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Chapter 1

Introduction

1.1 Granular media

Granular materials are ensembles of macroscopic grains, which interact dissipatively, through contact
and frictional interactions. We encounter them in the grocery shop: rice, beans or chickpeas, coffee
made from ground coffee beans, or when we go to the beach and walk on the sand. Also, granular
materials are the second most used type of matter in industry, after water. They are both ingredients
and products of mining, construction and pharmaceutical processes.

The ensemble of grains makes up an interesting type of complex system, which can be either in solid,
liquid or gas phase, depending on the energy input or applied forces. For example, in an hourglass, sand
flows like a liquid driven by gravity until it runs out and forms a solid pile below, while asteroid belts and
agitated grains can be examples of granular gases. Due to this complexity, it is important to investigate
their dynamics, not only in order to understand natural events such as debris flow from a mountain,
dune formation or landslides, but also in designing industrial processes, like material conveying or
mixing. For these reasons, a significant amount of research is currently devoted to studying the micro-
and macromechanical response of granular media. Thus, several research groups around the world are
actively investigating this topic. One of these is the Granular Lab of the University of Navarra, where
this PhD thesis has been written. This group executes extensive experimental and numerical studies
on granular media composed of spherical and non-spherical particles (see Fig. 1.1), and other complex
fluids.

1.2 Numerical modelling of granular materials

There are several theoretical paths to examine the macroscopic response of a granular sample. In
general, the ultimate aim is the development of theoretical microstructural approaches from which the
macroscopic constitutive laws can be derived. Furthermore, by combining general energy and momentum
balance laws with these constitutive laws, and applying the boundary conditions of the specific setup,
the experimental results can be explained.

An effective, accurate and frequently used numerical approach is the Discrete Element Method
(DEM), first introduced by Cundall and Strack [1]. This considers all grains as distinct, soft particles
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2 Introduction

Figure 1.1: Grains used in experiments in the Granular Lab of the University of Navarra.

with their own position and velocity. When in contact, their overlap serves as the basis of most contact
models [2], modeling the deformation of physical grains. After the forces acting on the particles are
calculated, a time integration step is followed to obtain the new positions and velocities [3]. For non-
spherical particles, the rotational degrees of freedom of the particle should also be integrated, very
often conveniently by representing the grain orientation with a quaternion [4, 5]. In the calculations, the
time step should be small enough [6, 7] to accurately account for the contacts. Therefore, this iteration
is usually repeated many times, which makes this method computationally expensive. The numerical
results presented in this thesis are obtained from DEM simulations.

Additionally, the macroscopic response of a granular system can be seen from a continuum perspec-
tive. Existing coarse-graining (CG) techniques allow the computing of smooth continuous macroscopic
fields, in terms of the DEM output of a particle ensemble [8–10]. These procedures provide the macro-
scopic density, velocity, and stress fields, while satisfying the mass and momentum balance equations,
thus they are extremely valuable for theoretical analysis.

Nevertheless, in industrial and engineering applications, the use of continuum modelling approaches
for simulating granular samples is the most effective option. Typically, granular systems involve millions
of particles and their description using discrete approaches is very inefficient or even inaccessible. In
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Figure 1.2: The use of Graphics Processing Units (GPUs) have enabled the computational analysis of
large and dense experimental systems (for example, left). This allows us to get an insight into dense,
complex flows such as the hopper discharge of ellipsoids, modelled as superquadric shapes (for example
see right).

these cases, fluid-like solvers provide a more efficient although less accurate computational scheme.
In general, they consider the particulate matter as a continuum (liquid or solid), obeying a system of
equations based on the governing principles of mass, energy, and momentum conservation. These meth-
ods compromise the accuracy of the simulation by proposing simplified constitutive models (rheological
response) for the granular media, which are typically motivated by empirical results.

A powerful rheological model for granular flows is the local 𝜇(𝐼) rheology [11, 12]. It considers
the effective macroscopic friction 𝜇, i.e. the ratio of the shear stress and pressure, to be a function of
the dimensionless inertial number 𝐼. Here the inertial number is defined as 𝐼 = 𝛾̇𝑑/√𝑃/𝜌𝑝, where
𝑑 is the particle diameter, 𝛾̇ is the shear rate, 𝑃 is the confining pressure, and 𝜌𝑝 is the particle
density. This inertial number is constructed as the ratio of two timescales: the inertial √𝑑2𝜌𝑝/𝑃 and
the shear 1/𝛾̇ timescale. Incompressible Navier-Stokes solvers have been implemented, using the 𝜇(𝐼)
framework [13–15]. They typically yield better results in specific regimes where the classical fluid
solvers fail to represent discontinuities and static zones. It is worth mentioning that, in some cases,
simple local rheology approaches are not sufficient to reproduce experimental observations. Thus, a
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non-local constitutive relation has also been proposed [16].
In particular, in this dissertation, we examine numerically the mechanical response of granular media

by developing novel DEM algorithms and coarse-graining techniques. We have also used LIGGGHTS®

[17], which is a well established computational program for particle modelling. In order to access large
system sizes (up to half a million particles) and explore a relatively large parameter space, the most
advanced High Performance Computing (HPC) techniques have been used. We commonly employed the
standard message passing interface (MPI) when executing LIGGGHTS® on supercomputing clusters.
MPI is a communication protocol that parallelizes and coordinates many individual processes, mapping
them on the cluster nodes. When implementing coarse-graining algorithms on workstations, we used
Open Multi-Processing (OpenMP), which is a developer-friendly program interface (API), including a
set of compiler directives, library functions, and environment variables, that significantly improves the
run-time.

On the other hand, Graphics Processing Units (GPUs) are currently powerful tools, used in many sci-
entific projects, because of their high computing throughput and memory bandwidth. Moreover, GPUs
have recently experienced a considerable increase in the number of cores and clock speed, without
increasing the cost greatly. In this dissertation, we have developed hybrid CPU-GPU implementa-
tions of DEM, which have resulted in an excellent alternative to parallel computing on clusters or
supercomputers. This is a flexible implementation, including GPU kernels that accurately compute the
contact interaction between (frictional and non-frictional) spheres, spherocylinders and superquadrics
(see Fig. 1.2).

1.3 Silo flow systems

The main topic of the thesis has been the investigation of silo flow. In order to store granular materials,
humans for long have used silos and hoppers, which are indispensable in the industry even today. These
appliances are containers with flat (silo) or inclined (hopper) bottoms with an opening in it. This simple
design enables the utilization of gravity to discharge the stored material. Despite their simplicity,
engineers face several challenges during their design and operation. These include segregation of
mixtures composed of grains with different properties, like polydisperse systems, formation of stable
arches near the orifice thus clogging the silo, and predicting the discharge rate based on measured
material properties. Therefore, from a physicist’s point of view, understanding and creating good models
to describe the observed phenomena still poses a great challenge.

When 1 l of water is poured into a high container, the weight measured on the bottom corresponds,
logically, to 1 kg. However, if we carry out the same experiment using a granular material, like sand,
surprisingly we measure a lower weight than what would correspond to 1 kg. This is actually caused
by the frictional nature of sand particles, since the frictional contacts transmit part of the weight of
the column to the walls. The first theoretical description of this phenomenon was published in 1895
by Janssen [18]. His derivation implies a one minus exponential dependence [19] of the pressure 𝑝
measured on the bottom versus the height ℎ of a column:

𝑝(ℎ) = 𝜌𝑝𝜙𝑔𝜆(1 − 𝑒−ℎ/𝜆), (1.1)

where 𝜌𝑝 is the particle density, 𝜙 is the volume fraction, 𝑔 is the gravitational acceleration, and 𝜆 is a
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characteristic length which is proportional to the container diameter and inversely proportional to the
coefficient of friction.

It has been long known that grains flow with a constant rate through an orifice, which is why the
hourglass has been used since millennia to measure time. The mass flow rate 𝑄 of a silo with a
circular opening on the bottom can be derived to depend on the orifice diameter 𝐷 as a power law with
an exponent of 5/2, using dimensional analysis arguments. In 1961, Beverloo et al. [20] proposed an
improved formula which works well for smaller orifices sizes and gives back the 𝐷5/2 dependence when
the orifice is large:

𝑄 = 𝐶𝜌𝑏√𝑔(𝐷 − 𝑘𝑑)5/2, (1.2)

where 𝐶 and 𝑘 are fitting parameters in the order of unity, 𝜌𝑏 is the bulk density, and 𝑑 is the grain
diameter. They argued that the 𝑘𝑑 term can be justified by thinking that the margin of the orifice is less
fit for the flow. Recently, Janda et al. [21] introduced an alternative formulation for the dependence of
flow rate on the orifice diameter, based on observations of the self-similar density and velocity profiles
in the region of the orifice:

𝑄 = 𝐶′𝜌𝑝√𝑔𝜙∞(1 − 𝛼1𝑒−𝐷/𝛼2)𝐷5/2. (1.3)

Equation (1.3) corresponds to the three-dimensional case and 𝐶′ is a constant that depends on the
particle diameter and the curvature of the density profiles. 𝜙∞ is the asymptotic value of packing
fraction for large orifices, 𝜌𝑝 is the particle density and 𝛼1, 𝛼2 are fitting parameters. This formulation
has a more fundamental base and works better than the Beverloo’s correlation for small orifices where
clogging might occur.

During the discharge of grains out of a flat-bottomed silo, the flow pattern is usually significantly
different from that of a liquid. For example, water continuously flows out of a container, with the flow
converging near the opening. Contrary to this, granular media often shows a funnel pattern in the flow
field, which is characterized by stagnant zones near the silo corners and a flowing part in the center of
the silo. In engineering applications, funnel flow is usually undesirable since at the end of the discharge
process a part of the material remains inside the container and the material might exhibit segregation
during the flow [22, 23]. A simple solution to this problem is the usage of an inclined bottom, that is, a
hopper.

When the orifice of a silo is smaller than about 5 times the grain diameter, the system is prone
to clogging due to the formation of stable arches (2D) or a dome-like structure (3D) at the exit. This
phenomenon often causes problems in industrial processes. Very interestingly, blood cells flowing
through constrictions in veins can exhibit similar events. In general, it is expected that smaller orifices
lead to a greater probability of clogging, and this was quantified by To et al. [24] several years ago. An
interesting theoretical question about the exit size dependence of clogging is whether there is a critical
diameter above which there is no clogging or if clogging might happen at any orifice size but with a
very low (practically zero) chance. Zuriguel et al. [25] offered an insight to this puzzle and argued that
there exists a critical opening size, based on the measurements of the amount of particles discharged
between subsequent clogs (avalanches).

The outflow in a silo with a fixed orifice size can be externally controlled using several approaches.
In the past, the discharge have been perturbed, introducing vibrations [26–31], using electric fields
[32], magnetic fields [33], or inducing a repulsive force between the grains [34, 35]. In particular, when
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analyzing small orifices, it is accepted that introducing vibrations alters the arches’ stability [28, 29],
and the distributions of the unclogging times [30, 31].

Imposing an external shear is also an alternative to avoid the formation of stable arches. Years ago,
a researcher explored the discharge of a cylindrical silo with rotating bottom [36]. However, they only
focused their attention on the evolution of the system’s surface [36]. Hilton and Cleary [37] examined
the impact of the external shear on the flow rate 𝑄, finding that it is unaffected when a low shear
rate is applied. However, after reaching a critical value, 𝑄 increases monotonically with the rotational
frequency 𝑓. To et al. [38] recently studied the discharge of plastic beads with diameter 𝑑 in a silo
with rotating bottom, varying both the orifice size 𝐷 and the rotational frequency systematically. They
observed sustained flow for very small orifice sizes 𝐷 < 5𝑑, and detected a weak non-monotonic
behavior of 𝑄 vs 𝑓 dependency. Despite considerable research examining these exciting phenomena,
well-founded explanations for these complex responses are still lacking.

1.4 Caliper

This investigation has been done under the framework of CALIPER, which is an Initial Training Network
funded by the EU Horizon 2020 research program under the Marie Skłodowska Curie grant agreement
No 812638, in which I participated as an Early Stage Researcher (ESR). The consortium is coordinated
by the Wageningen University, Netherlands and includes 15 academic and private sector partners.
The main aim of CALIPER has been to employ various 3D imaging modalities that have become more
available in recent years to help calibrate and improve numerical methods and ultimately enhance
our fundamental understanding of the mechanics and flow behavior of disordered materials. Thus,
the project has triggered an intense collaboration of leading experts in experimental techniques and
numerical modelling in this field. It has made it possible that all the numerical models presented in
this thesis have been calibrated and validated by their corresponding experimental counterparts. As a
result, we have notably enriched the fundamental understanding of the mechanical response of granular
media.

1.5 Objectives

It is well accepted, that particle shape, surface friction and the material mechanical properties play
the most significant role in determining the macroscopic mechanical response of granular media. Non-
spherical and irregular grains often exhibit enhanced macroscopic friction and interlocking, and have
significant consequences for the flowability and stability of grain ensembles in numerous industrial
situations. However, despite the fact that common granular media consists of non-spherical, and often
elongated grains, a well-founded rheological model for the flow of non-spherical particles does not exist
as of today.

As mentioned earlier, our research mainly focused on silo flow, investigating 2D and 3D configura-
tions using particles with different properties and shape. These systems are examined using DEM, CG
of spherical and non-spherical particles, varying the particle friction, stiffness, and restitution coefficient.
In all cases, we explored the impact of these properties on the macroscopic response of the system, as
well as on the micromechanics and macroscopic stress transmission.
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The general objectives of the thesis are the following:

• To develop accurate computational models to predict the macroscopic response of granular mate-
rials with different particle features (shape, stiffness, and friction).

• Reduce the computational effort required for discrete element simulations by developing novel and
highly efficient algorithms on modern computing platforms.

• To improve the understanding of flows of spherical and non-spherical grains, addressing the
dependence of the rheological parameters on the grain features, based on the description of the
flow’s micromechanical details.

1.6 Thesis outline

This dissertation has been written in the modality of ”Compendium of publications”. It follows the
regulation of the Doctoral Program in Natural and Applied Sciences of the Faculty of Science, University
of Navarra, including the document structure, specific sections, and format of the included publications.

The document includes four publications, three of them in JCR journals, reviewing the numerical
investigation of four different experiments, which are shortly described in the following.

• Chapter 2 includes the article with the following reference: Tivadar Pongó, Viktória Stiga, János
Török, Sára Lévay, Balázs Szabó, Ralf Stannarius, Raúl Cruz Hidalgo and Tamás Börzsönyi. ”Flow
in an hourglass: particle friction and stiffness matter”. New Journal of Physics 23 023001 (2021)
[39]. This is a result of a close collaboration with experimental partners of CALIPER. My main
contribution to this work is the numerical and analytical analysis.

• Chapter 3 includes the article with the following reference: Jing Wang, Bo Fan, Tivadar Pongó,
Kirsten Harth, Torsten Trittel, Ralf Stannarius, Maja Illig, Tamás Börzsönyi, Raúl Cruz Hidalgo.
”Silo discharge of mixtures of soft and rigid grains”. Soft Matter 17, 4282-4295 (2021) [40]. This
is a result of a close collaboration with experimental partners of CALIPER. My main contribution
to this work is the numerical analysis. The first authorship is shared between Jing Wang, Bo Fan
and Tivadar Pongó

• Chapter 4 includes the article with the following reference: Tivadar Pongó, Tamás Börzsönyi
and Raúl Cruz Hidalgo, ”Discharge of elongated grains in silos under rotational shear” Physical
Review E accepted on 16 August 2022. It reviews a numerical analysis that mimics an experiment
executed in collaboration with a researcher from the Academia Sinica (Taiwan) (see our publication
Ref. [41])

• Chapter 5 includes the article with the following reference: Tivadar Pongó, Dmitry Puzyrev, Kirsten
Harth, Ralf Stannarius, and Raúl Cruz Hidalgo. ”Continuously heated granular gas of elongated
particles”. EPJ Web of Conferences 249, 04004 (2021) [42]. Our numerical analysis mimics the
experiment introduced in Ref. [43], which consists of a dilute granular gas of rod shaped grains
heated in microgravity conditions.

• A brief discussion is included.
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• The main conclusions of the thesis are summarized.



Chapter 2

Flow in an hourglass: particle friction and
stiffness matter

Tivadar Pongó, Viktória Stiga, János Török, Sára Lévay, Balázs Szabó, Ralf Stannarius, Raúl Cruz Hi-
dalgo, Tamás Börzsönyi

New Journal of Physics 23 023001 (2021) DOI: 10.1088/1367-2630/abddf5

Granular flow out of a silo is studied experimentally and numerically. The time evolution
of the discharge rate as well as the normal force (apparent weight) at the bottom of the
container is monitored. We show, that particle stiffness has a strong effect on the
qualitative features of silo discharge. For deformable grains with a Young’s modulus
of about 𝑌𝑚 ≈ 40 kPa in a silo with basal pressure of the order of 4 kPa lowering
the friction coefficient leads to a gradual change in the discharge curve: the flow rate
becomes filling height dependent, it decreases during the discharge process. For hard
grains with a Young’s modulus of about 𝑌𝑚 ≈ 500 MPa the flow rate is much less
sensitive to the value of the friction coefficient. Using DEM data combined with a
coarse-graining methodology allows us to compute all the relevant macroscopic fields,
namely, linear momentum, density and stress tensors. The observed difference in the
discharge in the low friction limit is connected to a strong difference in the pressure
field: while for hard grains Janssen-screening is effective, leading to high vertical stress
near the silo wall and small pressure above the orifice region, for deformable grains
the pressure above the orifice is larger and gradually decreases during the discharge
process. We have analyzed the momentum balance in the region of the orifice (near
the location of the outlet) for the case of soft particles with low friction coefficient, and
proposed a phenomenological formulation that predicts the linear decrease of the flow
rate with decreasing filling height.
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2.1 Introduction

Gravity driven discharge of a granular material from a silo or hopper is a frequent operation in various
industrial procedures [21, 44–50]. Materials involving deformable and/or viscoelastic grains with low
surface friction pose new challenges for controlling the flow of such samples. Several experimental and
numerical studies have shown that for frictional hard grains the discharge rate of a silo is constant and
independent of the filling height [44, 51–56], if the orifice diameter 𝐷 is larger than about 5 particle
diameters [25]. This feature is very useful in engineering applications and lead to the emergence of
simple devices such as the hourglass. More precisely, the flow rate was found to be constant until near
the end of the discharge when the shape of the bed surface (often having a form of a funnel) starts
perturbing the outflow. These results hold for such particles as spherical beads of various materials
(glass, steel, lead, plastic) [51–53, 57–59], nearly spherical particles (e.g. peas) [55], grains with irregular
shape (e.g. sand) [49], or slightly anisometric grains (wheat, corn, soybeans, poppy seeds, oat) [54, 56].
The fact that the flow rate was found to be constant for a wide range of materials facilitated the
characterization of the outflow as a function of the orifice diameter 𝐷. The flow rate 𝑄 in a three-
dimensional (3D) silo was found to vary approximately as 𝐷5/2, where the best fit was obtained either
using an effective orifice diameter in place of 𝐷, taking into account the grain size 𝑑 [20, 44, 49], or
taking into account the slight density decrease near the orifice with decreasing orifice size [51]. This
so-called Beverloo scaling was experimentally tested in various systems and was shown to work even
at increased or decreased gravitational acceleration [60].

It is also known that the weight of the material in the silo is partly supported by the frictional
contacts with the walls. As a consequence, the basal pressure 𝑝b (i.e. the normal stress measured at
the bottom of the silo) saturates with increasing fill height ℎ. This phenomenon was first systematically
investigated by Janssen [18, 61], who confirmed the earlier measurements of Huber-Burnand [62], Hagen
[49, 63], and Roberts [64]. The so-called Janssen effect is also present when the contacts are mobilized
(experiments with moving walls) [19, 65] and the 𝑝b(ℎ) curve is best described by a combination of a
linear section (hydrostatic behaviour) at the bottom of the silo and an exponential saturation in the
upper section [65, 66], where the saturation length is comparable to the silo diameter 𝐷silo.

The height-independent constant basal pressure would serve as a good argument for the constant
flow rate as several authors mentioned [45, 46, 48, 50, 51, 67]. For comparison, in a cylinder filled
with a liquid the discharge rate is clearly determined by the pressure (compare, for example, the
clepsydra), which is linearly increasing with the height of the liquid column. In the low viscosity
limit, the conservation of energy leads to a flow rate 𝑄 proportional to √ℎ (Torricelli’s law). For large
viscosities, dissipation dominates near the outlet, leading to 𝑄 ∝ ℎ. Investigations on granular flows
showed, however, that the discharge rate is independent not only on ℎ, but also on the silo diameter
𝐷silo in case 𝐷silo > 2.5𝐷 and 𝐷silo > 𝐷 + 30𝑑 [68, 69]. Thus, a simple relation between 𝑄 and 𝑝b has
to be dropped, since according to the above described Janssen effect, 𝑝b clearly increases with 𝐷silo.
Pacheco-Martinez et al. also showed [52] that slightly vibrating the hopper wall one can get hydrostatic
conditions in the pressure profile (i.e. Janssen screening disappears), but when the orifice is opened,
Janssen screening reappears, and the silo still discharges the same way as without vibration. Other
recent experiments showed that different filling protocols might lead to different pressure profiles, but
the flow rate was found to be independent of the basal pressure [57, 70].
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The mechanism leading to a constant discharge rate of a granular material is still the subject of
active research. Detailed experimental and numerical investigations are carried out to analyze the flow
near the orifice, where the nature of dissipation clearly changes. There is a region with paraboloid or
hemispherical shape below which dissipation strongly drops. This was first identified by Hagen [63].
Based on this, Brown and Richards introduced the concept of a free-falling arch signifying the region
where energy dissipation decreases to a minimum [68]. At this surface, the stress in flow direction
vanishes and from here the grains are freely falling [71]. Similar reasoning lead to the development of
an alternative approach called the hourglass theory, which predicts the discharge rate quantitatively
[72, 73]. Recent works tested and refined these ideas [44, 51, 56, 67, 74, 75]. Among these, Darias
et al. derived differential equations based on energy balance and the so called 𝜇(𝐼) rheology [75].
Their results are compatible with the Beverloo law, and the authors found an increase in the flow rate
when the interparticle friction is reduced. They also validated their theory numerically by 3D Discrete
Element Model (DEM) simulations.

Other recent investigations tested the limitations, i.e. identified conditions where the flow rate is
not constant anymore. Introducing an interstitial fluid clearly changes the dynamics, resulting in an
increased flow rate near the end of the discharge process [59, 76]. Recently, this effect was shown to be
present – although with a much smaller amplitude – in dry granular flows of glass beads in case the
particles were sufficiently small (𝑑 < 1 mm) [58]. For 𝑑 = 2 mm glass beads, the flow rate was again
found to be constant [59]. Another investigation pointed out that applying a large stationary external
force leads to an increased flow rate during the discharge of a dry granular material [77].

Some of the earlier numerical investigations mentioned that decreasing the frictional damping leads
to height dependent (i.e. not constant) flow rates [78, 79]. Another numerical work reported strongly
changing pressure conditions, but only slightly increasing flow rates with decreasing wall friction
[80]. Using discrete element simulations, Balevicius indicated decreasing flow rates with increasing
interparticle friction in a quasi-2D system with limited size, and a time dependent flow rate [81]. In
the above-mentioned recent work by Darias et al. [75] on a 3D system, a time dependent (slightly
decreasing) flow rate is noticeable for their lowest value (𝜇 = 0.1) of the friction coefficient. Langston
et al. [82] investigated the case of frictional grains (𝜇 = 0.6) and found that the discharge rate was
rather insensitive to the stiffness of the interparticle interactions. In a different numerical approach,
Staron et al. implemented a plastic rheology in a 2D Navier-Stokes solver (following the so called 𝜇(𝐼)
rheology or constant friction) [13], which showed a transition from granular-like (constant flow rate) to
liquid-like (decreasing flow rate) behaviour with decreasing friction below about 𝜇 = 0.3.

