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In the semileptonic decays of heavy mesons and baryons, the lepton-mass dependence factors out in the
quadratic cos® @ coefficient of the differential cos @ distribution. We call the corresponding normalized
coefficient the convexity parameter. This observation opens the path to a test of lepton universality in
semileptonic heavy meson and baryon decays that is independent of form-factor effects. By projecting out
the quadratic rate coefficient, dividing out the lepton-mass-dependent factor, and restricting the phase space
integration to the 7 lepton phase space, one can define optimized partial rates which, in the Standard Model,
are the same for all three (e, u, 7) modes in a given semileptonic decay process. We discuss how the identity
is spoiled by new physics effects. We discuss semileptonic heavy meson decays such as B® — D®+¢-p,
and B; — J/w(n.)¢ b, and semileptonic heavy baryon decays such as A, — A.£ D, foreach ¢ = e, yu, 7.
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I. INTRODUCTION

Recently, there has been an extraordinary amount of
experimental and theoretical activity on the analysis of
semileptonic heavy meson and baryon decays. The semi-
leptonic decays B — D) + i, (D) = D or D*, £ = e,
u, 7) are the best-studied processes. Starting with the
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BABAR papers [1,2], this upsurge of activity has been
fueled by possible observations of the violation of lepton
flavor universality which, if true, would signal possible new
physics (NP) contributions in these decays. The decays
B — D™ + 7, have been also studied by the Belle [3-6]
and LHCb [7] experiments. The present situation concern-
ing the so-called flavor anomalies is summarized in
Refs. [8-11].

The present tests of lepton flavor universality suffer from
their dependence on the assumed form of the ¢> behavior of
the transition form factors. In the Standard Model (SM), the
three semileptonic (£ = e, u, 7) modes of a given decay are
governed by the same set of form factors. However, due to
the kinematical constraint m% < ¢* < (m; — m,)?, the form
factors are probed in different regions of ¢>. Furthermore,
the helicity flip factor 5, = m2/2¢* multiplying the hel-
icity flip contributions provides an additional weight factor
depending on ¢* and the lepton mass, which differ for the
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three modes. All in all, the tests of lepton universality based
on rate measurements alone suffer from a complex inter-
play of the above two effects which is difficult to control.
Ultimately, such tests require the exact knowledge of the ¢?
behavior of the various transition form factors, which is
difficult to obtain with certainty (see, e.g., Ref. [12]).
Instead, one would prefer tests of lepton universality which
are independent of form-factor effects such as we are
proposing in this paper.

It turns out that the above two obstacles to a clean test of
lepton universality can be overcome by (i) restricting the
analysis to the phase space of the r mode and (ii) choosing
angular observables for which the helicity flip contributions
can be factored out. Fortunately, such an observable is
provided by the coefficient of the cos? @ contribution in the
differential cos @ distribution.

The restriction to a reduced phase space will lead to
a loss in rate for the £ = u, e modes which will hopefully
be compensated by the 40-fold increase in luminosity
provided by the SuperKEKb accelerator at the Belle 11
detector. For example, the loss in rate through the phase
space reduction (T — I'eq)/Tior 18 given by O(50)% and
0(30)% for the decays B —» D*¢~v, and B® - D** ¢~ 1,
(¢ = e, p), respectively. Much more demanding in terms of
experimental accuracy is the fact that the proposed test
requires an angular analysis which is not mandatory in
those tests using the rate alone.

The proposed test of lepton universality will lead to the
SM equality of certain optimized (“optd”) rates F‘l’}’idzL in
the three (e, u,7) modes; i.e., one has

d d d
F([)]pi2L e) = F(I)]piZL (u) = F?inzL@')- (1)

While the actual values of the optimized rates in Eq. (1) are
form-factor dependent, the unit ratio of any of the two
optimized rates in Eq. (1) or, equivalently, the ratio of the
corresponding branching fractions is form-factor indepen-
dent; i.e., one has

Roptd 2.0 = F(I)ind2L<f) _ B(I)indZL@ﬂ) -1 2
( ’ ) - Foptd 7 - Boptd 7 - ( )
U—2L( ) U—2L( )

In this way, one can test u/e, t/u, and 7/e lepton
universality regardless of form-factor effects. NP contri-
butions designed to strengthen the 7 rate will clearly lead to
a violation of the equalities (1) or the unit ratio of optimized
rates (2). The size of the NP violations can be used to
constrain the parameter space of the NP contributions in a
model-dependent way.

