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Abstract

During the last 40 years, a large body of work has been directed to study
the connection between finiteness properties of groups and their algebraic and al-
gorithmic properties. One of the early results is due to Baumslag and Roseblade,
who showed that while finitely generated subgroups of the direct product of two free
groups are wild and untractable, the finitely presented ones have nice algebraic and
algorithmic properties. This work was widely extended during the years to the class
of finitely presented residually free groups viewed as subgroups of direct products
of limit groups.

In this thesis we continue this study and show that the good behaviour of
finitely presented subgroups extends to the class of finitely presented residually
Droms RAAGs. More precisely, we give a complete characterisation of finitely pre-
sented residually Droms RAAGs and we obtain a number of consequences related
to decision problems, growth of homology and the Bieri-Neumann-Strebel-Renz in-
variants. We also study the subgroup structure of direct products of limit groups
over Droms RAAGs depending on their finiteness properties. Finally, we initiate the

study of finitely presented subgroups of direct products of 2-dimensional coherent

RAAGs.
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Laburpena

Azken 40 urteotan, matematikari ugarik beraien lana zuzendu dute taldeen finitasun-
propietateen eta haien propietate aljebraiko eta algoritmikoen arteko lotura aztertzera.
Hasierako emaitzetako bat Baumslag eta Rosebladek eman zuten. Frogatu zuten
bi talde askeren produktu zuzenaren azpitalde finituki sortuak basatiak diren ar-
ren, azpitalde finituki aurkeztuek propietate aljebraiko eta algoritmiko zurrunak
dituztela. Lan hau asko hedatu da urteetan zehar limite taldeen produktu zuzenen
azpitalde finituki aurkeztuetara, edo baliokidea dena, finituki aurkeztuak diren hon-
dar askeetara.

Tesi honetan lan honekin jarraitzen dugu eta finituki aurkeztuak diren azpi-
taldeen jokabide ona klase zabalago batera hedatzen dela frogatzen dugu, hain
zuzen ere, finituki aurkeztuak diren hondar Droms artindar angeluzuzenetara. Ze-
hazki, guztiz karakterizatzen ditugu finituki aurkeztuak eta hondar Droms artin-
dar angeluzuzenak diren taldeak, eta ondorioz, hainbat propietate lortzen ditugu
problema algoritmikoekin, homologia taldeen hazkundearekin eta Bieri-Neumann-
Strebel-Renz inbarianteekin lotuta. Droms erako talde artindar angeluzuzenen pro-
duktu zuzenen azpitaldeen egitura ere aztertzen dugu, haien finitasun propietateen
arabera. Azkenik, 2-dimentsioko talde artindar angeluzuzen eta koherenteen pro-

duktu zuzenen azpitalde finituki aurkeztuak ere ikasten ditugu.



Resumen

Durante los ultimos 40 anos, varios matematicos han dirigido su trabajo a estu-
diar la conexién entre las propiedades de finitud de los grupos y sus propiedades
algebraicas y algoritmicas. Uno de los primeros resultados se debe a Baumslag y
Roseblade, quienes demostraron que mientras los subgrupos finitamente generados
del producto directo de dos grupos libres son cadticos, los finitamente presentados
tienen buenas propiedades algebraicas y algoritmicas. Este trabajo se ha exten-
dido ampliamente durante los anos a la clase de grupos finitamente presentados que
son también residualmente libres, vistos como subgrupos de productos directos de
grupos limite.

En esta tesis continuamos este estudio y mostramos que el buen compor-
tamiento de los subgrupos finitamente presentados se extiende a la clase de los
grupos finitamente presentados que son residualmente grupos de Artin de dngulo
recto de tipo Droms. Mads concretamente, damos una caracterizacion completa de
grupos finitamente presentados que son residualmente grupos de Artin de dngulo
recto de tipo Droms y obtenemos consecuencias relacionadas con los problemas
algoritmicos, el crecimiento de los grupos de homologia y los invariantes de Bieri-
Neumann-Strebel-Renz. También estudiamos la estructura de subgrupos de produc-
tos directos de grupos limite sobre grupos de Artin de dngulo recto de tipo Droms en
funcién de sus propiedades de finitud. Finalmente, iniciamos el estudio de los sub-
grupos finitamente presentados de productos directos de grupos de Artin de dngulo

recto coherentes y de dimensién 2.
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Notation

Unless otherwise stated R denotes a commutative ring with unit. If G is a group,
then we denote by Z(G) the center of G, by G’ the commutator subgroup of G, by
7:(G) the i™ member of the lower central series, and by G™ the direct product of n
copies of G, i.e. G" =G x--- x G. If S is a subset of G, ((S))¢ (or just ((S)) if the
group is clear) will be the normal closure of S in G. The centraliser of an element
g in G is denoted by Cg(g) and /g is a root of g in the group G (if it exists). If
S is a generating set for G, we denote the Cayley graph of G with respect to S as
A(G,S5).

