∈F2,l∈F3

E(δi,j,k,lE2
i,j,k,l)β

∗2
1,1,jβ

∗2
1,2,kxie

T
l elx

T
i

∥∥∥∥∥∥ ≤ pσ2s

∥∥∥∥∥∥
∑
i∈[n]

xix
T
i

∥∥∥∥∥∥ ≤ 4
√
pc2

1nσ
2s,

Also, since β∗1,2 and β∗1,1 are µ-mass vectors:

‖‖δi,j,k,lEi,j,k,lβ∗1,1,jβ∗1,2,kelxTi ‖‖ψ2 ≤
c1µ

2σ

s
.

By Lemma A.1, in the same way as in Proposition A.10, with probability at least
1− d−10,∥∥∥∥∥

n∑
i=1

1

pn
ΠΩi(EiF )×1 β

∗
1,1 ×2 β

∗
1,2x

T
i

∥∥∥∥∥ ≤ C̃3

{
σ

√
slog(d)

np
,
σlog(d)

nps
log
(

1
√
p

)}
,

for some large enough constant C̃3. Next we prove the upper bound of D̂ in (A.11).
We have

J3 =

∥∥∥∥∥
n∑
i=1

1

pn
ΠΩi(EiF )×1 Pβ∗1,1 β̂1,1 ×2 P

⊥
β∗1,2

β̂1,2x
T
i

∥∥∥∥∥ ≤ c1

∥∥∥∥∥
n∑
i=1

1

pn
ΠΩi(EiF )

∥∥∥∥∥ ‖(β∗⊥1,2)T β̂1,2‖.
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Recall that ‖(β∗⊥1,2)T β̂1,2‖ ≤ ε. Since α∗i,1 is a scalar and |α∗i,1| ≤ c1, an upper bound

for
∥∥∥∥ n∑
i=1

1
pn

ΠΩi(EiF )

∥∥∥∥ is similar to the bound from (A.10). Then, with probability at

least 1− 2/d10

J3 ≤ C̃2σ

√
slog(d)

np
ε+ C̃2

σslog(d)

np
log
(√

s1s2s3

p

)
ε.

The other terms in the D̂ are bounded similarly. Therefore, with probability at least
1− d−10 we have

‖D̂‖ ≤ C̃2σ

√
slog(d)

np
ε+ C̃2

σslog(d)

np
log
(√

s1s2s3

p

)
ε.

Hence, we conclude that with probability at least 1− 2/d10, we have

‖III11‖ ≤ C̃3σ

√
slog(d)

np
ε+ C̃3

σlog(d)

nps
log
(

1
√
p

)
ε

+C̃2σ

√
slog(d)

np
ε2 + C̃2

σslog(d)

np
log
(√

s1s2s3

p

)
ε2.

�

Proposition A.12. Suppose that the conditions of Theorem 5.1 hold and let

III1 =
1

ŵ1

A−1

{
n∑
i=1

α̂i,1
n

ΠΩi(EiF )×1 β̂1,1 ×2 β̂1,2

}
.

Then, with probability at least 1− d−10, we have

‖III1‖ ≤
2C̃σ

w∗1λmin

√
slog(d)

np
+ 6γ′ε,

for some large enough C̃ > 0.

Proof.

‖III1‖ ≤
∣∣∣∣ 1

ŵ1

∣∣∣∣
∥∥∥∥∥
{

1

p
A

}−1
∥∥∥∥∥
∥∥∥∥∥

n∑
i=1

α̂i,1
pn

ΠΩi(EiF )×1 β̂1,1 ×2 β̂1,2

∥∥∥∥∥ .
In (A.6) we proved that ∥∥∥∥∥

{
1

p
A

}−1
∥∥∥∥∥ ≤ 1

n∑
i=1

α̂2
i,1

n
− γ

.
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Since from (A.1) ŵ1 >
w∗1
2
, we have that

‖III1‖ ≤
2

w∗1{λmin − γ}

∥∥∥∥∥
n∑
i=1

α̂i,1
pn

ΠΩi(EiF )×1 β̂1,1 ×2 β̂1,2

∥∥∥∥∥ . (A.12)

Next, we need to bound the term
∥∥∥∥ n∑
i=1

α̂i,1
pn

ΠΩi(EiF )×1 β̂1,1 ×2 β̂1,2

∥∥∥∥. We write

n∑
i=1

α̂i,1
pn

ΠΩi(EiF )×1 β̂1,1 ×2 β̂1,2

=
n∑
i=1

α̂i,1 − α∗i,1
pn

ΠΩi(EiF )×1 β̂1,1 ×2 β̂1,2 +
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 β̂1,1 ×2 β̂1,2. (A.13)

Similarly, we can write
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 β̂1,1 ×2 β̂1,2

=
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 {β̂1,1 − β∗1,1} ×2 β̂1,2 +
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 β
∗
1,1 ×2 β̂1,2. (A.14)

Also,
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 β
∗
1,1 ×2 β̂1,2

=
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 β
∗
1,1 ×2 {β̂1,2 − β∗1,2}+

n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 β
∗
1,1 ×2 β

∗
1,2. (A.15)

Hence, combining equalities A.13 - A.15, we have
n∑
i=1

α̂i,1
pn

ΠΩi(EiF )×1 β̂1,1 ×2 β̂1,2

=
n∑
i=1

α̂i,1 − α∗i,1
pn

ΠΩi(EiF )×1 β̂1,1 ×2 β̂1,2︸ ︷︷ ︸
III11

+
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 {β̂1,1 − β∗1,1} ×2 β̂1,2︸ ︷︷ ︸
III12

+
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 β
∗
1,1 ×2 {β̂1,2 − β∗1,2}︸ ︷︷ ︸

III13

+
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 β
∗
1,1 ×2 β

∗
1,2︸ ︷︷ ︸

III14

.

From Proposition A.11, with probability at least 1−2d−10, ‖III11‖ ≤ C̃3σ
√

slog(d)
np

ε+

C̃3
σlog(d)
nps

log
(

1√
p

)
ε+ C̃2σ

√
slog(d)
np

ε2 + C̃2
σslog(d)
np

log
(√

s1s2s3
p

)
ε2.
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From Proposition A.9, with probability at least 1− 3d−10, ‖III12‖ ≤ C̃1σ
√

slog(d)
np

ε+

C̃1
σlog(d)
np
√
s
log
(√

s
p

)
ε+ C̃2σ

√
slog(d)
np

ε2 + C̃2
σslog(d)
np

log
(√

s3

p

)
ε2.

Also, from Proposition A.10, with probability at least 1−d−10, for some large enough
constant C̃3, we have ‖III14‖ ≤ C̃3max

{
σ
√

slog(d)
np

, σlog(d)
nps

log
(

1√
p

)}
.

Next, we consider III13. Note that
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 β
∗
1,1 is different from

n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×2β
∗
1,2 only by vectors β∗. Since β∗1,1 and β∗1,2 have the same properties,

the bound for III13 can be derived in the similar way as in (A.9). Hence, we have
that

‖III13‖ ≤

∥∥∥∥∥
n∑
i=1

α∗i,1
pn

ΠΩi(EiF )×1 β
∗
1,1

∥∥∥∥∥ ε ≤ C̃1σ

√
slog(d)

np
ε+ C̃1

σlog(d)

np
√
s
log
(√

s

p

)
ε.

(A.16)
Therefore, using Propositions A.11, A.13, A.14 and (A.16), with probability at least
1− d−10, we can bound ‖III1‖ as

‖III1‖ ≤
2{2C̃1 + C̃3}σε
w∗1{λmin − γ}

(√
slog(d)

np
+

log(d)

np
√
s
log
(√

s

p

)
+

√
slog(d)

np

+
log(d)

nps
log
(

1
√
p

))
+

4C̃2σε
2

w∗1{λmin − γ}

(√
slog(d)

np
+
slog(d)

np
log

(√
s3

p

))

+
2C̃3σ

w∗1{λmin − γ}

√
slog(d)

np
. (A.17)

From (A.5), we have γ < λmin/2 and 1/{λmin − γ} < 2/λmin. By Assumption 2(d),
we have

4{2C̃1 + C̃3}σε
λminw∗1

√
slog(d)

np
≤ γ′ε,

for some positive constant γ′ that will be determined later. Similarly, we have the
following bounds:

4{2C̃1 + C̃3}σε
λminw∗1

max
{
log(d)

np
√
s
log
(√

s

p

)
,
log(d)

nps
log
(

1
√
p

)}
≤ γ′ε,

8C̃2σε
2

w∗1λmin
max

{√
slog(d)

np
,
slog(d)

np
log

(√
s3

p

)}
≤ γ′ε.

Using the bound above, (A.17) and (A.5), with probability at least 1− d−10, we have

‖III1‖ ≤
2C̃σ

w∗1λmin

√
slog(d)

np
+ 6γ′ε,
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for some large enough C̃ > 0.
�

Proposition A.13. Suppose that the conditions of Theorem 5.1 hold. Let A1 =
n∑
i=1

‖ΠΩi(β̂1,1 ◦ β̂1,2 ◦ β̂1,3)‖2
Fxix

T
i and A2 =

n∑
i=1

1
n
xix

T
i . Then, A1 and A2 are positive

definite matrix.

Proof. Let u ∈ Rq, u 6= 0. Consider

uTA1u = uT
n∑
i=1

‖ΠΩi(β̂1,1◦β̂1,2◦β̂1,3)‖2
Fxix

T
i u =

n∑
i=1

‖ΠΩi(β̂1,1◦β̂1,2◦β̂1,3)‖2
F (uTxi)(x

T
i u)

=
n∑
i=1

‖ΠΩi(β̂1,1 ◦ β̂1,2 ◦ β̂1,3)‖2
F (xTi u)T (xTi u) =

n∑
i=1

‖ΠΩi(β̂1,1 ◦ β̂1,2 ◦ β̂1,3)‖2
F |xTi u|2.

If uTA1u = 0, we have that
n∑
i=1

‖ΠΩi(β̂1,1 ◦ β̂1,2 ◦ β̂1,3)‖2
F |xTi u|2 = 0.

Note that by the model (1) and Assumptions on B∗, β̂1,1 6= 0, β̂1,2 6= 0 and β̂1,3 6= 0.
Moreover, there is exists at least one i, such that ‖ΠΩi(β̂1,1 ◦ β̂1,2 ◦ β̂1,3)‖F 6= 0. Thus,
n∑
i=1

‖ΠΩi(β̂1,1 ◦ β̂1,2 ◦ β̂1,3)‖2
F > 0. Let K =

n∑
i=1

‖ΠΩi(β̂1,1 ◦ β̂1,2 ◦ β̂1,3)‖2
F > 0 and

P (A) =
∑
i∈A

‖ΠΩi
(β̂1,1◦β̂1,2◦β̂1,3)‖2F

K
, where A is a Borel set of R. We have

n∑
i=1

‖ΠΩi(β̂1,1 ◦ β̂1,2 ◦ β̂1,3)‖2
F

K

∣∣xTi u∣∣2 =
n∑
i=1

∣∣xTi u∣∣2 P [U =
∣∣xTi u∣∣] = E

[
U2
]
,

where U is a random variable taking the values
∣∣xT1 u∣∣, ∣∣xT2 u∣∣, . . . , ∣∣xTnu∣∣ with

P
[
U =

∣∣xTi u∣∣] =
‖ΠΩi

(β̂1,1◦β̂1,2◦β̂1,3)‖2F
K

, i = 1, 2, . . . , n. Then, uTA1u = 0 if and only
if E [U2] = 0. This holds if and only if U2 = 0 almost surely with respect to the
probability measure P. Then,

∣∣xTi u∣∣2 = 0 for all i ∈ [n]. Therefore, we have

n∑
i=1

|xTi u|2 = 0⇒ uT
n∑
i=1

1

n
xix

T
i u = 0.

By assumption 1(a), we get

λminu
Tu ≤ uT

n∑
i=1

1

n
xix

T
i u ≤ λmaxu

Tu.

Since λmin > 0, we have
uTu = 0.
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Therefore u = 0 and then uTA1u > 0 for any u ∈ Rq, u 6= 0, this proves that A1 is a
positive definite matrix.

Next, consider

uTA2u = uT
n∑
i=1

1

n
xix

T
i u =

n∑
i=1

1

n
(uTxi)(x

T
i u) =

n∑
i=1

1

n
(xTi u)T (xTi u) =

n∑
i=1

1

n
|xTi u|2.

If uTA2u = 0, we have that

uT
n∑
i=1

1

n
xix

T
i u = 0.

By assumption 1(a), we get

λminu
Tu ≤ uT

n∑
i=1

1

n
xix

T
i u ≤ λmaxu

Tu.

Since λmin > 0, we have
uTu = 0.

Therefore u = 0 and then uTA2u > 0 for any u ∈ Rq, u 6= 0, this proves that A2 is a
positive definite matrix. �

Proposition A.14. Suppose that the conditions of Theorem 5.1 hold and let

I2 =

∥∥∥∥∥∥
{

1

np

n∑
i=1

∥∥∥ΠΩi(Â1)
∥∥∥2

F
xix

T
i

}−1
∥∥∥∥∥∥ .

Then, with probability at least 1− 2q/d10, we have I2 ≤ 8
λminw

∗2
1
.

Proof. At first, we show that∥∥∥∥∥ 1

n

{
n∑
i=1

(
1

p
‖ΠΩi(β̂1,1 ◦ β̂1,2 ◦ β̂1,3)‖2

F − ‖β̂1,1 ◦ β̂1,2 ◦ β̂1,3‖2
F

)}
xix

T
i

∥∥∥∥∥ ≤ γ,

where γ is the same constant as defined as (A.5). Assume that for all i ∈ [n],
j ∈ [d1], k ∈ [d2], l ∈ [d3], δi,j,k,l is independent with β̂1,1,j, β̂1,2,k, β̂1,3,l. Further, let

Zi =
1

n

{
1

p
‖ΠΩi(β̂1,1 ◦ β̂1,2 ◦ β̂1,3)‖2

F − ‖β̂1,1 ◦ β̂1,2 ◦ β̂1,3‖2
F

}
xix

T
i .

