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Negative thermal expansion (NTE) materials and structures exhibit the anomalous property
of shrinking rather than expanding when heated. This work examines the potential of multi-
material planar re-entrant and non-re-entrant honeycombs to exhibit anomalous thermal
expansion properties. Expressions for the coefficient of thermal expansion as a function of
the geometric parameters and intrinsic thermal expansion properties were derived for any
in-plane direction. It was shown that re-entrant honeycombs, a metamaterial which is well
known for its auxetic characteristics, can be made to exhibit NTE in specific directions
when constructed from conventional positive thermal expansion (PTE) materials, provided
that the slanting ligaments expand more than the vertical ligaments when heated and that
the geometry is amenable. Conversely, it was shown that the construction of such
honeycombs from NTE components will not necessarily result in a system which
exhibits NTE in all directions. Furthermore, conditions which result in honeycombs
demonstrating zero thermal expansion (ZTE) coefficients in specific directions were
also explored.

Keywords: negative thermal expansion, auxetic (negative Poisson ratio), honeycomb, re-entrant, metamaterials,
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INTRODUCTION

One of the “anomalous phenomena”which has been given considerable attention in the past decades
is that of “negative thermal expansion” (NTE), i.e., shrinkage, rather than expansion, of a sample
when this is subjected to an increase in temperature (Takenaka, 2018; Chen et al., 2015; Evans et al.,
1997). Over the years, several “nanoscale”NTEmaterials have been studied, which include polymers
and other carbon-based compounds (Baughman and Turi, 1973; Baughman, 1973; Baughman and
Galvão, 1993; Yoon et al., 2011; Fortes et al., 2011), zeolites and other oxides (Giddy et al., 1993;
Swainson and Dove, 1995; Mary et al., 1996; Pryde et al., 1996; Evans et al., 1998; Couves et al., 1999;
Marinkovic et al., 2005; Marinkovic et al., 2008; Tallentire et al., 2013) and metal organic frameworks
(Henke et al., 2013; Coudert, 2015; Evans et al., 2017). Common mechanisms operating at the
nanoscale include ones which manifest a “rotating squares” profile in one of their planes where NTE
is manifested due to increased vibrational motion leading to closure of the motif with an increase in
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temperature (the Rigid Unit Mode, RUM, approach) (Pryde et al.,
1997; Bieniok and Hammonds, 1998; Heine et al., 1999; Dove
et al., 2000; Tao and Sleight, 2003; Dove, 2019) and the “wine-
rack” mechanism where NTE results from a scissors-like
deformation (Goodwin et al., 2008). A common characteristic
of most of these studied systems is that the driving force leading
to NTE is amplified vibrations of nanoscale “rigid units” with an
increase in temperature which, due to geometry and restrictions
imposed by the manner how these “rigid units” are connected,
result in a net shrinkage in one (i.e., linear NTE) or more
crystallographic directions.

The potential uses of NTE materials are numerous but in
certain applications (e.g., construction and civil engineering
applications) the quantities of material required are such that
the cost of manufacture would be the decisive factor which
determines whether or not NTE materials could be used. In
that respect, in parallel to this “nano-level” work on NTE, there
has also been a number of attempts to design systems where the
thermal shrinkage effect (or no shrinkage at all, i.e., zero thermal
expansion coefficient, ZTE) can be achieved at the macroscale,
potentially at a lower cost (Lakes, 1996a; Lakes, 1996b; Sigmund
and Torquato, 1997; Vandeperre and Clegg, 2003; Grima et al.,
2007; Lakes, 2007; Miller et al., 2008; Grima et al., 2009; Grima
et al., 2010a; Berger et al., 2011; Palumbo et al., 2011; Lehman and
Lakes, 2012; Lehman and Lakes, 2013a; Lehman and Lakes, 2013b;
Ellul and Grima, 2013; Gdoutos et al., 2013; Lehman and Lakes,
2014; Ha et al., 2016;Wang et al., 2016;Wei et al., 2016; Boatti et al.,
2017; Ha et al., 2017; Cabras et al., 2019; Luo et al., 2019; Ni et al.,
2019; Wu et al., 2019; Cauchi et al., 2020; Lim, 2020; Guo et al.,
2021; Héripré et al., 2021). Such work typically involves the use of
materials, usually conventional ones, which expand differently
when heated. With careful design, this mismatch in thermal
expansion can be used to achieve shrinkage in one or more
directions (i.e., a net macroscale “apparent” or “effective” NTE).
Examples of “macroscaleNTE/ZTE” include the work based on the
triangular elongation mechanism (Vandeperre and Clegg, 2003;
Grima et al., 2007; Miller et al., 2008; Berger et al., 2011; Palumbo
et al., 2011; Gdoutos et al., 2013; Wang et al., 2016;Wei et al., 2016;
Cabras et al., 2019; Lim, 2020; Héripré et al., 2021) where the base
of a triangular unit expands more than its side when heated, with
the result that the triangle shortens; and systems incorporating bi-
material strips which bend when heated (Lakes, 1996b; Lakes,
2007; Lehman and Lakes, 2012; Lehman and Lakes, 2013a; Ha
et al., 2017; Ni et al., 2019; Wu et al., 2019; Cauchi et al., 2020; Lim,
2020) Apart from the fundamental work aimed at discovering new
NTEmaterials and/or understand better how they work, a number
of practical applications which stand to benefit fromNTEmaterials
have also been identified, particularly in the manufacture of
materials and composites which demonstrate low or near-zero
thermal expansion properties. (Romao et al., 2015)