II. GENERIC DIFFERENTIAL cos 6
DISTRIBUTION

We discuss three kinds of semileptonic heavy hadron
decays involving the b — ¢ current transition, namely,

the decays P(07) — P'(07)¢w, P(07) — V(17)¢p, and
B(1/2%) - B'(1/2%)¢p. We expand the generic differ-
ential (g%, cos ) distribution for these decays in terms of
their helicity structure functions [13-20]

AT 2 3IDglg*?
dg*dcos® 2§, +18 m]
X (Ag + A, cos@+ A,cos?0),  (3)

where S, is the spin of the initial hadron and
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is the fundamental rate occurring in the weak three-body
decay transitions of particle with mass m; and governed by
the weak coupling Gg|V.,|. The momentum transfer is
denoted by g = py — pa. and |3 = || = /O, 0_/2m,
is the momentum of the daughter particle in the rest system
of the parent particle with Q. = (m; &= m,)*> — ¢*>. The
polar angle of the charged lepton in the (/,z;) c.m. system
relative to the momentum direction of the W g_go 1S
denoted by 6.

The coefficients Ay, A;, and A, are given, respec-
tively, by

Ay = Hy +2H, +26,(Hy + 2Hy), (5)
Ay = =2(Hp +45,Hsp), (6)
A2 = U(HU - 2HL> (7)

In Eq. (6), we have introduced the velocity-type parameter
v =1-m2/q* which, when expressed in terms of the
helicity flip factor §, = m2/24?, reads v = 1-25,. The
helicity structure functions Hy(X = U, L, ...) are bilinear
combinations of the helicity amplitudes which will be
specified later on. Note that the coefficient A, factors into
the ¢*- and lepton-mass-dependent factor v = 1 —m2/q*
and the ¢>-dependent combination Hy (¢?) — 2H, (¢%). We
mention that, instead of expanding the (g2, cos®) distri-
bution in terms of helicity structure functions as in Eq. (3),
one can also expand the decay distribution in terms of
invariant structure functions [21-24].

The cosine of the polar angle 6 can be related to the
energy E, of the lepton measured in the rest system of the
parent particle. The relation reads (see, e.g., [13,16])

2Ef - qo(l + 25/)
|q|v

cosf =

(8)

with —1 < cos@ < 1. The energy of the off-shell W boson
in the rest system of the parent particle is given by
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For our purposes, it is more convenient to rewrite the
cos @ distribution in terms of the Legendre polynomials.
One of the advantages of the Legendre representation is that
one can project out the coefficient A, in a straightforward
way. One has

T 1 Tylglg*v?
dg’dcosd 2S,+1 m]
+H;(q?, m2) P (cos8) + vH,(q?) Py (cosH) }.

(10)

qo = (mi —m3 + q*)/(2m,).

{Hmt(qz’m;)PO(Cose)

The coefficient functions Hy,, H;, and H, are given,
respectively, by

Ho(g? m2) = (1 +6,)(Hy + Hy) + 36, Hs,

3
H(q* m3) = ) (Hp +45,Hsp).

1 1
Ha(q?) :E(HU_ZHL) :EHU—ZL- (11)
For the convenience of the reader, we list some properties
of the Legendre polynomials:

Py(cos@) =1, Pi(cos@) = cos @,

1
P;(cosO) = 3 (3cos?0 —1). (12)
The Legendre polynomials satisfy the orthonormality
relation

+1 2
/_ dxP,,(x)P,(x) Smn- (13)

X T n+1

It is now straightforward to extract the observables H,,
‘H;, and H, from Eq. (10) by folding the angular distri-
bution with the relevant Legendre polynomial. For in-
stance, the differential decay rate is obtained by folding in
Py(cos 8) as follows:

dar 1 dar
—2—/ d cos @ ——s——Py(cos )
dq - dg~dcos @
2 FO|§|‘12U2 2 2
= , . 14
25 11 m] Hioi(q”, my) (14)

The partial differential rate d";_,; /dg® can be projected
out by folding in P,(cos#) according to

ATy /1 AT
——=10 dcos@———P 0
dq? - o8 dg*dcos @ 2(cos 6)
2 Tylglg*y’ 2
= _ , 15
28, + 1 mz Hy-21(q”) (15)

where the helicity structure function H_»; (¢*) defined in
Eq. (11) is a function of ¢ only (see also Refs. [22-24]).
The overall factor 10 in Eq. (15) has been chosen such to
have the same normalization of Eqgs. (14) and (15).

In Refs. [17,18], we have defined a convexity parameter
Cr(q?,¢) as a measure of the curvature of the cos®
distribution by taking the second derivative of the cosé
distribution. The relation of the convexity parameter to the
ratio of the two differential rates (14) and (15) is given by

_ édFU—ZL(qzv ¢)/dq’
4 dU(q*.¢)/dq?