In the present work, we show that the discharge behaviour of low friction soft hydrogel beads
strongly differs from the case of hard frictional grains described by a constant flow rate. We quantify
the difference in laboratory experiments by measuring the flow rate and the normal force exerted on
the bottom of the silo during the discharge process for both low friction soft and frictional hard grains.
We perform numerical (Discrete Element Method) simulations to explore the effect of grain softness
and surface friction on the flow rate as well as on the stress conditions inside the silo. Our work was
motivated by recent investigations on clogging statistics of soft particles in two-dimensional hoppers
[83–85] and X-ray tomographic measurements on the flow field of soft particles in a three-dimensional
hopper [86, 87], all of which noticed a fill height dependence of the clogging probability or the flow
properties.
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2.2 Experimental system

An acrylic cylindrical silo with inner diameter 𝐷silo = 144 mm and height 𝐻 = 800 mm was used. The
bottom plate was physically disconnected from the silo with a gap of approximately 1 mm, and it was
held by a load cell enabling a continuous monitoring of the force 𝐹b exerted on the bottom (see Fig. 2.1).
Two types of filling protocols were used: pouring the grains into the silo with faster (500 cm3/s) and
slower (50 cm3/s) speed. Lower pouring rates resulted in slightly (a few percent) denser packing of the
granular bed (see Fig. 2.1 for the data). The silo was discharged through a circular orifice of diameter
𝐷 in the middle of the bottom plate. The typical discharge time was in between 50-100 s. During
discharge, both the force 𝐹b exerted on the bottom of the silo and the discharged mass were continuously
measured by the load cells at a sampling rate of 1 kHz. The data series were then smoothed by a
convolution with a Bartlett (triangle) window of a width of 1 s to reduce noise. The data for the
discharged mass were differentiated and smoothed again with the same smoothing procedure to obtain
the flow rate 𝑄. The value of 𝑄 is presented in grains/s. For this purpose, the average unit mass of the
individual grains was determined by measuring the mass of 200 grains. The evolution of the fill height
ℎ during discharge of hard grains was calculated from the discharged mass data assuming a linear
relation between the height and the mass in the silo. For soft grains, pressure induces compression of
the material, so the discharged mass–fill height relation was approximated by a third order polynomial
which was previously calibrated.

Four granular samples have been used in the experiments: nearly spherical pea seeds (supplier:
Gyari-Mag BT, Hungary), two samples of spherical glass beads (with diameters in the range of 2.85
mm < 𝑑 < 3.45 mm and 6.7 mm < 𝑑 < 7.3 mm, both from Sigmund-Lindner GMBH, Germany), and
spherical hydrogel beads (Happy Store, Nanjing, China) (see Fig. 2.1). For the glass bead samples,
we used two versions: clean and lubricated. Lubrication was achieved by spraying the glass beads (≈
20 kg) before pouring them into the silo as well as the inner surface of the silo with about 500 ml of
silicone oil (Motip). The table also indicates the packing fractions resulting after fast or slow filling of
the silo. For the hydrogel beads, the packing fraction depends on the magnitude of the contact forces,
thus it changes with height [86].

Three samples (peas, clean glass beads with 𝑑 = 3.15 mm and 𝑑 = 7 mm) are considered frictional
hard grains with a friction coefficient of about 0.3-0.5, while the hydrogel balls are soft and have
very small interparticle friction coefficient. By measuring the Hertzian contact diameters, the Young’s
modulus 𝑌𝑚 of our hydrogel spheres was found to be between 30 and 50 kPa [83], with a slightly softer
outer part than the core. This is similar to the results of other measurements with hydrogel beads,
which yielded a Young’s modulus of 𝑌𝑚 ≈ 20 kPa [88]). In earlier studies, the interparticle friction
coefficient of hydrogel beads was found to be 𝜇𝑝 < 0.03 [89]. We will show below that the discharge
of the low friction soft hydrogel particles is very different from the frictional hard grains. This motivated
us to reduce the surface friction of our glass bead samples by spraying silicone oil on the surface of
the beads as well as on the silo wall.

The friction coefficient for hard surfaces with a lubricating layer depends on the normal force and the
sliding velocity [90], so we carried out experiments on inclined planes to measure this friction coefficient.
In the first set of experiments, a wooden block of a mass of 188 g was used with three glass beads
glued on it serving as three legs. The inclination angle was determined at which the block was sliding



Section 2.2 13

Figure 2.1: Sketch of the experimental setup and photographs of the samples, with the grain diameter
𝑑, particle density 𝜌𝑝, and Young modulus 𝑌𝑚 indicated below. The initial packing fractions in the silo
corresponding to fast and slow filling, 𝜑fast and 𝜑slow are also given.

without acceleration on an acrylic flat surface (similar to the silo wall). The friction coefficient was
determined as the tangent of the inclination angle. For clean glass beads and a clean surface, the
friction coefficient was 𝜇clean = 0.44, while for lubricated glass beads and a lubricated surface, we got
a considerably reduced value 𝜇lubricated = 0.015. The surface of the hydrogel beads is naturally wet,
so for these grains the same measurement was repeated without any lubricant, and resulted a friction
coefficient of 𝜇𝑝 = 0.02. We note that the typical normal force in these tests was much larger (a few
hundred times) than the weight of a single grain. In the second set of experiments, a thin plastic foil
was used instead of the wooden block, thus the sliding object essentially had the weight of the three
beads. In this case the measured sliding friction coefficient of the clean glass beads was 𝜇clean = 0.27
for the smaller (𝑑 = 3.15 mm), and 𝜇clean = 0.18 for the larger (𝑑 = 7 mm) beads. For lubricated glass
beads, stationary sliding was observed for a wide range of the plane inclinations 35𝑜 < 𝜃 < 60𝑜 for
𝑑 = 3.15 mm, and 11𝑜 < 𝜃 < 20𝑜 for 𝑑 = 7 mm, corresponding to friction coefficients of 0.7 < 𝜇 < 1.7
and 0.19 < 𝜇 < 0.36 for small and large beads, respectively. The stationary sliding speed was typically
a few cm/s, it increased with 𝜃. Thus, for the case of glass beads for typical sliding velocities observed
in our silo during discharge the friction coefficient at lubricated contacts changes considerably with the
normal force. For certain contacts it can be similarly small to the case of soft hydrogel beads, for other
contacts its value is much larger, it is similar to that of dry glass bead contacts.
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2.3 Numerical system

Discrete Element Method (DEM) simulations were performed using LIGGGHTS [17], a general granular
simulation software. The DEM algorithm resolves the particle–particle interactions, and integrates
both the translational and rotational motion of each particle. The interaction force ⃗𝐹𝑖𝑗 between two
contacting particles 𝑖 and 𝑗 was computed using the Hertz-Mindlin model with no-slip condition, the
default nonlinear implementation of LIGGGHTS [2]. This numerical scheme allows the estimation of
the elastic and damping interaction parameters given the Young modulus 𝑌𝑚, Poisson’s ratio 𝜈 of the
material, the normal restitution coefficient 𝑒𝑛 and friction coefficient 𝜇 of the particles. Moreover, the
magnitude of the elastic tangential force | ⃗𝐹𝑡

𝑖𝑗| is constrained by the normal one, | ⃗𝐹𝑛
𝑖𝑗|, satisfying the

Coulomb constraint | ⃗𝐹𝑡
𝑖𝑗| < 𝜇| ⃗𝐹𝑛

𝑖𝑗|. The effect of rolling resistance and resistance to torsion were not
taken into account.

We use a cylindrical silo with similar dimensions as the experimental system, spherical beads
with a polydispersity of the grain diameter of ±10% for hard beads and monodisperse for the case
of soft particles. Test runs indicated that for the case of hard grains, polydispersity was necessary,
as for a monodisperse system increased velocity fluctuations were observed (most probably due to
local spatial ordering). No such differences were observed for the case of soft grains. The discharge
process was simulated for various values of the material parameters by systematically changing the
Young modulus, the normal restitution coefficient 𝑒n and friction coefficient 𝜇, while a constant particle
density 𝜌𝑝 = 1000 kg/m3 and Poisson’s ratio of 𝜈 = 0.45 was used in all cases. For the case of hard
grains we used 𝑌𝑚 = 5 ⋅ 108 Pa which results in a negligible Hertzian normal deformation 𝛿𝑛/𝑑 ∼
(𝑝𝑏/𝑌𝑚)2/3 = 4 ⋅ 10−4 for a basal pressure of 𝑝𝑏 = 4 kPa. For soft grains, we used 𝑌𝑚 = 1.25 ⋅ 105

Pa yielding 𝛿𝑛/𝑑 ∼ (𝑝𝑏/𝑌𝑚)2/3 = 10−1. The particle-wall interaction was modeled using the same
contact parameters used for particle-particle interaction. The time steps were estimated to be less than
𝑡𝑐/40, where 𝑡𝑐 is the contact time.

For the preparation of the initial state of the simulations, the positions of the particles were gener-
ated using the random sequential deposition model in order to avoid overlaps between particles. For
each configuration (interparticle friction and material stiffness), the procedure was realized using two
protocols: one with an interparticle friction coefficient of 𝜇F = 0.5 and one with zero interparticle
friction. This was done to mimic the fast and slow filling procedures in the experiment, respectively.
Here, filling the silo with zero interparticle friction resulted in a slightly higher initial packing. After
filling, the orifice is opened and the material starts to flow out of the container.

Similarly to the experiments, we monitored two macroscopic quantities during the outflow process.
First, the flow rate was calculated using the number of particles exiting the silo in fixed time intervals
of 0.1 s. Second, the vertical component of the total force acting on the bottom surface was calculated.
The mean height of the column was estimated averaging the highest particle locations within 8 equally
spaced intervals in the radial direction.

2.3.1 Coarse-grained continuum description

In order to extract the averaged macroscopic fields from the DEM data, a coarse-graining (CG) micro-
macro formulation can be derived from the classical laws of conservation [9, 91–93]. Thus, this procedure
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leads to expressions for macroscopic density, velocity and stresses, in terms of particle properties and
the contact interactions.

Starting with the DEM data for the positions and velocities of the particles, the microscopic mass
density of a granular flow 𝜌( ⃗𝑟, 𝑡) can be defined [9, 91–93] at time 𝑡 as

𝜌 ( ⃗𝑟, 𝑡) =
𝑁

∑
𝑖=1

𝑚𝑖𝜙 ( ⃗𝑟 − ⃗𝑟𝑖(𝑡)) , (2.1)

where the sum runs over all the particles within the system and 𝜙 ( ⃗𝑟 − ⃗𝑟𝑖(𝑡)) is an integrable coarse-
graining function, which was chosen to be a 3D Gaussian function with standard deviation equal to the
mean particle radius 𝑑/2. In the same way, the coarse-grained momentum density function 𝑃⃗( ⃗𝑟, 𝑡) is
defined by

𝑃⃗( ⃗𝑟, 𝑡) =
𝑁

∑
𝑖=1

𝑚𝑖 ⃗𝑣𝑖𝜙 ( ⃗𝑟 − ⃗𝑟𝑖(𝑡)) , (2.2)

where ⃗𝑣𝑖 represents the velocity of particle 𝑖. The macroscopic velocity field 𝑉⃗( ⃗𝑟, 𝑡) is then defined as
the ratio of momentum and density fields,

𝑉⃗( ⃗𝑟, 𝑡) = 𝑃⃗( ⃗𝑟, 𝑡)/𝜌( ⃗𝑟, 𝑡). (2.3)

In order to define the mean stress field, we have used a very elegant and mathematically consistent
definition of mean stress 𝜎̄𝛼𝛽 introduced by Goldhirsch [9]. Following this approach, the total stress
field 𝜎𝛼𝛽 is composed by the kinetic stress field 𝜎𝑘

𝛼𝛽 and the contact stress field 𝜎𝑐
𝛼𝛽. They are defined

as follows. The mean contact stress tensor reads as

𝜎𝑐
𝛼𝛽( ⃗𝑟, 𝑡) = −

1
2

𝑁
∑
𝑖=1

𝑁𝑐𝑖

∑
𝑗=1

𝑓𝑖𝑗𝛼𝑟𝑖𝑗𝛽 ∫
1

0
𝜙( ⃗𝑟 − ⃗𝑟𝑖 + 𝑠 ⃗𝑟𝑖𝑗)𝑑𝑠, (2.4)

where the sum runs over all the contacting particles 𝑖, 𝑗, whose centers of mass are at ⃗𝑟𝑖 and ⃗𝑟𝑗,
respectively. Moreover, ⃗𝑓𝑖𝑗 accounts for the force exerted by particle 𝑗 on particle 𝑖 and ⃗𝑟𝑖𝑗 ≡ ⃗𝑟𝑖 − ⃗𝑟𝑗.

The kinetic stress field reads as

𝜎𝑘
𝛼𝛽( ⃗𝑟, 𝑡) = −

𝑁
∑

𝑖
𝑚𝑖𝑣′

𝑖𝛼𝑣′
𝑖𝛽𝜙 ( ⃗𝑟 − ⃗𝑟𝑖(𝑡)) , (2.5)

where ⃗𝑣′
𝑖 is the fluctuation of the velocity of particle 𝑖, with respect to the mean velocity field.

⃗𝑣′
𝑖(𝑡, ⃗𝑟) = ⃗𝑣𝑖(𝑡) − 𝑉⃗( ⃗𝑟, 𝑡). (2.6)

Once the total stress tensor 𝜎𝛼𝛽( ⃗𝑟, 𝑡) = 𝜎𝑘
𝛼𝛽( ⃗𝑟, 𝑡) + 𝜎𝑐

𝛼𝛽( ⃗𝑟, 𝑡) is found, the pressure at any location
𝑝( ⃗𝑟, 𝑡) = 1

3𝑇𝑟(𝜎𝛼𝛽( ⃗𝑟, 𝑡)) can be calculated.
Based on the previous theoretical framework, we implemented a post-processing tool which allowed

us to examine all the micro-mechanical properties of the particulate flow. Taking benefit of the cylindrical
symmetry of the system, one can average quantities within the azimuthal direction. As a result, the
obtained macroscopic fields are in cylindrical coordinates 𝑟 and 𝑧. We will denote averaged quantities
as

𝑋(𝑟, 𝑧, 𝑡) =
1

2𝜋 ∫
2𝜋

0
𝑋( ⃗𝑟, 𝑡)𝑑𝜑. (2.7)
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Figure 2.2: Experimental filling procedure: basal force 𝐹b as a function of the fill height ℎ. For
normalizing the basal force we use the total weight 𝑊(𝐻) of the sample which fills the silo entirely.

2.4 Results

2.4.1 Filling the silo

As discussed in the introduction, it is long known that for a frictional granular material the force 𝐹b
at the bottom of a silo deviates from the hydrostatic behaviour, as part of the weight is supported by
frictional contacts with the silo walls [18, 61]. This effect is clearly seen for the frictional samples in
Fig. 2.2, where we normalize the basal force 𝐹b by the weight of the material 𝑊(𝐻) corresponding to
a full silo. For peas, two curves are presented, corresponding to the preparation protocols with filling
speeds of 500 cm3/s (continuous lines) and 50 cm3/s (dashed lines). The slower filling procedure
(leading to denser packing) resulted in slightly higher pressure at the bottom of the silo, i.e. in this case
contact forces with the silo wall are weaker. In these measurements the silo was filled in 16 steps, and
the filling height was measured visually in each step taking benefit of the transparent silo wall.

For hydrogel beads, the curve is very close to the hydrostatic behaviour, which is coherent with
the very low friction coefficient (𝜇𝑝 < 0.03) of these particles. Note that for this material the packing
fraction increases with pressure, especially at low pressures. This leads to the fact that for such a
compressible material the hydrostatic curve is not a straight line but its slope increases with ℎ/𝐷silo,
especially at filling heights ℎ ⩽ 𝐷silo. For this material, we filled the container only up to a height of 60
cm (ℎ/𝐷silo = 4.17), since at complete filling (80 cm) the pressure at the bottom of the silo occasionally
caused breaking of some beads, pushing fragments into the gap between silo and bottom plate.

The 𝐹b curve for the lubricated glass beads is not similar to that of the hydrogel beads, but almost
the same as that of the dry glass beads. This is due to the complex nature of lubrication, which is
characterized by a contact force dependent friction coefficient as demonstrated in section 2.2. Moreover
the thin layer of silicone oil also results in a cohesive interaction at the grain-grain or grain-wall
contacts. The magnitude of the cohesive force can reach the weight of a grain. We have observed, that
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Figure 2.3: Silo discharge of hard frictional grains: (a-d) experiments with peas and (e-h) DEM
simulations with spherical grains with friction coefficient of 𝜇 = 0.3, Young’s modulus of 𝑌𝑚 = 5 ⋅ 108

Pa (inelastic) and a restitution coefficient of 𝑒n = 0.9. The top panels show the evolution of the flow rate
𝑄, while the bottom panels present the normal force 𝐹b exerted on the silo bottom during the discharge
process. The value of 𝐹b was normalized by the weight 𝑊(𝐷silo) of the material corresponding to a
filling height of the diameter of the silo. The two types of initial conditions (slow and fast filling of the
silo) result in very similar discharge processes both in experiment and simulation. The initial fill height
was ℎ0/𝐷silo = 5.56, while the initial packing fraction 𝜑 is indicated at the top. Each curve represents
the average of 4 measurements. The silo diameter was 𝐷silo/𝑑 = 20.8 (experiments) and 𝐷silo/𝑑 = 15
(simulations) with mean particle diameters of 𝑑 = 6.92 mm in both.

after discharge a few grains remain on the wall, and slide down only very slowly.

2.4.2 Silo discharge: comparison of experiments and simulations

The discharge curves, i. e. the time evolution of the flow rate 𝑄 and the force 𝐹b exerted at the bottom
of the silo during discharge are presented for peas in Fig. 2.3(a-d) for both types of initial preparation
(slow and fast filling). As is seen, both the flow rate 𝑄 and the basal force 𝐹b had a very similar
time evolution for the two types of preparation. Looking at the top panels, we see that the flow rate
was basically constant during discharge, even when the pressure conditions at the bottom of the silo
changed during the process. The flow rate curves are the same for the two types of initial conditions,
i.e. changing the initial density did not affect the discharge rate.

The bottom panels show that the basal force first decreased relatively quickly to the same level for
both initial conditions. This drop is partly attributed to the activation of the force network transferring
weight to the container walls. After this initial transient – which was finished when about 5% of the total
mass was discharged – the basal force decreased only slightly until ℎ was approximately 2𝐷silo, and
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then a faster decrease rate set in. We note that the 𝐹b curves measured for different orifice diameters
𝐷 in Figs. 2.3(b) and (d) overlap, thus the basal force does not depend on the discharge rate.

We now compare the above experimental observations with the results of DEM simulations for hard
beads with Young’s modulus of 𝑌𝑚 = 5 ⋅ 108 Pa and a restitution coefficient of 𝑒n = 0.9. Similarly to
the experiments, these results have been obtained with frictional grains (friction coefficient: 𝜇 = 0.3)
for both cases: filling with 𝜇F = 0.5 and 𝜇F = 0, corresponding to fast and slow filling, respectively.
As we see in Fig. 2.3(e-h), the numerical data reproduce all the features observed in the experiments:
constant flow rate despite the changes in the basal force, same basal force curves for different orifice
sizes (i.e. for different discharge rates), and very similar values of the measured parameters for the two
initial conditions. There is only a slight quantitative difference between experiment and simulation: the
flow rate is a bit lower and the basal force is a bit higher in the simulations.

The discharge of low friction, soft hydrogel beads is remarkably different from the traditional granular
discharge demonstrated above with peas and numerical simulations for hard frictional grains. As seen
in Figs. 2.4(a-b), the basal force 𝐹b decreases nearly linearly (close to the hydrostatic conditions), and
more importantly, the flow rate also decreases gradually during discharge. Another important thing
to note is that for hydrogel beads clogging is only observed at much smaller orifice sizes, i.e. the
silo discharge is continuous for the relatively small orifice sizes given in Figs. 2.4(a-b), which is in
accordance with earlier experimental observations [87].

In order to model the experimentally observed behaviour of soft low friction grains, we performed a
systematic numerical (DEM) study by changing the interparticle friction, the Young’s modulus 𝑌𝑚, and
the coefficient of restitution of the particles. By adjusting these parameters, the experimental data for
hydrogel beads were best reproduced with 𝜇 = 0.03, 𝑌𝑚 = 1.25 ⋅105 Pa and 𝑒n = 0.5 (see Fig. 2.4c-d).
First, choosing 𝜇 = 0.03 ensures a quantitative match between the experimental and numerical values
of the basal force 𝐹b during discharge (compare Figs. 2.4b and d). Second, the numerical flow rate
data (Fig. 2.4c) nicely reproduce the experimentally observed linearly decreasing trend qualitatively,
but are about 70% higher than the experimental values (Fig. 2.4a). Increasing the Young’s modulus and
decreasing the restitution coefficient both decrease the flow rate, with the Young’s modulus having a
stronger effect. For this we use 𝑌𝑚 = 1.25 ⋅ 105 Pa, which is about 3 times larger than the average
nominal value. This is in accordance with recent results by Brodu et al. who showed, that when such
soft grains have multiple contacts, the resistance of the material against pressure becomes stronger, as
deformation of the grain due to the force at a given contact increases the contact force on the other side of
the grain [94]. Better match between the flow rates of experiment and simulation could not be obtained,
since further increase of 𝑌𝑚 (say by a factor of 2) lead to clogging. The value of 𝑌𝑚 = 1.25 ⋅ 105 Pa
results in a typical Hertzian normal deformation of 𝛿𝑛/𝑑 ∼ (𝑝𝑏/𝑌𝑚)2/3 = 10−1 for a silo with a basal
pressure 𝑝𝑏 = 4 kPa. As said above, changing the value of the restitution coefficient has a smaller
effect on the flow rate, the value of 𝑒n = 0.5 was estimated from drop and bouncing experiments.

In an attempt to test the effect of friction on hard grains’ discharge rates, we performed experiments
with two more pairs of samples: clean (dry) and lubricated glass beads (using silicone oil) with diameters
of 𝑑 = 3.15 mm and 𝑑 = 7 mm. As described in the experimental section, lubrication reduces the surface
friction for certain contacts, and at the same time introduces new effects resulting from cohesive forces.
As expected, clean glass beads show very similar discharge characteristics (see Figs. 2.5 (a-b) and
(e-f)) to the above described peas. For the lubricated systems, the results are slightly different for the
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Figure 2.4: Silo discharge of soft low-friction grains: (a-b) experiments with hydrogel beads and (c-
d) DEM simulations with spherical grains with friction coefficient of 𝜇 = 0.03, Young’s modulus of
𝑌𝑚 = 1.25 ⋅ 105 Pa and a restitution coefficient of 𝑒n = 0.5. The top panels show the evolution of the
flow rate 𝑄 while the bottom panels present the basal force 𝐹b in the silo during the discharge process.
The value of 𝐹b was normalized by the weight 𝑊(𝐷silo) of the material corresponding to a filling height
of the diameter of the silo. The dashed lines correspond to the hydrostatic condition. Experimental
curves represent averages of 10 measurements, numerical data correspond to the average of 4 runs.
Geometric parameters: 𝐷silo/𝑑 = 15.65, ℎ0/𝐷silo = 4.17, 𝑑 = 9.2 mm.

smaller (𝑑 = 3.15 mm) and larger (𝑑 = 7 mm) grains. For the small grains, we observed the same
flow rates for clean and lubricated systems (compare Figs. 2.5 (a) and (c)), only the basal force was a
bit larger for the lubricated system. For the large beads, the discharge rate at a given orifice size is
clearly larger for the lubricated system (Fig. 2.5(g)) than for the dry system (Fig. 2.5(e)), but it is still
constant in time, like for the small glass beads. Note that for the 7 mm beads, lubrication lead to a
much stronger increase of the basal force than for the smaller ones.