The inspiration for present work, which also aims to focus on
macroscale construction of NTE systems, comes primarily from
the abundance of work available on hexagonal honeycombs
which exhibit anomalous Poisson’s ratio properties, including,
but not limited to, auxetic (Evans et al., 1991) (i.e., negative
Poisson’s ratio) honeycombs. Research in the field of auxetic
honeycombs (Abd El-Sayed et al., 1979; Almgren, 1985; Grima

et al., 2010b; Gatt et al., 2015; Ashby and Michael, 1999; Gibson
et al., 1982; Masters and Evans, 1996; Grima-Cornish et al., 2017;
Evans et al., 1995; Pozniak et al., 2013; Lira et al., 2009; Huang
et al., 2016) has shown that three types of topologically equivalent
structures, their representative units shown in Figure 1, behave
very differently when uniaxially stretched or compressed, which
behaviour is dependent on the geometry and the manner how the
honeycomb deforms when subjected to stress. More specifically, if
the honeycombs deform exclusively through changes in the
angles between the ligaments (idealised hinging model), when
stretched in theOx1 direction, the classical beehive-like hexagonal
honeycombs shown in Figure 1B would get thinner (positive
Poisson’s ratio), while the re-entrant ones shown in Figure 1A
would get wider (negative Poisson’s ratio, auxetic) whilst the
hybrid ones in Figure 1C would get neither thinner nor fatter
(zero Poisson’s ratios) (Grima et al., 2010b; Attard and Grima,
2011; Grima and Attard, 2011). As discussed extensively
elsewhere (Evans et al., 1995; Masters and Evans, 1996),
similar properties are exhibited if the systems deform through
flexure of the slanting ligaments. On the other hand, very
different behaviour is observed if deformation is exclusively
via changes in the length of the ligaments with the angles
between them remaining constant (idealised stretching model).
In such case, the standard hexagonal honeycomb exhibits
auxeticity whist the re-entrant honeycomb exhibits standard
positive Poisson’s ratio properties.

Despite the extensive studies on these hexagonal honeycombs,
including work on similar but more complex ones which may
exhibit NTE (Lim, 2005; Ng et al., 2017; Zheng et al., 2018; Luo
et al., 2019), the potential of the simplest of these systems, that is
the standard re-entrant, non-re-entrant (convex) honeycomb,
and the hybrid honeycombs have not yet been systematically
explored. This work attempts to address this lacuna by
attempting to assess the potential of such honeycombs (or
rather a variation of them built from vertical and slanting
ligaments having different thermal properties and which are
welded together at the joints) to exhibit NTE, and, more
generally, a pre-determined (controlled) thermal expansion
coefficient (positive or negative).

THE CONCEPT

A simple “proof of concept” of the potential of the re-entrant
systems to exhibit anomalous properties is shown in Figure 2 and
explained below, which together illustrate and explain how
thermal shrinkage, or other anomalous thermal expansion
properties, can occur. Illustrated in Figure 2A is the original
re-entrant system at the reference temperature To with
dimensions and geometric parameters h � 6, l � 2, and θ �
30°. The unit cell dimensions X1 and X2, defined as shown in
Figure 1, are respectively given by:

X1 � 2l sin(θ) (1)

X2 � 2h − 2l cos(θ) (2)

If the honeycomb is built in a way that the slanting ligaments
expand much more than the vertical ligaments when heated, with
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the angles between the ligaments remaining constant, then as
clearly illustrated in Figure 2B, which shows a system at an
elevated temperature T � To + ΔT where h � 7.5 (25% increase
from 6), l � 4 (100% increase from 2) and θ remains at 30°, the
system shrinks in the verticalOx2 direction from X2 � 8.54 to X2 �
8.07 (5.44% shrinkage) but exhibits conventional thermal
expansion in the horizontal Ox1 direction (see Table 1 for

measurements). This confirms that, through their design, the
re-entrant honeycombs have the capability to exhibit linear
negative thermal expansion when constructed out of
conventional positive thermal expansion (PTE) materials.
Equally interesting is the effect shown in Figure 2C, which
illustrates the effect of heat on a system constructed from NTE
materials. In this specific case, the slanting ligaments shrink more

