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We build an effective-one-body (EOB) Hamiltonian at third post-Newtonian (3PN) order in
scalar-tensor (ST) and Einstein-scalar-Gauss-Bonnet (ESGB) theories of gravity. The latter is an
extension of general relativity that predicts scalar hair for black holes. We start from the known
two-body Lagrangian at 3PN order, and use order-reduction methods to construct its ordinary
Hamiltonian counterpart. We then reduce the conservative two-body dynamics to the (non-geodesic)
motion of a test particle in an effective metric by means of canonical transformations. The resulting
EOB Hamiltonian is a modification of the general relativistic Hamiltonian, and already at 3PN order,
it must account for nonlocal-in-time tail contributions. We include the latter beyond circular orbits
and up to sixth order in the binary’s orbital eccentricity. We finally calculate the orbital frequency
at the innermost stable circular orbit (ISCO) of binary black holes in the shift-symmetric ESGB
model. Our work extends F.L. Julié¢ and N. Deruelle [Phys. Rev. D95, 124054 (2017)], and it is an
essential step towards the accurate modeling of gravitational waveforms beyond general relativity.

I. INTRODUCTION

The observations of gravitational waves (GWs) from
coalescing binary systems composed of black holes (BHs)
and neutron stars (NSs) [2-6] with the LIGO and Virgo
detectors [7, 8] offer the unique opportunity to unveil the
nature of these compact objects and to test Einstein’s
theory of general relativity (GR) in the highly dynamical
strong-field regime [9-13]. The GW signals are at first
“chirps” produced during the long inspiral phase, where
the two bodies steadily and adiabatically come closer to
each other, losing energy because of GW emission. The
inspiral is followed by a short plunge and merger stage,
where nonlinearities prevail, and then by the so-called
“ringdown” phase for binary BHs [14, 15], or by more
complex pre- and post-merger signals (depending on the
equation of state of the NS and on the properties of the
BH) for binaries comprising at least one NS [16, 17].

Tests of GR for the different stages of the binary coales-
cence have been developed within theory-independent and
theory-specific frameworks. In theory-independent tests,
the underlying GW signal is assumed to be well-described
by GR, and beyond-GR parameters are included in the
waveform models to describe small deviations from GR
(a nonexhaustive list includes Refs. [18-31]). By contrast,
studies that analyze directly the data with waveform mod-
els constructed in beyond-GR theories of gravity are part
of the theory-specific framework (see, e.g., Refs. [32-34]).

So far, the majority of the tests of GR with GW signals
has been carried out following the theory-independent
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approach. However, in this framework the parametriza-
tions are non-unique, the beyond-GR degrees of freedom
can be degenerate with each other, and they are not
necessarily guaranteed to represent the (infinite) land-
scape of beyond-GR theories. Thus, it is relevant to
develop, both analytically (see, e.g., Refs. [1, 35-51]) and
numerically (see, e.g., Refs. [52-69]), waveform models
in specific beyond-GR theories of gravity. Eventually, as
already done for GR waveforms [70-72], the combination
of analytical and numerical-relativity (NR) results will
produce accurate beyond-GR. inspiral-merger-ringdown
(IMR) waveform models, which will be used to probe grav-
ity with the LIGO-Virgo-KAGRA interferometers, and
with future detectors on the ground (Einstein Telescope
and Cosmic Explorer) [73, 74] and in space (LISA) [75].
Importantly, next-decade facilities promise signal-to-noise
ratios one or two orders of magnitude higher than what is
achievable with current and near-future observations on
the ground, thus allowing for exquisite tests of GR [76].

Among the simplest modifications of GR, scalar-tensor
(ST) theories add one massless scalar degree of freedom,
which couples universally to matter. They were intro-
duced by Jordan, Fierz, Thiry, Brans and Dicke [77] and
put in a modern perspective in Refs. [35, 78, 79]. The cor-
responding two-body dynamics has been computed within
the post-Newtonian (PN) formalism [35, 38-42, 80]. In-
terestingly, compact objects in ST theories can undergo a
phase transition associated with the spontaneous symme-
try breaking of the scalar field near the compact object
in the presence of large curvature or relativistic mat-
ter [36]. For NSs, this phase transition leads to a rapid
growth of the scalar charge (“spontaneous scalarization”).
An analogous non-perturbative phenomenon (“dynamical
scalarization”) was found in binary NS and NS-BH simu-
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lations in NR [53, 55, 81]. Various methods to describe
these non-perturbative effects in waveform models have
been proposed [26, 82, 83].

However in ST theories, vacuum BH solutions are the
same as in GR. By contrast, Einstein-scalar-Gauss-Bonnet
(ESGB) theories have attracted particular attention be-
cause they have the interesting property that (i) for cer-
tain functional forms of the coupling constant, BH solu-
tions in ESGB gravity are different from the solutions of
GR, but admit the ordinary Kerr solutions as a special
limit; and (ii) there is the possibility of “spontaneous
scalarization” [84-86] (i.e., BHs can “grow hair”). These
observations opened up a much richer phenomenology
for binary BHs [87]. Recent progress in gravitational
waveform modeling within ESGB gravity includes the cal-
culation of inspiral waveforms using PN theory [48, 50, 51]
and the first calculation of quasinormal mode frequencies
of rotating ESGB BHs at quadratic order in a small-
spin expansion [88-90]. The numerical calculation of
merger-ringdown waveforms in ESGB gravity has also
made remarkable progress, at first using a small-coupling
approximation to numerically solve the field equations in
an “effective field theory” approach [57, 60-62, 68], and
then by showing that numerical evolutions are possible in
the full theory, although hyperbolicity can break down in
some regions of the parameter space [59, 63, 64, 66, 69].

An important step to build semianalytic IMR wave-
forms is to construct an accurate analytic description of
the two-body conservative inspiral dynamics. We achieve
this here within the EOB formalism [91-93]. The EOB
approach builds IMR waveforms by combining analyti-
cal predictions for the inspiral, notably PN results, with
perturbative calculations for the ringdown, and physically-
motivated ansatzes for the plunge-merger stage. The EOB
waveforms are then informed and made highly accurate
by calibration to NR simulations (see, e.g., Refs. [70, 72]).
One key ingredient of the EOB formalism is the conser-
vative EOB Hamiltonian. The latter, for nonspinning
compact objects and in GR, is built by mapping the
two-body dynamics into that of an effective body moving
in a deformed Schwarzschild spacetime, whose deforma-
tion parameter is the symmetric mass ratio v = u/M,
where p = mamp/M? is the binary’s reduced mass, m 4
and mp are the component masses, and M is the total
mass [91, 92]. Previous work extended the EOB Hamilto-
nian to ST and Einstein-Maxwell-scalar theories at 2PN
and 1PN, respectively [1, 44, 45, 47, 49]. In this paper we
build upon Ref. [1], and take advantage of recent progress
in PN calculations in ST and ESGB theories [41, 48], to
construct an EOB Hamiltonian at 3PN order for NSs and
BHs in ST and ESGB theories.

This paper is organized as follows. In Sec. II, starting
from the two-body 3PN Lagrangian in ST and ESGB
theories, we derive, using order-reduction methods, the
two-body Hamiltonian at 3PN order in the Einstein frame.
In Sec. III, we construct a canonical transformation that
maps the two-body Hamiltonian into the EOB Hamilto-
nian, including nonlocal-in-time terms due to tail effects,

which are already present at 3PN order in ST and ESGB
theories. More specifically, we compute such tails for
generic orbits in an expansion in the orbital eccentricity
parameter. In Sec. IV we specify our EOB Hamiltonian
to BH binaries in the shift-symmetric ESGB model, and
calculate the orbital frequency at the ISCO. In Sec. V
we summarize our main conclusions and future research
directions. Various technical details are relegated to the
appendices. In Appendix A we develop a dictionary to
relate quantities in the Einstein and Jordan frames. In
Appendix B we list the expression of the 3PN Lagrangian.
In Appendix C we discuss contact transformations of the
two-body Lagrangian. In Appendix D we give the two-
body Hamiltonian. Finally, in Appendix E we list the
coefficients of the canonical transformations. Throughout
this paper we use geometrical units (G = ¢ =1).

II. THE TWO-BODY HAMILTONIAN
A. ST and ESGB gravity

We consider the theory described by the Einstein-frame
action [35, 48]

1
I=-~ /d4x¢fg(R — 29" 0,00,0 + 1 f(0)9)
+ I[P, A% (0) g (IL1)

where R is the Ricci scalar, g = det g, is the metric
determinant, and G = R**° R, ,, — 4R'' R,,,, + R? is
the Gauss-Bonnet scalar, with R*,,, and R, the Rie-
mann and Ricci tensors, respectively. The integral of the
Gauss-Bonnet scalar over a four-dimensional spacetime
[ d*z/=gG is a boundary term [94]. Matter fields ¥ are
minimally coupled to the Jordan metric g, = A%(¥)gu-
The dimensionless functions A4 and f and the constant
quantity ¢ (with dimensions of length) specify the the-
ory. We recover ST theories when either /=0 or f is a
constant, and GR when moreover A (and ) are constant.

When dealing with compact bodies, we adopt the phe-
nomenological treatment initiated in Refs. [35, 95] in ST
theories, and describe them as point particles:

T = TP (g (i} = = 3 / ma(p)dsa, (IL2)
A

where dsg = \/—guda’ydz’ and x'i[s4] is the worldline
of particle A. The constant GR mass is replaced by a

function m4(¢) that depends on the internal structure of
body A and on the value of the scalar field at 2’y (s4). For
an explicit calculation of the mass m4(¢) of an ESGB
BH, see Refs. [48, 51]; see also Refs. [35, 36, 96] for NSs
in ST theories.

From now on, we will refer to the theory with action
(I1.1) as “ESGB gravity,” but we note that the action
includes ST gravity as a special case.



B. The two-body Lagrangian at 3PN

In this paper, we focus on the conservative dynamics
of compact binaries on bound orbits. When the relative
orbital velocity is small and the gravitational field is weak,
the motion can be studied in the PN framework.! To
do so, the field equations of the theory (II.1)-(I1.2) are
solved iteratively around a flat metric g, = 74 + 090
and a constant scalar background ¢ = g + dp, where g
is imposed by the binary’s cosmological environment. In
particular, the functions m4(¢) and mp(y), describing
bodies A and B, can be expanded at 3PN by introducing

ol = T (o). (1132)
B = 2 (vo). (IL3b)
G = ), (I1.30)
8% = T e0). (134)

and their counterparts for body B, where from now on
the superscript 0 denotes a quantity evaluated at ¢ = .

The ST two-body Lagrangian was derived at 1PN by
Damour and Esposito-Farése [35], at 2PN by Mirshekari
and Will [38], and at 3PN by Bernard [41, 42]. It was
then generalized by Julié and Berti, who derived its ESGB
corrections in Ref. [48]. However, the results in Refs. [38,
41, 42] are presented using a different, “Jordan-frame”
formulation of ST theories based on a set of Brans-Dicke-
inspired parameters. To recover the conventions of the
present paper, we must:

1. Translate the parameters in Refs. [38, 41, 42] in
terms of the quantities (II.3). The conversion is
detailed in Appendix A.

2. Observe that Refs. [38, 41, 42| use a coordinate
system {Z/} such that the Jordan metric §,, =
A2(¢)g, is Minkowski at infinity, G, — 7. By
contrast, we use here coordinates {z*} such that
Juv — Nuw- This means that

i = Aozt (I.4)

with Ag = A(pg), so that the orbital radius 7 and
body accelerations a4 entering Refs. [38, 41, 42]
translate as 7 = Apr and a4 = a4/ A in our con-
ventions.