Cr(q*. ) (16)

Also, we introduce the average values of the convexity
parameter (C%) where the average is taken in the interval
m? < ¢> < (m; —m,)? for both  and = modes:

LT ATy (e 0) ) dg?

<C§'> - (m —m )2
4 Tl agrdr(q. ¢) ) dg?

£=u,r.

(17)

An interesting method to compare the theoretical prediction
for the angular observables like the convexity parameter
with experimental data was proposed in Ref. [25]. It is
based on counting the number of events in certain regions
of the Dalitz plot.

III. OPTIMIZED OBSERVABLES

The possible breaking of lepton flavor universality is
usually studied by analyzing the ratios of rates or, equiv-
alently, the ratio of branching ratios for the tau and muon
modes. As discussed in the introduction, one can remove
the lepton-mass effects by introducing two improvements.
First, we propose to analyze observables in the common
phase space region m? < g*> < (m; —m,)? as has been
suggested before in Refs. [26-28]. As an example, in
Fig. 1, we show the (g2, cos @) phase space for the decay

(o e —
[ (Me” = Mp")?
~ 10
>
[
e
NO'
5 \
[ m.?
O L L L L | L L L L L L L1 L L L
-1 -0.5 0 0.5 1
cos0O
FIG. 1. (g% cos®) phase space for B — D* + ¢~ + ,. The

hatched region shows the £ = 7 phase space.
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B’ — D* + ¢~ + i,, where the hatched area shows the
common phase space region m? < g® < (m;—m,)>.
Second, we reweigh suitable observables in which the
lepton-mass dependence factors out by dropping the overall
lepton-mass-dependent factor. As Egs. (3) and (10) show,
such an observable is available through the coefficient of
the quadratic cos” 6 term in the angular decay distribution
proportional to the helicity structure function vHy_s; .

Based on Eq. (15), we define an optimized differential
partial rate by dividing out the factor »>. One has

dF‘g}’i‘;L(qz, f) — 3 dFU—ZL(qzv ?fﬂ)
dq? dq®
2l |§|q2

= _ 2), 18
5T g o) (19

which by construction does not depend on the lepton mass.
In terms of the ratios of branching fractions

RUVEAUND

td
B(l)]p—ZL(qzv ?fﬂ) = dq2

, (19)

where 7 is the lifetime of the respective hadron, Eq. (18)
leads to

d
B(l)]pi2L<qzv f)

R[,tﬂ(qz'f f/) ==
[ Bopd 2
l/—t21 (2 7f’)

—1.  (20)

Equation (20) can be used to test lepton universality
on the differential g> level by analyzing the ratios
of the optimized branching fractions R} 2L(‘1 T, 4) =
RY, (g%, ) RP, (g% u.e) in the reduced phase
space region m2 < g < g2, In practice, one would lump
the light lepton modes together and concentrate on the ratio
of branching fractions R, (g%, (i + ¢)) = 1/2.

After ¢° integration over the reduced phase space region,
one has

(my=my)? dFOP:d 2
e R )

The proposed test of lepton universality will lead to the
equality of the optimized partial rates FU 5, (£) in the three
(e, u,7) modes:
d d d
F(I)JPEZL(e) = F(E?£2L (u) = FijpizL (z) (22)
or, equivalently, to the equality of the three corresponding
optimized branching ratios:

d d optd
B(l)]piZL(e) = B(l)]piZL (ﬂ) = BUpiZL(T)' (23)

The equality of the three optimized rates or optimized
branching ratios is independent of form-factor effects,
while the actual value of the optimized rates or optimized
branching ratios is form-factor dependent and is, thus,
model dependent. However, the ratio of the (e,pu,7)
branching fractions is predicted to be equal to one,
independently of form-factor effects; i.e., one has

d
0ptd _ B i)inzL (f )

e, =1. 24
R0 0) = gt (24)

Since the (g%, cos @) phase space is rectangular, the ¢?
and cos@ integrations can be interchanged. One can,
therefore, first integrate over ¢* and then do the U — 2L
projection rather than first projecting out Hy_,; and then
doing the ¢? integration. This may be of advantage in the
experimental analysis.

Note that our definition of the optimized rates or
branching ratios differs from the one used in Ref. [28].
In order to differentiate between the two definitions, we
denote our optimized rates by the label “optd” instead of
the label “opt” used in Ref. [28]. The authors of Ref. [28]
define an optimized rate ratio

t S arev(z) /dg?
ROPt = - > 1.
f,,(:an_mZ)Z(l _ 25‘[)2(1 + 51)dFopt('u)/dq2

(25)

The numerator exceeds the denominator because of the
addition of a definitely positive scalar contribution in the
numerator.