2.4.3 Effect of friction coefficient for hard and soft grains: DEM results and coarse-
graining analysis

Fig. 2.6 demonstrates how the discharge behaviour changes when the interparticle friction is varied
systematically. Two types of particles are examined: hard (𝑌𝑚 = 5 ⋅ 108 Pa, 𝑒𝑛 = 0.9) and soft
(𝑌𝑚 = 1.25 ⋅ 105 Pa, 𝑒𝑛 = 0.5), while all other simulation parameters are kept constant. We see that
decreasing friction coefficient leads to a gradual change from the granular-like behaviour with constant
flow rate towards a behaviour characterized by a linearly decreasing flow rate. The most important
finding is, that this change is much stronger for soft grains (Fig. 2.6b) than for hard grains (Fig. 2.6a),
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Figure 2.5: Silo discharge with clean and lubricated glass beads of (a-d) 𝑑 = 3.15 mm and (e-h) 𝑑 = 7
mm. Top panels show the flow rate 𝑄 while bottom panels correspond to the normalized basal force
𝐹b/𝑊(𝐷silo) as a function of height ℎ during the discharge process. All curves represent the average
of 4 measurements. Other parameters: ℎ0/𝐷silo = 5.56, 𝐷silo/𝑑 = 45.7 (for beads with 𝑑 = 3.15 mm)
and 𝐷silo/𝑑 = 20.6 (for beads with 𝑑 = 7 mm).

even though the curves for 𝐹b do not differ that much for hard and soft grains (compare Figs. 2.6d and e).
Thus, for soft grains decreasing interparticle friction leads to noticeable deviation from the granular-like
behaviour, while for hard particles such deviation is expected only for frictionless grains. The height
dependence of 𝐹b during discharge is similar for hard and soft grains, meaning that the vertical force
transmitted to the wall does not depend significantly on the stiffness of the grains. The two experimental
scenarios for the lubricated (low friction) glass beads with 𝑑 = 3.15 mm and 𝑑 = 7 mm correspond to
the hard grain simulation results with about 𝜇 = 0.2 and 𝜇 = 0.12, respectively. For frictional beads
(e.g. 𝜇 = 0.5) the behaviour of hard and soft grains is very similar with a slightly (1.17 times) larger flow
rate for soft grains. The effect of the interparticle friction coefficient on the flow rate is summarized in
Figs. 2.6(c,f ). Panel (c) shows the average value of the flow rate 𝑄 (for those cases when it is constant
during discharge), while panel (f ) shows the net gradient ⟨𝑑𝑄/𝑑ℎ⟩ ⋅ 𝐷silo of the flow rate (obtained by
a linear fit in the range of 𝐷silo < ℎ < ℎ0) as a function of 𝜇 for both hard and soft grains.

We can extract further data from the DEM simulations, e.g. more information about the stresses
inside the silo. For this purpose, we use the coarse-graining methodology, which allows us to build
the macroscopic fields of the packing fraction 𝜑 (𝑟, 𝑧, 𝑡) = 𝜌 (𝑟, 𝑧, 𝑡) /𝜌𝑝 (particle density 𝜌𝑝), velocity
𝑉⃗(𝑟, 𝑧, 𝑡) and stress tensor 𝜎(𝑟, 𝑧, 𝑡), with all quantities averaged in the azimuthal direction. Since
there is one-to-one correspondence between time and column height, similarly to previous figures we
will use the latter instead of the time parameter: 𝑋(𝑟, 𝑧, 𝑡) ≡ 𝑋(𝑟, 𝑧, ℎ). In the following, we base our
analysis on the average of four simulation runs.

It is interesting to calculate the vertical stress 𝜎𝑧𝑧 above the orifice, averaged in a cylindrical region
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(marked with red in Fig. 2.6i). We normalize 𝜎𝑧𝑧 by the hydrostatic pressure 𝑝ℎ = 4𝑊(𝐷silo)/(𝐷2
silo𝜋)

corresponding to the weight 𝑊 of a column of grains with a height of ℎ = 𝐷silo, similarly to the
normalization of the basal force 𝐹b. The evolution of this normalized vertical stress 𝜎̃𝑧𝑧 = 𝜎𝑧𝑧/𝑝ℎ is
shown in Figs. 2.6g-h. We find a stronger difference in 𝜎̃𝑧𝑧 between the case of hard and soft grains
compared to the difference observed for the basal force. In fact, the 𝜎̃𝑧𝑧 curves change much less with
𝜇 for hard grains than for soft grains, just like the flow rate curves. Thus, it is natural to look for
correlation between the flow rate and 𝜎̃𝑧𝑧. Figures 2.6j-k present the flow rate 𝑄 as a function of 𝜎̃𝑧𝑧.
While the data show a rather weak 𝑄(𝜎̃𝑧𝑧) dependence for hard grains, the increasing trend in 𝑄(𝜎̃𝑧𝑧)
is clearly stronger for soft grains. The net gradient of the flow rate ⟨𝑑𝑄/𝑑𝜎̃𝑧𝑧⟩ (obtained by a linear fit
of the curves in Figs. 2.6j-k) is shown in Fig. 2.6l. Thus, for the case of soft grains, (i) the local vertical
stress 𝜎̃𝑧𝑧 above the orifice changes more during the discharge process and (ii) the value of 𝜎̃𝑧𝑧 has a
stronger impact on the outflow rate than for hard grains. Both facts (i) and (ii) contribute to the stronger
𝑄(ℎ) dependence observed for soft grains.

Figure 2.7 demonstrates the strong differences in the distributions of the volume fraction, velocity and
pressure for soft and hard beads with a friction coefficient of 𝜇 = 0.03. For soft beads we present data
for two orifice diameters 𝐷/𝑑 = 3.04 and 𝐷/𝑑 = 6.5 corresponding to the data presented in Fig. 2.4
and Fig. 2.6, while for hard beads the data correspond to 𝐷/𝑑 = 6.5. Figures 2.7(a-b) show color-maps
exemplifying the volume fraction field 𝜑 (𝑟, 𝑧, ℎ) obtained in the simulations, for low friction soft particles
(𝜇 = 0.03, 𝑌𝑚 = 1.25 ⋅ 105 Pa and 𝑒n = 0.5). Note, these parameters reproduce the experimental flow
rate data for hydrogel beads qualitatively (see Figs. 2.4 (c-d)). The color-maps indicate that the volume
fraction field 𝜑 (𝑟, 𝑧, ℎ) is non-uniform, and in the top region the value of 𝜑 resembles the random
close packing limit 𝜑 ≈ 𝜑RCP. Examining lower regions, the system is more compressed and 𝜑 (𝑟, 𝑧, ℎ)
increases until it reaches a maximum. Further down, it decreases again upon approaching the orifice.
On the other hand, Fig. 2.7(c) hows that the volume fraction field is much more homogeneous for the
case of hard grains (𝑌𝑚 = 5 ⋅ 108 Pa and 𝑒n = 0.9). Investigating the color-maps of the velocity field
𝑣 (𝑟, 𝑧, ℎ), for soft grains (Fig. 2.7(d-e)) we find that the velocity inside the silo is very uniform, with
parallel streamlines. For hard grains (Fig. 2.7(f )) stronger inhomogeneities are observed in the velocity
field with lower velocity near the walls and higher velocity in the central part of the silo, leading to a
surface distortion (dip) at the top of the granular column. We emphasize again, that the simulations for
soft and hard beads were performed with the same friction coefficient 𝜇 = 0.03. Finally, Figures 2.7(g-i)
display color-maps representing the spatial pressure profile 𝑝(𝑟, 𝑧, ℎ), obtained using the coarse-grained
stress tensor, 𝑝(𝑟, 𝑧, ℎ) = 1

3𝑇𝑟(𝜎𝛼𝛽(𝑟, 𝑧, ℎ)). The cases for soft and hard grains are very different. The
case of soft grains (Fig. 2.7(g-h)) is characterized by a gradual increase of the pressure with depth and
relatively small variation in the radial direction. For hard grains (Fig. 2.7(i)) horizontal variations are
very strong and the change of pressure in the vertical direction is small in the central part of the silo.
Thus, a large fraction of the weight of the granular column is supported by a few layers of grains near
the wall. This is the reason for the small variation of the vertical stress 𝜎̃𝑧𝑧 right above the orifice during
the discharge process (Fig. 2.6(g)). We also note, that the three diagonal components (vertical, radial
and tangential) of the stress tensor (not presented here) show larger differences for hard grains, than
for low friction soft particles and that our coarse-graining methodology has a limitation in accurately
resolving the micro-macro transition near the walls. Thus, for hard grains with a low friction coefficient
(𝜇 = 0.03), Janssen screening is still effective, resulting in only a very slight change of the vertical
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Figure 2.6: DEM simulations of silo discharge for various values of the interparticle friction coefficient
𝜇. Panels (a,d) show the evolution of the flow rate 𝑄 and the normalized basal force 𝐹b/𝑊(𝐷silo)
during discharge of hard particles with a Young modulus of 𝑌𝑚 = 5⋅108 Pa and a restitution coefficient
of 𝑒n = 0.9 and (b,e) soft particles with 𝑌𝑚 = 1.25 ⋅ 105 Pa and 𝑒n = 0.5. Each curve corresponds to
the average of 4 simulation runs. Geometric parameters: 𝐷/𝑑 = 6.5, 𝐷silo/𝑑 = 15.65, ℎ0/𝐷silo = 4.17,
𝑑 = 9.2 mm. (c) Initial constant flow rate and (f) the net gradient ⟨𝑑𝑄/𝑑ℎ⟩ ⋅ 𝐷silo of the flow rate in the
range of 𝐷silo < ℎ < ℎ0 from panels (a) and (b) as a function of the interparticle friction coefficient 𝜇.
(g-h) The normalized vertical stress 𝜎̃𝑧𝑧 measured in the region above the orifice marked with red in
panel (i). The dashed line corresponds to the hydrostatic condition. (j-k) The flow rate 𝑄 as a function
of 𝜎̃𝑧𝑧. Panel (l) presents the net gradient ⟨𝑑𝑄/𝑑𝜎̃𝑧𝑧⟩ for both hard and soft grains.
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Figure 2.7: Comparison of the discharge characteristics of hard and soft beads with friction coefficient of
𝜇 = 0.03: (a-c) color-maps of the volume fraction 𝜑 (𝑟, 𝑧, 3𝐷silo), (d-f) the velocity field 𝑣 (𝑟, 𝑧, 3𝐷silo)
and (g-i) spatial pressure profile 𝑝(𝑟, 𝑧, 3𝐷silo) = 1

3𝑇𝑟(𝜎𝛼𝛽(𝑟, 𝑧, 3𝐷silo)), obtained using the coarse-
graining methodology. Panels (a-b, d-e, g-h) correspond to the discharge of soft, while (c, f, i) to the
discharge of hard particles with orifice sizes of 𝐷/𝑑 = 3.04 and 6.5, as indicated on the plots. Note that
the state shown here for soft grains with small orifice size (𝐷/𝑑 = 3.04) corresponds to the red curves
in Fig. 2.8 and the color-maps for large orifices (𝐷/𝑑 = 6.5) were obtained for the same parameters
as the corresponding red curves of Fig. 2.6(a-b). In the computation, we use a truncated Gaussian
coarse-graining function 𝜙( ⃗𝑟) with coarse-grained scale 𝑤 = 𝑑/2. In all graphs, 𝑧 and 𝑟 are rescaled
with the diameter of the silo 𝐷silo. We use white color in all color-maps where the packing fraction is
less than a cutoff value of 1%.

stress above the orifice during the discharge process. This explains why the flow rate correlates with
𝜎̃𝑧𝑧 but not with 𝐹𝑏 for the case of hard grains.

The above described observations are in accordance with previous experimental investigations which
also revealed strong differences in the flow field between the case of plastic and hydrogel beads using
X-ray Computed Tomography [86, 87]. There the vertical velocity inside the 3D silo was found to be more
homogeneous for low-friction soft hydrogel beads than for hard frictional plastic beads, and a decrease
of the flow velocity was also observed with decreasing filling height using Ultrafast X-ray Computed
Tomography [87]. Altogether, our current numerical data for the pressure distribution 𝑝(𝑟, 𝑧, ℎ) for the
case of soft grains with weak pressure change in the radial direction and a smooth pressure change
along the symmetry axis of the silo allows us to perform some further analysis. Namely, 𝑝(𝑟, 𝑧, ℎ)
gradually increases from the top of the bed along the symmetry axis, it has a maximum close to the
orifice, and further down it decreases rapidly (see the color map at Figs. 2.7(g-h)), forming a measurable
vertical pressure gradient right above the orifice. In the following, we will look for a correlation between
the flow rate and this pressure gradient.
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2.4.4 Connection between the flow rate and pressure gradient near the outlet for soft,
low-friction particles

Aiming to explain the system’s macroscopic response, in terms of its micro-mechanical properties, Fig. 2.8
focuses the attention on the profiles of 𝜑(𝑧, ℎ) ≡ 𝜑 (𝑟=0, 𝑧, ℎ) and 𝑝(𝑧, ℎ) ≡ 𝑝(𝑟=0, 𝑧, ℎ) along the
vertical direction, for soft grains with 𝜇 = 0.03 at the center of the silo with an orifice of 𝐷 = 3.04𝑑.
The data illustrated in Fig. 2.8 result from a spatial average within a cylindrical region of one particle
diameter in size, and they were obtained at different instants in time, corresponding to subsequent
stages of the discharge process. Figure 2.8(a) shows the profiles of the volume fraction ⟨𝜑 (𝑧, ℎ)⟩. In
the top region, the volume fraction always reproduces the random close packing value. These linear
sections are simply shifted with respect to each other, which shows that the density increases linearly
with the depth, denoting the compression of the system. However, density gradient remains practically
invariant during the whole discharge process. In all cases, the mass density shows a maximum close
to the orifice, but its value drops as time passes and the column gets shorter. Moreover, further down
the dilatancy of the flow becomes evident, the volume fraction is reduced, and at the orifice, 𝜑(0, ℎ)
depends on the column height ℎ. A very similar trend appears for the mean pressure profiles ⟨𝑝(𝑧, ℎ)⟩
computed at different instants in time (see Fig. 2.8(b)). Starting from the column surface the pressure
increases hydrostatically with depth, and reaches a maximum value 𝑝𝑚(ℎ) at a certain vertical distance
𝐿(ℎ) from the orifice. Note that the pressure in the center of the orifice 𝑝(0, ℎ) is nonzero, since the
particles are still compressed at that point.

In order to address the forces acting on a representative volume element at the orifice, we fitted 6th
order polynomials to the pressure profiles ⟨𝑝(𝑧, ℎ)⟩ along the vertical direction (Fig. 2.8(b)). Then, we
located the distance of the maximum 𝐿(ℎ) from the orifice position, as well as the maximum pressure
𝑝𝑚(ℎ) (red dots) on these smoother curves, as a function of the column height ℎ (shown in Fig. 2.9(a)).
The pressure gradient at the orifice was estimated, using a linear approximation, by Δ𝑝

𝐿 (ℎ) = (𝑝𝑚(ℎ) −
𝑝(0, ℎ))/𝐿(ℎ). Two interesting things deserve to be commented here. First, during a large part of the
discharge process, the position 𝐿(ℎ) of the maximum pressure does not depend on the column height
(see inset of Fig. 2.9(a)). Accordingly, the pressure gradient at the orifice (see Fig. 2.9(b)) decreases
linearly. Later on, however, finite size effects become more significant.

The coarse-grained continuous fields allow us to perform a theoretical analysis, to predict the linearly
decreasing flow rate that was obtained numerically for low friction soft particles and experimentally
for hydrogel beads (see Fig. 2.4). Our arguments rest on the momentum balance that is established in
steady state conditions at the orifice, where the sum of the pressure gradient Δ𝑝

𝐿 (ℎ) and the density of
body gravitational force 𝜌𝑝𝜑(0, ℎ)𝑔 are balanced by the beads’ resistance to motion. Thus, assuming
that the system acts like a viscous fluid in having a linear response to forcing, the mean vertical velocity
at the orifice can be predicted as

𝑣𝑧(𝐷, ℎ) = 𝐾(𝐷) (
Δ𝑝
𝐿 (ℎ) + 𝜌𝑝𝜑(0, ℎ)𝑔𝑧) , (2.8)

where 𝐾(𝐷) is a hydraulic coefficient that increases with decreasing effective viscosity of the system
and increasing permeability of the orifice region. Thus, the mass flow rate at a circular orifice of size
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Figure 2.8: The profiles of (a) mean volume fraction ⟨𝜑 (𝑧, ℎ)⟩ and (b) mean pressure ⟨𝑝(𝑧, ℎ)⟩ obtained
along the middle vertical slice of the silo. The curves correspond to successive instants of the discharge
process. In both graphs, 𝑧 is rescaled with the diameter of the silo 𝐷silo and the relative size of the
orifice is 𝐷/𝑑 = 3.04. In each case, the height of the column is given by the last point of the curve,
approximately. In panel (b), dashed curves are the 6th order polynomial fits for the corresponding mean
pressure (solid), while the red dots mark the maxima of these fits.

𝐷 reads

𝑄(𝐷, ℎ) = 𝜌𝑝𝜑(0, ℎ)𝐴𝑐𝑣𝑧(𝐷, ℎ) = 𝜌𝑝𝜑(0, ℎ)𝜋
𝐷2

4 𝐾(𝐷) (
Δ𝑝
𝐿 (ℎ) + 𝜌𝑝𝜑(0, ℎ)𝑔𝑧) . (2.9)

Figure 2.10 compares the linearly decreasing trend of the flow rate with height, obtained numerically
for low-friction soft particles, with the theoretical prediction of Eq. (2.9). Moreover, the inset of Fig. 2.10
shows the estimate of the hydraulic parameter 𝐾(𝐷), which is the only fitting parameter used in the
analysis. The agreement of the comparison is remarkable, especially during the first part of the discharge
process, where the position 𝐿(ℎ) of the maximum pressure does not depend on the column height (see
inset of Fig. 2.9(a)) and the pressure gradient depends linearly on the column height. Besides, we found
that 𝐾(𝐷) increases with increasing orifice size. Note, the value of 𝐾(𝐷) should be proportional to
the permeability of the orifice and inversely proportional to the effective viscosity of the material. The
appearance of a linear response – when the friction is low – could be a natural consequence of the local
interactions between the particles. Namely, for deformable particles with low friction viscous normal
damping has a more important role in energy dissipation than tangential frictional displacement, and
the macroscopic shear stress is proportional to the relative velocity of the neighboring particles, and so
indirectly to the shear rate. Our analysis notably sheds light on the nature of the flow of a granular
material consisting of soft low-friction particles. Indeed, its behavior is remarkably different from the
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at the orifice as a function of the column height is shown. All data obtained for the orifice diameter
𝐷/𝑑 = 3.04.
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Figure 2.10: Evolution of the flow rate 𝑄 obtained numerically with particles of 𝜇 = 0.03, 𝑌𝑚 =
1.25 ⋅ 105 Pa, and 𝑒n = 0.5 (symbols), for various values of the orifice diameter 𝐷. The bed height
ℎ is rescaled with 𝐷silo. The numerical data are compared with the prediction of Eq. (2.9) (lines),
where the pressure gradient Δ𝑝

𝐿 (ℎ) and the volume fraction 𝜑(0, ℎ) at the orifice are derived from the
coarse-grained fields. Inset: the hydraulic coefficient 𝐾 as a function of orifice diameter 𝐷/𝑑. In the
main figure, the 𝑦-axis labels at the right correspond to the data for 𝐷/𝑑 = 6.5 (red), those at the left
refer to the other three datasets.
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’traditional’ granular discharge, where, at the orifice, the pressure gradient is practically constant during
the discharge process and, as a result, the volumetric flow rate does not depend on the column height
[74].

2.5 Summary

Our experimental and numerical investigations clearly show that changing particle stiffness has a strong
effect on gravity driven granular flow out of a container with a small outlet in the flat bottom. Namely,
decreasing the interparticle friction has much stronger effect for soft grains than for hard grains. For soft
grains, with Young’s modulus of the order of 10 times the basal pressure, numerical simulations predict
that the character of the discharge process gradually changes with decreasing interparticle friction:
Grains with high friction coefficient flow with a constant flow rate (granulate-like behaviour), while for
grains with low surface friction, the flow rate systematically decreases with the height of the granular
bed. This is noticeably different for hard grains, with Young’s modulus of the order of 105 times the basal
pressure, where basically a constant flow rate is observed except for the special limit case of frictionless
grains. This is nicely demonstrated by the effect of lubricating the glass beads, where reducing the
friction coefficient already resulted in a gradual decrease of the basal force during discharge, but
the constant flow rate still persisted (traditional granulate-like behaviour). For frictional grains, the
difference between the discharge of hard and soft particles is smaller. Both cases are characterized
with a constant flow rate, which is only slightly larger for soft grains. This is in accordance with earlier
findings [82], where for frictional grains (𝜇 = 0.6), a moderate change in the stiffness (typically 1 order
of magnitude) lead to no significant change in the flow rate. The evolution of the total normal force
exerted at the bottom of the container during discharge shows much smaller differences between hard
and soft grains.

Using DEM data combined with a coarse-graining methodology allowed us to compute all the
relevant macroscopic fields, namely, linear momentum, densities and stress tensors. Such analysis
reveals a considerably different pressure field for hard and soft grains with low friction coefficient.
For low friction hard grains, Janssen screening is still observed with increased vertical stress near the
walls, while for low friction soft grains this effect is much weaker. For low friction soft particles the local
vertical stress above the orifice changes more during discharge, and it has a stronger effect on the flow
rate, than for low friction hard grains. Thus, dynamic arch formation which is a key element in setting
a constant flow rate for hard grains is much less effective for low friction soft grains. The fact that the
critical orifice size below which clogging is observed was found to be much smaller for low friction
soft grains [83–85] is in accordance with the above described observations. For low friction soft grains,
instead of the Janssen screening, the pressure inside the silo is linearly increasing with distance from
the top surface and has a maximum right above the orifice. The value of this pressure maximum gradually
decreases during the discharge process, and can be related to the decreasing discharge rate. Based on
the momentum balance in the region of the orifice, we propose a phenomenological formulation for soft
particles with low friction coefficient. This suggests that for such materials, dissipation is dominated
by viscous friction near the orifice. This model predicts a very similar decrease of the flow rate with
decreasing fill height as found in our experiments with hydrogel beads. We note, that incorporating a
multiple-contact approach (such as in Ref. [94]) to the DEM simulations is expected to further improve
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the quantitative match between experiment and simulation data, which might be the subject of future
work.
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Chapter 3

Silo discharge of mixtures of soft and
rigid grains
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Soft Matter 17 4282 (2021) DOI: 10.1039/D0SM01887B

We study the outflow dynamics and clogging phenomena of mixtures of soft, elastic
low-friction spherical grains and hard frictional spheres of similar size in a quasi-two-
dimensional (2D) silo with narrow orifice at the bottom. Previous work has demonstrated
the crucial influence of elasticity and friction on silo discharge. We show that the ad-
dition of small amounts, even as low as 5%, of hard grains to an ensemble of soft,
low-friction grains already has significant consequences. The mixtures allow a direct
comparison of the probabilities of the different types of particles to clog the orifice. We
analyze these probabilities for the hard, frictional and the soft, slippery grains on the
basis of their participation in the blocking arches, and compare outflow velocities and
durations of non-permanent clogs for different compositions of the mixtures. Experi-
mental results are compared with numerical simulations. The latter strongly suggest a
significant influence of the inter-species particle friction.
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3.1 Introduction

Storage of granular materials in silos and hoppers has an evident advantage over other containers for
the processing of these materials in agriculture, chemical industry, construction industry and many other
branches: Material is stowed into the container through a top orifice, yet it can be withdrawn from the
storage device through an orifice at the bottom simply using gravity forces. No additional mechanical
device is needed to maintain the outflow. However, one of the problems with these storage bins is
congestion of the orifice, so-called clogging, which can occur even if the orifice diameter is much larger
than the largest spatial extension of the individual grains. Particles can form stable arches (in 2D)
or domes (in 3D) above the outlet and block further outflow. Intervention from outside is required to
re-trigger discharge. From a physical point of view, this process is insufficiently understood even today,
despite of hoppers being in use for millenia in human history. The flow of grains, even in the simplest
form of hard monodisperse spheres, has retained many mysteries. Even the simplest problem of the
outflow of monodisperse ensembles of spheres is still an active field of research. Through large enough
orifices, such grains flow at constant rates given by geometrical and physical parameters. Flow rates
have been derived from theoretical models [20, 44, 51, 69] and the predictions were tested in numerous
experiments (e.g. [21, 51, 58, 76, 95, 96]). When the outlet diameter is small (less than about 5 particle
diameters) [25, 97, 98], hard spheres tend to form clogs after some time at the orifice. These block
further outflow until they are destroyed by shaking the container, by applying air flushes or by other
mechanical disturbances. Spontaneous arch formation [99, 100], the preceding kinetics [74], as well as
the inherent force distributions [101, 102] have been analyzed in the literature. Identical hard spheres
are an idealized special system that has been considered in most of the experimental and theoretical
studies. Since there are no principal differences between clogging of 2D and 3D silos, the former are
often preferred in experiments because they offer the study of the inner dynamics and structure formation
in the container with non-invasive observation methods.