3. Since also t = Agt, the two-body Lagrangians L
given in Refs. [38, 41, 42] must be rescaled as L =
AoL.

1 We denote by nPN the relative O(v2") ~ O(M/r)™ corrections
to Newtonian gravity, with v the system’s relative orbital velocity,
r the orbital separation, and M the total mass.

We denote by x4 the spatial position of body A, and
introduce the notations r = |x4 — xp|, n = (x4 — xp)/r,
va =% =dxu/dt and ay = v4. The ESGB two-body
Lagrangian is then, in harmonic coordinates such that

au (\/jgglw) =0:

L=-m% —m% + Lopx + Lipx + Lopx

+ Lgpn + O(v'Y), (IL5)

where the contributions up to 2PN were presented in
Refs. [1, 44] and are recalled in Appendix B. We decom-
pose the new 3PN contribution as

4
Lypx = Y L + Lin + ALEEP,
=0

(I11.6)

where the lengthy expressions of the terms Lg’,ZPN are also
given in Appendix B. They depend on the logarithms
In(r/r4) and In(r/rg), where r 4 and r g are regularization
lengths that we shall eliminate later.

However, one of us noticed, while performing the con-

version from the Jordan to the Einstein frame, that some

terms in LE?N, originated from the results of Ref. [42],

must be revised. The Einstein-frame two-body dynam-
ics is indeed described by the action (II.1) with matter
explicitly accounted for by Eq. (I1.2). The associated
PN Lagrangian should thus not depend on A and its
derivatives at infinity. Yet, the prefactors of the first lines
in Egs. (B.2d) and (B.2e) are inversely proportional to
a=(1+a%%)/(1+ad), where ag = (dIn.A/dp),,, cf.
Appendix A. This issue will be addressed in an upcoming
publication [97]. For now, we note that adjusting & will
not affect the structure of our results.
The ESGB correction beyond ST reads [48]

2
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with f'(¢o) = (df/d¢)ys, and M = mY + mb. It is
numerically of the same order of magnitude as a 3PN
term whenever 2 f'(¢o) < M2. Tt turns out that this
condition is satisfied by the nonperturbative ESGB BH
solutions studied in Ref. [51].

Finally, L3pn depends on a nonlocal-in-time “tail” con-
tribution which we converted from the Jordan-frame ex-
pression of Ref. [42],

; 2MAZ .. toodr .
Ll = 3 Y D(t) (g:(lj) / TDZ(t—FT)) , (IL8)
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which is driven by the acceleration of the scalar dipole
D' = mYa9aYy + mGa%at,. This tail term is absent in
GR. By the same arguments we made earlier, the tail term
should be independent of Ay = A(pg). This issue will
be also addressed in Ref. [97], and for now, we note that
replacing A(¢pg) by a different constant will not change



the structure of our final results. Here, “PF” denotes the
Hadamard partie finie, and we follow the conventions of
Refs. [41, 42, 98]: given a regular function f(¢) vanishing
sufficiently fast at infinity and a constant s, we have

T . .
In (- —7)— :
mf( n = [drin(5) (fe=m) = Fw+)
(IL9)
|
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ap = 20a0n 5 1 Balop)
1+a%a%” 2(1+a%a})?’
PO CO Vi = el Cap =
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and their (A <+ B) counterparts. The quantities (II.10d)
are new to this paper, and we named the first three of them
according to their (field theory) diagrammatic interpreta-
tion, as was initiated at 2PN by Damour and Esposito-
Farése in Ref. [99]. We recover the ST Lagrangian in
the limit £2f'(¢o) = 0, such that (II.7) vanishes. We
recover GR when moreover m4(¢) and mp(p) are con-
stants: then, Eqs. (IL.3) and their B counterparts are
zero, so that Gap = 1 and (I1.10b)-(I1.10d) all vanish.

C. The order-reduced Lagrangian

The Lagrangian (IL.5) is written in harmonic coordi-
nates, and it depends on the accelerations a4 and aB of

the bodies, both linearly via Lapn, L:(aQN and L3PN [cf.
Appendix BJ, and quadratically via the tail contribution
Lg%}N In order to deal with an ordinary Lagrangian de-
pending on positions and velocities only, we can replace
the accelerations by their onshell 1PN expressions, as we
Nnow prove.

Consider a degree of freedom ¢(t) described by the

action I = [dtLlq, ¢, {], where

L[q7Q7 ] LO(qv )+6L1(an)
+ €°[La(q, §) + £a(q,4)d]
+e [Ls(% q) + 43(q, q)q+qPF/ I +T):|
+0(e"), (I1.11)

with € < 1 an expansion parameter. The Lagrangian
(I1.11) depends on § linearly at O(€?) and O(e?), and also
quadratically via a nonlocal-in-time contribution at O(€?).

fa=

4

The two-body Lagrangian (II.5) depends on the theory-
dependent combination £2f’(¢g) entering Eq. (I1.7), and
on ten body-dependent parameters: the masses of each
body and their logarithmic derivatives (I1.3) at infinity. It
is also useful to introduce the following quantities, ordered
by the PN level at which they appear, from 0PN to 3PN:

(I1.10a)
(I1.10b)
030,00
BaPeoace (I1.10¢)
(1+a%a}g)
%20 30 310
()—ﬂ“"i, ba = %ﬁf‘g (I.10d)
(14 a%a%) (14 a%a%)
[
The Euler-Lagrange variation of
F(q,q) = Lo(q,9) + €L1(q,9) (IL.12)
reads
oF _oF _d (OF
¢ Oq dt \ 9q
_OF o (OF O F
- — ¢ | 45 I1.13
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where the second equality follows from the chain rule.
Now introduce the notations

. o%F
HF(qa q) = 6(]2 ) (11143)
.. ) 1 [0F .0 [(OF
Gr(q,q4) = i [Gq —q 94 <8qﬂ , (I1.14b)

where Hp(q, ¢) is the Hessian of F(q,¢). Then Eq. (I1.13)
can be rewritten as the identity

1 F
j=(r — — — I1.15
q qr HF 5q ) ( )
which reduces to § = Gr(q,q) + O(e?) when the Euler-
Lagrange equations of F(q,q) are satisfied, 6F/dq = 0.
We can then insert (I1.15) into (IT.11) to ﬁnd
L= Lred
1 6F [, dr ..
- Hich{ ly + € <f3 + 2%?AHQF|t+T)]
1 0F dr 1 6F
+e——PF | —— —
Hp (5(] 2q |T‘HF 5(] T
+0O(eh), (I1.16)



where

(I1.17)

Lred [% (A = L[Qv Qa q.F (q7 q)]

is an ordinary Lagrangian depending only on ¢ and ¢,
obtained by replacing the acceleration ¢ in L[q, ¢, §] by
its onshell expression deduced from F(q, ¢).?

The third line of Eq. (I1.16) is doubly zero: its O(€®)
contributions to the equations of motion are at least
linear in 0 F/dq, which vanishes onshell. Thus it can be
discarded. As for the second line of Eq. (II.16), it can
also be eliminated via a variable change ¢ — g + d¢][q, ¢]
with §¢ = O(€?). Indeed, the Lagrangian then transforms,
by definition, as

L— L+ ‘;—SM + O(e"), (I1.18)
modulo an irrelevant total time derivative, and we can
choose

S 1 2 3 dr .
5q[Q7q] - FF |:6 62 +e€ (83 + ngqF/l:z qu|t+T):| .
(IL.19)

This variable change belongs to the class of contact
transformations introduced by Schéifer and Damour in
Refs. [100, 101], which we generalized to include nonlocal-
in-time terms for our purpose.

Now return to the two-body Lagrangian (II.5). We
can replace the accelerations by their onshell expressions
deduced from F = LOPN + LleZ

Lyea = Lla'y = (ap)’y, aly — (ar)5] + O('%), (11.20)
where @, is a function of the positions and velocities
given in Appendix C. Note that it is sufficient to replace
the accelerations entering the Lagrangian at 3PN level
by their OPN expressions. This procedure amounts to
making an implicit 4D coordinate change via a contact
transformation x4 — x4 + dx4 resembling (I1.19),

. i [OLapy (L + L)
51’1 _ H 1 Az; - + 3PN i 3PN
A ZB:( F )BJ|: an aCI,JB

4M.A
O BchaCPF/| | (ap C‘H‘r ,

(I1.21a)

+

82
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=—, (I1.21b)
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2 Using Eq. (I1.9) we have that

21;‘(1*; /R%B(t—&-’r) S/R%B(t—i-r)—i—an(q(t))B(t)

from which we deduce an identity that is useful to prove
Eq. (I1.16):

/d ) PF/—B tr) = /dtB(t) /—A(t—‘,-T)
2q(t) Jr |7 2q(t) Jr |7

which we also give explicitly in Appendix C. We verified
that applying the contact transformation (C.4) to the
two-body Lagrangian (I1.5) yields a result which matches,
modulo total time derivatives and doubly zero terms, the
order-reduced Lagrangian (II.20).

From now on we work with the order-reduced La-
grangian L,eq, and thus, in a coordinate system other
than harmonic.

D. The two-body Hamiltonian at 3PN

From the order-reduced Lagrangian (I1.20), we can infer
an ordinary Hamiltonian via the Legendre transformation:

H=p4s va+Pp VB — Lrea, (I1.22)
with
8Lred 8Lred
= = . 11.23
P4 0va , ovp ( )

A technically useful remark is that, when deriving a
Hamiltonian from a nPN Lagrangian, it is sufficient to
calculate (I1.23) at (n — 1)PN order, since after inversion,
the nPN corrections to v4(pa,ps) and vp(pa,ps) can-
cel out in Eq. (I1.22). We thus need the momenta at 2PN
order only.

In the center-of-mass frame such that p4 +pp = 0, the
conjugate variables are r = x4 —xp and p = pa = —PpP5B-
The motion being planar, we use polar coordinates (7, ¢)
with conjugate momenta p, =n-p and py = r(n X p),.
We introduce the reduced mass and mass ratios

0,,0 0 0
mymy 1 my —mg
- B = — =42 11.24
a M T ™ M | )

together with the following dimensionless quantities:

R r i t R T
P=— T=—
M’ M’ M’
~ DPr ~ Do 52 p¢
Pr=—, Pp=-—, P = —&——. (I1.25)
Iz Y

We denote by a subscript + (respectively, —) the (anti)
symmetrization of the quantities (I1.10), as in, e.g., B4+ =
Ba+ Bp and f_ = B4 — Bp. The two-body Hamﬂtoman
is then:

. H
H==
"

M ~ ~ ~
= n + Hopn + Hipn + Hopn

+ Hpx + (9(1510) ) (I1.26)

where the contributions up to 2PN were first derived in
Refs. [1, 44] and are recalled in Appendix D. The new
3PN contributions read

4
Hspy =y H{py + Hily + AHEP,
=0

(I1.27)



where the lengthy expressions of ff?(,g N are also given
in Appendix D. They depend on Iny = In(#4) £+ In(7p),
where 74 =74 /M and 75 = rg/M are the dimensionless
regularization lengths mentioned below Eq. (I1.6).

For the reason given above, the tail and ESGB con-
tributions are equal and opposite to their Lagrangian
counterparts:

4 s 47 cos A
s — Gap Fail PF / ar cosid (I1.28)

7w Jy TR

where the cosine of A¢ = ¢(t +7) — ¢(f) follows from the
order-reduced, center-of-mass frapae acgeleration Dt =
*GABZ/(Oz% - 0403)71’/7*2 taken at ¢t and ¢ + 7, and

2A2( —a%)%v
kian = B 11.29
il 3 (1+a%a%)? (I1.29)
The ESGB correction beyond ST reads
N 1k
AHTSGE = 7GABMESGB : (I1.30)
with
2 f'(po) 3(as + ap) +m_(af) — o)
kESGB = - 0 -0
2M? (14 a%al)?