FIGURE 1 | The three types of hexagonal honeycombs normally studied for their Poisson’s ratio properties: (A) The re-entrant honeycomb, well known for its
negative Poisson’s ratio properties when it deforms through flexure or hinging; (B) the standard non-re-entrant honeycomb well known for its positive Poisson’s ratio
properties when it deforms through flexure or hinging; and (C) the hybrid honeycomb better known for its zero Poisson’s ratio properties. In this work, which focuses on
thermal expansion properties, the slanting ligaments (shown in red) are made of a different material from the vertical ligaments (shown in blue) with the slanting
ligaments having thermal expansion αl and the vertical ligaments having thermal expansion αh.

FIGURE 2 | The effect of heat on re-entrant honeycombswith the slanting ligaments (shown in red)made fromadifferentmaterial to the vertical ligaments (shown inblue):
(A) shows the geometry of the system at a temperature Towhilst (B) and (C) show the geometry of the system at a higher temperature T � To + ΔT > To. In the case of (B), the
ligaments have positive thermal expansion properties, with the slanting ligaments extending more than the vertical ones, whilst in (C) the ligaments have negative thermal
expansion properties, with the slanting ligaments shrinking more than the vertical ones. The actual measurements and expansion properties are listed in Table 1.
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than the vertical ligaments when heated, with the slanting ligaments
shrinking from l � 2 to l � 1 (50% shrinkage) whilst the vertical
ligaments only shrink from h � 6 to h � 5.5 (8.3% shrinkage). As
illustrated in Figure 2C, despite the fact that every ligament in the
system is shrinking, the system ismanifesting a conventional positive
thermal expansion in its verticalOx2 direction of a rather substantial
nature, thus proving (proof by contradiction) that intrinsic negative
thermal expansion does not guarantee an overall macroscopic
negative thermal expansion in all directions. For completeness’
sake, also reported in Table 1 are the properties of the analogous

honeycombs having the standard convex non-re-entrant geometry
(Figure 3i) and the hybrid semi-re-entrant geometry (Figure 3ii).
Note that for the classical non-re-entrant honeycomb, the
representative unit cell lengths of the systems are given by Eqs 1,
2 above. For the hybrid honeycomb, whilst the horizontal
representative dimension X1 is still given by Eq. 1, the vertical
representative dimension X2 is independent of l or the angles
between the ligaments and is given by:

X2 � 2h (3)

TABLE 1 | The measurements and thermal expansion properties (in arbitrary units) related to the re-entrant, non-re-entrant and hybrid honeycombs shown in Figures 2–4
respectively.

Re-entrant Standard non-re-entrant Hybrid

Temperature To T � To + ΔT > To To T � To + ΔT > To To T � To + ΔT > To
Figure 2(a) 2(b) 2(c) 3(a-i) 3(b-i) 3(c-i) 3(a-ii) 3(b-ii) 3(c-ii)
h 6 7.5 5.5 6 7.5 5.5 6 7.5 5.5
l 2 4 1 2 4 1 2 4 1
θ 30 30 30 150 150 150 150 150 150
X1 2.00 4.00 1.00 2.00 4.00 1.00 2.00 4.00 1.00
X2 8.54 8.07 9.27 15.46 21.93 12.73 12.00 15.00 11.00
Ligaments PTE NTE PTE NTE PTE NTE
% change, X2 −5.44 8.58 41.80 −17.67 25.00 −8.33
Ox2 Behavior NTE PTE PTE NTE PTE NTE

FIGURE 3 | The effect of heat on the non-re-entrant honeycombs where (i) shows the standard convex honeycomb and (ii) shows the hybrid honeycombs. In both
sets of honeycombs the slanting ligaments are made from a different material than the vertical ligaments (different ligaments shown by different colors). (A) shows the
geometry of the systems at a temperature To whilst (B) and (C) show the geometry of the systems at a higher temperature T � To + ΔT > To. In the case of (B), the
ligaments have positive thermal expansion properties, with the slanting ligaments extending more than the vertical ones, whilst in (C) the ligaments have negative
thermal expansion properties, with the slanting ligaments shrinkingmore than the vertical ones. The actual measurements and expansion properties are listed in Table 1.
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Note that as clearly illustrated in these figures and tables, in the
case of the classical non-re-entrant and hybrid honeycombs, no
anomalous thermal expansion characteristics are found when
these systems are made from PTE ligaments.

