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Abstract

There is a lot of effort currently being poured into the development of quantum technologies in
the hope that they will speed up certain tasks significantly. Boson sampling is a task that can
be run on a near-term device and so was proposed as a promising candidate for a demonstration
of quantum advantage. As experiments are performed of a variant, Gaussian boson sampling,
claiming to have demonstrated this, it is increasingly important to know where that boundary lies
and to improve classical algorithms for simulating Gaussian boson sampling. Furthermore, there
has been a wealth of applications of Gaussian boson sampling suggested beyond just a method for
reaching quantum advantage. These applications raise the question of whether a quantum-inspired
classical algorithm could be used to improve current methods of solving these problems. In this
thesis we explore approximate Monte Carlo and chain-rule algorithms for simulating Gaussian boson
sampling to minimise the complexity of sampling under perfect conditions with the aim that they
can be applied to quantum-inspired algorithms. They could also be adapted to include experimental

imperfections for simulating experiments.
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Chapter 1

Introduction

“Many of life’s failures are people who did not realize how close they were to success

when they gave up.” - Thomas A. Edison

Quantum mechanics is not only useful to describe the world around us but can have technological
applications with a rising interest in the development of universal quantum computers. There
are many proposed platforms to achieve this, notably superconducting [I], trapped ions [2] and
photonics [3]. However, the experimental challenges this involves in any platform are huge and we
are still far off a realisation of such a device.

A first milestone in the assurance of the potential of quantum technologies is to experimentally
demonstrate a task on a quantum device that vastly outperforms a classical computer. There are
two terms commonly used in literature to describe this milestone: ‘quantum advantage’ and ‘quan-
tum supremacy’. Sometimes these terms are used interchangeably, but often quantum supremacy
is reserved for more significant progress. In general, an improvement of many orders of magnitude
will be required for a convincing demonstration. A few near-term devices have been proposed as
promising candidates for a demonstration of quantum advantage where the hardware is designed
for a specific task reducing the experimental requirements. One example is random circuit sam-
pling [], a near-term task for superconducting qubits with the only known application being for
a quantum advantage demonstration which was claimed by the Google team [B]. In the field of
quantum photonics, boson sampling is a task that samples from a probability distribution deter-
mined by matrix functions that are classically intractable to evaluate [6]. The original proposal
of boson sampling involves sending single photons through a linear interferometer and measuring
the resulting entangled state in the number basis. Since its conception, various alternatives have
been proposed with Gaussian states (appropriately called Gaussian boson sampling) [7], Gaussian
measurements [8], and heralded input photons [9], motivated by reduced hardware constraints. In
order to determine whether an experiment is sufficiently difficult to pass the threshold of quantum
advantage, it is important to find the best possible classical algorithms with which to compare.

In recent years, there have been two claims of quantum advantage by Gaussian boson sampling

(GBS) [10, 11] and so it is important to be able to simulate the experimental conditions for a fair
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CHAPTER 1. INTRODUCTION

comparison. The main imperfections that occur are photon loss and distinguishability. These have
been researched extensively in the context of the original boson sampling proposal [12} [13], T4] but
as GBS is a more recent area, the equivalent in GBS is somewhat behind albeit progressing [15] [16].

Although boson sampling was originally proposed for the sole purpose of demonstrating quan-
tum advantage, many potentially useful applications have been suggested, particularly for Gaus-
sian boson sampling, such as for simulating vibronic spectra [I7, 18], molecular docking [19], graph
matching [20], graph similarity |21} 22| 23], and point processes [24]. This raises the question of
whether the quantum technology can motivate quantum-inspired algorithms to improve upon exist-
ing classical algorithms for these applications. Therefore it is an interesting problem to optimise the
classical simulations of quantum devices. The first problem when optimising sampling algorithms is
to find a method of sampling that does not involve the calculation of the whole sample space and is
limited only by the complexity of a single or polynomial number of probabilities. This is applicable
to all uses of classical simulations of GBS whether to push the limit of quantum advantage or for

a quantum-inspired algorithm and is the focus of this thesis.

1.1 Outline of thesis

In this thesis we look at several ways to simulate GBS, using both Monte Carlo approximate methods
and tricks to sample directly from the probability distribution. The aim is to find the classical
complexity of GBS in the same way that it was found for standard boson sampling [25] [26]. With
the applications of Gaussian boson sampling in mind, we choose to simulate the exact case without
experimental imperfections but allowing for the inclusion of displacement in the input states. These
methods can be extended to include experimental imperfections, but we do not cover that in this
thesis. The structure is as follows:

In chapter 2, we introduce the terminology and theoretical concepts used throughout this thesis.
We cover the important foundations of quantum optics, focussing on the description of Gaussian
states and transformations, as well as matrix functions that underpin the boson sampling probability
distributions. Finally, a detailed review of many variants of boson sampling is provided.

In chapter 3, we study the first Monte Carlo method, rejection sampling, as a tool to sample
from the GBS distribution. We consider two proposal distributions and analyse the efficiency
and accuracy of using these. A method to estimate the accuracy of the sampling in retrospect
is developed with numerical tests to confirm its use. In chapter 4, we apply a second Monte
Carlo method, a Metropolis-Hastings algorithm, to simulate GBS. Here we suggest more proposal
distributions motivated by the states in the quantum device to try to find a closer match to the
GBS distribution. We numerically test the requirements on the parameters to ensure good accuracy
and observe the efficiency for the problem sizes we are able to fully calculate.

In chapter 5, we move away from approximate algorithms instead exploring the chain rule
of probability to sample more efficiently. We introduce a new algorithm that reduces the time
complexity from the previous best of O(N32N) for N photons to O(N32V/2). Furthermore, we

apply an algorithm that samples each mode at a time in GBS to standard boson sampling to find
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CHAPTER 1. INTRODUCTION

an algorithm of O(N22Y) for N photons. Finally, in chapter 6, we summarise our findings and

provide an outlook of open problems.
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Chapter 2

Discrete and Continuous Variable

Photonics

“Only a Sith deals in absolutes.” - Obi-Wan Kenobi

In this chapter we introduce the foundations that the rest of this thesis builds on. We begin with an
overview of the description of photons both with discrete and continuous variables, with a particular
focus on Gaussian states. Then we discuss matrix functions that arise in boson sampling and their
role in graph theory, culminating in a thorough description of boson sampling, the focus of this
thesis. Although it is largely a literature review, we hope that there is significant personal insight

and potentially novel interpretations.

2.1 Quantum states

A photon is an excitation of a normal mode of the electromagnetic field and so can be described
by a quantum harmonic oscillator. The Hamiltonian of a quantum harmonic oscillator for a single
mode is given by [27) 28]

. —h? 92 1 A 1 A

H=——+-mu’Q* = — + —mw?Q? 2.1

2m82Q+2 Q= 5+ 5w, (2.1)

where m is the mass of the particle, w is the angular frequency of the oscillator, & is the reduced
Planck’s constant and P is defined as —ih%. The Hermitian operators Q and P are the quadrature
operators corresponding to the position and momentum of the particle respectively. We define the

quadrature eigenstates such that

Qla) =4qlq), Plp)=plp), (2.2)

where ¢ and p are real continuous variables describing the observables position and momentum

of the particle respectively. The operators obey the canonical commutation relation [Q, If’} = ih.
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CHAPTER 2. DISCRETE AND CONTINUOUS VARIABLE PHOTONICS

When using these Hermitian quadrature operators, we say we are working in the ‘quadrature basis’
or ‘real picture’.

These quadrature operators fully determine the Hamiltonian describing the particle (up to some
constants), but there are infinitely many pairs of conjugate operators that can be used instead. For

example, the non-Hermitian ladder operators are defined as

N L S - at— [ (o ¢
“=\ o (Q—I—me>, =\ o (Q me>’ (23)

where @ is the annihilation operator and &' the creation operator. These operators are more useful
when considering their action on Fock states, which are states that label the total number of
photons, where |n) denotes n photons in the state. The annihilation and creation operators act on

Fock states as

aln)y =+/nin—1), atn)=vn+1jn+1). (2.4)
This means the creation operator increases the number of photons by one (creates a photon) and
the annihilation operator reduces the photon number by one (destroys or annihilates a photon). A
convenient consequence of this is that any Fock state can be written in terms of creation operators
acting on the vacuum state (the state with no photons) as

n) = —=(a%)"[0). (2.5)

2~

Furthermore, we can introduce a Hermitian operator, the number operator, such that
Aln) == alaln) =n|n), (2.6)

where the Fock state is its eigenstate and the observable n is the number of photons in the state,
a discrete quantity. Unlike the quadrature eigenstates, the number eigenstates form a complete
orthonormal basis so that (n|n/) = 4, ,/. It follows from the definitions of @ and a' and that
[Q, P] = ih that these operators obey the commutation relation [d,a!] = 1. When using these non-
Hermitian ladder operators, we say we are working in the ‘ladder basis’ or the ‘complex picture’.

In this basis, the Hamiltonian is given more compactly by
H=hw(a'a+3) =hw(h+ 3). (2.7)

To reduce the explicit number of variables in the expressions for the creation and annihilation

operators, we can nondimensionalise the quadrature operators by introducing the coordinates ¢ =

\/ %Q and p = %}5 So the ladder operators can be written simply as

and the Hamiltonian in terms of the annihilation and creation operators remains unchanged. The

Hamiltonian in terms of these new coordinates is given by H = %"([)2 +4?). The commutation rela-
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CHAPTER 2. DISCRETE AND CONTINUOUS VARIABLE PHOTONICS

tions of § and p also simplify to [§, ] = i. We note that there are various ways to nondimensionalise
the quadrature operators by moving constants around. There are two other ways commonly used in
literature that involve multiplying or dividing each by v/2. These result in commutation relations
[4,p] = 2¢ and [¢,p] = % By comparing to the @, P commutation relation, these three choices
would be consistent given h = 1,2, % respectively. Similarly the three Hamiltonians would also be

consistent with each other. Therefore, to distinguish which choice has been used it is convention

tosay h =1, 2 or %, where we use the nondimensionalised operators with & = 1 throughout this
thesis. Note that this choice of i does not affect the commutation relations or Hamiltonian in the

complex picture.

The above description is for a single mode state. This can be generalised to a state with M
modes which is described by a quantum harmonic oscillator with Hamiltonian H= > ﬁi with ﬁz
acting on mode i. The above description can be modified such that all operators and states take a
subscript to denote the mode, eg. dz is the creation operator on mode ¢ adding a photon in that
mode. Operators in different modes commute so the commutation relations can be extended to
[¢i, P;j] = i0; ; and [di7&}] = 0§, ; over multiple modes.

A photon is a bosonic quantum particle whose state is described by |¢), a vector in the hilbert
space H. This state could be, for example, wavelength, polarisation, position or momentum. For
many-particle systems with IV photons, the multi-particle state is denoted with a tensor product
between the states of the individual photons |¢) = 1) ® ... ® |¢n). For convenience, we use the
notation [¢1)®...®|YN) = [¥1) ... |[¥n) = |1, ..., ¥n). This vector is now from a tensor product of
Hilbert spaces. In this representation of states, there is an implicit matching between the ith photon
and the ith element in the ket |¢);). If the photons are distinguishable in another degree of freedom it
is possible to order each photon from the ‘first photon’ to the ‘Nth photon’. However if the photons
are indistinguishable in all degrees of freedom (apart from what 1 describes) it is impossible to label
them separately. To account for this, we need to symmetrise the state under the exchange of bosons
(ie. if we change the ordering of two indistinguishable photons the state should remain unchanged).
In order to do this, the state must be considered as a superposition of all the possible orderings
of the photons consistent with the overall state: [¢)) = N> g [Vo(1), Yo(2)s - Yo(ny), where
Sy is the symmetric group which contains all permutations of elements 1 to N, and N is some
normalisation constant. This representation of quantum states involving a tensor product of states

for each particle is called the first quantisation formalism.

However, there is another representation that naturally takes into account the permutations
of the indistinguishable photons. Given the labelling of photons to a particular position is not
important, we only need to keep a count of how many photons are in each state. These are the
Fock states already introduced, but we can expand beyond one mode. Instead of defining a basis
with M vectors to describe the state of one photon, it is possible to write the state as a single
vector with M elements. For example, if we are considering the state to be polarisation, the basis
states could be [1) and |—) which can be equivalently written as [1) = |1,0) and |—=) = [0,1).
Here the first element in the ket corresponds to vertical polarisation and the second element to

horizontal polarisation, and the number indicates the number of photons in that state. For the
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CHAPTER 2. DISCRETE AND CONTINUOUS VARIABLE PHOTONICS

case of only one photon the representations are completely equivalent. However when there is more
than one photon, the basis with M elements must be symmetrised as explained above whereas
the Fock state with N photons is still given by a vector with M elements where the sum of the
elements is V. Again looking at the polarisation as an example, a state with one photon in each
polarisation can be represented as [i)) = %(|T7—>> + |—, 7)) in the first quantisation or more
succinctly as the Fock state |¢) = |1,1). More generally for M basis states the Fock state is given
by |[¢) = |n1,...,na), where n; is the number of photons in mode i. The term ‘mode’ can refer to
any physical encoding of the basis states, for example, for an arbitrary number of modes, spatial
modes (eg. optical fibres or waveguides on an integrated chip), or time-bins (photons are delayed
with respect to each other), or for just two modes, polarisation. In the case where the total number
of photons is not fixed, the space that the vectors exist in is expanded to a direct sum of Hilbert
spaces, HO 1D 7@ where H® is the Hilbert space for states with 7 photons. This is the

Fock space and this representation is known as the second quantisation formalism.

So far we have used state vectors to describe a quantum system. These can be used to describe
a pure basis state such as a photon being in the first mode [1,0,0), and also a pure state in a
superposition described by a normalised linear combination of vectors for example %(H, 0,0) +
|0,1,0)). However, it is possible to create a mixed state - a state prepared with some probability of
being in each of a selection of pure states. These cannot be described by vectors alone and so we
introduce density operators [29] as a more general way to describe a state. This density operator
contains all the information about a state. For a pure state the density operator is given by
p = |v) (], whereas for a mixed state which is prepared in state ¢; with probability p; the density
operator is given by p = >_.p; 1) (¥;|. The purity of a state is defined as P := Tr(p?) = 3, p?.
For a pure state, there is only one term with p = 1 so the purity is equal to 1, whereas mixed states

have more than one state and so all p; < 1 and hence the purity P < 1.

When measuring a state p, the type of measurement performed corresponds to a basis of pro-
jection operators ﬁj such that > j ﬂj =1, the identity operator. Each operator is associated with
projecting the state onto state |7;) and measuring the value j. The measurement projects the state
onto the basis state |m;) with probability Tr(pIl;). For pure states where p = [¢) ()| measuring

with the projective operator with basis TI; = |r;) (7|, the probability can be written as

Pr(j|tpure) = Tr(|v) (Wlm;) (m]) = (lmj) (mil0p) = | {mle) 2. (2.9)

For mixed states,

(j|1/)m1xed (Zpl W)z wl|7rj 7TJ|> sz z/}Z|7TJ 7T]|1b1 Zpl WJW)Z ) (210)

which is the weighted sum of the individual probabilities of each pure state. As an example that
will be used throughout this thesis, photon number resolving detectors measure the number of
photons in a mode and project the state onto a Fock basis state [n). So the projection operator

basis here is |n) (n| for all n which project onto state |n) measuring n photons with probability

12
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Tr(p|n) (n]) = | {(n]) |? in the case of a pure state.

In the case with multiple degrees of freedom, it is sometimes useful to know properties of one of
the subsystems without knowledge of the whole system. The reduced density operator of subsystem
A describes the state of the subsystem A. This is found by taking the partial trace of the density

operator of the whole system over the other subsystem B:
pa=Trp(pa,n) (2.11)

Two subsystems can be entangled or separable. A system is separable if its state can be written as

a product of states in each subsystem: |14 p) = |¢a) [¢B). For example the state

1 1

V2 V2

which is written in the Fock basis for two modes with two photons is separable. Taking the partial

9) = 5(104,05) + 24,05) +104, 25) + [24,25)) = 7=(104) + [24)) ® —=(05) + [25)) (212)

trace over subsystem B leaves subsystem A with the pure state density operator p4 = Trg(p) =
2(/04) +124))({04] + (24]) and therefore the state in subsystem A is independent of the subsystem
B. If subsystem B is measured to have 2 photons, subsystem A is still in the state %(|OA> +124)),

the same state as if B had measured no photons. In contrast,

_ b
V2

is an entangled state as the subsystems are not independent. This can be seen from the state vector

because if system B is measured to have 2 photons, system A must have no photons and vice versa.
More formally, taking the partial trace over subsystem B leaves subsystem A with the mixed state
density operator p4 = Trp(p) = 3(|04) (0a|+]24) (24]). The condition for a separable state is that
the reduced density operator when tracing over one subsystem will be pure whereas an entangled

state will result in a mixed reduced density operator.

2.2 Phase-space formalism

In the previous section we introduced multimode states represented by vectors with M elements
and quadrature and ladder operators that act on each mode separately. Working in terms of
the quadrature operators is known as the phase-space formalism [30] and we explore here how to
represent states and transformations in this formalism as well as the mapping to the equivalent

ladder operators picture.

2.2.1 Describing states

When considering an M-mode continuous variable system, it is convenient to write the quadrature
operators in a vector with 2M elements [31I]. The ¢ and p operators for all M modes can be

ordered in any way, and there are two common conventions in literature. The first is &4 =

13
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(C}hﬁh q2aﬁ2u sy CjMyﬁM)T and the second is ':%(B) = (413 Cj27 seey @M7ﬁ17ﬁ2> ~-~713M)T = (2)7 where the
labels A and B are used to distinguish between the conventions. In the first convention, we can

succinctly write the commutation relations as [iz(-A), i:gA)] =i, where

(2¥] ?
w 0 0
0 1
QW =1 4 o | where @ = ( Lo ) . (2.14)
0 0 w
Similarly, in the second convention [a%l(-B), i‘g-B)] = i) where now

2V

w_[ 0 I
Q <_I 0)' (2.15)

We can equivalently work in the complex basis defining a vector of creation and annihilation
operators ¢ = (a, .. .,dM,dJ{, .. .,djw)—r = (a',a") " where we introduce the row vector a' for
the creation operators but a column vector @ for the annihilation operators so that they are the
Hermitian conjugate of each other. Again the operators could be in any order but this is the
usual convention. From eq. we can convert between the quadrature and complex bases by the

transformation é’ = F(AzA) or é = FB) B where

0

FA) = % < 1 _ZZ ) (2.16)

I il
o = L . (2.17)
V2 \ I —iI

We find the second convention to be more convenient and use that one throughout the rest of this

S O =

o
- © O
=
=
@
=
)
<
|

and

thesis, dropping the B labelling.

The commutation relations of the creation and annihilation operators can be written in a similar
manner to the quadrature operators where the commutation matrix £(¢) is now given in the ladder

basis. The commutation relations are given by

{Cu C” = ZFi,ki'k, Zi‘lFlT,j = Z ZFi,kF}Tj [Tk, 2] = Z ZFi,kFl]:ink,l = i(FQFT); ;.
k 1 ko1 ko1
(2.18)
Hence, we can define the commutation matrix in the number basis as
I 0
QO .= FQFt = —; , (2.19)
0o I

and the superscript ¢ specifies that it is for the

which gives commutation relations [(Al, éﬂ = ZQEC]),

14
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complex basis.

Now we have a convenient matrix and vector notation for multimode states, we consider how
to fully describe these states. As mentioned previously, a pure state is described by a state vector
but a mixed state needs a density operator to fully describe it. There are equivalent ways to fully
characterise a state, eg. the Wigner function [32], the Q-function [33] and the P-function [34] [35].
Any state can be written in terms of basis states where the probability of measuring a state in one
of these basis states with projection operator Pis given by Tr(ﬁff’). One such basis is represented
by the Weyl operator D(x) = exp(i@:| Q). An S-parametrised characteristic function is given by
30

- x'x
x(xz,S) = Tr(pD(x)) exp (S 1 ) . (2.20)

The values of S = 0,—1,+1 correspond to the Wigner, Husimi QQ and Glauber-Sudarshan P char-

acterisation functions respectively. They are more often expressed in their complex forms as

SCTC>

. (2.21)

(6.8) = D) e
Equivalently a state can be described by its Wigner, Q or P functions, which are the Fourier
transforms of the corresponding characteristic functions

2N
F(x,S) = /sz ér)QyNeXp(—i:cTQy)x(y,S), (2.22)

and similarly in the complex form, where W(x) = F(«,0) is the Wigner function, P(x) = F(x, 1)
is the P function and Q(x) = F(x, —1) is the Q function. The Wigner, Q and P functions are pop-
ular choices because they correspond to operators that are symmetrised over creation/annihilation
operators, in antinormal order or ordered normally respectively. They can be used to calculate the

expectation values of these types of operators

O = [PQomEve, ()= [Q@)0WaNe, (00 = [wie)0® @,
(2.23)
where the superscripts (a), (n) and (s) denote antinormal, normal and symmetric ordered respec-
tively. These functions are characterised by the statistical moments of the quantum state. For the
Wigner function which is symmetrically ordered, the first moment (the vector of means), and the

second moment (the covariance matrix) [36] are given by
z = (z) = Tr(zp), Vig=s{&i — 2, — 2;}). (2.24)

Due to the commutation relations which can be used to change the order of the annihilation and

creation operators, the covariance matrix corresponding to the Q and P functions are given by [37]

Vo=V +3I, Vp=V —1I, (2.25)
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Object Real Complex Mapping
operators = (;’;) f = ((d?)T )T f =Fz
displacement x=(3) ¢=() ¢(=Fx
vector of means z= (&)= (2) =) =(%) (=Fz
covariance matrix 14 b > =FVF"!
commutation relations (@i, &) = Qi j G, CA]] = QECJ) Q) = FQFT
eigenstates T |zi) = @i |xs) a; loy) = o |ay) N/A
transformation Viae = SViae ST | oo > Moo Mt | M = FSFt

Table 2.1: A summary of the mapping between quadrature and ladder descriptions and the notation
used throughout this thesis. The matrix F' defined in eq. can be used to convert between the
real and complex descriptions of multimode states in the phase-space formalism. The mapping of
the operators, first and second moments and commutation relations are shown with the notation
used in this thesis.

while the first moment, which consists only of one creation or annihilation operator and therefore

is normally, antinormally and symmetrically ordered, remains unchanged.

The moments above are written in the real quadrature basis, but can also be written in the
complex number basis. To swap between the two descriptions, the conversion matrix F' is used as

follows:

=,k

¢:<Q>ZF@ > = FVF, (2.26)
(0%

where a; = (Z; +ip;)/v/2. There is a special class of states which are fully defined by only these first
two moments, ie. p = p(&, V). These are the Gaussian states [38, [39] which must have Gaussian
Wigner characteristic and Wigner functions:

2 T _ew(-i@-2) V(- a)
X(:c)—exp( 5% (QVQ )z —iz' Q :c), W(x) = g

(2.27)

2.2.2 (Gaussian transformations

A quantum channel is a transformation on a quantum state that is completely positive and trace-
preserving of the density operator. In this thesis we restrict to the case of reversible transfor-
mations, given by unitary operators U which act on the density operator as p — Z;IﬁL?T. Gaus-
sian transformations are those that take Gaussian states to Gaussian states. A general Gaussian

unitary, U = exp(fiI:I ), is generated by a Hamiltonian which is at most second-order in the
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creation/annihilation operators. Explicitly this Hamiltonian is given by

H=ila'a+a'Ga+a'Ha")") +he. (2.28)

where as before a' = (&J{, &5, ey &}rw) and @ = (@1, a9, ..,ap7) ", h.c. stands for Hermitian conjugate,

G and H are complex matrices and « is a complex column vector.

A state can be described by its statistical moments such as the vector of means & or ¢ and
covariance matrix V or ¥ as defined previously. Therefore a transformation can be equivalently
defined by its effect on these moments. Transforming these moments can be done by instead

considering its action on the quadrature or ladder operators:

T = (&) = Tr(pii) — TeUpd ;) = Te(pU &)
+ i‘ji‘z — Qi‘ii‘j — Qi‘ji‘i + Qi‘i.fj))
T L ) R (2.29)
— Tr LlpI/{T§(a:ixj + ;T — 2$¢i‘j - QJIji‘i + 2i‘zf1)>

=Tr (ﬁZ/A{T%(i'Z.’IA?J + i‘JﬂAﬁl — Z.f?ifj — Qi'ji‘i + 2@@)?)) .

The vector of means has an explicit dependence on Ut 2,1 and with inserting the identity I =uut
between the quadrature operators in the covariance matrix, it can be seen that the effect on the
covariance matrix can also be accounted for completely by the action on the quadrature operators.
When considering the unitary transformations acting on the operators, either the ladder or the

quadrature operators, we are working in the Heisenberg picture.

The transformation on the annihilation and creation operators is given by the Bogoliubov trans-

formation [40]
a— Ca+ D@ +a, @h"™ —=c*@"" + D*a+ o (2.30)

It is convenient to write this in matrix form as:

a |\ _ tad \ ([ C D a \, (a (231)
@h’ ut@hu )\ b* cr @h’ at )’ '

In more succinct notation, this is written as é - M (f + ¢. The Bogoliubov transformation is
canonical and so must preserve the canonical commutation relations [a;, d;] = 0;,; and [a;, a;] = 0.
By fixing [Z;{T&iZ;I,LA{T&;LA{] = 0;,; and [Z)Tdid,l;{fdﬂ;{] = 0 and substituting eq. 1} into the commu-
tation relations for @' and @, the following conditions must be placed on the matrix corresponding

to the unitary operator:

cCc'-DD' =1, CcD" -DCT =o. (2.32)
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We can convert these matrix conditions to the real quadrature coordinates:
&=F( 5 FIMF&+ Ff¢ = S +d, (2.33)

where § = FtMF and d = F'¢. This matrix S is symplectic and therefore by definition satisfies
SQST = Q [A1]. Note that the conditions for matrix M in the complex coordinates are similar
to the conditions for symplectic matrices and in fact the matrix M is isomorphic to symplectic
matrices. This matrix is part of the Lie group U(n,n) = {M|MQ M = Q©)} [42)].

The Hamiltonian in eq. can be considered to be composed of three separate transforma-
tions applied in order. First we consider the term i(afa — af@). We consider the action of this
operator D(a) = exp(afa—ata) on the creation/annihilation operators using the Baker-Hausdorff
lemma [27]:

Gy — DTdiﬁ _ ef(mafara) &ie(afafam) =a; + a; (2.34)

al = DtalD = e~(@'ea—ala) gl p@la—ata) _ 414 ox (2.35)

K2

This does not mix the creation or annihilation operators and simply performs single-mode opera-
tions, displacing mode 7 by «; in the phase space. The operator ﬁ(a) is the called the displace-
ment operator and is just the complex version of the Weyl operator introduced earlier. From
the transformations, it is clear that the transformation matrix My and vector {; in the complex

picture are given by

*

M, —1, Ca=C= (:) : (2.36)

where (¢ is the displacement vector of the state and hence why the notation & and a* in the operator

was chosen. Similarly in the real picture, they are

S, =1, dy—x — <q> , (2.37)
p

where g and p are the position and momentum eigenvalues respectively.
Next we look at the term i(a'Ga—a'G'a) = a'iGa+a'(iG)'a = a' Ea, where E = iG+(iG)1
is a Hermitian matrix. The operator U= exp(—idTEd) has the following action on the creation

and annihilation operators:

al = Utaltl = eia'FBa) gt o(—iaTBa) — (541c(B)y, — (glUT), (2.38)

a; — Ulall = 8B4 4, o(-18TBa) _ (o(=iB)g). — (Ua); (2.39)

where we define U = e~ *F. This operator mixes within the creation operators and the annihilation
operators but not between them, corresponding to a multimode unitary transformation U in linear

optics. It is useful to find the transformation of the column vectors @ — Ua and (a")T — U*(a)T.
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From this and eq. (2.31)), it is simple to find the transformation matrix and vector as

U 0
M, = < 0 U- > ¢ =0, (2.40)

and in the real picture, using the mapping S = FTMF, the transformation is given by

S, = ( Re(U)  ~Im(U) ) d, =0, (2.41)
Im(U) Re(U)

where Re(U) and Im(U) denote the real and imaginary parts of the matrix U.

And finally we look at the last term i(a'H(a")T —a" H'a). This is just a number and so its
transpose must leave it unchanged. From this we can determine that H is symmetric. So the action

of this operator L?S = exp(&TH(dT)T — &TH*&) on the annihilation and creation operators is

d;f N Z/Algdzlfls _ e(—aTH(aT)UraTH*a) dg e(aTH(aT)T—*TH*a)

(2.42)
_ |aT * - * H* ~
= [a cosh(Z\/H H) +51nh(2\/H H) \/ﬁa}i
a; — Ulal, = o(-a'H(@@" +a" H"a) &ie(aTH(aT)T—aTH*a)
(2.43)
- {cosh(Q\/H*H)d +al A sinh(Q\/H*H)L.
If we restrict to the case where H is diagonal such that 2H; ; = —¢;, this is the case of single mode

squeezing with the operator given by exp(%(—fidjd;r + ff&idi)). In this case we can simplify the
transformations to
*

6l §1al§ = o(@lal—a.:67a0/2 41 ol-al&al+a:6180/2 _ 4f cosh(|g]) — é| sinh(l&,])  (244)

G; — Sleg — e(dzfz‘@z*difftﬁi)/Q a; e(*dzfi&IﬁLfbif:&i)/Z — 4 COSh(|§1|) . d;r éll Sth(‘fZD (245)

By using the notation & = re'®, the transformation matrices and vectors for this single mode

squeezing (on all modes) operation can be written as

Ms = @l CC.)Sh " e ei(z)i sinh " ) Cs =0 (246)
@; — e “iginhr, @®; coshr;
®; coshr; — i sinh r; ®; — sin ¢; sinhr;
s, = coshr; — cos ¢; sinh r sin ¢; sinh r  d.—o0 (2.47)
@®; — sin ¢; sinh r; ®; cosh r; + cos ¢; sinh r;

where each quadrant is a diagonal matrix comprised of the direct sum for each mode in the state

with squeezing r;e’?:.
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2.2.3 (Gaussian states

Gaussian states are those that have Gaussian Wigner functions and can be fully described by the
vector of means (the first moment) and the covariance matrix (the second moment). The simplest
example is the vacuum state. This is the state with no photons, with a zero vector of means and

half times the identity as the covariance matrix:

Lyac = évac = Oa V/ac = 2vac = ;1. (248)

N[

A single-mode state can be represented on a phase-space diagram with axes ¢ and p. For Gaussian
states, the mean values of the quadratures (ie. the first moment) provide the coordinates of the
centre of the state and uncertainties give the width of the state in the ¢ and p directions. For states
with diagonal covariance matrices, these uncertainties are given by the square root of the variances
of the quadratures (ie. the second moment). Therefore, a single-mode vacuum state is represented
in the phase space as a circle centred on the origin, with a diameter of 1/ V2.

Any pure Gaussian state can be made by a Gaussian operator (or combinations of Gaussian
operators) acting on the vacuum state. In order to describe the state after the Gaussian transfor-
mation, we need to know how the vector of means and covariance matrix transform. Taking the
transform of the vector of means & — Tr(pU &), and with the assumption that & — S& + d (as

shown in the previous section), the vector of means can be written as

J J J
(2.49)

where we use that Tr(p) = 1 in the final step. Hence, we have shown it is possible to determine the
vector of means by the transformation matrix and vector acting on the vacuum vector of means.

Similar arguments can be applied to the covariance matrix and so we find

T — Sz +d, vV 5 8vsT

2.50
¢— MCH+¢, > - MM (2:50)

Hence a Gaussian state can be completely described by its transformation matrix and vector in
either the real or complex picture (ie. S and d, or M and ¢).

Any combination of the three Gaussian transformations introduced previously can be applied
to the vacuum state in any order resulting in a Gaussian state. We now look at common Gaussian
states and describe them in the Gaussian formalism by their covariance matrices and vectors of

means and also look at their expansions in the Fock basis.

2.2.3.1 Coherent states

The first Gaussian operator introduced was the displacement operator D(a) = exp (dTaT — a*d).

As shown previously, the transformation matrix is the identity matrix in both real and complex
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pictures and the complex vector is { = (&) and the real vector is dg = = = (2). Applying

«
these transformations to the moments of the vacuum state, we find the vectors of means and
covariances matrices for the state formed by applying the displacement operator with parameter a

or equivalently (g, p) are

_ q = o
Vd = %I, rq = ( ) , Ed = %I, Cd = < *> . (2.51)
b «

The covariance remains unchanged and so in the phase space this operator simply is a translation
in a direction determined by the parameter o = |a|e?’ without changing the shape of the state.
This geometric interpretation of the action of the displacement operator in phase space is shown
in fig. (2.1k). The vector of means is determined solely by the displacement operators acting on a
vacuum state and so the terms ‘displacement’ and ‘vector of means’ are used interchangeably. The
state formed by applying a displacement operator on the vacuum state is denoted by |a) = ﬁ(a) |0)

and called simply a displaced (vacuum) state or a coherent state.

Although it is neat to write the coherent state in its Gaussian formalism, it is convenient to write
the state decomposed in the Fock basis, for example in order to measure the number of photons
in a state. The displacement operator can act on many modes, but each mode is independent so
without loss of generality, we consider the single mode version and apply separately to each mode.
We define the displacement parameter a = |a|e’?, where 6 is the angle from the ¢ quadrature and

|| is the distance of the translation. The coherent state expanded in terms of the Fock basis is

given by [28]
o0 n ,inb
t * A 1.2 a"e
a) =explaa’ —a™a) |0) = exp(—35|« ——n). 2.52
) P( )| ) p( 2| |)n§=0 i In) ( )

From this, and using (N|n) = dn,p, it is easy to find the probability amplitude of detecting N

photons from a coherent state |a):

<N|a> _ exp(fl|a|2) oo |C¥|”ein0 <N|n> _ eXp(7l|a|2) |a‘NeiN0 (2 53)
2 nz_o Vn! ? VNI '
And therefore the probability of measuring N photons is
a2z oY
Pr(N) = | (N]a) |* = e~ T (2.54)

We note that this is a Poisson distribution with parameter |a|?, so the number of photons detected
from a coherent state is distributed as N ~ Pois(|a|?). This means that each photon from a coherent
state is independent and suggests they behave similarly to distinguishable photons. A consequence
of this is that finding the probability of a coherent state after mixing the modes together is still

easy to do as we show next.