(I1.31)

Finally, to prepare for the calculations of Sec. III below
when the eccentricity is nonzero, and thus 7 not constant,
we use the first identity in footnote 2 to get

Hip\ = Gap krai
" {}PF/ d; ACO?A? B 2lnEr/s) ’
72725 Jp |7 72(t + 7) 4

where § = s/M is an arbitrary constant [which will not
appear in our final EOB Hamiltonian]. Following what
was done in GR at 4PN order in Ref. [98], we then decom-
pose the two-body Hamiltonian (I1.26) into local-in-time
and nonlocal-in-time parts,

(I1.32)

H=H'+ Y+ 03", (I1.33)

with

~ M ~ N ~
H' = ; + Hopn + Hipn + Hopn (I1.34a)

r/Ss
ZHéQN—2G4Bktall n/S) | ARG
=0

it — Gaskun df cosig (I1.34D)
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III. THE EOB MAPPING
A. The EOB Hamiltonian at 3PN order

In Sec. II, we derived a two-body Hamiltonian at 3PN
order and in the center-of-mass frame. We shall now use
canonical transformations (r, ¢, p,,py) = (R, ®, Pr, Py)
to identify it with an EOB Hamiltonian [91, 102, 103]

. " M -
Hpop = —298 —\/1+21/ (frar = 1),
wooon

(IL.1)

where Hog is an effective Hamiltonian to be constructed.
In this paper, we write the effective Hamiltonian in the
same gauge as that used in GR at 2PN, 3PN and 4PN
orders [91, 93, 102], that is

2

. H.g P2
R2> +Q, (II12)

Heff =
1

= A(1+AD15§+

which depends on three potentials. Through 3PN order
they can be expanded as

a4 + a4,1n In é

A=1+% R R2 RS 7 ., (I1L.3a)
Doty e dordnbl gy,
0= (Ch + ql’lfl In ]:3) ]5}% n (QQ + q“l In R) Pg
R2 R '
(I11.3¢)
where
. . P . P,
p=f p ~oP i (I11.4)

M) RZT, ¢=m-

When restricted to 2PN order, the EOB Hamiltonian
above depends on five coeflicients (a1, az,as) and (dy, ds),
which were derived in Ref. [1] in ST theories. We will
recall their expressions in Sec. III D for completeness. In
this paper, we introduce the remaining eight coefficients
to include 3PN contributions in ST-ESGB gravity.

The effective Hamiltonian (II1.2) describes the motion
of a test particle with mass p in an effective static, spher-
ically symmetric metric [in Schwarzschild-Droste coordi-
nates with 6 = /2]

dR?
dslqy = —Adt* + — + R*d®?,
Seff + AD +
but it is now deformed by a non-geodesic 3PN potential
@ which vanishes for circular orbits such that Pr = 0.
The reason is twofold:

(I1L.5)

1. At 3PN order and already in GR, the two-body
dynamics cannot be reduced to geodesic motion [93].
Following Damour, Jaranowski and Schéfer, we thus
include a post-geodesic correction controlled by the
coeflicient q.



2. In GR, the two-body Hamiltonian depends at 4PN
order on a quadrupole-driven tail [98, 104], which
can yet be accounted for in a local-in-time EOB
Hamiltonian by extending () to an infinite post-
geodesic series [102]

Q=Y Qu(R)PE, (I1L.6)
n=2

together with In R-dependent EOB potentials. Our
ansatz (II1.3) adapts this strategy to include the
dipole-driven tail entering already at 3PN order.

Note that in practice, one must truncate ). We choose to
do so at O(P§), as otherwise it would diverge at infinity
[cf. the R-dependence in Eq. (IT1.3c)|. This will amount
to including beyond-GR tails up to sixth order in the
binary’s orbital eccentricity in Sec. III C. For circular
orbits such that Pr = 0, we have @ = 0; in this simpler
subcase than what is done here, Heg depends only on A,
and the tails affect a4 and a4, only.

Finally, following Ref. [102], we find it useful to split
the potentials as

A=A+ AT (I11.7a)
D =D'4+ D", (ITL.7b)
Q=0 +q", (I11.7¢)
where
al+a InR
A=y By f2 B T ()] 8a)
R R* RS Rt
d, dy di+di, InR
Di=14 424 27 3 7 (IT1.8b)
R R? R3
1 (q{ + qiln In R) PI% (qé + q;,ln In R) P]g
Q= - + - ;
R2
(IIL.8c¢)
and
al +al InR
A= 2 A (IT1.9a)
R4
d¥ +d InR
plt=2_ 8h 7 (II1.9b)
R3
n (d'+ g, mR)Ph (g + gl In R) P}
Q"= - + - :
R2
(IIL.9¢)

The EOB Hamiltonian can then be decomposed in a
similar fashion as its two-body counterpart,
where fIIEJOB is obtained by formally setting A, D™ and
Q" to zero in Eq. (II1.1) while, at first order,

ﬁIEDIOB =

(A" + D"PE 4+ Q™). (IIL.11)

DN =

B. Local-in-time contributions

Let us first focus on the local-in-time part H' of the
two-body Hamiltonian, cf. Eq. (I1.34a). We perform a
canonical transformation such that H' is a scalar and its
action only changes by a boundary term:

/ (PrdR + Ppd® + dF) = / (prdr + pydg) , (1I1.12)

and thus

dF = p,dr + pyd¢ — (PrdR + Ppd®). (I11.13)

For practical reasons, we will rather use G(r, ¢, Pr, Pp) =
F + (PrR+ P3®) — (Pgrr + Pp¢) such that

dG = dr(p, — Pr) + d¢(py — Po)

+ dPgr(R — 1) + dPs(® — ¢), (I11.14)

which generates a canonical transformation introduced in
Refs. [1, 44|,

. A oA oG
R(#,¢, Pr, Pp) = 7 + ——, II1.15a
(7,0, Pr, Po) 5Pn ( )
O(F, ¢, Pr,Py) = ¢+ ag , (IT1.15b)
OPs
ﬁr(fa¢7PR7P¢):PR+6aif7 (111150)
o .G
by (7, ¢, Pr, Ps) = Po + 5 (IIL.15d)
We choose the ansatz:
A G A L\ PEpY
G = My 7Pr Z (vigr + %l'jk In ) TAkR (II1.16)
W4,k
with
R P2
P?=P;+ -2 (I11.17)
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which yields coordinate changes between 1PN and 3PN
level when the positive integers i, j and k satisfy 1 <
i+j+k < 3. Our ansatz does not depend on ¢ to preserve
isotropy, and thus py = Pp. Moreover, for circular orbits
such that p, = Pgr = 0, we have & = ¢. A A
From Egs. (II1.15) we can express both H' and Hyop
in the same mixed coordinate system (r, ¢, Pr, Pp). We
then solve, order-by-order, the equation
H'(#, ¢, Pr, Py) = HLop (7, ¢, Pr, Ps) (IIL.18)
to fix the coefficients of the potentials (ITI1.8) and of the
generating function (II1.16). The solution is unique, and
the new 3PN coefficients are:



G pvias (11 (ap +2)° — 26, —20-m_)

@} = 4G pkean In 8 + 2G4 phesas + 46 (Yap +2)

L G
12

+m_B_ (—477%5 + 28945 — 3684 + 264 + 28) + 86_m_Yap + 6m_e_Jap + 1857 +6_ (6m> —4) B_
+3 (5m2 + 1) B2 + 46, + dry +46-m_ — dk_m_|

[85+7AB — 661948 — 60755 — T894 — 24948 — B+ (—4T¥Ap + 28Yap + 204 +25_m_ + 28)

[ — 19281 (2¥4p + 927ap + 404 +5) + 126726, ap + 10566545 — 6912(apTap + 1152e47ap + 637777 5

— 43273 5 — 180723 5 + 1529677 g — 1350m%Y 4 + 37184745 + 965_ (m_ (4555 + 64545 — 3684+ + 854 + 19) + 165_)
+2885_m_7ap + 2880537 + 288 (m? — 3) B2 + 3456(ap + 252175, — 58885, — 1152k + 1920_m_ + 384K_m_

+ 576m_€_ + 5T6m_w_ + T68m_1)_ — 5T6m_e_ + 5764 + 576w, — 15361, + 576ey — 147672 + 36096] ,

(I11.19a)
1 _ Gip 3 (s - =3 ~2 - 7 = -
d3 = —5 [— 1284 (3vap +8) + 204 3Van +8) — 9Yap — 52Vap — 647ap + 36m_B_Yap +60_m_Yap
2 G?ABV 2 - - -3 —2
+96m_fB_ +165_m_ — 8m_e_ + 864_} -1 {12@. (57aB —9) + 804 (374 + 7) — 36745 — 30873
692745 — T2m_B_Fan — 99m_F_ — 108Cap + 126_m_ + 6m_ec_ + 10e; — 624}
+ G pr”? { —Yap — 107aB + 984 +6Cap — 204 — ey — 6} ; (IIL.19Db)
G? v ~ = ~ ~
q = % [15&%,3 + 52945 + 2B —2m_f_ — 20, —26_m_ +48} + G4 pv? [ —49ap + By —m_p_ — 6,
(I11.19¢)
g =0, (II1.19d)
[
with logarithmic counterparts EOB counterpart H]I-EIOB depending on positions and mo-
ab = 4G sk (IT1.20a) meAntaAonly. To d? S0, we can Taylog—lelxpand 7(t +-7') fmd
; ¢(t + 7) around 7 = 0, and treat H" as a local-in-time
d3;n =0, (IIL20b)  function of #(£) and (), and their arbitrarily high-order
q{ =0, (I11.20¢) time derivatives. The Newtonian equat.ion§ of motion can
. then be used to order-reduce these derivatives, as we now
U210 = 0. (IIL.20d) prove.
The coefficients of the canonical transformation (IIL.16) ansider a pair Of' phase-space variables Q(t) and p(t)
are given in Appendix E for completeness. described by the action I = [ dt(pg — H) with
We explicitly checked that in the GR limit, H' can also 3 L .
be identified to the 3PN (ADM) Hamiltonian of Ref. [9§] H = Ho(q,p) + € AH(q,4,q, - ;0,0,0, )
via a canonical transformation whose coefficients are given +O(e), (II1.22)
in Appendix E.
where € < 1, and where AH depends on arbitrarily high-
order time derivatives of ¢ and p. The Euler-Lagrange
C. Nonlocal-in-time contributions variations of
Let us now turn to the nonlocal-in-time 3PN Hamilto- Lo = pg — Ho(q, p) (II1.23)
o AT : .
nian H, which (we recall) reads with respect to p and ¢ yield, respectively,
. 4 : 7 A
o= GABifta‘ o (II1.21) R
7 23 Jr 7] #2(t 4 7) Q=dot 5" (I11.24a)
with A¢ = ¢(t+7) — ¢(f). We wish to identify it, modulo 0Lg

canonical transformations, to a local-in-time, ordinary p=Ppo— ﬁ’ (IL.24D)



where we have introduced the notation

) 0Hy

_ 9o I11.2
4o(q,p) o (I11.25a)
. OH,

-0 I11.25b
Po(q,p) B4 (II1.25b)

As usual, the system (II1.24) reduces to the Hamilton
equations ¢ = go(q,p) + O(€®) and p = po(q,p) + O(®)
when 6Lg/ép = 6Lo/dq = 0.