Since ‖β̂1,j‖ = 1, j ∈ [3] and ‖β̂1,1 ◦ β̂1,2 ◦ β̂1,3‖2
F = ‖β̂1,1‖2

F‖β̂1,2‖2
F‖β̂1,3‖2

F = 1,
we have

Zi =
1

n

{
1

p
‖ΠΩi(β̂1,1 ◦ β̂1,2 ◦ β̂1,3)‖2

F − 1

}
xix

T
i .
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Then, since ‖ΠΩi(β̂1,1 ◦ β̂1,2 ◦ β̂1,3)‖2
F ≤ 1 and ‖xi‖ ≤ c1, we have

‖Zi‖ ≤
1

n

∣∣∣∣1p‖ΠΩi(β̂1,1 ◦ β̂1,2 ◦ β̂1,3)‖2
F − 1

∣∣∣∣ ‖xixTi ‖ ≤ c2
1

1

n

∣∣∣∣1p − 1

∣∣∣∣ ≤ c2
1

p
.

In addition, we have ∥∥∥∥∥
n∑
i=1

E(Z2
i |β̂1,1, β̂1,2, β̂1,3)

∥∥∥∥∥
=

∥∥∥∥∥
n∑
i=1

1

n2
E

({
1

p
‖ΠΩi(β̂1,1 ◦ β̂1,2 ◦ β̂1,3)‖2

F − 1

}2

|β̂1,1, β̂1,2, β̂1,3

)
xix

T
i xix

T
i

∥∥∥∥∥
=

∥∥∥∥∥∥
n∑
i=1

1

n2
E

{1

p

∑
j,k,l

δi,j,k,lβ̂
2
1,1,jβ̂

2
1,2,kβ̂

2
1,3,l − 1

}2

|β̂1,1, β̂1,2, β̂1,3

xix
T
i xix

T
i

∥∥∥∥∥∥
Since E(δi,j,k,l) = p, this gives∥∥∥∥∥

n∑
i=1

E(Z2
i |β̂1,1, β̂1,2, β̂1,3)

∥∥∥∥∥ ≤
∥∥∥∥∥

n∑
i=1

∑
j,k,l

1

n2p
β̂4

1,1,jβ̂
4
1,2,kβ̂

4
1,3,lxix

T
i xix

T
i

∥∥∥∥∥ ,
and then, using the facts that |β̂k,j,l ≤ µ√

s
, ‖xi‖ ≤ c1, 1

n

∑
i

‖xixTi ‖2 ≤ c2, we get

∥∥∥∥∥
n∑
i=1

E(Z2
i |β̂1,1, β̂1,2, β̂1,3)

∥∥∥∥∥ ≤ 1

np

∑
j,k,l

β̂4
1,1,jβ̂

4
1,2,kβ̂

4
1,3,l

∥∥∥∥∥ 1

n

n∑
i=1

xix
T
i xix

T
i

∥∥∥∥∥ ≤ c2
1c2µ

3

nps1.5
.

Note that in Assumption 1 (e) we assume that the entries of the response tensor are
observed independently. Let Xi = 1

p
‖ΠΩi(β̂1,1 ◦ β̂1,2 ◦ β̂1,3)‖2

Fxix
T
i − xixTi . Then,

P

(∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥ ≤ t

)
= E

P
((∥∥∥∥∥

n∑
i=1

Xi

∥∥∥∥∥ ≤ t

)∣∣∣∣β̂1,1, β̂1,2, β̂1,3

)
︸ ︷︷ ︸

(∗)

 .
Hence, following the proof of Zhou et al, 2021 [1], we apply the matrix Bernstein’s
inequality given in Theorem A.3 to (*) with σ2 =

c21c2µ
3

nps1.5
, B =

c21
p
, t = γ and d1 = d2 =

q. We have

P

(∥∥∥∥∥ 1

np

∑
i

‖ΠΩi(β̂1,1 ◦ β̂1,2 ◦ β̂1,3)‖2
Fxix

T
i −

∑ 1

n
xix

T
i

∥∥∥∥∥ ≤ γ

)

≥ 1− 2q exp
{

−γ2/2

c2
1c2µ3/{nps1.5}+ c2

1γ/{3p}

}
.
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By Assumption 2(a), p ≥ c4µ
3{log(d)}/(ns1.5) ≥ cµ3{log(d)}/(ns1.5γ2) for some con-

stant c. Then, with probability at least 1− 2q/d10, we have∥∥∥∥∥ 1

np

∑
i

‖ΠΩi(β̂1,1 ◦ β̂1,2 ◦ β̂1,3)‖2
Fxix

T
i −

∑ 1

n
xix

T
i

∥∥∥∥∥ ≤ γ. (A.18)

Let A1 =
∑
i

‖ΠΩi(β̂1,1 ◦ β̂1,2 ◦ β̂1,3)‖2
Fxix

T
i and A2 =

∑
i

1
n
xix

T
i . By the Proposition

A.13, A1 and A2 are positive definite matrix. Hence, A1 and A2 are invertible.
To apply Proposition A.3, we first check that 1− ‖A1 − A2‖‖A−1

2 ‖ > 0.

1− ‖A1 − A2‖‖A−1
2 ‖ = 1− γ

∥∥∥∥∥∥
{

1/n
n∑
i=1

xix
T
i

}−1
∥∥∥∥∥∥ = 1− γ

λmin
.

Recall that by (A.5), we have γ < λmin/2. Then

1− ‖A1 − A2‖‖A−1
2 ‖ > 1− 1

2
=

1

2
> 0.

Using Proposition A.3, we get

I2 =

∥∥∥∥∥∥
{

1

np

n∑
i=1

∥∥∥ΠΩi(Â1)
∥∥∥2

F
xix

T
i

}−1
∥∥∥∥∥∥ ≤ 1

ŵ2
1

∥∥∥∥∥
{

1/n
n∑
i=1

xix
T
i

}−1
∥∥∥∥∥

1− γ

∥∥∥∥∥
{

1/n
n∑
i=1

xixTi

}−1
∥∥∥∥∥
,

and then using (A.18), (A.5) and the fact that |ŵ1 − w∗1| < w∗1/2, we have

I2 ≤
4

λminw∗21 {1− γ/λmin}
≤ 8

λminw∗21

.

�

Proposition A.15. Suppose that the conditions of Theorem 5.1 hold and let

II2 =

∥∥∥∥∥ 1

np

n∑
i=1

〈
ΠΩi(A

∗
1 − Â1),ΠΩi(Â1)

〉
xix

T
i β
∗
1,4

∥∥∥∥∥.
Then, with probability at least 1− e 1

4
/d10

II2 ≤ {6c2 + γ}w∗21 ε.

Proof. Let Zi,l1,l2,l = 1
np
δi,l1,l2,l(A

∗
1 − Â1)i,l1,l2,l(Â1)i,l1,l2,lxix

T
i β
∗
1,4. Then

1

np

n∑
i=1

〈
ΠΩi(A

∗
1 − Â1),ΠΩi(Â1)

〉
xix

T
i β
∗
1,4 =

∑
i,l1,l2,l

Zi,l1,l2,l.
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Assume that for all i ∈ [n], l1 ∈ [d1], l2 ∈ [d2], l ∈ [d3], δi,l1,l2,l is independent with Â1.
Note that, since E(δi,l1,l2,l) = p, we get

‖Zi,l1,l2,l − E(Zi,l1,l2,l|Â1)‖ = ‖Zi,l1,l2,l −
1

n
(A∗1 − Â1)i,l1,l2,l(Â1)i,l1,l2,lxix

T
i β
∗
1,4‖

≤ |δi,l1,l2,l − p|
∥∥∥∥ 1

np
(A∗1 − Â1)i,l1,l2,l(Â1)i,l1,l2,lxix

T
i β
∗
1,4

∥∥∥∥ .
Then,

‖Zi,l1,l2,l − E(Zi,l1,l2,l|Â1)‖ ≤ 1

pn

∣∣∣(A∗1 − Â1)i,l1,l2,l

∣∣∣ ∣∣∣(Â1)i,l1,l2,l

∣∣∣ ∥∥xixTi β∗1,4∥∥ . (A.19)

By Assumption 1, we have
∥∥xixTi β∗1,4∥∥ ≤ c2

1. Also, since |ŵ1| ≤ 3
2
w∗1 and β̂’s are µ-

mass vectors, we have
∣∣∣(Â1)i,l1,l2,l

∣∣∣ ≤ 3
2
w∗1µ

3/s1.5. Furthermore, by triangle inequality,
we have ∣∣∣(A∗1 − Â1)i,l1,l2,l

∣∣∣ ≤ ∣∣w∗1β∗1,1,l1β∗1,2,l2β∗1,3,l − ŵ1β
∗
1,1,l1

β∗1,2,l2β
∗
1,3,l

∣∣
+
∣∣ŵ1β

∗
1,1,l1

β∗1,2,l2β
∗
1,3,l − ŵ1β̂1,1,l1β

∗
1,2,l2

β∗1,3,l
∣∣+
∣∣ŵ1β̂1,1,l1β

∗
1,2,l2

β∗1,3,l − ŵ1β̂1,1,l1 β̂1,2,l2β
∗
1,3,l

∣∣∣∣ŵ1β̂1,1,l1 β̂1,2,l2β
∗
1,3,l − ŵ1β̂1,1,l1 β̂1,2,l2 β̂1,3,l

∣∣ ≤ 6µ2w∗1ε

s
. (A.20)

Therefore,

‖Zi,l1,l2,l − E(Zi,l1,l2,l|Â1)‖ ≤ 9w∗21 µ
5c2

1ε

pns2.5
.

Also, from (A.19), (A.20) and Assumption 1(a), we have∑
i,l1,l2,l

E(‖Zi,l1,l2,l − E(Zi,l1,l2,l|Â1)‖2|Â1) =
∑
i,l1,l2,l

E(‖Zi,l1,l2,l

− 1

n
(A∗1 − Â1)i,l1,l2,l(Â1)i,l1,l2,lxix

T
i β
∗
1,4‖2)

≤ 1

pn

∑
i

1

n
β∗T1,4xix

T
i xix

T
i β
∗
1,4

9w∗21 µ
6

4s3

{
6w∗1ε

µ2

s

}2

,

and then ∑
i,l1,l2,l

E(‖Zi,l1,l2,l − E(Zi,l1,l2,l|Â1)‖2|Â1) ≤ 81c2
1c2w

∗4
1 µ

3ε2

pns1.5
.

Note that in Assumption 1(e) we assume that the entries of the response tensor are
observed independently. Thus, for all i ∈ [n], δi,l1,l2,l are independent with each other.
Let Xi =

∑
l1,l2,l

Zi,l1,l2,l − 1
n

〈
A∗1 − Â1, Â1

〉
xix

T
i β
∗
1,4. Then

P

(∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥ ≤ t

)
= E

P
((∥∥∥∥∥

n∑
i=1

Xi

∥∥∥∥∥ ≤ t

)∣∣∣∣Â1

)
︸ ︷︷ ︸

(∗)

 .
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Following the proof of Zhou et al, 2021 [1], we apply the vector Bernstein’s inequality
given in Theorem A.2 to (*) with σ2 ≡ 81c21c2w

∗4
1 µ3ε2

ps1.5
, ε ≡ γw∗21 ε. Hence, we have

P

(∥∥∥∥∥ ∑
i,l1,l2,l

Zi,l1,l2,l −
1

n

n∑
i=1

〈
A∗1 − Â1, Â1

〉
xix

T
i β
∗
1,4

∥∥∥∥∥ ≤ γw∗21 ε

)

≥ 1− exp

1

4
− γ2

8×81c21c2µ
3

pns1.5

 .

By Assumption 2(a) p ≥ cµ3{log(d)}/(ns1.5γ2) for some constant c. Therefore, with
probability at least 1− e 1

4
/d10 ,

II2 ≤
1

n

∑
i

〈A∗1−Â1, Â1〉xixTi β∗1,4+γw∗21 ε ≤
1

n

∑
i

∥∥∥A∗1 − Â1

∥∥∥
F

∥∥∥Â1

∥∥∥
F
‖xixTi ‖+γw∗21 ε.

Note that ‖Â1‖F = |ŵ1| ≤ 3w∗1/2. We next bound ‖A∗1−Â1‖F . By triangle inequality,
we have

‖A∗1 − Â1‖F =
∥∥ŵ1β̂1,1 ◦ β̂1,2 ◦ β̂1,3 − w∗1β∗1,1 ◦ β∗1,2 ◦ β∗1,3

∥∥
F

≤
∥∥ŵ1β̂1,1 ◦ β̂1,2 ◦ β̂1,3 − w∗1β̂1,1 ◦ β̂1,2 ◦ β̂1,3

∥∥
F︸ ︷︷ ︸

II21

+
∥∥w∗1β̂1,1 ◦ β̂1,2 ◦ β̂1,3 − w∗1β∗1,1 ◦ β̂1,2 ◦ β̂1,3

∥∥
F︸ ︷︷ ︸

II22

+
∥∥w∗1β1,1 ◦ β̂1,2 ◦ β̂1,3 − w∗1β1,1 ◦ β1,2 ◦ β̂1,3

∥∥
F︸ ︷︷ ︸

II23

+
∥∥w∗1β1,1 ◦ β1,2 ◦ β̂1,3 − w∗1β1,1 ◦ β1,2 ◦ β1,3

∥∥
F︸ ︷︷ ︸

II24

.

Note that II21 = |ŵ1 − w∗1| < w∗1ε, II22 ≤ w∗1‖β̂1,1 − β∗1,1‖ ≤ w∗1ε, II23 ≤ w∗1ε and
II24 ≤ w∗1ε. Therefore, we have ‖A∗1 − Â1‖F ≤ 4w∗1ε. By Assumption 1, we have
1
n

n∑
i=1

‖xixTi ‖ ≤ c2. Hence,

II2 ≤ 4w∗1ε
3

2
w∗1c2 + γw∗21 ε = {6c2 + γ}w∗21 ε.

�

Proposition A.16. Suppose that the conditions of Theorem 5.1 hold and let

III2 =

∥∥∥∥∥ 1

np

∑
i

〈ΠΩi(Ei),ΠΩi(Â1)〉xi

∥∥∥∥∥ .
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Then, with probability at least 1− 2q/d10s

III2 ≤
3C̃2σw

∗
1

2

√
qslog(d)

np
.

Proof. Note that, since ΠΩi is an indicator tensor,
〈

ΠΩi(Ei),ΠΩi(Â1)
〉

=
〈

ΠΩi(Ei), Â1

〉
.

We have

III2 =

∥∥∥∥∥ 1

np

∑
i

〈ΠΩi(Ei), Â1〉xi

∥∥∥∥∥ =

∥∥∥∥∥ŵ1
1

np

n∑
i=1

〈ΠΩi(Ei), β̂1,1 ◦ β̂1,2 ◦ β̂1,3〉xi

∥∥∥∥∥ . (A.21)

The jth entry of the vector 1
np

∑
i

〈ΠΩi(Ei),ΠΩi(Â1)〉xi for each j ∈ [q] can be written
as

1

np

∑
i

〈ΠΩi(Ei), Â1〉xi,j =
c1

np

∑
i

〈ΠΩi(Ei), Â1〉xi,j/c1.