We can observe the effect of a linear optical transformation on a multimode coherent state by

analysing its action on the creation and annihilation operators. First we assume that the state
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formed by a unitary evolution acting on a multimode coherent state is another coherent state of a

different displacement parameter:

D(B)|0) = UD(a) |0). (2.55)

We note that the unitary (and its conjugate) leaves the vacuum state unchanged when acting on
it. This can be seen because the transformation matrix M, is Hermitian and therefore leaves
the identity as the identity and the translation vector ¢, is the zero vector. Therefore the above

equivalence can be rewritten as

D(B)|0) =UD(a)ld' |0). (2.56)

With the expansion of the exponential in the displacement operator the relation between 8 and

can be found by simply analysing the action of a unitary on the creation and annihilation operators:

o0

() = exp(a'B - pla) = > - (al B~ pla)" (2.57)
n=0

L et adat] =S L el - oltait]”

gn [Ua N a)Z/{} _nz::o” [Uau uaut|, (2.58)

where we inserted the identity I = #12f in the second line such that in the power the 2! at the end
cancels with the { at the beginning of the next term when multiplying out the power. It is important
to notice that for the action on the covariance matrix and vector of means the transformation was
UTaTU whereas here we have Ua'Ut. In egs. and ([2.39)), this simply sends i — —i and in turn

the unitary matrix becomes the Hermitian conjugate and vice versa. Therefore the action here is
al s> ualut = @'v), @ — UaUt = (Ua), (2.59)
and in vector form
@h" —-ua'ut=uvT(@&"h" a—uald' =U'a. (2.60)
Inserting these transformations back into egs. and , we find

oo

D(B) |0) =UD(a)td' |0) = Z

ni alUa - a'U1a)" 0) = D(Ua)|0). (2.61)

Hence, a unitary operator acting on a coherent state takes it to a new coherent state with the vector

displacement parameter multiplied by the matrix U.

2.2.3.2 Squeezed vacuum states

The final Gaussian transformation is the squeezing operator. We define the single mode squeezing
operator as 5(&) = exp(3(£*a? — &at?)), where £ = re’? is the complex valued squeezing parameter

with ¢ being twice the angle from the § quadrature. The creation and annihilation operators here
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(a) (b)

p p P
$(9)10) = )
BN
SAE - 4
D(@)|0) = |a)

Figure 2.1: Coherent and squeezed states in phase space. The action of displacing (a) and squeezing
(b) on the vacuum state (gold) in the phase space. (a) The displacement operator is a translation
moving the centre of the vacuum state but maintaining the shape. The result (green) is a state
with vector of means given by the displacement parameter o and the variance the same as for
the vacuum (1/2). (b) The squeezing operator acts on the vacuum state positively scaling in one
direction (stretching) and negatively scaling in the orthogonal direction (shrinking). The angle at
which the scaling is done depends on the angle ¢ of the squeezing parameter. This angle simply
rotates the axes on which the squeezing occurs. For an angle of zero, the ¢ quadrature is reduced
with the uncertainty given by e~"/+/2 and the p quadrature is stretched to e”/v/2. For any non-zero
angle the operation can be considered as a rotation to new coordinates (turquoise) followed by a
real valued squeezing and then reversing the rotation.

are quadratic and so photons are produced and destroyed in pairs. When acting the symplectic and
complex transformation matrices (eqs. (2.47) and (2.46))) on the vacuum state, this corresponds to

covariance matrices

V. — 1 [ cosh(2r) — cos ¢ sinh(2r) — sin ¢ sinh(2r)
°2 — sin ¢ sinh(2r) cosh(2r) + cos ¢psinh(2r) /)’ (262)
2.62
5 1 cosh(2r) —e'® sinh(2r)
* 2\ —e"“sinh(2r) cosh(2r)

with the vector of means unchanged. From this it is not very clear what this transformation does
geometrically to the vacuum state in the phase space. However, setting the angle of the squeezing

¢ = 0 so that the squeezing parameter is real, the covariance matrices are much simpler:

1[{e?2 0 1 cosh(2r —sinh(2r
V== , == (2r) (2r) . (2.63)

2 0 e 2\ —sinh(2r)  cosh(2r)
In the quadrature picture, the ¢ quadrature variance is reduced to e~2"/2 while the p quadrature
variance is increased to e?” /2, which corresponds to squeezing in the g quadrature and anti-squeezing

(expanding) in the p quadrature. In the case that the angle of the squeezing is not zero, we can

consider rotating the coordinate system to find one that has real squeezing only. This is found by
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rotating the coordinate system ¢ and p by ¢/2 anticlockwise. This geometric interpretation of the

squeezing operator acting on the vacuum state is given in fig. (2.1)).

Now we can treat a squeezed state in the non-Gaussian formalism and expand it in the number
basis as [28]
1 = v 2n)!
=——> ()" @)} 516 (a1 |2n) . (2.64)
Veoshr = 2mn!

From this series, it is convenient to find the probability amplitude of measuring 2N photons from
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a squeezed vacuum state:
1 i (1) (2n)!
Veoshr 7= 27n!

1 2N)! .
= -V ( )elN‘btanth

vcoshr 2NN

Therefore the probability of measuring 2N photons from a squeezed vacuum state is

(2N[¢) = e™? tanh™ r (2N|2n)

(2.65)

1 (2N)
2 _ 2N
| (2N |* = sl VNI tanh*" r. (2.66)

It is easy to see that the probability of measuring an odd number of photons | (2N + 1[€) |? will
include the term (2N + 1|2n) = Jan41,2, which will always be zero because an odd number can
never equal an even number. Therefore, as expected from the quadratic nature of the annihilation

and creation operators, photons are only ever measured in pairs from a squeezed state.

2.2.3.3 Squeezed coherent states

A combination of squeezing and displacement operators will give a more general squeezed coherent
state |, &). As the displacement and squeezing operators do not commute, it is important to specify
which order they are applied. In general in this thesis, unless otherwise stated, we assume that the
squeezing is applied first followed by the displacement as we find it to be more convenient. The
probability distribution of the number of photons only depends on the position of the centre and
shape of the state in phase space. Applying squeezing to the vacuum state changes its shape only
and applying displacement to any state changes only the position of the centre. So we can treat
the two processes separately if applying them in this order. On the other hand, if the squeezing
is applied to the displaced state, that operation changes both the shape and central position so
we cannot consider the operators separately. However, similarly to how swapping the order of a
unitary and displacement operator is equivalent for different displacement parameters, changing the
order of the squeezing and displacement can also be accounted for by changing the displacement
parameter. Specifically a state with squeezing parameter ¢ = re’® and displacement parameter o

can equivalently be written as [43]

|, §) = D()5(€) [0) = S(£)D(8) [0) (2.67)
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Figure 2.2: Displaced squeezed states and squeezed displaced states equivalence. (a) A vacuum
state (gold) is first squeezed with squeezing parameter £ = re’® and then displaced by displacement
parameter a = |ale’®. (b) The same state is formed as in (a) but by first displacing by a different

parameter 3 = |3|e?® and then squeezing by the same parameter £. The order of applying displace-
ment and squeezing matters because the squeezing scales the whole phase space moving the centre
of the state unless it is at the origin. The centre of the state determines the overall displacement.

where 8 = a coshr 4 a*e'® sinhr, or to convert in the opposite direction o = B coshr — *e*® sinh 7.

We can derive this equivalence geometrically on a phase-space diagram. First we restrict to
squeezing parallel to the g quadrature, corresponding to ¢ = 0. Displacement is a translation
and squeezing is a compression and enlargement in the direction of the ¢ (z-axis) and p (y-axis)
quadratures respectively. Therefore squeezing a displaced state moves the centre of the state towards
the y-axis and away from the z-axis. In the case of squeezing first and then displacing with a
displacement parameter o = |a|e’?; the location of the centre depends only on the displacement
and so is at the point (|a|cosf,|a|sinf). In the case where we displace first with displacement
parameter 3 = |3]e?, the centre of the state is at (|3|cos8,|3|sinf). When we squeeze it, the g

-

coordinates (ie. real part) undergo an enlargement by the factor e™" and the p coordinates (ie.
imaginary part) undergo an enlargement by the factor €”. So now the centre of the state is at

(|8 cos@e™",|B|sinfe"). This is the real and imaginary parts of the displacement parameter which
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can be found as
a = |Blcosfe™" +i|f|sinfe"

= |B| cos §(cosh r — sinh ) + ¢| 5] sin O(cosh r 4 sinh )
= |B| coshr(cos§ + isinf) — | 3| sinhr(cosf — isin ) (2.68)
= || coshre®® — |B|sinhre™®
= Bcoshr — B*sinhr,
which agrees with the conversion for ¢ = 0. A squeezed displaced state formed by applying squeezing

and displacement in either order is depicted in the phase space in fig. (2.2)).

Now we consider the general case where squeezing is along a line at an angle of ¢/2 to the
z-axis (¢ quadrature). It is convenient to define the state in a new coordinate system such that the
squeezing is along the new z-axis. This is simply done by a rotation of an angle ¢/2 anticlockwise
which results in a state with displacement Be~%*/2. The squeezing is now applied parallel to the

z-axis so the previous equation can be applied to this displaced state:
Qrotated = e~ "*/? coshr — 3*e**/? sinh r. (2.69)

This is the displacement parameter in the rotated coordinate system, so we need to rotate back to

the correct coordinates. The displacement in the original coordinates is

a= (66:‘“’”2 coshr — B*e'®/2 sinh r)e™®/?

. (2.70)
= Bcoshr — B*e*®sinhr

as expected. This process of rotating to new coordinates for squeezing at an arbitrary angle is
shown in fig. (2.3).

A squeezed coherent state |a, re’®) can also be expressed in the Fock basis as [28]

exp (—%(|0¢|2 + a*2et® tanh r

la, e’y = ) i 1 (ew tanhr)n/2 H, (a h afew tanhr)
Vcoshr — Vn! 2 V2e' tanh r
(2.71)
from which the probability for IV photons can be found to be
Pr(N) — exp <—|Oz|2 - %(G*Qew + a?e”'?) tanh 7“) tanhr\ " Hy o+ ofjeid’ tanhr | L (2.72)
Nlcoshr 2 V2 tanh r

where Hy is the Nth Hermite polynomial. This is derived rigorously finding the decomposition
in the Fock basis using the action of creation and annihilation operators and recursion relations.
However, here we motivate the probability from the combination of squeezing and displacement. In
quantum mechanics, the probability of a starting state ending in a final state is found by summing
the probability amplitudes of all the ways that this could happen and then taking the modulus
square of that total. So here we consider that a photon measured from a squeezed coherent state

could have come from the squeezing part or the displaced part. Hence the probability amplitude
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Figure 2.3: General squeezed displaced state. When squeezing is applied to a displaced state at
an arbitrary angle it is convenient to rotate the coordinate system to align the angle of squeezing
with the z-axis and then rotate back. (a) A displaced state at an angle of 6. (b) Rotate to new
coordinates p’ and ¢’ such that the squeezing is now parallel to the z-axis. (c) This gives a displaced
state at an angle of 6 — ¢/2, where ¢/2 is the angle of the squeezing in the original frame. (d) Apply
the squeezing now in the x direction. This multiplies all x coordinates by e™" and all y coordinates
by e”. (e) Rotate back to the original coordinate system.

of a squeezed coherent state measuring N photons can be found by summing the amplitudes of all
possible ways of getting IV photons from a combination of ‘displacement photons’ and ‘squeezing
photons’. For example, if there are N photons, there could be N — ¢ squeezing photons and ¢
displacement photons in N!/(¢!(N — ¢)!) ways, for any q.

First we consider the case where we have an even number of photons N = 2n. Here we must
have an even number of squeezing photons and therefore an even number of displacement photons.

The probability amplitude is given by

(2nfa,re’?) =Ny 4| (Qq),((;f)iw (2q|7) (2n — 2q|re’?)
q=0 ' '
— - (2n)' —|~)? ’72(1 (_1)n—q (277’ _ 2q>‘ ip(n—q n—q
_./\/‘;1/(2(])!(2”_2(])!@ [v17/2 (Qq)! ey 2n—q(n—q)!e @( ) tanh r
B e~ /2 /et tanhr\" & g (2n)! 9ye—i0/2 \ ¥
7N\/coshr ( 2 > q—ZO( b (29)!(n — q)! <\/2tanhr>

=N e/ (ei¢tanhr)nH <7ei¢/2)
(2n)! coshr 2 * \V2tanhr )’
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where we have used the following polynomial definition of the even numbered Hermite polynomials:

k
i1 i
Hap(z) = (*Uk(%)!;(*l) m(%)Q : (2.74)

As we are considering the squeezing and displacement separately, we must change the displace-
ment such that it can be considered as acting independently to the squeezing. Thus we use the
displacement given by ~y

v =a+a*e tanhr. (2.75)

This conversion is explored further in section (2.4.3.3). Putting this into the equation for the
probability amplitude and taking the modulus square we find the expected probability as long as

we include a normalisation constant A/ to ensure the probabilities sum to one.

Now we consider the case where we have an odd number of photons N = 2n + 1. Here we
must have an even number of squeezing photons but an odd number of displacement photons. The

probability amplitude is given by

(2n + 1) i
(2n 4 1|, re'?) ./\/Z 20+ Dl(2n — 29! (2q + 1|v) (2n — 2q|re?)
2g+1
_ NZ @nADU e T
(2 + 1)!(2n — 2q)! (2¢ + 1)!
1 1)n—4 (2n B 2Q)' ei¢(7L—q) tanh™ 9 r

Veoshr 2n=4(n — q)!
_ e (ewﬁ tanhr)"“/z z":(_l)nfq 2n 1 1) < 2vei®/? >2q+1
Vcoshr 2 = (2¢ + )Y n —q)! \ V2tanhr

N e F2(—1)n (ewtanhr)”H/gH ( ye~i0/2 )
(2n +1)! coshr 2 1\ V2tanhr /)’

(2.76)

where we now use the polynomial expansion definition of odd numbered Hermite polynomials

1

—2J+ W) (22)% 1, (2.77)

k
Hopqr () = (=12 + 1! (-1
7=0

Again we need to substitute the displacement parameter to be independent of the squeezing using

eq. (2.75) and renormalise to find the correct probability amplitude.

It is clear by taking the modulus square of these probability amplitudes the expected expres-
sions for the probabilities of measuring N photons from a squeezed displaced state [28] have been
recovered by summing over all the possible ways of getting ¢ photons from the displacement and
N — ¢ photons from the squeezing. This may provide an intuitive description of the photon number

probability from squeezed coherent states.
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2.3 Permanents, hafnians and loop hafnians

In anticipation of describing boson sampling in the next section, we introduce the matrix functions
that are used in the classical simulation of boson sampling. For the variants that we cover in this
thesis, these are permanents, hafnians and loop hafnians. Although they are different functions,
they are closely linked to each other and can all be connected to graph theory. We introduce some
terminology for graphs below.

A graph is a collection of vertices (or nodes) with connecting edges which tell you something
about the relationship between the two vertices they join. We denote an edge by the beginning and
end vertex it connects, (V;, V;). In this thesis, we define graphs to be allowed ‘loops’ where an edge
starts and ends at the same node, and refer to graphs that do not allow loops as ‘simple graphs’ to
distinguish the two cases. A graph may be weighted or not. If it is not weighted, any two vertices
are either connected by an edge or they are not. Strictly speaking the existence of an edge implies
a weighting of one and the lack of an edge means a weighting of zero. If it is a weighted graph, the
edges can have any value associated to them. A graph is undirected if the weighting on the edges
is the same going from vertex V; to V; as in the opposite direction from V; to V;. There is a special
instance called a bipartite graph where the vertices can be split into two groups with no edges
within each group. A matching in a graph is a collection of edges such that no vertex is included
more than once. A perfect matching is a matching such that all vertices are included precisely
once. These terms are all depicted in fig. . Any graph can be equivalently written in the form
of its adjacency matrix, A, where the element A; ; is the weighting between vertex V; and V.
In an unweighted graph, all these elements are either 0 (no edge) or 1 (an edge). In an undirected
graph, as the weighting is the same in both directions, (V;,V;) = (V;, Vi) = A;; = A,,, and so
the adjacency matrix is symmetric. The mapping between graphs and their adjacency matrices is

shown in fig. (2.5]).

2.3.1 Permanent

The permanent is defined for any square N x N matrix, A, as

N
Perm(A) = > [[ Aicw), (2.78)

ceSn i=1

where the sum is over the symmetric group, Sy, ie. all the permutations of the elements from 1
to N. For example, for N = 3, S3 = {(1,2,3),(2,3,1),(3,1,2),(3,2,1),(2,1,3),(1,3,2)}. A; )
is the element of matrix A in row ¢ and the column given by the ith element of ordering . The
product inside the sum matches all integers from 1 to N with an element from a permutation of
those integers. In terms of a graph, this is the product of the edge weightings in a perfect matching
in a bipartite graph where the first subscript in A; ,(;) corresponds to a vertex on the left-side and
is matched to a vertex o(¢) from the group of vertices on the right-hand side. The sum is over all
possible permutations which covers all possible perfect matchings. So the permanent of a matrix A

is equivalent to the total weight of all possible perfect matchings on a graph with adjacency matrix
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Figure 2.4: Properties of graphs. The vertices are represented by the blue circles and labelled with
integers inside. The edges are shown by dashed black lines between the vertices. (a) A simple
graph with no loops. Missing edges correspond to edges with a weighting of zero. (b) A graph
with loops. (c) A bipartite graph. The vertices are split into two groups, left and right with no
edges within each group. The vertices are relabelled as the halves can be treated separately. (d)
A directed graph. All the edges have a direction associated with them with potentially different
weights on edges between the same two vertices but in opposite directions. (e) A matching. The
purple lines represent the matching {(1,5)(3,3)(4,6)} including vertices 1,3,4,5 and 6 once and not
including vertex 2. (f) A perfect matching. The purple lines show a matching which includes all
vertices {(1,5)(2,3)(4,6)}.

A. In an unweighted bipartite graph, the permanent is equal to the number of perfect matchings.
This is because the permanent sums over all possible perfect matchings and adds weight 1 if all

edges in that matching exist and 0 otherwise.

The naive way to calculate this quantity requires summing over all the permutations of N
elements. However, there are N! ways of permuting N elements and a factorial scaling means
this quickly becomes unmanageable as the size of the matrix increases. There have been several
algorithms to calculate the permanent with a better scaling. The first was introduced by Ryser [44]
and has time complexity O(N22"). This algorithm was improved on to reduce the complexity to
O(N2¥) by Nijenhuis and Wilf [45] and later another approach was developed by Glynn with the
same complexity [46]. Although these algorithms are much faster than the naive approach, it was
shown that calculating the permanent lies in the #P complexity class and therefore cannot be done

in polynomial time [47].
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Figure 2.5: The adjacency matrix of a graph. The weighting of the edges are given by elements in
the adjacency matrix associated with a graph. The elements for each edge are colour coordinated.
In the bipartite graph (a), the nodes on the left are labelled separately to the ones on the right and
this is reflected in the matrix by linking the left group with the row index and the right group with
the column index. This allows the size of the matrix to be reduced for the same number of nodes
compared to a general graph. For an undirected general graph (b) the weighting of the edges is the
same in each direction and so the weighting is given in A; ; and A; ;.

2.3.2 Hafnian

The hafnian is defined for a symmetric even-sized square 2N x 2N matrix A as

N
1
Haf(A) = NION Z HAU(Qi—l),O'(Qi)7 (2.79)

gESoN i=1

where Sy is the symmetric group over 2N. Here the product inside the sum is a perfect matching
in a simple graph with adjacency matrix A. However, the sum includes all permutations including
permuting the ordering of the vertices for an edge (eg. includes (V7,V2) and (V3, V7)) which means
accounting each perfect matching twice for every pair (ie. the same perfect matching is included 2V
times due to this). Also the ordering of the edges does not matter and summing over the symmetric
group includes all the permutations of the edges (eg. (V1,V2)(Vs,Vy) and (Vs, Vi) (Vh, V2)) and this
contributes another multiplicative factor for the number of ways of ordering the N edges (ie. N!).
However the factor before the sum takes this over-inclusion into account and the hafnian is the
sum of the weights of all perfect matchings over a simple graph [48]. In an unweighted graph, the

hafnian is the number of perfect matchings.

The number of possible perfect matchings in a simple graph with 2N vertices is (2N — 1)!! which

does not scale well as the size of the matrix increases and so a naive implementation of this formula
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quickly becomes unmanageable. Again there are several algorithms that run in exponential time
O(poly(N)2™) [49, 50, [51].

2.3.3 Loop hafnian

The loop hafnian is defined for a symmetric square N x N matrix as

N
Lhaf(A) = Z HAU(%—U,U(%), (2.80)

ceSPM i=1

where SPM is the set of perfect matchings of a graph with loops. This is a natural extension of
the hafnian and can be computed with the same time complexity as for a hafnian [49]. The loop
hafnian of an unweighted graph finds the number of perfect matchings in a graph with loops which

is given by the telephone numbers.

2.3.4 Connection between permanents, hafnians and loop hafnians

There is an obvious connection between permanents, hafnians and loop hafnians when considering
the graph theory representations; namely that they all sum over the weights of all the perfect
matchings of different types of graphs. The most general is the loop hafnian which is the perfect
matchings of an arbitrary graph with loops. The hafnian is a specific loop hafnian where the loops

are not allowed which translates into a zero diagonal in the matrix:
Haf(A) = Lhaf(0, A), (2.81)

where the notation Lhaf(x,Y’) means to take the loop hafnian of the matrix Y but where the
diagonal elements have been replaced with the vector .

A perfect matching in a bipartite graph can be considered as a perfect matching in a general
graph where the vertices can be split into two groups such that the weightings on all edges between
two vertices in the same group are zero. The adjacency matrix of such a general graph will have a
block form when the vertices are ordered such that each group is separate. The leading diagonal
blocks will be the all-zeros matrix corresponding to the zero weightings within each group. From
this argument, it follows that the hafnian can be reduced to a permanent if the matrix is of the
following form:

Perm (A) = Haf( 0 Al ) . (2.82)
A 0

The mapping of these matrix functions to graphs and their adjacency matrices is shown in
fig. to highlight the equivalence between them under certain conditions of the adjacency
matrix.

A final useful identity is when the matrix is block diagonal. This corresponds to splitting the
vertices into two groups as for the permanent, but now there are only edges within a group and

none between them. As there is no linking between the two groups, they can be treated completely

32



CHAPTER 2. DISCRETE AND CONTINUOUS VARIABLE PHOTONICS

Symmetric Matrix Zero Diagonals Matrix Block off-diagonal

. N X Arbitrary Permanent
Loop Hafnian Hafnian Hafnian v
Ay Ap Az Ay Ais Age 0 A, Az Ay Ais Ase 0 0 0 Ay A5 A
Az Ay Azz Az Aps Ase Az 0 Az Az Aps Asze 0 0 0 Ay Ay 4y Ay As Agg
A13 AZS A33 A34 A35 A36 A13 A23 0 A34 A35 A36 0 0 0 A34 A35 A36 A A A
A14 AZ‘l» A34 A44 A45 A46 A14 AZ4 A34 0 A45 A4—6 A14 A24 A34 0 0 0 A24 AZS A26
AlS AZS A35 A45 ASS A56 A15 AZS A35 A45 0 ASG A15 AZS A35 0 0 0 34 35 36

Aig Azs Ase Ass Ase Acs Aig Azs Aze Ase Ase 0 L Ag Az Az¢ 0 0 0

-~
\
-

Figure 2.6: The mapping between permanents, hafnians and loop hafnians. (a) The loop hafnian
is of a symmetric matrix which includes the weights of the loops on the diagonals. (b) The hafnian
does not include the loops and therefore the hafnian of any symmetric adjacency matrix and the
loop hafnian of this adjacency matrix with zeros on the diagonal are the same. (c¢) For a bipartite
graph, the elements in the same group are not joined by edges which results in zeros in the block
diagonals in the adjacency matrix. (d) The same graph but now we consider the labelling in one
group as different to the other. In this way we can find an equivalence between the permanent of
a matrix and a hafnian (or loop hafnian) of a symmetric block off-diagonal matrix.

independently and the hafnian becomes the product of hafnians of each subgraph:
C 0
Haf = Haf(C')Haf(D). 2.83
< o D ) (C)Haf(D) (2.83)

The calculation of two N x N hafnians is much faster than one 2N x 2N matrix due to the
exponential scaling of the complexity of hafnians and so this property can be used to provide a
quadratic speed-up whenever a matrix is block diagonal. The above result does not make any

assumptions about the size of either block and can be extended to loop hafnians too.

2.4 Boson sampling

Boson sampling is the task of sampling from a particular probability distribution. This probability
distribution is naturally given by measuring an entangled state formed by passing a quantum state
through an M x M interferometer. In the original proposal by Aaronson and Arkhipov, the input
state is a Fock state with single photons in, typically the top, N modes [6]. There have since been
many variants on this recipe which take advantage of less restrictive experimental requirements,
particularly the need for deterministic single photon sources. In this section, we review the most

common types of boson sampling.
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2.4.1 Standard boson sampling

The original proposal introduced as BosonSampling and commonly referred to in literature by var-
ious names including Fock boson sampling, vanilla boson sampling and Aaronson and Arkhipov
boson sampling, we call standard boson sampling throughout this thesis. We use the phrase ‘bo-
son sampling’ to mean any variant, including but not limited to standard boson sampling. The
experimental task is as follows: An input Fock state with N photons |1,...,1,0,...,0) is passed
through an interferometer described by a unitary matrix, U, resulting in an entangled state. This
state is then measured with photon number resolving detectors to project onto a pure number
state. The measured number of photons in each mode (¢1,...,tpr) is referred to as the ‘photon
number pattern’ or the ‘output photon pattern’ throughout this thesis. This task is equivalent to
sampling from a probability distribution which is determined by the entangled state at the output
of the interferometer. The quantum device naturally samples from this distribution, but if we want
to sample from it classically, we need to be able to calculate probabilities of the output photon

patterns. Here we derive the probability expression.

The input state is typically given by |1,...,1,0,...,0) = dI ---an10,...,0). However, we
generalise this to any Fock state with N photons |si,...,snr), where > . s; = N. We use the

notation s for the pattern in second quantisation and § in the first quantisation, (81,...,8x), where
3; € {1,...,M}. As previously shown, the creation operators are transformed under a unitary
transformation U as a.

— Zj Uji&;. Hence, the state given at the output of the interferometer

i

|pout) is given by

N N . 1 R R
|p0ut> :u|p1n> :Z/{‘317,8M> :uiag a)g

M
1
_ ot ot
LV D Ui o 3 Usnsw g 0, 0) (2.84)

The probability of measuring a particular photon number pattern, ¢t = (t1,...,t5), is determined
by the probability amplitude, (t|pout), according to Pr(t) = | (t|pout) |>. We find the probability
amplitude to be

M M
1 . A . .
(Blpom) = T S S Ui Usnosn 0 O iy, -+ gl --alJ0,...,0). (2.85)
@ LU =1 jn=1

The braket can be simplified to reduce the sum:

Hji! ifty,....txN = j1,...,jn in any order

(0,...,0]az, - -azal ---al 0,...,0)

(2.86)
0 otherwise

34



CHAPTER 2. DISCRETE AND CONTINUOUS VARIABLE PHOTONICS

The product of factorials comes from the action of creation operators on Fock states: (af)*|0) =
VE!'|k), and similarly for annihilation operators: (0| (@)* = (k| v/k!. All vectors j = (j1,...,jn)
that satisfy the condition #;,...,fxy = j1,...,jn in any order is the set of all permutations of
integers 71,...,fx which is the definition of the symmetric group Si;. In the case of repeated
values in the output ¢, the symmetric group includes the permutations of all elements including
the repeated values (which gives the same pattern), whereas the sum over all j above only includes
this vector/pattern once. So the value must be divided by the number of permutations that leave
the vector unchanged when the sum is changed to be over the symmetric group. Hence, the sum

in eq. (2.85)) can be simplified to include only terms where j € Sj:

N
(tlpout) = Z Usnor - U 3 qu = S I Ui
I1; Vt it H i Vt'sl §E55 k=1 (2.87)

= WPerm(U{t’g}),
where Perm is the permanent matrix function and U3} is the submatrix of U including rows in
t (the output photon pattern) and columns in § (the input photon pattern). In the first line, the
product of factorials in the numerator comes from evaluating the braket and the same term in the
denominator is to account for the inclusion of permutations over repeated values in the sum over
the symmetric group. For example, the term corresponding to j; = jo = 1 should only appear once
whereas it appears twice in S;. The last line simply comes from the definition of the permanent.
So the probability of measuring output photon pattern ¢ given a unitary operator u acting on an

input photon pattern s is given by

B |Pe1rm(U{’§’§})\2

Pr(t]s) = | (8011s) * = = (2.88)

As an example, we take a simple well-known case of standard boson sampling: Hong-Ou-Mandel
interference [52]. In this case there are only two modes with a photon injected into both input modes
and interferred on a 50/50 beamsplitter. The input state is given by |¢)i,) = |1,1) = &J{dg |0,0). So
N = M = 2. The beamsplitter operation is given by the following matrix:

1 1 1
w01 o

and so al — %(d{ —ab) and al — %(di +a})/v/2. The state after the beamsplitter is then given

by

2.90)
ottt atad st Lo g (
(aja] +ajal —alal —alaf) |0,0) = S(aja] — alal |0,0) = <|2 0) - 10,2)),
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where in the second line we use the commutativity of a; and &; if i # j, and afal |0) = v/2|2). So
the state after the interferometer (single beamsplitter) is a superposition of both photons in the first
mode and both photons in the second mode. The cancelling of the amplitudes for the coincidence
of one photon in each mode is famously evidence for quantum interference as this cancellation
wouldn’t happen classically when we sum probabilities not amplitudes. For two photons in two
modes, there are just three possible output photon patterns: |2,0), |1,1) and |0,2). Due to the
orthogonality of Fock states, the probabilities can be found by taking the modulus square of the
coefficients, eg. Pr(t = (2,0)) =1/2.

Below we perform the same calculation except in terms of general U for a 2 x 2 interferometer
to show more clearly that it is an example of the general equation ([2.88)):

2 2
[Yout) =Uss |¢in) = Uns ala} 0,0) = Z Z Uj1,1Uj2,2d;1d;2 0,0)
J1=1j2=1
:(UllUlglAlJ{CALI + U11U22(AIICAL; + U12U21&£(A1]£ + UQlUQQd;d%) |0,0>
=V2U11U12|2,0) + (U11Usg + U1aUs1) |1, 1) + V2Uz,Uas 0, 2)

1 1
=—Perm(U D021 12 0) 4 Perm(U 1212111, 1) + —Perm(U {13212} |0, 2) |
7 ( )12,0) ( )L 1) 7 ( )10,2)
(2.91)
where U1(1:1):(1.2)} g the submatrix of U with columns 1 and 2, and row 1 repeated twice. Evalu-
ating the permanents of the beamsplitter unitary will give the previous equation as expected. For

example, the permanent of the 2 x 2 matrix with the row Uy; and Ujs repeated twice evaluates to
1. In the above form, it is clearer that the probabilities are given by eq. (2.88)) as derived.

There is perhaps a more intuitive explanation for the derivation of the permanent in the proba-
bility, using comparisons to graph theory. We begin by remembering that in quantum interference
we must sum the probability amplitudes of all the possible ways of transitioning from the input state
to the output state. The probability is then given by taking the modulus square of this. So to find
the probability of the measurement outcome t = (t1,...,¢)) from a Fock state |s) = [s1,...,Snm)
input in an interferometer we consider all the possible ways of this happening. We can map the
input photons and output photons to an undirected bipartite graph, with the input photons given
by one group of vertices and the output photons by the other. The weight of the edge (V;,V}) is
the probability amplitude of a photon that begins in input mode V; ending in output mode Vj. As
shown previously, the probability amplitude of beginning in mode ¢ and ending in mode j is simply
the element of the unitary matrix Uj;. Therefore the adjacency matrix of this graph representing
the photons and their transition probabilities is just the unitary matrix representing the unitary
evolution applied to the input Fock state, but keeping the columns of the input photons and rows
of the output. If the input state |s) is measured in the output state |t), each photon in the input
must be matched to one and only one of the photons at the output. This simply gives the path
that each photon took, but because we are only considering the probability amplitudes this does
not remove the quantum interference. In graph terminology, the matching of all vertices in one

group to all vertices in the other is a perfect matching. The aim is to sum over the probability
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amplitudes of all the possible matchings, where the probability amplitude of a particular path from
input to output is given by the product of the individual weightings between each vertex pairing.
So the probability amplitude of the input state being measured in the output state is the sum of
the weights of all the perfect matchings, which as shown previously is precisely the definition of the

permanent.

2.4.2 Scattershot boson sampling

The experimental challenge to produce single photons on-demand is a potential impediment in
the task to realise a demonstration of standard boson sampling with many photons. One option
is to repeat the experiment until enough photons are detected. If the probability of a photon
being produced in one mode is p, then all N photons are produced with probability p~V. As the
probability of all photon sources producing a photon deteriorates exponentially with the number of
desired photons, this is not a feasible solution when the number of photons is high. Therefore, the
first variant to be suggested was scattershot boson sampling [9]. In this scenario, the input states
are two-mode squeezed states, where one mode of each state is directed to detectors to herald the
presence of a photon pair and the other mode is fed into an interferometer. The setup is shown
in fig. . Ideal two-mode squeezed states will always produce an even number of photons with
n photons in one mode implying there are n photons in the other mode: |TMSS) = Y p, |n,n).
In scattershot boson sampling, the input states have low enough squeezing that the probability to
produce more than two photons from each two-mode squeezer is negligible and we assume either
no photons or one photon in each mode. This means that we do not fix the input state, but
because we squeeze all M modes there is a much higher probability of producing N photons, now
()Y (1 - p)MN.

The input state is not fixed and so when determining the probability of an output pattern ¢

from a scattershot experiment we need to sum over the possible input states:
Pr(t) = Y Pr(s)Pr(t|s), (2.92)
S

where Pr(s) is the probability of heralding pattern s and Pr(¢|s) is the probability of measuring
output pattern ¢t conditional on heralding pattern s. By heralding on half the modes, the input
state collapses to the Fock state with the number of photons in each input mode determined by
the number of photons detected in each heralding mode. Therefore the input state is precisely
given by the heralded pattern and the probability of the output pattern conditional on the input
state is the same as in standard boson sampling with the heralded pattern as the input, eq. .
The probability of measuring a particular heralded pattern is simply the probability of measuring
a two-mode squeezed state in the number basis. Therefore the probability of heralding s is the
product of the probabilities of s; photons in each mode of the two-mode squeezed state in modes

2¢ and 2¢ — 1. The probability of detecting n photons in each mode of a two-mode squeezed state
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Pr(n) is given by

_ tanh?" r

Pr(n) = (2.93)

cosh?r’
for squeezing parameter r. In the case of equal squeezing on all modes, which is typically used, the

probabilities of all heralding patterns with the same total number of photons are equal.