The idea behind the definition (25) is to define an R
measure R°P' which minimizes the propagation of form-
factor errors to the optimized R measure R°P'. This goal is,
in fact, achieved by the R measure R (25) as shown
in Ref. [28].

IV. THREE CLASSES OF
SEMILEPTONIC DECAYS

We now discuss three classes of prominent b — c-
induced semileptonic decays in turn. We begin with the
decay P(0™) — P'(07)Z,.

A.P(0") —> P (07 )¢y, decay

The decays B® — D*#~0, and B} — . v, belong to
this class of decays. The two form factors describing the
B — D transition are defined by (see, e.g., Refs. [13,18])

(P 1Py) = F (@) (P + P2), + F-(q)q,.  (26)

The corresponding helicity amplitudes H, , read
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2m,|q
Hy = 1’2|F+(612)’ Hy =0,
V4
1
="z (mym_F(q*) +¢°F_(¢°)).  (27)
q

where m = m; &+ m,.
The longitudinal and scalar helicity structure functions
are given in terms of the bilinear combinations
2
HL = |H O| )

Hy = |H [+ [H_[P =0, Hs=[H[.

(28)

Note that the longitudinal structure function H; is
proportional to |g|>. Since the unpolarized transverse
structure function H,; is zero, one has Hy_,; ~ |g|*.

B. P(0") — V(17 )¢p, decay

Interesting decays in this class are B — D**¢£~p, and
B; - J/¥Y¢~D,. We define invariant form factors accord-
ing to the expansion (see, e.g., Refs. [13,18])

[

€
(Voly=A1Py) = m—(—gﬂanAo(qz) + PP, AL (q%)
+

+ 4,PeA(q7) + iguargV(47)).  (29)
One has to specify the helicity amplitudes H; ; by the
two helicities Ay and Ay of the off-shell W boson and the

daughter vector meson. The helicity amplitudes are given
by

mym_|q 2
HzO:1—|q<—A0+A++ q A_),
mo/ q2 myme_
2m,
Hijpy =m_ <—A0 + ] |q|V>,
m,m_
m 4m?
Hyy=—~—| - _—gHA L 1GPA, ).
00 o, qz( (mym_—q°) 0+m+m_|f1| +
(30)
The helicity structure functions read
Hy = |H i+ [Ho ] Hy = [Hool.
Hs = [Hpl*. (31)

Note that Hg, Hy_oz ~ |g|?. This scaling is obvious for H.

In the case of H_,; , it requires a little algebra based on the
use of the identity:

G2 = (mym_—q*)* m3 2.

4m% m%

C.B(}*) - B'(3*)¢v, decay
One defines the invariant form factors by writing (see,
e.g., Refs. [17,19])

V/A _ V/A, o FNg)
(BolJu' " |By) = iy (p2) | Fy (@) v — lTaﬂyq
FV/A(q2
| (O
The corresponding helicity amplitudes H}&:‘V read
via _VOx V/A 9 v/
%t/ = 5 (m%:Fl/ (¢%) i7F3/ (q2)>,
V4 m
2
H = V22 (V) £ ) ).
2 q ml
m
N R )

From parity or from an explicit calculation, one has
14 _ v A _ _pA

H, , =*+H;, and HZ, , =-Hj,6 . The relevant

helicity structure functions read

— Vv 2 A 2
Hy _2<|H+%+1| + |H+§+1| )’
H, = 2<|HK%O|2 + |Hf‘%0|2),

Hy = 2<|HX%,|2 + |Hf‘%t|2). (35)

With a little algebra, one finds H;_»; ~|g|>.

In all three classes of decays, one finds that the helicity
structure function combination Hy_,; = Hy —2H, is
proportional to |g|?. This leads to a depletion of the partial
rate dT'Y",, /dg? close to the zero recoil > = (m, — m,)?,
where |g| = 0. In this paper, we do not study the parity-odd
helicity structure functions Hp and Hg;, which scale as
Hp, Hor ~ |g] [16-19].

V. NUMERICAL RESULTS

We are now in the position to discuss the numerical
values for the optimized observables introduced in our
paper. The key point here is the choice of the form factors
characterizing the B — D) and A, — A, transitions. In
addition to various model calculations, there are precise
lattice QCD determinations for these form factors. The first
lattice-QCD determination of the form factors describing
the semileptonic decays A, — AE»*) + ¢, has been per-
formed in Refs. [29-31]. The Fermilab Lattice and MILC
Collaborations have presented the computations of zero-

recoil form factor for B — D) + £, decay in Ref. [32]

093001-5



STEFAN GROOTE et al.