Our goal is to find the upper bound of∥∥∥∥∥ 1

np

n∑
i=1

〈ΠΩi(Ei), β̂1,1 ◦ β̂1,2 ◦ β̂1,3〉xi,j

∥∥∥∥∥ .
Since |xi,j/c1| ≤ 1, it is sufficient to bound∥∥∥∥∥ c1

np

n∑
i=1

〈ΠΩi(Ei), β̂1,1 ◦ β̂1,2 ◦ β̂1,3〉

∥∥∥∥∥ ≤
∥∥∥∥∥ c1

np

n∑
i=1

ΠΩi(Ei)

∥∥∥∥∥ . (A.22)

By following the similar method as the upper bound of ≤
∥∥∥∥ 1
np

n∑
i=1

α∗i,1ΠΩi(EiF )

∥∥∥∥ in

(A.10), we obtain for each j ∈ [q], with probability at least 1− 2d−10s, that∥∥∥∥∥ c1

np

n∑
i=1

ΠΩi(Ei)

∥∥∥∥∥ ≤ C̃2σ

√
slog(d)

np
, (A.23)

for C̃2 > 0. Therefore, by combining (A.21), (A.22), (A.23), along with the fact that
|ŵ1| ≤ 3

2
w∗1, we conclude that with probability at least 1− 2q/d10s

III2 ≤
3C̃2σw

∗
1

2

√
qslog(d)

np
.

�

Proposition A.17. Suppose that the conditions of Theorem 5.2 hold and let

II1 =
1

ŵk
n∑
i=1

α̂2
i,k/n

n∑
i=1

1

n
α̂i,k

∑
k′ 6=k

{
α∗i,k′w

∗
k′,1〈β̄∗k′,1, β̂k,1〉〈β̄∗k′,2, β̂k,2〉β̄∗k′,3
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−α̂i,k′ŵ∗k′,1〈
¯̂
β∗k′,1, β̂k,1〉〈

¯̂
β∗k′,2, β̂k,2〉

¯̂
β∗k′,3

}
.

Then,

‖II1‖ ≤
c2

1rw
∗
max{8ε2 + 8ξε+ 5ξ2ε}

λminw∗min
.

Proof. Note that 〈 ¯̂β∗k′,1, β̂k,1〉〈
¯̂
β∗k′,2, β̂k,2〉 = 〈 ¯̂β∗k′,1 − β̄∗k′,1 + β̄∗k′,1, β̂k,1〉〈

¯̂
β∗k′,2 − β̄∗k′,2 +

β̄∗k′,2, β̂k,2〉. Also, from Assumptions 3(c, d) and triangle inequality
∣∣∣〈β̄∗k′,1, β̂k,1〉∣∣∣ =∣∣∣〈β̄∗k′,1, β̂k,1 − β∗k,1 + β∗k,1〉

∣∣∣ ≤ ∣∣〈β̄∗k′,1, β∗k,1〉∣∣+
∣∣∣〈β̄∗k′,1, β̂k,1 − β∗k,1〉∣∣∣ ≤ ξ + ε.

Hence, we have∥∥∥∥∥∑
k′ 6=k

{
α∗i,k′w

∗
k′,1〈β̄∗k′,1, β̂k,1〉〈β̄∗k′,2, β̂k,2〉β̄∗k′,3 − α∗i,k′w∗k′,1〈

¯̂
β∗k′,1, β̂k,1〉〈

¯̂
β∗k′,2, β̂k,2〉

¯̂
β∗k′,3

}∥∥∥∥∥
≤

∥∥∥∥∥∑
k′ 6=k

α∗i,k′w
∗
k′,1〈β̄∗k′,1, β̂k,1〉〈β̄∗k′,2, β̂k,2〉{β̄∗k′,3 −

¯̂
β∗k′,3}

∥∥∥∥∥
+

∥∥∥∥∥∑
k′ 6=k

α∗i,k′w
∗
k′,1〈β̄∗k′,1, β̂k,1〉〈

¯̂
β∗k′,2 − β̄∗k′,2, β̂k,2〉

¯̂
β∗k′,3

∥∥∥∥∥
+

∥∥∥∥∥∑
k′ 6=k

α∗i,k′w
∗
k′,1〈β̄∗k′,2, β̂k,2〉〈

¯̂
β∗k′,1 − β̄∗k′,1, β̂k,1〉

¯̂
β∗k′,3

∥∥∥∥∥
+

∥∥∥∥∥∑
k′ 6=k

α∗i,k′w
∗
k′,1〈

¯̂
β∗k′,2 − β̄∗k′,2, β̂k,2〉〈

¯̂
β∗k′,1 − β̄∗k′,1, β̂k,1〉

¯̂
β∗k′,3

∥∥∥∥∥
≤ c1rw

∗
max{ξ + ε}2ε+ 2c1rw

∗
max{ξ + ε}ε+ c1rw

∗
maxε

2 ≤ 4c1rw
∗
maxε

2 + 4c1rw
∗
maxξε.

Besides,∥∥∥∥∥∑
k′ 6=k

{
α∗i,k′w

∗
k′,1〈

¯̂
β∗k′,1, β̂k,1〉〈

¯̂
β∗k′,2, β̂k,2〉

¯̂
β∗k′,3 − α̂i,k′ŵk′,1〈

¯̂
β∗k′,1, β̂k,1〉〈

¯̂
β∗k′,2, β̂k,2〉

¯̂
β∗k′,3

}∥∥∥∥∥
≤ r|α∗i,k′w∗k′ − α̂i,k′ŵk′ |ξ2 ≤ |α̂i,k′ŵk′ − ŵk′α∗i,k′ + ŵk′α

∗
i,k′ − α∗i,k′w∗k′ |rξ2

≤
(
|ŵk′||α̂i,k′ − α∗i,k′|+ |α∗i,k′||ŵk′ − w∗k′ |

)
rξ2

≤ (c1εw
∗
max + c1εw

∗
max) rξ

2 ≤ 5c1rεw
∗
maxξ

2
.

Then, together with the triangle inequality, we get

‖II1‖ ≤
2c2

1

λminw∗min

[
4c1rw

∗
maxε

2 + 4c1rw
∗
maxξε+

5c1rεw
∗
maxξ

2

]
.
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Then,

‖II1‖ ≤
c2

1rw
∗
max{8ε2 + 8ξε+ 5ξ2ε}

λminw∗min
.

�

Proposition A.18. Suppose that the conditions of Theorem 5.2 hold and let

IV 1 =
∑
k′ 6=k

w∗k′

ŵk
A−1

Fk′ − A
n∑
i=1

α̂i,kα
∗
i,k′/n

n∑
i=1

α̂2
i,k/n

〈β̄∗k′,1, β̂k,1〉〈β̄∗k′,2, β̂k,2〉

 β̄∗k′,3

−
∑
k′ 6=k

ŵ∗k′

ŵk
A−1

Gk′ − A

n∑
i=1

α̂i,kα̂i,k′/n

n∑
i=1

α̂2
i,k/n

〈 ¯̂β∗k′,1, β̂k,1〉〈
¯̂
β∗k′,2, β̂k,2〉

 ¯̂
β∗k′,3,

where A,Fk′ and Gk′ are diagonal matrices with diagonal entry,

All =
n∑
i=1

α̂2
i,k/n

∑
l1,l2

δi,l1,l2,lβ̂
2
k,1,l1

β̂2
k,2,l2

Fk′ll =
n∑
i=1

1

n
α̂i,kα

∗
i,k′

∑
l1,l2

δi,l1,l2,lβ̂k,1,l1 β̂k,2,l2 β̄
∗
k′,1,l1 β̄

∗
k′,2,l2

Gk′ll =
n∑
i=1

1

n
α̂i,kα̂i,k′

∑
l1,l2

δi,l1,l2,lβ̂k,1,l1 β̂k,2,l2
¯̂
β∗k′,1,l1

¯̂
β∗k′,2,l2 . (A.24)

Then, with probability at least 1− 2/d10, ‖IV 1‖ ≤ 4γε
λmin

.

Proof. Denote

Zi,k′,l1,l2,l =
1

pn

w∗k′

ŵk

{ n∑
i=1

α̂i,kα
∗
i,k′/n

n∑
i=1

α̂2
i,k/n

α̂2
i,k〈β̄∗k′,1, β̂k,1〉〈β̄∗k′,2, β̂k,2〉β̂2

k,1,l1
β̂2
k,2,l2

−α̂i,kα∗i,k′ β̄k′,1,l1 β̄k′,2,l2 β̂k,1,l1 β̂k,2,l2

}
δi,l1,l2,lβ̄

∗
k′,3,lel,

where el is the column vector whose lth entry is 1 and others are 0. Then, we have

1

p

∑
k′ 6=k

w∗k
ŵk

Fk′ − A
n∑
i=1

α̂i,kα
∗
i,k′/n

n∑
i=1

α̂2
i,k/n

〈β̄∗k′,1, β̂k,1〉〈β̄∗k′,2, β̂k,2〉

 β̄∗k′,3 =
∑

i,k′,l1,l2,l

Zi,k′,l1,l2,l.
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Then, following the similar steps from Proposition A.8, we have

‖Zi,k′,l1,l2,l − E(Zi,k′,l1,l2,l|β̂k,1,l1 β̂k,2,l2α̂i,k)‖ ≤
2w∗max

w∗min

1

pn

∣∣∣β̂k,1,l1 β̂k,2,l2 β̄∗k′,3,lα̂i,k∣∣∣ J 1
2
1,k,

where

J1,k =

∣∣∣∣∣∣∣∣
n∑
i=1

α̂i,kα
∗
i,k′/n

n∑
i=1

α̂2
i,k/n

α̂i,k〈β̄∗k′,1, β̂k,1〉〈β̄∗k′,2, β̂k,2〉β̂k,1,l1 β̂k,2,l2 − α∗i,k′ β̄k′,1,l1 β̄k′,2,l2

∣∣∣∣∣∣∣∣
2

.

(A.25)
Applying Proposition A.6 and following steps in (A.7), we get

‖Zi,k′,l1,l2,l − E(Zi,k′,l1,l2,l|β̂k,1,l1 β̂k,2,l2α̂i,k)‖ ≤
2w∗max

w∗minpn

µ3

s1.5
c1ε

√{
4
λ2
max

λ2
min

+ 1

}
c2

1.

In addition, we have∑
i,k′,l1,l2,l

E(‖Zi,k′,l1,l2,l − E(Zi,k′,l1,l2,l|β̂k,1,l1 β̂k,2,l2α̂i,k)‖2|β̂k,1,l1 β̂k,2,l2α̂i,k) =

=

{
1

p
− 1

} ∑
i,k′,l1,l2,l

4w∗2max

w∗2maxn
2
β̂2
k,1,l1

β̂2
k,2,l2

β̄∗2k′,3,lα̂
2
i,kJ1,k,

where J1,k is given in (A.25). Then∑
i,k′,l1,l2,l

E(‖Zi,k′,l1,l2,l − E(Zi,k′,l1,l2,l|β̂k,1,l1 β̂k,2,l2α̂i,k)‖2|β̂k,1,l1 β̂k,2,l2α̂i,k)

≤ 4w∗2max

w∗2maxn
2

∑
i

α̂2
i,kµ

4

ns2

∑
k′,l1,l2

∑
l

β̄∗2k′,3,lJ1,k ≤
4rw∗2maxλmaxµ

3

w∗2maxpns
1.5

{
4
λ2
max

λ2
min

+ 1

}
c2

1ε
2.

Recall that in Assumption 1(e) we assume that the entries of the response tensor are
observed independently. Thus, for all i ∈ [n], δi,l1,l2,l are independent with each other.
Let Xi =

∑
k′,l1,l2,l

(Zi,k′,l1,l2,l − E(Zi,k′,l1,l2,l|β̂k,1,l1 β̂k,2,l2α̂i,k)). Then

P

(∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥ ≤ t

)
= E

P
((∥∥∥∥∥

n∑
i=1

Xi

∥∥∥∥∥ ≤ t

)∣∣∣∣β̂k,1,l1 β̂k,2,l2α̂i,k
)

︸ ︷︷ ︸
(∗)

 .
Then, following the proof of Zhou et al, 2021 [1], we apply the vector Bernstein’s

inequality given in Theorem A.2 to (*) with µ ≡ 2w∗max
w∗minpn

µ3

s1.5
c1ε

√{
4λ

2
max
λ2
min

+ 1
}
c2

1 and
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σ2 ≡ 4rw∗2maxλmaxµ3

w∗2maxpns
1.5

{
4λ

2
max
λ2
min

+ 1
}
c2

1ε
2. Note that

∑
i,k′,l1,l2,l

E(Zi,k′,l1,l2,l|β̂k,1,l1 β̂k,2,l2α̂i,k) = 0.

Therefore,

P

(∥∥∥∥∥ ∑
i,k′,l1,l2,l

Zi,k′,l1,l2,l

∥∥∥∥∥ ≤ γε

)
≥ 1−max


1

4
− nγ2

8
4rw∗2maxλmaxµ3

{
4
λ2max
λ2
min

+1

}
c21

w∗2maxpns
1.5

 .

By Assumption 3(a), p ≥ c7rµ
3w∗2maxlog(d)/(ns1.5w∗2min) ≥ crµ3w∗2maxlog(d)/(ns1.5w∗2minγ

2)
for some positive constant c. Then, with probability at least 1− e1/4/d10,∥∥∥∥∥∥∥∥

1

p

∑
k′ 6=k

w∗k
ŵk

Fk′ − A
n∑
i=1

α̂i,kα
∗
i,k′/n

n∑
i=1

α̂2
i,k/n

〈β̄∗k′,1, β̂k,1〉〈β̄∗k′,2, β̂k,2〉

 β̄∗k′,3

∥∥∥∥∥∥∥∥ ≤ γε.

Similarly, with probability at least 1− e1/4/d10, we have,∥∥∥∥∥∥∥∥
1

p

∑
k′ 6=k

ŵk′

ŵk

Gk′ − A

n∑
i=1

α̂i,kα̂
′
i,k/n

n∑
i=1

α̂2
i,k/n

〈 ¯̂β∗k′,1, β̂k,1〉〈
¯̂
β∗k′,2, β̂k,2〉

 ¯̂
β∗k′,3

∥∥∥∥∥∥∥∥ ≤ γε.