2.4.3 Gaussian boson sampling

Building on the use of squeezed states in boson sampling, we now describe a type of boson sam-
pling that uses sampling from Gaussian states at the output of the interferometer, appropriately
named Gaussian boson sampling (GBS) [7, 9} 53] [54]. This is contrary to standard boson sampling
which inputs a non-Gaussian state, and scattershot in which a Gaussian state is input but the
non-Gaussian photon measurement leaves a non-Gaussian state at the output. In GBS, we must
input a Gaussian state - a squeezed, coherent, or squeezed coherent state - and use non-Gaussian
measurements. For boson sampling to be a hard problem, we need at least one non-Gaussian ele-
ment: the input state, the evolution or the measurement. Another proposal for GBS is the reverse
where we input non-Gaussian states but have Gaussian measurements - namely homodyne or het-
erodyne measurements [§]. Under time reversal this is equivalent to the case of Gaussian states and
non-Gaussian measurements and is much less common in literature. The focus of this thesis is the

first proposal.

2.4.3.1 General Gaussian boson sampling

We need to know the probability of an output photon pattern given an input Gaussian state.
Here we expand on the derivation outlined in [53]. The general probability of a state with density

operator f being measured in state |t) is given by
Pr(t) = Te(pID) = T (3|, tar) (.. tar]) = Te(p [8) (2], (2.94)

Any state can be represented by the Glauber-Sudarshan P representation which is the decomposition

in terms of the coherent states [34] [35],

p= [ dap,(a)a) al. (2.95)

where P, is the P-function, introduced in section (2.2.1). We can use the P-function representation
of the number state projector to write the probability of an output photon pattern in terms of the

phase-space representation [55]:

Pi(t) = (o) t) = (4 [ Pari@)la) al) = [ Earisa) tallo)
o o (2.96)

alpla
= WM/ anPt,t(a)% = TFM/ dZaPt,t(a)Qp,
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where @), is the Q-function of a state, introduced in section (2.2.1)). The P-function for the number

state projection operator is given by [37]

elal®

Pon(@) = —=0303.5(Re(a))5(Im(a)). (2.97)

We confirm that this does give the expected operator |n) (n| here. First we expand the terms inside

) (7 5 555 )

= 0(Re(a) ; Z Z oo (%2

ny= OTLQ 0 ng.

the integral:

e|““

Pan(a) ) (o = “ 007 6(Re(@)5 (Im(a)) ('

3 HM8

In1) (n2l

ny—n n2!(a*)n2—n

(R (o)) 3 Y O O )

n1 Onz 0

(2.98)
When integrating over all o, due to the delta function only the terms where @ = 0 are non-zero. It
is clear to see that the only terms inside the sum that are non-zero for & = 0 are when n; —n =0

and ny —n = 0. Therefore after integrating we are left with

[ Pantela ol = o T ) tnl = ) (] (2.99)

as expected. This P-function can be generalised in the case that the state is multimode by taking

the product of each mode:

o= [ Piela) (ol (2.100)

Pp(a):He::‘ o0 6(Re(a)) 6 (Tm (o —e2'<l H anzanz (Re(y))d(Im(ay;)).  (2.101)

i=1 v

The above equivalence is true due to the symmetry of ¢ = ( &) giving |¢|? = ¢T¢ = Z LG =

Zij\il 2|¢)? = Zf\il 2|c;|%. By changing eq. || into the ladder operator basis and swapping V'
with Vi, we can see the Q-function of a Gaussian state is given by

exp(~1(¢ - Q)I=gH¢ - O)
det(7Xq) '

(2.102)

p =
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We substitute eq. (2.101)) and eq. (2.102)) into eq. ([2.96):

expl=L(¢c =S¢ - ¢
Pr(t) = /d2a62lc\ H[t,a;ag )] p( 2<cdetc(>;z)<c 0)

exp(—3¢1(25" — )¢ ) exp(F(¢T25'¢ + ¢155'¢) ) exp(—4¢TE5'¢)

— ti Qti
H bi '80”8“ det(3q) c
=0
eXp(—ngE C) Mo o ) e
v o DR ot exp(—3¢1 (25" = 1¢) exp(3(¢T201¢ +¢15510)) .
(2.103)

We introduce a permutation matrix

0 I
X = ( I o ) (2.104)

which when applied to block matrices/vectors from the left swaps the top and bottom blocks and
when applied from the right swaps the left and right blocks. It is clear from the block structure
of ¢ = () that applying X to the left of this column vector or the right of the row vector (its
transpose) is the same as taking its complex conjugate: X ¢ = ¢*. Therefore in the first exponential
term in the equation above the ¢ can be replaced by ¢ X which simplifies the expression. The
final exponential term can also be simplified. The term CTZél(f is a scalar and so must be equal
to its tramspose: CTZ_lé = {7z _1)TC* Again using the permutation matrix, we convert to
using ¢ and ¢: CTEQ ¢ = CTX( )TXC So both terms in the exponential function are equal
if EQ =X (%, T X. We note that the permutation matrix is symmetric, Hermitian and its own
inverse. By simply using these properties and changing the order of the inverse and transposition
X(Z,H)TX = (XZHX) ™! = (XZeX)T)~!. We can map to the real covariance matrix V' to
find X2oX = XF(V+IDF'X = F*(V+3I)F" = (F(V+3I)F)T = 2, where we used the
property that the real covariance matrix is symmetric. So we have shown that ¢ TEélf =¢ TEE;C .

Therefore the probability can be simplified to

exp(~3¢TE'C)

Pt = — o)

H tl‘ﬁgjﬁfx* exp( CTAC) exp(7¢) (2.105)
i=1 ¢=0

where we introduce A = X (I — Eél) and v = (f‘LEél.

We use Féda di Bruno’s formula [56] to evaluate the multidimensional partial derivatives. From

this higher-order chain rule, the derivative of a Gaussian function is generally given by [57]
[10: expw) = exp@) > [T | IT 0= | v (2.106)
i=1 © Ber \jEB

where 7 is all the partitions of the set {z1,...,z,} and B is all the subsets of the partition. For

example, if n = 5, one such partition in 7 is {x1}, {2, 24}, {23, 25} with B being the three subsets
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By = {x1}, By = {22,724} and B3 = {x3,z5}. This can be applied to the previous equation
where we have y = %CTAC + ¢, and the product is over {;. One thing to be cautious of is that
there are powers of derivatives according to the output photon pattern. This can be circumvented
by defining a new vector (: = ¢t} which is the vector with each element ¢; and (;ya added t;
times. To be more precise we can multiply the vector of displacements by a matrix P which is
similar to a permutation matrix but does not necessarily conserve the number of occurrences of
each element: ¢ = P¢. It is convenient to introduce the 2M-length vector ¥ = (,t) so that
the output pattern in each mode is associated with both o and a* in {. This way the product
of partial derivatives becomes Hf\il oL 82;': = Hfg 8? = Hiﬁl ¢, . For example, if the output
pattern of three photons in four modes is t = (2, 1,0,0), the ‘permuted’ vector would be given by

¢ = (Ciy €1y Cos Canty Gigars Cornr) T = PC = (Py @ Py)¢ where

1000
P,=| 1000 (2.107)
0100

and the product of partial derivatives would be 8?1 GCQQ?HM Ocorns = 0¢,0¢,0¢,0¢1 40 0¢1 43100t =
85 85 85 35 (“)5 8@ . So the quantity of interest can be written as
1 2 3 4 5 6

2M N
[105 exp(b¢TA¢ +7¢) = [ 2, exp(b¢T AC + 7<)
i=1 n=1

(2.108)
= exp(%CTAC +¢) Z H H 8@ %CTAC + ¢

m Bewm \jeEB

We note that the quadratic term ¢TA¢ = Z” (iA; jC; consists of a sum of terms where the
elements in ¢; appear in pairs only. Similarly, the linear term v¢{ = > ;(; is a sum of terms where
the order of (; is 1. Therefore, when performing the partial derivatives and setting ¢ = 0, only
those with a second partial derivative or first partial derivative of elements in f are non-zero for
the quadratic and linear terms respectively. This means that the sum is reduced to only be over

partitions of the elements in E with one or two elements in each subset. Performing the derivatives

results in
Aj b, if|Bl=2
IT0: ) 3¢TAC+~¢] =49 if|B=1 (2.109)
jeB
7€ ¢=0 0 otherwise,

where |B| is the number of elements in B.

First, consider the case when o = 0. This corresponds to a state with a zero vector of means (no
displacement). The non-zero partitions are when each subset is of size 2, which is equivalent to all
the ways of pairing the elements in the group. As shown earlier, all the perfect matchings between
vertices is given by the hafnian of the adjacency matrix. In this case, where B is a partition of

2N elements, the vertices are given by the modes where photons were detected, as according to Ej.
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Defining the vector ¢’ = (&, + M), where t + M means adding M to each element in the vector
t, the weighting between vertices i and j is given by Ag;yt‘;. Therefore the adjacency matrix is the
matrix A with each row and column appearing as many times as they appear in ', which we denote
as ATF} More precisely this matrix is found as A} = PAPT. Hence, for a state with no

displacement, the probability of measuring a pattern ¢ at the output is given by

1 Haf(AlF'#})

- Vdet(3g) [1a! 7’

Pr(t)

(2.110)

where Haf denotes the hafnian.

Now consider the more general case where the vector of means is non-zero. Here ~ is not zero
and so the partitions that contribute to the sum after taking the partial derivatives and setting
¢ = 0 include those with subsets of size 1 as well as 2. As we saw previously, in graphs where loops
are allowed, an edge can exist between two different vertices or between only one vertex (a loop).
Therefore a perfect matching in a graph that allows loops is precisely the sum over all partitions
into groups of size 1 or 2. From eq. , when the size of a group is 2, the weighting is given by
Aj, j, which are the off-diagonal terms, whereas when the size of the group is 1, the weighting is
given by «; which are assigned to the loops corresponding to the diagonal terms in the adjacency
matrix. Therefore for a general state with non-zero displacement, the probability of measuring a

pattern ¢ at the output is given by

ey~ = (ETEE;lf) Lhaf(y{#}, A#.}) (2.111)
T = ’ -
det(Zq) [T

where (’y{{l}, A{flf}) is the matrix A ¥} with the diagonal elements replaced by v{*'} and Lhaf

denotes the loop hafnian.

The above is the derivation of the formula for general states as shown in [53], but in the particular
case when the state is pure the formula can be simplified. The 2N x 2N (loop) hafnian can be
simplified as the product of two N x N (loop) hafnians. Note that the matrix A only depends on
the covariance matrix which does not depend on the displacement. We analyse the form of matrix
A for an M-mode squeezed state with squeezing 7, on mode m followed by a unitary evolution

U. The covariance matrix for this state is given by

Y = MyMsS .. MIM], (2.112)
where
U 0 m h m m i9m gi h m
My = : Mg = ©m coshr Om =TS ) o 113
0o U™ Doy, — €7 Pm ginh 1y, @, coshr,,
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Multiplying out these matrices, the covariance matrix is written as

(2.114)

1 ( U @y, cosh(2r,,)UT ~U @,, €' sinh(2r,,, ) U " )

2 ~U* @,, e **m sinh(2r,,, ) UT U* @,, cosh(2r,, ) UT

where @,, is the direct sum resulting in an M x M diagonal matrix. We need to find the inverse
of ¥g =3 + %I , so we use the general formula for the inverse of block matrices. Given a general

block matrix, its inverse is given by

< a b )1 _ ( (a—bdflc)*l _aflb(d_caflb)—l > (2.115)
¢ d “dle(a—bd o) (d-ca'b)!

In our case @ = U @y, (cosh(2ry,) + 1)U which has inverse 2U &, 1/(cosh(2ry,) + 1)UT, and
similarly d = 1U* &, (cosh(2ry,,) + 1)U " has inverse 2U* &, 1/(cosh(2r,,) + 1)U . Substituting
these into the general equation for the inverse gives

I ~URU"
»ol= , 2.116
? ( ~U*R'U' I > (3:116)

where for clarity we have defined the diagonal matrix R = @,,(—e!®" tanhr,,). From here it is

easy to see the form of the matrix A is

(2.117)

_ U'R'U" 0
AX(IEQ1)< )

0 URU'

which is a block diagonal matrix with the blocks being the complex conjugate of each other and so
we can write this as A = B* @ B, where B = U ®,, (—e'®™ tanhr,,)U " and use the property of
hafnians (eq. [2.83)) to find Haf(A) = |Haf(B)|2.

In the case of non-zero displacement, we also need to replace the diagonal with v = C_TEE;.
Note that ¢ is a function of the vector of means after the interferometer 3 = Ua, where « is

the displacement in the input states. We observe that this vector has a block structure such that
¥=0®5):

_ I ~-URUT
v=¢'=5" = (87,8") ( )

~U*RU' I
= (B! -B'UR'U',B" - BURU)
=(@'U'-—a"RU",a'U" —a'RU)

[ U*le* - Riq] !
"\ Ula-R o

Therefore, the matrix in the loop hafnian, (v, A) is also a block diagonal matrix and the loop

(2.118)

hafnian can be simplified.

We can also simplify the prefactors in the probability expression for pure states. First we find
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det(Xg). Again we use the general formula for block matrices:

det ( “ Z ) — det(d)det(a — bd'c). (2.119)

From eq. it can be seen that for the covariance matrix 3g = 3 + %I , the blocks sat-
isfy @ — bd~'c = I which has determinant 1. So we only need to find the determinant of
d = LU* @, [cosh(2r,,) + 1JUT. We use the multiplicative property of determinants to find
det(3U* @y, [cosh(2r,,) + 1JU T) = det(3 @y, [cosh(2ry,) + 1)U TU*) = s3rdet(B, [cosh(2ry,) +1]).
This is a diagonal matrix which has a determinant given by the product of the entries of the matrix.
Hence det(2q) = i [] cosh(2ry,) + 1.

Finally, we need to determine the prefactor for the non-zero displacement case: exp(¢ TECSIE ).

From above we have
re 1 I —URU"' J¢]
ty=17 _ (@t 3T
¢imgie = (87,8 )<—U*R*UT ; ><ﬁ*>
=2|8* -B'U'R'U'B - B'URU ' B* (2.120)
=2(ja]* - Re(B'TURU " 8%))
= 2(Ja)* — Re(a'Ra™)).

So for the case of input squeezed displaced states with squeezing r,,e/®" and displacement o,
in mode m passing through a unitary U measured with photon number resolving detectors, the

probability of measuring pattern ¢t can be written as

exp(|al? — Re(alRa*)) |[Lhaf(Ula — RTa*]) 8 (URUT){E4}))]2

Pr(t) = 2.121
®) [1,, cosh?r, IL, tm! ( )
In the case of no displacement, the above equation reduces to
1 Haf TV{t,t}y(2
Pr(t) = S Haf((URU )™ (2.122)
L, cosh®rp, IL,, tm!

2.4.3.2 Reduction to scattershot boson sampling

Scattershot boson sampling is a particular case of GBS and as such it is possible to retrieve the
expression for the probabilities in scattershot boson sampling from the general equations for GBS.
In scattershot boson sampling, the input states are two-mode squeezed states but where one mode
in each is used for heralding and typically not included as individual modes. However, to map it
to a GBS set-up these heralding modes must be taken into account and so the number of modes
doubles with half of the modes passing through the identity transformation. This mapping is shown
in figs. ) and ) The layout here also involves swap gates to move all the heralding modes
together such that it is easier to show that half of the modes undergo only the identity transformation

and the other half pass through the desired scattershot unitary. To fully map to general GBS, the
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input states should be single-mode squeezed states. A simple unitary transformation can be applied
to two single-mode squeezed states to output a two-mode squeezed state: |TMSS) = UpsUps 1€, &),

where the corresponding matrices

Ups — — o Ups = |+ ° (2.123)
BS_\/§ _1 1 I PS — O Z .

are the unitaries for a beamsplitter and phase shifter respectively. This is the application of a phase
shifter on the lower mode followed by a 50/50 beamsplitter. Applying this transformation on each
of the 2M modes and then applying the swap gates is depicted in fig. (2.7c) and that transformation

is given by
i 0 O 0
) 0
0 O 7 0 O
1 1 =2
U = — 2.124
™Rl TS 0 0 o 0 0 ( )
-1 1 0 O
0O 0 -1 3 0 0
-1

Therefore the whole unitary for the GBS description is given by Ugps = (I ® U)Urwms, which can
now be substituted into the general equation for input states with no displacement (eq. [2.122)).

In scattershot boson sampling, the input states all have equal squeezing & = re'® and so the

matrix R is a multiple of the identity (R = —e'® tanhrI) and can be taken out of the hafnian

tanh™ 7 [Haf((UgpsUdps) 8)[?

cosh?M 1 IL,. tm!

Pr(t) = (2.125)

Using the fact that UTMSU%—MS = —X, we find

_—_ I 0 0 I I o\ 0 U’
UassUess ==\ o v J\ 10 ) o v )" v o ) (2.126)

If we split the output photon pattern into the heralding pattern and the desired pattern ¢ = (5, tq),

the submatrix for which the hafnian is calculated is given by

(2.127)

S En.in fadny |
(UGBsUgBS){(th7td)’(th’td)} _ ( 0{ h I} U{ d }} )

U{tatn}  oftatal

where the superscript {tq,t,} means to take rows in £; and columns in #,. Using the property of
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(b)

MR ¢

S
veoow
als
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Figure 2.7: Scattershot and GBS equivalence. In (a) a usual set-up for scattershot boson sampling
is depicted with input two-mode squeezed states where one mode is heralded and the other feeds
into an interferometer. The mathematical equivalence of this is shown in (b), where the heralded
photons can be considered to pass through the identity and detected exactly as the other photons
are. To separate the modes such that the heralded modes are together and the others are grouped,
the modes need to pass through swap gates. The two-mode squeezed states can also be described by
two single-mode squeezed states passing through a phase shifter and beamsplitter. This is indicated
by the TMSS box in (c). Putting together the phase shifters, beamsplitters, swap gates and identity
interferometer, the unitary required to describe this set-up in the GBS picture is indicated by Ugps.

hafnians, this reduces to a permanent and as expected the probability is given by

tanh® r |Perm((U){t_d,fh}) |2

Pr(t) =
r(t) [1,, cosh®r, IL, tm! ’

(2.128)

with the columns chosen according to the heralding pattern (which is equivalent to the input state

in standard boson sampling) and the rows by the output pattern.

2.4.3.3 Retrodictive intuition behind Gaussian boson sampling

We provide an intuitive explanation behind the matrices that are found in the derivation of the
probabilities for GBS. To do this we consider the probabilities in the retrodictive picture [58]. In
the predictive picture, the probability of an outcome from a measurement on a state is known. The
retrodictive probability is the reverse where given a measurement outcome, we wish to describe
the state that was measured. This approach was applied when simulating boson sampling with an
arbitrary input state with a Gaussian measurement performed [8 59]. In this way it is possible to
consider the input states as equivalent to the measurement basis and the detection events as the
source. For example, in standard boson sampling, a Fock state |s) is input into the modes and a
detection pattern ¢ is measured. However, the probability of this happening is the same as if the
measurement pattern had been a Fock state at the input |t) and the input state corresponds to the
detection pattern s if we use time reversal of the states through the interferometer. Applying time
reversal to a unitary simply results in its transpose matrix. This is supported by the probability

amplitude of a particular output pattern being given by the permanent of a submatrix of U where
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the columns are determined by the input states and the rows by the output detection pattern. By
swapping the input and output modes, this corresponds to instead taking the columns from the
output pattern and the rows from the input state. Because we know the probability amplitude of
this event occurring should be the same due to time reversal, the unitary matrix must be transposed

so that the same elements are included in the permanent.

In Gaussian boson sampling the input states are squeezed vacuum or squeezed displaced states.
In the arbitrary GBS paper [59], a similar set-up to scattershot boson sampling is explored where
the identity is now generalised to any unitary. The two-mode squeezed states are treated as under
partial time reversal where one mode acts forwards in time and the other is reversed. In this
description the output pattern in the top modes can be considered as the input where the photons
go backwards in time to the squeezed states and then go forwards in the bottom modes where the
output pattern is given. In this manner the GBS set-up is essentially equivalent to standard boson
sampling with input Fock states measured in the number basis, but with an extra complication of a
weighting in which mode they pass through in the middle because of the squeezing. This weighting
corresponds to the probability that the pair of photons was produced from that squeezed state. So
in the case where the squeezing is equal each mode is equally likely and the probabilities are scaled
to reflect the probability of those photons being produced by any squeezed state. We expand on
this idea for GBS with input squeezed states measured in the number basis by considering each
state produces photons in pairs and so in each pair we can force them into two modes but then
combine the modes before detection. Adding a mode and removing it before the measurement
is a theoretical concept and does not change the probabilities. Furthermore, we can consider the

pattern before recombining the modes as long as we only consider the probability amplitudes.

The mapping between a GBS set-up is shown in fig. . Each pair of photons can be considered
as a single photon under partial time reversal. This single photon now starts in a mode in the top
half, travels backwards in time through a unitary U, which as explained above corresponds to the
transpose of the unitary. Then it undergoes some probability of being created in the mode after
the unitary and travels forwards through the lower unitary to be measured in a mode in the lower
half. This is where the expression of the matrix URU ' arises. For a particular output pattern
the probability is given by summing over the probability amplitudes of all the paths to match the
input to the output pattern. However, for a particular output pattern, the measurement does not
distinguish whether the photon was in the theoretical top or bottom modes and so it is necessary
to sum over all the ways of splitting the detection pattern in half. The ways of splitting a group in
half and matching every element in one half to an element in the other is all the ways of pairing

the elements. This is precisely the hafnian.

If we now include displacement in the input squeezed states, we can extend the summation
over all paths to include similar tricks to those used in section to treat the displacement
independently of squeezing. So in this case we need to consider all scenarios where a subset of the
photons came from the displacement and the rest from the squeezing. As ‘displacement’ photons
are not paired whereas ‘squeezing’ photons are, we must sum all the ways of pairing 2s photons and

not matching (or matching to themselves) the N — 2s remaining photons for all s. This corresponds
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Figure 2.8: Retrodictive description of GBS. The set-up for GBS is depicted in (a), with single
mode squeezing and number resolving detectors. Single mode squeezing always produces photons
in pairs (in the ideal case) and so it’s possible to consider forcing the two photons into separate
modes (like two-mode squeezing) as long as they are recombined before measurement. This is shown
in (b) where one photon from each pair passes through the top unitary and the other the bottom.
If the states are not measured when they are in separate modes but instead recombined before
measuring, these two pictures are equivalent. In a theoretical framework, it is possible to reverse
this combining step and split the photon pattern such that half of the photons were detected in the
upper modes. The probability can be found by summing the probability amplitudes of all these
possible splits. In (c) we show the set-up that the probability amplitudes need to be calculated for.
The sum over input photons is all the ways of choosing half of the photons from the output photon
pattern. For each possible split, the probability amplitude of the input state being detected at the
output is now true for photons passing through the interferometer shown here. The matrix R is
not unitary and applies scaling to reflect the probabilities of originating from each squeezed state.
From this set-up the emergence of the Haf(U RU ") can be seen.
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to a perfect matching with loops, where the loops represent the displacement photons and the pairs
represent the squeezing photons. This is given by the loop hafnian of a matrix with diagonal and
off-diagonal elements being the probability amplitudes of the photons coming from displacement
and squeezing respectively. The probability amplitudes for the squeezing part are the same as for
GBS with no displacement, i.e. URU . The amplitudes for the displacement photons need to be
adjusted so it can be considered as independent of the squeezing. As can be seen from eq. ,
the required amplitude is proportional to U[a — Ra*], where we look at the lower half of « as the
URU " matrix is in the bottom right block in eq. . Note that if the unitary is the identity
and we consider one mode, we recover the relation for squeezed displaced states in eq. . More
generally the displacement is given by (Zélf )*, where the complex conjugate is due to A = B*® B,
rather than the more natural A = B & B*. The multiplication by the inverse of the Husimi Q
matrix is perhaps not surprising as the Q matrix is the covariance matrix of the Gaussian state
in the displacement basis. Specifically sampling from a Gaussian distribution with mean given by
the displacement (8, 5*) and covariance 251 projects the state onto a coherent state. Therefore
multiplying by its inverse can account for the implicit displacement in the state.

Hence, we have explained the appearance of the hafnian and loop hafnian in the probability
expressions using the summation over all possible paths from input to output. Also we motivated

the elements in the corresponding matrices using the retrodictive picture for squeezing.

2.4.4 Sampling from a probability distribution

In the previous section, we provided detailed analysis for the probability of an output pattern
in the different variants of boson sampling. However, we stress that the task of boson sampling
is indeed to sample from the distribution. This is potentially a very different problem, where
sometimes sampling from a distribution can be easier than the calculation of a single probability if
the structure of the distribution allows tricks to be implemented, but often it is harder to sample
from a distribution. Generally any distribution can be sampled if the full distribution is known.
This approach which we refer to as ‘brute force sampling’ can be extremely slow if the number
of possible outcomes is large as the number of probabilities that need to be calculated affect the
speed of the sampling. In boson sampling problems the scaling of the size of the sample space
as the number of photons or modes increases is very problematic and the number of probabilities
to calculate is the first bottleneck when using brute force sampling. This is the problem that is
addressed in this thesis, where we suggest multiple methods to sample which do not require the

knowledge of the full distribution.
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Chapter 3

Simulating Gaussian Boson

Sampling with Rejection Sampling

“I'm always trying to calculate the mathematical probability of certain outcomes.”
- Paul Allen

The main aim of this thesis is to classically simulate Gaussian boson sampling, and as such we
apply existing techniques for sampling from probability distributions to accomplish this. The task
of sampling from a probability distribution can be simply expressed as follows: given a random
variable X is distributed according to some probability distribution f(x), an outcome or sequence
of outcomes {z;} is output each with probability f(x;). We stress that this is not the same as
finding the distribution f(z) for all z. We begin by introducing the formal terminology associated
with sampling [60].

In probability, an experiment is a method that generates an observation or outcome - a
value of a variable. All the different values this variable can take form the sample space, (Q,
where each of the possible values is called a sample point. If an experiment samples the random
variable X, we denote a sample point as z;, for any ¢ = 1,...,||, and the sample space is the set
{z;|i=1,...,|Q|}, where |Q] is the size of the sample space. Formally, a sample space must satisfy

the following requirements:

1. The outcomes must be mutually exclusive - the outcome from an experiment can never be

more than one sample point,

2. The outcomes must be collectively exhaustive - the sample space must contain all possible

outcomes.

This means in an experiment, an observation x; will be generated, which is one and only one sample
point. An event is a subset of the sample space that is of interest. The sample size, N, is the
number of observations/outcomes that are generated from the experiment to form a sample, which

is a collection of observations. Experiments always generate outcomes according to a probability
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distribution. If the variable is discrete, the probability that an outcome will take a certain value
is given by its probability mass function (pmf), whereas if it is continuous, the probability is
given by its probability density function (pdf). In both cases, we denote this probability as
f(x), where z may be discrete or continuous, and refer to it as the probability distribution. A
cumulative distribution function (cdf) is the sum or integral of the probability distribution
until that point, or equivalently the probability that the outcome will have at most that value,
F(z;) = Pr(X < ;). For discrete quantitative variables, this involves summing over all the smaller
values, whereas for continuous variables, instead integration over all the smaller values is required.
For discrete qualitative variables, we can consider a cdf if we choose an arbitrary order of the sample
space. We denote a random variable X that is distributed with a probability f(z) as X ~ f(x),
where f(z) is shorthand for Pr(X = x), the probability that the random variable has value z. We

use upper case letters for random variables and lower case for particular realisations of them.

There are several ways to perform sampling from a distribution, and the best method is depen-
dent on the distribution to be sampled. First consider the example of sampling from the uniform
distribution between 0 and 1: X ~ U(0,1). We assume a computer has access to uniformly random
integers, t, between 0 and t,,x. In reality a classical computer cannot generate completely ran-
dom numbers and instead uses pseudo-random number generation. Clearly the value = t/tax
will be a sample from the uniform distribution between 0 and 1, in steps of 1/tyax. This is an
approximation to sampling from the uniform distribution where the precision is limited by the size
of the step. However, by increasing t,,,x, an arbitrary precision can be found. We note that any
continuous probability density function will always be approximated by discretisation and treating
it as a probability mass function. Therefore, we will generally refer to probability distributions in
the context of probability mass functions but, unless otherwise stated, everything can be applied

in the continuous case too.

For any general pmf f(z), it is possible to sample from it by only sampling from the uniform
distribution U(0, 1) using the inverse transform sampling method [61]. In this method, the cu-
mulative distribution function F'(x) is built from f(x). First, a value, u, is sampled from the uniform
distribution U ~ U(0, 1), and this value is associated to the cumulative value: v = F(z). If U ~
U(0,1), this means * = F~!(u) is an observation of a variable distributed by X ~ F~1(U(0,1)).
Here the existence of the inverse cdf would imply that it is bijective. This is generally not true for
cdfs. They are not injective because cdfs are weakly monotonically increasing meaning that several
values of x may have the same cumulative value F(x), which is the case when some outcomes have
zero probability of occurring. Secondly, for variables with a finite sample space, only a finite number
of values are possible for the cumulative probability (at most one for each sample point). Therefore

the cdf is not surjective on the codomain [0, 1]. Hence the inverse cdf used here is defined as
F~Y(u) = min{z|F(z) > u}. (3.1)

This function maps any u that satisfies F(x;—1) < v < F(z;) on to x;. Therefore if u is sampled

from U(0, 1), the probability that u is within this range is equal to the difference between the upper
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and lower limits which by the definition of the cdf is precisely the pmf f(z;). Hence x; = F~1(u)
is sampled with probability f(z;) as desired.

An example for a discrete variable is shown in Fig . The pmf is shown on the left and the
height of the bars represent the probability of that value. It is intuitive that sampling any point in
that graph uniformly will produce points in each colour in the correct proportions (ie. according
to the probability distribution) as the higher the bar the more space there is to sample a point in
it. Hence, sampling from a distribution is equivalent to uniformly sampling from the area of the
pmf. However, it is not easy in practice to sample uniformly from this shape. Therefore the cdf is
built as shown in the middle plot. There is a one-to-one correspondence between the cdf and the
outcomes x; and therefore sampling the cdf is equivalent to sampling an outcome. The plot on the
right-hand side shows more clearly the mapping between the cdf and the outcomes, assigning the
same area as in the pmf plot to each colour but now in a straight line. It is easy to sample uniformly
a number between 0 and 1, and from this the colour at that height is the outcome sampled. When
sampling using the inverse transform method, it is necessary to know the probabilities of at least
all x < x; when outputting x;. This is because we need to sum over the probabilities of all = in
order until we find z; such that F(x;—1) < u; < F(x;). Given it is possible to sample the final
sample point (ie. highest value of the variable), we must assume that we might need to calculate
the probabilities of all sample points. So the inverse transform sampling method is only useful when
the entire distribution can be found.

It is also possible to sample multiple variables from a multidimensional probability distribution.
In this case it is possible to consider the variables together and sample all of them from the distri-
bution at once. However, it may be more convenient to sample one variable at a time, conditional
on the outcomes of the previous variables, or independently if the variables are independent. For
example, consider the distribution {X,Y,Z} : X,Y,Z ~ U(0,1). X, Y and Z are independent
variables and so it is simplest to sample each variable independently to get the overall outcome
{z,y,2}. This can be generalised to more complicated functions by using the inverse transform
sampling method as above.

In many cases, the difficulty in sampling arises from the huge number of possible outcomes
to consider. Then it becomes impossible to calculate the cumulative distribution for the whole
sample space, which means inverse transform sampling is not possible. For the application we are
interested in, GBS, this is true and so we now look at the first method to avoid this problem:

rejection sampling.

3.1 Rejection sampling

3.1.1 Exact rejection sampling

The task is to sample a random variable X ~ f(z), where f(z) is known as the ‘target distribution’.
Rejection sampling [62] builds on the inverse transform method. As we saw above this method turns

a 2D shape that is difficult to uniformly sample from into a one-dimensional line which is easy to
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Figure 3.1: Inverse transform sampling. When sampling from a probability mass function (pmf)
it is possible to convert it into a cumulative distribution function (cdf) and sample uniformly
between 0 and 1. A variable’s pmf and cdf are shown in plots (a) and (b) respectively. Plot (b)
shows the mapping between the uniform variable and the outcome sampled. When there are two
corresponding outcomes with a cdf equal to the uniformly sampled value, the first outcome is taken;
see for example if the sampled value is u; the outcomes x5 and z3 both have this cdf, so in this case
29 will be sampled. When no outcomes have the exact value sampled (which is always the case if
the values can have infinite precision) the first outcome that has a greater c¢df than the sampled
value is chosen as shown with ug corresponding to x5. Plot (c) provides another way of showing the
correspondence between the random variable and the outcomes making it clearer that each outcome
is sampled with probability given by the area of the pmf as expected.

sample from. Rejection sampling adds another outcome, ‘reject’ to turn the awkward 2D shape into
one that can be sampled first in the z-coordinate and then the y-coordinate. Fig. shows an
example of this additional outcome in purple in (¢) which turns the area to be uniformly sampled
into a rectangle. A point inside a rectangle can be uniformly sampled simply by first sampling an x
coordinate and then the y coordinate both from U(0, 1). Part (d) in the figure shows the equivalence
to using the inverse sampling method on this new distribution (although it is not necessary). By
adding the new outcome, the probabilities of all the others need to be scaled to renormalise the
distribution. However, it is clear that the probability of sampling any of the original outcomes are in
the same proportions, but there is also some probability of sampling this ‘reject’ option. Therefore
by discarding any of these ‘reject’ outcomes and repeating until a sample is found that does not
contain ‘reject’ outcomes, this will be equivalent to sampling from the original distribution.
Suppose f(z) is completely unknown but the probability of any outcome, z, can be calculated.
In rejection sampling, another distribution ¢g(z), commonly referred to as the ‘proposal distribution’
is introduced. The proposal distribution is multiplied by some constant H such that this scaled
distribution is never smaller than the target distribution, Hg(x) > f(x)Vz. We refer to this scaled
proposal distribution as the ‘envelope distribution’. The distribution can be sampled using rejection

sampling as described in algorithm [I} The algorithm simply consists of two steps repeated until an
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Figure 3.2: Inverse transform sampling and rejection sampling. A pmf is shown in (b) for a
discrete random variable with the size of the sample space being 5. The height of the bars gives
the probabilities of each outcome, in this case represented by the colours. (a) gives the mapping
between the value of cdf (between 0 and 1) and the corresponding outcome (colour). The heights
of each colour bar are the same in (a) and (b) and so uniformly sampling in either will sample
according to the correct probabilities. It is more convenient to sample uniformly a number between
0 and 1 than a point in a 2D graph. Using the mapping between a random number between 0 and
1 to the cdf is known as inverse transform sampling. (¢) shows another way of sampling uniformly
from the area in (b) by adding another outcome given by the purple shading. Sampling by area
in this graph will output the other outcomes in the same relative probabilities as before but with
another option, purple. If we discard all purple outcomes, the remaining outcomes will be according
to the original pmf. (d) shows the cdf now with the additional outcome included.

outcome is accepted:

1. Sample from g(z) — =,

2. Accept x with probability

f(x)
Hg(x)’

otherwise reject.