PHYS. REV. D 103, 093001 (2021)

and unquenched lattice-QCD calculation of the hadronic
form factors for the exclusive decay B — D + ¢, at
nonzero recoil in Ref. [33]. In Ref. [34], the HPQCD
Collaboration has presented a lattice QCD calculation of
the B — D + £, decay for the entire physical ¢ range.
The branching fraction ratio was found to be
R(D) = 0.300(8). The B— D calculations in particular
are precise, cover various g> values, and have been
combined with experimental data for the light lepton ¢?
distribution to cover the full spectrum. Something similar
has been done with B — D* as well; see Refs. [35-38]. The
lattice determinations of the form factors were also
employed to extract the value of V ;. The numerical values
for the optimized observables introduced in this paper are
calculated by using the form factors obtained in the
framework of the covariant confined quark model
(CCQM). The behavior of all CCQM form factors was
found to be quite smooth in the full kinematical range of the
semileptonic transitions. In fact, they are well represented
by a two-parameter representation in terms of a double-pole
parametrization:

F(0) q
=, S = —5. (36)
1 —as + bs? m?

F(q?)
The values of the fitted parameters a, b, and F(g*> = 0) are
listed in Eq. (34) of Ref. [18] for the B — D™ transition, in
Table I of Ref. [39] for the B, — . and B, — J/y
transitions, and in Eq. (59) of Ref. [17] for the A, — A,
transition. The values of the lepton and hadron masses and
their lifetimes as well as the value of the Cabibbo-
Kobayashi-Maskawa matrix element V., are taken from
the PDG [40].

In Table I, we list the average values of the convexity
(C%). For the two transitions B — D and B, — 1., we get
(Ch) = —1.49 ~ —3/2 in the  mode. The reason for such a
common value in both transitions is that there is no
transverse contribution in the P — P’ transitions and the
muon mass is strongly suppressed in comparison with the 7
lepton mass (m,/m, < 1). In the limit m,/m, =0, one
gets (C%) = —3/2. In case of the 7 mode for the two P —
P’ transitions, the average convexity parameter is quite
small: —0.26 for the B — D transition and —0.24 for the
B, — 5. transition. Note that the entries in Table I are
form-factor dependent. In case of the P — V transitions,
one can see that the average convexity parameter is again

TABLE 1. ¢* averages of the convexity parameters (Cl) and
(C%) in the range m2 < ¢ < (m; —m;,)%.

Obs B—-D B,—#n. B—->D" B.—>J/y A,—>A,
(Chy =149 -1.49 -0.27 —-0.22 -0.44
(Cy)  -0.26 —-0.24 —-0.062 —-0.050 —-0.10

suppressed for the 7 modes. We also notice that (C%) is
more suppressed for the P — V transitions in comparison
with the P — P’ transitions. Finally, for the A, — A,
transition, we get the (C%) parameters, which lie between
the ones for the P — V and P — P’ transitions.

In Fig. 2, we show the behavior of dI{"},/dg?

and dly_y; /dg? = v*dT%, /dg® (r mode) in the region
m? < q*> < (m; —my)?. In the case of #Z, u modes, the two
above rates coincide with high accuracy.

The differential rates are largest at threshold ¢*> = m?2
and go to zero at the zero-recoil point ¢ = (m; — m,)?
with the characteristic |g|* dependence. The (form-factor-
dependent) numerical values of the integrated observables
are given in Table II. We also list their average values for
the range 4 GeV? < ¢* < (m; — m,)? to highlight the fact
that the differential rates are largest in the region close to
threshold, where, in the r mode, the division by 3 s
potentially problematic from the experimental point
of view.

Next, we address the question of how to compare the
numerical values calculated in Table II with the outcome of
the corresponding experimental measurements. We first
assume that the number of the produced parent particles is
known, which, in the case of produced B%’s, we will refer to
as N(B’tags). For example, in e*e™ annihilations on the
Y (4S) resonance the bottom mesons are produced in pairs,
and the identification of a B® on one side can be used as a
tag for the B” on the opposite side. In an experimental
analysis, one counts the number of events of a given decay
and relates this to the known number of produced particles
given by N(Btags).