We can then insert (II1.24) into (II1.22) and expand
at first order only in §Lg/dp and 0Lg/dq (and their time
derivatives), since higher-order contributions are doubly
zero. We then find, modulo total time derivatives:

H = Hy+ ¢AH (q,4o, (do) -
30Lo 0AH  30Lo 0AH

Sp 8¢ oq Op

;p7p07(ﬁ0). 7)

+0(e*),  (I11.26)

where we have defined the Euler-Lagrange variations of
AH with respect to ¢ and p:

0AH

OAH  [OAHY
5 = o —( aq) (I11.27a)
SAH OAH [OAHY
5 = o5 < 6]5) (IT1.27b)

Now we denote the order-reduced (over)-accelerations, ob-
tained recursively from the Hamilton equations of Hy(q, p),
by

B dqo 9qo .
Go(q,p) = 34 do + N Po
. _Odo . 0Ogo .
d0(q,p) = g 0T 9, P00
(n) (n)
gy %40, . 9% ", 11128
(¢,p) = ag G =5, P (IIL.28)
with n > 1 and, similarly,
(n) (n)
(n+1) (g, p) = 2P0 o, T11.29
Po (a:p) g Go + ap Do - (II1.29)

We then have, using Eqgs. (I11.24) again,

(g0)™ = q(”“)(q p)
1 (9d" 5Ly 0gt" ) 6L\
4 Z 9Lo 99 o0 ,
3(1 op op dq
<m%m:p““kqm

» (i)
op ™ 5Ly op{" SL
+Z< 0o _Op " OLo

(I11.30a)

(IT1.30b)

dq  6p dp  dq

which we can plug into the second term in the right-hand
side of Eq. (I1.26). Expanding the result at first order

in 6Lo/ép and 0Ly/dq (and their time derivatives) and
integrating by parts finally yields:

H = Hyoq (I11.31)

0Ly (SAH N SAH g
6 p < Z(Sq n+1) aq

> SAH ap<”>>
d

§p(n+1) aq

9L 5AH i SAH g
q 5q(n+1) 8])

= SAH op{"

4
" 5p0 D " op >red + 0D,

modulo doubly zero terms and total time derivatives. The
subscript “red” indicates a reduced quantity, as in

Hiea(q,p) = Ho(g,p)
+ € AH (g, 40(q,p), Go(a,p), -+

p.Po(q,p), Polq,p), -+ ) -

(IT1.32)

It is now elementary to eliminate the second to fifth
lines of Eq. (IT1.31): under a phase-space contact trans-
formation (q,p) — (¢ + dq,p + 6p) with 6g = O(€?) and
§p = O(€?), the Hamiltonian transforms as

(H —pq) — (H — pq)
0Lg 0Lo
- Ed - 5—6 g+ O(% (111.33)

modulo an irrelevant total time derivative, and we can
choose to identify dp(q, p) and dg(q, p) with the long coef-
ficients of 6 Lo /dp and Ly /dq in Eq. (IIL1.31), respectively.
This toy model is an adaptation of Refs. [100, 101, 105],
which we have extended to Hamiltonians depending on
arbitrarily high-order time derivatives of ¢ and p for our
purpose.

Indeed, return now to the nonlocal-in-time 3PN Hamil-
tonian H'. We shall see that there exists a set of phase-
space variables other than polar in which the steps above
are elegantly carried out. This is the route of Ref. [102],
which we adapt here to the ST-ESGB case.

In polar coordinates (7, @, p,, py), the Keplerian trajec-
tory can be parametrized by the semi-major axis @ = a/M
and the eccentricity e as [106]

7 =a(l —ecosn), (I11.34a)
1
tan% = /1 ha Z tang (I11.34b)

We set £ = 0 at the periastron without loss of generality,
and define the eccentric anomaly 7 as

(I11.35)



where

Qa) = MQ = G:‘;B (111.36)
a

is the mean orbital frequency.

Now, we observe that @ and e can be treated as functions
of the Delaunay action-angles (£, G, 1, g).> Indeed, it is a
textbook exercise to show that, on Keplerian orbits [107],

= \/GABCAL, (IIIS?&)
Gapa(l — e? (I11.37b)
which can be inverted as
2
a(L) = £ , (111.38a)
Gap
G2
e(L,G)=1/1— 77 (I11.38b)

while the conjugate angles are the mean anomaly and
argument of the periastron, respectively:

=01,

g=w.

(I11.39a)
(I11.39D)

In these canonical variables, the 0PN equations of motion
are particularly simple: Hj is the Delaunay Hamiltonian,

. Gip

and thus
dl 0H, -
dg 8ﬁ0
—=—=0, II1.41b
dt oG ( )
dL OH,
— == II1.41
d a = (IL41c)
dg  0H,
— =—-——=0. II1.41d
dt dg ( )

3 For completeness:
as [107]

c= L (?{pT(E, J,7)d 4+ j[m(J)zw) :

g= i fﬁcb(g])d(]ﬁ

which are calculated on an orbital cycle with constant pg = J

the Delaunay action variables are defined

and Hy = E < 0. The conjugate angles are then defined as

S N
oo with S = [ po(£,0,7)d + ps(G)do,

a8
(= — =
8[:7 g
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We can thus consider HL, recalled in Eq. (II1.21), as
a nonlocal-in-time function H'[£, G, 1] of the Delaunay
variables, and use the relations above to turn it into a local-
in-time, ordlnary Hamiltonian as follows: when e < 1,
invert Eq. (I11.35) iteratively as (recall that [ = Q1)

1 1
n=1+esinl+ 562 sin 2] 4+ §e3(351n3l —sinl)
—e*(2sin 4l — sin 20)

1
+ ——¢®(2sinl — 81sin 31 4 125sin 51)

384
1 . . .
+ 240° 6(5sin 21 — 64 sin 41 + 81 sin 6])
+0(e"), (I11.42)
and insert it in Eqgs. (I11.34) to deduce 7(a(£L),e(L,G),1)

and ¢(e(L,G),1), which enter H. To evaluate them at
t+7, Taylor—expand L, G and [ around £, and order-reduce
their arbitrarily high-order time derlvatlves at time ¢ using
the OPN equations of motion (I11.41). We recall that
this step is equivalent to an implicit phase-space contact
transformation, as clarified by our toy model above. The
result is very snnple (more so than in polar coordlnates)
since only the first time-derivative of I, dl/df = (L), is
nonzero onshell:
1+ 7) = 1(E) + QL)7, (I11.43)
while £ and G are constants.
The order-reduced Hamiltonian then has the structure:

G4 gktail dar
Hred ng‘/ ‘7’| (COSQT+Z ﬁ g )

+0(e"), (II1.44)
where
I, = Z (@imn cos(ml) cos(nf7)
+bimn sin(ml) sin(nQ7)) . (I11.45)

Here m and n are non-negative integers, and the constants
Aimn and bj,, are rational numbers. The Hadamard
partie finie can be computed via [102]

dT o
PF/ ;COS(TLQ%) =-2
23 Jp |7
PF / disin(nm) =0,
23 Jp |7]

where g is Euler’s constant. Eq. (II1.46b) follows from
the symmetry of the integrand, and it implies that the
second line of I; can be discarded. The result is a local-
in-time, ordinary Hamiltonian:

e +1n(2n08)],  (IIL46a)

(I11.46b)



2G4 pktai o
H14(L,G,1) = ‘2%)“ [vE +1H(29(£)5)}
+ Z Z »C g zmn )COS(ml) s
=1 m,n
(I11.47)
where
_ 2Gj143 ktail Gimn A “
Aimin (£) = == ABE [+ n(2n02(0)3) |
(I11.48)

_ Another purpose of the Delaunay action-angles is that
HI, is a perturbation of the 0PN Hamiltonian (I11.40),
which depends only on £ in these variables. That way,
the [-dependence in Hp = Ho(L) + HI(£,G,1) can be
eliminated through a canonical transformation resembling
Eq. (II1.15),

U'(l,g,L,G") =1+ % , (I11.49a)
g(,9,L,G") =g+ 85/ , (111.49b)
L(l,g,L',G") =L+ % , (I11.49¢)
G(l,9,L£,G")=G"+ ‘?)—i (I11.49d)
Indeed, the ansatz (for m # 0)

: sin(ml)
=YD e, G Avn (L) — (I11.50)

i=1 m,n mQ(E’)

agil 1
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yields a 3PN coordinate change, such that [only (II1.49c)
matters]

H’D(‘C?QJ) = A (‘C/) red(‘cl g/ )
3H0 aG ~10
Sr o+ 06). (IIL51)

Since H, /8L = ), the second line eliminates all m # 0
terms in H1 (£',G,1), cf. BEq. (I11.47). We thus discard
them in practice, and only keep the part m = 0. The final
canonically-transformed Hamiltonian reads (dropping the
primes for simplicity)

4
221 GABktail

d — ~
re Py

—e?(—9Ina+3InGap + 6y +6Ins+141In2)

(3111& —InGap — 2 (7 +In(23))

3
— 3—264 (—180Inéa 4 60In G 45 + 1207g + 1201n 5

—2511n2 + 2431n6)

1
— 17566 (—4201na + 140In G ap + 2807g
42801n 5 + 292912 — 7291n6)

+ O(es)) , (IIL52)

where we recall that a and e are the functions (IT1.38) of
L and G.

The same steps can be applied to Hiyp of Eq. (II1.11).
It is already local-in-time and ordinary, but we rewrite
it in terms of @ and e using Eq. (I11.34a) with # — R,
and Pr = dR/df.* We then use Eq. (I11.42) and invoke
canonical transformations to discard [-dependent terms
with the same form as in Eq. (II1.47). We find:

1 1
Hiop = = (5 (a3 na +ai) + g (2 (d1,Gap + Gagy,) + 245 Gap + 1203 — Tayy,)

1
+ —e* (4Ina (3¢, G p + 10d5,,Gap + 450}, ) + 1241 G2 + (40dy — 18dY',,)Gap + 180ay — 171ay),)

64°
1

+ —€%(60Ina (¢31,G% 5 + 3¢11,Gap + Td51,Gap + 28ay,) + 605 G% 5 + (180g)"

384

+(420d}" — 319dY,,)Gap + 1680al — 20464l + O(eg)> .

Now assume that @ and e in Egs. (IIL.52) and (IIL.53)
are functions of the same action variables (£,G). The
identification HX, = HY rop term-by-term then yields the
unique solution:

4 At leading order in the eccentricity, Pp = O(e). This means
that I:I]IEIOB, which we truncated at O(Pg) [cf. below Eq. (II1.6)],
can be identified to the two-body Hamiltonian modulo canonical
transformations up to O(e%).