Note that the first step samples an x-coordinate, and the second step is equivalent to sampling a

y-coordinate between 0 and Hg(z) and accepting if it is less than f(z). Therefore, in this algorithm

only one probability from the target distribution needs to be calculated in each repeated attempt

and so for a sample of size 1 the number of probabilities to be calculated is the number of repeats

until a proposed outcome is accepted.

To prove that this samples exactly from the target distribution, we need to show that the

probability of an accepted outcome being z is f(z). By Bayes’ theorem, the probability of sampling
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Algorithm 1 Rejection Sampling
Require: H s.t. f(z) < Hg(z)Vx
while True do
Sample z; + g(x)
Sample u; < U(0,1)
if u; < H;‘(Tz)) then
return z;

x conditional on the proposed state being accepted is given by

Pr(z N accept) Pr(z)
. o _ 3.2
r(a:|accep ) Pr(accept) Pr(accept)’ ( )

because if z is sampled, it must be true that the proposed state was accepted (and x) so the accept

outcome is redundant in the numerator. First we look at the probability of accepting x. In step 1,

the state x is proposed with probability g(x). Then in step 2, it is accepted with probability Igz)

So the probability of sampling x is the probability of proposing and accepting it:

Pr(z) = g(x) =", (3.3)

Now we consider the overall probability of accepting independent of what is proposed in step 1.

The overall probability of accepting is
1
Pr(accept) = Y Pr(z) = > :% == (3.4)

We note that the efficiency of the algorithm is given by the acceptance probability and hence is
inversely proportional to the value of H. Assuming the proposal distribution is normalised, H is
equal to the area under the envelope distribution, Hg(x). Substituting egs. (3.3) and (3.4) into

(3.2) we recover
f(x)

Pr(z|accept) = ﬁH = f(x) (3.5)

as expected.

Rejection sampling is a general sampling algorithm and can be used to sample from any distri-
bution as long as it is possible to find a proposal distribution that is efficient to sample from and a
value of H such that Hg(z) > f(z) for all z. Note that Hg(x) > f(z) implies that for all x with
f(z) > 0, we require g(z) > 0 and so the support of the target distribution must be contained in
the support of the proposal distribution. Choosing a distribution that is efficient to sample from
is easy, for example take the uniform distribution. However, setting H to ensure Hg(x) > f(x) is
difficult given f(z) is unknown. It could be set very high (eg. Hg(z) > 1Vx would always work),
but a high value of H means a low rate of acceptance and therefore is less efficient. It is best to
optimise H by setting it as low as possible, whilst still satisfying the condition. The closer g(x) is
to f(z), the smaller the optimal value of H and the more efficient the algorithm. A poor proposal
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Figure 3.3: The error in approximate rejection sampling. In (a) the height of the envelope distri-
bution (here uniform), Hg(z), is too low such that for three of the outcomes they do not satisfy
f(z) < Hg(z). The area of f(z) below the envelope distribution, A, and the area cut off, 1 — A, is
shown in (b). The green distribution is the minimum of the envelope and target distributions, and
gives the relative probabilities of the outcomes sampled in approximate rejection sampling. As the
cut off probability needs to be accounted for, the approximate distribution is renormalised in (c)
to find the sampled distribution f(x). This is the distribution that is actually being sampling from
in this case. Case 1 corresponds to the outcomes where f(z) < Hg(z), whereas cases 2 and 3 do
not satisfy this exact constraint. Cases 2 (3) are the outcomes such that the sampled distribution
is greater (less) than the target distribution: f(z) > f(x) (f(z) < f(x)).

distribution or an overly generous value of H can have severe impact on the efficiency to the extent
where the algorithm is no longer useful. Therefore, it is important to find a good candidate for the
proposal distribution and a close estimate of the optimal H. These are the main challenges when

implementing the algorithm.

3.1.2 Approximate rejection sampling

For exact rejection sampling as described above, the condition Hg(z) > f(x) must be satisfied for
all z. This is to ensure that in step 2 of the algorithm, the probability of accepting the proposed
outcome is always less than or equal to 1. However, given f(x) is generally unknown, finding H
large enough to satisfy this and small enough for good efficiency is a non-trivial task. In many cases
it may only be possible to estimate the minimum value of H required. In this case, the constraint
can be removed as long as the algorithm is updated to upper bound the probability of accepting

by 1 to ensure a meaningful probability. The acceptance rule in step 2 is adapted to

Pr(accept z|proposed z) = min {1, jéég(ci) } . (3.6)

In the case where H is big enough to meet the requirement of exact sampling, this rule reduces
back to the previous algorithm, and so this is a generalisation of the previous algorithm with no
constraints. We now explore the consequences the relaxation of the constraint has on the efficiency

and accuracy of the rejection sampling algorithm.

The efficiency is given by the overall probability of accepting any proposed outcome. This is
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now given by:

Pr(accept) = Z Pr(propose z) Pr(accept x|proposed x) (3.7)

N

x
=3 o) 2 S g = (Z f@)+ Y Hg<w>> -2 69
z€B Hg(x) x¢B o rEB z¢B H

where A is the area of f(x) under the envelope distribution, Hg(x), and B = {x : f(x) < Hg(x)},
the outcomes that satisfy the exact constraint. The area A is shown in fig. (3.3p) as the arca
under the green distribution which is the minimum of the target and envelope distributions. The
outcomes in B are given by ‘case 1’ in fig. ) and those not in B are in ‘case 2’ and ‘case 3’ which
will be distinguished later. Note that this equation is true even if f(z) is not normalised, where
A is the absolute area under the envelope distribution, but the proposal distribution g(z) must be
normalised. The area of f(z) under the envelope distribution can never be greater than the total
area of f(z) and, assuming the target distribution is normalised, this means A < 1 with equality
only when H is large enough to satisfy the exact condition for all outcomes. Therefore, from the
above equation it can be seen that for a fixed value of H the efficiency of the rejection sampling
algorithm is optimal when the exact criteria is met and gets worse the more area cut off by the
envelope distribution. If H is fixed, the only way for more of the target distribution to be below
the envelope distribution is if the target and proposal distributions are closer to each other. So this
statement just reiterates that a proposal distribution that is closer to the target distribution is more
efficient. If instead the target and proposal distributions are fixed and the value of H is scaled by a
value o > 1, it is less obvious whether the probability of accepting a proposed outcome increases or
decreases, as both A and H change. The scaling of H — aH implies that A =Y f(z)+>_ Hg(x) —
S f(x) + o> Hg(z) < aA. Therefore A/JH — A/H < aA/(aH) = A/H and so the efficiency
decreases as H increases. So by reducing H the algorithm accepts the proposed state more often
and is faster, but the more of the target distribution cut off by the envelope distribution. The
increase in efficiency is a positive, but it is important to know the impact this has on the accuracy

of the sampling algorithm.

When a proposed outcome is accepted, the probability of it being a particular outcome x should

ideally be equal to f(z). Using the adapted algorithm, the probability is given by

. i HI9D) i fa) > Hge)
Pr(z|accept) = g(«)min (17 ;;&) 7~ min ( ifx)’ fi?) - % if f(z) < Hg(x)

(3.9)
A perhaps more intuitive way of finding this is shown in fig. (3.3). The target and envelope
distributions are shown in (a) where the first three outcomes do not meet the exact condition. The
probability above the envelope distribution is cut off and not included when sampling. The area

sampled from is given by A in (b), the minimum of both distributions. However, for a distribution
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Figure 3.4: The proposal distributions for rejection sampling. For a Haar random unitary, the
target distribution is shown by the green bars. The proposal distribution must be multiplied by
a scaling factor so that it is always greater than the target. Two examples of the scaled proposal
distributions are given by the blue lines. In (a), we show the stepped uniform proposal distribution
which comprises a uniform distribution for each photon number set at the maximum probability.
In (b), we have the peaked distribution which is based on the stepped uniform but where the height
in each level is set as the nth maximum probability in that photon number. For the outcomes
where the probability is greater than this value, the proposal takes the same value as the target
distribution. This is beneficial as the area below the proposal distribution is smaller than for the
stepped uniform.

to be sampled it must be normalised and clearly the area below both distributions will always sum

to less than 1. Therefore this distribution is rescaled in (c) to find f(z), the sampled distribution.

Outcomes x that satisfy the exact condition are sampled with a higher probability than they should

and outcomes that do not satisfy the condition are sampled with a probability determined by the

envelope distribution only. As A approaches 1, which is equivalent to the exact condition always

being met, these probabilities reduce to the correct probabilities as expected. The more probability

cut off above the envelope distribution the further the distribution sampled from is from the target

distribution.

In cases where A < 1 the algorithm samples only approximately from the target distribution.

This is often good enough for many purposes, however it is important to know how approximate the

sampling algorithm is by determining how close the two distributions are. To quantify this measure

we use the total variation distance (TVD) between the target distribution and the distribution

sampled from. The TVD between two distributions ¢(z) and r(z) is defined as

TVD(g(a), (@) = 5 3 la(e) — r(a)]. (310)

3.2 Rejection sampling applied to Gaussian boson sampling

Now we look at applying rejection sampling to simulating Gaussian boson sampling. Rejection

sampling is beneficial to sampling problems where the desired sample size is significantly smaller

than the size of the sample space. As discussed in the previous chapter, Gaussian boson sampling
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(GBS) is such a problem where the sample space comprises the output patterns (ni,ng,...,nar)
and the target probabilities are given by eq. or eq. (2.111)) if there is no or some displacement
in the input states respectively. The size of this sample space scales with the number of modes, M,
and number of photons, N, as (N +IA\;[ _1). This combinatorial scaling grows extremely rapidly and
so, for a reasonable sample size, rejection sampling is a good candidate for sampling from a GBS
distribution. The challenge is to find a proposal distribution that is both efficient to sample from
and a good approximation to the GBS distribution, and finding the scaling parameter H to ensure
the envelope distribution is greater than the target distribution for most outcomes. We suggest a

couple of proposal distributions and analyse the efficiency of them numerically.

In GBS, the number of photons is not fixed, and so it is possible to have a proposal distribution
which incorporates all output patterns of any photon number or to first sample the number of
photons and then perform rejection sampling on that subset of output patterns until a proposed
outcome is accepted. We stress that if the whole sample space is considered in one proposal
distribution, each time we reject or accept a proposed state the next proposed state can have any
number of photons, whereas when first sampling the photon number, we must continue proposing
outcomes with that photon number until a state is accepted. We now show that both methods
have the same efficiency and accuracy. In the case of sampling the photon number first, each
proposed state is not independent because we must propose the same photon number until it is
accepted. Therefore, the most appropriate parameter to measure efficiency is the expected number
of outcomes to propose until one is accepted. When the proposal distribution incorporates all photon
numbers, the expected number of probabilities is given by 1/p = H, for the exact case where p is
the probability of accepting. When first sampling the photon number, we sample a photon number
N with probability Pr(N) = Fy = > .y f(z), where x € N means that the output pattern = has
N photons. Whichever output pattern is proposed is then accepted with probability Fy/(HGy),
where Gy = ) .y 9(z). The expected number of probabilities to calculate is given by the weighted

sum of the expected value of the number of probabilities in each photon number:

H
E(#probabilities) = Z Pr(N)E(#probabilities in N) Z Fy——— GN = Z HGy =H, (3.11)

where we use that the proposal probabilities G are normalised to sum to 1. Hence, the expected
number of probabilities to calculate for one accepted outcome is the same in both cases. The accu-
racy is also the same in both cases which follows because the area cut off by the proposal distribution

is the same so the TVD in each photon number is the same whether considered separately or not.

We generally find it is more useful to first sample the number of photons and then sample
the output pattern from a proposal distribution dependent on the total number of photons. This
also allows the number of photons to be fixed to restrict to a particular photon number which is
equivalent to post-selecting from the quantum device. Therefore, we begin by describing a method

to sample the number of photons.
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3.2.1 Sampling the number of photons

To sample the total number of photons in the output photon pattern, we use the fact that the

probability distribution of the number of photons in a state is conserved after passing through an

interferometer under the assumption of no loss. In general, uniform loss across all modes in the

interferometer can be included by moving the loss into the sources [25] [T5]. So to sample the number

of photons in the output pattern, we can instead sample the number of photons from the sources.

The probability of n; photons from a source in mode i is given in eq. (2.66) for a squeezed vacuum

state or eq. ([2.72) for a squeezed displaced state. Theoretically, the sources can produce an infinite

number of photons but we restrict the total number of photons, N, to a chosen cut-off N, such that

Pr(N < N.) < e. To sample the number of photons from a source in mode 4, the probabilities of

all n; =0 to n; = N, are calculated and this distribution can be sampled after renormalising. The

sources are independent so each source can be sampled separately and the total photon number is

simply given by the sum of the number of photons from each source, N = > n;. As each source is

allowed up to N. photons, sometimes the sampled total photon number will be above this chosen

cut-off and it is necessary to repeat until a photon number equal to or below the cut-off is sampled.

However this will happen with low probability as long as € is small and not have a detrimental

effect on the efficiency of this method.

It can be important to find the probability of N photons in total, such as to determine the

cut-off photon number to ensure Pr(N < N.) < e. To do this the probabilities of all the possible

combinations of n; such that N = > n; need to be summed. The number of combinations scales

combinatorially (

N +JA\;I _1) which quickly becomes unmanageable. However, it is possible to find the

sum of these probabilities without needing to calculate all the individual probabilities. For each

mode, assign the probability of each n; to an auxiliary variable ™. So for mode ¢ we form the

polynomial

> Pr(N; =n;)a" =Pr(N; = 0) + Pr(N; = 1)z + Pr(N; = 2)2” + ... (3.12)

Here the coefficients for each term are given by the probability of getting n; photons where n;

is the order of that term. Given a polynomial for each mode as above, we want to find a new

polynomial where the coefficients give the probability of getting N photons across all modes.

Multiplying polynomials naturally collects together all the possible ways of getting N photons

with the probability given as the coefficient of the 2V term. For example, if we want the prob-

ability of measuring 2 photons across 3 modes, we need to add the probabilities of detecting
patterns (0,0,2),(0,2,0),(2,0,0),(1,1,0),(1,0,1),(0,1,1) from the source. The probability for

0,.0

(0,0,2) corresponds to the coefficient of the term 292923 (where the subscript labels the mode,

but 1 = 29 = x3 = x) so the sum of all the 2 photon probabilities naturally comes out as the

coefficient of z2. Mathematically, the probability of N total photons for any N < N, is given by
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the coefficients in the following polynomial:

MN, M / N,
S Pr (Z N; = N) N =] <Z P(N; = ni)mm) . (3.13)

N=0 i=1 \n;=0

Note that the coefficients of orders greater than N, do not give the correct probabilities for the total
photon number because some terms are missing from the sum where more than N, photons are
measured in the same mode, but we are only interested in photon numbers below this. Hence, the
problem of calculating the probabilities is reduced to multiplying together M polynomials of degree
N.. The naive way to multiply two polynomials of order IV, is to expand the brackets which results
in N2 elements. Hence the complexity of this is O(N?2). To multiply M polynomials together we
simply multiply the first two and then in turn multiply the result by the next polynomial. However,
multiplying two polynomials of order N, outputs a polynomial of order 2N, and so this results in
an increasingly high order of polynomial to multiply. In our case, we are only interested in the
coefficients up to order N, and therefore we can ignore any orders above this as we progress with
the multiplication, cutting off the higher orders after each multiplication. Therefore, to calculate
the final polynomial and hence the probability of any number of photons, it can be done by M — 1
multiplications of polynomials of order N.. The naive approach gives an overall complexity of
O(M N?), which is polynomial with respect to both the number of photons and modes and the time
taken to compute this is negligible compared to the time for a single probability as N, increases
assuming a reasonable M. Faster algorithms to multiply polynomials exist [63] and in particular
the fast fourier transform can be used to find an algorithm with complexity of O(N.log N.) [64, [65]
which reduces the overall complexity to O(M N.log N,.).

3.2.2 Proposal distributions

One of the biggest challenges when applying rejection sampling to a task is to find a suitable
proposal distribution that is efficient to sample from, the probability of any outcome can be found
and gives a good acceptance rate. We introduce two proposal distributions that can be used for
simulating GBS with rejection sampling: the stepped uniform and peaked distributions. These can

be applied for both a fixed or variable total photon number.

3.2.2.1 The stepped uniform distribution

The first proposal distribution we try is simply the uniform one. For exact rejection sampling we
need to find H such that Hg(x) > f(z) for all 2. For the uniform distribution, this corresponds
to finding the maximum of the target distribution and setting H such that Hg(z) = max,(f(x)).
In order to do this we need to know the maximum value in the target distribution, and set the
envelope distribution at this height. To find the maximum value, we use an optimisation algorithm:
hill climbing. We explain two variants of this algorithm in the following section and analyse their
performance. Although they are not guaranteed to find the global maximum, we find numerically

that they find close to the maximum generally and so they can be used in approximate rejection
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sampling to sample from a distribution that is close to the desired GBS distribution.

As the probabilities of some photon numbers can be significantly higher than others, the max-

imum value in each photon number can be very different. So if we set the height of the envelope

distribution at the global maximum, the area under it could be very large and hence the sampling

extremely inefficient. To overcome this, it is more sensible to fix the height for each photon number

separately, reducing the height of the distribution in most places and therefore the area under it.

See fig. (3.4h) for a plot of an example of this distribution which we call the ‘stepped uniform

distribution’ due to its appearance.

To sample from this distribution we simply fix or sample the photon number first and then

sample an output pattern conditional on that photon number. When doing this, the target and

proposal probabilities within the photon number are no longer normalised as they are normalised

over the entire distribution. However, in rejection sampling the normalisation constant of the target

distribution does not need to be known as long as the envelope distribution is always greater than

the unnormalised target distribution. The proposal distribution must be normalised to sample from

it, however the envelope distribution can be fixed by simply changing the value of H if the proposal

distribution is renormalised.

We can sample the output pattern with the fixed/sampled photon number from the uniform

distribution by assigning each pattern to an integer between 0 and |[2|—1, where || is the cardinality

of the sample space, ie. the number of possible output patterns. Then it is as simple as sampling an

integer uniformly. However, as the number of photons or modes increases, the number of possible

output patterns increases very quickly and so storing the pairings between patterns and integers

would cause memory errors. Yet, it is possible to order the patterns in such a way that a mapping

can be found to convert between the pattern and an integer such that each integer corresponds to

one and only one pattern. This mapping is as follows:

e Start with a pattern of N photons in M modes w = (mq,ma,...,my), where 0 < m; <

miy1 < M —1 (ie. in non-decreasing order).

e Remove the possibility of having more than one photon in the same mode by adding i—1 to m;

to get the new pattern (mq,ma,...,my) = (my,ma+1,...,my+ N —1), where m; < ;11
(ie. in increasing order). This pattern is now in the collision free space over M + N — 1 modes,

which removes problems with repeated modes being included for multiple orderings.

o I=3 (”zl)

Hence the output pattern w can be uniquely mapped to the integer I. If we sample an integer and

want to determine the corresponding pattern, we need to reverse this mapping. Given the sum of

the binomial coefficients, we need to find the individual m;. First, find the final my by finding the

my

largest m such that ( N ) < I. Subtract the value of this binomial coefficient from I to leave the

sum of the other binomial coefficients. Continue this process from the next last element until all

m; have been found. To convert back to allow collisions, simply subtract ¢ — 1 from m;. So if a

random integer can be sampled, the corresponding pattern can be found.
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However, it is not possible to sample a random integer between 0 and an arbitrarily large number
due to memory constraints. For a 64-bit integer the largest maximum value is 264, which is not big
enough for just 13 photons in 169 modes - a problem size for which the probabilities are quick to
calculate. It is possible to generate an arbitrarily large number of k bits, but this does not allow
for any desired upper limit. Therefore sampling from integers for the entire sample space is not
generally a good choice for sampling from the uniform distribution for GBS. Because each element
in a pattern is between 1 and M, this will always be a small enough range to sample, and is the
basis for a memory efficient way to sample a pattern.

To sample a pattern in the collision free space (no repeated elements in the pattern), it is
easiest to simply sample N of the modes at random in any order, and then order them. Each
ordered pattern (mq,...,my) where m; < m;+q1 will correspond to N! unordered patterns and
therefore if the unordered patterns are generated uniformly randomly so will be the ordered patterns.
However, if some of the elements are repeated, there are less unordered patterns that contribute
to that pattern. For example, the state (1,2,3) is sampled if any of the following are generated:
(1,2,3), (2,3,1), (3,1,2), (1,3,2), (3,2,1) and (2,1,3). However for the state (1,1,2), only the
states (1,1,2), (1,2,1) and (2,1,1) contribute. Therefore, (1,2,3) is twice as likely to be sampled
as (1, 1,2), and so this does not result in uniform sampling. To avoid this issue, we make use of the
mapping between collision space with M modes and the collision free space with M + N — 1 modes.
So we first sample a collision free pattern in M 4+ N — 1 modes and then subtract ¢ — 1 from m; to
find the desired pattern.

The advantage of using the stepped uniform proposal is that it is easy to sample from and in
order to satisfy the exact constraint, only the global maximum for each photon number needs to be
known or approximated. The drawback is that it is not necessarily close to the GBS distribution
especially if just a few of the probabilities are much higher than the rest and so may not be the

most efficient choice.

3.2.2.2 Peaked - rejection sampling

The second proposal distribution is aimed at GBS distributions where a lot of the probability is
concentrated in just a few output patterns. In this case, the distribution is far from uniform and so
that is not a good proposal distribution. Now we can separate the patterns into two groups where
one includes the n,,,x outputs with the highest probability and the other contains all other patterns.
The proposal distribution comprises of the exact values for the first group of states and a uniform
distribution set at a lower height for the second group. Instead of fixing the height of the envelope
distribution at the global maximum we would like to set the uniform level at the height of the
Nmaxth highest probability. This proposal distribution is a hybrid between the uniform distribution
for the majority of the states and the target probability for just a few of the states with the largest
probabilities. A plot of an example of this envelope distribution is shown in fig. (3.4p), and is
named the ‘peaked distribution’ again due to its appearance. Similarly to the stepped uniform
distribution, we fix the uniform part of the distribution at different heights for each photon number

to reduce the area under the envelope distribution.
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Sampling from this distribution requires the knowledge of n,,x maxima not just the maximum.

To do this we still use hill climbing algorithms, but we expect it to be more difficult to find all of

the maxima values. The value of ny,x is an arbitrary choice but we choose ny.x = IV, the number

of photons, because the number of outputs with unusually large probabilities is likely to increase

as the size of the sample space does.

This distribution is easy to sample from as we can split the distribution in two: one part with

the exact probabilities and the other with the uniform distribution. First we sample which half to

choose. For this we need to know the relative probabilities of the two parts, which can be calculated

easily: the probability of the exact values is just the sum of the known values, and the probability

of the uniform group is given by its height multiplied by the total number of states in that group

which is (N +J]\\,/I _1) — N. This is actually the area under the envelope which is not a normalised

distributions and so these values will sum to H not 1, but the relative probabilities are unaffected

by the scaling constant H. Then we sample from within the set we have selected. In the case of

the uniform, we can sample as above and simply reject any time we select one of the patterns in

the exact part. Given the number of maxima will be very small in comparison to the total number

of patterns, the number of rejections will be negligible and not affect the efficiency. In the case

of the exact values, we are simply sampling from a known distribution, and can use the inverse

transform method. Alternatively, to avoid the need to post-select on the uniform sampling part,

the probability can be split into two by including the uniform contribution of all states in one group

and the extra probability of the exact values in the other group. In this case, when sampling from

the uniform part all outcomes are valid, and when sampling the exact values it is the probability

above the uniform level that is included for each outcome (with the probability below accounted

for when sampling from the uniform part).

This peaked distribution is easy to sample from, although slightly slower than the uniform

distribution, due to the extra step of sampling which group (uniform or exact values) to choose.

However, the height of the uniform part can never be higher than in the stepped uniform case, but

may be substantially lower thus increasing the probability of accepting a proposed pattern. The

main concern is that it requires more knowledge of the highest values which might be more difficult.

3.2.2.3 Adaptive rejection sampling

A proposal distribution is better the closer it is to the target distribution. Each time we try to

sample with rejection sampling, whether an outcome is accepted or rejected, we can use a different

proposal distribution because each experiment is independent. When using rejection sampling,

every time a state is rejected the target probability is calculated and this additional information

can be used to improve the sampling rate. For each probability that is calculated, the proposal

distribution can be updated to replace the proposal probability with the target probability [66].

Gradually over time the proposal distribution will become closer to the target distribution, and

the probability of accepting the proposed state will increase. This will result in a hybrid envelope

distribution with a subset of the sample space having probability f(z) and the rest of the sample

space given by Hg(x). It is important that it is still easy to sample from this hybrid distribution
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of Hg(x) and f(x). We note this is a generalisation of the peaked distribution where states with
probabilities f(x) are equivalent to the peaks and those with Hg(z) is a more general proposal
distribution than the uniform part of the peaked distribution. So in general it is always possible to
first determine whether to sample the states given with envelope probability f(x) or Hg(z), and
then sample from f(z) states using the inverse transform method for the known distribution and
from the Hg(x) states as before. It may be possible to sample from Hg(x) restricted to the states
in that group, however in general that cannot be assumed and we need to post-select on outcomes
in that group. For both the uniform and peaked distributions, we would need to post-select and
this can substantially reduce the efficiency if the probability contained in the states in the Hg(z)
subset is small.

This technique can have a substantial speed-up if enough probabilities are replaced by the target
probability and the unknown values can be sampled efficiently. However, if the majority of states
are replaced this means the number of probabilities calculated is sufficiently large that rejection
sampling is no more efficient than brute force sampling. Therefore we should assume that we will
only be calculating a small number of the probabilities and in this regime the speed-up is at best
very small. As such we choose not to adapt the proposal distribution to avoid complications arising
from the sampling of the hybrid proposal distribution, given the speed-up will be minimal in the

regime that rejection sampling is useful.

3.2.3 Hill climbing optimisation algorithms

For both of the suggested proposal distributions it is necessary to find at least an estimate of the
maximum probability or in the case of the peaked distribution the N maxima. Hill climbing [67] is
a local search algorithm to maximise a criterion and we employ it to maximise the probability of an
output pattern by searching neighbours within the sample space. The choice of how to determine
which output patterns are neighbours is open, however there are two natural ways to do this. For
the first way, we write a pattern with notation corresponding to the first quantisation, where there
are N elements that can take M values, (mq,...,my). It is possible to find a neighbouring state
by simply moving one photon to another mode by changing one element in the pattern. In this
problem, the variable is N-dimensional with neighbours defined for each dimension; that is for
dimension d, the corresponding variable is m4 and the neighbours are all M states with all other
my; fixed. The second way to define neighbours would be to instead work in the second quantisation,
with M elements that can each take a value from 0 to N.. A neighbour for each dimension can be
defined in a similar way by changing one element, but this now corresponds to adding or removing
photons from a particular mode. As such the number of photons is not conserved and this method
would search over the whole sample space rather than for a fixed photon number. For the proposal
distributions we need to know the maximum/maxima in each photon number and therefore we
choose to use the first quantisation neighbours and run the algorithm for each photon number.

In hill climbing a starting state is chosen, and then each variable is improved in turn with all
others fixed until they all have been improved at which point the process is repeated from the first

variable but now with the other fixed variables potentially having different values compared to the
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previous time. A pass is a single round of updating each variable in turn and the process is repeated

for many passes until there is no improvement at which point it terminates. As this process is a

local search (searches over only the neighbour states each time) it may not find the global maximum

and get stuck in a local maximum instead. The final value depends on the starting state (and in

some cases a sequence of random numbers). The general algorithm is outlined in algorithm .

Algorithm 2 Hill climbing

Input: M, N, the number of modes and photons
Output: z = (mq,...,my)
Sample a starting pattern xg = (my, ..., my) with probability pg
while True do
for n=1to N do

Update m,,, with all other m; fixed, according to the update rule to find a new pattern

z, with corresponding probability p,

if p, = p,_1 then
Break out of while loop

return zy

As the choice of starting state can determine whether a local or global maximum is found, it is

beneficial to optimise the starting state. However, finding which state is the best to start at is not

trivial and to overcome the problem of potentially starting in a poor choice, we can instead run the

algorithm a few times starting at a different random state in each case. This is called random restart

hill climbing, and the amount of times that a new starting state is chosen is a free parameter that

should be chosen carefully to balance the trade-off in increased probability of finding the maximum

with reduction in efficiency when increasing this number. The criteria for updating each variable

can also be chosen and we consider two variants of hill climbing that we employ for GBS: steepest

ascent and stochastic hill climbing.

Steepest ascent hill climbing

Steepest ascent is a variant of hill climbing that is a greedy algorithm always choosing the neighbour

that maximises the probability. Hence the update rule in this case is to select the mode m,, such that

ceyMpy .o ooympy) > Pr(my,...,my,...,;my) for all i # n. In order to do this, it is necessary

to calculate the probabilities for all m;. This method is deterministic for a given starting state,

always outputting the same end state. Since it continues to always choose the best improvement,

once it has found the local maximum there will be no further improvements and hence the algorithm

stops. This guarantees ending in a local maximum but not necessarily the global. Therefore we

use random restarts to find a few local maxima increasing the probability of finding the global

maximum but also meaning it is more likely to find more of the N maximum values, which may be

local maxima or neighbours of various local maxima.

The number of probabilities we need to calculate in each pass is M N because for each of the

N photons we need to know the probability of finding it in each of the M modes. The number of

passes | P| is unfixed and depends on how long it takes for the maximum found to remain unchanged,
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and the number of restarts |R| can be chosen arbitrarily. So the total number of probabilities to

calculate is |R||P|M N, where | P| is the average number of passes across all restarts.

3.2.3.2 Stochastic hill climbing

Stochastic hill climbing is a variation on steepest ascent hill climbing which climbs the curve non-
deterministically and so will not always take the same path. Therefore we are less likely to become
stuck in a local maximum. The non-determinism comes from when we select which mode to fix the
photon in. In the previous hill climbing we always chose the mode which maximised the probability,
however, here we will sample which mode to choose with a weighted probability based on the values
for each pattern, such that we are more likely to choose the pattern with the highest GBS probability
and we never choose a pattern which lowers the GBS probability. The exact function which maps
the GBS values to the probability of accepting that pattern is not fixed and can be chosen based on
each problem. We choose to accept a mode with probability proportional to the GBS probability
of that pattern, restricted to patterns that have a greater probability than the current pattern.

The number of probabilities calculated here is |R||Ps| M N, where |Ps| is the average number of
passes in the stochastic case. In general |P,| > |P| because the stochastic variant will find higher
probabilities more slowly as it doesn’t necessarily accept the maximum. This wider search of the
sample space also means that it is more likely to find the global maximum from any starting state
which reduces the required number of restarts.

For the peaked distribution, we need to find the N maxima. To do this we can keep the highest
N probabilities found at any point during the algorithm whether it was accepted or not. It is
intuitive that to find more maxima it will require more probabilities to be calculated in general.

Therefore we expect the hill climbing will need to run for longer for the peaked distribution.

3.3 Numerical analysis of the accuracy and efficiency of

Gaussian boson sampling with rejection sampling

For both of the suggested proposal distributions above, stepped uniform and peaked, it is important
to know the maximum or N maxima probabilities for each photon number respectively. The hill
climbing algorithms presented above aim to find these and if they successfully do this, the rejection
sampling algorithm is exact and the accuracy is perfect. In the case where they do not find the
global maximum/maxima, some of the distribution is missed when sampling. This causes a non-
zero total variation distance (TVD) between the target distribution f(z) and the distribution we
sample from, which we denote f(z). It is important to know that f(z) is a good approximation
to the target distribution. There is a trade-off between accuracy and efficiency with hill climbing
algorithms where the number of probabilities calculated can be chosen and increasing this will
generally increase the probability of finding the maximum/maxima but also the time it takes to do
so. Therefore care needs to be taken when fixing the number of probabilities such that there is a

good balance between accuracy and efliciency. We wish to determine whether steepest ascent or
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stochastic hill climbing is better for our application and how long they need to be run for any size

GBS problem. We begin by analysing the accuracy of both algorithms for a range of problem sizes.

3.3.1 Comparison of hill climbing algorithms
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Figure 3.5: TVD for stepped uniform distribution. These heat maps represent the mean TVD
between the target and sampled distributions as a function of the number of modes and photons
when using the maximum as found by a hill climbing algorithm. The left column (plots (a) and (d))
shows the TVD when using the steepest ascent algorithm and the middle (plots (b) and (e)) for the
stochastic algorithm. The right column (plots (c¢) and (f)) shows the difference (stochastic - steepest
ascent) between these two graphs to highlight which algorithm performs better - green means that
the steepest ascent has a lower TVD while pink represents where the stochastic algorithm is better.
The top row ((a), (b) and (c)) are plots when terminating the hill climbing algorithms after finding
50 probabilities and the bottom row ((d), (e) and (f)) are for after 2000 probabilities. All data
points are found by averaging over 100 Haar random unitaries.