Note that

‖IV 1‖ ≤
∥∥∥∥1

p
A

∥∥∥∥−1
(∥∥∥∥∥∥∥∥

1

p

∑
k′ 6=k

w∗k
ŵk

Fk′ − A
n∑
i=1

α̂i,kα
∗
i,k′/n

n∑
i=1

α̂2
i,k/n

〈β̄∗k′,1, β̂k,1〉〈β̄∗k′,2, β̂k,2〉

 β̄∗k′,3

∥∥∥∥∥∥∥∥
+

∥∥∥∥∥∥∥∥
1

p

∑
k′ 6=k

ŵk′

ŵk

Gk′ − A

n∑
i=1

α̂i,kα̂
′
i,k/n

n∑
i=1

α̂2
i,k/n

〈 ¯̂β∗k′,1, β̂k,1〉〈
¯̂
β∗k′,2, β̂k,2〉

 ¯̂
β∗k′,3

∥∥∥∥∥∥∥∥
)
≤
∥∥∥∥1

p
A

∥∥∥∥−1

2γε.

As we have shown in (A.6), if p ≥ c5µ
4log(d)/{ns2} ≥ cµ4log(d)/{ns2γ2} for some

positive constant c, then, with probability at least 1−2/d10, each entry of the diagonal

matrix A has the lower bound |1/pAll| ≥
n∑
i=1

α̂2
i,1/n− γ ≥ λmin − γ.

Therefore, IV 1 can be bounded as

‖IV 1‖ ≤
2γε

λmin − γ
≤ 4γε

λmin
.

�
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Proposition A.19. Suppose that Assumptions 2(d) holds and let g be a d-column
random vector, such that

g ∼ N(0, Id).

Then, with probability at least 1−O(d−12), ‖g‖ .
√
logd.

Proof. By Markov’s inequality, for a monotonically increasing nonnegative function
h, we have

P
(
‖g‖ >

√
logd

)
≤ Eh (‖g‖)
h
(√

logd
) .

Let h(x) = ec0x
2
, 0 < c0 <

1
2
. Then, h(x) is a monotonically increasing nonnegative

function for x > 0. Therefore,

P
(
‖g‖ >

√
logd

)
≤ Eec0‖g‖2

ec0logd
=

Eec0‖g‖2

dc0
=
M‖g‖2(c0)

dc0
,

whereM‖g‖2(t) is a moment generating function of a random variable ‖g‖2. Note that,
since g ∼ N(0, Id), ‖g‖2 follows chi-square distribution with d degrees of freedom.
Hence, M‖g‖2(c0) = 1

(1−2c0)
d
2
and

P
(
‖g‖ >

√
logd

)
≤ d−c0(1− 2c0)

−d
2 = d−c0e

−d
2
log(1−2c0).

Then, we have
d12P

(
‖g‖ >

√
logd

)
≤ d12−c0e

−d
2
log(1−2c0).

Recall that by Assumption 2(d), log(d) ≤ nw∗21 p

c5σ2s2
. Let C5 = exp

(
nw∗21 p

c5σ2s2

)
. Thus,

d ≤ C5. Consider f(x) = x12−c0e
−x
2
log(1−2c0), 1 < x < C5, 0 < c0 < 1

2
. Then,

f ′(x) = −1
2
x11−c0e

−x
2
log(1−2c0) (xlog(1− 2c0) + 2c0 − 24). Note that, for 1 < x <

C5, 0 < c0 <
1
2
, −1

2
x11−c0e

−x
2
log(1−2c0) < 0. Also, we have

0 < 1−2c0 < 1⇒ log(1−2c0) < 0⇒ xlog(1−2c0) < 0⇒ xlog(1−2c0)+2c0−24 < 0.

Therefore, for 1 < x < C5, 0 < c0 <
1
2
, f ′(x) > 0. Thus, f(x) is a monotonically

increasing function on 1 < x < C5, which gives f(x) < f(C5) on 1 < x < C5. Hence,
we get

d12P
(
‖g‖ >

√
logd

)
≤ C−c05 e

−C5
2

log(1−2c0).

Therefore,
P
(
‖g‖ >

√
logd

)
≤ O(d−12),

and with probability at least 1−O(d−12), ‖g‖ .
√
logd.

�

Lemma A.5. (Lemma 8 from Zhou et al, 2021 [1].)
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Suppose Assumption 2(b): τsj ≥ sj, τsj = ∫| and τfj ≥ fj - holds. Then,

‖β̂f1,3 − β∗1,3‖ ≤
∥∥∥β̃1,3/‖β̃1,3‖ − β∗1,3

∥∥∥ ,
The equality holds if and only if β̂f1,3 = β̃1,3/‖β̃1,3‖.

Lemma A.6. (Lemma 12 from Yuan and Zhang, 2013 [16].)

Consider a sparse vector x with supp(x) = Fx and Fx = d0. Let Fy = supp(y, s).
If ‖x‖ = ‖y‖ = 1, then

|Truncate(y, Fy)
Tx| ≥ |yTx| −

√
d0

s
min

[
1− (yTx)2,

(
1 +

√
d0

s

)
{1− (yTx)2}

]
.

Lemma A.7. (Lemma S.6.2 from Sun et al, 2017 [17].)

For any tensor T ∈ Rd1×d2×d3 and an index set F = F1◦F2◦F3 with Fi ⊆ {1, . . . , },
if T =

∑
i∈[R] wiai ◦ bi ◦ ci, then

TF =
∑
i∈[R]

wiTruncate(ai, F1) ◦ Truncate(bi, F2) ◦ Truncate(ci, F3).

Lemma A.8. (Lemma D.5 from Cai et al, 2021 [18].)

Let {Xi,j}1≤i≤r,1≤j≤L be a sequence of i.i.d. standard Gaussian random variables.
Consider some quantities k ≥ 1,∆ > 0 and 0 < δ < 1

2
. There exists some universal

constant C > 0 such that if

L ≥ Cr2k2

(k
√
r + δ)exp(∆2)log(

1

δ
),

then with probability at least 1 − δ, there exists some 1 ≤ j0 ≤ L such that X1,j0 >
kmax

1<i≤r
|Xi,j0|+ ∆.

Lemma A.9. (Lemma D.4 from Cai et al, 2021 [18].)

Suppose that p & d−2log3d and that µlog2d . d. Then for any fixed vector w ∈ Rd,
with probability 1−O(d−10), one has

‖(p−1T − T ∗)×3 w‖ . ‖w‖∞

√
µrlogd
dp

λ∗max + ‖w‖∞
σlog5/2d

p
+ ‖w‖2σ

√
dlogd
p

.

The result also holds if we replace ×3 with ×1 or ×2.

Lemma A.10. (Corollary D.3 from Cai et al, 2021 [18].)
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With probability 1−O(d−10), one has

‖p−1ΠΩ(T ∗)− T ∗‖ .
√
µrλ∗maxlog

3d

d3/2p
+
µ
√
rλ∗maxlog

5/2d

d
√
p

and

‖ΠΩ(E)‖ . σ(log7/2d+
√
dplog5/2d).

Lemma A.11. (Based on Lemma 5.7 from Cai et al, 2021 [18].)

Suppose that the conditions of Theorem 5.3 hold. Then, with probability at least
1−O(d−10), we have

‖U1U
T
1 − U∗1U∗T1 ‖ ≤ Ese �

1√
logd

.
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Appendix B Proof of the main results

B.1 Proof of Theorem 5.1

The proof is for the case of m = 2 to simplify the calculations. However, it shows
the ideas and methods used for the proof which could be extended to the case where
m > 2.

The true model for rank r = 1 reduces to

Yi = ω∗1(β∗T1,4)β∗1,1 ◦ β∗1,2 ◦ β∗1,3 + Ei, i = 1, . . . , n

The plan for the proof is to bound estimators from each step of the algorithm.
Then, to combine them to bound the estimator from the i-th iteration.

Error bound of the estimator from Step 1
In the first step we obtain the unconstrained estimator β̃1,3, as an example. We

can use β̃1,1 or β̃1,2 too.
The closed form solution of the optimization problem (5) for β̃1,3 was derived in

Section 4.1:

β̃1,3,l =

n∑
i=1

(α̂i,1)2
∑
l1,l2

δi,l1,l2,lR̂i,1,l1,l2,lβ̂1,1,l1 β̂1,2,l2

n∑
i=1

(α̂i,1)2
∑
l1,l2

δi,l1,l2,lŵ1(β̂1,1,l1)2(β̂1,2,l2)2

,

where R̂i = Yi/α̂i,1 and α̂i,1 = β̂T1,4xi.
For the above solution β̃1,1 and β̃1,2 are µ-mass unit vectors, since we assume that

β̃1,1 and β̃1,2 were estimated in a previous loop.
Denote F1 = supp(β∗1,1)∪supp(β̂∗1,1), F2 = supp(β∗1,2)∪supp(β̂∗1,2), F3 = supp(β∗1,3)∪

supp(β̂∗1,3), where supp(v) refers to the set of indices in v that are nonzero.
Let F = F1 ∪ F2 ∪ F3. Then, we consider the following estimator, that is equivalent
to the estimator above.

β̃∗1,3,l =

n∑
i=1

1
n
α̂2
i,1

∑
l1,l2

δi,l1,l2,l(R̂iF ),1,l1,l2,lβ̂1,1,l1 β̂1,2,l2

n∑
i=1

1
n
α̂2
i,1

∑
l1,l2

δi,l1,l2,lŵ1(β̂1,1,l1)2(β̂1,2,l2)2

,

where RiF denotes the restricted version of the tensor Ri on the three modes
indexed by F1, F2 and F3.

We note that due to the sparsity restriction and the scaling-invariant truncation
operation, replacing β̃1,3,l by β̃∗1,3,l does not affect the iteration of β̃1,3,l Sun et al,
2017 [17]. Therefore, we assume that β̃1,3 has been replaced by β̃∗1,3. Since Yi =
α∗i,1w

∗
1β
∗
1,1 ◦ β∗1,2 ◦ β∗1,3 + Ei, we have
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β̃1,3,l =

w∗1
n∑
i=1

1
n
α̂i,1α

∗
i,1

∑
l1,l2

δi,l1,l2,lβ̂1,1,l1 β̂1,2,l2β
∗
1,1,l1

β∗1,2,l2β
∗
1,3,l3

n∑
i=1

1
n
α̂2
i,1

∑
l1,l2

δi,l1,l2,lŵ1(β̂1,1,l1)2(β̂1,2,l2)2

+

n∑
i=1

1
n
α̂i,1

∑
l1,l2

δi,l1,l2,l(EiF )l1,l2,lβ̂1,1,l1 β̂1,2,l2

n∑
i=1

1
n
α̂2
i,1

∑
l1,l2

δi,l1,l2,lŵ1(β̂1,1,l1)2(β̂1,2,l2)2

. (B.1)

It can be written in a vector form as:

β̃1,3 =

w∗1
n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉β∗1,3

+
w∗1
ŵ1

A−1

B − A
n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉

 β∗1,3

+
1

ŵ1

A−1

{
n∑
i=1

α̂i,1
n

ΠΩi(EiF )×1 β̂1,1 ×2 β̂1,2

}
,

where A and B are diagonal matrices with diagonal entry, defined in (A.4) as

All =
n∑
i=1

α̂2
i,1/n

∑
l1,l2

δi,l1,l2,lβ̂
2
1,1,l1

β̂2
1,2,l2

Bll =
n∑
i=1

α̂i,1α
∗
i,1/n

∑
l1,l2

δi,l1,l2,lβ̂1,1,l1 β̂1,2,l2β
∗
1,1,l1

β∗1,2,l2 .

To prove that this vector form is equal to (B.1), let us consider an element from
the vector β̃1,3.

The third term is straightforward to the second term of (B.1) using the definition

of mode-n multiplication. Further, let C =

n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉. We have,

(
w∗1
ŵ1

Cβ∗1,3 +
w∗1
ŵ1

A−1 {B − AC} β∗1,3
)
l

=

(
w∗1
ŵ1

A−1Bβ∗1,3

)
l

=

w∗1
n∑
i=1

α̂i,1α
∗
i,1/n

∑
l1,l2

δi,l1,l2,lβ̂1,1,l1 β̂1,2,l2β
∗
1,1,l1

β∗1,2,l2β
∗
1,3,l

n∑
i=1

1
n
α̂2
i,1

∑
l1,l2

δi,l1,l2,lŵ1(β̂1,1,l1)2(β̂1,2,l2)2

.
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We want to bound the distance between β̃1,3 and
w∗1

n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

β∗1,3.

We have

β̃1,3 −
w∗1

n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

β∗1,3 = I1 + II1 + III1, (B.2)

where

I1 =

w∗1
n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

{
〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉 − 1

}
β∗1,3

II1 =
w∗1
ŵ1

A−1

B − A
n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉

 β∗1,3

III1 =
1

ŵ1

A−1

{
n∑
i=1

α̂i,1
n

ΠΩi(EiF )×1 β̂1,1 ×2 β̂1,2

}
.

By Proposition A.5, we get that ‖I1‖ ≤ 2λmax
λmin

ε2. By Proposition A.8, with proba-
bility at least 1−e 1

4/d10, we have ‖II1‖ ≤ 4γε
λmin

. By Proposition A.12, with probability

at least 1− d−10, ‖III1‖ ≤ 2C̃σ
w∗1λmin

√
slog(d)
np

+ 6γ′ε.