ANALYTICAL MODEL

Although the proof of principle presented above confirms the ability
of the re-entrant structure made from two different materials to
exhibit anomalous thermal expansion characteristics (including
NTE), it cannot provide an adequate model that can be used to
predict the extent of thermal expansion, positive or negative, that
the system can experience when it is made from specific materials
with predetermined thermal expansion properties and specific
geometric features. As discussed elsewhere (Grima-Cornish et al.,
2021), analytical modelling lends itself extremely well for such
studies and provides a succinct manner of describing the
properties of systems when subjected to a stimulus. Although a
generalised analytical model can be derived which predicts the
properties of the re-entrant, classical non-re-entrant, and hybrid
honeycombs through the use of a single slightly more generalised
version of the unit cells (e.g., one which describes the geometry in
terms of two angles), for the sake of simplicity the model of the
hybrid systems are derived separately.

As in any work involving analytical modelling, the validity or
otherwise of any derived expressions depends primarily on the
assumptions made and their applicability. In this case, the
following assumptions will be made:

1) The honeycombs are constructed in a manner that a change in
temperature will result exclusively in a change in length of the
ligaments. In particular, it shall be assumed that the ligaments
do not bend and the angles between them do not change.

2) The systems are made from ligaments of thermally responsive
materials having dimensions which can be assumed to change
linearly with a change in temperature within the temperature
region of interest.

3) The honeycombs remain planar when heated and do
not warp. When measuring the thermal expansion
properties, the honeycombs are not being subjected to any
additional mechanical load or stimulus (e.g., uniaxial
stretching, shearing, etc.) apart from a change in temperature.

4) The systems must be physically realisable, i.e., X1, X2 > 0 and
no part of the system should overlap with another. In practice
this means that if the ligaments are all in the same plane, re-
entrant systems must have:

h> 2l cos(θ) or (h/l)> 2 cos(θ) (4)

It shall also be assumed that at a reference temperature To the
vertical ligaments have length h and a linear thermal expansion
coefficient of αh whilst the slanting ligaments have length l and a
thermal expansion coefficient of αh, where the thermal expansion
coefficients are defined by:

αh � 1
h
(zh
zT

)
p

αl � 1
l
( zl

zT
)

p

(5)

Thus, for all honeycombs studied (re-entrant, standard non-
re-entrant and hybrid honeycombs), the change in X1 in the
horizontal Ox1 direction as the temperature changes by an
infinitesimally small amount dT is given by:

dX1 � (zX1

dl
)

θ

dl

� 2 sin(θ)dl
� 2l sin(θ)αldT

(6)

whilst for the re-entrant and standard non-re-entrant
honeycombs, the corresponding change in X2 in the vertical
Ox2 direction as the temperature changes by dT is given by:

dX2 � (zX2

dh
)

θ,l

dh + (zX2

dl
)

θ,h

dl

� 2dh − 2 cos(θ)dl
� (2hαh − 2l cos(θ)αl)dT

(7)

and in the case of the hybrid honeycomb, the change in X2 is
given by:

dX2 � 2hαhdT (8)

These changes in dimensions may be expressed as strains or as
linear thermal expansion coefficients as follows:

1) In the Ox1 direction, for all three conformations:

ε1 � dX1

X1
� 2l sin(θ)αldT

2l sin(θ) � αldT (9)

α1 � 1
X1

(dX1

dT
)

p

� αl (10)

2) In the Ox2 direction, for the re-entrant and standard non-re-
entrant honeycombs:

ε2 � dX2

X2
� 2hαh − 2l cos(θ)αl

2h − 2l cos(θ) dT � (h/l)αh − cos(θ)αl

(h/l) − cos(θ) dT

(11)

α2 � 1
X2

(dX2

dT
)

p

� hαh − l cos(θ)αl

h − l cos(θ) � (h/l)αh − cos(θ)αl

(h/l) − cos(θ) (12)

and for the hybrid honeycombs:

ε2 � dX2

X2
� 2hαh

2h
dT � αhdT (13)

α2 � 1
X2

(dX2

dT
)

p

� αh (14)

Furthermore, since the systems as built, due to symmetry
considerations, do not shear when heated, the strain tensor for the
re-entrant and standard non-re-entrant honeycombs may
expressed as:

ε � ( ε1 0
0 ε2

) (15)
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which, through standard axis transformation techniques (Nye,
1957), may be transformed to give the strains at off-axis angles
and hence the linear thermal expansion coefficients at any
direction at an angle ζ to the horizontal Ox1 direction, given by:

α1(ζ) � cos2(ζ)α1 + sin2(ζ)α2 (16)

Note that this expression, apart from predicting the thermal
expansion coefficient in any direction, also suggests that

FIGURE 4 | Plots of the coefficient of thermal expansion α2 in the Ox2 direction for various combinations of h/l and (αl, αh). Note that 0° < θ < 90°correspond to re-
entrant honeycombs whilst 90° < θ < 180°correspond to the standard non-re-entrant honeycombs. The coefficients of thermal expansion are in arbitrary units and in (A)
αl, αh > 0, and in (B) αl, αh < 0.
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maximum/minimum thermal expansion, including maximum
NTE when present, occur at ζ � 90+ (Ox2 axis) where the
thermal expansion coefficient is given by Eq. 12 and at ζ � 0+,
which corresponds to the Ox1 axis where the thermal expansion
coefficient is always equal to αl since:

dα1(ζ)
dζ

� −2 sin(ζ) cos(ζ)α1 + 2 sin(ζ) cos(ζ)α2

� 2(α2 − α1) sin(ζ) cos(ζ) � 0 (17)

RESULTS AND DISCUSSION

Plots of the thermal expansion coefficient in the Ox2 direction for
various re-entrant and non-re-entrant systems, plotted only for
physically realisable systems where the slanting ligaments do not
overlap, are shown in Figures 4, 5 for various combinations of (αl,
αh) at different h/l ratios.

The plots in Figures 4, 5 confirm that:

1) NTE can indeed be manifested from re-entrant systems made
from ligaments exhibiting conventional thermal expansion

properties, provided certain conditions are met, as
discussed below.

2) For re-entrant honeycombs, intrinsic NTE properties of the
ligaments do not guarantee an overall negative thermal
expansion of the macrostructure since excessive shrinkage
of the slanting ligaments when heating could lead to
annihilation of the NTE effects and produce
conventional macroscopic positive thermal expansion
properties.

Note that similar plots can also be plotted for the thermal
expansion coefficient in the Ox1 direction, but in this case, α1
would be independent of θ and equal to αl. Similar independence
of θ is manifested by the thermal expansion coefficient in the Ox2
direction of the hybrid honeycombs but in this case, α2 would be
equal to αh.

NTE in Ox2 Direction From Re-Entrant
Systems
A better insight into the geometric and material property
requirements to make the re-entrant honeycomb behave

FIGURE 5 | Plots of the coefficient of thermal expansion αl in theOx2 direction for various combinations of h/l and the four combinations arising from αl� ±8, αh� ±1where in
(A) both ligaments have positive CTEs, (B) the slanting and vertical ligaments are made from NTE and PTEmaterials respectively, (C) the slanting and vertical ligaments are made
from PTE and NTE materials respectively and (D) both ligaments have negative CTEs. Note that 0° < θ < 90° correspond to re-entrant honeycombs whilst 90° < θ < 180°

correspond to the standard non-re-entrant honeycombs. The coefficients of thermal expansion are in arbitrary units. These plots suggest that for re-entrant configurations,
maximum NTE is obtained if αl is positive and αh is negative. Conversely, for re-entrant configurations, maximum PTE is obtained if αl is negative and αh is positive.
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anomalously may be obtained by identifying the condition that
results in a change in the sign of α2. From Eq. 12, this occurs when
the numerator of the equation is equal to zero (the denominator is
always positive), i.e.,:

(h/l)αh − cos(θ)αl � 0 (18)

meaning that:

αl � ( h

l cos θ
)αh (19)

Focusing first on achieving NTE from systems having positive
αh and αl, when the condition in Eq. 18 is taken concurrently with
the requirements that for physically realisable systems, as noted in
Eq. 4, it is required that(h/l)> 2 cos(θ), it becomes clear that this
equation is only satisfied if:

αl > 2αh (20)

which means that unless the CTE of the slanting ligaments is
more than double that of the vertical ligaments, NTE cannot be
achieved. This geometric constraint, also necessitates that
h> 2l cos(θ), i.e.,

h

2l
> cos(θ) (21)

which in practice means the minimum value of θ for realisable
systems is given by:

θmin �
⎧⎪⎪⎨⎪⎪⎩ cos−1(h

2l
) h< 2l

0 h> 2l
(22)

Moreover, once it is ascertained that αl > 2αh, it is also required
that the geometry is amenable, meaning that for given αh, αl, h
and l, it is required that the angle θ must satisfy:

cos(θ)> hαh

lαl
(23)