We can measure the accuracy of the hill climbing algorithms in terms of either the probability
of finding the maximum/maxima or the average TVD this causes between the target and sampled
probability distributions. We look at both of these metrics and compare the accuracy for both hill
climbing algorithms to determine which one is better for our application. For a fair comparison
between steepest ascent and stochastic hill climbing, either the number of probabilities calculated
are fixed and the accuracy is measured or vice versa. The first option is more convenient as it fixes
the number of hafnians ensuring a finite time and it is not necessary to calculate the accuracy at
every point. Therefore this is the option we choose.

The size of the sample space and the shape of the probability distribution (such as the number of
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Figure 3.6: TVD for peaked distribution. These heat maps represent the mean TVD between the
target and sampled distributions as a function of the number of modes and photons when using

the maxima as found by a hill climbing algorithm. The plots correspond to the same scenarios as
in fig. (3.5) but for the peaked distribution.

local maxima) depend on the number of modes and photons and so it is likely that the effectiveness
of the hill climbing algorithms also depend on these variables. We are interested in rejection
sampling, and therefore hill climbing, for GBS problem sizes where we cannot sample by brute
force. However, it can be useful to estimate the required number of probability calculations for
some accuracy for small problem sizes and extrapolate. Ensuring that the error does not increase
with problem size in the regime that can be directly tested is important as it suggests that the error
will not become large in the regime that cannot be tested. For the problem sizes that are small
enough for the full distribution to be calculated, the accuracy of the hill climbing algorithms can
be predicted by calculating the actual accuracy for many Haar random unitaries and finding the
average. It is a reasonable assumption that although the number of probabilities required for the
same accuracy will scale with the number of photons and modes, it will be relatively independent
of the unitary. It is also possible that the relative squeezing and displacement input on each mode
will affect the shape of the probability distribution. As it is impossible to test the accuracy for all
infinite combinations of the squeezing and displacement, we test here for the case of no displacement
and equal squeezing on all modes. Note that the value of the squeezing affects the total number
of photons distribution but not the distribution of the patterns for a fixed photon number. This is
because for equal squeezing on all modes, the squeezing can be factored out of the hafnian in the

probability, which is the only part that has dependence on the output pattern. In all numerical
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Figure 3.7: Success probability for stepped uniform proposal. These plots show the average prob-
ability of the hill climbing algorithms successfully finding the global maximum for a variety of
problem sizes. As the number of modes or photons increases, this probability quickly falls to al-
most zero. The plots correspond to the same scenarios as in fig. .

simulations the squeezing parameter was set to 1.

We estimated the TVD between f(z) and f (z), and the probability of finding the maximum
and N maxima for the stepped uniform and peaked distributions for various GBS problem sizes
from 2 to 22 photons and 2 to 14 modes. The squeezing parameter was set as 1, but as mentioned
above this is an arbitrary choice that does not affect the data. For each metric of accuracy and
proposal distribution, the accuracy was found after calculating 50 and 2000 probabilities in both
hill climbing algorithms. Where both the number of photons and modes are high, the problem size
becomes too big to calculate the full distribution and the test becomes too slow. The results are
shown in figs. —. For each problem size, the values were calculated for 100 Haar random

unitaries and the mean value is plotted.

First we consider the TVD between the target and sampled distributions. Fig. shows the
average TVD for the uniform distribution. Plots (a) and (d) are for steepest ascent hill climbing,
plots (b) and (e) for stochastic hill climbing and plots (c) and (f) show the difference between them
to highlight which algorithm performed better. The top row (plots (a), (b) and (c)) is the average
TVD after calculating 50 probabilities in the hill climbing algorithms and the bottom row (plots
(d), (e) and (f)) is for after 2000 probabilities. We wish to minimise the TVD and as can be seen
from the graphs, both algorithms give fairly similar results. Therefore to determine which algorithm

performs better, the graphs on the right give the mean value for the stochastic variant minus those
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Figure 3.8: Success probability for peaked proposal. These plots show the average probability of the
hill climbing algorithms successfully finding the N maxima for a variety of problem sizes. As the
number of modes or photons increases, this probability quickly falls to almost zero, more quickly
than for finding the global maximum as shown in fig. (3.7). The plots correspond to the same
scenarios as in fig. (3.5).

for the steepest ascent. A positive value (in green) shows that the steepest ascent performed better
whereas a negative value (in pink) means that the stochastic was better. Whilst neither colour
is completely dominant in these graphs, there are two interesting observations. The first is that
there is a grouping of the colours suggesting that in general the stochastic algorithm is preferable
when there is a high density of photons per mode, otherwise the steepest ascent performs better.
The second is that by comparing the top and bottom graphs, the pink is dominant after only 50
probabilities whereas the green is dominant after 2000 suggesting that stochastic is more effective
more quickly but eventually the steepest ascent will find a better estimate of the maximum. We
note that for 2 modes, both hill climbing algorithms are in theory exactly the same because there
are only two probabilities to choose between in each step and an improved probability must be the
maximum. Therefore the row for M = 2 in the difference graphs should be zero. This is seen well
in the graph (f) but less so in graph (c). This suggests that the variance in the estimate of the TVD
is too large to distinguish between the two algorithms after only 50 probabilities. There may also
be differences between the two algorithms if both outputs have the same probability. Comparing
the upper row to the lower row (note the difference in the scaling of the colourbars) shows that
increasing the number of probabilities from 50 to 2000 reduces the TVD significantly as expected.

There is an interesting pattern with regard to the number of modes and photons. In general the
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TVD increases as the number of photons increases but may actually decrease with the number of

modes. The increase with the number of photons can be explained as it increases the number of

dimensions in the output pattern and therefore the number of local maxima will likely increase

meaning it is easier to get stuck in one rather than finding the global maximum. The decrease with

increasing number of modes is due to the increase in size of the sample space meaning that the

average probability of each pattern is lower. Therefore in cases where the global maximum is not

found, the next largest values are very close and so not as much probability is above the envelope

distribution. Of course increasing the number of photons also increases the size of the sample space

but it is counteracted by the increase in local maxima. It is important to note that the size of the

sample space is (

M +NN 71) and therefore the effect of increasing M or N is very dependent on the

relative values of M + N — 1 and N.

The same plots are given for the peaked proposal distribution in fig. (3.6). Here it is even

more pronounced that the TVD is significantly different in the photon dense regime with both

algorithms suffering when there is a high amount of photons per mode. A TVD of close to one occurs

if not enough different probabilities have been calculated to assign all N peaks and the uniform

distribution is set at the lowest which is zero. The difference plots, (c) and (f), show similar patterns

to the stepped distribution but we have lower bounded the values by -0.1 and -0.005 in order that

the smaller differences in the photon sparse regime can be seen. In the photon dense problem size,

the stochastic algorithm is significantly better but in the photon sparse problems, there is a slight

preference to the steepest ascent variant, again especially after 2000 probabilities. For the same

number of probabilities calculated, when compared to the stepped uniform distribution the TVD

is much larger which will result in a worse approximation when using the peaked distribution in

rejection sampling. This is to be expected as this proposal distribution requires the knowledge of

all N maxima and sets the uniform level at the smallest of these values. As there are more values

to find it is more likely to miss a few of them and therefore the Nth maxima found is actually much

lower than it should be.

As well as analysing how approximate the rejection sampling is when using the hill climbing al-

gorithms, it it interesting to consider the probability that the rejection sampling is exact. Figs. (3.7))
and (3.8]) show the estimated probability of finding the maximum (for uniform proposal) and N
maxima (for peaked proposal) respectively. As before, the left column (plots (a) and (d)) is the

data when using steepest ascent, the middle (plots (b) and (e)) for stochastic and the right (plots
(c) and (f)) for the difference between them. The top row (plots (a), (b) and (c)) is after allowing
the hill climbing to run for 50 calculated probabilities and the bottom (plots (d),(e) and (f)) for
2000. Contrary to the previous plots, the higher the value (and therefore lighter the colour), the

better the algorithm. In all cases as the number of modes or photons increases, the probability of

exact rejection sampling goes quickly to zero. As expected, increasing the number of calculated

probabilities does increase the probability of finding the maximum /maxima but it is still essentially

zero for a moderate problem size after 2000 probabilities. The probability to find the maximum is

better than to find all N maxima. This is to be expected as successfully finding the NV maxima

guarantees that the maximum has been found as well as the other N — 1 maxima. We want to
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determine which of the two hill climbing algorithms to use. For this data, if the difference is positive
(green), the stochastic algorithm was better. Again, neither algorithm was always better than the
other but for the uniform proposal there is a leaning towards pink with the knowledge of more
probabilities suggesting that the steepest ascent is more likely to find the maximum. In the case of
the peaked distribution, there are few problem sizes that don’t have a probability of 0 or 1 of finding
the maxima for both algorithms and therefore there is almost no difference between the algorithms
in most cases. For those where there is a difference, the stochastic hill climbing algorithm performs
better after 50 probabilities, but it is very equal after 2000 probabilities.

Overall it is less important to sample exactly as long as the approximation is good. Therefore
when determining the hill climbing algorithm and the number of probabilities to find the maxi-
mum,/maxima, the most important metric to consider is the TVD between the target and sampled
distributions. The behaviour is very different depending on the ratio of photons to modes with
the stochastic algorithm generally performing better in the photon dense regime and the steepest
ascent preferred in the photon sparse regime. Therefore we choose to use the stochastic algorithm if
2M < N and the steepest ascent otherwise. We refer to this as the ‘hybrid hill climbing’ algorithm

and use it for the rest of the numerical testing.

3.3.2 Efficiency of hybrid hill climbing

We wish to determine how many probabilities we need to calculate when running the hybrid hill
climbing to ensure a small TVD between target and sampled distributions. As the plots in figs.
and confirm, the effectiveness of the hill climbing algorithm depends on the number of modes
and photons so we need to determine how to scale the number of probabilities calculated with these
variables. To do this we run numerical tests to find the average number of probabilities required to
reach a fixed TVD as a function of modes and photons.

We choose to find the minimum number of probabilities needed to be calculated in the hybrid hill
climbing algorithm such that the TVD is less than 0.05, averaged over 100 Haar random unitaries.
In order to find the number of probabilities at which the TVD is lower than a threshold value, it
can require running the hill climbing for a long unknown time. Therefore it is necessary to put
an upper limit on the number of probabilities to try, and we chose to set 10,000 as the limit for
these simulations. For the problem sizes we tested, for the uniform distribution this was always
high enough and for the peaked distribution there was only one case where the TVD did not reach
0.05. This was for 16 photons in 4 modes and the final value was 0.0527 and so any distortion
to the data due to this upper limit is negligible. The data is plotted in fig. (3.9)). The scaling
of the required number of probabilities as a function of modes and photons is shown in the top
and bottom rows respectively. The left column plots are when finding the global maximum for the
stepped uniform distribution and the right for the N maxima for the peaked distribution. Each
point is averaged over 100 instances with different Haar random unitaries and the error bars show
the standard deviation.

First we consider the uniform distribution. As can be seen from the upper left plot, there is no

significant pattern to how the number of required probabilities scales with the number of modes,
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Figure 3.9: The efficiency of hill climbing. These plots show the average number of probabilities
needed to be calculated for the TVD to fall below 0.05. Plots (a) and (b) show this as a function
of the number of modes, while (¢) and (d) give it as a function of the number of photons. The left
column (a and c) is when using the stepped uniform proposal distribution and the right (b and d)
is with the peaked proposal.

with it being approximately flat beyond 4 modes for all tested numbers of photons (4, 8, 12 and
16). The error bars are high which shows that for different Haar random unitaries and also different
starting states for the hill climbing, its effectiveness varies significantly. There is however a clear
pattern with an increase in photons causing an increase in the number of probabilities to calculate.
This relationship is plotted in the lower left graph for several numbers of modes (6, 10 and 14).
Despite the error bars being high, the mean values follow a linear trend quite closely and so we fit
a line to each set of data points. These are given by f(N) = 9.71N —6.07, f(N) = 11.59N — 21.65
and f(N)=6.57N +0.98 for M = 6,10 and 14 respectively. The plots for M = 6 and M = 10 are
similar but the gradient for M = 14 appears to be lower. This decrease in gradient with the increase
in the number of modes shows more clearly that the top left plot must actually be decreasing beyond
M = 10 even if it is not obvious by eye. It seems that M = 10 is approximately the most difficult
number of modes and using the scaling found for M = 10 will result in a smaller TVD for higher
modes. It is not possible to numerically find the relationship between the number of photons and
the required number of probabilities for all M. Therefore, we choose the worst-case scenario and set
the number of probabilities to calculate in the hill climbing for the uniform proposal distribution
as 11.59N — 21.6 for all other numbers of modes.
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Now we look at the peaked distribution. From the upper right plot, there is a more clear
pattern of rising until approximately 4 modes after which it decreases again. The lower right
plot again shows a linear trend with increasing the number of photons with the steepest gradient
now corresponding to the M = 6 case. The linear fit for the peaked distribution is given by
f(N)=63.22N —93.27, f(N) = 73.00N — 81.64 and f(N) = 31.75N —29.82 for M = 6, 10 and 14
respectively. This means that approximately 5 times as many probabilities need to be calculated
to find the N maxima than the global maximum for the same TVD when using the respective
proposal distributions. We again choose the worst-case scenario and set the number of probabilities
to calculate in the hill climbing for the peaked proposal distribution as 63.22N — 93.27 for all

numbers of modes.

The above analysis is a good tool to predict the scaling of the accuracy of rejection sampling
on average. However, the actual accuracy will depend a lot on the target distribution and the
particular path taken in hill climbing, as shown by the large error bars in the plots. The target
distribution depends on many factors: the unitary, squeezing and displacement parameters, and
the path of the hill climbing depends on the starting state, and random sampling in the case of
the stochastic variant. Therefore this prediction does not ensure that the TVD is guaranteed to
be low if the derived parameters are used. We would like to be able to estimate post-sampling the
accuracy of the sample found for a particular instance of simulating GBS with rejection sampling.
We now investigate a method for estimating the TVD between the target and sampled distributions

that can be used to check the accuracy after the sampling.

3.3.3 Post-sampling analysis of the accuracy of rejection sampling

The aim is to estimate the TVD between the target distribution f(x) and the sampled distribution
f (x) after sampling. It is useful to formalise the link between the TVD and the area of the target
distribution contained under the envelope distribution, A. For any two distributions, ¢(z) and
r(z), the TVD between them is given by half the sum of the absolute differences for each outcome
(eq. [3:10). So we can group the outcomes by whether g(z) > r(z) or ¢(z) < r(z) and given that
both distributions sum to the same total probability, the total difference in the first group must
be equal and opposite to the total difference in the second group. So the TVD is equivalent to the
total difference in one of these groups. This is just the probability of one distribution not under
the other one. In fig. , the TVD between the black f(z) and orange f(z) distributions in (c)

is by definition half the sum of the blue and red shaded areas. These areas must be equal and so

76



CHAPTER 3. SIMULATING GAUSSIAN BOSON SAMPLING WITH REJECTION SAMPLING

the TVD is given by the area of either of them. We can also show this result mathematically:

TVD(q,r) = % ( Z (q(z) —r(x)) + Z (r(z) — q(at)))

reX+ rEX—
:% ( S (a@) —r@)+ D (@) —r@) = D (q(z) —r@) + Y (r(z) - q(x))>
zeXTt reX reEX ™ TEX ™
:% (Z@(ﬂf) —r(@)+2 ) (r() —q(x))) = 3 (r(z) — q(2)),
zeX reX— reX—

(3.14)
where X = {z : g(x) > r(2)}, X~ = {2 : q(z) < r(2)}, and X = X7 U X~. In the last line,
we used that both distributions are normalised so Y ¢(xz) = > 7(x) = 1 and hence the first term

cancels out. We can rewrite this in terms of the area of probability under both distributions, A, ,:

TVD(g,r) = Y (r@) —ql@) =1— ) r(2) = Y qlx)
reEX zeXT zeX— (315)
=1- Z min{r(z),q(z)} =1— Ag .
zeX

This is equivalent to the probability in r(x) above g(x) and vice versa. So it is possible to find the
TVD between two distributions if the area under both distributions is known. In our case, we want
to find the TVD between the approximate distribution, f (x), and the target distribution, f(z),

without knowing either distribution fully.

From section , we know that the area under both the target and envelope distributions, A,
is related to the probability of accepting a proposed sample, paccept = A/H. However, to calculate
the TVD between the target and sampled distributions it is the area under these distributions
A Iy that needs to be known. To find this area we need to consider for which outcomes the target
distribution is greater than the sampled one. There are three different possible cases, which are
shown in fig. (3.3). The first case is the outcomes which are sampled exactly (ie. f(z) < Hg(z))
for which the sampled probability is f(z)/A according to eq. (3.1I). Given A < 1, this implies
f(z) = f(z)/A > f(z). So the TVD contribution in these cases is f(z)/A — f(z). We denote
these outcomes as € B. The other cases are when the outcomes are sampled approximately (ie.
f(z) > Hg(x)) for which the sampled probability is Hg(z)/A which may be greater than or less
than f(z). So for cases 2 and 3, outcomes contribute Hg(z)/A— f(x) (which we denote as 2 € C'™)
and f(z) — Hg(x)/A (denoted z € CT) respectively to the TVD. The only case where the target
distribution is greater than the sampled one is case 3 so the sum of the outcomes z € CT gives
the correct TVD. However, it is not possible to know the values of these outcomes or even which
outcomes are in case 3 without knowing the entire target distribution which of course would defeat
the purpose of using rejection sampling. Therefore, we look at a couple of ways of estimating the

TVD by sampling.
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3.3.3.1 Upper bound for the TVD between target and sampled distributions

First, we consider trying to find an upper bound to the TVD in terms of quantities that are easier

to evaluate. We can upper bound the TVD as

TVD(f(2), f) = 3 fo) - Ho(o)fA< S () — Holw) < 3 f() — Ho(a) =1 4,
zeCt zeCt z¢B
(3.16)

where B = {2z : f(z) < Hg(x)}, CT ={z ¢ B: f(x) > Hg(z)/A} and C~ = {z ¢ B : f(z) <
Hg(z)/A}. As before, A is the area under both the target and envelope distributions. The first
inequality uses the fact 1/A > 1 and is the equality only when A = 1 ie. in the exact case. The
second inequality comes from the fact that f(x) — Hg(x) > 0 in C~ and so adding these terms can
only increase the value. It is only the equality if C~ = @& (the empty set) which is more likely the
closer the sampling is to being exact. So in approximate sampling TVD is bound by the probability
that is missed in selecting the scaling of the proposal distribution. The value of A can be found
using equation , if H and p, the probability of accepting, are known. We can assume H is

already known as this is chosen when forming the envelope distribution, but p is unknown.

However it is possible to estimate the probability of accepting a state by taking a large sample
size and recording the proportion of times the proposed state was accepted. In the limit of an
infinite sample size, the fraction of times we accept, R,, approaches the expected acceptance rate,
(R,), which is equal to the probability of accepting, p, ie. R, &~ (R,) = p. We note that proposed
samples that are rejected as well as those that are accepted contribute to the sample size for this
test, rather than only accepted patterns contributing to the sample size when sampling from the
target distribution. Hence the accuracy of p depends on the number of times we test a proposed
pattern to be accepted, which may be substantially higher than the number of times we accept a
pattern. So for a fixed GBS sample size, the sample size for this test is not fixed and sometimes

the estimate will be more accurate than others.

When estimating the value of p, the error due to a finite sample size is given by

1_
o Rl < =z /PP (3.17)

where Z is the confidence level, and Ny is the sample size. We use the Wilson score interval

technique [68] to solve for p in terms of R,.

p(1—p)
— <
|p Ra| Z Ns
o _ op(1—p)
(= Ro)” < 27— (3.18)
2 2 22 2
p-+ R, —2pR, < ﬁ(p—p )

p2(1 + Z2/NS) +p(_2Ra - ZZ/NS) + Rz <0

78



CHAPTER 3. SIMULATING GAUSSIAN BOSON SAMPLING WITH REJECTION SAMPLING

Solving this for the equality will give the upper and lower limits for p as

2R, + Z%/Ns £+ \/(2R, + Z2/N;)2 — 4(1 + Z2 /N5 ) R2
p= .

2(1+ Z2/N,) (3.19)

We choose to find a worst-case scenario for the TVD between the target and sampled distribu-

tions and so find the upper limit on the estimate of the upper bound. To do this we need to find
a lower limit on A so that TVD <1 — A <1 — Apr. The subscripts UL and LL refer to the upper
and lower limits respectively. A is estimated using the relation A = Hp (eq. [3.8) and therefore a

lower limit for the probability of accepting, p, must be determined. Explicitly,

TVDSl—ASl—ALLzl—HpLL. (320)

So the lower limit of p from eq. (3.19)) can be found from the acceptance rate when sampling and

then substituted into the above equation along with the known value of H to find an estimate of
the upper bound for the desired TVD.

3.3.3.2 An estimation of the exact TVD between target and approximate distribu-

tions

In the above section we estimated an upper bound for the TVD which only depends on the area

under the target and envelope distributions and the value of the scaling parameter H, avoiding

needing to know anything about the sampled distribution. However, if we know A it is possible

to calculate the sampled probabilities and in the previous method an estimate of A was found.
This suggests we could use this estimate to estimate the exact value for the TVD. From eq. (3.15|),
the TVD between two distributions is given by 1 — A, ., the area not below both of them and we

describe a method here to estimate A £.f

Suppose we have rejection sampling with the proposal distribution as g(z) but the scaling

constant as H/A = 1/p instead of H. This would have the acceptance probability

Pr(accept z|proposed ) = min {1, gj(czi)x/)p} : (3.21)

So the overall probability of accepting is

pi= ZPr(proposc x) Pr(accept z|proposed z) = Z g(x) /() + Z g(x)

zeBUC—

v

4y,

1
:1/p< Yoo+ Y Q(CU)/P>= 7

zeBUC— zeCt

where A, 7 is the area of f(z) under the sampled distribution. So now we can find the TVD exactly

79



CHAPTER 3. SIMULATING GAUSSIAN BOSON SAMPLING WITH REJECTION SAMPLING
in terms of py § and p:
TVD(f(2), f(a)) =1~ A, j=1- L1, (3.23)

The value of p can be estimated from the acceptance rate in rejection sampling as in the previous
section, but we also need to estimate p £F This can be done by rejection sampling with the above
acceptance rule. Note that we only use this rule for estimating the TVD, not for sampling from
the target distribution. However, we will already need to calculate f(x) for sampling from the
target GBS distribution and the rest of the calculation is efficient. Therefore additionally keeping
a count of the proportion of proposed outcomes that would be accepted under this rule has a
negligible impact on the speed of the rejection sampling algorithm. As this acceptance rule requires
knowledge of p, we first need to estimate p as before. The error on p is carried through when
estimating p, 7 and amplified. If the upper limit on p is used such that some value py;, = ap, where

a > 1, only the outcomes in B U C'~ are scaled in py j and so

prjon= ., puf@+ > g@)= > apfx)+ Y g(x)

reEBUC— zeCt r€EBUC— zeCt (3 24)
< Y apf@)+ Y ag(z) =ap; 5
z€BUC— zeCt

Therefore, if an upper limit on p is used in the acceptance rule and in the denominator when
estimating the TVD, we find an upper limit on the TVD:

) ~ an. s
_Prjuor 4 PriuL > Pri _ vp. (3.25)

puL ap ap

TVDyy = 1

A disadvantage to this method is if we don’t want to store all the values of f(x) as we calculate
them, we must divide the sample size in two, using the first group to estimate p and the second to
estimate p £.F using the approximate value of p found. Reducing the sample size for each estimation
further reduces the accuracy of both the estimates of p and Py s compared to the method to
estimate the upper bound of the TVD.

3.3.3.3 Comparison of the upper bound method and exact method

Both the above methods require estimating the probability of accepting which introduces some
error due to finite sample size. In the first method, we find an upper bound to the TVD, so our
estimate might be overly generous. However, in the second method, we also need to estimate the
probability of accepting under the adapted rule which adds more error and again this might give
an overly generous estimate for the TVD. In some situations, one method may give a tighter bound
than the other. For example, when the upper bound is found, the first inequality uses A < 1 and
so the upper bound is closer when A approaches 1. The second inequality is also closer to equality
as A approaches 1. Hence this is a good estimate when A is close to 1 and therefore the TVD is

small, but not if it is big. On the other hand, as the exact method relies on estimating two values
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Figure 3.10: Testing the estimation of the TVD. Many data points were taken for various problem
sizes to determine numerically how close the estimated TVD is to the correct value. These are
plotted for the uniform distribution (circles) and peaked distribution (stars) for both the upper
bound method (blues) and the exact estimate method (pinks). Plots (a), (b), (¢), (d) and (e)
correspond to sample sizes of 100, 1000, 10,000, 100,000 and 1,000,000 respectively. Increasing the
sample sizes reduces the standard deviation as expected. The green line is y = x which is the ideal
relationship. The upper bound method is quite far from this for higher TVDs, but a good estimate
at lower (and more useful) TVDs.
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with a finite sample size, this estimate will be good for a large sample size but suffer from a small
sample size. Generally we are interested in the case where the TVD is quite small, TVD < 0.1,
otherwise the sampling approximation is not good enough. When the upper bound is close to the
real value, the error from the upper bound method is dominated by the error due to a finite sample
size in estimating p. For the exact method, we are estimating the actual TVD and so the errors
always only arise from finite sample size. However, because in this method two variables need to be
estimated with one depending on the other, the error due to finite sample size is likely higher for the
exact method that the upper bound method. In addition, the sample size to estimate each of these

variables is half compared to estimating p in the upper bound, further increasing the uncertainty.

We numerically tested the estimated TVD for various values of actual TVD and plot them for
different sample sizes in fig. . In the above analysis nothing was assumed about the number
of modes or photons or the proposal distribution and therefore the error in the estimation ought
not to depend on these properties. The uniform proposal is marked with circles while the peaked
is given by stars to distinguish between them. As expected they follow the same patterns. There
is a higher concentration of the peaked events at higher TVDs, but this is only because the hill
climbing was run for various numbers of probabilities (5, 10, 15, 20) in order to generate events
with varying TVDs and hill climbing is less accurate for the peaked distribution as found in the
previous section. Events were simulated for N = 5 and 10 with M = 6 and 12. For clarity they are

not distinguished in the graphs but are equally distributed and clearly follow the same pattern.
In fig. (3.10)), the green line marks where the estimated TVD is equal to the actual TVD and so

the aim is to get as close to this line as possible. For a sample size of only 100 proposed states, the
estimated TVD with both methods is often very far from the actual value and so cannot be used
to determine the TVD. With a sample size of 1000, the spread is significantly reduced, with the
deviation in the upper bound method smaller than in the exact method due to the larger sample
size for estimating the variables. For the higher TVD values the upper bound is far from the correct
value and so cannot be used in these cases. For a sample size of 10,000, the patterns are quite clear
with the error due to sample size becoming small. For small TVDs the upper bound may be a
slightly better estimate because the error due to upper bounding is very small. However, the exact
estimate is also quite good for this sample size. As the sample size is increased further to 100,000
and 1,000,000, the patterns are very clear with almost no deviation for the exact method. There is
still some variance in the upper bound method. This is because the tightness of the upper bound

does not only depend on the actual TVD but the entire distribution.

It is not possible to know which method will guarantee the closest estimate so, given both
methods do not significantly slow down the rejection sampling, we can calculate both estimates of
the TVD and take the minimum value to give the best estimate. We choose 100,000 sample size to
give a good estimate of the TVD. Although this is quite a lot of outcomes to test it is completely
independent of the number of modes and photons and therefore does not suffer from scaling issues.
Also, because this sample size takes into account all the rejected proposed outcomes, the sample
size of the target distribution may be significantly lower and therefore it is reasonable that we will

have this sample size in applications.
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3.3.4 Complexity of Gaussian boson sampling with rejection sampling

The overall aim of this chapter is to estimate the efficiency of using rejection sampling while still

sampling from a good approximation to the GBS distribution. In the previous sections we have

tested the efficiency of the hill climbing algorithms and found a method to estimate the accuracy.

The final piece of the puzzle is to estimate the efficiency of the accept-reject part of the algorithm.

Again this can be estimated with numerical tests. The efficiency of the accept-reject part of the

algorithm is the expected number of probabilities that need to be calculated per each accepted pro-

posed state. We fixed the number of probabilities in the hill climbing as was found in the previous

section for each number of modes and ran the rejection sampling algorithm to find a sample of size

100,000 for 100 instances with different Haar random unitaries. The number of probabilities calcu-

lated during the rejection sampling was recorded and from this the average number of probabilities

to accept one proposed outcome was determined.
The results are plotted in fig. (3.11) for M = 6, 10 and 14. The left-hand side graph shows

the estimated TVD using the method described previously as a function of the number of photons.

Although the standard deviation is high, the average estimated TVD is approximately 0.05 for

most of the data points which is the limit we fixed setting how long to run the hybrid hill climbing.

This confirms that the chosen parameters for the hill climbing were good. For M = 6 for the
peaked distribution, the TVD is a little high at approximately 0.1. This suggests that the hill

climbing parameter found for this case was an underestimate, which is possible where parameters

are determined numerically. The right-hand side graph gives the scaling with the number of photons

of the average number of required probabilities to accept a proposed state. As expected the number

of probabilities to be calculated is generally lower for the peaked distribution. For 6 modes, the

average number of probabilities is very low, but as seen in the left-hand side plot, it is more

approximate than the other cases and so is not a fair comparison. For 10 modes, the peaked

distribution is more efficient but not significantly and for 14 modes, the distributions have very

similar efficiencies. This suggests that the higher the number of modes, the less effective the peaked

proposal distribution is compared to the stepped distribution.
In fig. (3.12)), the same values are plotted but this time as a function of the number of modes.

Because the scaling of the hill climbing parameter was only found for 6, 10 and 14 modes, for the

others the worst-case of those three was used. In agreement with the plot scaling with the photon

number, the peaked distribution gives a slightly high estimate of the TVD around 6 modes. The

uniform seems to be more accurate with the estimated TVD closer to 0.05 as expected. The right-

hand side plot again confirms that the peaked distribution is more efficient in the reject-accept

part of the algorithm for all cases. However, unlike when running the hill climbing, there is a clear

dependence of the efficiency on the number of modes, with more modes reducing the efficiency.

When deciding which proposal distribution is better the total number of probabilities must be

taken into account. This depends on the number of photons and modes but also the sample size. If

the number of probabilities in the hill climbing is kA and the average number to accept one outcome
is a, then the total number of probabilities ¢ is t = h + Nga. This number should be found for both

proposal distributions to decide which is the best one to use.
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Figure 3.11: The scaling with photon number of the number of probabilities in rejection sampling.
Plot (a) shows the estimated TVD when sampling with the hill climbing parameter set from pre-
vious numerical tests. The hill climbing parameter was fixed to ensure the TVD is approximately
0.05. This plot suggests that the majority of the parameters were chosen well except the peaked
distribution with 6 modes which has an unexpected high TVD. The plot in (b) shows the average
number of probabilities that needs to be found to output a single sample on average. For each prob-
ability a hafnian needs to be calculated and so this determines the efficiency of the algorithm. The
efficiency generally follows a linear trend with the number of photons. The lines of best fit are given
by the following equations: for the uniform distribution: y = 0.33N + 3.09, y = 0.45N + 3.27 and
y = 041N +3.90 for M = 6, 10 and 14 respectively; for the peaked distribution: y = 0.11N + 2.43,
y =0.31N 4+ 2.80 and y = 0.46 N + 3.11.
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Figure 3.12: The scaling with number of modes of the number of probabilities in rejection sampling.
Plot (a) shows the estimated TVD when sampling with the hill climbing parameter set from previous
numerical tests. The hill climbing parameter was fixed to ensure the TVD is approximately 0.05,
which is largely confirmed in this graph. The plot in (b) shows the average number of probabilities
that needs to be found to output a single sample on average. For each probability a hafnian needs
to be calculated and so this determines the efficiency of the algorithm. The efficiency generally
follows a linear trend with the number of modes. The lines of best fit are given by the following
equations: for the uniform distribution: y = 0.25M +1.91, y = 0.39M +2.98 and y = 0.48M + 3.46
for N =4, 8 and 12 respectively; for the peaked distribution: 0.25M + 1.17, y = 0.47M + 0.75 and
y = 0.64M + 0.40.
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3.4 Discussion

In this chapter, we have presented two possible proposal distributions for rejection sampling: the
stepped distribution and the peaked distribution. From numerical testing, it seems that for both
proposal distributions the maximum /maxima probabilities can be estimated in time that is linear in
the number of photons and without scaling with the number of modes. The efficiency of the reject-
accept part also scales linearly with the number of photons, but in addition there is linear scaling
with the number of modes too. This means both proposal distributions are a feasible way to sample
from a GBS distribution. In general, the peaked distribution loses its advantage in efficiency as the
number of modes or photons grow and therefore it is easier to simply use the uniform distribution
in general which is quicker to sample from and has a lower overhead in the hill climbing algorithm.

The accuracy and efficiency of this algorithm depend heavily on the particular instance of GBS,
with the numerical data presented here having large error bars. However, the method to estimate
the TVD after sampling is a good way to test the accuracy of the sample. In this way, although
the accuracy cannot be guaranteed beforehand, the correctness of the algorithm can be verified in
hindsight.

Further testing could be done to find the scaling for GBS distributions with displacement or
unequal squeezing. However, it is unfeasible to test every possible scenario and reasonable to apply
the relationships found above in these cases with the security that the accuracy can be tested
afterwards. It is also possible that a better proposal distribution can be found to increase the
efficiency. It is not clear how the exact condition f(z) < Hg(z) can be ensured for most outcomes

for a general proposal distribution and that is the reason it is not addressed in this thesis.
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Chapter 4

Simulating (Gaussian Boson
Sampling with Metropolised

Independence Sampling

“A Wrackspurt... They’re invisible. They float in through your ears and make your

brain go fuzzy. I thought I felt one zooming around in here.” - Luna Lovegood

In the previous chapter we looked at rejection sampling as a method to sample from the Gaussian
boson sampling (GBS) distribution without needing to calculate the full probability distribution.
The efficiency of rejection sampling is very dependent on the proposal distribution used. The
need to know how to scale the proposal distribution such that it is always higher than the target
distribution is very restricting to the proposal distributions we can consider. In this chapter we
analyse a Markov chain Monte Carlo method which does not have this requirement and so there is
more flexibility to the choice of proposal distributions. We begin by introducing the algorithm in a

general setting.