Hence, combining the bounds from Propositions A.5, A.8 and A.12, with proba-
bility at least 1− 1/d9, we have,∥∥∥∥∥∥∥∥β̃1,3 −

w∗1
n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

β∗1,3

∥∥∥∥∥∥∥∥ ≤
{

2λmax

λmin
ε+

4γ

λmin
+ 6γ′

}
ε+

2C̃σ

w∗1λmin

√
slog(d)

np
. (B.3)

Finally, we bound the distance between the normalized β̃1,3 and the true parameter
β∗1,3. Since ‖β∗1,3‖ = 1, we have:∣∣∣∣∣∣∣∣‖β̃1,3‖ −

w∗1
n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
∥∥∥∥∥β̃1,3

‖β̃1,3‖
‖β̃1,3‖

∥∥∥∥∥−
w∗1

n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

‖β∗1,3‖

∣∣∣∣∣∣∣∣
Recall that |‖x‖ − ‖y‖| ≤ ‖x− y‖. Therefore, this gives∣∣∣∣∣∣∣∣‖β̃1,3‖ −

w∗1
n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

∣∣∣∣∣∣∣∣ ≤
∥∥∥∥∥∥∥∥β̃1,3 −

w∗1
n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

β∗1,3

∥∥∥∥∥∥∥∥ . (B.4)
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Note that ∣∣∣∣∣∣∣∣
w∗1

n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

∣∣∣∣∣∣∣∣
∥∥∥∥∥ β̃1,3

‖β̃1,3‖
− β∗1,3

∥∥∥∥∥−
∥∥∥∥∥∥∥∥β̃1,3 −

w∗1
n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

β∗1,3

∥∥∥∥∥∥∥∥
≤

∥∥∥∥∥∥∥∥
w∗1

n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

β̃1,3

‖β̃1,3‖
−
w∗1

n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

β∗1,3 − β̃1,3 +

w∗1
n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

β∗1,3

∥∥∥∥∥∥∥∥
=

∥∥∥∥∥∥∥∥
w∗1

n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

β̃1,3

‖β̃1,3‖
− β̃1,3

∥∥∥∥∥∥∥∥ =
∥∥∥β̃1,3

∥∥∥
∣∣∣∣∣∣∣∣
w∗1

n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

1

‖β̃1,3‖
− 1

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣‖β̃1,3‖ −
w∗1

n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

∣∣∣∣∣∣∣∣ .
Therefore, ∣∣∣∣∣∣∣∣

w∗1
n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

∣∣∣∣∣∣∣∣
∥∥∥∥∥ β̃1,3

‖β̃1,3‖
− β∗1,3

∥∥∥∥∥ ≤
∣∣∣∣∣∣∣∣‖β̃1,3‖ −

w∗1
n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

∣∣∣∣∣∣∣∣
+

∥∥∥∥∥∥∥∥β̃1,3 −
w∗1

n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

β∗1,3

∥∥∥∥∥∥∥∥ .
By combining with (B.4), we get∣∣∣∣∣∣∣∣

w∗1
n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

∣∣∣∣∣∣∣∣
∥∥∥∥∥ β̃1,3

‖β̃1,3‖
− β∗1,3

∥∥∥∥∥ ≤ 2

∥∥∥∥∥∥∥∥β̃1,3 −
w∗1

n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

β∗1,3

∥∥∥∥∥∥∥∥ . (B.5)

Recall that ŵ1 − w∗1 ≤ 1
2
w∗1. Then,

ŵ1

w∗1
≤ 3

2
. Using (A.2), we have∣∣∣∣∣∣∣∣

ŵ1

n∑
i=1

α̂2
i,1/n

w∗1
n∑
i=1

α̂i,1α∗i,1/n

∣∣∣∣∣∣∣∣ ≤
3λmax

2λmin
.
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Therefore, ∥∥∥∥∥ β̃1,3

‖β̃1,3‖
− β∗1,3

∥∥∥∥∥ ≤ 3λmax

λmin

∥∥∥∥∥∥∥∥β̃1,3 −
w∗1

n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

β∗1,3

∥∥∥∥∥∥∥∥ ,
and then, from (B.3), we conclude that with probability at least 1− 1/d9,∥∥∥∥∥ β̃1,3

‖β̃1,3‖
− β∗1,3

∥∥∥∥∥ ≤ 6λmax

λmin

{
λmax

λmin
+

2γ

λmin
+ 3γ′

}
ε+

6λmaxC̃σ

w∗1λ
2
min

√
slog(d)

np
. (B.6)

Error bound of the estimator from Step 2
After obtaining the normalized vector β̃1,3/‖β̃1,3‖ from Step 1, we apply the Trun-

catefuse operator to β̃1,3/‖β̃1,3‖ to obtain the sparse and fused operator.
First, we apply the fusion operator to β̃1,3/‖β̃1,3‖. We have

β̂f1,3 = arg min
β

∥∥∥β − β̃1,3/‖β̃1,3‖
∥∥∥ such that ‖Dβ‖0 ≤ τf3 ,

where τf3 is the fusion parameter used in Algorithm 1, and f3 is the true fusion
parameter.

Then, by Lemma A.5, we have that, ‖β̂f1,3− β∗1,3‖ ≤
∥∥∥β̃1,3/‖β̃1,3‖ − β∗1,3

∥∥∥. In other
words, if the true parameter has a fusion structure, then adding the fusion step is
guaranteed to reduce the estimation error.

Next, we apply the Truncate operator to β̂f1,3. By Lemma A.6, we have∣∣∣∣Truncate
(
β̂f1,3, τs3

)T
β∗1,3

∣∣∣∣ ≥ ∣∣∣β̂fT1,3β
∗
1,3

∣∣∣−√s3

f3

(
1 +

√
s3

f3

){
1−

(
β̂fT1,3β

∗
1,3

)2
}
,

where the right-hand-side is an increasing function in terms of |β̂fT1,3β
∗
1,3|.

Let β̂1,3 = Truncate
(
β̂f1,3, τs3

)
/
∥∥∥Truncate

(
β̂f1,3, τs3

)∥∥∥.
Note that

∥∥∥Truncate
(
β̂f1,3, τs3

)∥∥∥ ≤ 1 due to the facts that ‖β̂f1,3‖ = 1 and Truncate

operator sets some entries in β̂f1,3 to 0. Therefore,

‖β̄1,3 − β∗1,3‖ ≤
√

2

√
1−

(
β̂T1,3β

∗
1,3

)2

≤
√

2

√
1−

{
Truncate

(
β̂f1,3, τs3

)T
β∗1,3

}2

≤
√

2

{
1 +

√
s3

f3

(
1 +

√
s3

f3

)}1/2√
2

√
1−

(
β̂fT1,3β

∗
1,3

)2

,

and then

‖β̄1,3 − β∗1,3‖ ≤
√

10‖β̄f1,3 − β∗1,3‖ ≤
√

10
∥∥∥β̃1,3/‖β̃1,3‖ − β∗1,3

∥∥∥ . (B.7)
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Combining (B.6) and (B.7), with probability at least 1− 1/d9, we have,

‖β̄1,3 − β∗1,3‖ ≤
6
√

10λmax

λmin

{
λmax

λmin
+

2γ

λmin
+ 3γ′

}
ε+

6
√

10λmaxC̃σ

w∗1λ
2
min

√
slog(d)

np
. (B.8)

Finally, we need to prove that, if the true parameter β∗1,3 is a µ-mass vector, then
after each iteration the estimator β̂1,3 is also a c̃µ-mass vector. By (B.1), each entry
of β̂1,3 can be simplified as,

β̃1,3,l =

w∗1
n∑
i=1

α̂i,1α
∗
i,1/n

ŵ1

n∑
i=1

α̂2
i,1/n

〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉β∗1,3,l +
w∗1
ŵ1

A−1
ll Bllβ

∗
1,3,l

−w
∗
1

ŵ1

n∑
i=1

α̂i,1α
∗
i,1/n

n∑
i=1

α̂2
i,1/n

〈β∗1,1, β̂1,1〉〈β∗1,2, β̂1,2〉β∗1,3,l

+
1

ŵ1

A−1
ll

n∑
i=1

1

n
α̂i,1

∑
l1,l2

δi,l1,l2,l(EiF )l1,l2,lβ̂1,1,l1 β̂1,2,l2 ,

and then

|β̃1,3,l| ≤
|w∗1Bll|µ
|ŵ1All|

√
s

+

∣∣∣∑n
i=1

1
n
α̂i,1

∑
l1,l2

δi,l1,l2,l(EiF )l1,l2,lβ̂1,1,l1 β̂1,2,l2

∣∣∣
|ŵ1All|

≤ 2

1
n

n∑
i=1

α̂i,1α
∗
i,1 + γ

1
n

n∑
i=1

α̂2
i,1 − γ

µ√
s

+

∥∥∥∥∥ 1

ŵ1

A−1

{
n∑
i=1

α̂i,1
n

ΠΩi(EiF )×1 β̂1,1 ×2 β̂1,2

}∥∥∥∥∥
Then, together with (A.2) and Proposition A.12, we get

|β̃1,3,l| ≤ 2
λmax + γ

λmin − γ
µ√
s

+
2C̃σ

w∗1λmin

√
slog(d)

np
+ 6γ′ε,

for some large enough C̃ > 0. Note that γ′ is arbitrary small. Also, by Assumption
2(c), ε < min

{
λ3
min

24
√

10c2λ2
max
, 1

6

}
, ε is arbitrary small. Therefore, we can assume that

|β̃1,3,l| ≤ 2
λmax + γ

λmin − γ
µ√
s

+
2C̃σ

w∗1λmin

√
slog(d)

np
,

for some large enough C̃ > 0. By (A.5), γ < λmin/2, then we have

2
λmax + γ

λmin − γ
µ√
s
≤ 6λmaxµ

λmin
√
s
,
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and by Assumption 2(d) with C̃2 = λ2
minc5, we have np ≥ C̃2σ2s2log(d)/{w∗2λ2

min},
then

2̃Cσ

w∗1λmin

√
slog(d)

np
≤ µ√

s
. (B.9)

Therefore, there is some global constant (does not depend on iterations) c̃ > 0, such
that

max
l

{
|β̂k,3,l|

}
≤ c̃

µ√
s
.

Given that the true parameter β∗k,3 is a µ-mass vector, the update from each iteration
is a c̃µ-mass vector.

Error bound of the estimator from Step 4
Now we can derive the error bound for the estimator β̂1,4. That is, we aim to

bound ‖β̂1,4 − β∗1,4‖, given the other estimators ŵ1, β̂1,1, β̂1,2, β̂1,3.
Denote Â1 = ŵ1β̂1,1 ◦ β̂1,2 ◦ β̂1,3, and A∗1 = w∗1β

∗
1,1 ◦ β∗1,2 ◦ β∗1,3.

For the case of r = 1, the true model is Yi = β∗T1,4xiA
∗
1 + Ei. Then, from (8), the

closed form solution of β̂1,4 becomes

β̂1,4 =

{
1

n

n∑
i=1

∥∥∥ΠΩi(Â1)
∥∥∥2

F
xix

T
i

}−1
1

n

n∑
i=1

〈
ΠΩi(β

∗T
1,4xiA

∗
1 + Ei),ΠΩi(Â1)

〉
xi.

We can write
∥∥∥ΠΩi(Â1)

∥∥∥2

F
as 〈ΠΩi(Â1),ΠΩi(Â1)〉. Then, we have

β̂1,4 − β∗1,4 =

∥∥∥∥∥
{

1

n

n∑
i=1

∥∥∥ΠΩi(Â1)
∥∥∥2

F
xix

T
i

}−1

×

{
1

n

n∑
i=1

〈
ΠΩi(A

∗
1),ΠΩi(Â1)

〉
xix

T
i β
∗
1,4

+
1

n

n∑
i=1

〈
ΠΩi(Ei),ΠΩi(Â1)

〉
xi −

1

n

n∑
i=1

〈
ΠΩi(Â1),ΠΩi(Â1)

〉
xix

T
i β
∗
1,4

}
.

Therefore,

‖β̂1,4 − β∗1,4‖ =

∥∥∥∥∥
{

1

n

n∑
i=1

∥∥∥ΠΩi(Â1)
∥∥∥2

F
xix

T
i

}−1

×

×

{
1

n

n∑
i=1

〈
ΠΩi(A

∗
1 − Â1),ΠΩi(Â1)

〉
xix

T
i β
∗
1,4 +

1

n

∑
i

〈
ΠΩi(Ei),ΠΩi(Â1)

〉
xi

}∥∥∥∥∥,
and then

‖β̂1,4 − β∗1,4‖ ≤

∥∥∥∥∥∥
{

1

np

n∑
i=1

∥∥∥ΠΩi(Â1)
∥∥∥2

F
xix

T
i

}−1
∥∥∥∥∥∥︸ ︷︷ ︸

I2

×

68



(∥∥∥∥∥ 1

np

n∑
i=1

〈
ΠΩi(A

∗
1 − Â1),ΠΩi(Â1)

〉
xix

T
i β
∗
1,4

∥∥∥∥∥︸ ︷︷ ︸
II2

+

∥∥∥∥∥ 1

np

∑
i

〈
ΠΩi(Ei),ΠΩi(Â1)

〉
xi

∥∥∥∥∥︸ ︷︷ ︸
III2

)
.

Combining the bounds of I2, II2, III2 from Propositions A.14 - A.16, with prob-
ability at least 1− 1/d9, we obtain that,

‖β̂1,4 − β∗1,4‖ ≤
8

λminw∗21

[
{6c2 + γ}w∗21 ε+

3C̃2σw
∗
1

2

√
qslog(d)

np

]
.

Note that, from (A.5) γ < c2. Then, by letting k2 = 56c2
λmin

and defining C̃∗2 = 12C̃2

since C̃2 is any constant, we conclude that, with probability at least 1− 1/d9

‖β̂1,4 − β∗1,4‖ ≤ k2ε+
C̃∗2σ

λminw∗1

√
qslog(d)

np
. (B.10)

Next, we combine the steps to prove Theorem 5.1.
We iteratively apply the error bound from each step, and obtain the final error

bound in Theorem 5.1.
Given the initial estimators β̂(0)

1,j and ŵ(0)
1 with an initialization error ε, the error

bound in (B.8) implies that, with probability at least 1− 1/d9,

‖β̂(1)
1,3 − β∗1,3‖ ≤ k1ε+

6
√

10λmaxC̃σ

w∗1λ
2
min

√
slog(d)

np
,

where

k1 =
6
√

10λmax

λmin

{
λmax

λmin
+

2γ

λmin
+ 3γ′

}
=

6
√

10λ2
maxε

λ2
min

+
12
√

10λmaxγ

λ2
min

+
18
√

10λmaxγ
′

λmin
,

defining γ′ as

γ′ =
1

2
min

{
λmin

72
√

10λmax
,

λ2
min

144
√

10λmaxc2

}
. (B.11)

Then, we have that 18
√

10λmaxγ′

λmin
< 1

4
. By (A.5) we have γ <

λmin2

96
√

10λmax
, which gives

12
√

10λmaxγ
λ2
min

< 1
8
< 1

4
. Also, using Assumption 2(c), we have 6

√
10λ2

maxε

λ2
min

< 1
4
.

Therefore, k1 < 1. Similarly, the error bound holds for ‖β̂(1)
1,1 − β∗1,1‖, ‖β̂

(1)
1,2 − β∗1,2‖ and

|ŵ(1)
1 − w∗1|/w∗1.
By (B.10), with probability at least 1− 2/d9, we have that

‖β̂1,4 − β∗1,4‖ ≤ k2

(
k1ε+

6
√

10λmaxC̃σ

w∗1λ
2
min

√
slog(d)

np

)
+

C̃∗2σ

λminw∗1

√
qslog(d)

np
,
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and then

‖β̂1,4 − β∗1,4‖ ≤ k2k1ε+ k2
6
√

10λmaxC̃σ

w∗1λ
2
min

√
slog(d)

np
+

C̃2σ

λminw∗1

√
qslog(d)

np
.