Recently, it was found that soft particles with low friction differ considerably from common hard,
frictional grains in their static and dynamic behavior in silos [83, 84]. The critical ratio 𝜌 of orifice size
and particle size below which clogging sets in is much smaller than for rigid grains. In addition, non-
permanent, intermittent clogs are observed which spontaneously dissolve after some time. Such features
are otherwise observed only in vibrated silos [29, 103], in colloidal systems [104–106] or in active matter
[100]. In the earlier experiments with soft, slippery hydrogel grains, it remained unexplained whether the
softness of the particles (elastic modulus of the order of a few dozen kPa) or the low friction coefficient
(in the order of 0.03), or a combination of both causes the quantitative differences to hard, frictional
grains. Previous work on pure monodisperse hydrogel sphere (HGS) ensembles [85] has identified the
viscoelastic properties of these spheres as one important feature that causes qualitatively new features
of the discharge through narrow orifices.

In practice, homogeneous granular ensembles are often the exception, even in industrial processes.
One usually deals with materials that are non-uniform in size, shape, surface structure, or other proper-
ties. This motivated us to study mixtures of particles that differ in their elastic and frictional properties
but are otherwise very similar. It turns out that an addition of even small portions of rigid particles to
HGS ensembles has dramatic influence on silo discharge behavior.

This paper describes an experimental and numerical study of the effects of doping soft HGS ensem-
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bles with hard, frictional particles of the same size and weight. We will add up to 10 % of the latter to
the pure hydrogels and focus on three aspects:
(1) What is the influence of doping on the silo discharge characteristics?
(2) How is the concentration 𝑥hf of hard grains in the mixture represented in the composition of the
blocking arches? This will allow us to extract the probabilities that hard or soft grains complete a
blocking arch and cause clogging.
(3) Does the composition of the mixtures affect the outflow rates?

A quasi-two-dimensional setup with one layer of beads between two vertical glass plates is used.
The mass of the discharged material is recorded by means of a balance beneath the orifice. Particle
arrangements and flow inside the container are monitored by video imaging. In addition, numerical
simulations are performed and compared to the experiment.

3.2 Experimental setup and materials

The setup consists of a flat container of 80 cm height, 40 cm and slightly more than 6 mm depth. In the
images shown in Fig. 3.1, vertical aluminum rails that support the front and rear glass plates hide 3 cm
of the container interior on the left and right sides. Only 34 cm are visible. At the bottom, a rectangular
opening of variable width can be adjusted with two horizontal sliders.

The container is filled with a mixture of soft, low-friction hydrogel spheres and hard frictional (HF)
plastic airsoft ammunition. The concentration of HF plastic grains is low, typically 5% or 10%. We
define the aspect ratio 𝜌 as the quotient of the orifice 𝐷 and the particle diameter 𝑑. In the present
study, this ratio is in the range 1.7 < 𝜌 < 2.2. We note that at such small orifice sizes a pure sample
of hard frictional grains would almost immediately clog. At large enough orifice sizes (𝜌 > 3), the
behaviour of our mixtures is practically identical to the pure hydrogel samples.

Both species have densities of approximately 1020 kg/m3. The 6 mm diameter airsoft beads were
obtained from commercial providers. They are made from plastic, are perfectly monodisperse and they
are hollow. The latter feature is irrelevant here. The friction coefficient of the airsoft beads is 0.3. They
are incompressible and can be considered rigid. The hydrogel spheres were obtained in dried state
from a commercial provider (Happy Store, Nanjing). They were swelled in salted water with a NaCl
concentration that determined the final radius of approximately 6.5 mm, with a polydispersity of about
3 %. The mass of each hydrogel sphere is about 0.15 g. They have a friction coefficient one order of
magnitude lower than the HF spheres, but the elastic modulus is of the order of only 50 kPa to 100 kPa.
These particles are incompressible as well, but they deform slightly in the silo under the weight of the
overlying grains (see Fig. 3.1, bottom). A rough estimate is that the Hertzian contacts between hydrogel
spheres at the bottom of the container indent the grains by approximately 1.3 mm under the weight of
the full silo.

The 2-dimensional (40 x 80 cm) cell can accommodate about 10,000 grains corresponding to a weight
of ≈ 1.5 kg. The cell is extended at the top with an additional 3-dimensional container, which can hold
extra granular material.
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Figure 3.1: Top: Image of the container filled with a mixture with 10 % hard frictional beads. Yellow
and pink colored hydrogel spheres are equivalent, airsoft bullets appear dark. Bottom: Zoom into the
region near the orifice at the bottom, in a clogged state. The orifice in these images is 𝐷 = 11 mm,
slightly less than two particle diameters.

3.3 Avalanches and clogging probabilities

Avalanche sizes are a key figure of merit for silo discharge. Figure 3.2 shows an example of the
discharged mass curve for a mixture of hard and soft spheres, filled into a silo with a narrow orifice.
Plateaus in this curve either represent non-permanent interruptions of the flow that dissolve sponta-
neously, or clogs that were destroyed by air flushes (arrows).

The mean number of grains discharged during an avalanche is directly related to the probability that
a particle completes a blocking structure at the orifice. In the geometry we use in our experiments, with
𝜌 of the order of 2, these clogs are formed by very few grains, four on average. Thus, the experiment
provides favorable conditions to observe the microscopic dynamics (on the particle level) at the opening,
and on the other hand, the choice of the soft hydrogel material guarantees the formation of comparably
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Figure 3.2: Part of a measured time dependence 𝑚(𝑡) of the mass of granular material discharged from
a quasi-2D silo. The mixture contained 10 % of rigid air soft balls with 90 % hydrogel spheres, both
with 6 mm diameter. The orifice size was 11 mm. Some clogs (plateaus) dissolved spontaneously, clogs
labeled by arrows were destroyed by an air flush through the orifice.

large avalanches for a reasonable statistics at these small aspect ratios. The relation between the
probability of particles completing a clog at the outlet and the size of avalanches is given in Appendix
A.

In the experimental determination of avalanche sizes, one encounters a problem which is related to a
peculiar feature of the hydrogels identified already in the pure system [85]: The soft, viscoelastic material
has the tendency to form interruptions of the outflow that can dissolve spontaneously after some time,
particularly for small orifice sizes. In Figure 3.2, some plateaus indicate non-permanent interruptions of
the flow that dissolve spontaneously. There is no clear criterion to discriminate the end of an avalanche
and the beginning of a non-permanent clog from mere fluctuations of the outflow rate. If one analyzes
the time delays between subsequent grains passing the orifice, there is no obvious threshold that may
serve to identify and mark non-permanent clogs, and distinguish them from fluctuating outflow. Short
interruptions of the outflow are continuously distributed. Technically, it is therefore justified to regard
an outflow process as one single avalanche, unless a permanent clog is reached. In Fig. 3.2, the nearly
3 minute period after the air flush at 𝑡 = 2980 s represents an example of an avalanche that has
intermittent non-permanent breaks.

For practical reasons, one may nevertheless be interested in the distribution of phases where the
material is flowing and phases where the outflow is interrupted. This is the standard procedure for the
description of living or externally agitated systems (e. g. [107]). Thus, we introduce an ad hoc criterion,
the interruption of the outflow lasting one second or longer, to separate avalanches. However, it was
shown earlier that the arbitrary selection of a threshold may influence the statistics considerably [105].
Since we treat all mixtures with the same model, our arbitrary choice of the threshold may be still
justified.
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Figure 3.3: Pressure at the bottom of the container at the position of the outlet for pure hydrogel system
(open circles), and three independent measurements of a mixture with 10% HF spheres (filled circles)
(cf. numerical simulation data in Fig. 3.16). Lines guide the eye.

3.4 Experimental results

3.4.1 Pressure characteristics

It was shown earlier that the low-frictional hydrogel shows an almost hydrostatic characteristics 𝑃(ℎ)
of the pressure 𝑃 at the bottom of a quasi-2D container filled up to a height ℎ [83]. In contrast, the
hard, frictional grains exhibit the typical saturation of the pressure [18] at a fill height of several cm [83].
Figure 3.3 shows that the pressure characteristics of the pure hydrogel sample is changed significantly
by addition of a small amount 𝑥hf (10 %) of HF spheres. The pressure in the mixtures clearly deviates
from hydrostatic behavior. The data were obtained by measuring the force on a short (4 cm) horizontal
bar that replaced part of the bottom container border. The weight of the material in upper layers
is at least partially transferred to the container walls. The pressure characteristics differ slightly in
individual runs, but the general trend is seen in all three graphs. This continuous pressure increase
with fill height has direct consequences for the discharge characteristics of the mixtures, as will be
demonstrated below.

One consequence of the increasing pressure towards the bottom of the silo in combination with the
low elastic modulus of the hydrogels is that the packing fraction 𝜙 increases towards the bottom. The
closest packing of spheres with diameter 𝑑 in a quasi-2D hexagonal lattice within a layer of thickness
𝑑 is 𝜙max = 𝜋/√27 ≈ 0.604. This is indeed the mean packing fraction of pure hydrogel spheres, since
they form a nearly defect-free hexagonal lattice in the depth of the granular bed. At the bottom, they
even reach packing fractions up to about 0.65 where they are squeezed out of their original sphere
shape. In the very top layers, owing to imperfections, the packing fraction drops to about 0.5. This may
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have some consequences for the outflow rates discussed in the next section.

3.4.2 Flow rate and clog duration

Fig. 3.4a demonstrates how the character of the outflow is altered by changing the size of the orifice
for a given mixture. One can see that the material flows practically uninterrupted through the largest
orifice, with 13 mm width, until the fill level has lowered to about 20 ... 25 cm. In the silo with 12 mm
orifice width, clogs interrupt avalanches of the order of 100 g (nearly 1000 particles), while in the
silo with 11 mm opening, avalanches are on average one order of magnitude smaller. The fill-height
dependence of the occurrence of plateaus (non-permanent clogs) in the graphs is the consequence of a
pressure-dependent blocking probability of individual soft grains passing the outlet, see Appendix A.

The presence of a small fraction of hard frictional particles influences the outflow dynamics by having
an impact on the statistics of clogs (permanent or non-permanent) as well as on the flow rate between
clogs. The outflow curves are shown in Fig. 3.4(b) for 3 samples with hard frictional sphere contents
𝑥hf of 0, 0.05 and 0.1. The orifice width was 𝐷 ≈ 11.5 mm. The flow rate (between clogs) depends on
the composition of the sample (fraction of HF spheres) and other parameters, such as the filling height
and orifice size. We will further investigate the dependence of the flow rate as well as the duration of
non-permanent clogs on the number of HF spheres in the proximity of the orifice.

For a visualization of the evolution of the flow rate (during avalanches) during the whole discharge
process, Fig. 3.4(b) was trimmed by removing all clogs longer than 1 s. The result is shown in Fig.
3.4(c). The local slope of these curves gives the instantaneous discharge rate at any moment. This rate
is shown in Fig. 3.5(a) as a function of the bed height ℎ. In accordance with our earlier observations in
a 3D silo [87], the flow rate for pure hydrogel decreases with decreasing filling height. For the sample
with 5 % HF grains, the height dependence is much weaker, while for the sample with 10 % HF grains
this trend has essentially vanished. Thus, adding a small amount of frictional hard beads to a hydrogel
bead ensemble has a strong effect on the discharge kinetics of a 2-dimensional silo. Increasing the
concentration of frictional hard grains, we quickly recover the typical behavior of granular materials
characterized by a height independent (constant) flow rate.

It is obvious that Beverloo’s original equation that relates the geometry of the particles and outlet
to the discharge rate is not exact for the hydrogels and at least the 5 % HF spheres mixture since their
discharge rates depend upon pressure at the outlet. Here, the low friction coefficient of the hydrogel
may play a role [75], but the primary cause is the pressure dependence caused by the grain elasticity.
Astonishingly, addition of 10 % of rigid grains fully removes this pressure dependence.

For an analysis how the flow rate depends on the orifice size 𝐷, and for comparison of all three
mixtures, we present data of the height range between 40 cm and 45 cm in Fig. 3.5b. As expected,
the flow rate 𝑊 decreases with 𝐷. An increased concentration of hard grains clearly reduces the
flow rate, particularly at small orifice sizes. A dependence as predicted by Beverloo’s model in 2D,
𝑊 = 𝐶𝜙𝜌0ℎ√𝑔(𝐷 − 𝑘𝑑)1.5, with the grain diameter 𝑑, the density 𝜌0 of the grains, packing fraction
𝜙, cell thickness ℎ ≈ 𝑑 and adjustable constants 𝑘 and 𝐶 may be fitted for all three samples, but
this is not surprizing because of the small 𝐷/𝑑 range and the free parameters 𝑘 and 𝐶. The product
𝜌0𝜙ℎ amounts to approximately 3.7 kg/m2. From Fig. 3.5b, one finds 𝑘 ≈ 1.6, which is larger than the
commonly reported value of about 1.4. The constant 𝐶 to fit the graphs in Fig. 3.5b ranges from 3.5 for
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Figure 3.4: (a) Time dependence of the discharged mass for a sample containing 5% hard frictional
spheres (HFS) for 3 values of the orifice width 𝐷. It is evident that the probability of clogging increases
strongly with lower ratios of orifice width to particle diameter. (b) Time evolution of the discharged
mass for 3 different samples: pure hydrogel, and mixtures containing 5% or 10% HF spheres. The orifice
size 𝐷 is indicated on the figure. The horizontal sections correspond to the clogs. (c) Same data as
panel (b) but with clogs longer than 1 s trimmed. The flow rate is measured as the local slope of these
trimmed curves.

the 90 % sample to about 6 for the pure hydrogels. This proportionality factor 𝐶 accounts, for instance,
for details of the orifice geometry. Considering Fig. 3.5a, one has to conclude that this factor depends
upon the instant fill height, viz. the pressure at the container bottom, in the pure hydrogel and the 5 %
HF spheres samples. This is also evident from the flow rate of the pure hydrogel sample as a function
of 𝐷 for three different height ranges, shown in Fig. 3.5(c).

Next, we analyze the dependence of the flow rate on the number of HF grains in the vicinity of the
orifice. We consider a region with the shape of a half circle with a radius of 5 𝑑 above the orifice. For
large bed heights (ℎ > 37.5 cm) the flow rate is clearly decreasing when we have more than 3 hard
grains in this region, i. e. the presence of hard, frictional grains near the bottleneck has a noticeable
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Figure 3.5: (a) Flow rate as a function of the bed height ℎ for pure hydrogel and for mixtures with 5%
and 10 % HF spheres. (b) Flow rate as a function of orifice size 𝐷 for all 3 samples for a bed height of
40 cm < ℎ < 45 cm and for (c) pure hydrogel samples at various bed heights ℎ. Small open symbols
represent individual experiments, large filled symbols show averages of the respective data sets (on
average 4 experiments).

effect on the outflow (see Fig. 3.6). For ℎ < 37.5 cm, no such decrease was detected. When the
pressure at the bottom is already very low, the addition of hard grains has little effect on the outflow
dynamics. The explanation is straightforward: the elasticity of the hydrogel plays a role primarily when
there is high pressure at the orifice. When the silo is filled by a 40 cm high granular bed, the pressure
is approximately 3 kPa, and this pressure can deform the soft particles at the orifice by roughly 10 % of
their diameter. When the fill height and consequently the pressure lowers, the deformations are much
less intense and the hydrogels gradually approach the mechanical properties of still low-frictional but
hard grains.

3.4.3 Non-permanent clogging

Similar to earlier observations with pure hydrogel sphere ensembles [85], the system shows non-
permanent clogging. This is seen, for example, in the mass curve shown in Fig. 3.2. The plateaus are
signatures of stopped outflow. In the experiment shown, with 11 mm orifice size and the silo emptied to
about one fourth, roughly every second congestion of the orifice ends spontaneously, without external
interference by air flushes or other. The reason for that is identified in the viscoelastic properties of
the hydrogel. While the orifice is blocked, there is still motion in the upper parts of the silo that may
cause an imbalance of forces in the blocking arches, with a considerable delay of up to several seconds.
Figure 3.7b demonstrates this delay. The granular material still reorganizes in the upper regions of the
container after the outflow has already stopped. During a period of 1.75 seconds, no grain leaves the
orifice but the material in the upper parts rearranges slowly. The blocking structure dissolves after 1.75
seconds. We have plotted the configuration immediately after the clog started on the right hand hand
side of the figure, behind the solid line. Comparison with the state at the end of the clog evidences the
shift of the grains during the congestion.

The viscoelastic character of the hydrogel is the reason for the slow dynamics of these processes. It
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Figure 3.6: Flow rate as a function of the number of HF grains in the proximity (5 particle diameters)
of the orifice. Data taken for 30 cm< ℎ < 80 cm. Data points represent 18 measurements on average,
error bars stand for the standard deviation.

Figure 3.7: Space-time plots of a vertical cross section of the silo in the central axis above the orifice
(𝐷 = 12 mm). a) Mixture with 5 % HF spheres. The grains start to flow only locally at the orifice after it
is opened (vertical dashed line). The reaction of the material in the upper part is delayed considerably
(bent dashed line). b) After the orifice at the bottom clogs (dashed line), the material (with 10 % HF
spheres) in the upper part still reorganizes for several seconds. The state immediately after the outflow
stopped is re-plotted behind the white gap, to visualize the changes during the clogged state.
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Figure 3.8: (a) Clog duration as a function of the number of high friction spheres (HFS) in the vicinity
of the orifice. The data sets correspond to cases when only the first layer, or the first 2 layers are
considered. Data points represent 13 clogs on average, error bars stand for the standard deviation. (b)
Probability of non-permanent clogs longer than 𝜏 as a function of 𝜏 on a log-log scale.

is even more evident immediately after the outlet of the freshly filled container is opened for the first
time, as shown in Fig. 3.7a. The flow at the orifice sets in immediately, while the motion of the grains
far above the orifice is delayed by up to several seconds. Note that in silos filled with hard grains, there
is practically no such delay. This phenomenon has been reported for pure hydrogel samples before
[85]. The delay times can vary slightly between individual runs of the experiment. Compared to the
pure hydrogel samples, the addition of few percents of hard grains even seems to slightly enlarge the
average delay times.

We analyze now, how the duration of non-permanent clogs depends on the number of hard frictional
spheres (HFS) in the vicinity of the orifice. As we see in Fig. 3.8(a), the clog duration increases with
an increasing number of HFS. Hard frictional beads in the first and second layer both have an effect
on the clog duration, with a slightly larger influence of the first layer. Another way to quantify how
hard frictional beads in the vicinity of the orifice influence the duration of non-permanent clogs is to
plot the probability that the clog is longer than a specific time interval 𝜏. This is shown in Fig. 3.8(b)
as a function of 𝜏 in a log-log plot. The curve characterizing a pure hydrogel sample is very close to
the curve of a mixture with 5% HFS, when no HFS are present in the first 2 shells above the orifice.
However the curve is considerably shifted for those clogs, when HFS are present in this region. Thus,
the stability of blocking arches clearly increases when hard frictional grains are present in them. This
can be understood intuitively.

3.4.4 Arch structure analysis

An advantage of the 2D bin with narrow orifice widths is that only few types of clog structures are
formed. First, we characterize these clogs by the number of particles involved in the first layer. The
most frequently encountered structure in all three orifice sizes is the nearly symmetric four-particle
arch, as seen in Fig. 3.1, bottom. Also, the nearly symmetric two particle clogs are encountered more
often than the other structures when the orifice width is two sphere diameters or less. Some typical
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Figure 3.9: Typical structures of blocking arches. The 2 and 4 particle arches were taken from snapshots
of clogged states of the 11 mm orifice videos, the 3 and 6 particle arches from 13 mm orifice videos.

structures are shown in Fig. 3.9.
Figure 3.10 shows the statistics of clog structures grouped by the number of particles in the blocking

arch for three orifice sizes and two mixture compositions. Here, we analyzed blockages that lasted 1.5
second or longer, and we did not distinguish between temporary congestions and permanent clogs
that had to be destroyed by air flushes. Clogs with more than 5 particles do practically never form,
three-particle clogs and five-particle clogs were found more often in the larger openings. Four-particle
arches represent more than 80 % of all blocking structures. Therefore, we focus primarily on the latter
in our further analysis. Within the statistical error, there are no significant differences between the two
mixtures.

We will now analyze the composition of these blockages, primarily of the most frequent four sphere
arches. Figure 3.11a shows the relative amount 𝑋hf of hard grains in the blocking structures, separately
for four sphere arches and all others. White numbers the number of arches of the respective type that
occurred, summed over all evaluated experiments. We do not distinguish here between the individual
positions in the arches. The particle that finalizes the blockage may have arrived from above or from
a side. Horizontal dashed lines indicate the percentage 𝑥hf of hard grains in the mixture. The result
is that hard grains are present in the blocking arches nearly two times more frequently than globally
in the sample. This holds, within the statistical uncertainty, for both mixtures with 𝑥hf = 0.05 and
0.1, and for all three orifice sizes. In arches with other than four components, the HF grains are even
more strongly over-represented, yet the statistical error is much larger for these numbers because of
the smaller number of arches found.

One can make the simple assumption that 𝑋hf and 𝑥hf are related by the approximation

𝑋hf =
𝑥hf𝑝hf

𝑥hf𝑝hf + (1 − 𝑥hf)𝑝hyd
. (3.1)
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Figure 3.10: Number of particles forming the blocking arches at the orifice for two mixture compositions
and three orifice sizes. It is seen that neither the composition of the mixtures nor the variation of the
orifice width influences the dominance of 4 particle clogs. Clogs consisting of 2 particles are much less
probable in the larger orifices, which is intuitively clear.

This equation allows us to get a rough estimate of the ratio of the blocking probabilities 𝑝hf/𝑝hyd of
hard and elastic components of the mixture:

𝑝hf
𝑝hyd

=
𝑋hf(1 − 𝑥hf)
𝑥hf(1 − 𝑋hf)

(3.2)

Taking the values of 𝑥hf of the mixtures and a factor of 𝑋hf ≈ 2𝑥hf, one obtains 𝑝hf/𝑝hyd ≈ 2.2. Hard
grains are nearly twice as probable to get stuck in a blocking structure at the orifice, independent of
𝐷 for all orifice widths studied here. It is also interesting to check how often hard spheres appear in
the next layer of grains above the blocking arch. This is analyzed in Fig. 3.11(b). As expected, the
occurrence of hard spheres is not significantly enhanced there, the slight deviation from 𝑥hf is within
the statistical error.

With the relative frequency of 𝑋hf of around 0.21 in four-particle arches in the 10 % HF spheres
mixtures, assuming that the occupations of site of the blocking arch are independent of each other, one
would expect that approximately 41 % of all arches contain one hard grain, and 18 % two hard grains.
Actually, the experimentally determined share is somewhat smaller but within the statistical error. On
the other hand, in the 5 % mixtures one has 𝑋hf ≈ 0.1, which leads to expected 29 % of blocking arches
containing a hard particle. This is in good agreement with the experiments. When one analyzes the
4-sphere arches in more detail, one finds a statistically significant larger share of HF spheres at the
two lateral positions (more than 60 %) than at the two upper, central positions. The reason may be that
the blocking by hard grains is nearly twice as effective when they are in contact with the ground plate,
where they can efficiently hinder lateral motion of grains.
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a) b)

Figure 3.11: Statistics of the occurrence of HF spheres in the blocking arches in the experiments.
The white numbers indicate the number of events compiled in the column. a) Composition of the arch,
viz. the first coordination shell above the orifice; fractions 𝑋h of hard beads compared to the bulk
concentrations 𝑥h (dashed lines). The left section includes all clogs of at least 1.5 s duration. In the
middle, the statistics for 4-sphere arches is shown. On the right, data of 2-sphere arches are collected.
b) Concentration of HF spheres in the second coordination shell, averaged over all clogs.