Eq. 23 rules out NTE from non-re-entrant systems for positive
αh and αl since for such systems, θ lies between 90° and 180°

i.e., the maximum value of cos(θ) is 0, whereas hαh/lαl is always
positive (all variables in the expression are positive).
Furthermore, since the range of cos(θ)must lie between −1
and +1, it is further required that the term hαh/lαl must never
exceed +1, i.e.,:

lαl ≥ hαh (24)

These conditions suggest that the maximum value of θ for
NTE to be demonstrated from systems having positive αh, αl, h
and l is:

θmax �
⎧⎪⎪⎨⎪⎪⎩ cos−1(hαh

lαl
)< 90o lαl ≥ hαh

0+ lαl < hαh

(25)

Thus, in practice, to maximise the range of values of θ where
NTE can be demonstrated, from a materials perspective, one

must maximise αl and reduce αh (the practical limitation being
the availability of materials), and/or, from a geometric
perspective, maximise l and reduce h whilst ensuring that the
system remains physically realisable.

Focusing now on the magnitude of NTE, it is evident from Eq.
12 that maximum NTE will be obtained if the magnitude of
cos(θ)αl, the term in the equation which contributes to NTE, is
maximised whilst the terms (h/l)αh and (h/l) − cos(θ) are
minimised. This means that for optimal NTE, apart from
maximising αl and minimising αh, it would be beneficial to
maximise cos(θ), i.e., use small values of θ, and minimize the
h/l ratio. Obviously, these requirements need to be balanced out
with those for having structurally realisable systems, but, as evident
from the graphs in Figure 4, as well as through analysis of the
equations, the optimal geometry for maximising NTE would be h/l
ratios of 2 and very small values of θ.

Cancellation of NTE: Re-Entrant
Honeycombs Made From NTE Ligaments
An analysis of the behaviour of the systems when αl and αh are
both negative suggests that the same arguments made above when
αl and αh were both positive, are merely reversed. This may be
easily appreciated through the plots in Figure 4B, which are a
mirror image of the plots in Figure 4A, as well as through the
equations above. As a corollary of this, the same conditions which
resulted in NTE in the Ox2 directions when αl and αh were both
positive, would now result in PTE in the Ox2 direction when αl
and αh are both negative. Whilst this may be of less practical
importance, it is a direct proof of the importance of design since
the use of NTE materials will not guarantee that the final product
would exhibit NTE. In fact, in this particular case of the re-entrant
honeycomb, as shown in Figure 5, it would have been more
beneficial to enhance NTE if αl was positive and αh was negative
(and conversely, to enhance PTE if αl was negative and αh was
positive). Note also that with such combinations of αl and αh, the
re-entrant geometry is capable of manifesting magnified thermal
expansion characteristics in the Ox2 direction.

Zero Thermal Expansion
At this point it is important to recognize that not all practical
applications require maximisation of NTE, and in some cases it is
more useful to be able to control the value of the thermal
expansion coefficient and have it tailored to specific values,
particularly a value of zero (zero thermal expansion, ZTE).
ZTE in the Ox2 direction is obviously always obtained at the
transition between NTE and PTE, or vice-versa, and the
conditions which results in ZTE may be obtained from solving
the equation α2 � 0, which in practice means solving Eq. 18. Thus,
for systems with a given value of αh, αl, h and l, the value of θ
which results in ZTE is given by:

θZTE � cos−1(hαh

lαl
) (26)

This is only possible if |lαl|≥ |hαh|. Alternatively, for a given
geometry (i.e., given h, l and θ), the intrinsic thermal expansion
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coefficients must be as dictated by Eq. 19. Note that ZTEmay also
be obtained off-axis as discussed below.

Anisotropy and Off-Axis Properties
Although the discussion has focused on the thermal expansion
properties in the Ox2 direction, the systems are generally
anisotropic and the thermal expansion coefficient is dependent
on the direction of measurement. Whilst this is clearly indicated
by the fact that the thermal expansion properties in the Ox1
direction is always equal to the αl, it would still be useful to
remember that the thermal expansion coefficient when measured
off-axis will be different from when measured on-axis, with the
sign and magnitude of this coefficient being dependent on h, l, θ,
αh, αl, and ζ , the off-axis angle. To highlight the anisotropy, a
selection of off-axis plots, where the thermal expansion coefficient
is plotted as a polar plot against ζ , the direction of measurement,
are shown in Figure 6. These plots were obtained for the specific
systems when h � 2, l � 1, θ � 10°, αh � ±1, αl � ±8 and confirm
that for the system where αh and αl are positive (i.e., αh � +1, αl �
+8), maximum NTE is exhibited on-axis in the Ox2 direction.
Furthermore, it should be noted that not all systems will exhibit
NTE behaviour in certain directions and PTE behavior in others

since this behaviour requires that α1 and α2 have different signs.
In such cases, the change of sign (corresponding to an off-axis
ZTE) would occur at off-axis angles ζo, obtained by setting Eq. 16
equal to zero and solving it to obtain:

ζo � tan−1( ±
����
−α1

α2

√ ) (27)

Note that this expression is only solvable when α1 and α2 have
different signs, which in turn requires that the difference in the
thermal expansion coefficients of the constituent materials must
be sufficiently large and the geometry must be amenable.