The contraction coefficient is

k = k1k2 =

{
6
√

10λ2
maxε

λ2
min

+
12
√

10λmaxγ

λ2
min

+
18
√

10λmaxγ
′

λmin

}
c2

λmin
.

We have that 18
√

10λmaxc2γ′

λ2
min

< 1
4
. By (A.5), we have 12

√
10λmaxc2γ
λ3
min

< 1
4
. Also, using

Assumption 2(c), we have 6
√

10c2λ2
maxε

λ3
min

< 1
4
.

Therefore, k < 1.
We have now obtained the error bound from the first iteration. After repeatedly

plugging the estimation error bound from iteration (t− 1) into the error bound from
iteration t, with probability at least 1− (t+ 1)/d9, we have that

max{|ŵ(t)
1 − w∗1|/w∗1,maxj‖β̂(t)

1,j − β∗1,j‖2}

≤ ktε+
1− kt

1− k
6
√

10λmaxC̃σ

w∗1λ
2
min

√
slog(d)

np
+

1− kt−1

1− k
C̃2σ

λminw∗1

√
qslog(d)

np
.

Then,

max{|ŵ(t)
1 − w∗1|/w∗1,maxj‖β̂(t)

1,j − β∗1,j‖2} ≤ ktε+
1

1− k
C1σ

w∗1

√
slog(d)

np
,

where C1 = (6
√

10c2λ
2
max + C̃2λmin

√
q)/λ2

min.
This completes the proof of Theorem 5.1. �

B.2 Proof of Theorem 5.2

We follow the similar stpes as for the proof of Theorem 5.1. Thus, the first step
is to bound the error for the unconstrained estimator from Step 1 of Algorithm 1.

The model for a general rank r is of the form:

Yi =
∑
k∈[r]

β∗Tk,4xiw
∗
kβ
∗
k,1 ◦ β∗k,2 ◦ β∗k,3 + Ei, i = 1, . . . , n.

Error bound of the estimator from Step 1
In (6) we showed that the closed form solution of the optimization problem (4)

for β̃1,3 is:
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β̃k,3,l =

n∑
i=1

1
n
α̂2
i,k

∑
l1,l2

δi,l1,l2,lR̂i,1,l1,l2,lβ̂k,1,l1 β̂k,2,l2

n∑
i=1

1
n
(α̂i,k)2

∑
l1,l2

δi,l1,l2,lŵk(β̂k,1,l1)2(β̂k,2,l2)2

,

where R̂i =

(
Yi −

∑
k′ 6=k

ŵk′α̂i,kβ̂k′,1 ◦ β̂k′,2 ◦ β̂k′,3

)
/α̂i,k and α̂i,k = β̂Tk,4xi.

Denote F1 = supp(β∗k,1)∪supp(β̂∗k,1), F2 = supp(β∗k,2)∪supp(β̂∗k,2), F3 = supp(β∗k,3)∪
supp(β̂∗k,3), where supp(v) refers to the set of indices in v that are nonzero. Let
F = F1 ∪ F2 ∪ F3. Then, we consider the following estimator, that is equivalent to
the estimator above.

β̃k,3,l =

n∑
i=1

1
n
α̂2
i,k

∑
l1,l2

δi,l1,l2,l(R̂iF )l1,l2,lβ̂k,1,l1 β̂k,2,l2

n∑
i=1

1
n
α̂2
i,k

∑
l1,l2

δi,l1,l2,lŵk(β̂k,1,l1)2(β̂k,2,l2)2

.

For the vector βk,j, denote β̄k,j = Truncate(β∗k,j, Fj), for k = 1, . . . , r and j = 1, 2, 3.
By definition of Fj, we have β̄∗k,j = β∗k,j and

¯̂
βk,j = β̂k,j, for j = 1, 2, 3. By Lemma A.7

and substituting the expression of R̂i into β̃k,3,l, the vector β̃k,3 can be expanded as

β̃k,3 =

w∗k
n∑
i=1

α̂i,kα
∗
i,k/n

ŵk
n∑
i=1

α̂2
i,k/n

〈β∗k,1, β̂k,1〉〈β∗k,2, β̂k,2〉β∗k,3

+

∑
k′ 6=k

{
n∑
i=1

1
n
α̂i,kα

∗
i,k′

}
w∗k′〈β̄∗k′,1, β̂k,1〉〈β̄∗k′,2, β̂k,2〉β̄∗k′,3

ŵk
n∑
i=1

α̂2
i,k/n

−

∑
k′ 6=k

{
n∑
i=1

1
n
α̂i,kα̂i,k′

}
ŵ∗k′〈

¯̂
β∗k′,1, β̂k,1〉〈

¯̂
β∗k′,2, β̂k,2〉

¯̂
β∗k′,3

ŵk
n∑
i=1

α̂2
i,k/n

+
w∗k
ŵk
A−1

B − A
n∑
i=1

α̂i,kα
∗
i,k/n

n∑
i=1

α̂2
i,k/n

〈β∗k,1, β̂k,1〉〈β∗k,2, β̂k,2〉

 β∗k,3

+
∑
k′ 6=k

w∗k
ŵk
A−1

Fk′ − A
n∑
i=1

α̂i,kα
∗
i,k′/n

n∑
i=1

α̂2
i,k/n

〈β̄∗k′,1, β̂k,1〉〈β̄∗k′,2, β̂k,2〉

 β̄∗k′,3
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−
∑
k′ 6=k

ŵk′

ŵk
A−1

Gk′ − A

n∑
i=1

α̂i,kα̂
′
i,k/n

n∑
i=1

α̂2
i,k/n

〈 ¯̂β∗k′,1, β̂k,1〉〈
¯̂
β∗k′,2, β̂k,2〉

 ¯̂
β∗k′,3

+
1

ŵk
A−1

{
n∑
i=1

α̂i,k
n

ΠΩi(EiF )×1 β̂k,1 ×2 β̂k,2

}
, (B.12)

where A,B, Fk′ and Gk′ are diagonal matrices with diagonal entry,

All =
n∑
i=1

α̂2
i,k/n

∑
l1,l2

δi,l1,l2,lβ̂
2
k,1,l1

β̂2
k,2,l2

Bll =
n∑
i=1

α̂i,kα
∗
i,k/n

∑
l1,l2

δi,l1,l2,lβ̂k,1,l1 β̂k,2,l2β
∗
k,1,l1

β∗k,2,l2

Fk′ll =
n∑
i=1

1

n
α̂i,kα

∗
i,k′

∑
l1,l2

δi,l1,l2,lβ̂k,1,l1 β̂k,2,l2 β̄
∗
k′,1,l1 β̄

∗
k′,2,l2

Gk′ll =
n∑
i=1

1

n
α̂i,kα̂i,k′

∑
l1,l2

δi,l1,l2,lβ̂k,1,l1 β̂k,2,l2
¯̂
β∗k′,1,l1

¯̂
β∗k′,2,l2 .

Then, the difference between β̃k,3 and
w∗k

n∑
i=1

α̂i,kα
∗
i,k/n

ŵk
n∑
i=1

α̂2
i,k/n

β∗k,3 is

β̃k,3 −
w∗k

n∑
i=1

α̂i,kα
∗
i,k/n

ŵk
n∑
i=1

α̂2
i,k/n

β∗k,3 = I1 + I2 + I3 + I4 + I5, (B.13)

where

I1 =

w∗k
n∑
i=1

α̂i,kα
∗
i,k/n

ŵk
n∑
i=1

α̂2
i,k/n

{
〈β∗k,1, β̂k,1〉〈β∗k,2, β̂k,2〉 − 1

}
β∗k,3

II1 =
1

ŵk
n∑
i=1

α̂2
i,k/n

n∑
i=1

1

n
α̂i,k

∑
k′ 6=k

{
α∗i,k′w

∗
k′,1〈β̄∗k′,1, β̂k,1〉〈β̄∗k′,2, β̂k,2〉β̄∗k′,3

−α̂i,k′ŵ∗k′,1〈
¯̂
β∗k′,1, β̂k,1〉〈

¯̂
β∗k′,2, β̂k,2〉

¯̂
β∗k′,3

}

III1 =
w∗k
ŵk
A−1

B − A
n∑
i=1

α̂i,kα
∗
i,k/n

n∑
i=1

α̂2
i,k/n

〈β∗k,1, β̂k,1〉〈β∗k,2, β̂k,2〉

 β∗k,3
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IV 1 =
∑
k′ 6=k

w∗k′

ŵk
A−1

Fk′ − A
n∑
i=1

α̂i,kα
∗
i,k′/n

n∑
i=1

α̂2
i,k/n

〈β̄∗k′,1, β̂k,1〉〈β̄∗k′,2, β̂k,2〉

 β̄∗k′,3

−
∑
k′ 6=k

ŵ∗k′

ŵk
A−1

Gk′ − A

n∑
i=1

α̂i,kα̂i,k′/n

n∑
i=1

α̂2
i,k/n

〈 ¯̂β∗k′,1, β̂k,1〉〈
¯̂
β∗k′,2, β̂k,2〉

 ¯̂
β∗k′,3

V1 =
1

ŵk
A−1

{
n∑
i=1

α̂i,k
n

ΠΩi(EiF )×1 β̂k,1 ×2 β̂k,2

}
.

Comparing (B.13) with (B.2) in the rank-1 case, we see that, when r = 1, the sum
includes the terms I1, III1 and V1. When the rank r > 1, the sum includes two
additional terms II1 and IV 1, which appear due to the interplay among different
ranks. By Proposition A.5, we have

‖I1‖ ≤
2λmax

λmin
ε2.

By Proposition A.8, with probability at least 1− 4/d10, we have

‖III1‖ ≤
4γ

λmin
ε,

where γ is a positive constant equal to

γ =
1

2
min

{
λmin

2
, c2,

λ2
min

192
√

10λmax
,

λ3
minw

∗2
min

96
√

10c2λmaxw∗2maxr

}
. (B.14)

Furthermore, by Proposition A.12, with probability at least 1− 10/d10, we have,

‖V1‖ ≤
2C̃σ

λminw∗min

√
slog(d)

np
+ 6γ′ε.

The value of γ′ will be determined later. Next, by Proposition A.17, we have

‖II1‖ ≤
c2

1rw
∗
max{8ε2 + 8ξε+ 5ξ2ε}

λminw∗min
.

Proposition A.18 gives that with probability at least 1− 2/d10,

‖IV 1‖ ≤
4γε

λmin
.

Hence, we can bound the term in (B.13). We have∥∥∥∥∥∥∥∥β̃k,3 −
w∗k

n∑
i=1

α̂i,kα
∗
i,k/n

ŵk
n∑
i=1

α̂2
i,k/n

β∗k,3

∥∥∥∥∥∥∥∥ ≤ ‖I1‖+ ‖II1‖+ ‖III1‖+ ‖IV 1‖+ ‖V1‖

73



≤ 2λmax

λmin
ε2 +

c2
1rw

∗
max{8ε2 + 8ξε+ 5ξ2ε}

λminw∗min
+

8γ

λmin
ε+ 6γ′ε+

2C̃σ

w∗minλmin

√
slog(d)

np
.

As shown in the rank-1 case in (B.5), the error of normalized β̃k,3 can be bounded as∣∣∣∣∣∣∣∣
w∗k

n∑
i=1

α̂i,kα
∗
i,k/n

ŵk
n∑
i=1

α̂2
i,k/n

∣∣∣∣∣∣∣∣
∥∥∥∥∥ β̃k,3

‖β̃k,3‖
− β∗k,3

∥∥∥∥∥ ≤ 2

∥∥∥∥∥∥∥∥β̃k,3 −
w∗k

n∑
i=1

α̂i,kα
∗
i,k/n

ŵk
n∑
i=1

α̂2
i,k/n

β∗k,3

∥∥∥∥∥∥∥∥ .
Recall from (A.1) that |ŵk − w∗k| ≤ 1

2
w∗k. Then,

ŵk
w∗k
≤ 3

2
. Using (A.2), we have∣∣∣∣∣∣∣∣

ŵk
n∑
i=1

α̂2
i,k/n

w∗k
n∑
i=1

α̂i,kα∗i,k/n

∣∣∣∣∣∣∣∣ ≤
3λmax

2λmin
.

Therefore, we have∥∥∥∥∥ β̃k,3

‖β̃k,3‖
− β∗k,3

∥∥∥∥∥ ≤ 6λ2
max

λ2
min

ε2 +
3c2

1λmaxrw
∗
max{8ε2 + 8ξε+ 5ξ2ε}
λ2
minw

∗
min

+
24λmaxγ

λ2
min

ε

+
18γ′λmaxε

λmin
+

6C̃λmaxσ

w∗minλ
2
min

√
slog(d)

np
.

Error bound of the estimator from Step 2
In this step we derive the error bound for the unconstrained estimator from Step

2 for the general case. Similarly, to the case for r = 1, from (B.7) we have

‖β̄k,3 − β∗k,3‖ ≤
√

10

∥∥∥∥∥ β̃k,3

‖β̃k,3‖
− β∗k,3

∥∥∥∥∥ ≤ k1ε+
6
√

10λmaxC̃σ

w∗minλ
2
min

√
slog(d)

np
,

where

k1 =
6
√

10λ2
maxε

λ2
min

+
24
√

10λmaxγ

λ2
min

+
18
√

10λmaxγ
′

λmin
+
c2

1λmaxrw
∗
max

λ2
minw

∗
min

ε

+
c2

1λmaxrw
∗
max

λ2
minw

∗
min

ξ.

By (B.14) γ < λ2
min

192
√

10λmax
, then 24

√
10λmaxγ
λ2
min

< 1
8
. Setting constant γ′ < λmin

144
√

10λmax
,

we have 18
√

10λmaxγ′

λmin
< 1

8
. By Assumption 3(c), we have that ε < λ2

min
λ2
max

, then 6
√

10λ2
maxε

λ2
min

<

1
4
. Also, by Assumption 3(c), c21λmaxrw∗max

λ2
minw

∗
min

ε < 1
4
. By Assumption 3(d), we have that

c21λmaxrw∗max
λ2
minw

∗
min

ξ < 1
4
.
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Therefore, k1 < 1. Finally, we prove that the estimator β̂k,3 has the µ-mass property
under the assumption that the true parameter β∗k,3 is a µ-mass vector.