One can then define an experimental branching fraction
by writing

N(B® = D*¢75,)

B(BO - D+lxﬂ_l_/f) - N(Botags)

(37)

which can be compared to the theoretical branching
fraction

B(B® = D*¢"0y) = 1(BO)[\(B" = DT¢70;).  (38)

In the same way, one can define an experimental optimized
branching fraction by writing

Nyt (B° - D*¢70,)
N(Btags)

BM, (B > D¢ 1,) = . (39)

which, again, can be compared to the corresponding

theoretical branching fraction

BY'S, (B® — D*¢70,) = o(BO)IYS, (B — D ¢70,).
(40)
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3 4 5 6 7 8 9 10 11 12 3 4 5 6 7 8 9 10 11
2 2
¢ (GeV?) q* (GeV?)
Bc - nc BC - J/\V
| ————FF7— | —————F—7
—— U-2L-opt
— — U-2L-tau 1 —— U-2L-opt
1 .
21 .
3 .
4 " Il " Il " Il " Il " Il " Il " Il " 2 " Il " Il " Il " Il " Il " Il " Il
3 4 5 6 7 8 9 10 11 3 4 5 6 7 8 9 10 11
q’ (GeV?) q* (GeV?)
A b~ A c

—

——— U-2L-opt
— — U-2L-tau

’ 3 4 5 6 7 8 9 10 11 12
¢ (GeV?)

FIG. 2. 4> dependence of the optimized partial rate dT{P", /dg?® (solid curve) and dl'y_y, /dq* = v*dT'?"S, /dg? (z mode, dashed
curve) in units of 10~ GeV~.

One then defines optimized rate ratios R (¢, ') by As the ratios (41) show, tagging is not really
; ; : required when measuring the optimized rate ratio

t € I —
R (£,¢) = By () _ Ny (£) _ (%) -1 R (¢.¢'), since the denominators N(B°tags) drop
vmL B(Z})idn(f’) N(l’}’idzL(f/) F‘Z}’gL(f’) ’ out when taking the raglio (41). This shows that the
(41) optimized rate ratio Ry, (Z,£’) can be experimentally
determined even for untagged decays as in the B, and A,

which are predicted to be equal to one. decays.
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TABLE II. The optimized partial rate TP, in units of  Standard Model predictions. There are a number of theo-
1074 GeV. retical attempts to resolve these puzzles. See, for example,
S 5D B - B—D By A A Refs. [41,42], and other references ther(j,in. Possible NP
Zmin c 7 Me ¢ Y 7 8e  contributions to the semileptonic decays B® — D(D*)r 0,
m? -1.14  -1.21 -0.73 —0.49 -0.90 and B, — n.(J/w)r"0, have been studied in our papers
4 Gev? 089  -0.93 —0.54 —0.36 —0.71 [39,43,44]. The NP transition form factors have been

calculated in the full kinematic ¢> range, employing again
the CCQM. The modifications of the partial differential rates

VI. NEW PHYSICS CONTRIBUTIONS

Atpresent, b — ¢ transition puzzles motivate many studies
of new physics due to the observed deviations from the

dUy_»; (7)/dq? from the differential (g2, cos @) distributions
of the decays B — D7~p, and B — D*7r~, are presented
in Egs. (14) and (C1), respectively, in Ref. [43]. One has

dly_».(NP) 2y |4lq°
= 1 —268,)3Hy_o, (NP), 42

where

=2[1 4V, + VP[Ho|* + 32|T, *|H7|?

(L + VP + VRP)(H P+ [H ] = 2[Hyo|)
—4ReVp(H  H__ —|[Hyl|)

—16|T, *(|HF > + [H7|* - 2|H[?)

(P — P')transition,
Hy-or (NP) =

(P — V)transition

If we recall the relations of helicities with the Lorentz form factors, then one gets

_p 4mi|q|* q*
HO D e =—5 “2[1 4V, + VgPFL +32|T P =5 F7 ¢,
q me
2mi|q|* o
|Ho |+ |H__|* = 2|Hp|* = rnliz p —(Pq)*Af +2[2m3q*V? + Pq(Pq — ¢*)AgA,] — 4m3|GPA% Y,
amy
2 m?l&lz 242 2 2y72 2 2121242
H, H__—|Hy| = ——5—={-(Pq)*A; — 2[2m3q*V* — Pq(Pq — q*)A¢A.] — 4mi|q|*A% },
m;m<.q
_ 2m3|g|* f8m3
\Hf P+ |H7|* = 2| H | = —5— —qzz Gi = (G + Gy)*
2
2 4m?|q|?
+ 5 [(m} +3m} - ¢*)G, + (Pq - ¢*)Ga] Gy ——5—GJ ¢ (43)
my m5

One can see that the differential rate dI";;_,; vanishes as
|G|’ at zero recoil. Here, V; x and T, are the complex
Wilson coefficients governing the NP contributions. One
has to note that the scalar operators contribute to the full
fourfold angular distribution, but they do not appear in the
coefficient proportional to cos?6, i.e., in the convexity
parameter. It is assumed that NP affects only leptons of the
third generation, i.e., the 7z lepton mode. Note that the
lepton-mass-dependent factor v also factors out in the NP
contributions to the (U — 2L) helicity structure function.