Special Case: Re-Entrant HoneycombsWith
Small Angles
Another characteristic that should be highlighted is that in the
plots shown in Figures 4, 5, whenever systems with θ angles close
to 0° are realizable, the thermal expansion coefficient α2 was
practically independent of the angle θ for small angles of θ. This is
due to the fact that for small values of θ, the cosine of the angle is
very close to +1 [for example, cos(10°) � 0.985 ≈ 1]. Thus, for

FIGURE 6 | Plots of α1(ζ) � cos2(ζ)α1 + sin2(ζ)α2 plotted against ζshowing how the coefficient of thermal expansion is dependent on the direction of
measurement for the re-entrant systemwith h � 2, l � 1, θ � 10°, αh � ±1, αl � ±8where in (A) both ligaments have positive CTEs, (B) the slanting and vertical ligaments are
made from NTE and PTE materials respectively, (C) the slanting and vertical ligaments are made from PTE and NTE materials respectively and (D) both ligaments have
negative CTEs. NTE is denoted by a red colour and PTE by a blue colour. Note that in all of these system, ZTE is manifested off-axis.
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small angles θ, the expression for α2 in Eq. 12 may be
simplified to:

α2 ≈
(h/l)αh − αl

(h/l) − 1
(28)

an expression which is simpler to understand and gives more
leeway to manufacturers. Note that in such case of θ ≈ 0, the
condition for near zero thermal expansion coefficients (ZTE)
becomes:

αl
αh

≈
h

l
(29)

which can be easily visualised since the expansion in h is cancelled
by the expansion in l whilst for NTE we would require:

αl

αh
> h

l
(30)

Note that for such systems to be physically realizable
without risk of internal contact when the systems deform, h
must generally be larger than twice l with an applicable safety
margin.

Other Considerations
Having considered the main characteristics associated with this
model, it is important to highlight some of its strengths and
limitations. The main limitation is that the work is entirely based
on mathematical modelling and may be considered as highly
idealistic in nature. For example, the analysis was performed
using hypothetical materials rather than ones which are known to
exist. This approach is justified by the fact that in this way, the
model preserves its mathematical elegance which would
otherwise be partially lost if actual non-integer values are used
as parameters. Nevertheless, the ratios of thermal expansions
required, i.e., at least double, are not unrealisable using real
materials. Another limitation is that this study did not
consider the design of the joint between the slanting and
vertical ligaments. Ideally this joint should be such that it does
not permit a change of angle and at the same time be small
enough so as not to reduce the effective length of the ligaments. In
practice, if the ligaments are of appropriate length and thickness,
it is envisaged that these requirements could be met to a first
approximation, simply by bolting or welding together the
ligaments meeting at the joint. Nevertheless, it would be ideal
if additional studies are carried out on this aspect. Here it should
be mentioned that the lack of triangulation associated with some
other similar macromodels offers the advantage that simple
welding together of the ligaments at the joints may be
sufficient to hold the structure together and the angles
between the ligaments do not need to change (in fact, ideally
they should not change).

A simple verification of the above considerations, including
the possibility of obtaining NTE from re-entrant honeycombs
made from conventional materials can be obtained from the
results of the numerical simulations performed using the finite
element analysis (FEA) software ANSYS on the representative
unit of the honeycomb prototype shown in Figure 7A. This