Using (B.12), each entry of vector β̃k,3 can be simplified as

β̃k,3,l =

w∗k
n∑
i=1

α̂i,kα
∗
i,k/n

ŵk
n∑
i=1

α̂2
i,k/n

〈β∗k,1, β̂k,1〉〈β∗k,2, β̂k,2〉β∗k,3,l

︸ ︷︷ ︸
(∗)

+

∑
k′ 6=k

{
n∑
i=1

1
n
α̂i,kα

∗
i,k′

}
w∗k′〈β̄∗k′,1, β̂k,1〉〈β̄∗k′,2, β̂k,2〉β̄∗k′,3,l

ŵk
n∑
i=1

α̂2
i,k/n︸ ︷︷ ︸

(∗∗)

−

∑
k′ 6=k

{
n∑
i=1

1
n
α̂i,kα̂i,k′

}
ŵ∗k′〈

¯̂
β∗k′,1, β̂k,1〉〈

¯̂
β∗k′,2, β̂k,2〉

¯̂
β∗k′,3,l

ŵk
n∑
i=1

α̂2
i,k/n︸ ︷︷ ︸

(∗∗∗)

+
w∗k
ŵk
A−1
ll Bllβ

∗
k,3,l

− w
∗
k

ŵk

n∑
i=1

α̂i,kα
∗
i,k/n

n∑
i=1

α̂2
i,k/n

〈β∗k,1, β̂k,1〉〈β∗k,2, β̂k,2〉β∗k,3,l

︸ ︷︷ ︸
(∗)

+
∑
k′ 6=k

w∗k
ŵk
A−1
ll Fk′llβ̄

∗
k′,3,l

−
∑
k′ 6=k

w∗k
ŵk

n∑
i=1

α̂i,kα
∗
i,k′/n

n∑
i=1

α̂2
i,k/n

〈β̄∗k′,1, β̂k,1〉〈β̄∗k′,2, β̂k,2〉β̄∗k′,3,l

︸ ︷︷ ︸
(∗∗)

−
∑
k′ 6=k

ŵk′

ŵk
A−1
ll Gk′ll

¯̂
β∗k′,3,l

+
∑
k′ 6=k

ŵk′

ŵk

n∑
i=1

α̂i,kα̂
′
i,k/n

n∑
i=1

α̂2
i,k/n

〈 ¯̂β∗k′,1, β̂k,1〉〈
¯̂
β∗k′,2, β̂k,2〉

¯̂
β∗k′,3,l

︸ ︷︷ ︸
(∗∗∗)

+
1

ŵk
A−1
ll

{
n∑
i=1

1

n
α̂2
i,k

∑
l1,l2

δi,l1,l2,l(EiF )l1,l2,lβ̂k,1,l1 β̂k,2,l2

}
,
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and then,

β̃k,3,l =
w∗k
ŵk
A−1
ll Bllβ

∗
k,3,l +

∑
k′ 6=k

w∗k
ŵk
A−1
ll Fk′llβ̄

∗
k′,3,l −

∑
k′ 6=k

ŵk′

ŵk
A−1
ll Gk′ll

¯̂
β∗k′,3,l

+
1

ŵk
A−1
ll

{
n∑
i=1

1

n
α̂2
i,k

∑
l1,l2

δi,l1,l2,l(EiF )l1,l2,lβ̂k,1,l1 β̂k,2,l2

}
.

Therefore,

|β̃k,3,l| ≤
|w∗kBll|µ
|ŵkAll|

√
s

+

∣∣∣∣∣ n∑i=1

1
n
α̂2
i,k

∑
l1,l2

δi,l1,l2,l(EiF )l1,l2,lβ̂k,1,l1 β̂k,2,l2

∣∣∣∣∣
|ŵkAll|

+
∑
k′ 6=k

(
|w∗k′Fk′ll|µ
|ŵkAll|

√
s

+
|ŵ∗k′Gk′ll|µ
|ŵkAll|

√
s

)
.

Then

|β̃k,3,l| ≤ 2

1
n

n∑
i=1

α̂i,kα
∗
i,k + γ

1
n

n∑
i=1

α̂2
i,k − γ

µ√
s

+
r∑

k′=1,k′ 6=k

{
2w∗max

w∗min

1
n

n∑
i=1

α̂i,kα
∗
i,k′ + γ

1
nε

n∑
i=1

α̂2
i,k − γ

µ√
s

+
3w∗max

w∗min

1
n

n∑
i=1

α̂i,kα̂i,k′ + γ

1
nε

n∑
i=1

α̂2
i,k − γ

µ√
s

}
+

∥∥∥∥∥ 1

ŵk
A−1

n∑
i=1

α̂i,k
n

ΠΩi(EiF )×1 β̂k,1 ×2 β̂k,2

∥∥∥∥∥ .
Therefore, by using Proposition A.12 and (A.2), we have

|β̃k,3,l| ≤ 2
λmax + γ

λmin − γ
µ√
s

+
5(r − 1)w∗max

w∗min

λmax + γ

λmin − γ
µ√
s

+
2C̃σ

w∗minλmin

√
slog(d)

np
+ 6γ′ε,

for some large enough C̃ > 0. Then, by (B.14) γ < λmin/2, we get

|β̃k,3,l| ≤ 4
λmax

λmin

µ√
s

+
10(r − 1)w∗max

w∗min

λmax

λmin

µ√
s

+
2C̃σ

w∗minλmin

√
slog(d)

np
+ 6γ′ε,

for some large enough C̃ > 0. Note that γ′ is arbitrary small. Also, by Assumption
3(c), ε < min

{
λ3
minw

∗2
min

24
√

10c2λ2
maxw

∗2
maxr

,
λ3
minw

∗3
min

4c2λmaxw∗3maxr
2 ,

1
6

}
, ε is arbitrary small. Therefore, we

can assume that

|β̃1,3,l| ≤ 4
λmax

λmin

µ√
s

+
10(r − 1)w∗max

w∗min

λmax

λmin

µ√
s

+
2C̃σ

w∗minλmin

√
slog(d)

np
.
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for some large enough C̃ > 0. Similarly to the proof for r = 1 in (B.9), under
Assumption 3(e), we have

C̃σ

w∗min{λmin − γ}

√
slog(d)

np
≤ µ√

s
,

and by (B.14) γ < λmin/2, we have

2
λmax + γ

λmin − γ
µ√
s
≤ 4

λmax

λmin

µ√
s
and

5(r − 1)w∗max

w∗min

λmax + γ

λmin − γ
µ√
s
≤ 10(r − 1)w∗maxλmax

w∗minλmin

µ√
s
.

Therefore, for some constant c̃, we have that

max
l

{
|β̂k,3,l|

}
≤ c̃

µ√
s
.

Error bound of the estimator from Step 4
In the third step, we bound ‖β̂k,4 − β∗k,4‖ for each k given all other parameters

ŵk, β̂k,1, β̂k,2, β̂k,3 and ŵk′ , β̂k′,1, β̂k′,2, β̂k′,3 for k′ 6= k. The closed form solution of the
estimator will be

β̂k,4 =

{
1

n

n∑
i=1

∥∥∥ΠΩi

(
Âk

)∥∥∥2

F
xix

T
i

}−1
1

n

n∑
i=1

〈
ΠΩi(Ŝik), Âk

〉
xi, (B.15)

where Ŝi,k = Yi −
∑
k′ 6=k

ŵk′ β̂
T
k′,4xiβ̂k′,1 ◦ β̂k′,2 ◦ β̂k′,3 and Âk = ŵkβ̂k,1 ◦ β̂k,2 ◦ β̂k,3.

Plugging Yi into (B.15), β̂k,4 can be written as

β̂k,4 =

{
1

n

n∑
i=1

∥∥∥ΠΩi

(
Âk

)∥∥∥2

F
xix

T
i

}−1

× 1

n

n∑
i=1

〈
ΠΩi

(
r∑

k=1

A∗kx
T
i β
∗
k,4 + Ei −

∑
k′ 6=k

Âk′x
T
i β̂k′,4

)
, Âk

〉
xi

=

{
1

n

n∑
i=1

∥∥∥ΠΩi

(
Âk

)∥∥∥2

F
xix

T
i

}−1(
1

n

n∑
i=1

〈
ΠΩi(A

∗
k), Âk

〉
xix

T
i β
∗
k,4

+
1

n

n∑
i=1

〈
ΠΩi(Ei), Âk

〉
xi +

1

n

∑
i

∑
k′ 6=k

〈
ΠΩi(A

∗
k′ − Âk′), Âk

〉
xix

T
i β
∗
k,4

)
.

Hence, we get

β̂k,4 − β∗k,4 =

{
1

n

n∑
i=1

∥∥∥ΠΩi

(
Âk

)∥∥∥2

F
xix

T
i

}−1(
1

n

n∑
i=1

〈
ΠΩi(A

∗
k), Âk

〉
xix

T
i β
∗
k,4
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− 1

n

n∑
i=1

〈
ΠΩi(Âk), Âk

〉
xix

T
i β
∗
k,4 +

1

n

n∑
i=1

〈
ΠΩi(Ei), Âk

〉
xi

+
1

n

n∑
i=1

r∑
k′=1,k′ 6=k

〈
ΠΩi(A

∗
k′ − Âk′), Âk

〉
xix

T
i β
∗
k,4

)
,

and then

β̂k,4 − β∗k,4 =

{
1

n

n∑
i=1

∥∥∥ΠΩi

(
Âk

)∥∥∥2

F
xix

T
i

}−1(
1

n

n∑
i=1

〈
ΠΩi(A

∗
k − Âk)), Âk

〉
xix

T
i β
∗
k,4

+
1

n

n∑
i=1

〈
ΠΩi(Ei), Âk

〉
xi +

1

n

n∑
i=1

r∑
k′=1,k′ 6=k

〈
ΠΩi(A

∗
k′ − Âk′), Âk

〉
xix

T
i β
∗
k,4

)
.

Therefore, using triangle inequality, we have

‖β̂k,4 − β∗k,4‖ ≤

∥∥∥∥∥∥
{

1

n

n∑
i=1

‖ΠΩi (Ak)‖2
F xix

T
i

}−1
∥∥∥∥∥∥
(∥∥∥∥∥ 1

n

n∑
i=1

〈
ΠΩi(Ei), Âk

〉
xi

∥∥∥∥∥
+

∥∥∥∥∥ 1

n

∑
i

r∑
k′=1

〈
ΠΩi(A

∗
k′ − Âk′), Âk

〉
xix

T
i β
∗
k,4

∥∥∥∥∥
)
.

Note that since ΠΩi is an indicator tensor,
〈

ΠΩi(Ei), Âk
〉

=
〈

ΠΩi(Ei),ΠΩi(Âk)
〉
.

Then, by applying Propositions A.14 - A.16, we obtain that

‖β̂k,4 − β∗k,4‖ ≤
8

λminw∗2min

[
r{6c2 + γ}w∗2maxε+

3C̃2σwmax

2

√
qslog(d)

np

]
.

Then, using the fact that γ < c2 by (B.14),

‖β̂k,4 − β∗k,4‖ ≤ k2ε+
12C̃2σw

∗
max

λminw∗2min

√
qslog(d)

np
, (B.16)

where k2 = 56c2w
∗2
maxr/λminw

∗2
min.

Next, we combine the steps to prove Theorem 5.2.
Finally, we provide the error rate after t iterations, by iteratively applying the

error bound from each step. We have shown that, with probability at least 1− 1/d9,

‖β̄(1)
k,3 − β

∗
k,3‖ ≤ k1ε+

6
√

10λmaxC̃σ

w∗minλ
2
min

√
slog(d)

np
.

Combining with the error bound (B.16), we get that with probability at least 1−2/d9

‖β̂(1)
k,4 − β

∗
k,4‖ ≤ k2

(
k1ε+

6
√

10λmaxC̃σ

w∗minλ
2
min

√
slog(d)

np

)
+

12C̃2σw
∗
max

λminw∗2min

√
qslog(d)

np
.

78



This gives

‖β̂(1)
k,4 − β

∗
k,4‖ ≤ k2k1ε+ k2

6
√

10λmaxC̃σ

w∗minλ
2
min

√
slog(d)

np
+

12C̃2σw
∗
max

λminw∗2min

√
qslog(d)

np
.

The contraction coefficient is

k = k1k2 =

[
6
√

10λ2
maxε

λ2
min

+
24
√

10λmaxγ

λ2
min

+
18
√

10λmaxγ
′

λmin
+
c1λmaxrw

∗
max

λ2
minw

∗
min

ε

+
c1λmaxrw

∗
max

λ2
minw

∗
min

ξ

]
c2w

∗2
maxr

λminw∗2min
.

By Assumptions 3(c) and 3(d), we have

6
√

10λ2
maxε

λ2
min

c2w
∗2
maxr

λminw∗2min
≤ 1

4
,

c1λmaxrw
∗
max

λ2
minw

∗
min

ε
c2w

∗2
maxr

λminw∗2min
≤ 1

4
,

c1λmaxrw
∗
max

λ2
minw

∗
min

ξ
c2w

∗2
maxr

λminw∗2min
≤ 1

4
.

Also, by (B.14), we have γ < λ3
minw

∗2
min/{96

√
10λmaxc2w

∗2
maxr} and

24
√

10λmaxγ

λ2
min

c2w
∗2
maxr

λminw∗2min
≤ 1

4
.

Therefore, the contraction coefficient k < 1.
The error bound after t iterations is, with probability at least 1− (t+ 1)/d9

max{max
k
|ŵ(t)

k − w
∗
k|/w∗k,max

k,j
‖β̂(t)

k,j − β
∗
k,j‖2}

≤ ktε+
1− kt

1− k
6
√

10λmaxC̃σ

w∗minλ
2
min

√
slog(d)

np
+

1− kt−1

1− k
12C̃2σw

∗
max

λminw∗2min

√
qslog(d)

np

≤ ktε+
1

1− k
max

{
C ′2

σ

w∗min

√
slog(d)

np
,
C ′′2σw

∗
max

w∗2min

√
slog(d)

np

}
.

Therefore,

max{max
k
|ŵ(t)

k − w
∗
k|/w∗k,max

k,j
‖β̂(t)

k,j − β
∗
k,j‖2 ≤ ktε+

C2

1− k
σw∗max

w∗2min

√
slog(d)

np
,

where C ′2 = 6
√

10λmax/λ
2
min, C

′′
2 = 12C̃2

√
q/λmin and C2 = C ′2 + C ′′2 .

This completes the proof of Theorem 5.2. �
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B.3 Proof of Theorem 5.3

The proof is mostly based on results and steps from Cai et al, 2021 [18]. We divide
the proof into three steps.