— 66q) ln)G2AB

(I1L.53)
[
1
ay = —4G % gkan (Ve + 3 InGap +1n(28)), (IL.54a)
di = G3 pkean(21 — 321 2), (IT1.54b)
2 k )
gl = %(93 +1753In2 — 7291n6),  (IIL.54c)
3G apkiai

gl = %(37 — 5707102 + 21871n6), (II1.54d)



with logarithmic counterparts
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D. Complete EOB potentials at 3PN order

ay 1, = 6G pkiail , (IT1.55a)
dél,ln =0, (I11.55b) In Eq. (IT1.7) and below, we splitted the EOB potentials
qu -0 (I11.55¢) into their parts I and IT, which we determined in Secs. ITI B
; " ’ and III C, respectively. We recall that Pr = Pr/u, and
42 = 0. (II1.55d) we introduce the notation
GaM
= . IT1.56
2 (111.56)
Adding the results yields:
A(u) =1 —2u+2((B) — yap)u® + (2v + das)u® + [v(94/3 — 417° /32) + 0y + u1n Inu]u?, (ITL.57a)
D(u) =1 —2yapu+ (6v + dda)u® + (52v — 6v2 + dd3)u®, (IT1.57b)
Q(u, Pr) = (8v — 612 + 61 ) Ppu® + @2 PSu., (I11.57c)
with
1 ~ _
dag = 75 [V(—24<AB — 36834 + 47545 +407ap + 864 + 4ey) — 24(B) (1 — 2yap) — 35745
— 20945 +4(5) — 4<e>} : (IIL58a)
- 1 _ _
6dz = 7| = 3745 — 12945 + 4(6) — 24(8) + 8v(27a5 — (B))] . (IIL.58b)

and, at 3PN order,

vyaB (11 (Fap + 2)? — 4(6))

das = 2k — 4k ai In2 -
a4 ESGB il (VE +1I02) + TECPES)

1 ~ _
+ 15 [2<6> (47935 — 28748 + 681 + 46, — 12(6) — 28) — 6075 — T874p — 24745 + (0) (1674 + 8) — 12(e)7aB

—45_B_ — 45,5, + 352 — 352 + B(8)B, + 60()? + 8(x)]

l/ R A —
52 [ — 28834 (40748 — 3) + 192(8) (—4745 — 64745 + 3051 — 854 — 19)

+ 84 (1267°Fap + 7687ap + 25272 — 6080) — 6912CapTan + 115264745 + 637275 5 — 43275 5 — 1807°74 5

+ 1529695 5 — 1350m°Yap + 37184545 + 192(6) (3945 + 2) + 15360_3_ — 86432 — 288537 + 3456(ap

+ 1152(B)? + 1152(€) — 768k — T68(k) — 1536(1)) + 1152(w) — 76814 + 1152<§>} ,

- 1 _
63 = kian(21 — 321n2) + == [4((0) = 6(8)) (374 + 8) — 9945 — 52745 — 64745 + 16(¢)]

1 [4(=61 (67ap + 11) + 9585 + TT9% 5 + 17375 + 2TCan — 6(6) + 3(e) — 4e,)
+ 364 (4945 + 69) — 18(5) (8745 + 11)} + 02 [ — 5% — 104 + 984 + 6Cap — 204 — 64 :
0G1 = éktaﬂ(% +1753In2 — 7291n6) + % ["_YAB (15545 + 52) +4((B) — <S>)} + 202 {<B> - 2»—7AB} ,
G2 = %ktaj1(37 —5707In2 + 21871n6) ,
with the logarithmic counterpart

Q4ln = —2ktail -

(IT1.59a)

(IT1.59b)
(IT1.59¢)

(I11.59d)

(I11.59)



The coefficients depend on the mean values

mOBp +mpBa

(B) = TAE B, (I1L.60a)
(U 0
_ myda +mpip
(9) = TAATIIEE (I1L.60b)
0 0
(e) = —mAEB;;mBEA , (I1L.60c)
0 0
_ Myuwa +Mpwp
(o) = AL IIBE (I11.60d)
(k) = w 7 (I11.60e)
0 + 0
() = W (IIL60F)
mYp +myiha
W) =" (IIL.60g)

where Eqgs. (I11.60a)-(I11.60c) were already introduced in
Ref. [1], while the remaining quantities are new to this
paper.

A few comments are in order. The potentials (II1.57)
are a beyond-GR extension of the 3PN results of Damour,
Jaranowski and Schéfer [93], which we recover in the GR
limit detailed below Eqs. (I1.10). Indeed, in that limit
(B), 74 and the coefficients (I11.58)-(I11.59) all vanish.
We observe that Newton’s constant is now substituted by
the effective gravitational coupling Gap entering u at all
orders. Thus this effect can be absorbed in a redefinition
of the total mass M. When truncated to 2PN order, our
potentials depend on five coeflicients and reproduce those
of Ref. [1] in ST theories. This can be checked using
Egs. (IIL.58) and B = (AD)L.

The 3PN coefficients (II11.59) are the central new results
of this paper. They show that among the eight coefficients
in our ansatz at 3PN level [cf. Eq. (IIL.3)], only five are
nonzero. The contribution from the nonlocal-in-time tail
is driven by the constant ki1, which enters all coeflicients
in Egs. (IT1.59). This is necessary to include the non-
GR tail beyond circular orbits, and at sixth order in the
orbital eccentricity. Note that the tail is fully responsible
for the unique logarithmic correction @41, and the post-
post-geodesic coefficient gs. As for the ESGB corrections
beyond ST, they are driven by kgsgp, and their inclusion
is particularly simple: they only enter in day.

Contrary to the two-body Hamiltonian H, the coeffi-
cients (IT11.59) do not depend on Iny = In(#4) £ In(7p),
where 74 and 7 are the regularization lengths mentioned
in Sec. IID. As expected, they have been reabsorbed in a
canonical transformation at 3PN level (see Appendix E).

Finally, at the end of Sec. II D we splitted the two-body
Hamiltonian into its local-in-time and nonlocal-in-time
parts H' and H' by introducing an arbitrary constant §
which propagated both in A" and A", cf. Eqgs. (I11.19a)
and (IT1.54a). As expected, § cancels out from our final
EOB potentials.
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IV. THE EXAMPLE OF SHIFT-SYMMETRIC
ESGB GRAVITY

A. Hairy BH binaries

The coefficients of the potentials (II1.57), we recall, are
built out of the theory-dependent product £2 f/(¢q) and of
ten body-dependent parameters: the values of the masses
ma(p) and mp(¢) and their logarithmic derivatives (IL.3)
evaluated at infinity (i.e., at ¢ = o).

Now, these quantities can be calculated once the the-
ory and the bodies are specified. In ST theories, they
were derived numerically for NSs and their scalarized
counterparts: (e.g., see Refs. [36, 108] and references
therein). They were also calculated for BHs in ESGB
models, both analytically in the small-¢ limit, and nu-
merically for nonperturbative solutions such as scalarized
BHs (cf. Refs. [48, 51]).

Let us complete this paper with an explicit illustration.
Consider a BH in the shift-symmetric theory f(p) = 2¢
and A(p) = 1. For simplicity, here we consider only terms
at leading order in ¢, such that [48]

—(t/m%)* + O(t/my)*

a4 (IV.1)
while 89, 8’% and 8" are at least of order O(¢/m9)*,
and can thus be neglected in what follows. The BH is
fully described by the values of ¢ and mY%. In the GR limit
¢/m% = 0, the quantities above all vanish, because then
the BH reduces to Schwarzschild and its mass ma(¢) is
a constant (cf. Ref. [48]). We find it useful to introduce
the dimensionless ratio

PO

= —, V.2

m (Iv.2)

where (1 is the binary’s reduced mass defined in Eq. (I1.24).
Then, for a binary BH system described by Eq. (IV.1)
and its B-counterpart, the coefficients of the effective
potentials (IT1.57) boil down to simple functions of ¢ and
v only:

Fap = =202 + O(£%) (IV.3a)
(B) =0(t%, (IV.3b)
and
dag = SPu(3— v —167) + O(F),  (IV.da)
dy = P*v(1 4 3v — 8%) + O(I%) (IV .4b)

while at 3PN,

1 -
6ay = @z% (1 — 4v)(768vg + 7681n2 + 6372 — 1976)

+ 648 + 2(80172 — 26240) | + O(£°), (IV.5a)



- %241/[ —9(1 — 4v)(21 — 321n2)

— 34400 — 32602 + 481/3] +O(%), (IV.5b)

14
g1 = 6641/[(1 ~ 41)(—93 — 1753102 + 72910 6)

— 6v(1+ 230 — 12u2)} + O, (IV.5¢)

14
G2 = —£0'v(1 —4v)(37 — 5707102 + 2187 In6)

+ Oy, (IV.5d)

with the logarithmic counterpart

4. N
Qg = §£4y(1 —4v) + O(£%). (IV.6)
At this order in (?7 only the terms proportional to a5,
da /B> ktail and kgsgp contribute to the beyond-GR. coef-

ficients above, which vanish in the GR limit ¢ =0.

Let us note two more useful limits.

First, when v = 1/4, the first lines of Egs. (IV.5a)-
(IV.5c), and also o and a4 1n, are zero, because the tail
corrections [driven by ke = —(2/3)04(1 — 4v) + O((5)]
vanish for symmetric binaries with constant scalar dipoles.

Second, in the extreme mass-ratio limit v = 0, the
effective potentlalb simplify to A =1 —2u, D = 1 and
@ = 0. Since moreover H = H.g in this hmlt the two-
body dynamics reduces to geodesics of the Schwarzschlld
metric, even when 7 = 0. The reason is simple: take, say,
mY > m$%. Since //mY is kept fixed to small values in
our approximation scheme (IV.1), £/m% = O(v) vanishes,
and ¢ = £/m% + O(v). This means that body A reduces
to a Schwarzschild spacetime with constant scalar field,
cf. Eq. (IV.1) and below. We recover the conservative
sector of the extreme mass-ratio analysis of Ref. [109].

B. Orbital frequency at the ISCO

We can now evaluate the beyond-GR modifications to
the dynamics, focusing on circular orbits for simplicity.
Consider the motion described by the effective Hamilto-
nian H.g given in Eq. (IT1.2). It does not depend on #
nor on ®, and thus

f{eff:Ea
P‘P:J7

(IV.7a)
(IV.7b)

are constants of motion. When Pg = 0, we have from the
system above that

]‘f ) . (IV.8)

E?=W(R) with W(R)=A <
while the circularity of the orbit also requires dPr /dt =0,
that is

OHy 1 OW(R)
ok  2H.s OR

=0. (IV.9)
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The ISCO is characterized by a third (inflection point)
condition,

PHyg 1 PW(R)

o 2fg OFF (V40

Hence E and J are related to u [cf. Eq. (II1.56)] by

, q1/2
u 12
E(u) = A {(Azuz)} , (IV.11b)

where the primes denote derivatives with respect to u,
while uigco is the outermost root of
A// (AUQ)//

T = Gy (IV.12)

Let us turn to the EOB Hamiltonian ﬁEOB given in
Eq. (IIL.1). The associated Hamilton equations define a
resummed two-body dynamics. In this paper, we focus
on the dimensionless orbital frequency } = MQ = d®/ dt,
which reads

Ju?A
1+2w(E—1)’

OHpop OHer

O = 21 leff _
OH.q 0Py  GALE

(IV.13)

where FE(u) and J(u) are given by Egs. (IV.11) on circular
orbits. The orbital frequency, which we shall evaluate at
the ISCO, is thus fully fixed by the effective potential A.
We follow Refs. [1, 93] and resum our 3PN result (II1.57a)
by means of the (1, 3)-Padé approximant

Ap(u) = P3[A(w)]

to ensure that Ap(u) has a simple zero, by continuity with
the Schwarzschild metric recovered in the GR, test-mass
limit.

Fig. 1 shows the ISCO location uisco and dimen-
sionless frequency G4p€) of a binary BH system in the
shift-symmetric ESGB model discussed in Sec. IV A. The
beyond-GR coefficients of the potential A are thus the
functions of v and ¢ = ¢/p given in Egs. (IV.3)-(IV.6),
which we truncated at the leading order in i given there.
We recover GR when ¢ = 0, and we consider four sym-
metric mass ratio values, v = {0,0.1,0.2,1/4}.