honeycomb is made of two different materials where the slanting
ligaments have properties which are similar to that of zinc (linear
thermal expansion coefficient of 30.2 × 10−6 K−1, Young’s
modulus 108 GPa, Poisson’s ratio 0.25) whilst the material
used for the vertical ligaments has properties which are similar
to that of a steel alloy (linear thermal expansion coefficient of 9.9
× 10−6 K−1, Young’s modulus 215 GPa, Poisson’s ratio 0.28). Note
also that the ligaments in these systems have a finite thickness t0
where in the limit where t0 tends to zero, the system would
assume the idealized shape modelled analytically. For these
specific simulations, l0 and h0 were set to 6 and 12 cm
respectively, t0 was set as 3 mm whilst the angle θ was set at
30°. Simulations were performed using the 2D 8-node planar
element, PLANE223, which allows for displacement along x and y
directions caused by thermal loading. The procedure for meshing
was as discussed in Cauchi et al. (2020), and to emulate a periodic
system, the left-most nodes were constrained to have a zero
displacement in the horizontal Ox1-direction, the bottom-most
nodes were constrained to have a zero displacement in the vertical
Ox2-direction, the right-most nodes were coupled in the Ox1-
direction whilst the top-most nodes were coupled in the Ox2-
direction. Thermal loads equivalent to a temperature change of
+50 K were applied on each node to study temperature effects. As
shown in Figure 7B, which shows the superimposed images of
the deformed and undeformed systems (with a ×100
magnification of the displacements), the system behaves, to a
first approximation, as predicted, i.e., shrinking in the vertical
direction with a coefficient of thermal expansion α2 of −5.2 ×
10−6 K−1 (analytical model predicts −5.6 × 10−6 K−1) and
expanding in the horizontal direction with a coefficient of
thermal expansion α1 of 29.5 × 10−6 K−1 (analytical model
predicts −30.2 × 10−6 K−1).

Nevertheless, probably the most important strength of these
systems is that for this mechanism to operate, the geometry of the
honeycombs remains that which is typically studied for
generating auxeticity through flexure. Even more importantly,
it is the slanting ligaments which need to have high thermal
expansion coefficients, i.e., same ligaments which typically flex
when a re-entrant honeycomb is stretched or compressed on-axis
to generate negative Poisson’s ratio. Given that high coefficients
of thermal expansions are typically manifested by softer
materials, it may thus be hypothesized that the bi-material re-
entrant honeycombs which would be designed to exhibit NTE are
more than likely expected to be also auxetic, thus enhancing their
multifunctionality. Such a hypothesis should ideally be tested,
either through experimental work, or additional simulations
using a more realistic finite-elements approach to definitely
confirm that the well-known auxetic re-entrant honeycomb
can been made even more versatile by exhibiting NTE or ZTE
properties.

Finally, an important strength of this model is its versatility
and ability to result in a very wide range of thermal expansion
properties, which could be positive, negative or zero.
Macrosystems such as this one which can exhibit tailor-made,
possibly negative, thermal expansion properties that may be
constructed from conventional materials offer the advantage
that they can be mass-produced for use in applications
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requiring massive quantities, such as in civil and structural
engineering and construction applications where issues
associated with thermal mismatch are too well known. We
envisage that the availability of expressions which can predict
the thermal expansion properties as a function of geometry and the
intrinsic properties of the constituent materials, when taken in
conjunction with similar expressions presented elsewhere to
predict the Poisson’s ratio of such honeycombs (Gibson et al.,
1982; Masters and Evans, 1996; Attard and Grima, 2011) provide a
most useful predictive tool to facilitate the design and manufacture
of honeycombs with tailor-made thermal expansion and Poisson’s
ratio properties for specific practical applications.

CONCLUSION

This work has examined the potential of multi-material planar
re-entrant and non-re-entrant honeycombs to exhibit
anomalous thermal expansion properties. An analytical
model which can predict the coefficient of thermal expansion
as a function of the geometric parameters and intrinsic thermal
expansion properties was derived and analysed. Through this
predictive model, it was shown that re-entrant honeycombs
made from conventional positive thermal expansion materials

can be re-designed to exhibit negative thermal expansion in
specific directions, with maximum NTE being manifested in the
direction of the vertical ligaments. It was shown that for such
NTE to be manifested, the slanting ligaments must expand more
than the vertical ligaments when heated and certain geometric
requirements are met. In addition, it was postulated that the
manner of construction is not likely to affect the Poisson’s ratio
properties of such honeycombs with the result that these
honeycombs can exhibit concurrent NTE and auxeticity
(negative Poisson’s ratio).

It was also formally proved that 1) non-re-entrant
honeycombs made from conventional PTE materials cannot
exhibit NTE in any direction through this mechanism; 2) the
use of NTE materials for the construction of re-entrant
honeycombs does not guarantee that such honeycombs exhibit
NTE in all directions, and 3) it is possible to construct
honeycombs demonstrating zero thermal expansion (ZTE)
coefficients in specific directions.
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FIGURE 7 | (A) The systemmodelled using FEA, which is made from slanting ligaments having zinc-like properties welded to vertical ligaments having steel like properties,
and (B) images showing the heated and unheated system, at temperatures To + 50 K and To respectively, where the displacements are scaled up by a factor of x100 to aid
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respectively, where, to satisfy the boundary conditions applied, the thickness of the full vertical ligaments are set at t0/2 to make a full thickness t0 when tessellated.
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