3.5 Numerical analysis

3.5.1 Numerical Model

The numerical simulations were carried out with the open source Discrete Element Method (DEM)
granular simulation software LIGGGHTS [17]. For the calculation of the inter-particle force ⃗𝐹𝑖𝑗, a
Hertz-Mindlin contact model was chosen [108], including a normal ⃗𝐹n

𝑖𝑗 and tangential ⃗𝐹t
𝑖𝑗 component,

both modeled as a short-range spring dashpot interaction. The elastic and damping particle-particle
interaction coefficients are well reproduced by the model, given several input parameters, such as,
the Young’s modulus 𝑌, the restitution coefficient 𝑒𝑛 and the friction coefficient 𝜇. Furthermore, the
Coulomb friction constraint is applied. The tangential force is cut off so that | ⃗𝐹t

𝑖𝑗| < 𝜇| ⃗𝐹n
𝑖𝑗| is satisfied.

The used integrator resolving the particle positions and velocities, was chosen such that in a purely
elastic collision, energy would be conserved. In other words it is stable. Besides, as a simplification, we
assumed the contacts between particles to be independent of each other. However, it has been shown
in the past [94] that when soft particles are densely packed, a force model taking into account multiple
contacts better captures the experimental response. We partly compensated this effect, using the upper
bound value of Young’s modulus (experimental estimation), for the soft low frictional particles.

The numerical geometry mimics the experimental setup, i. e. the width of the flat container is 40
cm, the thickness of the cell is 6.12 mm, only slightly larger than the particle diameter 𝑑 = 6 mm.
The two species of particles have the same size. Thus, the system is monodisperse. However, the
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mechanical properties of the constituents differ notably in their stiffness and friction. For the contact
between soft low-friction spheres we set a Young modulus of 𝑌hyd = 100 kPa and a friction coefficient of
𝜇hyd–hyd = 0.02. Note that these values are consistent with earlier studies [94]. Besides, ball bouncing
experiments led to a rough estimation of the hydrogels’ restitution coefficient, resulting 𝑒𝑛hyd–hyd

= 0.5,
approximately.

The contact between two airsoft bullets (hard, frictional) was mimicked using a Young modulus
𝑌hf = 500 𝑌hyd = 50 MPa, 𝜇hf–hf = 30 ⋅ 𝜇hyd–hyd = 0.6 and 𝑒𝑛 = 0.8. In order to discriminate the effect
of friction, we pursued simulations with three distinct inter-species frictions 𝜇hf–hyd = 0.05, 0.2, and
0.3. The friction with the walls was set equal to the particle–particle friction i.e. 𝜇hf–wall = 𝜇hf–hf and
𝜇hyd–wall = 𝜇hyd–hyd, but the friction of hydrogel-like particles with the bottom plate was assumed to be
similar to that with the frictional species, 𝜇hyd–bottom = 𝜇hyd–hf. Using these parameters, we detected a
maximum particle overlap of around 10% in terms of the particle diameter. Those particles were usually
found in the bottom of the system when the silo is full.

The used set of orifice widths was 𝐷 = 11, 12, 13, and 14 mm corresponding to aspect ratios
of 𝜌 = 1.83, 2.0, 2.17, and 2.33. Similar to the experiments, we are able to observe the clogging,
intermittent and continuous flow regimes using this range of orifice widths. A simple procedure was
implemented in order to resolve the occurring clogs. The number of particles exiting the container was
checked every second, in case it was found to be zero, particles located only 5 mm away from the center
of the orifice were removed from the simulation. Additionally, particles located in the vicinity of the
hole were moved upwards within 0.1 s, imitating an air flush. Simulations for each set of parameters
were run four times with different random initial packings, which are taken into account in Section 3.5
in order to improve the accuracy of results.

Despite the simplicity of the interaction model, used to describe the particle-particle and particle-
wall collision, the numerical results confirm that the presence of a small fraction of hard frictional
particles notably impacts the outflow dynamics. The contact between different species, characterized
by a friction coefficient 𝜇hyd–hf, turns out to be an important parameter of the model.

3.5.2 Flow rates

In a first step, we examine the outflow as a function of the mixture composition, fixing the size of
the orifice and using 𝜇hyd–hf = 10 𝜇hyd–hyd. Figure 3.12(a) displays results obtained for a system
containing only soft, low-friction particles, and systems with 5%, and 10% of hard frictional particles, the
remaining spheres being soft, with low-friction. As noticed, the addition of even a small number of hard
frictional grains leads to a significant reduction of the mass discharged for the same period of time. The
homogeneous system of soft, low-friction particles discharges much faster while adding hard frictional
particles induces the formations of clogs, where the particle flow is interrupted randomly. Moreover,
similar to the experimental scenario, both the frequency and the duration of the clogs increase with
the increasing fraction of hard, frictional particles. For clarity, Fig. 3.12(b) also shows the analysis of
the mass vs. time curves, after removing the periods of time in which the flow rate is zero (between
avalanches). These data allow us to numerically obtain the evolution of the mass flow rate 𝑑𝑚/𝑑𝑡 in
time, as well as to analyze its dependence on the filling height and orifice size.

For further analysis, it is necessary to accurately resolve the time evolution of the granular bed height.
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Figure 3.12: Discharge characteristics calculated numerically for 𝐷 = 11 mm, 𝜇hyd–hf = 0.2. The top
graph shows the original data, the bottom graph presents the same data adjusted by trimming the
phases of stopped outflow.

The mean bed height ℎ(𝑡) is obtained by sampling ten equally sized vertical slices, and locating the
highest particle ℎ𝑘 in each of them. Then, the value of ℎ(𝑡) is found as the average of that set. For
this purpose, we use the trimmed data as shown in Fig. 3.12b, thus ℎ(𝑡) is a function of the trimmed
time. Figure 3.13a exemplifies results of this procedure for a system with 5% of hard frictional particles
𝜇hyd–hf = 2.5 𝜇hyd–hyd, and orifice diameter 𝐷 = 12 mm. The main figure shows the height versus time
behavior, while the inset illustrates the evolution of the height versus mass remaining in the container
during discharge. The latter slightly deviates from a straight line due to the compression of particles,
contrary to usual hard granular media where the height is approximately linearly proportional to the
mass in the silo. In addition, the dependence of the mass flow rate 𝑑𝑚

𝑑𝑡 on the column height can also
be deduced numerically, see for example Fig. 3.13(b).

Figure 3.14 summarizes our systematic study of the mass flow rate 𝑑𝑚
𝑑𝑡 versus height ℎ, performed

numerically. Specifically, we executed simulations varying the system composition and the friction co-
efficient between both particle types, 𝜇hyd–hf, keeping the orifice diameter of 𝐷 = 12 mm constant. In
general, the numerical outcomes reflect similar trends as the experimental ones, (see Sec. 3.4.2). First,
the numerical model reproduces that the mass flow rates for mixtures and for the homogeneous system
of soft, low-friction particles strongly decrease with decreasing filling height in the experiment. In ad-
dition, we also detect numerically that this trend is affected significantly when the mixture composition
changes: already a small amount of hard frictional particles notably influences the discharge process.
Furthermore, as the concentration of hard frictional particles is increased, the changes in flow rate be-
come weaker, and the system tends to recover the ”classical granular response” of a height-independent
mass flow rate.

Additionally, we numerically explore the impact of the inter-species friction coefficient 𝜇hyd–hf on
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Figure 3.13: Discharge characteristics calculated numerically for 𝜇hyd–hf = 0.05, 𝐷 = 12 mm, 5%
hard spheres. The top image shows the granular bed height ℎ(𝑡) using the trimmed data, the bottom
image gives the discharge rate as a function of the height. Small statistical fluctuations result from the
computation procedure, while the trend of decreasing flow rate with lower bed height is systematic.

the results, keeping 𝜇hyd–hyd and 𝜇hf–hf constant. Figures 3.14(a), 3.14(b) and 3.14(c) illustrate outcomes
corresponding to 𝜇hyd–hf = 2.5𝜇hyd–hyd, 𝜇hyd–hf = 10𝜇hyd–hyd, and 𝜇hyd–hf = 15𝜇hyd–hyd, respectively.
First, it is obvious that the value of 𝜇hyd–hf significantly impacts the magnitude of the mass flow rate 𝑑𝑚

𝑑𝑡 .
Besides, the impact of the hard frictional particles is enhanced, as 𝜇hyd-hf increases. Thus, the system’s
response approaches a height independent mass flow rate.

Figure 3.15 shows the mass flow rate obtained for different orifice diameters. For clarity, the
calculations have been performed with constant 𝜇hyd–hyd = 0.02 and 𝜇hf–hf = 30 𝜇hyd–hyd and exploring
the impact of 𝜇hyd–hf on the results. The presented data correspond to averaged values over different
time intervals, in terms of the displacement of the granular bed’s surface. As expected, we detect that
the mass flow rate increases with increasing orifice diameter. Similar to the experimental results,
the data can be approximated in this narrow range by a linear increase. The specific values of the
flow rate decrease significantly with the introduction of hard frictional particles. In addition, we also
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Figure 3.14: Numerically calculated flow rate as a function of bed height for different mixture ratios
and an orifice size of 𝐷 = 12 mm. The interspecies friction i.e. the friction between the HF and the
soft, low-friction particles, reflected in 𝜇hyd–hf, is different in the subfigures.
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Figure 3.15: Average flow rate in a small range of bed height (40 cm < ℎ < 50 cm) as a function of
orifice size. In these numerical simulations, the inter-species friction is increased from the left figure to
the right 𝜇hyd–hf = 0.05; 0.2; 0.3.

observe that the friction coefficient between particles of different types significantly affects the outflow
dynamics. Specifically, the flow rate is notably reduced when increasing 𝜇hyd–hf. This suggests that
stable arches composed of different particle types play a significant role in the outflow dynamics. It
is plausible that the increase of 𝜇hyd–hf enhances the stability of mixed arches, which is even noticed
when 𝜇hyd–hf = 2.5𝜇hyd–hyd.

3.5.3 Pressure characteristics

Section 3.4.2 and Ref. [85] include experimental results which indicate that changes of the mass flow
rate with the height correlate with changes of the pressure at the bottom of the system. Figure 3.16
illustrates the numerical outcome of the pressure at the bottom of the silo, obtained for several mixture
compositions and particle frictions 𝜇hyd–hf. Note that for a homogeneous system composed of low-friction
particles, the curve is very close to hydrostatic behavior (linear increase). The observed deviation is
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Figure 3.16: Force acting on the bottom plate as a function of the bed height (numerical data, orifice
size 𝐷 = 12 mm; cf. experimental data in Fig. 3.3).

consistent with the low but still nonzero friction coefficient (𝜇hyd–hyd = 0.02) of the particles. Similar to
the experimental findings, the pressure at a given time (or granular bed height) changes significantly in
the simulations if hard frictional particles are added, and the system response deviates from hydrostatic
behavior. This shows that the presence of hard and frictional particles induces scattering of the stress
transmission with respect to the direction of gravity. As a result, the stress transmission to the container
walls is enhanced. Once again, we find that the value of 𝜇hyd−hf is highly relevant, as the previously
described trend enhances with increasing 𝜇hyd−hf.

3.5.4 Flow intermittency and structure of the arches

The statistics of the passing times 𝛿𝑡, defined as the time lapse between the passing of two consecutive
particles through the orifice also reveals interesting features of the clogging process. In Fig. 3.17,
we illustrate the probability distributions 𝑝(𝛿𝑡) obtained in systems with different compositions for
comparison. The first issue is the notable presence of very fast events, which are less likely when a
small amount of hard frictional particles is added. Similar to the experimental trend of the clogging
statistics, the tail of the distribution also gets slightly fatter if one increases the percentage of hard
grains in the mixture. The distribution also shows a well defined peak at 𝑡𝑑 ≈ 0.006 s, regardless of
the inter-species friction 𝜇hyd–hf (see Fig. 3.17 inset). In those specific cases, we find that the most
probable vertical velocity of particles crossing the orifice is 𝑣𝑑 ≈ 0.55m/s, significantly larger than the
corresponding free fall value √2𝑔𝑅. This numerical result indicates that the up-down pressure gradient
at the orifice region notably affects the particle outflow. Moreover, it also suggests that on average two
consecutive particles leave the silo within a vertical distance of approximately 𝐷/2.

After identifying the characteristic time of the passing times’ statistics, we here define an infinite
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passing time when 𝛿𝑡 = 1 s, for practical reasons. After that, the system is considered permanently
clogged, and a stable arch blocks the orifice. Fig. 3.18 illustrates the statistics of the occurrence of hard
frictional spheres in the blocking arches. One of our main findings is that in all cases, the fraction of
hard frictional particles forming arches was higher than their bulk fraction, indicated by the horizontal
dashed line. We achieved the closest match to the experimental results for all clogs when an inter-
species friction 𝜇hyd–hf = 0.05 was chosen. Seemingly, the larger the orifice size is, the more frequently
hard frictional particles occur in arches, while the number of blocking events decreases. Consistently,
the increasing inter-species friction also enhances the occurrence of hard frictional spheres in arches
considering all clogged states, which again shows its relevance. To gain better insight, we separately
examined clogged states with arches composed of only two particles: In these cases, the arches are
overwhelmingly often made up of two hard frictional spheres. Moreover, increasing the inter-species
friction decreases the occurrence of hard particles in the arches. This effect can be easily explained by
the transition from arches composed of two hard spheres to the configuration with one hard and one
soft sphere.

3.6 Discussion and Summary

Our results clearly show that the addition of a small percentage of hard grains to an ensemble of soft,
low-friction spheres has dramatic consequences for the flow through a narrow orifice and the clogging
statistics in a quasi-2D silo. First, one finds that the outflow rate of pure soft grain ensembles through
narrow orifices depends upon the pressure at the silo bottom, which is in contrast to Beverloo’s model
for hard grains. Second, one observes that the addition of a few percent of hard spheres restores
the pressure-independent outflow characteristics predicted by Beverloo (Fig. 3.5(a)). Moreover, the
discharge rates of all mixtures approach each other at low container fill heights (Fig. 3.5a). The reason
is obviously that the elasticity of the soft grains is less important when the pressure near the orifice
is low, then their deformability can be neglected. On the other hand, at high fill levels of the silo,
the increased pressure at the bottom can deform the soft grains and squeeze them through the orifice
efficiently. Therefore, the outflow rate at a fill height of 40 cm (pressure ≈ 3 kPa) is approximately
2.5 times higher for the pure hydrogel sample than for the 10% mixture. This cannot be explained by
the smaller friction coefficient [75] of the hydrogel compared to the hard frictional spheres, since the
concentration of the latter is small. The effect of the number of hard frictional grains in the vicinity
of the orifice on the flow rate is in accordance with the above described observations. At higher fill
levels (ℎ > 37.5 cm), the flow rate is found to decrease when the number of HFS is larger than 3 in
the proximity (5 𝑑) of the orifice (Fig. 3.6). At low fill levels, when the pressure near the orifice is low,
increasing the number of HFS around the orifice does not affect the flow rate significantly.

We note that a comparison of outflow rates with those of a pure hard sphere ensemble is not possible
because the latter will permanently clog at orifice widths smaller than 2𝑑, with mean avalanche sizes
well below 10 particles.

Even though the probability of two hard grains reaching the orifice simultaneously and blocking
the outlet is very low, we find a substantial influence of hard frictional particle doping on the clogging
statistics, both in experiment and simulations. The probability that a hard frictional particle is involved
in the formation of the blocking arch is, on average, twice as large as for soft hydrogel spheres in
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the mixtures. However, the time evolution shown in Fig. 3.4 shows that the effective discharge is
considerably delayed by frequent intermittent stagnations of the flow in the doped mixtures.

The material forms non-permanent clogs which are resolved after some delay, because of slow
reorganizations of the packing structure in the granular bed within the complete container above the
orifice. This reorganization occurs on a timescale of a few seconds, as illustrated by Fig. 3.7(a).
Interestingly, the probability distribution of clog durations is very similar for a pure hydrogel sample
and a 5% mixture if no HFS are present in the first two layers above the orifice (Fig. 3.8(b)). The
clog duration clearly increases when HFS are present near the orifice. This observation underlines the
important role of hard frictional beads in the vicinity of the orifice.

Numerical simulations also shed light on the impact of the inter-species friction on the dynamic
behavior of the granulate. For instance, the deviations in the flow rate between the different ensembles
were enhanced when increasing 𝜇hyd–hf (see Fig. 3.14 and Fig. 3.15). Moreover, the total vertical force
acting on the bottom wall is also slightly affected by this parameter (see Fig. 3.16). In general, increasing
the friction between the two types of particles leads to more frequent clog events, and in those, the
occurrence of HFS in the blocking arches is favored, significantly (see Fig. 3.18). One explanation of the
much higher importance of 𝜇hf−hyd as compared to 𝜇hf–hf is the fact that owing to the low concentration
of hard frictional grains, the probability of direct contacts of two hard grains is substantially smaller
than that of a HF sphere and a hydrogel neighbor.

It is worth mentioning, that the contact model used in our study does not quantitatively reproduce the
characteristic time of the unstable clogs obtained experimentally with low-frictional hydrogels. In fact,
the Hertz-Mindlin contact model is more suitable for reproducing the behavior of hard grains, where
clogs are typically very stable. However, both experiment and simulations are in good qualitative
agreement, and allow a comprehensive analysis of the system from complementary points of view. This
study demonstrates that the behavior of mixtures of grains with different frictional and elastic properties
cannot be described by a simple interpolation of dynamic parameters, but that already the presence of a
low percentage of one of the species can alter the dynamics substantially. In many practical situations,
for instance in agriculture, but also in natural phenomena like mud or debris flow, the coexistence of
grains of very different sizes and mechanical properties is the rule, not the exception. It adds a new level
of complexity that has been studied only scarcely in the past. Here, we have peeked into this complex
field by restricting our study to monodisperse materials, in a quasi-2D geometry. We also restricted the
discussion to small doping percentages. This is a considerable simplification of relevant practical cases,
but it shines a light on the various phenomena expected in such systems. Finally, further investigations
should be carried out, addressing the significance of adding rigid grains in the evolution of the force
chains and contact network.
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Appendix A

The statistics of avalanche size distributions for hard grain samples can be described following the
model of Thomas and Durian [109]. They assume that the probability 𝑝 that a clog is formed when the
𝑛-th particle is discharged is constant. Then, the probability that a clog stops an avalanche of size 𝑠 is

𝑝𝑠 = (1 − 𝑝)𝑠−1 𝑝 = 𝑝 exp(−
𝑠 − 1

𝑠0
) . (3.3)

(the first particle passes with probability one, otherwise there is no avalanche) with 𝑠0 = −1/ ln(1−𝑝).
The mean avalanche size ⟨𝑠⟩ amounts to

⟨𝑠⟩ =
∞
∑
𝑠=1

𝑠 𝑝𝑠 =
1
𝑝. (3.4)

This quantity is a characteristic parameter often used in the description of silo discharge statistics. For
all practical situations (i. e. ⟨𝑠⟩ ≫ 1), both quantities ⟨𝑠⟩ and 𝑠0 can be considered equal. Experimen-
tally, it is easier to evaluate the cumulative probability Π(𝑆) of avalanches having a size larger than
𝑆

Π(𝑆) = (1 − 𝑝)𝑆. (3.5)

(𝑆 particles have passed the orifice with probability (1 − 𝑝) each). The avalanche statistics is found
straightforwardly from a fit of the exponent in Π(𝑆) = exp (− 𝑆

𝑠0
) . In a mixture of hard and elastic

grains, one can assign different blocking probabilities 𝑝hf and 𝑝e ≡ 𝑝hyd to the respective components.
For soft grains, the blocking probability is a function of the container fill height [83]. When the

pressure at the orifice is high, 𝑝hyd is small, and it increases with lowering pressure. The consequence
is that the avalanche size distribution changes with fill height, the avalanches become shorter on average
while the container empties. Yet in any case, 𝑝hyd is considerably lower than for hard grains of the
same diameter. Experiments with mixtures can provide the relative occurrences of hard and soft grains
in the blocking arches, which yield a quantitative measure of relative blocking probabilities.
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The discharge of elongated particles from a silo with rotating bottom is investigated
numerically. The introduction of a slight transverse shear reduces the flow rate 𝑄 by
up to 70% compared to stationary bottom, but the flow rate shows a modest increase
by further increasing the external shear. Focusing on the dependency of flow rate 𝑄
on orifice diameter 𝐷, the spheres and rods show two distinct trends. For rods, in the
small-aperture limit 𝑄 seems to follow an exponential trend, deviating from the classical
power-law dependence. These macroscopic observations are in good agreement with
our earlier experimental findings [Phys. Rev. E 103, 062905 (2021)]. With the help of
the coarse-graining methodology we obtain the spatial distribution of the macroscopic
density, velocity, kinetic pressure, and orientation fields. This allows us detecting a
transition from funnel to mass flow pattern, caused by the external shear. Additionally,
averaging these fields in the region of the orifice reveals that the strong initial decrease
in 𝑄 is mostly attributed to changes in the flow velocity, while the weakly increasing
trend at higher rotation rates is related to increasing packing fraction. Similar analysis
of the grain orientation at the orifice suggests a correlation of the flow rate magnitude
with the vertical orientation and the packing fraction at the orifice with the order of the
grains. Lastly, the vertical profile of mean acceleration at the center of the silo denotes
that the region where the acceleration is not negligible shrinks significantly due to the
strong perturbation induced by the moving wall.
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4.1 Introduction

Granular materials are everywhere in nature and they are often used in industrial processes. Since
long time, humans have employed containers like silos and bins to store them, so it is technologically
important to understand their mechanical response under these specific boundary conditions. Thus,
notable research efforts have been undertaken in this direction, where the ultimate aim is to derive the
macroscopic response of a granular sample from the contact interactions of the whole particle ensemble
[71, 110].

Developing technological solutions, several types of silo flow patterns have been detected. For
instance, a funnel flow pattern is characterized by the initial particle flow in the central region of the
silo. Consequently, funnel flow silos often have stagnant grains near the walls, leading to undesired
in-service issues. In contrast, mass flow pattern provides a uniform outflow without a central flow
channel, and the material flows down as a continuum column. Achieving mass flow condition is ideal,
in particular, for mixtures of particles that are susceptible to segregation.

The dependence of the particle flow rate 𝑄 on the orifice diameter 𝐷 also has a significant techno-
logical interest. Due to its simplicity, the most used expression is the well-known Beverloo’s correlation:
𝑄 ∝ (𝐷 − 𝑘𝑑)5/2 [20]. In the formulation 𝑑 is the particle diameter and the parameter 𝑘 enables a good
fit of the experimental data for small orifices. In the large-orifice limit (𝐷 ≫ 𝑘𝑑), however, a simple
power-law 𝑄 ∝ 𝐷5/2 is obtained. Recently, Janda et al. presented a different approach to predict the
particle flow rate [21]. Examining the kinetic spatial profiles of density and velocity at the orifice of a
two-dimensional (2D) silo, they obtained self-similar functions, when using the orifice size 𝐷 as a char-
acteristic length. This analysis led them to the formulation of the expression 𝑄 ∝ (1−𝛼1𝑒−𝐷/𝛼2)𝐷5/2 in
which the term in the parentheses accounts for the scaling of the packing fraction and thus the density.
They found the fitting parameters 𝛼1, 𝛼2 to be around 1/2, and 6 particle diameters, respectively. In all
the described approaches, the value of the exponent 5/2 can be justified by arguing that once a particle
reaches a distance 𝐷 to the orifice, it starts accelerating. The region of accelerating flow is historically
known as the free fall arch region.

To control the outflow in silos, several approaches have been used. Typically, the silos and hoppers
have been perturbed, for instance, using electric fields to control the outflow of metallic beads [32],
magnetic fields to introduce vibrations in the orifice region [33], or inducing a repulsive force between
the grains [34, 35]. The impact of external vibration on the macroscopic flow rate of a silo is far from being
understood. More than thirty years ago, Hunt et al. experimentally observed a flow rate enhancement
when increasing the intensity of a horizontal vibration [26]. Vertical vibrations, however, produce a more
complex response, showing a flow rate decrease when rising the dimensionless acceleration amplitude
Γ. On the contrary, when using a higher oscillation frequency, 𝑓, a slight increase of 𝑄 against the same
parameter was encountered [27]. Pascot et al. have recently obtained experimentally and numerically
the existence of two different regimes when varying the oscillation amplitude 𝐴, and fixing the frequency
[111]. In particular, when analyzing small orifices, it is accepted that introducing vibrations alters the
arches’ stability [28, 29], and the distributions of the unclogging times [30, 31].