When v = 07 we find that UuiIsco = 1/6 and GABQ =
6—3/2 reduce to their Schwarzschild values for all 7, con-
sistently with the extreme mass-ratio limit described at
the end of Sec. IV A. However, when v # 0, both uisco
and G 45 increase with ¢. In particular the slope (or

“sensitivity”) of the ISCO frequency is maximal when
v=1/4:

(IV.14)

d(G 450)1sco

_ =114 x 1072,
d(£4) /=0

(IV.15)
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Figure 1. Location u and dimensionless orbital frequency G4 B = GapMQ at the ISCO of a BH binary in the shift-symmetric
ESGB model f(¢) =2¢ and A= 1. Here, v = {0,0.1,0.2,1/4} is the symmetric mass ratio and ¢ = ¢/ is the dimensionless
Gauss-Bonnet coupling, with u the reduced mass. GR is recovered when 0= 0. When v = 0, the ISCO location and orbital
frequency reduce to the Schwarzschild values, while they increase the most with £ in the equal-mass case v = 1/4. The relative
modification to the GR ISCO frequency then reaches the percent level when /= 0.528, that is ¢/M = 0.132.

For such equal-mass binaries (with pu M/4),
the relative modification to the GR ISCO frequency,
(GasMisco/(Gas)i5do — 1, then reaches the percent
level when ¢/M = 0.132. For comparison, Ref. [110] ob-
tained one of the most stringent constraints to this day
in shift-symmetric ESGB gravity, £/M < 0.344, from the
BH-NS system GW200115 with total mass M = 7.1 Msuy-
(Note that we translate between our conventions and those
of Ref. [110] by setting = v/4m$ and 2 = 2v/dragp.)

The ISCO analysis above motivates the obtention of
full EOB waveforms, including the dissipative sector [35,
39, 50, 80], to be confronted to GW signals. This issue
will be addressed in future work.

V. CONCLUSIONS

In this paper we have extended the work of Refs. [1, 44]
and built an EOB Hamiltonian in ST and ESGB gravity
at 3PN order. Our main new results are:

1. An ordinary two-body Hamiltonian [Eq. (I1.26)] at
3PN and in ST-ESGB gravity;

2. The associated EOB Hamiltonian [Eq. (II1.1)] and
its 3PN coefficients [Eq. (II11.59)], which account for
the beyond-GR tail at sixth order in the eccentricity;

3. The application to hairy BH binaries in shift-
symmetric ESGB gravity [Egs. (IV.3)-(IV.6)], and
the first estimate of their ISCO frequency (Fig. 1).

It is important that the EOB framework can be ex-
tended beyond GR. Here, we have reduced the 3PN dy-
namics to the (non-geodesic) motion in a modification of
the GR EOB metric, and accounted for the beyond-GR
tail effects by adapting the 4PN methods of Ref. [102].

The EOB framework is also suitable to include other
modified theories of gravity, such as Einstein-Maxwell-
scalar models at 1PN [45, 47, 49]. Our work can thus be
regarded as another step towards the development of a
parametrized EOB framework, by providing a “dictionary”
between modified gravity theories and the values of the
coefficients of the effective potentials (II1.57). In the
future, the tools and methods we developed in this paper
could be applied to other models, such as disformal ST,
massive gravity, or Horndeski theories (which also predict
hairy BHs [111]).

We have focused here on the conservative part of the
dynamics. The corresponding EOB radiation-reaction
force, to be inferred from already available energy
fluxes [35, 39, 50, 80], and gravitational waveforms, will
be the topic of future work. Since NSs and BHs are, in
general, spinning, it will also be important to extend the
present work to include spin effects. For the PN analysis
of spin-orbit effects in ST gravity some work has been
done in Ref. [112]. As a first step, the beyond-GR EOB
Hamiltonian derived here could be included in the state-
of-the-art spinning EOB Hamiltonians in GR (see, e.g.,
Refs. [113, 114] and references therein), and then used to
generate beyond-GR inspiral waveforms.

The EOB approach uses a resummation of the two-
body dynamics that can be extended through the plunge
of the two BHs, after which the waveform is matched to
the merger-ringdown signal. The latter should make use
of the quasinormal mode spectrum of ESGB BHs, which
has been computed up to second-order in a slow-rotation
expansion [89, 90]. The Padé-resummed spectrum of Kerr
BHs computed at the same order in the slow-rotation
approximation is typically accurate at the percent level
when evaluated at the dimensionless spins ~ 0.7 of interest
for LIGO-Virgo-KAGRA observations [90]. Therefore it is
reasonable to assume that deviations induced by beyond-
GR terms could be testable at the same (percent) level



of accuracy. The quasinormal mode spectrum could be
included in the EOB model using the parameterized spin
expansion coefficient (PARSPEC) framework [27], which
has been used to perform theory-specific tests of GR with
ringdown signals using the PYRING code in Ref. [115],
and with EOB waveforms in Refs. [116].

For the case of binary BHs, once the EOB waveforms
are completed with physically motivated ansatzes for
the merger-ringdown in ESGB gravity, they could be
compared with and informed by NR simulations (see, e.g.,
Ref. [66]). Developing precise and complete EOB-NR
waveform models is crucial to obtain new experimental
bounds on ESGB models, and more generally, on wider
classes of modified gravity theories in the future.

Note added in proof: While this project was nearing
completion, the authors became aware of an independent
effort that recently appeared on the arXiv [117]. Their
work focuses on the computation of the 3PN EOB Hamil-
tonian in ST theories, and restricts the inclusion of tail
effects to circular orbits.
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Appendix A: Einstein and Jordan frames

In Refs. [38, 41, 42], the ST two-body Lagrangian was
computed up to 3PN order by adopting the Jordan-frame
formulation of the theory (we use tildes for clarity):

Isy = / d'ev=g <¢R— “’ff)(aabf) L, G

167
(A1)

where (9¢)% = §"*0,,¢0, ¢, and where w(¢) is a function
defining the theory. As for compact bodies, they were
described by performing the substitution

Iy = IR ==>" / ma(p)dsa, (A.2)
A

J
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with dsg = \/—guda’ydx"y. In the present paper, we
describe ST theories by the Einstein-frame action, which
(setting to zero the GB coupling) reads:

Isr = /d”iT‘{Tjg (R —2(09)*) + In[¥, Ag,], (A.3)

where (9¢)? = ¢g"0,90,¢, and where we account for
compact bodies by the substitution

Iy = IP==>" / ma(p)dsa, (A.4)
A

with dsg = \/—guda’yda’y. The actions (A.1)-(A.2) and
(A.3)-(A.4) are identical, modulo boundary terms, via the
redefinitions:

gw/ = AQ!]W y (A5a)
3+ 2w(g) = (d;‘;f‘) , (A.5b)
ma(p) = Alp)maly), (A.5¢)

where ¢(¢) is obtained by inverting A(¢) = 1/v/¢. Let
us also introduce the notation:

ap = dg:pA(%), (A.6a)
o= (). (A.6b)
0= o), (A60)
80 = (o), (A.6)

where the subscript 0 denotes a quantity evaluated at in-
finity, ¢©(¢o) = @o. The quantities above can be obtained
by inserting Eq. (A.5¢) into Egs. (I1.3) and taking the
limit m4(¢) = constant. In this limit, body A is said
to have negligible self-gravity, and its motion reduces to
geodesics of g, cf. Eq. (A.2).

By using Egs. (A.5) and below, we can translate the
parameters of Refs. [38, 41, 42| into our conventions. The
results are gathered in Table I.

Appendix B: Two-body Lagrangian at 3PN order

The contributions to the two-body, harmonic La-
grangian (IL.5) are, up to 2PN:
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’ Refs. [38, 41, 42] ‘Refs. [35, 48, 99] & this paper

Theory-dependent

G A3(1+ ad)
¢ 1-7&3
A 2(1ia 2)
A2 W(*ﬁéao —2Boag +453)
A3 Stirazs (6800 — 245505 + 8oai — 1383 Boc + 2465 + B”05)
Body-dependent
ma m% /Ao
sa 1(1 - a% fa)
Sa ﬁ(ﬁ%/ao — a4 fo/ad)
s 55 (3B2a0fo — 30245 — 5408 + aly o)
si o7 (15880055 — 150465 — 56" foad + 10050 foa0 — 5400 ~4B%adf + 540l — alB"}ad)
0PN
Ga A1+ a%al) = A3Gas
1PN
Ba % = Ba
2PN
_ (%2
da Tty = 0a
X4 4?f4;a(aa%))33 =—ca/d
BaBr/y mﬁ = —Can/8
3PN
KA % = KA
Bada/y 74{11‘;%6’33 =—Ya/4
Baxs/y — |CaXBPATE ¢, /16

16(1+t,[t) Y] )4
BaBe?/v |G PAGRE —wa/32

Table I. Translation of the parameters from Refs. [38, 41, 42]. Their « is renamed here as & to avoid confusion with ours.

1 1 G apm%mY
Lopn = §m?4v?4 + im%v% + w , (B.1a)
1 Gapm%m% [3 7 1
Lipn = §m3‘VA + ngBV4B + w i(vi +v3) — i(VA -vp) — i(n vaA)m-vp) +yap(va — vp)?
G2 o m%mY _ _
- =48 5 (14 28p) + mp(1+284)] (B.1b)
1
LQPN 16mAV164
G apm%m? 1
+ w [8(7—1-47,43) (vfﬁ —v4(n- VB)Q) — (24 73aB)V4(Va - vB) + g(vA -vp)?
1 - 2 9 3 2 9 1 -
+7(15 + 8Yap)Vave + T6(n va)(n-vp) + 1(3 +2945)va-ve(n-vy)(n-vp)
GABmB(mA)

2
2oz [(2 +129ap + T¥ap + 8B —404) vi + (14 + 20945 + T¥3p + 485 — 404) V5
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-2 (7+ 1674 + 7?1243 +45p — 46,4) va-ve —2 (14+ 12948 —l—:yiB —80p —|—4§A) (n-vy)(n-vg)
+ (28 + 20745 + Vi — 885 +464) (n-va)® + (4 + 494 + Fap +464) (n- vB)Q]

 Clalrm Aol

2 1 = 2 1
1+ S9aB + =745 + 285 + 204 + z€B +

19 + 8% 8(8 3 4
3 5 3 3 +8%aB +8(8a + BB) +4Can

2r3
~ §Gammny |27+ a) (e a4)n - va) + (n-an)n- Vi)~ (7 + an)(n- 2V
+ (A + B). (B.1c)
The contributions L(IQN at 3PN level (IL.6) are respectively proportional to G% 5 and read:
0
Lipy =

5
128 A + m%vB, (B.2a)

0
GABmAmB

LéQN = 3 —4vfl4(n-vB)2 (1294 + 23) —l—vi(n-vA)(n-vB) (2074p +42) —8V?4v2B(n-vA)2 (19948 +39)

+VAvE(m-va)(n-vp) (140745 +283) — 156V (n - va)(n - vp)® (Fap +2) + 144vi(n-va)’(n - vp)? (Yap +2)
—6vi(n-va)’(n-vp) (294 +5) — 16vi(n-va)(n-vp)va - vp (18¥ap +35) +8(m-va)*va - v (3545 +5)
—2v3(n-va)?va - vp (26745 +45) + 4vi(n-vp)®va - v (6574 + 128) +4vi(n-va)?* (137ap + 27)
—10(n-va) (n-vp)? (834 +15) — 12(n-vA)3(va - vE)? (83ap + 15) + 5(n-v4)3(n-vp)3 (16945 + 29)
+16(m-va) (n-v)va-ve (1794 +32) +2(n-va)(n-vp)(va - vp)? (108945 + 197)