4.1 Markov chain Monte Carlo

4.1.1 Markov chains

A discrete-time process can be described by a sequence of random variables, {X1, X, ..., X}, ...},
where X; gives the state of the process at time ¢ and each time a stochastic process is started, a
different chain emerges according to some probability distribution. The set of all values each state
can take is called the state space, denoted ). A discrete-time Markov chain describes such a
stochastic process with the defining property that the probability of the state at time ¢ is directly
dependent only on the state at time ¢t — 1 and independent of all other previous states [69, [70]:

PI‘(Xt = $t|X1 = T1y--- 7Xt_1 = xt—l) = PI‘(Xt = $t|Xt—1 = It_l). (41)
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The probability of transitioning from the state at time ¢ to the state at time ¢ 4+ 1 is given by
the Markov kernel. In the following, we assume a finite discrete state space (as is the case for
GBS), but the treatment can be generalised to a continuous state space by using integrals instead
of summations. Of course, because Pr(x;—1) depends on x;_o, there is implicit dependence on
previous values, but that information is contained in the last variable and hence knowledge of the
path to get to that value is unnecessary. However, in order to predict the state multiple time steps
ahead we can use recursion by summing over all the possible paths. For example, for two time steps

we sum over all the possible intermediate points:

Pr(xt+2|xt) = Z Pr(xt+2|xt+1)Pr(xt+1|xt). (42)

Tt41

This means that, given a starting state, it is possible to find the probability of the state at any time
by the Markov kernels at each point in the chain:

Pr(z¢|zo) = Z Pr(zi|zi—1)Pr(zi—1|zi—2) - - - Pr(z1]zo). (4.3)

LTt—1,---,T1

For a discrete state space, €1, all the transition probabilities at each time point can be given by
an |Q| x |Q] matrix P where
t
P = Pr(X, = x| X\_1 = ;). (4.4)

This matrix is called the transition matrix. A Markov chain is time-homogeneous if the transition
probabilities do not change over time and therefore P() = P({)_ If a vector of length ||, p(®),
describes the probability of being in each state at time ¢, the probability at any time can be given
by It is convenient to write the probabilities of being in each state at time ¢ in a vector of length
|2, p® . For time-homogeneous chains, the probabilities at time ¢ can be determined from the
initial probabilities as

p® = ptp©. (4.5)

For an eigenvector of P, v, with eigenvalue 1, Pv = v, the eigenvector describes a probability
distribution that is stationary as applying the transition matrix any number of times leaves the
probability distribution unchanged and fixed as time increases. Because the transition matrix
describes probabilities, all elements are non-negative and the sum of the rows and columns must be
1. By the Perron-Frobenius theorem, this matrix must have such an eigenvector and the probability
distribution converges to it over time. In a sense, as the chain progresses it ‘forgets’ the starting
point and P(X;|Xy) — P(X;) as t — oco. When the probabilities are independent of the starting

position, they are now time independent. So for ¢ > t,,;, the probability distribution is stationary.

To ensure that the distribution converges to a stationary distribution, the chain must satisfy

three properties [71]. These are

1. Irreducible

The chain must be able to reach all possible states from any starting point. This means the
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transition kernel must satisfy
PI"(Xt = Z‘ilXO = l‘j) >0 (46)

for some t and all 4, j. This is trivially true if we allow transitions between any two states in

the state space.

2. Aperiodic
The chain must have some probability of returning to a state at random points in the chain,

not cycling back to states with some regular occurrence. To be precise a chain is aperiodic if
greatest common divisor {¢ > 0 : Pr(X; = x;|Xo = x;) > 0} Vi (4.7)

This is trivially true if Pr(X; = ;| Xy—1 = x;) > 0 for all ¢ and 4, ie. it is always possible to

add the same state to a chain as the previous one.

3. Positive recurrent
The chain is expected to return to its initial state in a finite time. This is trivially true if we
allow any transition to be reversed (ie. if a transition in one direction is possible, it is also
possible in the other direction). An equivalent definition is that a stationary distribution,
7(x), exists such that if the initial state is sampled from the stationary distribution the chain

will continue to sample from that distribution:

() = Zw(:ﬂi)Pr(Xt = 2| X1 = x). (4.8)

K3

4.1.2 Monte Carlo

We draw on methods in statistical analysis used to estimate the expectation values associated with

probability distributions such as moments, interquartiles etc. The foundation of this method is that

Elofa)] = 2450 < L5 o, (4.9

where f(x;) is the probability associated with drawing value x;, and ¢(x) is any function of x. Thus
drawing n samples from a distribution can be used to estimate the expected value of a function
¢(x). For our purposes we are interested in drawing samples from a distribution without using
them to estimate an expectation value. So we focus here on how the samples can be drawn using

Markov chain Monte Carlo methods, rather than why they are useful in statistics.

4.1.3 Metropolis-Hastings algorithm

The main idea for drawing samples from a distribution using a Markov chain is that a chain is formed

where the stationary distribution is the target distribution. Once the distribution has converged,
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states will be added to the chain with probability according to the target distribution. To build a
Markov chain, it is necessary to define the transition probability.

The Metropolis-Hastings algorithm introduces a process for a state to transition [72] [73]. As
in rejection sampling, a state is suggested from a proposal distribution that is efficient to sample
from and this state is accepted or rejected with some probability. Here, if the state is accepted it is
added to the Markov chain, whereas if it is rejected the previous state must be added again. The

probability of accepting a proposed state y given the current state is x is given by

: fW)gly, )
Pr(accept y|z) = min <1, ], 4.10
(aceept ylr) F@gla.y) (410
where f(x) is the target probability of x and g(x,y) is the proposal probability of y if the current
state is . Note that the proposal probability may now have dependence on the current state. So

the probability of transitioning from x to y, with x # y is

: fW)g(y, ) : f(y)g(y, x)
Pr Xy =y|Xio1 =2 :gx,ym1n<1, = min | g(x,y), ——F—— | . 4.11
e =yl =2 =gw i\ b g,y 9 =) 1
The probability of adding the same state to the chain is simply one minus the probability of adding

a different state. So the probability of transitioning from state x to state z is

Pr(z|z) =1-— Z min (g(amy), f(y)g(y,x)) . (4.12)

yFx

So the Metropolis-Hastings algorithm forms a chain with transition matrix defined by eqs. (4.11))
and with the introduction of a proposal distribution. Similarly to rejection sampling, this
proposal distribution must be efficient to sample from, any probability must be able to be calculated
for the accept rule and the closer the proposal to the target distribution, the more likely the chain

updates the state at each step and the faster it converges to the target distribution.

4.1.4 Metropolised independence sampling

Metropolised independence sampling (MIS) is a particular case of the Metropolis-Hastings algorithm
where it is assumed that the proposal distribution is independent of the current state in the chain:
g(z,y) = g(y). This is the version we choose to use for simulating GBS and so we check under what
conditions on the proposal distribution the Markov chain satisfies the three requirements to converge
to a stationary distribution with this algorithm. We also confirm that the target distribution is the
stationary distribution.

The first condition is irreducibility. This is satisfied if we can always transition to any possible
state. The probability Pr(X; = y|X;—1 = z) is only zero if g(z) =0, g(y) =0 or f(y) = 0. In the
case that f(y) = 0, this means it is not possible to sample that outcome from the target distribution
and hence that state should not be included in the state space. The state x must have previously
been sampled from the proposal distribution (and accepted) and therefore g(x) # 0. So as long
as g(y) # 0, the chain is irreducible. A valid proposal distribution for this algorithm must have
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a positive probability for all states that have positive target probabilities. This is also true for

rejection sampling.

The second condition is aperiodicity. This is satisfied if it is possible to add the same state
twice in a row, ie. Pr(z|z) # 0. The probability of remaining in the same state is given by the
probability of rejecting the proposed state or proposing the same state. There will always be at
least one value of = (with the smallest f(x)/g(x) value) for which any proposed state is guaranteed
to be accepted. So we require there to be a non-zero probability of proposing the current state, at
least for these values. Given the proposal probabilities are independent of the current state and it
must have been proposed already to have been added to the chain, this must always be true. Hence

the second condition is naturally satisfied in this algorithm for any proposal distribution.

The final condition is positive recurrence, ie. that if a state is sampled from the stationary
distribution, the next state will be drawn from the same distribution. We show this is always true,
if the stationary distribution is the target as desired. The probability of sampling x at some point
in the chain, X, is the probability that x is proposed and accepted or that = was the previous state

in the chain and the proposed state was rejected:

M&mZﬂmmmm&ﬁxﬁ”+zﬂmmwlmmbﬁm¥W>

= "min {f(y)g(x), f()g)} + > _ f(x)g(y) (1 - W) ’

Y yeEB

where B = {y : f(y)g(z) < f(x)g(y)}. The first sum includes all possibilities for proposing = and
accepting it, and the second sum encompasses when the previous state in the chain was x and the
proposed state was rejected. From the first to second line we used the fact that the terms in the
second sum where y ¢ B contribute zero to the sum and so can be removed. By further splitting

the sums over y € B and y ¢ B, the above expression can be simplified as

Pixi =) = ¥ f)oto) + Y f(olalo) + 3 ) (1- 25

yeB ygB veB f(@)g(y)

= > fWgl@)+ Y f@)gly) + > f@)aly) = > fy)g(@)
yeB y¢B yEB yEB

= > f@gy)+ ) f@)g(y) (4.14)
y¢B yEB

=" f(@)9(y)

= f(=).

Hence, once a state has been drawn from the target distribution at any point, any state afterwards
will also be sampled from the target distribution. Therefore a stationary distribution exists and it

is the target distribution.

The steps for building the Markov chain in MIS are:
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1. Take a sample point z; from the proposal distribution and take this as the start of the chain;
2. For i =2 to N; (the desired length of the chain):

(a) Sample a state z; from the proposal distribution;

(b) Evaluate the update probability, p = %;

(c) Add z; to the chain with the probability p or add x;_1;

This algorithm builds a chain that converges to sampling from the target distribution. Our aim
is to sample from the target distribution for any sample size. This can be done by taking states
from the chain but there are two things to consider. The first is that the states at the beginning
of the chain have not yet converged to the stationary distribution and so must be discarded. The
number of outcomes we discard is called the burn-in time or the mixing time and there is no
exact method to calculate this but tests can be done to find a reasonable estimate. The second
issue with this method is that although any particular state in the chain is sampled from the target
distribution once it has converged, the probabilities are not independent of the previous states. This
is the Markov property that the transition probability depends on the previous state and due to the
algorithm adding the same state if the proposed one is rejected, it is much more likely that a state
will be repeated in a Markov chain than if two independent samples were drawn. In Monte Carlo
techniques, it is not necessary to have independent samples to approximate the average values,
and so this correlation between neighbouring states is often ignored. However, for our purpose we
generally do want independent samples and so we need to consider this when we form our chain.
To remove this correlation we include a thinning interval 7 such that only every 7th state is kept
when we take our sample. Both the burn-in time and thinning interval add inefficiencies into the
algorithm and can be reduced by having a better proposal distribution. There is a trade-off between
having a good convergence and lack of correlation with the speed of the sampling algorithm, which
can be chosen by the user. We note that the proposal distribution does not need to satisfy the
condition f(x) < Hg(x) as for rejection sampling which allows for more options when considering

the proposal distribution.

4.2 Metropolised independence sampling applied to Gaus-

sian boson sampling

When applying MIS to any sampling problem, the three problems to fix are finding a good proposal
distribution, and determining the burn-in time and the thinning interval. In this section we discuss
several possible proposal distributions for GBS and in the following section numerically test the

burn-in times and thinning intervals for some of these proposal distributions.

4.2.1 Stepped uniform proposal

As with rejection sampling we can use the stepped distribution for MIS, where we still want to take

into account the probability of each photon number, with outcomes within each N being uniformly
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Figure 4.1: Proposal distributions for MIS. For an example Haar random unitary, the target dis-
tribution is shown by the green bars. Two proposal distributions are illustrated by the blue lines.
The stepped proposal distribution is shown in (a). Here the height of each level is the average
probability of patterns with that photon number. In (b), the peaked proposal is shown. For this,
the n maxima patterns with n photons are set as the target probabilities and the remaining patterns
take the average value of the other patterns for each photon number.

distributed, but the height different for each N. Although in rejection sampling this was to reduce
the area underneath the proposal distribution as the maximum values in each photon number are
potentially very different, in MIS we choose to do this because it is a closer distribution than the
uniform to the target GBS distribution. It is also as easy to sample from the stepped distribution
and to calculate its probabilities as long as the probability of each photon number is known. The
height in each photon number is fixed simply by ensuring that the total probability of the outcomes
with N photons is equal to the probability of sampling N photons from the target distribution.
Therefore the height of the uniform distribution for NV photons is given by the average probability:

Pr(N)
Q-

g(a™) = (4.15)

N+M-1
withQ|:< + )

N

where the (V) superscript denotes an outcome with N photons and Pr(NV) is the probability of
getting N photons from the squeezed (and displaced) input states in the GBS device with M modes.
This distribution is shown in fig. ) To sample from this probability distribution, first sample
the photon number and then sample from the outcomes with N photons uniformly. The methods

to sample the number of photons and photon patterns uniformly is given in sections (3.2.1) and
(13.2.2.1)) respectively.

4.2.2 Peaked proposal

By replacing some of the proposal values with the target values, the proposal distribution must
always be closer to the target distribution. When one value is changed, all others must be rescaled
so that it is still normalised. When the value is changed to the target value, that particular outcome
is better approximated by the proposal and therefore reduces the TVD between the proposal and

target distributions, but also the other outcomes must on average become better approximated
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when they are renormalised further improving the TVD. As more values are replaced by the target
probability the proposal distribution becomes closer and closer, where in the limit of all values being
replaced the proposal distribution is exactly the target distribution. We can use this technique to
suggest a proposal distribution where some of the outcomes are given by the target value. As this
requires the calculation of the target probabilities which is time costly the distribution must only
require a polynomial number of values to calculate. We note that the biggest reduction in TVD is
found when there is the biggest difference between the proposal and target probabilities.

We choose to begin with the stepped uniform distribution as described above and therefore the
outcomes with the biggest difference must be either the ones with the largest or smallest target
probabilities. Because the probabilities are lower bounded by zero and upper bounded by one and
the uniform probability will be increasingly close to zero as the sample space increases, it seems
reasonable that the largest deviations from the uniform height will be for the outcomes with the
greatest target probabilities. Therefore we choose to replace a polynomial number of the highest
valued outcomes with their target probabilities. This is very similar to the peaked distribution in
the previous chapter where we found the N highest probabilities. However, for rejection sampling
the Nth maximum set the height of the uniform part whereas for MIS the height is set to ensure
the proposal distribution is normalised. This distribution is shown in fig. ) So the proposal
probability is given by

f(z), if z is in N maxima

g(=™)) = 4.16
Pr(N)=3 f(2pealk)
W, otherwise

4.2.3 Coherent states

We can consider proposal distributions that are directly related to the GBS set-up in the hope that
their distributions will be closer than the uniform distribution that is independent of the input
states and interferometer. In particular we can consider the distribution from using states of light
that are classically efficient to simulate as the input states instead. One example is the coherent
state. So if we want to find a state that gives a similar probability distribution to our squeezed
(and possibly displaced) states, we have a few options to try. The first is in the case that there
is displacement in the input states. Here we can just ignore the squeezing and set the proposal
distribution by using only the coherent component of the states. Intuitively this will give the biggest
overlap with the target distribution when we have a lot of displacement compared to the squeezing.
This distribution is shown in fig. ([£.2k).

In the case where there is no displacement, this distribution cannot be used but instead a
displacement parameter can be chosen such that this coherent state has the same mean number of
photons in each mode as the input squeezed state. The mean number of photons in a squeezed state
with squeezing parameter r is given by sinh? 7 and the mean number of photons in a coherent state
with displacement parameter « is |a|?, and so by equating these values the correct displacement
parameter can be found for the proposal distribution. Using this equivalent coherent state is

applicable if there is displacement too. This distribution is shown in fig. (4.2d).

94



CHAPTER 4. SIMULATING GAUSSIAN BOSON SAMPLING WITH METROPOLISED
INDEPENDENCE SAMPLING

Recall from eq. that a multimode coherent state passing through an interferometer is
another multimode coherent state. Sampling a measurement of a coherent state in the Fock basis is
efficient as it follows a Poisson distribution N ~ Pois(|a|?) which can easily be sampled. Calculating
the probability of a particular detection pattern is also efficient and given in eq. for each
mode.

We note that only the relative squeezing and displacement in different modes determine relative
differences in the probability distribution of a particular photon number. That is, scaling the
squeezing and displacement will only affect the probability distribution of the total number of
photons and not the relative probabilities of each pattern conditional on the total photon number.
Therefore, for equal squeezing and displacement, the values of the squeezing and displacement do
not affect the target or proposal distributions and so the two methods of fixing the displacement
parameter are completely equivalent, only when fixing the photon number.

In the event that the photon number is fixed, sampling from the Poisson distribution will not
guarantee sampling a valid outcome with N photons. It is possible to keep sampling until a valid
outcome is found, however it is possible to sample an outcome conditional on the total number
of photons. If n; ~ Pois(|3;|?) for all modes i, we wish to find a sample (ny,...,nys) such that
>-;ni = N. From the relationship between Poisson distributions and multinomial distributions,
(n1,...,na) ~ Mult(N, ), where m = (w1, ..., mar), and m; = |8/ 3 |8;1%.

4.2.4 Distinguishable squeezed states

We next take inspiration from the proposal distribution used in applying MIS to standard boson
sampling, which was distinguishable photons. Many of the derivations in this section have been ex-
plored in a manuscript regarding partial indistinguishability [16]. First, we review indistinguishable
and distinguishable photon probabilities in standard boson sampling. For boson sampling with an
input state s € ZM | where we allow any integer number of indistinguishable photons in each input

mode, the probability of an output pattern t € ZM, with Y s =Yt = N, is given by

Probipdist (t|8) = £|Perm(U{£’§})|2, (4.17)
where s! =[], s;!, U} is the submatrix of U made by keeping rows r and columns ¢, and § € ZN
is the pattern s in first quantisation. Now we consider the scenario where instead the photons are
distinguishable to all photons in the other modes. We note that photons in the same mode behave
the same regardless of whether they are distinguishable or indistinguishable and hence we can
equivalently consider all photons to be distinguishable. The probability of an outcome ¢ with input
distinguishable photons is

Praie (£ ) = %|Perm(|U{£’§}|2), (4.18)

where |U|? is the elementwise modulus square of the matrix.

For a proposal distribution for GBS we instead suppose distinguishable squeezed states at the
input. An example of this distribution is shown in fig. (4.2h). We consider distinguishable squeezed
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states such that photons that come from different input modes are distinguishable. First, we look
at how to calculate the probabilities of this distribution. Because distinguishable photons do not
interfere, we can find the probability of an outcome by summing the probabilities (rather than

probability amplitudes) of all the combinations of which mode each photon came from:

M
Prit)= > J]Prth (4.19)
t{l},...t{M} i=1
Stl=¢

where Pr(t{i}) is the probability of getting pattern ¢} from the squeezer in input mode i. We can
find the probability Pr(¢{%}) by assuming there is no squeezing in all modes apart from mode i. We
can substitute this into eq. (2.122)) to get

1

I (i TVE £ ]
ooy, MU ROTT) , (4.20)

Pr (t{ })

where R is the matrix with Ri{i} = tanhr; and 0 elsewhere. Due to the sparsity of the matrix

R} the expression for the product of matrices above can be simplified to

(URYMUT); . => U RELU , = UjiRi iU, = tanhr,U; Uy . (4.21)

v, w

The hafnian is actually calculated for a submatrix of this and so when the corresponding rows and
columns for the detected output pattern £ are included, the row j in the submatrix corresponds

to row f}i} in the original matrix and column k to column fii}:
f i} fli}y i
(URWU T H 7, = (URMUT ) g = tanh iUz Uyc (4.22)
7 AT,

This can instead be written in terms of a submatrix of the unitary with rows £t} and all columns,
Uit
; i}y ${s gli} it
(URMUTETH = tanhr Ut ) (4.23)
We use the notation U{"} to mean a submatrix of U formed by keeping rows in 7 and all columns,

but the notation U} to keep rows in r and only the columns in ¢. From the definition of the
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hafnian, and denoting the number of photons detected from mode i as n; = 3 t{*}, we find

n;/2
{Etiy {E0y
(ni/2) lQ(n 72) > Htanh” o(2j-1).iUs(2)),i

GE,,]I

Haf (URWUT)EE)) =

tanh™/? T {t{ Hy {i4hy
- (ni/2) ;2(7%/2) Z H Us o(2j— 1)7U‘7(21)1

oc€S n;
_ tanh” ni/2 {t”} (4.24)
s ¥ {10t
B tanh™:/? T ﬁU{E{i},i}

(/22075 2

tanh”i/Q r; i} 4
- {14}
(o2t ermU ),
where U4} ig the matrix formed by taking the rows given by £} and column i of U repeated
n; times. From line 2 to 3 the odd values of k correspond to the o(2j — 1) terms and the even
values of k to the o(2j) terms. From the third to fourth line, the column index does not change
and so by replacing all columns in the unitary matrix by that column, all indices refer to the same

column. In the final line, the definition of the permanent was used.

So the probability of outputting the pattern ¢1* with non-zero squeezing in only mode i can be

found by substituting eq (4.24]) into eq (4.20):

1 ; Flir gl |2
Pr¢l) =~ |Haf(URDUT)E" }’
Pr(tt) = t{i}H cosh ry af( )
n;! tanh™ r; 1 Zriy .
= ((ni/2)122"7ﬁ coshir ) (ni!t{i}”Perm(U{t ,z})|2> (4.25)

= Pr(n;)Prindist (¢17 ).

Hence, the probability of this output is the same as the probability of getting n; photons from
the squeezed state multiplied by the probability of outputting this pattern from standard boson
sampling with n; photons input in mode i. We now show that the output pattern probability for
indistinguishable photons input in one mode is the same as if the photons were distinguishable.
The permanent of a matrix with all columns identical is a sum over product terms where each term
in the sum is the same. Hence the permanent in this case can simply be written as one product
term:

(E oW
Perm(U " #) = Y H St =nt [T Uy, (4.26)
UES,LL k=1 k=1

where n;! comes from the number of terms in the sum. When taking the modulus square of this
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permanent, it can be moved to elementwise modulus square of the unitary:

2

RO T it o2 .
\Perm(U{t{ }”})|2 = = n,l? H ‘Uétk{ LT n;!Perm (\U{t{ }”}\2) .4.27)
k=1

n;

tlid 4

m! [0
k=1

Therefore the probability of the output pattern is the probability of producing n; distinguishable

photons and evolving them through the unitary:

i .

) = (g ) ( e (05 91)) =Pt 25
This suggests we can sample from this distribution by first sampling how many photons the squeezed
state produces and then sampling from standard boson sampling with distinguishable photons. Al-
though this probability is written as a permanent, from the single product equivalence, it is possible
to calculate in O(1). This expression can be substituted into eq. to find the probability of
output pattern ¢ from distinguishable squeezed states in M modes. The sum in eq. comprises
of all the ways of matching the photons in the output pattern to the input modes (ie. splitting
the output pattern into groups depending on which squeezed state they originated). To examine
how many ways there are of doing this, we first consider all the combinations of how ¢; photons in
output mode i were distributed among the input modes. This is simply all the ways of selecting t;
ti+i\f —1)

modes from M values with replacement: ( . So across all output modes the number of ways

of distributing the photons in the input modes is

ﬁ (ti + th a 1). (4.29)

i=1

In the worst-case scenario every photon is detected in different modes and so t; = 1 for N modes and
0 otherwise. In this case the binomial coefficient reduces to either M when t; = 1 or 1 otherwise.

Therefore the complexity is upper bounded by M?¥. In the best-case scenario, all photons appear

N+M—-1
N

because squeezing only produces photons in pairs in the ideal case, the number of photons from

in one output mode and the complexity is simply ( ), which is the lower bound. However,
each input mode must be even and so this reduces the total number of ways of matching the output

and input photons.

Rather than summing over all the ways of partitioning the photons according to the originating
mode, it is possible to sum over all the possible input patterns. So we consider only how many
photons came from each mode, not which photons originated in each mode. Clearly this will have
a lot fewer terms to sum over if we do not assign all the photons to an input mode. We now show

mathematically that this is a valid method.

We start with combining eqs. (4.28]) and (4.19)) and splitting the sum by first summing over all

the ways of dividing the photons between the input modes and then over all possible patterns given
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the division:

M
Pr(t) = Z HPr 1) Praist ( tl }|n Z Z HPr(ni)Prdist(t{i}mi). (4.30)

t{l},“.,t{]w} =1 <M t{l} t{IW} =1
Selit=t Zn’f sl
|t“}\:ni

Here n; is the number of photons detected from input mode i and |t{i}| is the number of photons
in the pattern £} from input mode i, which must be equal. This expression can be rearranged to

extract the probability of an output pattern from distinguishable input photons:

M M
Pr(t)= (HPr(nQ) > I Prastng) | => Pr(s)Praw(tls),  (4.31)
{1} s

ni,..,mm \i=1 MY =1
ni=N yeees
> S,
[t4iF |=n,

where s corresponds to the input pattern and gives the number of photons that originated from
each mode. The sum is over all possible input patterns. This proves that the probability from
distinguishable squeezed states is the probability of outputting that pattern from distinguishable
photons weighted across all possible input patterns. The complexity of calculating the probability
this way is given by the number of input patterns to sum over multiplied by the complexity of
calculating a single probability. The calculation of the probability of the input state is efficient O(1)
and the probability for distinguishable single photons is given by the permanent of a positive N x N
matrix which has complexity O(N2Y) when restricting to the exact probability. In the case where
both even and odd numbers of photons can be produced by each source, the number of potential
input patterns is given by (N +JI\\;[ _1) because we must choose N modes with possible repeated modes.
However, when restricted to the case where photons come in pairs as they do with perfect squeezed
states, we can now pair the photons together and consider where each pair is produced and so
there are (N/ 2; /];[71) possible input states. So the overall complexity of calculating a probability
from distinguishable squeezed states is O((N+JJ\\,4_1)N2N) for general states or O((N/QJ/AQ/I 1)]\72]\’)
when photons are produced in pairs. In reality this is a simplification of the complexity as photons
bunched in the same input or output modes reduce the complexity, but we keep it general for the
worst-case scenario. Also the matrix that the permanent is taken for is real and positive and there
exists a polynomial algorithm to approximate this. However, the effect on MIS of the error due
to this approximate algorithm is unknown and as such we choose to avoid this and find the exact

probability.

In the above derivation, a zero displacement was assumed when the hafnian was reduced to the
permanent. It can be extended to non-zero displacement input, where now the probability of a

pattern from each squeezed state is given by

exp(3Re(a' URU " a*
tii} coshr;

. — 2 (i B (i} {4 2
Pr(¢{i}) = )~ laf’) ‘Lhaf('y{t{}},(UR{"}UT){t{)’t{}})‘ L (4.32)
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We do not show the derivation but the same treatment will find that the probability is still given
as the sum over the possible input patterns with the probability of the input state now given
by the probability for squeezed displaced states and the distinguishable photon probabilities are

unchanged.

So we have found two ways to calculate the probabilities for this proposal distribution, but
we also need to be able to sample from it efficiently. From the chain rule presented in eq.
the distribution from distinguishable input squeezed states can be sampled by first sampling the
number of photons from each input mode and then sampling the output pattern from the input
distinguishable single photons. As both of these are efficient to sample, the overall algorithm is
also efficient. The input patterns can be sampled by calculating the probabilities of all number of
photons up to some chosen cut-off photon number. The probabilities of n photons from squeezed
vacuum and squeezed displaced states are given by eq. and eq. respectively. To sample
from these input distinguishable single photons, the output mode of each photon can be sampled
separately as they do not interfere. The probability of a photon input in mode s being detected in
output mode ¢ is given by the modulus square of a permanent of a 1 X 1 matrix, which is simply a
number, and so sampling the output mode for each input photon involves sampling from a M-length

known distribution.

When sampling the number of photons in each input mode, there are two complications to
consider. The first is that the necessity to introduce a cut-off number of photons in each mode adds
some error. This can be removed by allowing the cut-off in each mode to be that of the overall
cut-off photon number and then repeatedly sampling until a pattern with less than the overall cut-
off number of photons is produced. As long as the cut-off is sufficiently high that the distribution
above this number of photons is negligible, the probability of sampling within the allowed number
of photons is high and as such most samples will not need to be repeated and hence the efficiency of
the sampling algorithm is not too adversely affected. The second complication is that the number
of photons is not fixed when sampling the input pattern. The probability of N photons is the same
for the proposal as target distribution and therefore sampling the input pattern naturally samples
the photon number rather than needing to explicitly sample the photon number and then sampling
the proposal pattern conditional on the number of photons as we have done with other proposal
distributions. So in general this is not a problem. However, if it is desired to fix the photon number,
for example for testing purposes, repeating until the correct number of photons are detected can be
very inefficient if the photon number is not very probable. As the number of photons is conserved
between the input and output modes, we can post-select the input patterns without needing to
sample the output pattern until a valid input is found. Sampling the input patterns are very
efficient and so repeating until success is not too problematic unless the probability of success is
low. However, the probability of IV can be extremely low and hence it is important to find a method

to sample the input pattern conditional on the total number of photons.
Here we introduce such an algorithm. First by the definition of conditional probability

Pr(s; =n;, S = N)

Pr(s; =n;|S=N) = Pr(S = N) ,

(4.33)
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where s; is the number of photons in mode 4, and S is the total photon number across all modes.
The quantity Pr(S = N) can be efficiently found according to eq. , but it can also be ignored
as it is constant for all values of n;. So the quantity of interest is Pr(s; = n;, S = N). If the total
number of photons across all modes is N and the number of photons in mode i is n;, this condition
is completely equivalent to n; photons in mode 7 and N — n; photons in all modes except mode 1.
Because the modes are independent, the number of photons in mode ¢ does not affect the number

of photons in all other modes. Therefore the probability can be written as
Pr(s; = ni, 8 = N) = Pr(s; = ny, S\; = N — n;) = Pr(s; = n;)Pr(S\; = N —n;), (4.34)

where S\; is the total number of photons in all modes except 7. We note that it is efficient to find the
number of photons in any subset of the modes by using eq. and also to find the probability
of a particular pattern in a subset of the modes because the modes are independent at the input.
We can use the chain rule of probability to iteratively sample each mode to get a sample with NV
photons in total. For each mode, the distribution to sample from is the probability conditional on

the overall total number of photons and the sampled pattern in the previous modes:

Pr(s;=n;NS=NNsc; =ny)
Pr(S=NNsc;=nc;)

_ Pr(si=n;NSs;=N-—n;— Ny N8y =ney)
Pr(Ssi-1 =N —-NgiNse =ng)

_ Pr(s; =ny)Pr(S5; = N —n; — Ny)Pr(s<; = ne;)
Pr(Ssi-1 =N — Ni)Pr(s<; = ney)

_ Pr(s; = ny)Pr(S>; = N —n; — Ny)

a Pr(Ssi-1=N — Ng;) ’

Pr(s; =ni|S=NNs<i =ng) =

(4.35)

where the notation s.; and s-; is used to succinctly write the state of the modes before/after
the ith mode respectively: s<; = (s1,...,s;—1) and $>; = (Sit1,...,5m), and similarly S.; and
S~ are the total number of photons in modes before/after the ith mode. Hence to sample the
input pattern, start with the first mode and sample the number of photons in each mode in turn
by evaluating the above probability for all n; up to N. The probability for n, > N — N, will
be zero because the second term in the numerator will be the probability of a negative number of
photons which is impossible. Therefore, the probability distribution is finite and the sampling will
be exact. The denominator is independent of the number of photons in mode ¢ and therefore is
a normalisation constant which doesn’t need to be directly calculated but the distribution could
instead be normalised once all the probabilities have been found. It is slightly more efficient to
simply sum the probabilities to find this constant rather than calculate it directly. The full algorithm
is outlined in algorithm .

We have shown an efficient method for sampling from this proposal distribution, however the two
ways shown of calculating the probability are both much more inefficient than the target probability.
Finding a method to calculate this proposal probability with a complexity no worse than the (loop)

hafnian remains an open problem. Whilst it seems likely that a solution would exist, until it is
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Algorithm 3 Sample input photon pattern

Input: N - desired number of photons
Output: s = (s1,...,5m)
Begin with state s = (0,...,0), and nprev =0
for m=1to M do
for n =0 to N do
Find Pr(n) = Pr(s,, = n)Pr(z:j]\/im+1 sj =N —n—nprev)

Sample n,, from the normalised distribution Pr(n) and update s,, = n,,

nprev — nprev + Nm
return n

found, this proposal distribution is not useful for MIS and is only included and analysed in this

work with the prospect that a solution may be found.

4.2.5 Independent pairs and singles

The problems with the previous proposal distribution were caused by the generation of photons in
each state not being independent even though the photons did not interfere in the interferometer.
Specifically the probability of measuring two photons in two input modes with squeezed states is not
the same as four photons in one mode and none in the other. Here we introduce another proposal
distribution to overcome this, motivated by the mapping of GBS to standard boson sampling with
the interferometer given by URU ". For standard boson sampling with distinguishable photons,
the modulus square of the permanent is moved inside to act on the matrix elementwise. We can
do the same thing with the probability for GBS where we relate the matrix inside the hafnian to
the equivalent interferometer in standard boson sampling. Because each pair in GBS becomes an
input and output photon in the mapping, each pair of photons behaves independently including in
the generation.

The probability of generating an output pattern t for independent pairs of photons is

T |2)(E4)
1Haf<(|URU Bz )

Pr(t) = N; i : (4.36)

for input squeezed vacuum states. If displacement is also included, individual photons are also
generated which we also treat as independent. So the probability of a pattern is generalised for

input squeezed coherent states to

Lhaf ((1v[2) ], (URUT )58
t! '

Pr(t) = N2 (437)
where A7 and N are normalisation constants to be found. Because each pair or single is produced
independently, the probability distribution for the total number of photons must be different to the
target distribution. We wish to determine the above normalisation constants and also to find the

probability of the total number of photons.
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We begin with just displaced states which naturally act independently and so the probabil-
ity distribution is already known. A photon is produced from a coherent state with probability
proportional to |a|?. This implies that the probability of producing n photons is

|a|2n

Pr(n) = Np

(4.38)

where we multiplied the probabilities for each photon being produced and divided by n! due to the
number of ways of ordering the photons. This normalisation constant can be found by equating
the sum of the probabilities of all photon numbers from zero to infinity with one, and employing

the power series expansion of the exponential:

‘a|2n
n!