Imposing an external shear is also a promising alternative to avoid the formation of stable arches in
silos. In the past, the discharge of a cylindrical silo with rotating bottom was explored [36]. However,
the authors only focused their attention on the dynamics of the system’s surface [36]. Later on, Hilton
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and Cleary [37] examined the impact of the external shear on the flow rate 𝑄, finding that it is unaffected
when a low shear rate is applied. However, after reaching a critical value, 𝑄 increases monotonically
with the rotational frequency.

Very recently, the discharge of wooden rods from a cylindrical silo perturbed by a rotating bottom
wall was investigated experimentally [41]. It was mainly found that, for small orifices, the flow rate
deviates from the classical power-law correlation 𝑄 ∼ 𝐷5/2, and an exponential dependence 𝑄 ∼ 𝑒𝜅𝐷

is detected. More interestingly, in the continuous flow regime, the introduction of transversal shear
induced by the bottom wall’s movement decreases the flow rate significantly [41] compared to spheres
with similar effective dimensions [38]. Further, increasing the rotation rate results in an increase in
the flow rate, which is more significant for smaller orifice sizes, where the flow is intermittent. Since
elongated particles in a shear flow develop orientational ordering [112, 113], it is expected that changes
in particle orientations due to the external shear will alter the discharge rate. The complex behavior
observed in the experiments was not fully explained since the experimental approach has the limitation
of not accessing the velocity field, the density distribution and the particle orientations inside the silo.

In this work, we introduce a numerical approach, which replicates the experimental scenario examined
in Ref. [41], reproducing their main macroscopic observations. Our aim is to extract relevant features of
the process, which were not accessible experimentally. Thus, our approach shed light on understanding,
how silo discharge of nonspherical grains is influenced by an external transversal shear.

4.2 Numerical Model

The numerical simulation consists in, using a Discrete Element Method (DEM) implementation [114],
modeling the mechanical behavior of elongated particles. The modeled system is a cylindrical flat silo
with a diameter of 𝐷𝑐 = 2𝑅𝑐 = 19 cm, and bottom wall with a circular orifice in the center, with
diameter 𝐷. As a novelty, an external transversal shear is imposed by the rotation of the silo bottom
wall (see Fig. 4.1).

We examine the silo discharge, varying systematically the particle elongation. For simplicity, we
employ spherocylinders to model the experimental wooden rods (see Ref. [41]). The model defines
pairwise forces between contacting particles. The particle-particle interaction is computed using an
algorithm for interacting spheropolyhedra [115, 116]; in particular, an implementation on GPU architec-
ture [114]. A spherocylinder is defined by the location of its two vertices and its sphero-radius 𝑟 = 𝑑/2.
The spherocylinder’s surface is depicted by the set of points at a distance 𝑟 from the segment which
connects its two vertices. The contact detection between two spherocylinders involves finding the closest
point between the two edges [117]. The overlap distance 𝛿𝑛 between two spherocylinders equals the
overlap distance of two spheres of radius 𝑟, located at each edge. Then, the contact force is determined
as the sum of the normal and tangential components 𝐹𝑖𝑗 = 𝐹𝑛𝑛̂ + 𝐹𝑡 ̂𝑡. The normal unit vector 𝑛̂ points
from the center of one sphere to another, while the tangential ̂𝑡 is parallel with the tangential velocity.
The normal force is calculated by a simple linear spring-dashpot model 𝐹𝑛 = −𝑘𝑛𝛿𝑛 − 𝛾𝑛𝑣rel𝑛 where
𝑘𝑛 is a spring coefficient, 𝛾𝑛 a damping coefficient, 𝛿𝑛 is the overlap between two particles, and 𝑣rel𝑛 is
the relative velocity in the normal direction. The tangential force represents the friction between two
particles, it is also modelled with a spring-dashpot but taking into account the constraint of Coulomb
friction: 𝐹𝑡 = min {−𝑘𝑡𝛿𝑡 − 𝛾𝑡𝑣rel𝑡 , 𝜇𝐹𝑛}. Here the first term represents a spring with coefficient 𝑘𝑡 and
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Figure 4.1: Visualization of the rotating bottom silo setup during the discharge of elongated particles
of 𝐿/𝑑 = 3.3 (left). The system dimension replicates the experimental setup examined in Ref. [41].
On the right, we display the spherocylinders used within this work, together with their corresponding
dimensions.

tangential deformation 𝛿𝑡 = |𝛿𝑡| which is integrated from the following 𝑑𝛿𝑡/𝑑𝑡 = 𝑣rel𝑡 where 𝑣rel𝑡 is the
relative tangential velocity. The vector 𝛿𝑡 is kept parallel to the contact plane by truncation [118]. The
second term is proportional to the tangential velocity with a coefficient 𝛾𝑡, while the particle friction 𝜇
sets the constraint for the force.

The DEM algorithm integrates the equations of motion for both translational and rotational degrees
of freedom, accounting for gravity 𝑔 and the force 𝐹𝑖𝑗 acting between contacting particles. A velocity
Verlet method [3] is used to integrate the translational, and a modified leapfrog [119] resolves the
rotational ones.

As initial conditions, packing of monodisperse rods were created by letting a dilute granular gas
settle inside the closed silo by gravity 𝑔 = 9.8 m/s. The system is composed of 𝑁 = 10000 particles,
and only in the case of 𝐿/𝑑 = 4.0 𝑁 is set to 22500 to reach a bit higher initial packing (note that
in this case the particle’s volume is smaller). The discharge process starts by opening the orifice
and simultaneously setting the rotation frequency of the bottom wall to one of the following values:
𝑓 = 0.0, 0.16, 0.32, 0.64, 0.96, and 1.28 Hz. Simulation time for the discharge was in the range of 1–7
hours depending on the flow rate, thus overall discharge time, particle shape and the type of GPU used
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(NVIDIA GeForce RTX 2070 and 3080).
The simulation mimics the behavior of wooden particles, thus, the particle density 𝜌𝑝 is set to

620kg/m3, a spring stiffness 𝑘𝑛 = 2 ⋅ 105 𝑚𝑝𝑔/𝑑 is used [120]. Other model parameters were 𝑒𝑛 =
0.9, 𝑘𝑡 = 2/7𝑘𝑛, 𝛾𝑡 = 𝛾𝑛 and 𝜇 = 0.5. The normal damping constant is dependent on the coefficient of

restitution 𝑒𝑛 in the following way: 𝛾𝑛 = √ 2𝑘𝑛𝑚𝑝

(𝜋/ ln (𝑒𝑛))2 + 1 [121]. The time step is Δ𝑡 = 10−6 s, which

is smaller than 2% of the contact time between two colliding particles [7].
The DEM algorithm provides the evolution of the trajectories of all the particles, and their contact

network, with the desired time resolution. Post-processing this data employing a coarse-graining
methodology enables a well-defined continuous description of the granular flows, via the packing fraction

𝜙(𝑟, 𝑡) =
1
𝜌𝑝

𝑁
∑

𝑖
𝑚𝑖𝜑(𝑟 − 𝑟𝑖(𝑡)), (4.1)

linear momentum 𝑃(𝑟, 𝑡), and velocity

𝑉(𝑟, 𝑡) =
𝑁

∑
𝑖

𝑣𝑖𝜑(𝑟 − 𝑟𝑖(𝑡)) (4.2)

fields [8, 9]. Here 𝑚𝑖, 𝑣𝑖 are the mass and velocity of particle 𝑖, and 𝜑(𝑟) is non-negative integrable
function that serves to coarse-grain our particles. In particular, we use a truncated Gaussian function
𝜑(𝑟) = 𝐴−1

𝜔 exp[𝑟2/2𝜔2], with 𝐴−1
𝜔 chosen so that the integral of 𝜑(𝑟) over all the space results in 1,

the cutoff distance is 𝑟𝑐 = 4𝜔 and 𝜔 = 𝑑∗/2, where 𝑑∗ is the sphere equivalent diameter 𝑑∗ = (
3𝑉𝑝

4𝜋 )
1
3 ,

with 𝑉𝑝 corresponding to the volume of the particle. Additionally, the contact 𝜎𝑐(𝑟, 𝑡) and kinetic
𝜎𝑘(𝑟, 𝑡) stress tensor fields are calculated in the following way:

𝜎𝑐
𝛼𝛽(𝑟, 𝑡) = −

1
2

𝑁
∑
𝑖,𝑗

𝑓𝑖𝑗𝛼𝑟𝑖𝑗𝛽 ∫
1

0
𝜑(𝑟 − 𝑟𝑖 + 𝑠𝑟𝑖𝑗) d𝑠, (4.3)

𝜎𝑘
𝛼𝛽(𝑟, 𝑡) = −

𝑁
∑

𝑖
𝑚𝑖𝑣′

𝑖𝛼𝑣′
𝑖𝛽𝜑(𝑟 − 𝑟𝑖). (4.4)

While the former is computed by a line integral over 𝑟𝑖𝑗 = 𝑟𝑖 − 𝑟𝑗 considering the force acting between
particles 𝑖 and 𝑗, the kinetic stress represents a granular temperature due to the multiplication of the
velocity fluctuation terms 𝑣′

𝑖(𝑟, 𝑡) = 𝑣𝑖(𝑡) − 𝑉(𝑟, 𝑡). In the case of elongated particles, the components
of the mean orientational tensor 𝑂 also provide very useful information during the analysis. We have
used the following formula for its coarse-graining:

𝑂𝛼𝛽(𝑟, 𝑡) =
𝑁

∑
𝑖

𝑙𝑖𝛼𝑙𝑖𝛽𝜑(𝑟 − 𝑟𝑖), (4.5)

where 𝑙𝑖 is the unit vector representing the particle’s direction. By definition, the diagonal elements of
the orientation tensor are non-negative and fall between 0 and 1, representing the degree of alignment
in the specific direction. In this way, the quantity expressing the nematic order 𝑆 of the ensemble
of particles is the largest eigenvalue of the 𝑂 tensor. With our convention 𝑆 takes values from 1/3
(completely disordered) up to 1 (fully ordered). In this work, we discuss the orientation of the particles
in the cylindrical coordinate system due to the specific symmetry of the silo. Furthermore, for all
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the coarse-grained quantities we applied an averaging in the azimuthal direction in the following
way: 𝑋(𝑟, 𝑧, 𝑡) = 1

2𝜋 ∫2𝜋
0 𝑋(𝑟, 𝑡) d𝜃. More details about the data post-processing can be found in

Ref. [8–10, 118, 122].
In our analysis, we are interested in steady-state conditions, namely, the part of the process in which

the flow is stationary. In the case of the static bottom, the discharge slows down near the end of the
process due to the lack of particles outside the stagnant zone. While in the case of the quickly rotating
bottom, when the height of the material in the silo goes below about 𝑅𝑐, the whole ensemble starts
spinning faster. To exclude these initial and final effects, we focus on a time interval, where the flow is
stationary in all cases. To have a better statistics, we ran simulations for each set of parameters, starting
from three slightly different initial configurations, and apply time and ensemble averaging. Different
seeds have been used for the random generator in order to construct different dilute granular gases at
the beginning, which yielded distinct initial packings. In the case of small orifices with rotating bottom,
we observed intermittent flow. To handle this, during the calculation of the flow rate we excluded the
intervals larger than 1 s where there was no flow.

4.3 Results

4.3.1 Effect of rotational shear on the flow rate

Using a numerical approach, we aim to elucidate how the external transversal shear introduced by the
bottom wall rotation impacts the discharge process. As mentioned earlier, a recent experimental work
examined the flow of particles with aspect ratio 𝐿/𝑑 = 3.3 and 𝐿/𝑑 = 2.5. Here, we extend these
findings by systematically varying 𝐿/𝑑 over a wider range. In line with the experiments, the length of
the spherocylinder (measured from end-to-end) is the same 𝐿 = 20 mm, in all the cases. However, the
aspect ratio 𝐿/𝑑 is varied by changing the spherodiameter 𝑑. In particular, we investigate the behavior
of grains with the following aspect ratios: 𝐿/𝑑 = 1.0, 2.5, 3.3, and 4.0, whereby 𝐿/𝑑 = 1.0 refers to
spherical particles. The diameter of the spherical particle is chosen so that its volume would be equal
to the volume of a rod with 𝐿/𝑑 = 3.3: 𝑑 = 𝑑∗

𝐿/𝑑=3.3 = 9.9 mm, which is also the definition for their
equivalent diameter.

In Fig. 4.2 we present the flow rate 𝑄 as a function of the bottom rotation frequency, obtained for
several aspect ratios and orifice sizes. For comparison, the first panel includes the results corresponding
to spheres with diameter 𝑑 = 9.9 mm. As expected, we find that for small orifice diameters (𝐷/𝑑∗ ≲ 5), a
stationary flow does not develop, in any of the cases. However, the imposition of an external transversal
shear induces the particle flow. For the case of the spheres, we obtain a slight increase with increasing
rotational frequency below 𝐷 = 48 mm or even a weak nonmonotonic behavior (≈ 5% initial drop then
≈ 5% increase) for the larger orifices which we consider. A more in-depth analysis of the behavior of the
spheres in this system can be found in our earlier works [38, 123]. In contrast, elongated particles show
a completely different behavior, regardless the particle aspect ratio, either the orifice size, applying
external shear significantly reduces the particle flow rate in the range of examined frequencies. It
is worth mentioning that at faster rotations the increase of the rotation frequency 𝑄 leads to a slight
increase of the flow rate. Remarkably, these results nicely agree with the experimental analysis executed
using wooden rods [41].
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Figure 4.2: Discharge rate as a function of the base rotation frequency. The different panels show data
for (a) spheres, and (b)-(d) spherocylinders with aspect ratios of 𝐿/𝑑 = 2.5, 3.3, 4.0 respectively. Each
curve corresponds to a specific orifice diameter displayed in the legend.

Next, we extend the analysis, exploring the impact of the particle effective diameter 𝑑∗. The data
presented in Fig. 4.2 suggest that 𝑄 generally reaches a minimum value in the range of rotational
frequency of 0.16 − 0.32 Hz. To quantify the drop, in Fig. 4.3(a), we plot the ratio of the minimum
flow rate 𝑄min and the one corresponding to the stationary bottom 𝑄∣𝑓 =0 Hz. A general trend becomes
apparent: the increasing aspect ratio of the particles causes a larger decrease in the flow rate. After
the initial decrease in 𝑄, an increase is observed for fast rotation speeds. In Fig. 4.3(b), we quantify
this increase as the ratio of the flow rate at 𝑓 = 1.28 Hz and at the minimum. This clearly shows that
the relative increase gets larger as the grains are more elongated or as the orifice size is decreased.
Since our particles have different effective diameters, we include two groups of curves in the figure: one
with fixed absolute orifice sizes (dashed curves) and one with fixed orifice sizes relative to the effective
diameter of the particles (lines). In both cases, our findings are very conclusive; the particle aspect ratio
has a significant impact on the system flow rate, which could drop by even 70% for very elongated
grains.

In the following, we examine the dependence of the flow rate 𝑄 on the orifice size 𝐷. In Fig. 4.4, we
present data 𝑄 vs 𝐷, in a log-log plot; additionally, a dashed line representing the classic power-law
function with an exponent of 5/2 is included. One visible tendency is that the more elongated the
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Figure 4.3: (a) Relative initial flow rate drop and (b) relative flow rate increase as a function of the
particle aspect ratio. Here 𝑄min denotes the minimum of the flow rate in the frequency variable, 𝑄∣𝑓 =0 Hz
and 𝑄∣𝑓 =1.28 Hz are the flow rates measured with the stationary bottom and with the fastest rotation
rate, respectively. Lines correspond to data with fixed relative orifice diameter 𝐷/𝑑∗, dashed lines
display data for fixed absolute diameter sizes.

particles are, the lower the flow rate for a fixed orifice is. For the case of spheres, we observe a concave
line in the plots, which is in agreement with earlier findings [38, 123]. This behavior can be explained by
either the Beverloo law 𝑄 ∝ (𝐷−𝑘𝑑)5/2 or 𝑄 ∝ (1−𝛼1𝑒−𝐷/𝛼2)𝐷5/2 type of dependence. In the cases
of rods, in the limit of small orifices, we obtain power-law relation but with a larger exponent, although
in the limit of large orifices, the power-law correlation 𝑄 ∼ 𝐷

5
2 is also reproduced. Complementarily,

in Fig. 4.5 we present the flow rate data in semilog plots. It highlights that the flow rate is also
compatible with an exponential trend 𝑄 ∼ 𝑒𝜅𝐷, when decreasing the orifice diameter. In general, the
value of 𝜅sim = 0.084 mm−1, fits with a good accuracy our observations. Remarkably, a similar trend was
obtained experimentally in Ref. [41], reporting 𝜅exp = 0.13 mm−1. However, it is worth mentioning that
the range of examined orifice sizes is narrower than in the experiments [41], due to higher probability
of clogging obtained numerically.

4.3.2 Continuum analysis of the particle flow

To gain insight into how the macroscopic properties of the flow are related to the flow patterns inside
the silo, we employ a coarse-graining methodology, and derive the most relevant macroscopic fields
from the data provided by the DEM simulations (see Sec. 4.2). In Fig. 4.6, the colormaps represent
the spatial profiles of the packing fraction 𝜙(𝑟, 𝑧). The data presented in rows I-III correspond to
rotation frequencies 𝑓 = 0.0, 0.32, and 1.28 Hz (up-down), respectively. The graphs included in each
column illustrate the system at different stages of the process, the indicated time is measured from
the beginning of the discharge. Although the computation is done in cylindrical coordinates, the fields
represent spatial averages in the azimuthal direction 𝜙(𝑟, 𝑧), within a time window of 1 s, ±0.5 s around
the indicated time instant. Note that the fluctuations are larger in the center of the silo due to the
cylindrical averaging having less data points there. Furthermore, the orifice region also shows larger
noise; consequently, it should not be taken as representative of the whole discharge process.
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Figure 4.4: Log-log plot of the discharge rate as a function of orifice size. The different panels (a)-(f )
correspond to different bottom rotation frequencies 𝑓 = 0, 0.16, 0.32, 0.64, 0.96, 1.28 Hz respectively, as
indicated inside them, while each curve presents data for a specific particle aspect ratio shown in the
legend. The back dashed line represents a power-law function with an exponent of 5/2.

As mentioned earlier, in Fig. 4.6 the silo with a fixed bottom wall is again used as a baseline, which
denotes the presence of funnel type of flow pattern. It is worth mentioning that this pattern is more
noticeable when examining more elongated particles (see the Supplementary Material Sec. 4.5). This is
characterized by a low-density region at the center of the silo and by the presence of a stagnant zone
close to the lateral walls. Moreover, a surface depression is formed in the central region. Interestingly,
two significant changes occur when the bottom wall rotation is applied to the system: the top surface of
the column becomes flat, and the funnel-shaped low packing fraction region disappears. A less visible
change happens near the bottom wall, where the stagnant zone disappears, and the external shear
causes a slight dilation (see below about 𝑧/𝑅 < 0.4). We also note that the low packing fraction region
in the center near the orifice at 𝑓 = 1.28 Hz shrinks compared to the 𝑓 = 0.32 Hz case. The spatial
distributions of other particle elongations show qualitatively the same response to the rotational shear
(see Sec. 4.5). Similar to previous studies of flow of elongated particles [112, 112, 124], we also obtained
a significant increase of the orientational ordering and the particle realignment in the sheared regions.
These feactures were quantified using the orientational field 𝑂𝑧𝑧(𝑟, 𝑧) and nematic order 𝑆(𝑟, 𝑧) fields
(see Supplementary Material Sec. 4.5).

The flow pattern features are also highlighted by the color maps of the magnitude of the in-plane
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Figure 4.5: Semilog plot of the discharge rate as a function of orifice size. The different panels (a)-(f )
correspond to different bottom rotation frequencies 𝑓 = 0, 0.16, 0.32, 0.64, 0.96, 1.28 Hz respectively, as
indicated inside them, while each curve presents data for a specific particle aspect ratio shown in the
legend.

speed 𝑣 = √𝑣2
𝑟 + 𝑣2

𝑧 (see Fig. 4.7). For clarity, the panels also include the streamlines of 𝑣(𝑟, 𝑡), drawn
with the radial and the vertical components. Columns and rows represent the same cases illustrated
in Fig. 4.6. In the absence of external shear (stationary bottom wall), the velocity fields are rather
heterogeneous, denoting a funnel flow pattern with strong velocity gradients in the radial direction.
The streamlines are considerably curved, drawing a complex flow pattern. Moreover, at the center of
the silo, the material speed |𝑣(𝑟, 𝑡)|, is significantly larger in comparison with the region close to the
wall (stagnant zone), and |𝑣(𝑟, 𝑡)| significantly increases in the region of the orifice.

Interestingly, the appearance of the mass flow pattern seems counterintuitive, since the rotation of the
bottom induces the movement of the grains in the tangential direction. It would pair with an outwards
pointing fictitious force in the rotating frame. Thus, it would imply that particles go to the lateral wall
of the silo, similar to what happens to water when it is put into a rotating cylinder. As our results
indicate (see Fig. 4.6), this is not the case, and it is explained by the low magnitude of the fictitious
force. Instead, we argue that the mass flow pattern emerges since the stability of the stagnant zone is
affected by the rotational shear. As a result, particles are mobilized by the momentum transfer of the
bottom wall, inducing the system’s dilatancy and the reduction of the effective friction. Consequently,
the gravity action drives the homogeneous advective particle flow, and the material moves down the silo
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Figure 4.6: Color map representation of the spatial distribution of the packing fraction for elongated
particles of 𝐿/𝑑 = 3.3, next to an orifice with size 𝐷 = 54mm. The rows correspond to 𝑓 = 0.0, 0.32,
and 1.28 Hz in order. The different columns show the packing fraction in different instants of time as
indicated above.

as a column (see Fig. 4.7).
Next, we thoroughly investigate the cause of the sharp decrease in 𝑄, when applying the external

shear, focusing on the details of the particle flow in the region of the orifice. The volumetric flow rate
𝑄 through a surface is defined as the integral of the density times the velocity perpendicular to the
surface 𝑄 = ∫ 𝜌𝑝𝜙(𝑟)𝑣(𝑟) 𝑑𝐴. Thus, to better quantify and differentiate the roles played by 𝑣(𝑟) and
𝜙(𝑟) in relation to the flow rate, we have averaged these quantities in the area of the orifice during
the stationary part of the flow, namely, computing the mean of the quantity 𝑋(= 𝑣𝑧, 𝜙, 𝑂𝑧𝑧, ...) using
the formula ⟨𝑋⟩ = ∫ 𝑋(𝑟)𝜙(𝑟) 𝑑𝑉

∫ 𝜙(𝑟) 𝑑𝑉 . Here we use 𝜙(𝑟) as a weight to account for the different number
of particles in different cells. The region of averaging is a 1 cm high cylinder which has its base at
the orifice and its diameter is the same as the orifice size 𝐷. After this spatial integration, time and
ensemble averaging is also applied. The panels in Fig. 4.8 illustrate the dependence of ⟨𝜙⟩ and ⟨𝑣𝑧⟩
on the rotational frequency 𝑓, obtained for particles with several aspect ratios at an orifice diameter of
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Figure 4.7: Coarse-grained velocity fields (excluding tangential component) inside the silo for sphe-
rocylinders with 𝐿/𝑑 = 3.3, next to an orifice with size 𝐷 = 54mm. The rows correspond to 𝑓 = 0.0,
0.32, and 1.28 Hz in order. The different columns show the velocity maps in different instants of time,
as indicated above. Additionally, the streamlines have been added with white on top of the color maps.