Step 1:
In step 1, we show that there exists at least one trial 1 ≤ r ≤ L such that β∗1,1 is the

top singular vector of the population version of T ×3 g̃τ1 . Let T ∗ = w∗1
n∑
i=1

1
n
β∗T1,4xiβ

∗
1,1 ◦

β∗1,2 ◦ β∗1,3 and γ∗τ = w∗1
n∑
i=1

1
n
β∗T1,4xi〈β∗1,3, g̃τ1〉.

Then

T ∗ ×3 g̃
τ
1 = w∗1

n∑
i=1

1

n
β∗T1,4xi〈β∗1,3, g̃T1 〉β∗1,1 ◦ β∗1,2 = γ∗τβ∗1,1 ◦ β∗1,2 = γ∗τβ∗1,1β

∗T
1,2. (B.17)

Therefore, γ∗T is the singular vector of T ∗ ×3 g̃
τ
1 when rank r = 1.

Next, we need to prove that there exists some τ such that γ∗τ is sufficiently separated
from 0. Since g̃τ1 = U1U

T
1 g

τ
1 , we have

γ∗τ = w∗1

n∑
i=1

1

n
β∗T1,4xi〈U1U

T
1 β
∗
1,3, g

τ
1〉,

where U1 is defined as the rank-1 eigen-decomposition of B1, and B1 = Πoff-diag(A1A
T
1 ).

Since gτ1 is a standard Gaussian vector,

E(γ∗τ |Ω1, E1, . . . ,Ωn, En) = w∗1

n∑
i=1

1

n
β∗T1,4xi〈U1U

T
1 β
∗
1,3,E(gτ1 )〉 = 0

Var(γ∗τ |Ω1, E1, . . . ,Ωn, En) = w∗21

(
n∑
i=1

1

n
β∗T1,4xi

)2 ∥∥U1U
T
1 β
∗
1,3

∥∥2 Var(gτ1 |Ωi, Ei)).

Then

Var(γ∗τ |Ω1, E1, . . . ,Ωn, En) = w∗21

(
n∑
i=1

1

n
β∗T1,4xi

)2 ∥∥U1U
T
1 β
∗
1,3

∥∥2
.

Without loss of generality, let γ∗1 ≥ γ∗2 ≥ · · · ≥ γ∗L. By Lemma A.8 and r = 1, for
any fixed small constant δ > 0, with probability at least 1− δ, we have

γ∗1 & w∗1

∣∣∣∣∣
n∑
i=1

1

n
β∗T1,4xi

∣∣∣∣∣ ‖U1U
T
1 β
∗
1,3‖, (B.18)

which holds due to the condition that L ≥ C ′1 for some constant C ′1. Let A∗1 =
unfold3(T ∗), then

A∗1 = unfold3(w∗1

n∑
i=1

1

n
β∗T1,4xiβ

∗
1,1 ◦ β∗1,2 ◦ β∗1,3).
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Then

A∗1 = w∗1

n∑
i=1

1

n
β∗T1,4xiβ

∗
1,3(β∗1,1 ⊗ β∗1,2)T ∈ Rd3×d1d2 .

Let U∗1 be the basis of the column space of A∗1A∗T1 . Intuitively, the space spanned by
U1 is close to the space spanned by the true tensor factor. Then, by applying Lemma

A.4 with δ = ‖U1 − U∗1‖, V = U1, U = U∗1 , u0 =
n∑
i=1

1
n
β∗T1,4xiβ

∗
1,3 the bound in (B.18)

can be simplified as,
γ∗1 & w∗1

√
1− ‖U1 − U∗1‖2, (B.19)

From the proof of Theorem 1 in Cai et al, 2021 [18] we have,

‖U1 − U∗1‖ ≤
√

2‖U1U
T
1 − U∗1U∗T1 ‖ ≤

‖A∗1A∗T1 − A1A
T
1 ‖

σ(A∗1)2
, (B.20)

where σ(A∗1) is the singular value of A∗1. Since rank r = 1, A∗1 is a rank-1 matrix.

Then, we have σ(A∗1) = w∗1
n∑
i=1

1
n
β∗T1,4xi. Also, using the results from Cai et al, 2021

[18], we have

‖A∗1A∗T1 − A1A
T
1 ‖ .

{
‖A∗1‖2,∞ + σ

√
d̃

√
p

+
‖A∗T1 ‖2,∞ + σ

√
d̃

√
p

}
×

{
‖A∗T1 ‖2,∞ + σ

√
d̃

√
p

+ ‖A∗T1 ‖2,∞

}
log(d̃)

+
‖A∗T1 ‖2,∞ + σ

√
d̃

√
p

√
log(d̃)‖A∗1‖+ ‖A∗1‖2,∞, (B.21)

where ‖A‖2,∞ = maxi∈[m]‖Ai,:‖2 for any matrix A ∈ Rm×n and d̃ = max{d3, d1d2} .

‖A∗1‖2,∞ = max
l∈[d3]

∥∥∥∥∥β∗1,3,lw∗1
n∑
i=1

1

n
β∗T1,4xi(β

∗
1,1 ⊗ β∗1,2)T

∥∥∥∥∥
2

≤ max
l∈[d3]
|β∗1,3,l|

∣∣∣∣∣w∗1
n∑
i=1

1

n
β∗T1,4xi

∣∣∣∣∣ ∥∥(β∗1,1 ⊗ β∗1,2)T
∥∥

2
≤ c1w

∗
1

µ√
s
, (B.22)

using Assumption 1: max|β∗1,3,l| ≤
µ√
s
,

∣∣∣∣w∗1 n∑
i=1

1
n
β∗T1,4xi

∣∣∣∣ ≤ c1w
∗
1,
∥∥(β∗1,1 ⊗ β∗1,2)T

∥∥
2
≤ 1.

In addition, we have

‖A∗T1 ‖2,∞ ≤

∣∣∣∣∣w∗1
n∑
i=1

1

n
β∗T1,4xi

∣∣∣∣∣ ‖β∗T1,3‖2 max
l1∈[d1],l2∈[d2]

|β∗1,1,l1β
∗
1,2,l2
|.
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Then,
‖A∗T1 ‖2,∞ ≤ c1w

∗
1 max
l1∈[d1],l2∈[d2]

|β∗1,1,l1β
∗
1,2,l2
| ≤ c1w

∗
1

µ√
s
. (B.23)

Recall that A∗1 is a rank-1 matrix, then, we have

‖A∗1‖2 = ‖A∗1‖F =

∣∣∣∣∣w∗1
n∑
i=1

1

n
β∗T1,4xi

∣∣∣∣∣ ‖β∗1,3‖∥∥(β∗1,1 ⊗ β∗1,2)T
∥∥ ≤ c1w

∗
1. (B.24)

Combining (B.21) - (B.24) and simplifying the formula, we have

‖A∗1A∗T1 −A1A
T
1 ‖ .

w∗21 µ
3

s1.5p
log(d̃)+

σ2d̃logd̃
p

+
w∗21 µ

2

s

√
log(d̃)

p
+w∗1σ

√
d̃log(d̃)

p
+
w∗21 µ

2

s
.

Therefore, for any arbitrary small constant δ > 0, with probability greater than
1− δ,

γ∗1 & w∗1. (B.25)

We have shown that there exists some τ ∈ [L], such that γ∗τ & w∗1. This means that
β∗1,3 exhibits the largest correlation with the projected g1, which further implies that
β1,1 is the largest left singular vector of T ∗ ×3 g̃

τ
1 .

Step 2:
In Step 2, we prove that the top singular vector vτ1 is close to β∗1,1. We obtain the

bound for v1 as an example, while the bound for v2 and v3 can be derived similarly.
Recall that vτ1 is the top left singular vector of M τ , where

M τ =
1

p
T × g̃τ1 =

1

p
T ∗ × g̃τ1 +

1

p
{T − T ∗} × g̃τ1 =

1

p
γ∗τβ∗1,1β

∗T
1,2︸ ︷︷ ︸

M∗τ

+
1

p
{T − T ∗} × g̃τ1 ,

where the second inequality is due to the definition of γ∗τ in (B.17).
Using Theorem A.4 (Wedin’s theorem), we get

‖vτ1 − β∗1,1‖ ≤
‖(M τ −M∗τ )β∗1,1‖2

γ∗τ − ‖M τ −M∗τ‖
. (B.26)

Next, we bound ‖(M τ −M∗τ )β∗1,1‖2 and ‖M τ −M∗τ‖ .
First, recall that g̃τ1 = U1U

T
1 g

τ
1 . Define g̃∗τ1 = U∗1U

∗T
1 g∗τ1 , and decompose,

M τ−M∗τ = {p−1T −T ∗}×3 g̃
τ
1 = {p−1T − T ∗} ×3 g

∗τ
1︸ ︷︷ ︸

V1

+ {p−1T − T ∗} ×3 {g̃τ1 − g∗τ1 }︸ ︷︷ ︸
V2

.

Note that V1 is a zero mean random matrix in Rd1×d2

V1,l1,l2 =
∑

l3∈[d3],i∈[n]

1

n
g∗τ1,l3

[{p−1δi,l1,l2,l3 − 1}β∗T1,4xiw
∗
1β
∗
1,1,l1

β∗1,2,l2β
∗
1,3,l3

+ p−1Ei,l1,l2,l3 ].
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By Lemma A.9, with probability 1−O(d−10), we have

‖V1‖ .
‖g∗τ1 ‖∞σlog2.5(d)

pn
+
‖g∗τ1 ‖∞w∗1µ

√
log(d)

√
pns

+
‖g∗τ1 ‖2σ

√
slog(d)

√
pn

.

Further, with probability at least 1−O(d−20), ‖g∗τ1 ‖∞ = ‖U∗1U∗T1 g1‖∞
. ‖U∗1‖2,∞

√
log(d) . µ

√
log(d)/s, and ‖g∗τ1 ‖2 . ‖U∗1‖F

√
log(d) .

√
log(d). Then,

by applying Assumption 2(d), we get

‖V1‖ .
µσlog3(d)

pn
√
s

+
w∗1µ

2log(d)√
pns2

+
σ
√
slog(d)
√
pn

.
w∗1µ

2log(d)√
pns2

+
σ
√
slog(d)
√
pn

. (B.27)

Next, we turn to V2, and have that

‖V2‖ ≤ ‖{p−1T − T ∗} ×3 {g̃τ1 − g∗τ1 }‖ ≤ ‖p−1T − T ∗‖‖g̃τ1 − g∗τ1 ‖2.

By applying Proposition A.19 and Lemma A.11, we have that with probability at
least 1−O(d−12),

‖g̃τ1 − g∗τ1 ‖2 . ‖(U1U
T
1 − U∗1U∗T1 )gτ‖ . ‖U1U

T
1 − U∗1U∗T1 ‖

√
log(d)� 1.

Moreover,

‖p−1T − T ∗‖ ≤

∥∥∥∥∥w∗1pn∑
i

ΠΩi

(
β∗T1,4xiβ

∗
1,1 ◦ β∗1,2 ◦ β∗1,3

)
− T ∗

∥∥∥∥∥+

∥∥∥∥∥ 1

pn

∑
i

ΠΩi(Ei)

∥∥∥∥∥ .
(B.28)

By Lemma A.10, with probability at least 1−O(d−10), we have∥∥∥∥∥ 1

pn

∑
i

ΠΩi(Ei)

∥∥∥∥∥ ≤ 1

pn

∑
i

‖ΠΩi(Ei)‖ .
σlog7/2(d)

p
+ σ

√
dlog5(d)

p
. (B.29)

By the same Lemma A.10, with probability at least 1−O(d−10), we have∥∥∥∥∥w∗1pn∑
i

ΠΩi

(
β∗T1,4xiβ

∗
1,1 ◦ β∗1,2 ◦ β∗1,3

)
− T ∗

∥∥∥∥∥ . w∗1µ
3log3(d)

s1.5p
+
w∗1µ

2log5/2(d)
√
pns

. (B.30)

Combining (B.28) - (B.30), we have

‖V2‖ . ‖‖p−1T − T ∗‖ . w∗1µ
3log3(d)

s1.5p
+
w∗1µ

2log5/2(d)
√
pns

+
σlog7/2(d)

p
+ σ

√
dlog5(d)

p
.

Combining the bounds of V1 and V2, we obtain that

‖M τ −M∗τ‖ ≤ ‖V1‖+ ‖V2‖ � w∗1.
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Second, to bound ‖(M τ−M∗τ )β∗1,1‖2, we have, by the definition of the operator norm,

‖(M τ −M∗τ )β∗1,1‖2 ≤ ‖{p−1T − T ∗} ×1 β
∗
1,1 ×3 g̃

τ
1‖ ≤ ‖{p−1T − T ∗} ×1 β

∗
1,1‖‖g̃τ1‖.

By Lemma A.9, we have

‖{p−1T −T ∗}×1β
∗
1,1‖ .

‖β∗1,1‖∞σlog2.5(d)

pn
+
‖β∗1,1|∞w∗1µ

√
log(d)

√
pns

+
‖β∗1,1‖2σ

√
slog(d)

√
pn

.

Then, by Assumptions 1(c) and 2(d), we have

‖{p−1T − T ∗} ×1 β
∗
1,1‖ .

µσlog2.5(d)

pn
√
s

+
w∗1µ

2log(d)√
pns2

+
σ
√
slog(d)
√
pn

.
w∗1µ

2log(d)√
pns2

+
σ
√
slog(d)
√
pn

.

We have proved in (B.25) that γ∗τ & w∗1. Besides, we have ‖M τ − M∗τ‖ � w∗1.
Therefore, the difference in (B.26) becomes,

‖vτ1 − β∗1,1‖ . µ2

√
log(d)

pns2
+

σ

w∗1

√
slog(d)

pn
. (B.31)

Next, we show that vτ1 is cµ-mass vector, where c is a general constant.

max
l1∈[d1]

|vτ1,l1| ≤ max
l1∈[d1]

|β∗1,l1|+ c′µ2

√
log(d)

pns2
+ c′′

σ

w∗1

√
slog(d)

pn
≤ µ√

s
+
c′1µ√
s

+
c′′1µ√
s
,

where the first inequality holds by (B.31). The second inequality holds due to as-
sumption on the sample size.

Step 3:
In Step 3, we prove that β̂(0)

1,4 is close to true factor.
We have shown in (B.10) that, if p & µ3log(d)/{ns1.5}, with a high probability,

‖β̂1,4 − β∗1,4‖ ≤ kε+
C̃2σ

λminw∗1

√
qslog(d)

np
,

where k is some constant, and ε is the estimator error of vj in (B.31). Therefore, the
final error is

max{maxj‖β̂(0)
1,j − β∗1,j‖2} . µ2

√
log(d)

nps2
+

σ

w1∗

√
slog(d)

np
.

That completes the proof of Theorem 5.3.
�
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