ZND |a| = Npexp(laf’) =1 = Pr(n) = exp(—|a|?) (4.39)
which agrees with the known result and the number of photons from a coherent state follows a

Poisson distribution.

Now we apply the same treatment to squeezed states where each pair is independent. We
assume that the probability of producing a pair from a squeezed state is proportional to tanh?r.

This implies that the probability of producing n pairs of photons is

tanh?" r

2np!

Pr(2n) = Ns , (4.40)
where we multiplied the probabilities for each photon pair being produced and divided by n! to
account for the number of ways to order each pair of photons and 2" for the ordering of the two

photons in each pair. This normalisation constant can be found using the same methods as above:

Z Stanh ZNSM Nsexp(3 tanh? r)=1
! (4.41)
(tanh2 r/2)"

= Pr(n) = exp(—3 tanh®r) '
n!

)

so that the number of photon pairs from a squeezed state also follow a Poisson distribution, 2n ~
Pois(1 tanh?r).

Finally, we look at squeezed coherent states by considering all combinations of photons from the
squeezing part and the displacement part. For example, if four photons are detected, all four could
be ‘squeezing photons’, or they could all be ‘displacement photons’ or they could be two of each.
Note that the restriction such that the squeezing photons must come in pairs puts a restriction on
whether an odd or even number of photons came from the displacement. So we find the probability

of n independent photons from squeezed displaced states to be

n/2 2 2n—2
tanh®? r |q|2(n—29)
Pr(n) = E NDS qu! (n — 2(])! s (4.42)
g=0
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which sums over getting 2¢g squeezing photons and n — 2¢ displacement photons. To find this

normalisation constant, we again sum over all possible total photon numbers:

co n/2 2 _
ZZ tanh? |Oz|2 Z Z tanh®? 7 |a|?(—29)
| — | — |
v ot 24q!  (n —2q)! .= 24g!  (n —2q)!
tanh?? r |oz|2(” 24)
UL
q=0 n=2q

(4.43)

21
—NDSZ tar;l ' T Z |a\

tanh?? r
s 3 )

= Nps exp(§ tanh? r)exp(|al?),

where in line three we introduced the variable i = n — 2q. So the probability of n photons from a

squeezed coherent state is

n/2

Pr(n) = exp(—ftanhzr —|al?) Z

q=0

tanh?? 7 |o[2(n—29)
24q!  (n—2q)!’

(4.44)

which is not Poissonian. To sample the number of photons in this case it is easy to sample the
number of photons from the squeezing and separately the number of photons from the displacement

and we do not need to worry about the probability above.

This analysis is for the case of the input state, but by conservation of photons through the
interferometer these normalisation constants are the same at the output state. We can also gen-
eralise the Poisson description to the state at the output. To sample the photon pattern at the
output, the squeezing and displacement photons can be sampled separately. The displacement can
be placed after the interferometer by applying the unitary o — Ua and so sampling from this is
just sampling from a Poisson distribution on each mode with a new mean value. The squeezing
photons can be sampled at the input and then sampled as distinguishable single photons through

the interferometer.

Sampling as described above does not fix the total number of photons. Because the probability
distribution of the total number of photons is different to the target probability there would be
a poor overlap between the target and proposal distributions. So we scale the probabilities such
that the probability of n photons is the same for the target and proposal distributions. We have
found the photon number probabilities above for a single mode. The sum of variables distributed
according to a Poisson distribution is itself distributed by a Poisson distribution where the mean pa-
rameter is given by the sum of the individual parameters: X; ~ Pois(\1),..., X, ~ Pois(\,,) =
> Xi ~ Pois(>; \;). Therefore the photon number for all A modes for squeezed vacuum states
is distributed by 2n ~ Pois( % > tanh? r;). Because the probability for squeezed displaced states

is not Poissonian, we cannot use the same method. The reason it is not Poissonian is because
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although the sum of Poissonian variables is also Poissonian, here it is the number of photon pairs
from squeezing that is Poissonian and not the individual photons. However, we can use the poly-
nomial method introduced in section to find the probability of the number of photons from
squeezed displaced states.

In order to sample from this scaled distribution, we need to first sample the number of photons
from the same distribution as for the target and then sample the pattern conditional on this outcome.
One possibility is to simply sample a pattern until one with the correct number of photons is output,
but this could be slow as the photon number is unlikely in the proposal distribution. As both the
distributions from squeezed states and coherent states are Poissonian, it is easy to sample from
these distributions separately conditional on the outcome using the multinomial method explored
previously. So the only piece of the puzzle left is how to sample the proportion of photons from
the squeezing and displacement conditional on the total number of photons. This can be done by
building a probability distribution for the probability of 2¢ photons from squeezing and N — 2i

photons from displacement for all ¢ = 0,... This is simply the probability of measuring 2i

N
)y 9

squeezing photons conditional on measuring a total of N photons
) Pr(Ngg = 2i, Niotas = N)  Pr(Ngy, = 2i, Ngis = N — 2i)

Pr(Ngy = 2i|Niotas = N) = 2 - = 4 .
(Noq = 20Niorat = ) Pr(Neorar = N) Pr(Niotal = )
_ Pr(Ny = 2i)Pr(Nyis = N — 2i)
Pr(Ntotal = N) .

(4.45)

Sampling the number of squeezing photons from this distribution naturally fixes the number of
displacement photons too.

Hence we have shown that this distribution can be sampled efficiently either with fixing the
photon number (and with a different probability distribution for the photon number) or not. The
probabilities are given by the hafnian of an N x N positive matrix which to calculate exactly has
time complexity O(N32N/2). An example is shown in fig. ) For the case of no squeezing (as
depicted in the figure), in the event that there is only two photons, there are no other pairs from
which to be independent or not and therefore the proposal probabilities are exactly the same as
the target distribution. If there is displacement, this is no longer true as squeezed coherent states
produce the displacement and squeezing photons not independently and so the proposal distribution

is not true to the input states.

4.3 Numerical analysis of the efficiency and accuracy of

Metropolised independence sampling

When using MIS it is important to be able to fix the burn-in time and thinning interval to ensure
the sampling approximation is good without knowledge of the distribution itself. Here we perform
a few numerical tests to find where these parameters need to be set for problem sizes that are small
enough to be directly tested. The patterns at small problem sizes can then be extrapolated beyond

the region that is testable. We also want to compare the proposal distributions to determine which
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Figure 4.2: State dependent proposal distributions for MIS. For an example Haar random unitary,
the target distribution is shown by the green bars. Four proposal distributions are illustrated by
the blue lines. In (a), the proposal is distinguishable squeezed states where the probability of
photons from the source remains the same as for the target but the photons act distinguishably
through the unitary. The proposal distribution in (b) is independent pairs and singles (IPS). Here
we assume the photons are produced independently in pairs from squeezing and individually from
displacement. This changes the probabilities of n-photon events so we rescale the distribution such
that the probability of each photon number is the same as in the target distribution. This graph
depicts a GBS distribution with no displacement in the input states so the proposal is exactly the
same for two-photon events. Graphs (c¢) and (d) depict a coherent state proposal where we ignore
the squeezing in our state and use only the probability contribution from the displacement in (c)
and find the equivalent displacement such that the average number of photons from each source is
the same as for the squeezed state in (d). The proposal in (c¢) is only valid if there is displacement
in the input states and so the graph plotted here is for equal contributions from squeezing and
displacement. The other graphs are for the case of no displacement.
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provide the most efficient sampling. For all testing, we fix the squeezing as equal in all modes (with
a value of one) and sometimes include displacement which is also equal in all modes. We also test
everything for a fixed number of photons, rather than allow the number of photons to be sampled,
for simplicity. Because of this the two proposed coherent states are equivalent and we just test the

one coherent proposal.

4.3.1 Acceptance rate test

When proposing a state y to add to a Markov chain, with previous state x, it is added with
probability given by

— i (1 fWa(2)
Pr(accept y|z) = (1, f(:c)g(y)) . (4.46)

So the overall probability of accepting a state independent of what state is proposed and the previous

state is given by

Pr(accept) = Z a(x)g(y)min (1,

_yo o)

f(y)g(x) ) 7

f@)g(y)
(4.47)

i ((a)g(0). (1))
where a(x) is the distribution from which the previous state x was sampled. The chain is started
by sampling from the proposal distribution and so at the start the approximate distribution a(z) =
g(x). Once the chain has converged, the previous state was sampled from the target distribution:
a(x) = f(z). In the above equation a(z)/f(z) is smallest on average when a(z) = f(x) and largest
when they are the most different. As the approximate distribution starts at the proposal and
converges towards the target, the probability of accepting converges from its highest value when
a(x) = g(x) to its minimum value when a(x) = f(z). Therefore the value of the probability of
accepting a proposed state is indicative of how much it has converged. This will be used in the
next section to determine the burn-in time. However, just the average probability of accepting is
a good indication of how quickly the chain converges and how often a new state is added which
determines the thinning interval. The higher the probability of accepting, the faster the chain is
able to change and converge. Therefore we used this first to compare the proposal distributions to
gauge which are generally better.

The probability of accepting can be numerically estimated by running the MIS chain many
times and noting how many times the proposed state was accepted at each point in the chain.
This requires running a lot of chains to get a good estimate but does not necessitate a brute force
calculation of the whole probability space. This means we are able to test this beyond where we
can brute force sample. Therefore we use this to compare the various proposal distributions.

We ran 100 chains for different Haar random unitaries of length 1000 and find the average rate
of accepting for a range of numbers of modes and photons. These values are plotted in fig. .
These give rather interesting results with the most notable observations being that the uniform and
peaked distributions both perform better without displacement contrary to the IPS and coherent

distributions. It is expected that the IPS and coherent distributions become closer to the target
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Figure 4.3: The probability of accepting in MIS. Plots are shown for the proposal distributions:
uniform, peaked, IPS and coherent, and a selection of displacement parameters: no displacement,
o = 1.08 and a = 1.53. These displacement parameters are chosen such that the mean number of
photons (sinh? 7+ |a|?) has no, less and more contribution from displacement (|or|?) than squeezing
(Sinh2 r) respectively (squeezing parameter r = 1). The heatmaps show the estimated probability
of accepting. The uniform and peaked distributions are worse when displacement is increased,
whereas the IPS and coherent distributions perform better. The IPS and coherent distributions are
extremely similar when displacement is included.
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Figure 4.4: Comparison of the probability of accepting. Plot (a) shows the distinguishable pro-
posal distribution with little variation in the plotted problem sizes, but getting slightly worse with
increasing numbers of photons or modes. Plot (b) shows the acceptance rate from IPS minus that
from the distinguishable proposal to more clearly show the comparison. The data suggests that TIPS
is better when there is a smaller density of photons per mode but the distinguishable proposal would
be better otherwise. Plot (c) shows the acceptance rate from IPS minus the uniform. This follows
a similar trend where the IPS is preferable in the low density region. Finally plot (d) shows the
value for the uniform minus the distinguishable proposals. Generally this shows that the uniform
is better, especially as the number of photons or modes increases.
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Figure 4.5: The probability of accepting over the length of the chain. This is an example plot
for how the probability of accepting changes as the chain converges. Each point is found by the
proportion of times the proposed state was accepted at that point in the chain out of 100 runs
each with a different Haar random unitary. As the data is very noisy, we averaged the probability
over 10 consecutive points in the chain. This example is for the IPS proposal in 10 modes with
no displacement. From this plot the required burn-in is found to satisfy that the acceptance rate
is within 0.001 of the final value, which is found by averaging over the last 500 states in the 1000
length chain. These points are indicated by the blue dashed lines.
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Figure 4.6: Determining the required burn-in. Plots (a), (b) and (c) show the estimated burn-in
required for the coherent, IPS and uniform distributions respectively. There is some fluctuation in
this data which may hide any patterns in the burn-in times. However, for the IPS distribution,
it is clear that the burn-in does not seem to increase as the number of modes increase but is
significantly affected as the number of photons increase. In general, it seems that the uniform
distribution converges much faster than the others with the coherent distribution being the worst.
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Figure 4.7: The burn-in time as a function of the number of photons. This is a plot of one row
(M = 10) in fig. to make clearer the relationship between the burn-in time and the number
of photons for (a) coherent, (b) IPS and (c¢) uniform proposal distributions. The data points follow
linearly increasing trends although there is a lot of variance. We plot the lines of best fit for each
proposal distribution and the equations for the burn-in are 7 = 17.7N +195.00, 7 = 21.9N — 111.67,
and 7 = 1.07N+7.67 for the coherent, IPS and uniform distributions respectively. This supports the
previous observation that the uniform distribution is more efficient even as the number of photons
increases beyond the testable region.

distribution as the displacement dominates and in the limit of infinite displacement, both become
equal to the target distribution. However, when the displacement is set such that the mean number
of photons from the displacement is just less than from the squeezing, the two plots look extremely
similar which is somewhat surprising. Further, having a high density of photons per mode is
detrimental to the efficiency of these proposal distributions. However for the uniform proposal,
the high numbers of photons have better acceptance rates when there is displacement. It is worth
noting that when adding displacement, the size of the sample space significantly increases as odd
numbers of photons are also allowed and therefore a decrease in efficiency could be due to the
increase in sample space rather than the direct effect of displaced states.

Calculating the proposal probabilities for the distinguishable squeezed states proposal is very
slow and so we plot fewer modes and photons for only zero displacement in fig. (4.4]). The acceptance
rate is quite high but it is difficult to compare to the other distributions by eye. Therefore we also
include comparison plots to show the difference between the distinguishable, IPS and uniform
proposal distributions. We find that different proposals suit different combinations of the number
of modes and photons.

The distinguishable distribution is slow to calculate and seems like it is often outperformed by
just the uniform disrtribution and so we do not continue to analyse it for the burn-in and thinning
interval. Also the peaked distribution does not show signs of notable improvement (in fact it
sometimes looks worse) and due to the extra overhead of the hill climbing to estimate the maxima

values, we do not consider this distribution worth investigating further.

4.3.2 Testing the burn-in time

As the Markov chain converges over time to the stationary distribution and we wish to take samples
from this distribution, we need to know how long it takes for the chain to have converged. In theory,
the chain will continue to converge forever getting asymptotically closer to the distribution, so we

need to choose how far we allow our distribution to be from the target. This is an arbitrary choice,
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where we can choose for example the maximum TVD we are willing to concede. We use several
tests to determine how much of the chain we need to discard as a function of the number of modes
and photons. We use this to predict the average runtime of MIS. Tests exist that can find the
burn-in from the chain itself, however these methods scale with the size of the sample space which
in this case is combinatorial and so we cannot apply these post-sampling tests [74] [75].

We can investigate the required burn-in time 7 by estimating the probability of accepting at all
burn-in times up to a maximum. This can be done by running many independent Markov chains
and finding the fraction of times at each point in the chain the proposed state was accepted. Then
we choose some € such that we want to find the burn-in time at which the estimated acceptance
probability is within € of the minimum acceptance once the chain has converged. This is assumed
to be given by the average acceptance probability over the end of the chain which is a good estimate
as long as the acceptance probability is approximately constant by the end of the chain. Choosing
a smaller € enforces a better convergence to the target distribution.

An example of the estimated acceptance probability for each point in the Markov chain is shown
in fig. . From the estimated probability of accepting at each point in the chain, we find the
length of the chain required such that the probability of accepting at that point is within 0.001 of
the final probability. From the graph it is clear that there is quite a lot of uncertainty likely caused
by the finite sample size but also possibly by variation in different Haar random unitaries. This will
have an impact on the accuracy of the determined burn-in times. This process is run for all numbers
of modes and photons in our testing limits for the three proposal distributions: IPS, uniform and
coherent and this is plotted in fig. . Although the data is noisy, there is a strong suggestion
that the uniform distribution requires the smallest burn-in time and so is the most efficient. To
see the scaling with the number of photons more clearly, we plot the acceptance rate as a function
of the number of photons for 10 modes for each probability distribution in fig. . These show

reasonable aligning with linear trends with the uniform having a much shallower gradient.

4.3.3 Testing the thinning interval

As mentioned previously, because there is a much higher probability of adding the same state to
the chain than sampling that state independently there is a significant chance of repeating the same
state multiple times in a chain which results in correlation between samples taken from the chain. It
has been suggested that caching the samples and rearranging can be used to remove the correlation
[76]. However, the order of the samples is not usually important and this method will still have
correlation in the sample but not neighbouring ones. Similarly to testing the burn-in time, we run
numerical tests in the region that is classically possible and look for scaling patterns to extrapolate.

The probability of accepting gives an indication of how likely two neighbouring states will be the
same, but if the proposed state is the same as the current state it is guaranteed to accept it but the
state does not change. This is not necessarily a reflection on this state having a high probability as
if the proposal probability is high, it will be proposed often and always accepted regardless of the
target probability for this state. Therefore a more appropriate metric to use to test the correlation

is the probability of repeating the same state. Again this is likely to change with it settling once the
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chain has converged. Therefore we take the average probability of repeating a state after a burn-in
time of 500 which from the previous section is enough for most problem sizes to have comfortably
converged.

The parameter we wish to fix is Tghin, Wwhere every 7ininth state is added to our sample. To do
this we can choose a value r, the desired probability of repeating, and find r1, the probability of
repeating from one state to the next in the chain. So we need to find 7inin such that ri™® < r, ie.
the probability that a state is repeated all 7y, times. The choice of r is arbitrary with the lower the
number, the less correlation in the sample. We fix r = 0.01 and estimate the probability of repeating
by averaging the proportion of times the state was the same as the previous one for all states after
500 in a chain of length 1000, repeated for 100 different Haar random unitaries. The results are
shown in fig. . To more closely analyse the pattern as a function of the number of photons, we
also plot the expected thinning interval for 10 modes for each proposal distribution in fig. . The
data points follow linear trends quite closely and the gradient of the uniform distribution is much
smaller than the IPS or the coherent proposals. However, the thinning intervals are reasonable for
all problem sizes and extrapolating the worst performing distribution, the coherent proposal, to 100
photons (in 10 modes), we expect a thinning interval of less than 400 which is quite manageable, but
the calculation of a hafnian of that size is already impossible. Therefore, even the poorer suggested

proposal distributions are still quite useful and a viable option for simulating GBS.

4.4 Discussion

In this chapter we have reviewed several proposal distributions and numerically tested their effi-
ciency whilst fixing the accuracy equally for all distributions. Perhaps surprisingly, the uniform
distribution is a good proposal and often has the best convergence and least correlation. However,
the best proposal depends on the number of photons and modes with the IPS distributions having a
particularly strong reliance on the photon density. In all the cases tested, the scaling of the burn-in
time and thinning interval appears to be approximately linear with the number of photons. In some
cases increasing the number of modes will likely increase the efficiency further. The burn-in time
need only add an overhead once regardless of the sample size and although some of the determined
burn-in times were rather high an additional approximately 1000 probability calculations is still
much more favourable than needing to calculate the entire distribution which grows very large very
quickly. The thinning intervals of around 100 are quite reasonable and slow our sampling down by
a factor of 100. When comparing with the acceptance rate in rejection sampling from the previous
chapter, it seems as though rejection sampling might be the faster algorithm. However, one of the
biggest problems with MIS is the inability to know or even estimate what the TVD is between
the sampled and target distributions. We are able to estimate this with rejection sampling, but
at present an efficient way to verify the TVD from a Markov chain with an insurmountable state
space is an open problem. Therefore, we cannot be sure we are comparing the same accuracy of
approximations. The choice of how close to wait for the acceptance probability to get to the final

value and the desired probability of repeating are arbitrary choices which do not tell us about the
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Figure 4.8: Thinning intervals for the MIS proposal distributions. The thinning interval was found
such that the probability of repeating is less than 0.01, after a burn-in time of 500. All values
are averaged over 100 Haar random unitaries. Plots (a), (b) and (c) show the expected thinning
interval for the coherent, IPS and uniform distributions respectively. The coherent distribution
seems to suffer from raising quite quickly as both the number of modes and photons are increased,
reaching much higher thinning intervals than the other distributions. The IPS distribution again
performs much better for regions with a lower density of photons per mode. It scales very well
with the number of modes, however, and may be a good candidate in the case of many modes. The
uniform distribution has small thinning intervals in all tested problem sizes. The appearance of a
slight increase for the small problem sizes is due to there being a much smaller sample space and
so if there are only three possible outcomes (as is the case for two photons in two modes), complete
independent and uniform sampling should have a third probability of repeating. Requiring the
probability to be 0.01 is very low in this case even if the samples were independent. The difference
in the expected repeat probability in uncorrelated samples becomes negligible quite quickly as we
increase the number of modes or photons.
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Figure 4.9: Thinning intervals as a function of the number of photons. This is a plot of one row
(M = 10) in fig. to make the relationship between the thinning interval and the number of
photons clearer. A linear trend has been fitted to the data points which align quite well. The lines
of best fit are given by Tihin = 3.72N + 11.10, Tgpin = 1.70N — 3.06, and 7¢hin = 0.19NV + 6.82 for
coherent, IPS and uniform distributions respectively.
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Chapter 5

Chain-Rule Methods in Boson
Sampling

“All good stories deserve embellishment.” - Gandalf

The ultimate aim of this thesis is to find an algorithm that samples from the GBS distribution with
the same time complexity as the calculation of a single probability for a pure state. Previously we
used approximate Monte Carlo methods to do so, but it may also be possible to sample using exact
techniques. In this chapter, we study various algorithms for both standard and Gaussian boson

sampling using the chain rule of probability.

5.1 Sampling photon by photon in boson sampling

5.1.1 Chain rule of probability

In probability, the chain rule can be used when calculating the probability of a joint set of variables.

It formulates the joint probability in terms of conditional probabilities:
Pr(a,b) = Pr(a)Pr(bla) = Pr(b)Pr(ald), (5.1)

where we use the notation (a, b) to denote the joint outcome (aNb). The above rule can be extended

to any number of joint variables:
Pr(zi,...,2q) = Pr(z1)Pr(ze|z1)Pr(zs|zr, z2) - - - Pr(zglza, . . ., 2g—1)- (5.2)

The probabilities of only a subset of the variables (eg. Pr(xz;)) form the marginal probability dis-
tribution which completely describes the subset of the variables without knowledge of the other
variables. It is equivalent to summing over the joint probabilities for all values of the unknown
variables: Pr(a) = ), Pr(a,b). Essentially the marginal probability of a subset is the probabil-

ity independent of what the other variables might be. In contrast, conditional probabilities (eg.
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Pr(z;|x;)) describe the probability of a subset dependent on the value of the conditional variables.
It is possible to have a probability that is both marginal and conditional if it is conditional only on
some of the other variables, for example for three variables Pr(z;|x2) is dependent on the outcome
of x5 yet independent of x3.

When sampling from a joint probability distribution, the chain rule can be used to sample one
variable at a time. The first variable is sampled without knowledge of any other variables; that is it
is sampled from the marginal probability distribution. Then the next variable is sampled conditional
on the outcome of the first variable but without knowledge of any of the remaining variables. This
is repeated until the final variable is sampled conditional on all the values previously sampled. The
advantage of this method is that it reduces the total number of probabilities needed to be calculated.
To sample the joint outcome by calculating the entire distribution if each of the ¢ variables can
take r values, a total of r? joint probabilities need to be calculated. However, by sampling one
variable at a time using the chain rule, only gr marginal probabilities are calculated which are

chosen depending on the sequence of outcomes.

5.1.2 Standard boson sampling

In boson sampling, the distribution is over joint variables where the variables can be either the mode
of each photon in first quantisation or the number of photons in a mode in second quantisation. The
size of the sample space is very large; for M modes, if the number of photons N is fixed, because

the photons are not ordered, the sample space has (N +]]\\,4 -1

) sample points, and if the number of
photons is not fixed it is even larger consisting of a sum of the binomial coefficients. Therefore, the
chain rule seems like a good candidate for boson sampling. It was introduced as a method of exact
sampling for standard boson sampling by Clifford and Clifford [26]. We briefly review this here as
a starting point for the aim of classically simulating GBS.

In standard boson sampling the number of photons is fixed by the input state and so the first
quantisation is more convenient. As the photons are indistinguishable the pattern corresponds to
the sum over the symmetric permutations of the elements. When this state is measured, the pattern
can be written in many ways and it is convenient to write it in a non-decreasing order. So a detection
pattern of a photon in mode 1 and a photon in mode 2 is written as £ = (1,2) in first quantisation
and t = (1,1,0,...,0) in second quantisation, and is measured with probability as determined by
eq. . However, it is equivalent to sample from a distribution where all orderings are allowed
in the first quantisation, but the number of ways of permuting the elements is accounted for in the
probability. The number of distinct ways of ordering the elements in an output pattern is given by
N! /f!. If the probability of measuring the output pattern is given by q(f), a new distribution that
does not restrict the elements to be in non-decreasing order is found where each outcome now has
probability p(t) = ¢(£)#!/N!. This means that the probability of sampling any permutation of an
outcome from this new probability distribution is equal to the probability of sampling that outcome
(which is forced to be in non-decreasing order) in the GBS distribution. So simply ordering the
elements after they are sampled will result in sampling from the same distribution. This equivalent

distribution is more convenient to sample from as the values that each element can have (1,..., M)
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is independent of the previous outcomes (because it does not need to be greater than or equal to

the previous outcome) and the outcomes have more symmetry.

So the task of sampling the output modes of N photons naturally lends itself to using the chain
rule to first sample the mode of the first photon and then sample the mode of each subsequent
photon. This seems straightforward, however, it is important to remember that each probability
using the chain rule is a marginal and conditional probability and so far we have only seen the joint

probabilities of all photons. First we consider the definition of conditional probabilities:

Pr(a,b)
Pr(alb) = . .
r(alt) = "0 (53)
When sampling the mode m; of photon 4, the probabilities of all possible modes Pr(m;|m,...,m;—1)

need to be calculated. The dependence on the mode m; is only in the numerator in the above equa-
tion and the denominator can be found by normalising once the relative probabilities have been
calculated for all modes. Therefore, the problem can be reduced to needing to know the marginal
probabilities. Clifford and Clifford derived these as follows:

Suppose we want to find the probability of the first n photons in a particular pattern, with the
other N —n photons unknown. The marginal probability is given by summing over all the variables
t;, where i > n and the probability p(#) = q(£)t!/N! can be substituted in to find

- - - ~ t! \Perm(U{ﬂg}ﬂ2
plEr,. ot = > plh,. i)=Y TR TTE— (5.4)

Tty in Tty otn

where each #; can take any value between 1 and M to denote the mode in which the photon is
measured. Using the definition of a permanent and then changing the order of the summations, the

probability can be written as

- ~ 1 al *
p(tl, . ,tn) = Nls! i Z Z H Ut 2,0 (T) Z H Ufy,'r(y)

tnt1,--tn \OET(3) 'r€7r(§) y=1
lel Z H Ut ,0(4) J,‘r(j) Z H 0 ( t ,7(4) (5.5)
o,7em(8) j=1 tn+1 ,,,,, ty i=n+l
lel Z HUt 0 (7) t"’]) H X:U’“”ka()7
o,7eT(8) j=1 i=n+1k=1
where m(8) is the set of the N! permutations of the vector § = (51,...,8y). In the first line, the

definition of a permanent is used and going to the second line the sum over elements in the output
pattern and over the permutations of the input pattern are independent and so the order can be
changed, and the elements of the unitary that depend only on the fixed modes in the output pattern
are moved outside of the sum. To go to the third line, we use the fact that the elements in ¢ are
summed over all integers from 1 to M which corresponds to all the ways of choosing N —n ordered

elements from 1 to M (with replacement). This is the reason using the distribution p(£) rather than
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q(t) simplifies the problem. The matrix U is an M x M unitary and therefore Z%Zl Unm,iUp, ; = 0ij.
This implies that for the second product to be non-zero (i) = 7(i) for all ¢ > n, in which case the
product is one. This means the values of o(i) and 7(¢) for ¢ < n are the same n elements chosen

from § but in any order for all non-zero terms. Ignoring all the zero terms, the probability becomes

- - 1 - .
pt1;.. o tn) = Nlg! Z HUfjvﬂ(j)Ut}-,f( N Z Z HUth(J) £5,7(5)

o,ren(3)  j=1 éeC, o o,7em(é) j=1
o(i)=7(i),i>n

N —n)! 1
:%ZQ ZHUtom ZHtrw

éeC, = \oen(é) z=1 ren(é) y=1

(N —n)! 3 1 {E.2}y)2
=5 > = Pem(@U®),
| !
N éec, ©
(5.6)

where C,, denotes the set of all the ways of choosing n ordered elements from §, and ¢! denotes the
product of the factorials of ¢ (€ in the second quantisation). For example, if § = (1,2,2,3), n = 2
and M = 3, we know s = (1,2,1) and there are 6 (non-unique) elements in C,, which are (1,2) x 2,
(1,3), (2,2), (2,3) x2. For € = (1,2), ¢! = 1! x 1! x 0! = 1 but for € = (2,2), ¢! = 0! x 2! x0! = 2. In
the first line, the sum is reduced to not include elements o (i) and 7(i) for i > n as the product term
is independent of these values. As all these terms contribute the same value, we instead include
the factor (N — n)!s!/e! which is the number of ways of arranging the elements such that the first
n elements of ¢ and 7 are a particular pattern (&), while the last N — n elements in both are the
same as each other. The (N — n)! comes from all the ways of permuting the last N — n elements
of both ¢ and 7 simultaneously as the order doesn’t matter but they must be the same. The s! is
due to being able to permute values that are the same without changing anything. However, the
c! must be included to remove the permuting of identical elements in ¢ as they are also included
in the sum over C,,. In the second and third lines, the expression is simply rearranged to write the

marginal probability in terms of a permanent.

The complexity of calculating a marginal probability using the expression above is O(n3"). Each
permanent is of an n X n matrix and so takes time O(n2™) and there are (JZ) elements in the set
C,, which needs to be summed over. For photon n, the probabilities of that photon being in all of
the M modes need to be found which involves the calculation of O[(]T\L] )] n x n permanents. The
process must be repeated for all N photons, with increasing size of permanents. Using an identity

[77], the total time complexity to sample each photon is found to be

NN 2
2} <n>n2”M = §N3NM = O(N3YM). (5.7)
This time complexity is significantly worse than the complexity of calculating a single joint prob-
ability which is O(N2"). However, the sum over the combination group C, can be removed by
effectively sampling that group first and further tricks using Gray code can be used to improve the
complexity to O(N2Y) + O(MN?). This is derived in [26], but this step is unnecessary for this
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thesis and so not detailed here.

5.1.3 Gaussian boson sampling

Sampling using the chain-rule method is almost as efficient as the calculation of one joint probability
and as such it seems a promising route to simulate Gaussian boson sampling too. In GBS, there
is an extra degree of freedom in the number of photons, but this is not a problem as this can be
sampled first as described in section and then a pattern can be sampled conditional on the
total number of photons as done previously in rejection sampling and metropolised independence
sampling. The photon pattern can be sampled photon by photon following the same procedure as
above for standard boson sampling where the mode of each photon is sampled conditional on the
modes of all the previous photons. However, the marginal probabilities need to be replaced to reflect
the correct probabilities for GBS. We can search for an expression for the marginal probabilities
by summing over the joint variables as before. For simplicity we take the case of pure states with

squeezed vacuum states:

) i ) B tI|[Haf(B{EE)))2
pti,. . tn) = Z plty, ... tn) = Z NI cosh? r

Tng1, ot tng1y.tN
1 N/2
0(21 1),0(21) 7'(21 1),7(2%)
S el DI DY H N2 Z -~
NIT],, cosh®ry, i i \oesy s (N/2)!12 (N/2)12N/2 i (N/2)12N/2

(5.8)
where B = URU " and R = &,, tanhr,,. Here a problem arises that was not present for the
standard boson sampling case. The symmetric group depends now on the output pattern and so
the summations cannot so easily be swapped and both indices of the matrix B depend on the
element ¢ from the symmetric group which means the elements corresponding to the marginal

elements #1,...,t, cannot be separated from the unknown variables Z,;1,...,IxN.

This means the marginal probabilities of a subset of photons cannot be found so easily as for
the standard boson sampling case. A simplification of the marginal probabilities was found by
Wu et al [78]. They found a time complexity of O(M sinh? 7 + poly(N)23V/3) which is reduced to
O(M sinh® 7 4 poly(N)22N) for an algorithm that uses a memory overhead of O(M2"). These are
both improvements on the brute force approach but significantly slower than the time complexity to
calculate one joint probability for a pure state which is O(N32%/2). In the case of the algorithm with
exponential memory requirements this will cause its own limit for scaling due to a lack of memory
and so is not useful beyond a certain size. Although a more efficient method for calculating the
marginal probabilities is not obvious, there is no reason why it cannot be possible. It is still an
open problem whether sampling a photon at a time could provide a method of simulating GBS

with reasonable time complexity.
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5.2 Sampling mode by mode in Gaussian boson sampling

Although the marginal probabilities of a subset of the photons is as of yet not useful in terms of
time complexity, a Gaussian state across a subset of the modes is easy to describe and therefore
the marginal probabilities of a subset of the modes are more convenient. The chain-rule sampling
method can easily be applied in the second quantisation notation, where each variable sampled in
turn is the occupancy number of each mode. This method was utilised by Quesada and Arrazola
[79] to find an algorithm for simulating GBS in time complexity O(M N32¥), a significant improve-
ment on the brute force approach and, apart from polynomial factors, the same complexity as the
calculation of a mized state probability. We review this algorithm in the following section as a

starting point for the next algorithm.

5.2.1 Sampling with mixed probabilities

Recall that an M-mode Gaussian state can be completely characterised by its vector of means,
# (or ¢), and covariance matrix, V (or X), where the quadrature values ¢ = (3) ~ N (2, V)
are distributed according to the multivariate normal distribution. It is a property of multivariate
normal distributions that the marginal distribution over a subset of the variables is also normally
distributed with the reduced vector of means and covariance matrix obtained by simply keeping
the included variables in both the vector of means and the covariance matrix [80]. For example if
variables X5 and X5 are included in the marginal distribution, the new vector of means comprises
elements & and &5 while the covariance matrix is formed by keeping the second and fifth rows and
columns. For Gaussian states, each mode m has two corresponding variables: ¢,, and p,,. In the
notation used throughout this thesis, for mode m these are elements m and M + m respectively in
the vector of means and the corresponding rows and columns in the covariance matrix. The state
can be equally described in the complex picture in terms of the creation and annihilation operators
rather than the quadrature operators.