𝐷 = 60 mm. Interestingly, the evolution of ⟨𝜙⟩ suggests a slightly increasing trend for spheres but a
nonmonotonic behavior for rods, when varying 𝑓 (see first panel of Fig. 4.8). However, the magnitude
of the ⟨𝜙⟩ variation does not justify the abrupt decay of the particle flow rate of the rods. Contrarily,
when raising the rotational frequency 𝑓 the particles notably slow down and a significant reduction of
⟨𝑣𝑧⟩ is observed (see second panel of Fig. 4.8). In fact, it strongly correlates with the trend of 𝑄(𝑓 ) (see
Fig. 4.2), meaning that it is the larger contributing factor to the flow rate. Nevertheless the increase
of the flow rate for 𝑓 > 0.3 Hz can only be explained by the increase of ⟨𝜙⟩. Additionally, the third
panel of Fig. 4.8 displays the evolution of the averaged kinetic pressure ⟨𝑝𝑘⟩ = 𝑇𝑟 (⟨𝜎𝑘⟩). The latter
quantity is often interpreted as a granular temperature since it is proportional to the square of the
velocity fluctuations. As observed in the figure, the behavior of ⟨𝑝𝑘⟩ is also in line with the obtained
trend for 𝑄 vs 𝑓, even resembling the slight nonmonotonic response reported earlier for spheres [123].

Furthermore, we also inspect the influence of the rotational shear on the particle orientation. Per-
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Figure 4.8: Macroscopic quantities averaged in the region of the orifice as a function of the rotation
frequency: (a) packing fraction, (b) vertical velocity and (c) kinetic stress. Different curves correspond
to different particle aspect ratios, as shown in the legend, all for the case of a fixed orifice diameter
𝐷 = 60 mm.

forming the analysis, the attention focuses on the response of the diagonal components (in cylindrical
coordinates) of the orientation tensor ⟨𝑂𝑖𝑖⟩, averaged in the region of the orifice. Figure 4.9 displays the
diagonal elements, averaged in the same way as the quantities in Fig. 4.8, as well as the mean nematic
order ⟨𝑆⟩. To obtain a meaningful measure of the actual particle order, first we averaged the orientation
matrix in the region of the orifice and using the largest eigenvalue of this matrix we carried out ensemble
and time averaging to acquire ⟨𝑆⟩. Interestingly, the graph indicates that in the absence of external
shear (𝑓 = 0 Hz), the rods achieve an orientation parallel to the flow direction, which is indicated by
the high value of ⟨𝑂𝑧𝑧⟩, in comparison with ⟨𝑂𝑟𝑟⟩ and ⟨𝑂𝑡𝑡⟩. However, there is an abrupt change in
the orientation of the particles even when a weak rotation is applied. Specifically, the grains seem to
prefer a more horizontal (radial) direction compared to the vertically aligned case with the stationary
bottom. Interestingly, this effect is stronger for longer particles, denoting that more elongated particles
seem to face the orifice with a larger effective size. Note that the decrease of ⟨𝑂𝑧𝑧⟩ is in the same
order of magnitude as the increase in ⟨𝑂𝑟𝑟⟩ for small 𝑓. There are two contributing factors that can
explain the latter. On one hand horizontal particles lying on the silo bottom are being pushed towards
the orifice due to the mass flow pattern (see Fig. 4.7). On the other hand particles coming from above
the orifice are more horizontally aligned (see Sec. 4.5) since they are not sheared (mass flow) until very



66 Discharge of elongated grains in silos under rotational shear

0.4

0.5

0.6

Ozz

  (a)
Vertical orient.

0.2

0.3

0.4

Orr

(b)
Radial orient.

0.0 0.5 1.0
Frequency (Hz)

0.14

0.16

0.18

0.20

Ott

(c)
Tangential orient.

0.0 0.5 1.0
Frequency (Hz)

0.60

0.65

0.70

S
  (d)

Nematic order
L/d

2.5
3.3
4.0

Figure 4.9: Mean value of the orientation quantities averaged in the region of the orifice: (a) vertical, (b)
radial, (c) tangential orientation, and (d) nematic order. Different curves correspond to different particle
aspect ratios as shown in the legend, all for the case of a fixed orifice diameter 𝐷 = 60 mm. The inset
shows the radial component of the orientation tensor.

near the orifice, while in the stationary bottom case, grains align more vertically due to the shear [125].
Once again, we can argue that this tendency totally correlates with the trend of the particle flow rate
(see Fig. 4.2). The orientation in the azimuthal angular direction ⟨𝑂𝑡𝑡⟩ is of low magnitude but shows a
nonmonotonic or increasing trend with increasing 𝑓, which can be accounted to the better alignment of
grains due to the external shear. Curiously, the order of the particles ⟨𝑆⟩ reduces when a slow rotation
is applied but increases by further increasing the frequency, which is in correlation with the packing
fraction ⟨𝜙⟩. These findings suggest that the level of alignment and ordering of the particles determines
the macroscopic volume fraction at the orifice, impacting indirectly the macroscopic flow rate 𝑄.

In silo discharge, it is known that the particle dynamics in a distinct region above the orifice
determines the exit velocity 𝑣𝑧|

𝑧=0
[74]. Thus, the magnitude of 𝑣𝑧|

𝑧=0
can be derived from the integral of

the momentum balance equation. Figure 4.10 shows the profiles of mean acceleration 𝑎eff(𝑧), obtained
for several particle elongations; for comparison, the inset illustrates the data for spheres. We define
𝑎eff(𝑧) = ⟨Δ𝑣𝑖

Δ𝑡𝑝
⟩, where ⟨Δ𝑣𝑖⟩ is the mean of velocity difference of individual particles in two consecutively

printed time steps (Δ𝑡𝑝 = 50 ms). The spatial averaging was computed in the middle of the silo along
the vertical axis within a cylinder with diameter 𝐷/2, and the time averaging during the stationary part
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Figure 4.10: Relative vertical acceleration 𝑎eff/𝑔 of particles in the middle of the silo along the vertical
axis averaged in a cylinder with diameter of 3 cm. The 𝑥 axis is normalized by the orifice size, which
was 𝐷 = 60 mm in this case. Solid lines correspond to stationary bottom, while the dashed lines for
rotational with 𝑓 = 0.32 Hz. The inset includes the case of the spheres for comparison.

of the flow. The graphs include the data corresponding to a rotational velocity of 𝑓 = 0.32 Hz, and the
stationary case. From these results, the message is conclusive. For flows of nonspherical particles, the
rotational shear induces a sharper increase of the acceleration 𝑎eff(𝑧) when approaching the exit (see
dashed lines). This means that the region where the grains are accelerating is less extended for a silo
under external rotational shear compared to the case of a silo with nonmoving bottom. In other words,
the height of the so-called free fall arch region appears to be shrinking due to the applied rotational
shear. As a result, the areas under the curves are significantly lower than those of the static cases (see
continuous lines). Remarkably, it explains the abrupt decrease of the particle velocity (and flow rate)
produced by the external rotational shear, obtained for elongated grains numerically and experimentally
[41]. Examining flows of spheres (see inset of Fig. 4.10), however, the difference between the perturbed
and nonperturbed case results is notably smaller. Consequently, the mean velocity at the orifice and the
particle flow rate are only affected slightly. It is worth mentioning that the same behavior is observed
when exploring other rotation frequencies (see Supplementary Material Sec. 4.5).

4.4 Summary

We executed a numerical analysis of the discharge of elongated particles from a silo with a rotating
bottom. Interestingly, we obtain that introducing a small transverse shear might reduce the flow rate
𝑄 by up to 70% compared to a stationary bottom and by further increasing 𝑓, the value of 𝑄 increases.
We find that the relative increase is much larger in the case of rods, specifically it is larger for longer
rods and smaller orifices. These macroscopic observations are in very good agreement with our earlier
experimental findings [41]. Stepping forward, we extend the analysis, enlarging the domain of particle
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elongations and the effective particle diameters. Focusing attention on the dependency of the flow rate
𝑄 on the orifice diameter 𝐷, the spheres and rods show two distinct trends. In the cases of rods, in
the limit of small apertures, we obtain power-law relation but with a larger exponent, although in the
limit of large orifices, the power-law correlation 𝑄 ∼ 𝐷5/2 is also reproduced. However, the obtained
results are also compatible with an exponential trend 𝑄 ∼ 𝑒𝜅𝐷, when decreasing the orifice diameter.
Very similar results have been recently obtained experimentally (see Ref. [41]). However, it is worth
mentioning that the range of examined orifice sizes is narrower than in the experiments [41], due to the
higher probability of clogging obtained numerically. The reason behind the exponential trend obtained
experimentally [41] and numerically is nontrivial. However, in the small orifice limit, the particles flow
out of the silo practically one by one, and the particle flow could be understood as a stochastic process
with a constant probability of passing. Employing a coarse-graining methodology, we compute the
most relevant macroscopic fields of the particle flow. Their analysis allows us to detect a transition
from a funnel to a mass flow pattern as a result of the applied external shear. The averaged fields
in the orifice region reveal that the initial decrease in 𝑄 is mainly attributed to the velocity changes.
Besides, the increase of the packing fraction near the orifice explains the increase in 𝑄 for large rotation
frequencies. Furthermore, the flow rate correlates with the particle orientation in the vertical direction
and the packing fraction with the order of grains in the region of the orifice. Finally, we also found that
the vertical profiles of mean acceleration at the center of the silo are notably affected by the rotation
of the bottom wall. In flows of elongated rods, it is observed that the region where the acceleration is
not negligible (so-called free fall arch region) shrinks significantly due to the perturbation induced by
the moving wall.
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4.5 Supplementary material

This supplementary material includes figures that are not essential for understanding our main argu-
ments but may provide additional insight for the interested. The coarse-grained fields were computed
as it is described in section II of the main document. Fig. 4.11a and Fig. 4.11b show the orientational
field 𝑂𝑧𝑧 and nematic order field 𝑆, respectively. The illustrated data correspond to the same cases
introduced in Figure 6 of the main document. Complementary, Figures 4.12 and 4.13 display the pack-
ing fraction and velocity fields of the discharge process for two elongations but for a slightly different
orifice size (𝐷 = 60 mm) than what is presented in the article due to clogging in one case.
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Figure 4.11: Color map representation of the particle vertical orientation 𝑂𝑧𝑧 (a) and nematic order 𝑆
(b) for elongated particles of 𝐿/𝑑 = 3.3, next to an orifice with size 𝐷 = 54 mm. The rows correspond
to 𝑓 = 0.0, 0.32, and 1.28 Hz in order. The different columns show the data in different instants of time
as indicated above.
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(a) (b)

Figure 4.12: Color map representation of the packing fraction (a) and in-plane velocity (b) for elongated
particles of 𝐿/𝑑 = 2.5, next to an orifice with size 𝐷 = 60 mm. The rows correspond to 𝑓 = 0.0, 0.32,
and 1.28 Hz in order. The different columns show the data in different instants of time as indicated
above.

(a) (b)

Figure 4.13: Color map representation of the packing fraction (a) and in-plane velocity (b) for elongated
particles of 𝐿/𝑑 = 4.0, next to an orifice with size 𝐷 = 60 mm. The rows correspond to 𝑓 = 0.0, 0.32,
and 1.28 Hz in order. The different columns show the data in different instants of time as indicated
above.



Section 4.5 71

0.0 0.5 1.0 1.5 2.0
z/D

0.0

0.2

0.4

0.6

0.8

1.0

a e
ff
/g

L/d
2.5
3.3
4.0

Frequency
0.00 Hz
1.28 Hz

0 1 2
z/D

0.0

0.5

1.0
a e

ff
/g

L/d
1.0

Figure 4.14: Relative vertical acceleration 𝑎eff/𝑔 of particles in the middle of the silo along the vertical
axis averaged in a cylinder with diameter of 3 cm. The x-axis is normalized by the orifice size, which
was 𝐷 = 60 mm in this case. Solid lines correspond to stationary bottom, while the dashed lines for
rotational with 𝑓 = 1.28 Hz. The inset includes the case of the spheres for comparison.
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Chapter 5

Continuously heated granular gas of
elongated particles

Tivadar Pongó, Dmitry Puzyrev, Kirsten Harth, Ralf Stannarius, and Raúl Cruz Hidalgo

EPJ Web of Conferences 249 04003 (2021) DOI: 10.1051/epjconf/202124904003

Some years ago, Harth et al. experimentally explored the steady state dynam-
ics of a heated granular gas of rod-like particles in microgravity [K. Harth et
al. Phys. Rev. Lett. 110, 144102 (2013)]. Here, we report numerical results that quan-
titatively reproduce their experimental findings and provide additional insight into the
process. A system of sphero-cylinders is heated by the vibration of three flat side walls,
resulting in one symmetrically heated direction, one non-symmetrically heated direc-
tion, and one non-heated direction. In the non-heated direction, the speed distribution
follows a stretched exponential distribution 𝑝(𝑣) ∝ exp(−(|𝑣|/𝐶)1.5). In the symmet-
rically heated direction, the velocity statistics at low speeds is similar but it develops
pronounced exponential tails at high speeds. In the non-symmetrically heated direction
(not accessed experimentally), the distribution also follows 𝑝(𝑣) ∝ exp(−(|𝑣|/𝐶)1.5), but
the velocity statistics of rods moving toward the vibrating wall resembles the indirectly
excited direction, whereas the velocity statistics of those moving away from the wall
resembles the direct excited direction.
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Figure 5.1: Dilute system of 𝑁 = 256 spherocylinders with aspect ratio 𝜁 = 9.2. The blue walls vibrate
in their normal direction as described in the text.

Granular media surround us in everyday life. For instance, while walking on a sandy beach our
weight is supported by a complex granular force network that draws our footprint in the sand. Besides,
centuries of human technological revolution have made possible the handling of many types of particles
and grains [126]. Thus, theoretical approaches of granular media are always needed, due to its massive
scale of use in industrial processes, and the role they play in many natural phenomena.

Most of the time we observe granular media to exhibit a solid or liquid-like behaviour. However, when
dilute granular systems are sufficiently excited, they enter into a gas-like state, which is characterized
by a very low collision rate between the grains [127, 128]. The dissipative nature of the interactions
differentiates such granular gases from usual molecular gases. Indeed, this property makes these out-
of-equilibrium systems interesting from the view of fundamental questions of statistical physics, and
sometimes even tricky. Such lose ensembles of granular matter occur, e.g. in planetary rings, but also
in industrial processes wherever granular materials are strongly excited.

In the past, kinetic and hydrodynamic theories have described the macroscopic properties of granular
gases with and without external energy input. When considering the most simple case, the free cooling
of an ensemble of spherical particles with constant restitution coefficient, the granular temperature
diminishes in time following Haff’s law resulting in an asymptotic decay 𝑇 ∝ 𝑡−2 [129–133]. For
freely cooling gases of visco-elastic particles, the exponent of the asymptotic algebraic decay of the
granular temperature reduces to 𝑇 ∝ 𝑡−5/3 [134]. However, in many cases the particles’ interactions
are over-simplified, and even fewer quantitative validations against actual experimental data exist.

In the nineties, first systematic studies of ensembles of needles addressed the impact of particle shape
on the kinetic evolution of granular gases [135]. More recently, there has been an increasing interest
in the dynamics of dilute granular ensembles composed of non-spherical grains, both experimentally
[43, 131, 132, 136–138] and numerically [114, 139–142].
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Experiments investigating the dynamics of elongated particles in a continuously heated steady state
were carried out in microgravity by Harth et al. [43, 137]. They found that the velocity distributions in
the indirectly excited direction were not far from a Gaussian behavior, but much better approximated by
a stretched exponential distribution 𝑝(𝑣𝑦) ∝ exp [− (∣𝑣𝑦∣ /𝐶)

1.5
]. The same applies for the rotational

velocity distributions. In the directly heated direction, the low-velocity parts of 𝑝(𝑣𝑥) agree well with
𝑝(𝑣𝑦), while pronounced exponential high-velocity tails are observed. Regarding the spatial distribution
of particles, no significant persistent inhomogeneities were observed.

In our contribution to Powders & Grains 2021, we report numerical results that reproduce quanti-
tatively the experimental results introduced in Refs. [43, 137] and provide additional insight into the
process. Our numerical data complement the experimental analysis, accessing the dynamic evolution
of each particle in detail. The paper is organized as follow: In section 5.1, the numerical model is
described briefly. In section 5.2, the numerical data is provided, while our main results are compared
with the experimental data. Finally, several further work ideas are mentioned.

5.1 Numerical model

We used a home-made hybrid GPU-CPU discrete element algorithm (DEM) introduced earlier [114,
140]. This numerical tool was adapted to simulate confined systems with moving walls. The model
considers an ensemble of 𝑁 = 256 spherocylinders with length 𝐿 and sphero-radius 𝑟, defining an
aspect ratio of 𝜁 = 𝐿/(2𝑟). The interaction force between two particles 𝑖 and 𝑗, ⃗𝐹𝑖𝑗, is obtained using
an algorithm of interacting spheropolygons [115]. The particular case of the spherocylinder is described
by two vertices and the spheroradius; thus, its surface is delineated by all the points at distance 𝑟 from
the edge defined by the two vertices. The problem of contact detection between the spherocylinders
reduces to the determination of the closest point between two edges. Thus, the overlap distance 𝛿
results from the simple overlap of two spheres of radius 𝑟. For the interaction between the particles and
the walls, we used the same model but assuming the interaction of a spherocylinder with an infinite
moving plane. Figure 5.1 displays a snapshot of the system composed of spherocylinders. The walls on
the sides and in the back vibrate sinusoidally (colored blue), the others are stationary. The simulation
limits are marked by the wire-frame.

The force ⃗𝐹𝑖𝑗 acting on particle 𝑖 by the particle 𝑗 can be decomposed as ⃗𝐹𝑖𝑗 = 𝐹𝑛 ⋅ ⃗𝑛 + 𝐹𝑡 ⋅ ⃗𝑡,
where 𝐹𝑛 is the component normal to the contact plane and 𝐹𝑡 acts in tangential direction ⃗𝑡. Here,
the normal interaction 𝐹𝑛 is a linear elastic force, depending on the overlap distance 𝛿𝑛 between two
spherocylinders. The normal dissipation is included using a velocity dependent viscous damping. The
total normal force reads 𝐹𝑛 = −𝑘𝑛𝛿𝑛 − 𝛾𝑛𝑣𝑛

𝑟𝑒𝑙, where 𝑘𝑛 is the spring constant in the normal direction,
𝛾𝑛 is the normal damping coefficient and 𝑣𝑛

𝑟𝑒𝑙 is the normal relative velocity between the contacting
particles 𝑖 and 𝑗. The tangential force 𝐹𝑡 also contains an elastic term and a tangential frictional term
accounting for static friction between the grains. Taking into account Coulomb’s friction constraint, which
reads 𝐹𝑡 = min{−𝑘𝑡𝜉 − 𝛾𝑡 ⋅ |𝑣𝑡

𝑟𝑒𝑙|, 𝜇𝐹𝑛}, where 𝛾𝑡 is the damping coefficient in tangential direction, 𝑣𝑡
𝑟𝑒𝑙

is the tangential component of the relative contact velocity of the overlapping pair. 𝜉 represents the
elastic deformation of an imaginary spring with spring constant 𝑘𝑡 at the contact, which increases as
𝑑 ⃗𝜉(𝑡)/𝑑𝑡 = ⃗𝑣 𝑡

𝑟𝑒𝑙 as long as there is an overlap between the interacting particles. The elastic tangential
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Figure 5.2: Speed distribution 𝑝(𝑣𝑦) on the 𝑦 direction (non-moving walls), obtained for 𝐴 = 1mm and
𝑓 = 30Hz. The inset shows the same but in semi-log. The best fit of the experimental distribution of
𝑣𝑦 from Ref. [43] is shown for comparison.

elongation ⃗𝜉 is kept orthogonal to the normal vector (truncated if necessary) [118], 𝜇 is the friction
coefficient. A velocity Verlet numerical algorithm [3] integrated the 3D translational equations of motion
of each particle, while the rotational degrees of freedom were resolved using a modified leap-frog
algorithm [143].

Similar to the experimental setup of [43], we defined a rectangular container delimited by walls
with dimensions 𝑋 = [−4.0; 4.0] cm, 𝑌 = [−5.0; 5.0] cm and 𝑍 = [−4.25; 4.25] cm. In the experiment
described in Ref. [43, 137], the dimensions were Δ𝑋 = 8.5 cm, Δ𝑌 = 10 cm, and Δ𝑍 = 6.5 cm. The
two 𝑋-walls, as well as one of the 𝑍 walls moved sinusoidally in their normal direction with a fixed
amplitude 𝐴 and frequency 𝑓. The other three walls were fixed. The particle aspect ratio was 𝜁 = 9.2,
i.e. 𝐿 = 12mm, 𝑟 = 0.65mm, and mass 𝑚 = 0.046 g. Moreover, we have used a particle Young modulus
of 𝑌 = 10GPa and a restitution coefficient of 𝑒𝑛 = 0.6. The friction coefficient of the particle-particle
contact was 𝜇𝑝 = 0.1, while for the particle-wall contacts 𝜇𝑤 = 0.2.

In our analysis, we assume that the system is in steady state conditions. Initially, the particles are
randomly distributed within the system domain, and the particle speeds are randomly generated in the
range [−0.1; 0.1]mm/s. Then, the excitation begins, and after a short transient, the system reaches
a steady state characterized by a non-increasing mean kinetic energy. For each excitation condition
(fixing 𝐴 and 𝑓), the particle velocities are sampled during 20 seconds of simulation time.

5.2 Results and discussion

As mentioned before, here we focus on the system kinetics in steady state conditions, where the statistics
of the particle linear speeds is described, in detail. The distributions are sampled, including particles
away from the walls, at a distance 𝛿 > 𝐿/2, where 𝐿 is the longer side of the particles.

Figure 5.2 shows the translational velocity distribution 𝑝(𝑣𝑦) in the non-directly excited direction
𝑦 (no moving wall), obtained for an oscillation amplitude of 𝐴 = 1mm and frequency 𝑓 = 30Hz.
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Figure 5.3: Speed distribution 𝑝(𝑣𝑥) in the 𝑥 direction (two moving walls), obtained for 𝐴 = 1mm
and 𝑓 = 30Hz. The inset shows the same but in semi-log scale. In both cases, the best fit of the
experimental data Ref[43] is also shown for comparison.

Note that our numerical data agree very well with the fit to the experimental data [43] shown in blue,
𝑝(𝑣𝑦) = 0.012 exp [− (∣𝑣𝑦∣ /𝐶𝑦)

1.5
], with 𝐶𝑦 = 51.77 mm/s. The standard deviation of the data set is

𝜎𝑦 = 42.2 mm/s, resembling the experimental value 𝜎exp
𝑦 = 43.9 mm/s [43]. Note that no significant

fat tail is observed on the semi-log scale, which is consistent with the fact that there is practically no
missing area in the low velocity range.

This result is in contrast to previous numerical observations of the cooling process of ellipsoids
[139] and spherocylinders [114], i.e. without excitation and using periodic boundary conditions. In those
cases, Gaussian velocity distributions without fat tails were obtained. However, another experimental
study, carried out with similar rod-like particles (in confined conditions), observed non-Gaussian velocity
distributions even in the scaling regime of granular cooling [131]. Our validated simulations may aid to
reveal the origin of this discrepancy in future work.

Figure 5.3 illustrates the velocity distribution 𝑝(𝑣𝑥), obtained in the directly excited direction 𝑥 (two
moving walls), for oscillation amplitude of 𝐴 = 1mm and frequency 𝑓 = 30Hz. Once again with reason-
able accuracy, we find the statistics agree with a stretched exponential 𝑝(𝑣𝑥) = 0.008 exp [− (∣𝑣𝑥∣ /𝐶𝑥)1.5],
with 𝐶𝑥 = 65.5 mm/s and standard deviation 𝜎𝑥 = 75.6 mm/s. Note, the same functionality and fitting
parameters were used, when describing the experimental data [43], and result in a standard deviation
of 𝜎exp

𝑥 = 70.8 mm/s [43]. Moreover, both the numerical and experimental data exhibit fat tails in the
high velocity regime, which are not captured by the stretched exponential fit (see inset of Fig. 5.3)
and Ref. [43]). Here, we can argue that the small deviations come from the slightly different container
geometry and from possible artifacts due to the perspective view in the experiment. We also observe
a slight accumulation of rods near the non-moving walls. So, when analysing the whole data (without
the 𝛿 > 𝐿/2 condition), the distributions show a slightly larger probability of slow particles, while the
shape of the tails do not change significantly.