The parameters of the dipole approximation for the
calculated NP form factors are listed in Egs. (10) and
(11) of Ref. [43] for B— D and B — D* transitions and in
Table I of Ref. [39] for B, — 7. and B, — J/y transitions.

|
The allowed regions for the NP Wilson coefficients have
been found by fitting the experimental data for the ratios
R(D™) by switching on only one of the NP operators at
a time.

In each allowed region at 26, the best-fit value for each
NP coupling was found. The best-fit couplings read

V, =-023-085i, Vg=0.03+0.60i,
T, = 0.38 + 0.06i. (44)

We define optimized rates for the NP contributions in the
same way as has been done for the SM in Eq. (18). In
Fig. 3, we plot the SM differential ¢> distributions of the
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FIG. 3.

P — P'(V) semileptonic transitions taking into account NP effects for the 7 mode. The ¢ dependence of the optimized partial

optd

rates are shown in units of 107! GeV~'. In the figures, we make use of the shorthand notation U — 2L = dI'{'5, /dq>.

optimized rates dI” (;in L/ dq? together with the correspond-

ing (SM + NP) distributions for the 7 mode. In general,
there are four curves for each mode. To avoid oversatura-
tion of the figures, we display the upper and lower curves
only and the region between these two curves, colored in
yellow. The P — P’ optimized differential rates are
enhanced by the NP V; and V contributions and reduced
by the NP tensor contribution 7;. For the P — V tran-
sitions, the enhancement due to the NP tensor contribution
T, is quite pronounced over the whole g® range.

The enormous size of the NP tensor contribution to the
P — V transitions also shows up in Table III, where we list
the integrated optimized rates and the 7/u ratio of opti-
mized branching fractions

o) = 9", (SM + NP)
9 d .
I (SM)
The deviations of the ratio of optimized branching fractions
from the SM value of 1 is substantial and huge for the

optd
R U-2L

(45)

TABLEIIL.  Optimized (U — 2L) rates in units of 10~'* GeV and rate ratios. NP effects are included in the 7 mode
only.
Obs NP coupling B — D¢, B, — n.tv, B — D*¢v, B, — J/wtuv,
F‘,’}’i‘;L(SM) —-1.14 -1.21 -0.73 -0.89
F‘;}DSL(SM +NP) Vi —-1.50 -1.59 —-0.96 —0.64

Vg -1.62 -1.72 -0.94 -0.62

T, —-0.85 -0.93 —4.46 -3.32
e ) v, 1.32 131 1.32 0.72

Vi 1.42 1.42 1.29 0.70

T, 0.75 0.77 6.11 3.73
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P — V transitions. One should be remindful of the fact that
the NP optimized 7 rates and thereby the ratio of branching

fractions B(l’]pidZL (z,p) are form-factor dependent.

VII. SOME CONCLUDING REMARKS

As the authors of Ref. [22] have emphasized, it is
important to also have a look at the (¢2, E,) distribution
in semileptonic decays when testing lepton universality.

|

dF - 1 3q2 FO
dg*dE, 2S, + 1|/ m]

We briefly discuss the merits of using the (¢°, E,)
distribution for form-factor-independent tests of lepton
universality. One merit of (g%, E,) distribution is obviously
that cos € is a derived quantity, whereas the lepton energy
can be directly measured.

The (42, cos 0) distribution (3) can be transformed to the
(¢*,E,) distribution by making use of the relation (8)
between cos @ and E,. One obtains

(Buta2ome)+ i) (£2) + a0 (22 ) (6

1

where the coefficients By(q?, m,), B|(q*, m,), and B,(q*) are given, respectively, by

1 o
Bo(q*.my) =~ (qd(1 +256,)*(Hy — 2Hy) + v|g[*(Hy + 2Hy, + 26,(Hy + 2Hs))

4
+2q0lq|(1 +25,)(Hp + 45, Hsy)), (47)
By (q*.my) = —my(qo(1 +26,)(Hy — 2Hy) + |g|(Hp + 46, Hsr)). (48)

By(q*) =m

The (g%, cos ) distribution (46) can be seen to be well
defined in the limit |g| — O since Hp, Hg ~|q|, and
Hy — 2H; ~ |G| in all three classes of decays as discussed
in Sec. IV.