—3(n-va)?(m-vE)?va - vp (108545 + 199) + 12v45a5 + 120vivEiyas — 4viva - vBYan

— 192V?4VQBVA - VBYAB + 96V?4(VA . VB)Q’VAB —32(va - vB)gfyAB + ZQVE‘ + 240vj14v2B — 10vj14VA -vVp

— 387TvivEVA - Ve + 188v4(va - vB)? — 54(va ~VB>3:|
+iG Om% |48vivE(n-aa) ( 37 +97 —42vi(n-as)(n-vp)? (ap +2) +120v3 v -aa(n-vp) (Jap +2)
18 ABMpAMp Vavp(l-ay YAB 16 van-ay B) \YAB AVB-aj B)\YAB
15 _
+48vi(n-as)va - vp ("yAB + 8) +6vi(n-ar)(n-va)(n-vp)(29ap +5) — 12viva -as(n-vp) (6345 + 11)

97
+6vivp-as(n-va) (8ap +15) +48vEv, -as(n-vya) (67AB + 8) —6vh(n-as)(n-va)? (13545 + 27)

—84vy-aa(n-va)(n-vp)? (Jap +2) +240v, -aa(n-vp)va - ve (Jap +2) +12(n-a,)(va - v)? (494 +7)
—12(n-as)(n- VA)QVA vE (35ap +5) —4vp -aa(m-va)® (354p +5) + 6va-aa(n-va)?(n-vg) (2945 +5)
+24vp-as(n-va)va-ve (@54 +7)+9(m-ax)(n-va)?(n-vp)? (845 + 15) — 6vhi(n-ag) (6545 + 11)
—12(n-ax)(n-va)(n-vp)va-vp (229ap +41) —6vp -as(n-va)i(n-vp) (22745 + 41)
+6vi(n-ap)(n-va)? (29ap +5) + 12viva-ap(n-va) (8Yap + 15) — 72vi(n-ap)(n-va)(n-vg) (ap + 2)
+144v3va -ap(n-vp) (Fap +2) + 144vi(n-ap)va - vp (Fap + 2) + 12v4ve -ap(n-v4) (20945 + 41)
—8va-ag(n-va)? (3Yap +5) +12(n-ap)(n-va)?m-vp) (4yap +7) —8vp-ag(n-va)? (5yap + 11)
—24vy-ap(m-va)(n-vp) (67ap +11) —24(n-ap)(n-va)*va-ve (6345 +11) = 3(n-ap)(n-vs)?

+12vy-ap(n-va)va - v (8Yap +13) +12v4 -as(n-va)va - vp (8Yap + 15)
+ (A« B), (B.2b)
L = AR 3vi(n-va)2(mY (14654 5 + 564745 — 4885 + 854 + 490) — 3m%((Fap + 2)° + 495))

+6vi(n-va)(n-ve)(2mY (=737%5 — 246945 + 2485 — 404 — 179) + 3m%((Yap + 2)? + 465))
+6vi(n-vp)*mY (9854p + 312945 + 804 +235) +4(n - va)'m (5555 — 24945 + 3685 + 2004 — 26)
+3vi(n-va)?mY (3744p + 967ap — 248 — 4464 + 14) +12(n - va)?*(n - vp)*mY (5%45 + 24945 + 4888
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+2064 4+ 70) —8(n-va)?(n-ve)mY (10755 + 24545 + 7285 + 4004 + 83) + 24(n - va)(n-vp)va - vpm% (97
+ 26945 + 111945 — 2485 +854) + 6(n - va)®va - vpmY (—1499% 5 — 600745 + 728 — 2064 — 529)
—3v} (3mY (284 + 15955 + 5274 — 465 + 45) + mY (12295 5 + 432745 + 864 + 373))
+3vivEmY (—167y4p — 5647ap + 404 — 463) +6(va - vp)*mY (—12594 5 — 492945 + 2485 — 2054 — 463)
+6viva - vp (mY (223555 + 816945 — 2485 + 2804 + 719) + 3mY (23955 + 84945 — 465 + 76)) ]

_ Ghpmymp

144 r

—9vi(n-as)mY (52945 + 196945 + 1654 + 185) + 18(n - aa)va - vpmY (52545 + 196945 + 1654 + 185)
—6va-ag(mn-va) (mQ (-5693p — 240945 + 2485 — 3264 — 235) + m% (98535 + 312945 + 865 + 235))

3vi(n-ag) (4m% (684 + 25745 + 877ap + 405 + 80) +m (98545 + 312945 + 854 + 235))

+6(n-ap)(n-va)® (mY (Vg + 6¥ap + 2485 + 464 +29) — 2mY (2955 + 21945 + 855 + 34)) ]

(Ao B), (B.2c)
1@ — _Gapmami 0)2 (=3 3 2_ g2 11745 (5 N2 _ 464 (3 10
PN = 5T (a3 |4 (3@ va) (- Vi) +3(n-va)® = vh +va - Vi) (117an (s +2)° — 404 (Faz +10)

0
M [ = 576(m%) v In(r/ra) (404 — 11 (Fap +2)° ) +1728(m%)* (0 va) In(r/ra) (404 = 11 (ap +2)°)
02 — 2 0\2 — 2
—1728(m%)2(m - va)(n - vE) In(r/r4) (45A — 11 (Jap +2) ) 4 576(m%)2v 4 - v In(r/r4) (45A —11 (345 +2) )
-v5 (32( %)? (69955 + 558745 + 147294 — 18ep + 5485 (494 + 5) — 1264 (5745 + 2) + 1232)

+m%ym% (- 637275 5 + 230475 5 + 1807°7% 5 + 313672 5 + 13507245 — 126725 4Yap — 1267205745 — 6656745
+147672 — 252126 4 + 87046 4 — 252126 g + 384005 — 2304Cap + 23041) 4 + 23044) 5 + 460835 (Fap + 1)

+57684 (16545 +21) — 9760) + 192(m%)? (675 + 25945 + 3494 — €a — 465 (2745 + 3) + 684 (2945 + 3) + 15) >

+va-vp <32(m?4)2 (10573 g + 71195 5 + 1688945 — 185 — 1254 (9745 + 7) + 1885 (16945 + 23) + 1340)
+mYymY (—637°75 g + 230455 5 + 180775 5 + 313677 5 + 1350mF a5 — 5504545 + 14767% — 1728Cap + 46084

+1728B4 (85ap + 11) — 2804 (97° (Yap + 2) — 448) — 7024) )

—3(m-va)(n-vp) (32(m?4)2 (2195 5 + 40574 5 + 1400745 — 185 — 6064 (Yap + 1) + 1885 (8545 + 7) + 1316)
+miymY (—637°7% g + 76854 5 + 180m>4% 5 — 300873 5 + 13507V a5 — 15296745 + 14767> — 13444 p + 46080 4

+192534 (56745 + 75) — 2804 (97 (Yap + 2) — 448) — 14224) )

+3(m-vy)? (32(m?4)2 (2775 5 + 44173 5 + 1472945 — 1265 — 1264 (3545 + 1) + 1885 (89ap + 9) + 1370)

+m9ym$% ( 637275 5 + 7687 5 + 1807272 5 — 300874 5 + 1350727 ap — 126m%6 4745 — 1267255745 — 14528745
+ 147672 — 2521264 4 870464 — 2521253 + 384005 — 768Cap + 23041 4 + 23045 + 153685 (2745 + 3)

+19284 (4074 + 63) — 12256) — 96(m%)? (2745 + 3) ((ap +2)° + 453))]

+ (A< B), (B.2d)
4) _ GAB(mA)3(m%)2 - _ 2 _
Lipy = 1267 (a5 + 2) 11948 (JaB +2)" — 44 (FaB — H)

3,110
—GABl(ZlAi di [36m93 In(r/ra) (45,4 — 11 (a8 + 2)2)
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+6m% (485 (Vap + 4945 + 404 +7) + 2735 + 8945 + 1285 + 804 + 8kp + dep +9)

+m% (2484 (Vap + 4945 + 1285 + 404 + 16) + 3685 (32745 + 79) + 1204745 — 33755 + 62473 5 + 3340745

1288032 + 288Cap + 13604 + 7264 + T2wa + 96¢4 + 20005 + 7265 + 4008)

+ (A B). (B.2¢)

Appendix C: Contact transformations

The order-reduced two-body Lagrangian (I1.20) is ob-
tained by replacing the accelerations by their onshell
expressions at 1PN:

C Gapm% [ _ Gapm’ _ Gapm% 3
(ap)ly = %mB [” < 1+ (5+2Bp + 2%3)“%%‘ + (44284 +294p)22TB 5 vp)® (C.1)
— (1 +7aB)v% — (2+7aB)(VE — 2va -vB>> + (vl = vB) (4 +27aB)(n-va) — (3+27a8)(n-vp)) |,
and (A < B).

The six-by-six Hessian matrix associated to F' = Lopx + Lipn defined in Eq. (I1.21b) is
i 1 _ Gap(M —m? P

(Hp)gj = m%écp {&j (1 + §v% + B+ 2’yAB)AB(TC)> + vcvé}

1 Gapm4mY oo

- iw (6acdD + 06pcdap) (n'n? + (7T + 4548)0:;5) . (C.2)

with inverse

_ 1 1 _ G M —md
(Hp")pl = —0gr [&d <1 - §V% -3+ 2%M;)AME)> + U’zf;UlE}
mg r
1G
+ 57:]3 (0aEdBr +0BEOAF) (nknl + (7 +4548)0k1) - (C.3)

The contact transformation defined by Eq. (I1.21) then reads dx4 = dx%'N + 0x3FN, with

1
ox2PN = —gGABm% (2(7T+4945)(n - vp)vp + (n- vg)’n — (7+ 4’7AB)VQBn) , (C.4a)
G4 pm? 5
5x§4PN = 761@7’ B [Qn(n -vp)? (m% (245,4 +¥ap + 12948 + 465 + 38) —2mY (2&1243 + 21948 + 804 + 34))

—2vp(n-vp) (mp (2484 — 104335 — 396945 — 3265 — 361) +mY (98945 + 312745 + 804 + 235))
+6n(n-va)?mQ (6545 + 11) + 6va(n-va)mQ (4545 +7)° + 3nvim® (36935 + 136945 + 1654 + 129)
+nvim} (50955 + 156745 + 805 + 109) + 4nvimY (25935 + 87945 + 685 + 464 + 80)
—6n(va-vp)mY (52735 + 196745 + 1654 + 185) ]

GABm%

48
— 31’1V?4(1’l . VB)2 (14’7/”3 + 27) + 72nv23(n . VA)(II . VB) (:YAB + 2) + 6nv?4(n . VA)(II . VB) (2’7)/,43 + 5)

—12n(n-va)(n-v)va-vp (229ap +41) — 12n(n-va)?va - vp (3545 +5) — bnvi(n-va)? (13745 + 27)
—6nvi(n-vp)? (2945 +5) —6va(n-va)(n-vp)? (149ap +27) + 288va(n - vp)Va - VBTaB

+6va(n-va)?(n-vp) (274 +5) — 12viva(n-vp) (6345 + 11) +12va(n-va)va - vB (85ap + 15)

_|_

[— 12n(n-va)(n-vp)* (4Yap +7) +24n(n-vp)*va - vp (6545 + 11) +9n(n-va)*(n - vp)? (87ap + 15)
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+12vavi(n-va) (2294 +45) +24vp(n-va)(n-vp)? (6345 + 11) — 96vp(n-vE)va - VBYAB
—6vp(n-va)’(n-vp)(227ap +41) + 6vive(n-vp) (24745 + 47) — 144vvp(n-va) (ap + 2)
+24vp(n-va)va-ve (4Yap +7) —4vp(n-va)? (354 +5) + 6viv(n-va) (89ap + 15)