Additionally, the simulations also allow accessing the particle velocity in the direction where the
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Figure 5.4: Speed distributions obtained in the three Cartesian directions (𝑝(𝑣𝑥), 𝑝(𝑣𝑦), 𝑝(𝑣𝑧)). Note
the direction with one moving wall could not be accessed experimentally.

system is non-symmetrically heated (only one moving wall). Note, this data was not accessible in
experiments due to technical reasons [43, 137]. The statistics corresponding to this degree of freedom
is shown in Fig. 5.4 together with the data of the previously analyzed directions. Remarkably, the
velocity distribution 𝑝(𝑣𝑧) becomes asymmetric, reflecting the single-sided excitation. The part of the
distribution corresponding to negative velocities (towards the moving wall) agrees with 𝑝(𝑣𝑦), whereas
the part at positive velocities (away from the moving wall) agrees with 𝑝(𝑣𝑥). Namely, the heated
direction exhibits a fat tail, while the non-heated one does not. This result might suggest that the fixed
walls behave as an energy sink, removing any trace of the direct excitation once grains have reversed
their z-direction of the motion.

Our numerical simulations allow us to perform a systematic study of the system’s dynamics when
changing the heating intensity. Figure 5.5 displays the scaled velocity statistics obtained for outcomes
corresponding to several heating intensities, varying the amplitude 𝐴 = [1; 1.8; 2] mm and the frequency
𝑓 = [15; 20; 25; 30] Hz as shown. In all cases, the velocity values have been scaled with 𝑣𝑐 = 2𝜋𝑓 𝐴, i.e.
the maximum wall velocity. Interestingly, all the scaled speed distributions collapsed on the same curve.
The latter indicates that the maximum velocity of the moving walls 𝑣𝑐 is the relevant characteristic value,
denoting that the steady state energy of the system is controlled by the walls. These outcomes would
corroborate the guess made in Ref. [43], that the kinetic energy in the system scales with 𝑣2

𝑐 ∝ 𝐴2𝑓 2,
and not the peak acceleration of the walls. It is interesting to note that the energy gain of a single rod
bouncing on a plate in this range of excitation parameters under normal gravity rather scales ∝ 𝐴1.5𝑓
instead [144]. We may assume that either microgravity conditions or collective effects alter the scaling
of the energy input into our granular gases of rod-like grains.

Outlook: The velocity distribution functions and scaling laws described above require additional
investigation and explanation from the point of view of individual rod collision dynamics (with the
walls and among rods), whose accurate modeling can still be improved by detailed comparison of
experimental and numerical single-collision data. A second important aspect is the identification of
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Figure 5.5: Scaled velocity distributions 𝑝(𝑣𝑦/𝑣𝑐) (top) and 𝑝(𝑣𝑥/𝑣𝑐) (bottom) for the indirectly and
directly heated directions, respectively. Data correspond to four different cases (two frequencies and
two amplitudes).

the role of the walls for the detailed shape of the velocity distributions. An interesting challenge will
be the comparison of simulations and experiments at higher packing fractions. Here we can expect
more influence of particle-particle collisions relative to collisions with the walls, highly pronounced
orientational inhomogeneity as well as clustering effects. Taking into account the recent advances in
the analysis of experimental data in similar systems [145], one expects more possibilities to fine-tune
the simulations and get more insight into the dynamics of granular gases. Further investigations can
be envisioned in the direction of ensembles of particles of more elaborate shapes, as well as mixtures
of different particles.
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Chapter 6

Discussion

This dissertation examines dense and dilute particle flows, commonly found in many engineering appli-
cations and natural processes. These are complex processes involving several length and time scales,
where practical experience indicates that the shape, roughness, and mechanical properties of the grains
play a significant role. The previous chapters include four scientific publications, in which we have
examined examples of particle flows. The research consisted of numerical and theoretical analysis,
although we have also participated in some experiments. In particular, we focused on the development
of Discrete Element Method (DEM) algorithms and novel coarse-graining techniques, accessing the
dynamical response of these systems at multiple scales.

The work has been done in close collaboration with experimental partners of the Wigner Research
Centre for Physics (Hungary), University of Twente (Netherlands), the Otto von Guericke University
Magdeburg (Germany), the Academia Sinica (Taiwan) and the industrial partner DCS Computing. Fur-
thermore, the numerical tools were calibrated using experimental outcomes of high-speed imaging and
automatized mass flow controllers. Moreover, in some cases, the accuracy and performance of our
implementations were also compared with the implementation of the industrial partner DCS Comput-
ing (LIGGGHTS®) [146]. These collaborations were crucial to analyze and validate the macroscopic
response of the studied particulate systems.

Specifically, we have focused our efforts on silo flow, numerically studying 2D and 3D configurations
and several particle types. These setups were thus systematically evaluated, using spherical and non-
spherical particles, and varying the particle friction and stiffness.

In 2D silos, we studied numerically the flow of a mixture of particles with different stiffness and
friction through a small orifice (see Chapter 3). Starting from a homogeneous system of non-frictional soft
particles, we obtained that the clogging probability notably increases when adding a small percentage of
high-friction, hard particles. The researchers of the Otto von Guericke University Magdeburg (Germany)
and Wigner Research Centre for Physics (Hungary) studied the same experimentally. Combining both
numerical and theoretical analysis, we notably improved the understanding of the clogging mechanisms
based on the micromechanical details. However, it is worth mentioning that the used contact model did
not quantitatively reproduce the characteristic time of the unstable clogs obtained experimentally with
low-frictional hydrogels. The Hertz-Mindlin contact model is more suitable for reproducing the behavior
of hard grains. In any case, both experiment and simulations were in good qualitative agreement, and
allowed a comprehensive analysis of the system from complementary points of view. It is also interesting
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to note that the clogging dynamics of mixtures of grains is a novel area of research, which is of great
interest as of today (e.g. [147]).

In 3D silos, the results of our numerical analysis demonstrated that changing particle stiffness and
friction has also a significant impact on gravity driven granular flow (see Chapter 2). The experimental
approach was executed by researchers of the Wigner Research Centre for Physics (Hungary). We
mainly found that decreasing the interparticle friction has a much stronger effect for soft grains than
for hard grains. Remarkably, our coarse-graining analysis reveals considerably different pressure fields
for hard and soft grains with low friction coefficient. For low-friction hard grains, Janssen screening is
observed with increased vertical stress near the walls, while for low-friction soft grains this effect is
much weaker. These findings are highly impactful, because they show that Beverloo’s law can not be
applied in the case of soft, low-frictional grains. Remarkably, analyzing the momentum balance in the
region of the orifice, we proposed an analytical formulation that predicts the linear decrease of the flow
rate with the decreasing filling height. The linear dependence of the flow rate on the pressure gradient
suggests that the ensemble of low-friction, soft grains can be interpreted as a Newtonian fluid. It is
also worth mentioning that incorporating a multiple-contact approach [94, 148] to the DEM simulations
might improve the quantitative match between experimental and simulation data.

Besides in 3D silos, we participated in a numerical study, examining the effect that the transverse
shear has on the flow rate when using spheres (data not shown in the thesis, but see our publication
Ref. [123]). Remarkably, we have reproduced the main experimental findings obtained earlier by re-
searchers of the Academia Sinica (Taiwan) (see Ref. [38]), and our approach notably shed light on the
dynamics of the flow process under this specific boundary conditions. The latter scenario has served
as a reference to study the case of elongated particles (see Chapter 4). Note that the experimental
approach was also performed, in collaboration with researchers of the Academia Sinica (Taiwan) (data
not shown in the thesis, but see our publication Ref. [41]). This case was even more interesting because
the particle shape has induced significant changes in the system response. In particular, we found for
elongated particles that the introduction of a slight transverse shear reduces the flow rate 𝑄 by up
to 70% compared to a stationary bottom. The numerical analysis, presented in Chapter 4, contributed
significantly to the understanding of such response. In the case of a stationary bottom, rods typically
flow oriented parallel to the streamlines. However, even a weak rotation of the bottom wall causes
an abrupt change in particle orientations. Namely, the transverse shear induces a more horizontal
alignment of grains compared to the stationary case. The correlation between the flow rate and vertical
orientation of particles at the orifice indicates that the rotational shear controls the flow through the
alignment of grains. By carrying out a rigorous micro-mechanical analysis, our work suggests that in
silo flow of elongated grains, the classical analysis of the free fall arch should not be taken for granted.

Additionally, we have performed numerical simulations of a heated granular gas of rod shaped
particles (see Chapter 5). We reported numerical results that quantitatively agree with previous ex-
perimental findings and provide additional insight into the process, for instance describing the system
behavior in the non-symmetrically heated direction, which was not accessed experimentally. However,
the obtained velocity statistics require additional investigation from the point of view of individual rod
collision dynamics, both with the walls and among rods. Another exciting challenge would be the com-
parison of simulations and experiments at higher packing fractions. In that case, pronounced orientation
inhomogeneities and clustering effects might be observed. It is worth mentioning that the analysis of



83

this dilute scenario allowed us to execute a comparative analysis between the outcomes of the hybrid
CPU-GPU code developed at the University of Navarra [42] and two other numerical approaches of
LIGGGHTS® (data not shown in the thesis but see Ref. [146]). Note that we find excellent agreement,
when comparing outcomes obtained using different HPC solutions. Finding that their computational
performance was very similar when exploring very dilute systems, such as the granular gas of rods,
despite the fact that GPU codes are not so efficient when handling small system sizes due to their
specific architectural design. Said that, the thorough comparison of computational performance should
be realized as a future work, accounting for different particle representations, CPU and GPU types and
system details.
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Conclusions and Outlook

Conclusions

In this thesis, we have developed accurate computational models to predict the macroscopic response of
granular materials with different particle properties (shape, stiffness, and friction). Moreover, we have
also focused our efforts on reducing the computational cost required for discrete element simulations
by developing novel and highly efficient algorithms on modern computing platforms. As an ultimate
goal, we improved the understanding of flows of spherical and non-spherical grains, based on the
description of the flow micromechanical details. Specifically, we have examined three different silo
flow processes, systematically varying the particles’ properties and exploring a non-standard boundary
condition. Moreover, a dilute heated gas of elongated particles has also been studied.

Our numerical investigation demonstrated that changing particle stiffness and friction strongly affects
gravity-driven 3D silo flow. Remarkably, our DEM analysis reproduced the height-dependent discharge
flow rate, obtained experimentally for soft low-frictional grains. Furthermore, the coarse-graining anal-
ysis of the DEM-data showed that the pressure drop at the orifice follows a linear dependence on
the column height. It allowed us to propose simple theoretical arguments, connecting the macroscopic
flow rate with the pressure gradient at the orifice. As a result, we have come up with a well-reasoned
explanation for the height-dependent discharge flow rate, shown experimentally and numerically by soft
low-frictional grains. Moreover, we consistently found that the height-dependent flow rate gradually
approaches a constant flow rate regime when increasing the particle’s friction. For hard grains, only
very low frictions (𝜇 ≲ 0.05) showed a non-constant flow rate. Furthermore, examining the stress field
reveals that the vertical stress above the orifice are much lower for hard grains than for soft grains.
Thus, while for hard grains a large part of the weight of the material is directed towards the silo corners,
indicating Janssen screening is effective, a notably smaller effect is observed for soft grains.

In 2D silos, our simulations discharging a mixture of soft low-frictional grains (ℎ𝑦𝑑) and hard frictional
(ℎ𝑓) grains, qualitatively reproduced that the addition of very small amounts of ℎ𝑓 to an ensemble of
ℎ𝑦𝑑 impacts significantly the response of the system. Remarkably, the numerical results also revealed
the relevant role played by the interspecies friction 𝜇hyd–hf, in the clogging process. For instance, the
difference in flow rates obtained for systems with different compositions were notably enhanced for
larger 𝜇hyd–hf. This fact also leads to more frequent clog events, and in these events, the occurrence
of ℎ𝑓 grains in the blocking arches is favored significantly. We argue that the much higher importance
of 𝜇hf−hyd in comparison to 𝜇hf–hf is due to the fact that the probability of direct contacts of two hard
grains is substantially smaller than that of a ℎ𝑓 and a ℎ𝑦𝑑 neighbor, owing to the low concentration of
hard frictional grains. The simulations also complemented the experiments, studying clog duration at
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notably shorter time scales. Altogether, a higher friction between the two kinds of particles also makes
clogging more frequent, and increases the probability of finding hard grains in the arch.

Exploring the role of the particle shape, the DEM simulation of discharging elongated particles
from a 3D silo with a rotating bottom indicated a flow rate reduction by up to 70%, in comparison to
the stationary bottom case. These results agree well with our experimental findings [41], but are very
surprising, mainly when set side by side with the case of spheres, where this reduction was only around
5% [38, 123]. Our numerical tool also allowed for the exploring of the dependence of flow rate 𝑄 on
the orifice size 𝐷. In the limit of large orifices, the classical power-law correlation 𝑄 ∼ 𝐷5/2 was
reproduced. For small apertures, however, we obtained a power-law relation but with a notably larger
exponent. By employing a coarse-graining methodology, we computed the most relevant macroscopic
fields, detecting a transition from a funnel to a mass flow pattern induced by the external shear. The
averaged fields in the orifice region revealed that the initial decrease in 𝑄 is mainly attributed to the
velocity changes. Besides this, the increase of the packing fraction near the orifice explains the increase
in 𝑄 for larger rotation frequencies. Furthermore, the flow rate correlates with the particle orientation
in the vertical direction, and the packing fraction with the order of grains in the region of the orifice.
Interestingly, we also found that the vertical profiles of mean acceleration at the center of the silo are
notably affected by the rotation of the bottom wall. In flows of elongated rods, it is observed that the
region where the acceleration is not negligible (so-called free fall arch) shrinks significantly due to the
perturbation induced by the moving wall.

When analyzing a dilute granular gas of elongated particles in microgravity conditions, our numerical
approach reproduces the experimental findings and provides additional insight into this process. We
reproduce that the maximum velocity of the moving walls 𝑣𝑐 is the relevant characteristic scale. It
denotes that the energy of the system in steady conditions is controlled by the walls. These outcomes
corroborate the guess made in Ref. [43], that the kinetic energy in the system scales with 𝑣2

𝑐 ∝ 𝐴2𝑓 2,
and not the peak acceleration of the walls. This finding is logical and would seem trivial until it is
pointed out that the energy of a single rod excited by a vertically vibrated horizontal plane in gravity
scales as ∝ 𝐴1.5𝑓 instead [144]. The discrepancy of scaling might be due to the lack of gravity or due
to the collective heating dynamics.

Outlook

The numerical investigation of the discharge of soft, low-friction particles showed that there are lots of
opportunities for potential future research in the area. For example, the frequently used 𝜇(𝐼) rheology
doesn’t consider the stiffness of the grains, thus wouldn’t be capable of predicting flows of hydrogels or
other soft particles. From the point of view of DEM simulations, it is clear that contact models assuming
independent contacts are not sufficient to precisely model soft grains. Thus, the implementation and
calibration of a multi-contact model is necessary [94, 148].

Concerning the discharge of rods from a silo, additional research is needed to identify an effective
particle size depending on the particle orientation. Also, a continuum model accounting for the particle
elongation could be developed, since today’s rheological models only consider spherical or close-to-
spherical grains. One of the practical implications of the study of the rotating bottom silo is that this
form of energy input breaks the arches which form a clog, thus it can appear on the palette of industrial
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tools when solving clogging issues. On the other hand, counterintuitively, the flow is not enhanced but
instead slowed down in the continuous flow regime when the rotational shear is applied. This could be
undesirable in the industry.

The investigation of the effect of particle elongation in a normal, flat bottom silo is also in progress.
The systematic study of rods with different aspect ratios (up to 6) reveals that the discharge rates are
not always constant, but rather show a time evolution. This phenomenon depends on the orifice size,
particle elongation and even on the system size. The full understanding of this observation needs more
investigation in this line of research.

Regarding the granular gases, the understanding of the heating dynamics is crucial because the
simplest way to introduce energy into a dilute system in experiments is through the vibration of the
walls. In this line of investigation, one option could be the study of the spatial distribution of the
velocity and energy fields.

It is worth mentioning that we are currently examining flows of irregular grains in 3D silos and
hoppers. This work is in line with experiments carried out in parallel by researchers at the University
of Twente (Netherlands). For the sake of efficiency, we have written new CUDA-kernels, which are
able to handle the contact between particles with superquadrical shape [149]. The experimental results
(flow morphology and particle flow rates) serve as a guiding line to validate and calibrate the DEM
implementation, in particular using superquadrics. As a final goal, we aim to address the dynamical
behavior of this system, examining the particle-particle correlations and their interrelation with the
global macroscopic response of the system.

Through the utilization of GPUs and the development of our custom code, we have gained a lot
of practical experience regarding computer science and numerical methods. We have started from
small optimization steps in GPU programming, through the implementation of uncommon boundary
conditions, up until the implementation and fine-tuning of a superquadrics contact detection algorithm
on GPUs. One example of these optimizations is the rearrangement of particle neighbor information into
a continuous contact pair list which offered a better fit for the GPU architecture and a speedup of about
70-80% in most of our simulations. For the efficient calculation of superquadric contacts on GPUs, it
was crucial to improve the accuracy and to optimize the convergence of the iterative Newton-Raphson
method for 32-bit floating point variables instead of employing double-precision floating point variables.
Taking into account the fact on many inexpensive GPUs there are up to 64 times more 32-bit floating-
point units compared to 64-bit ones, the use of single-precision float variables is greatly advantageous.
This way the superquadrical particle representation opens windows to the simulation of larger (in the
order of 100000 particles) system sizes with these kinds of particles which was not possible earlier. All
of the above could be the base of a future research in the field of computational science.
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Summary

Granular flows are frequently observed in nature and appear in many industrial processes as well.
In this numerical work the focus is mainly directed at the understanding of how the change of different
grain properties, such as shape, friction and stiffness, influences the flow out of a silo. However, the
heating dynamics of a granular gas of rods is also analyzed. In all these scenarios, the simulations are
paired with experiments to calibrate and validate the results.

The numerical analysis indicated that the discharge of soft, low-friction grains from a container
exhibits a height-dependent flow rate, which is not usual for granular media. The systematic study
mapped the parameter space of particle friction and stiffness, exploring the system’s macroscopic re-
sponse in detail. Moreover, the examination of the coarse-graining fields helped us to explain when
and why the flow rate depends on the column height. The answers include the material response to
pressure gradients, but also the way stress is transmitted in the system. The outcomes allowed us to
propose simple theoretical arguments, connecting the macroscopic flow rate with the pressure gradient
at the orifice. As a result, we have come up with a well-reasoned explanation for the height-dependent
discharge flow rate, shown experimentally and numerically by soft low-frictional grains.

Our numerical investigation of a 2D silo flow of mixtures of soft and hard grains reproduced the
high impact that even 5% of hard frictional grains have on the flow of an ensemble of low-friction, soft
particles. Numerical results signaled the importance of the friction between the two types of grains.
When the frictional hard grains are added to the soft grains, the flow gets slower, clogging becomes
more frequent, and the force measured on the bottom plate decreases. Moreover, we obtained that these
effects are enhanced when the interspecies friction is increased.

The introduction of a rotational shear through the rotation of the flat silo bottom leads to a surprising
effect on the discharge of rods: the flow rate is reduced significantly, by up to 70%. Our simulations
and the application of the coarse-graining methods reveal the underlying reasons for this observation.
The exit velocity of particles is the main contributing factor to this drop, which is in correlation with the
vertical orientation of the grains. Our numerical tool allowed the exploration of the dependence of flow
rate 𝑄 on the orifice size 𝐷. In the limit of large orifices, the classical power-law correlation 𝑄 ∼ 𝐷5/2

was reproduced. For small apertures, however, we obtained a power-law relation but with a notably
larger exponent. Furthermore, the size of the so-called free fall arch region is also found to decrease
due to the rotation.

Finally, granular gas made up of rods and heated by the walls has been studied numerically. Our
study provides additional insight into the process for instance by describing the system behavior in the
non-symmetrically heated direction, which was not accessible experimentally. The velocity distributions
of the particles are examined and found to be well-fitted by stretched exponential distributions, in
agreement with previous experiments. Moreover, in the experimentally not accessible direction, we
obtained asymmetrical distribution tails. Additionally, the collapsing of the velocity distributions lead
us to conclude that the energy scales with the square of the characteristic velocity of the wall.
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Resumen
Los flujos granulares se observan con frecuencia en procesos naturales e industriales. El enfoque

de este trabajo se dirige a la comprensión de cómo el cambio de las diferentes propiedades de los
granos (forma, fricción y rigidez) influye en el caudal de los silos. Complementariamente, se analiza
la dinámica del calentamiento de un gas granular de partículas alargadas. En todos estos escenarios,
las simulaciones se combinan con experimentos para calibrar y validar las herramientas numéricas
empleadas.

En primer lugar, el análisis numérico de la descarga de granos blandos-lisos de un contenedor
indicó el desarrollo de un caudal másico dependiente de la altura, lo cual no es habitual en los medios
granulares. Nuestro estudio sistemático examinó el espacio de parámetros de fricción y rigidez de las
partículas, explorando detalladamente la respuesta macroscópica de este sistema. Complementariamente,
el análisis de los campos medios nos ayudó a explicar cuándo y por qué el caudal depende de la altura
de la columna. La explicación general incluye: la respuesta del material a los gradientes de presión
en el orificio de salida, pero también la forma en que se transmiten los esfuerzos en el sistema. Los
resultados nos permitieron proponer argumentos teóricos simples, conectando el caudal macroscópico
con el gradiente de presión en el orificio. Como resultado, hemos encontrado una explicación bien
razonada de los valores de caudal dependiente de la altura, lo cual ha sido encontrado, experimental y
numéricamente, para granos blandos de baja fricción.

En segundo lugar, realizamos una investigación numérica del flujo en un silo bidimensional, usando
una de mezclas de granos blandos-lisos y duros-rugosos. Partiendo de un sistema homogéneo de granos
blandos-lisos, nuestros resultados numéricos reproducen el alto impacto que produce la inclusión de
solo un 5% de los granos duros, en el flujo del conjunto de partículas. Además, resaltaron la importancia
de la fricción entre granos de diferente tipo, en le desarrollo de este proceso. Cuando los granos duros-
rugosos son agregados al sistema, el flujo se vuelve más lento, los atascos resultan más frecuentes
y la fuerza medida sobre el fondo disminuye. Además, resulta que estos efectos se potencian cuando
aumenta la fricción entre especies.

También estudiamos, sistemáticamente, la introducción de esfuerzos cortantes, imponiendo la rota-
ción del fondo de un silo plano. Estas condiciones de contorno producen un efecto sorprendente en la
descarga de partículas alargadas: el caudal se reduce significativamente, hasta en un 70%. Nuestras
simulaciones y la aplicación de los métodos de promediación espacio-temporales revelan las razones
subyacentes de esta observación. La velocidad de salida de las partículas es el principal factor que
contribuye a esta caída, lo cual correlaciona con la orientación vertical de los granos. Nuestra herra-
mienta numérica permitió explorar la dependencia del caudal 𝑄 del tamaño del orificio 𝐷. En el límite
de los orificios grandes, se reprodujo la clásica correlación de ley de potencia 𝑄 ∼ 𝐷5/2. Sin embargo,
para aberturas pequeñas obtuvimos una ley de potencia pero con un exponente notablemente mayor.
Además, también se encontró que el tamaño de la región denominada ”arco de caída libre” disminuye
debido a la rotación.

Finalmente, se ha estudiado numéricamente un gas granular agitado formado por partículas alar-
gadas. Este sistema fue estudiado experimentalmente con anterioridad, y nuestro estudio proporciona
información adicional sobre el proceso. Por ejemplo, describiendo el comportamiento del sistema en
la dirección de calentamiento asimétrico, al que no se accedió experimentalmente. Se estudiaron las
distribuciones de velocidad de las partículas, encontrando que ajustan muy bien con distribuciones
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exponenciales con colas largas, lo cual está en acuerdo con experimentos previos. Además, en la direc-
ción no accesible experimentalmente, obtuvimos colas asimétricas. El colapso de las distribuciones de
velocidad nos lleva a concluir que la energía media del sistema escala con el cuadrado de la velocidad
característica de la pared.
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