In Fig. 4, we show the (¢*, E,) phase space boundaries
of the three (e, p, 7) modes of the semileptonic decay
B — D* + ¢~1,. The phase space boundaries are deter-
mined by the curves [14,16]

g = é(b + Vb? —ac), (50)

where

a= m% +m§—2m1Ef,

b=mE;,(m3—m3+m2—2mE;) + mim3,
¢ = mz((mi —m3)? +myzmi — (mi —m3)2m Ep).

From the relation (8) linking cos@ and E,, it is not
difficult to see that the coefficients of the cos? @ and E2
terms are simply related. In particular, as Eq. (49) shows,
the coefficient B,(g?) of the quadratic £ term is propor-
tional to Hy_p; and, differing from the corresponding
coefficient H, of the (g%, cos@) distribution, does not
depend on the lepton mass. A gratifying feature of the
(¢*.E,) analysis is the fact that the (model-dependent)
ratio A,(q?)/A¢(q*, m,) is quite large over the whole ¢?
range [22].

(Hy — 2H,). (49)

|

Similar to Eq. (15), the second-order coefficient
B,(q*) = m¥Hy_»1(g*) can be projected from the distri-
bution (46) by folding the distribution with the second-
order Legendre polynomial expressed in terms of the lepton
energy, i.e.,

3 1
Py(cosO(E,)) = 3 P <4E§ —4E,qo(1 + 268;)
1.
R ) M

The folding has to be done within the limits (E}, E7),
where (see, e.g., Refs. [14,16])

12
[ Dalitz plot
10 E B°>D"+I"+7, E
~ 8F =
> 0
9 6 r .
ND_ 4 ; E
R T
2 0 f o I —
i e
0 % 1 PR | | |
0 0.5 1 1.5 2 2.5 3
E [GeV]
FIG. 4. (g E,) phase space for B - D* 4 ¢~ + b, for the

three (e, p,7) modes.

093001-10



FORM FACTOR INDEPENDENT TEST OF LEPTON ...

PHYS. REV. D 103, 093001 (2021)

1 _
E7 = (q0(1425,) £ qlv).

5 (52)

The zero- and first-order coefficients B, and B; in Eq. (46)
are removed by the folding process, since

Ef E}
/ ‘ dEsz(COS H(Ebﬂ)) = / ‘ Edesz(COS H(Ef)) = O,
E,

= E,—

(53)

as can be seen by direct calculation or by considering the
orthogonality relations

/ 5 4B, Py, (cos O(E,)) Py (cos O(E,)) = 0. (54)

=

Similar to Eq. (15), one finds

Ef T
Moo _ g / ‘ dEfLPz(cos 0(E,))
E

dq? - dqg’dE,
2 Iﬁ0|‘_1)|6121}3 2
= _ . 55
o I ) 55

To be sure, we have done the somewhat lengthy E,
integration in Eq. (55) and confirmed the expected result
on the rhs of Eq. (55). From here on, one would proceed as
in Sec. III; i.e., one defines an optimized rate by dividing
out the lepton-mass-dependent factor v* = (1 —m2/q*)>.
Differing from the (g?,cos) analysis discussed in the
main text, the (g%, E,) phase space is not rectangular,
which means that the ¢*> and E, integrations are not
interchangeable. The projection of the relevant B, coef-
ficient Eq. (55) has to be done for each g value, or for each
g* bin, before g? integration. In the 7 mode, the range of E,
becomes very small near threshold g> = m? and near the
zero-recoil point g*> = (m; —m,)>.

In summary, we have proposed a form-factor-indepen-
dent test of lepton universality for semileptonic B meson,
B, meson, and A, baryon decays by analyzing the twofold
(g%, cos @) decay distribution. We have defined optimized
rates for the e, y, 7 modes, the ratios of which take the value
of 1 in the SM, independently of form-factor effects. The
form-factor-independent test involves a reduced phase

space for the light lepton modes which will somewhat
reduce the data sample for the light modes. The requisite
angular analysis of the twofold (g2, cos §) distribution will
be quite challenging from the experimental point of view.
We have discussed new physics effects for the 7 mode, the
inclusion of which will lead to large aberrations from the
SM value of 1 for the ratio of the optimized rates. As a by-
line, we have also included a discussion of the (g2, E,)
decay distribution as a possible candidate for form-factor-
independent tests of lepton universality.

We conclude with two remarks. We have made a wide
survey of polarization observables in semileptonic » hadron
decays to find an observable with the requisite property that
the helicity-flip dependence factors out of the observable.
In fact, in semileptonic polarized A, decay, one can identify
the observable v(Hp — 27H; ) which possesses the desired
property [16,19]. All in all, we are looking forward to
experimental tests of lepton universality using the opti-
mized branching ratios proposed in this paper.
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