+8va(n-vp)? (574 +11) — 240vavi(n-ve)yap + 8vp(n-vp)? (37ap + 5) — 96vEve(n - ve)yans

— 144nvEva - vp (Jap +2) +120n(va - ve)? (494 +7) + 6nviva - v (85ap + 15) + 6nvivy (22745 + 45)
+6n(vp)* (65ap +11) +3n(n-vp)* +564va(n-vp)va - vp — 156vp(n-vp)va - vp — 492vavy(n-vp)

— 180v4vp(n - VB):|

_AMAG

dr /n
2 (Gapmim)al el —ab) PP [ ()] (C.b)
and (A < B).
[
Appendix D: Two-body Hamiltonian at 3PN order
The contributions to the center-of-mass frame, two-
body Hamiltonian (I1.26) are, up to 2PN:
A P Gap
Hopn = 5T (D.1a)
~ 1 4 G N _ . G> = -
Hipny = _§(1 — 3v)pt — ;;B [fo + (342945 + I/)p2] + 2’7223 [1 + By — m_,B_} , (D.1b)
. 1 G
Hopx = 75 (1= 50+ 507)5° + % [(5— 220 — 302 + 454p(1 — 40)) §* + 2(1 — v)vp*p? — 3v°51]
G - - - 3 3 2
+ 5 (22 + 264 + 28Yap + 9945 + 58V + 36945y — 264 (1 +v) +2m_(B- +6_ — B_v))p
— (264 +74p + 4yaB(1 + 6v) + 4(1 + 8v — 38,v) + 2m_(6_ + 2B_v)) p>
G - =2 - =2 3
~ 1979 64 € +47ap + Vi + 45V — 2e4v + 1654y — 2745V + 664+ (1 + 2v) + 54 (2 — 4v) + 12(apv

—m_(68_ —20_+¢_)|. (D.1c)

The contributions I;I?()QN at 3PN level (I1.27) are respectively proportional to G 5 and read:

N 5
AP\ = Tog ("L T = 1R T (D.2a)
A G
H = lg‘f { — (2948(93v° — 23v 4 3) + 5v° + 33117 — 64v + 7) p°

+ (=27 + 494p(89v — 4) — 302 + 676v) v p*p2 — (=5 + 3v% + 4680 + 6945(43v — 1)) v p*pr

+5(15 + 8Yap — V)28 |, (D.2b)
ir(2) G%B 2 2 2 2 2 2 2
Hapy = 572 ( — 364 (V¥ +3v — 3) — 308y4pr° + 199745V — 51745 — 3485apr” 4+ 402745V — 132945

— 264 (200° — Tv + 3) + 39507 + 164v — 87 — m_(6_(6 — 34v) + B_(9v° — 39w + 9)));34
+ ( (59612 + 137w + 3) ¥4 + 6 (5040 + Tlv + 2) Jap — 36v° B4 — T20B4 + 204 (200% — Tv + 3)

A2 A2

+ 355602 + 211w + 12 — 2m_ (6v(v + 2)B_ +0_(1Tv — 3)) )p 2
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1 _
+ (y (800455 — 504vy 4B + 2075 5 + 22894 + T2(5v + 1) B4 + 400 (4v + 1) — 581w + 454)

3
8 3 Vi
—gvm- (9(v —1)B- +56-) ) by | , (D.2c)
N a3 11948 (Jap +2)° — 26, (Jap +10)  d_vm_ (Jap +10) 1
H®) = ZA4B + - — —B4 (200945 — 45 42 + 170 — 6
seN = s ||V 24& (Yap + 2) 6 (ap 12 30+ (B07as — 4jap + 47 170 —6)
7 B 7. 2. 13 5 58 5 . 11 . 5 5
+ @W25+V7AB - E5+V7AB - §5+’YAB + ?Vz’Y,ZaxB + §V2’YAB + ﬁ”zV’YjB - 2*4’/%‘% - @7"27/%248
923 _ 5, 142107y, 2952 4794 1 . _ 2
- HV’)’?AB - @7{2’/7143 - T - 7?43 - % - T - ZV]H(T’)(Q(S_;,_ -1 ('YAB + 2) )
11 ) 11 ) V2Can 7 1436 v 1 11ln, v
— §1n+ Vi — ?ln_‘_ vyaB — +VCAB+§+I/2+6Z7I’2(S+I/7 36 75++Z5+ Ingv— 3
15702 1531y 417%v  viey  wvey ey 17 1
- - - . e X O
TR 61 12 24 a4 4 Ty
— %( —9B_ (28074 — 4948 + 3TV — 6) — 66_vyap +480_Fap +99In_ v3%i 5 +396In_ vysp + 145_v
+720_ 4+ 360_vIn(f) — 185+ In_ v +3961n_ v — 185_Iny v + 3ve_ + 36_)>ﬁ2
26, (Jap +10) — 11945 (Jap +2)°  d_vm_ (Fap + 10) . 27 5, .
+ v — — + 5v + —v + 53v
< 83 (ap +2) 16 (ian 1 2) B+7aB 5V VaB YAB
1 _ 23 15 , _ 779 225 , _ 11030945 73 1172 5945
- ﬁzlﬂ%ﬁm + §V7§1B + GZWQVViB + ﬂl/ﬁm + mﬂQVVAB B + ZB + 8AB =
3 1 1
+ v In(#) (204 = 11 (Fap + 2)%) + o5+ ((96 — 217°) v + 64) Yap — To3%+ (1441In, +637% — 1904) v
3 33 33 _ ATuBy 312 331 19702
+36,0% + 264 4+ 2y vyl 5 + 2 ny viap — 328y + vBy _3vcan Vap + 220 T
4 8 2 8 2 2 4
12372y 309y  v?ey 3vey 3 3 m_ -
3 - S I —(—3 (40945 + 47
T T Ty g T gty vB- (40745 +47)
+9u(In_(11 (Jap +2)° = 204) +€) —25_ (3(v — 2)jap + 9lny v+ 350 — 9) + 3651/111(7?)))153} ,
(D.2d)
. G4 11945 (Gap +2)> — 2064 (Jap —5)  246_vm_ (Jap — ) _ _ _
ol = —AB 119, + - — 243, A% 5 + 480v B, yap + 123,72
3PN 144 7@4 a (:)/AB + 2) & (ﬁAB ¥ 2) B“FVAB /B-FFYAB ﬁ-‘r’YAB
+ 488 Fap + 60,0745 — 33075 + 58874 p + 31960745 + 12735 + 487ap + 36vIn(7)(204 — 11 (Fap +2)°)
+1981In; v¥5 5 + 79210y vyap + 240_ (4v — 1)B_ — 486 vB+ + 240, B4+ + (18 — 54v) 32 + 9037 + 136203,
+ 1837 + 8484 + 288vCap + 9604 v + 240, — T2k v + 24k — 3604 Iny v+ 7921In, v + 36vE4
+ 4811), + 38461 + 36w, + 1264 + 54 — 365_ In_ v + 2m_ (35_ viag +99In_ 1345 + 396 1n_ vyap
—3B_ (—4w¥ip +80vYaB + 2¥ap + 8Vap + 18VB4 + 684 — 80, v + 464 + 191w + 14) + 125_5, — 285_v
+126_ +360_vIn(f) + 126k_v — 12k — 1804 In_ v +3961In_ v — 185_ Iny v + 18v€_ + 24vyp_
+18vw_ — 12ve_ — 66_)} . (D.2¢)
{
Appendix E: Generating functions yield a coordinate change at 2PN and 3PN, and they read,
respectively:
e ‘ 5
In the GR limit described below Egs. (I1.10), the part op = 2 (E.1a)

HY of the two-body Hamiltonian is equal to the 3PN
(ADM) Hamiltonian of Ref. [98] modulo the canonical

1
=—--3 E.1b
transformation built in Sec. ITI B. Its nonzero coefficients ooz 4 Vo ( )
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v canonical transformation are now, respectively:
Y201 = Z(_E) +68v), (E.2a)
v
i = %(5 — 3961) (E.2b) Yoo =~ (E.3a)
2 Gap _
Yozl = 15v (E.2c) Yoo1r = T(Q +2yaB +v), (E.3b)
16
v
= —(924491 E.2d v
Y102 21 (92 +491v), ( ) Ya00 = g(l —v), (E.4a)
14
Yo12 = —— (91 + 124v), (E.2e) 2
11/44 7020 = % ) (E.4b)
Yo03 = == [3(156 + 77%) + 176(Iny +m_1In_)], (E.2f)
n 32 Y101 = Cian V(12 +8yaB —v), (E.4c)
Yooz = —11v, (E.2g) 8
_ _Gap»” E.4d
where 5 allows us to eliminate the In 7-dependent terms. Jon =TT (E.4d)
In ST-ESGB gravity, the Hamiltonian can be identified G%p ~ " ~ _
to its EOB counterpart Hyop modulo a coordinate change Yooz = (= 24v9ap + 374p + 4945 + 4(v + 1)B4
at 1PN, 2PN and 3PN. The nonzero coefficients of the B 4m,B, _ 925, + 22— 95 m. — 38V) . (E.de)
|
v 2
Y300 = —1—6(1 —3v+v9), (E.5a)
V2
Y210 = ﬂ(?’ —4v), (E.5b)
V2
Y120 = E(W - 6), (E.5¢)
203
030 =~ (E.5d)
GAB v _ 2
Y201 = — ¢ (=2(T7v — 9)yap + v° — 292v +29) , (E.5e)
G
M =7 Y (2(97v — 3)ap + 42 + 3600 — 5) (E.5f)
Gapr?
o2 = qté (=244 + 5v — 33) | (E.5g)
G? - -
Y102 = ZSB v (308095 5 + 10440445 + 1175 5 + 60745 — 12(v — 1)B4 — 30m_B_ + 64 (40v — 2)
—226_m_ + 850v + 55) , (E.5h)
G4pv 5 _ 9 _ 2 3 2
Y012 = —o— (100735 + 1500945 + 1694 + 18745 + 4284 — 24m_B_ + 46, (5v + 2) + 3v° — 26_m_ + 266v + 17) ,
(E.5i1)
G3p [96v((204 +20_m_) (Fap + 10) — 11945 (ap + 2)°) _ ) )
= 28801 (4(Tv +1 -7 19v + 4
7003 = 5304 G (an £ 2) + 28834 (4(Tv 4+ 1)yap — Tv* + 19v + 4)
+ 1920272 5 + 192002345 — 637%075 5 + 1056v7% 5 + 18072072 5 + 5872074 5 + 1350720y ap + 20672094
+ 28873 5 + 67275 5 + 384745 + 3168In_ m_vyi g +12672In_ m_vyap + 31681n, 345 + 126721In, vyap
— 264 (21 (37% — 32) vyap + 96945 + 2v (144In_ m_ + 1441In, +637° — 2264) — 1920* + 96) — 6912m_vB_Yap
—1152m_B_Fap — 1926_m_vyap — 1926_m_Fap + 288m_v2B_ — 8640m_vf[_ — 1152m_B_ — 1152%Cap
— 34561 — 5765 In_ v+ 12672In_m_v — 5765 Iny m_v + 126721In, v + 2880° — 9926 _m_v — 1926_m_
+ 86412 + 230401, + 288m_ve_ + 192m_e_ + 14767%v + 18816v + 192v%€, + 96rvey — 1926, | , (E.5))
In G?AB v =2 =
Tobs =~ (—1193p — 44794 + 264 +20_m_ — 44) . (E.5k)
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