The probability of detecting a photon pattern ¢ is given in eq. for input squeezed vacuum
states and eq. for input squeezed coherent states which for convenience we repeat here:

Al ~T -1~ = = =
1 Haf(Al"") Pr(t]z £ 0) = eXp(C %o C) Lhaf(y{#'}, AT #})

B \/det(EQ) Htm' ’ ) B det(EQ) Htm' ’
(5.9)

where Xg = X + %I, A=X(I- Eél) and v = (_'TEZ?l. Clearly the probability of measuring

Pr(t|z = 0)

an output photon pattern is a function of the pattern, the vector of means and covariance matrix
only. Therefore, it is possible to calculate the marginal probability of an output pattern in a
subset of modes, A, by simply using the reduced vector of means ¢4} and covariance matrix
> {4} corresponding to the subset in the above equations. It is important to note that by taking
the reduced covariance matrix, the matrix A is no longer the direct sum of two smaller matrices
(A # B @ B*) in general, because the reduced state is no longer pure. As a result the (loop)

hafnian of a 2N x 2N rather than an N x N matrix needs to be found. So the time complexity for
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a marginal probability is the same as for a mixed state joint probability (O(N32V)).

When using the chain rule to sample, for each variable the probability should be found for every
value it can take and then it is easy to sample from a fully known distribution. In the case of
sampling the output mode of a photon as done in the Clifford and Clifford algorithm for standard
boson sampling, the number of modes is finite and there are no problems. However, in GBS when
sampling the occupation number of a mode, in theory there is no upper bound to the number of
photons detected from squeezed input states. This is not a significant problem though as for a
high enough photon number the probability of detecting more photons is small and can be ignored.
Therefore a cut-off photon number n. should be chosen such that in each mode Pr(¢; > n.) <e. Of
course it is always necessary to choose an overall cut-off number of photons across all modes N, to
be able to sample in a finite time. However the overall limit does not affect the relative probabilities
of the events below the cut-off whereas a cut-off on each mode does because it removes only some
events with each photon number. The algorithm is outlined below:

For mode m =1 to M:

1. Find the reduced vector of means ("™ and covariance matrix (™) for the first m modes.
2. Find the corresponding Husimi matrix Egn) and matrix A(™).

3. With all previous outcomes fixed, calculate the marginal probabilities of mode m containing 0
to n. photons conditional on the previous modes using the applicable expression in eq. (5.9):
Pr(ty, ... t5_1,tm)

Pr(tn,|t:, ... t° = o me
(tmlty ) Pr(t,...,t5,_1)

m—1
»'m—1

(5.10)

where the stars denote outcomes fixed in previous steps and t,, ranges from 0 to n.. As the
denominator is constant with respect to mode m, it is not necessary to calculate it and the
distribution can be sampled by renormalising after evaluating the numerator for all values of

tim-
4. Sample the value of t,, according to the distribution found in the previous step.

This algorithm makes use of properties of Gaussian states to elegantly sample from a GBS
distribution, but has three main drawbacks. The first is that by requiring a cut-off photon number
in each mode a truncation error is introduced. This can be removed using the idea of ‘overloading’
introduced by Qi et al [8I]. This is an extension of GBS such that a single mode can detect up to
n. photons or overload which is a separate event that does not distinguish between the number of
photons above the cut-off in any mode. To sample this with the above method, step 3 needs to be
adapted such that the probabilities are found up to n. photons and the probability of any number
above this cut-off is also found. The probability of a number of photons above the cut-off is the
sum of an infinite number of probabilities (because there is an infinite number of possible photon
numbers above the cut-off) which is of course not a practical way to determine the probability of
overloading in a mode. However, using the fact that probabilities must sum to 1, if the normalised

probabilities are found up to the cut-off photon number, the remaining probability is easily found
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by subtracting the sum of the probabilities below from 1. This means that the denominator in
eq. must also be calculated, but this comes with no overhead as it was found in the previous
step. Hence, this algorithm can be used to simulate overloaded GBS with no error or time overhead.
It can also be used to simulate GBS up to some overall cut-off N, without a truncation error. In
this case, every time an overloaded mode is sampled, that sample is abandoned and the algorithm
is repeated until a valid sample is found. Assuming the probability of overloading is small (because
the cut-off in each mode is sufficiently high) this incurs only a small time penalty in occasionally

needing to reject samples, but is the fastest completely exact simulation of GBS.

The second drawback is that the number of photons cannot be predetermined using this algo-
rithm. Although this may not be considered a problem as the number of photons is not fixed in the
quantum device and therefore sampling without a fixed photon number is true to the experiment,
it may be useful for benchmarking or certain applications to be able to sample a set number of
photons. This remains an open problem and an algorithm that sampled the photons sequentially
rather than the modes would fix this. Otherwise, a similar algorithm to that presented in alg.
might be used to fix the number of photons. Here the probability of ¢,, photons in mode m must
include the probability of the photon pattern up to that mode and the probability of N — 37", ¢;
photons in the remaining modes, where they are now conditional on each other. This raises the
problem of how to find the probability of n photons in a subset of the modes, conditional on the

outcomes in the other modes. At the moment this is an open problem.

The final limitation of this algorithm is the time complexity. As the algorithm relies on the
calculation of mixed state probabilities, even if the full mode state is pure, this limits the overall
complexity of the algorithm to O(N32N M), where the factor of M comes from the case where an
N x N (loop) hafnian needed to be calculated in every mode. This limitation is addressed in the

following section.

5.2.2 Sampling with pure probabilities

It is possible to reduce the problem of sampling a photon output pattern from a mized state to
sampling from a pure state. The covariance matrix of a mixed state can be split into two matrices
V =T + W, where T is the covariance matrix of a pure state and W is a positive semidefinite
matrix, using the Williamson decomposition [82]. Using this, a mixed state p with vector of means

& and covariance matrix V can be written as a weighted integral over pure states [83],

p= / 0 p(e) [o7) (ot (5.11)

where |1, 1) (¢ 7| is the density matrix of the pure state with vector of means @ and covariance
matrix T and & ~ N (&, W) and so

p(x) = : (5.12)
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Using this Williamson decomposition the probability of measuring outcome t is given by

Pr(t) = Tr(pt) (t]) = </ dx p(x) |e,1) (Yur|t) <t|>
- / d p(a)Tr ([$orr) (o) (H]) = / d p(a) (E4sir) (Gorrlt) (5.13)
_ /dasp(a:) (o r|8) 2 /dwp YPr(t] [tha.1)).

Hence to sample from the mixed distribution it is possible to first sample a displacement vector
from p(x) and then sample from the photon pattern distribution conditional on the displacement
vector outputted. This method reduces the problem of sampling from a mixed state to that of
sampling from a pure state. It does not solve the problem of sampling from a pure state as
although each probability can now be calculated in O(N 39N/ %), a brute force approach would
require a combinatorial number of probabilities to be calculated. Combining this decomposition
technique with the mixed state chain-rule algorithm was first addressed by Quesada et al. In their
pre-print manuscript they replaced the mixed state sampling step for each mode by sampling a
displacement vector over the subset of modes followed by sampling the occupation number of that
mode conditional on the pure covariance matrix, sampled displacement and sampled occupation
numbers in the previous modes. The following proof was used to show that this method samples

from the correct distribution: For each mode m the distribution sampled from p is

~ . . . ; St )
p(tm|t1,...,tm_1):/d:cp(as)Pr(tm|t1,...,tm_l, /d:c IR
tl,...,tm71|w)
Pr LI x de p(x)Pr(tm, t5, ..., t5 1|z
/d:cp - R 1 ):f p( £m 1* 1) (5.14)
Pr(t17 ctr ) Pr(ty,....t5_1)
PI‘ M7t>{7'-'7tm 1)
= = Pr(t,,|t5,..., t;
Pr(ti‘,,tfn 1) I'( m| 1 »Ym— 1)

where from the first to second line, the assumption is made that the probabilities of the previous
values are independent of the sampled displacement vector because they were sampled previously

and so cannot depend on something that is sampled later.

This algorithm could be applied to standard boson sampling as an alternative to the Clifford
and Clifford algorithm. However, during the derivation and numerical testing of the standard
boson sampling version, it became clear that the algorithm presented above was not correct. The
error made in the derivation is the assumption that the probabilities are independent of the sampled
displacement vector. Although the values of the occupation numbers in the previous modes are fixed
before the displacement vector is sampled, the probability of measuring that pattern is very much
dependent on the displacement. We suggest that the above problem could be fixed by sampling

the displacement conditional on the pattern sampled in the previous modes. Then the above proof
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becomes

Bttt ) = /d:cpr(xm,...,t;_l)Pr(tmm,...,t:n_l,m)

Pr(to, ], ... 1%
:/dwpr(w|t>;,...7t:n,1) Igr( ! 112)

T7 ..7t:n_1‘58)
* * p(m) )PI’( ""’t:nfl|w)
= [ dx (Prt,...,tm_ T " " " 5.15
/ (t O ) e w519
/d * :;171‘13) fd:):p PI‘( matla"wt:nfllw)
Pr ti,...,tfn 1) Pr(ty,...,t5 1)
(b, 5, )
= =Pr(tm|t], .. t5 1),
Pr(l, . Tn—l) r(tm|t] m—1)

where from line 2 to 3, we used Bayes’ theorem. So this would sample from the correct distri-
bution but it introduces a new problem: how to sample from Pr(x|t1,...,t,—1). This is in fact
non-trivial. It is possible to post-select by sampling the vector & and accepting with probability
Pr(t;...,t5 _1), however this is a mixed state probability and we have reintroduced the need to
calculate quadratically slower probabilities. On top of this, the probability of accepting could be
very small meaning the need to sample many times and calculate many mixed state probabilities.
Therefore this is not a viable way to sample the conditional displacement. This modification to the
algorithm does not provide an obvious way to sample with pure state probabilities. However, we
present an algorithm that does not introduce mixedness when sampling mode by mode [84].

The main innovation we employ to maintain purity in the marginal output states is to perform
pure Gaussian measurements on the modes not included in the marginal modes. A pure Gaussian
measurement on a subset of modes in a pure Gaussian state will leave the unmeasured modes in
another pure Gaussian state. Thus it is quadratically faster to calculate the probabilities conditional
on the measurement outcome in the other modes than to calculate the marginal probabilities. This
is an integral part of the algorithm and so we review heterodyne measurements (a particular pure
Gaussian measurement), both of the full M-mode state and partial measurements on a subset, and
the marginal state of the remaining modes after measuring.

Recall that a Gaussian state can be completely described by its vector of means & and a covari-
ance matrix, either symmetrical over the creation and annihilation operators V', normally ordered
Vp or antinormally ordered V. Heterodyne detection projects the state onto the quadrature basis
. To simulate this measurement, an outcome is sampled from the multivariate normal distribution
x ~ N (&, Vy). Therefore the probability of an outcome « from a state with vector of means & and
Q-matrix V is
exp (—%(m — &)V, (@ - :z))

det(27Vgp)

p(x) = (5.16)

When measuring a subset of the modes in a multimode state, this is referred to as a partial het-
erodyne measurement. One way to simulate this is to sample a measurement on all modes and
simply discard the outcomes on the modes not measured. Of course you can always sample from a

marginal probability distribution by sampling all the variables and discarding the ones not included.
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As the displacement is sampled according to a multivariate normal distribution, it is also possible
to take advantage of their property that the marginal distribution is described by dropping the
corresponding rows and columns in the mean vector and covariance matrix. Because each mode m
has two variables ¢,, and p,,, rows and columns m and M + m are removed for any mode which is
not included.

Now we consider the conditional state of the subset of the modes, A, when the other modes,
B, are measured with heterodyne detectors. We can again use the property of multivariate normal
distributions of how the conditional state affects the mean vector and covariance matrix. As each
mode has two corresponding variables, it is convenient to group variables for the modes in A
together. This means the covariance matrix V' is written in block form with modes in A and B in
separate blocks, and similarly for the vector of means. This simply involves permuting the rows and
columns in the covariance matrix and the elements of the vector of means, such that the ordering

in both is consistent. So the covariance matrix and vector of means are rewritten in the ordering

Vv V T
v | A VA z= " ). (5.17)
Vsa Vs B

The conditional state in modes A if the measurement outcome is x is given by [83]

(ga,pA,q8,PB) as

V,le) =Vau— Vas(Ves + 2I) "' Vi 4, (5.18)
wsf) =xA+ Vas(Ves + gI)_l(a) —ZB).

So it is possible to sample a subset of the modes in the coherent basis leaving the state in
the other modes as given above. Therefore, the state in the remaining subset of modes can now
be sampled in the number basis to find a pattern in the modes of interest. Although we are
only interested in the marginal photon pattern probabilities, not conditional on the displacement
outcome, by first sampling the heterodyne measurement and then the conditional photon pattern,
simply discarding the coherent state projection will result in a sample from the marginal probability.
This is true because a marginal probability can be obtained by integrating the joint probabilities

over the ignored variables, here the set of possible heterodyne outcomes xz:
Pr(ts) = /dmg Pr(ta,zp) = /dwg Pr(xg)Pr(talzg). (5.19)

In order to sample each mode sequentially conditional on the previous ones, we need to expand

on the above principle. The algorithm is as follows:

1. If the state to be sampled is mixed, use the Williamson decomposition V' =T + W to sample
a new displacement from x ~ N (&, W). Use this sampled vector as the new vector of means

and the covariance matrix 7" in the following steps.

2. Sample a heterodyne measurement & outcome on all modes but the first. This is done by

sampling from the normal distribution  ~ N (z, Vg).
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3. Find the state in the first mode conditional on the measurement outcome, &;, Vi, according
to eq. (5.18).

4. Calculate the probabilities of the occupation number of the first mode being each value be-

tween zero and a cut-off photon number n. from the state found in the previous step.
5. Sample the number of photons in the first mode from this distribution.
6. Discard xs.
7. For modes m = 2 to M:
(a) Find the state in the first m modes conditional on the remaining measurement outcome,
T, Vin-

(b) Calculate the probabilities, from the state found in the previous step, of the photon
pattern in the first m modes with the occupation number of the mth mode being each
value between zero and the cut-off photon number n, and the first m — 1 occupation

numbers fixed from the previous steps.
(¢) Sample the number of photons in the mth mode from this distribution.

(d) Discard z,.

We provide the following proof that this algorithm samples from the correct distribution denoted

p(t1,...,tar). The distribution we are sampling from is given by
~t1; )
/dwz ~dxar p(T2, .. oan)p(ti|ee, . oa)p(talty, @3, .oy xar) - p(Earlfte, .ot —1)
t .. t1,t t1,...,t
:/dIQ...dpr(zQ’m’xM)P( 1, T2, M) p(ty,ta, @3, an)  pty, ... tar)
p(l‘g,..., M) p(thl‘g,...,x]\/[) p<t17~-~7thl)

t t1,to, 23, ... t1,...,tp—
:/dl'gdirMp( 1, L2, ,.’EM) (17 2,13, wT]\/[) p( 1, y UM 17xM)p(t1,...7tM)
p(tl,l‘g,...,JZM) (t17t2,$4,...,3}M) p(tla---th—l)
:/dxg"'dl'Mp(xQ‘tl,(E:g,...7$M>p(x3|t1,t27$4,...,(EM)"'p($M|t17...,tM,l)p(th...,tM)

:p(th "7tM)a

which is equal to the correct probability distribution as required. From the first to second line,
we used the definition of conditional probabilities and simply rearranged in the third line. From
the third to fourth line we again used the definition of conditional probabilities and the final step
involves integrating over all the displacement parameters in order from x5 to z,;. Integrating in
this order means there is only one term containing the variable which is a conditional probability
that must integrate to one over all possible outcomes as it is normalised to unity.

The necessity for a cut-off photon number in each mode introduces an error. This cut-off
must be chosen high enough to ensure that the probability missed by this restriction is very small.

Otherwise, due to the probability in each mode depending on the displacement vector sampled, this
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truncation error can become amplified and has a worse effect on the accuracy than the same cut-off
photon number in the previous algorithm that relied on mixed states and was quadratically slower.
Similarly to the previous algorithm, it is possible to instead simulate the overloaded case to remove
this error. However, this would require calculating a mixed state probability and lose the speed-up.
This is because the normalised probability of an occupation number in mode m conditional on the
displacement measurement and the previous modes is given by

Pr(ti,....tm|Tms1,- -, Tn)

Pr(tm|t1,.. ~7tm71;xm+17~~ .,I'M) = Pr(tl : 1|Jj o J,‘M) (520)
ey bm— m—+tly--->

The numerator is a pure state which gives the probabilities calculated when the mode is sampled,
but the denominator is mixed. Therefore it is much more efficient to normalise the distribution
after calculating the values up to the cut-off than to calculate the normalisation constant explicitly.
In the overload version, it is necessary to find this denominator as the probability of overloading the
detector is given by one minus the probabilities of not overloading it. Therefore it is not generally
useful to apply this algorithm to the overloading case, however it can be used to test that the
algorithm is correct as there is no truncation error that could potentially hide a problem with the
algorithm.

We provide numerical testing of all of the GBS algorithms covered in this chapter in fig. .
We tested the algorithms by approximating the probability distribution by taking a very large
sample size for numbers of modes and photons that are small enough for the whole distribution
to be found. Because there will always be a distance between the correct distribution and the
estimated distribution due to having a finite sample size, we include sampling from the correct
distribution, known as brute force sampling, to benchmark the expected total variation distance.
We test both the mixed state and pure state algorithms for both the case of overloading and not.
When the squeezing is lower, the chosen cut-off is high enough that all algorithms quite closely
agree. However, when the squeezing is higher, the cut-off is not high enough to avoid truncation
errors and these are seen in both algorithms, with the pure state algorithm more affected. However,
when applied to the overloaded scenario, all algorithms agree closely, providing evidence that both
algorithms work well but can be adversely affected if the chosen cut-off is too low. We also provide
a test for just the pure state chain-rule algorithm comparing it to brute force sampling, where
we have averaged over more Haar random unitaries to provide less uncertainty. This is shown in

fig. (5.1) and again the data points are completely overlapping as expected.

5.3 Sampling mode by mode in standard boson sampling

Given an algorithm can sample from a GBS distribution mode by mode, it seems that it ought to
be possible to sample from a standard boson sampling distribution mode by mode too. The process
of using the chain rule is the same but we need to derive the marginal probabilities for standard
boson sampling instead. This problem is addressed in this section.

Scattershot boson sampling is a simplification of the more general GBS and as such can be
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® Brute force sampling %
0.01501 X Pure state chain-rule algorithm
0.01251
0.0100
a .
E 0.0075
0.0050 i
0.0025 ;
% &
0.0000 ~ , , , , ,
1 2 3 4 5 6

Number of modes

Figure 5.1: Total variation distance when brute force sampling and using the pure state chain-rule
algorithm. For a range of number of modes from 1 to 6, the total variation distance (TVD) between
two estimated probability distributions and the correct distribution are plotted. The estimated
distributions are found by taking a large sample size of 100,000 and assigning probabilities to each
outcome given by the proportion of samples with that value. The pure state chain-rule algorithm
is the algorithm we have introduced here and the brute force sampling is sampled from the fully
known distribution as a benchmark for the expected TVD which arises from a finite sample size.
All points are averaged over ten instances with three different Haar random unitaries, and the error
bars correspond to the standard deviation. The squeezing parameter was 0.5 with no displacement
and the cut-off number of photons in each mode was three. The increase in TVD as the number
of modes increases is expected due to the increase in the cardinality of the sample space - there
are more possible outcomes so each has a smaller probability and so needs a larger sample size to
estimate to the same precision, but here the sample size is consistent. The two distributions align
closely providing evidence the algorithm is sampling from the correct distribution.

described as a particular instance of GBS as shown in section . Standard boson sampling
is simply scattershot boson sampling where the photons were heralded in the correct modes. Thus
it can be described as scattershot with post-selection. However, if we sample each mode at a time,
rather than post-selecting on a valid output pattern in the heralding modes, we can simply fix the
heralding modes first and sample the other modes conditional on this heralded pattern. Therefore,
to sample from a standard boson sampling distribution mode by mode, the algorithm for GBS [79]
can be used where the unitary is chosen to reduce it to scattershot and the input states are equal
squeezed vacuum states, and the output from the heralded modes are fixed as the equivalent input
photon pattern in the standard boson sampler. So this problem is reduced to finding the marginal

probabilities for the specific case that describes scattershot boson sampling.

In section ([2.4.3.2)), the derivation is given for the reduction of the hafnian equation for GBS to

tanh™ r |Perm(U){td.,th} 2

cosh®M IL., tm!

Pr(t) = (5.21)

We follow similar steps to find the marginal probability, but where only the included modes are

kept in the covariance matrix.

Consider a scattershot set-up with M heralding modes and M ‘output’ modes. This corresponds

to a GBS set-up with 2M modes in total. To simulate standard boson sampling, we must first fix
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Figure 5.2: Comparison of the GBS chain-rule sampling algorithms. To show the accuracy of
the algorithms covered in this chapter, the total variation distance (TVD) between the estimated
distribution by sampling with a sample size of 20,000 and the correct distribution is plotted for 1
to 6 modes. All points were averaged over three instances with different Haar random unitaries,
with the error bars showing the standard deviation. In (a), the squeezing parameter is 0.5 with
an average number of photons per mode of 0.27, whereas in (b) the squeezing parameter is 1 with
an average photon number of 1.38. The cut-off photon number was fixed as three for both. This
is sufficiently high for the lower squeezing but has a non-negligible effect for the higher squeezing.
This is seen in the plots as all algorithms have consistent TVDs in (a), whereas only the overloading
algorithms are consistent with the brute force sampling plots in (b). The mixed state chain-rule
algorithm has a higher TVD than the expected TVD when sampling from the correct distribution
(brute force) due to a truncation error. The pure state chain-rule algorithm suffers even more from
a truncation error due to being amplified by the coherent state projection. Both the pure and
mixed state chain-rule algorithms with overloading allowed are extremely similar to the brute force
sampling TVDs which confirms that the error in the versions without overloading is only due to
the cut-off photon number being too low.

the heralding pattern as the desired input pattern s and so we start sampling the output state ¢
from mode M + 1 conditional on s. We denote the mode we are sampling as m where 1 <m < M,
meaning the mth output mode, not including the heralding modes. For scattershot the squeezing

should be equal and so the covariance matrix for the first M + m modes is given by

5 1 cosh(2r)I — sinh(2r)(UgpsUdgg) M+m (5.22)
"2\ —sinh(2r) (UspsUdps) brim cosh(2r)T ’ '

where each block is an (M + m) x (M + m) matrix, (UU )4, denotes taking the first M +m
rows and columns of the resulting matrix. Recall that the unitary required to simulate scattershot

via GBS, Uggsg, satisfies the following;:

0 U
UcesUdps = — ( U o ) ; (5.23)

where U is the unitary in the scattershot set-up. Using this, the marginal covariance matrix can
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be expanded as

eI 0 0 sU,
1 0 ™| sU, O
YXp =z , 5.24
2 0 sUS | eI™) 0 (5.24)
sU?, 0 0 cIt™
where I is the M x M identity matrix and we introduce the shorthand ¢ = cosh(2r) and

s = sinh(2r). Here U, denotes taking the first m rows of U. Note that the same notation is used
for a product of unitaries where in that case the subscript corresponds to both the included rows
and columns. Using this notation allows the simple statement (UU T),, = U,,U,!. Although the
order is not explicit, U,| = (U,,)" and taking the first m rows of U and then transposing or taking

the Hermitian conjugate causes it to be the first m columns of these matrices.

For the probability, we need to know the X and A corresponding to the marginal state including
up to the mth output mode. To avoid excessive subscripts, we use @ for the Q-covariance matrix

rather than 3¢ introduced previously. This matrix is simply found by adding half the identity:

(c+1)I 0 0 sU,!
1 0 DI | sU, 0
Q=3 +11=2 DI s (5.25)
2 0 sUS | (c+ DI 0
sU, 0 0 (c+ DI

To determine A,, = X,,,(L,, — Q;;}), we first can find the inverse of the Q matrix. We again make

use of the inverse formula for block matrices repeated here for convenience:

-1
a b — (a—bd 'e)t —a 'b(d — ca 'b)!
< c d ) - ( —d 'c(a—bd tc)! (d - ca='b)"! > , (5.26)

Using this identity, the inverse of @, is found to be

Q- I+2UlU:; 0 0 Ul
0 I —tU,, 0
Q.= , 5.27
0 -t} | 1 -HI+2UjU,, 0 (5.27)
—tU;, 0 0 I

where we introduce the shorthand ¢ = tanhr. Note that here the argument of the hyperbolic
function is only r rather than 2r hidden in ¢ and s shorthands. From here the matrix A,, corre-
sponding to the marginal state can easily be found. Because of the simple structure of both the

identity matrix and the swap matrix X, keeping only certain rows and columns in these matrices

132



CHAPTER 5. CHAIN-RULE METHODS IN BOSON SAMPLING

simply reduces the size but leaves the structure unchanged. The matrix A,, is given by

0 tul | 2(I-UjU,) 0
tU;: 0 0 0
Ay =X, — Q) = (5.28)
t2(I-Utur) o 0 tu,!
0 0 tUp, 0

In the expression for the probability of a pattern, the hafnian is found for a submatrix of A,,
depending on the heralding s and output patterns ¢t. However the block structure of A is unchanged

when we include rows/columns according to these patterns. So the hafnian can be written as

0 tUt)ED | 21 - Ul U, )58 0
s Uz, 5 0 0 0
Haf(Al5+t}) = Haf Un) — 7 |
(I -U}U; )53 0 0 AN
0 0 H(U,,) 185 0

(5.29)

where M{"¢} denotes including the rows according to r and columns according to c.

Hafnians are unchanged under simultaneous permutations of rows and columns so we permute

block rows and columns 2 and 4 (from the 4 x 4 block matrix) to simplify the hafnian to

0 0 (I - U} U,) &3 (U )38
- 0 0 t(U,,) {3 0
Haf(A{3+t}) = Haf — — U
(I - U, U )HE3 U ])ist 0 0
tUz) 55 0 0 0
(I - UL U, g(Uh)E5
= Perm me m
t(U,,) {63} 0
I-UtU, )& (ut)ish
_ tQNPerm ( m=n ~) ( m) )
(Um){t’s} 0

(5.30)

From the first to second line we used the relation between permanents and hafnians and from the
second to third line we factor out ¢ from the top NV rows and the first N columns.

The final expression we need in order to evaluate the marginal probabilities is the determinant

of the marginal Q matrix. This is given by

(e+1)I 0 0 sU,!
1 0 + I U, 0
det(Qn) =det | = (c+DI| s
2 0 sUL | (e+ DI 0
sU, 0 0 (e+ I
det 1) TM+m) 0 U, I 0 Ul
_4¢ «CJQF )QM ) det (c+1)I — *m mo

22m+ sU,, 0 c+1\ sU: 0

(5.31)

133



CHAPTER 5. CHAIN-RULE METHODS IN BOSON SAMPLING

where we’ve factored out the % and used the block matrix determinant formula

det ( 4 Z ) — det(d)det(a — bd'¢). (5.32)

C

Further simplification finds

m~+M 1277 T 7™
det(Qm):%det ((C-l-l)(I U, Uy, 0 ))

2
0 (1—tHI (5.33)
(c+ 122 : "
Here we make use of Weinstein-Aronszajn’s identity [85]

det(I9) 4+ AUXR) BEXI)Y = det (IR 4 BF*3) AUXF)) (5.34)

to change the order of U,| and U}, and hence simplify the determinant to

1 2m—+42M
det(Q) = %det(ﬂm) — 22U U, det((1 — t2)1™)

(C+ 1)2m+2M 1 (535)

— (1 _ t2)2m _ (COSh2 r>2m+2M

_ 4M
S2m 2N = cosh™" r,

(cosh? r)2m
where from the first to second line we used that U U] = (U*U"),, = (I),, = I"™).

We can now input these values into the general equation to find a simpler expression for the

marginal probability for GBS in this case:

Prob(s +t) = (5.36)

tanh®" r (I-ULU,)ES (Ul)Ed
72MPerm m m ,
slt! cosh™™ r

where this is the probability of the output pattern with s in the heralded modes and ¢ in the output
modes so the overall pattern is given by s +t. In standard boson sampling, the input state is fixed
so it is actually the probability of detecting s + ¢ conditional on detecting s that is of interest. The
probability of measuring the heralded pattern can be found by inputting m = 0 and ¢ = {} (empty)
in the above expression which reduces the permanent to be of a submatrix of the identity matrix.
If there are no repetitions in 8, the submatrix of the identity is just a smaller identity. However,
if there is bunching in the input modes, the submatrix becomes a block diagonal matrix with the
diagonal blocks being the s,, X s,, all-ones matrix. The permanent of a block diagonal matrix is
the product of the permanents of the block matrices and the permanent of the all-ones matrix is
the factorial of its size. Therefore the permanent of the submatrix of the identity is [],, sm! and

the probability of detecting s is
tanh?V r

cosh?™ r

This probability could also have been found by simply calculating the probability of detecting s,

Pr(s) = (5.37)
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photons from a two-mode squeezed state for each mode m. As expected, these expressions agree,
providing reassurance for the derived marginal probability expression.
Putting everything together, we finally arrive at the expression for the marginal probability for

standard boson sampling:

Prob(t|s) = Prob(s + t)/Prob(s)

tanh?" (I-U! U, (Uf)st tanh?V
= o7 Lerm i3 oM
s!t! cosh™™ r (U,,) 3} 0 cosh“™ r (5.38)
1 (I-U} U, (Uf)tss
= —Perm P .
slt! (U,,) 15} 0

This can be used to sample each mode sequentially, by sampling from the conditional probability
Prob(tm|tm-1,...,t1,8) for m =1 to M. Because the number of photouns is fixed, the probability
only needs to be found for ¢,, = 0,..., N — n,,_1 where n,,_1 is the number of photons already
sampled in the output pattern t1,...,t,,_1, and N is the number of input photons in s. So unlike
for GBS, this is an exact sampling algorithm. However it requires the calculation of the permanent
of an (N 4 n) x (N + n) matrix for each probability with N input photons and n photons in the
included output modes, which is much slower than the Clifford and Clifford algorithm for standard

boson sampling.

5.4 Discussion

Chain-rule sampling algorithms can be used to sample from a multidimensional state by sampling
either the modes or the photons sequentially. It seems that sampling photon by photon is more
suited for standard boson sampling, while mode by mode naturally is incorporated into the Gaussian
formalism. However, there is no obvious reason why both methods cannot be applied to either and
each has its own advantages. We have provided a mode by mode algorithm for standard boson
sampling, but it suffers from a worse complexity than the Clifford and Clifford algorithm. It remains
to be shown whether the pure-state chain-rule algorithm for GBS can be applied to standard boson

sampling as it would need to be adapted to start conditional on the heralded modes.

Acknowledgements and contributions

The author’s contributions are devising the proof that the GBS pure-state algorithm samples from
the correct distribution and performing numerical tests, and the derivation of the formula for the
standard boson sampling case. The GBS sequential algorithm was a result of a collaboration.
The original version of the algorithm and the foundation for the updated version was proposed by
Nicolds Quesada with help from co-authors. The inclusion of the projection onto coherent states
was due to Bryn Bell. The idea to apply the GBS sequential algorithm to standard boson sampling

was from Jacob Bulmer, who also provided useful insight for the derivation provided.

135



CHAPTER 5. CHAIN-RULE METHODS IN BOSON SAMPLING

136



Chapter 6

Conclusion

“In the end, everything will be okay. If it’s not okay, it’s not yet the end.”

- Fernando Sabino

In this thesis we have explored several methods for simulating GBS in time proportional to the
complexity of calculating a single probability for the distribution. This provides a quadratic speed-
up on the previous leading algorithm when sampling from both pure and mixed states [79]. The
numerical simulations were run assuming the ideal scenario with the application of quantum-inspired
algorithms in mind. Experimental imperfections, such as loss, can readily be included [86]. We
provide a comparison of the main types of boson sampling in table highlighting the difference
in complexity for the calculation of individual probabilities and the sampling problem. We have also
added threshold GBS which is where the Gaussian state is measured using threshold detectors that
only distinguish between whether a photon is present or not, rather than the number of photons.
Although this type of boson sampling is not explored in this thesis, the algorithms presented can
be extended to this case [86].

All three algorithms presented in this thesis for simulating GBS are viable options being efficient
with regard to the number of probability calculations required to output a sample. However, they all
suffer from some approximation. For rejection sampling this can be estimated from the sample itself
given a large enough sample size, but predicting it beforehand is more uncertain. For MIS, it is not
clear how to determine the total variation distance between the sampled and target distributions,
but the numerical testing provides some assurance that for the parameters chosen the error will
be small. The chain-rule sampling algorithm only suffers from a truncation error which can be
reduced by choosing the cut-off photon number in each mode such that the probability of more
photons is small. It is possible to tune this probability of getting more photons in any mode to
some desired small ¢ by finding the corresponding cut-off photon number. However, the exact
relationship between € and the total variation distance is still unknown and so the TVD cannot be
fixed or even determined.

The challenge to lower the boundary of quantum advantage by Gaussian boson sampling remains

when experimental imperfections may be taken into account. In this case, loss and distinguishabil-
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Variant Matrix function | Complexity of probability | Complexity of sampling
Standard permanent [6] O(N2N) O(N2N) + O(MN?) [26]
GBS hafnian [7] O(N32N) - O(N32N/2) O(MN32N/?) [j4]
GBS (displaced) | loop hafnian [5I] | O(N32N) — O(N32N/2) O(MN32N/?) [84]
Threshold GBS | Torontonian [87] O(N32N) O(MN32N/2) [86]

Table 6.1: A comparison of the complexity of boson sampling variants. For each variant of boson
sampling, we list the matrix function that describes the probability distribution, the complexity of
calculating a single probability and the complexity of sampling from the distribution. We include
standard boson sampling, GBS with and without displacement in the input states and threshold
GBS. Although the last variant has not been discussed in this thesis, it is included for completeness.
The arrows show the reduction in complexity for a pure state compared to a mixed state.

ity cause approximations to the ideal distribution which means that classical simulations can also
make use of these approximations to find a speed-up. Current experimental demonstrations have
significant loss [I0, M1] which allows the possibility for an approximate algorithm to exploit this.
Another open problem is whether an exact chain-rule algorithm can be found similar to standard
boson sampling. The error in the algorithm presented is small and so this would only be an incre-
mental improvement. A more pressing open problem is finding a definitive method for validating

experimental samples to provide evidence of sampling from the correct distribution.
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