If H is a subgroup of G, the set of left cosets of H in G will be denoted by
H\G and the set of right cosets by G/H. If H has finite index in G, we write it as
H <jy; G. Suppose that N is a normal subgroup in G. We say that two elements
x,y € G are equal modulo N if N = yN in the quotient group G/N.

If S and T are two simplicial complexes, S * T denotes the simplicial join of
S and T.

Suppose that Gy, ..., G, are groups and let S be a subgroup of G1 X - - - X G,,.
For i € {1,...,n} we denote the projection map S +— G; by p;. If 1 < j; <--- <

Js <, pj, .. j, is the projection map
S*—)Gjl Xoee XGJ'S.

The group L; is defined to be SN G;. We say that S is a subdirect product if each p;
is surjective and it is full if each L; is non-trivial. An embedding S — Gy x---x G,

of a full subdirect product is neat if G; is abelian (possibly trivial), L; is of finite

xii



index in G and G; has trivial center for i € {2,...,n}.
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Introduction

In the 1950’s work of Mihailova [77] demonstrated that the subgroup structure of
the direct product of two free groups is complicated and interesting since they may
have undecidable algorithmic problems. This was the beginning of a long line of
research developed by many mathematicians on subgroups of direct products of free
groups, and, more generally, of limit groups. In this thesis we continue this study
for subgroups of direct products of right-angled Artin groups, and, more broadly,
of limit groups over right-angled Artin groups, which are a generalisation of limit
groups.

From the work of Baumslag and Roseblade [7] and Bridson, Howie, Miller
and Short [20], [21], [28], [27], [26], it follows that finitely presented subgroups of
direct products of finitely generated free groups, or even of limit groups, have a rigid
structure and that the main algorithmic problems are decidable in this class. For
right-angled Artin groups, however, Bridson showed in [19] that this is not neces-
sarily true. Specifically, there are finitely presented subgroups of direct products
of right-angled Artin groups with undecidable decision problems. Thus, there is a
big difference in the behaviour of finitely presented subgroups of direct products
of right-angled Artin groups. This leads to the question of identifying the class of
right-angled Artin groups for which finitely presented subgroups of the direct prod-
uct of groups in this class have a rigid structure. In this work we give a partial
answer to this question by studying specific classes of right-angled Artin groups.

In what follows, we give more details about the history of the subject, and

subsequently, we provide an outline of the results we have obtained.

Finitely presented subgroups of the direct product of two

free groups

One motivation for studying subgroups of direct products of free groups arises from

their complicated algorithmic structure. The main group-theoretic algorithmic prob-



lems are the word problem, the conjugacy problem and the isomorphism problem.
These were formulated by Dehn in 1911 ([41]) and their study is now an active area
of mathematics lying at the intersection of algorithmic algebra and combinatorial
group theory. Each of Dehn’s three problems is known to be undecidable for finitely
presented groups, but they are decidable in the class of finitely generated subgroups
of finitely generated free groups. Even though the decidability of the word problem
passes to subgroups, the other algorithmic problems do not for direct products of free
groups. For example, in [77] Mihailova constructed a finitely generated subgroup of
the direct product of two free groups of rank two with undecidable conjugacy and
membership problems.

Mihailova’s example is based on the so-called free corner pullback construc-
tion. Let

1 R—sF—"5¢ 1

be a finite presentation of a group G, that is F' is a finitely generated free group
and R is finitely generated as a normal subgroup of F. Let us denote by F' x4 F
the pullback object of the diagram

FxyF —s F

b

FT>G

in the category of groups, i.e. F' x4 F = {(z,y) € F x F'| ¢(x) = ¢(y)}. It follows
easily from the assumption that G is finitely presented that F' x, F' is finitely
generated. What Mihailova showed is that there are finitely presented groups G
such that F' x4 F' has undecidable membership problem in F' x F. In [7§], Miller
used the same construction to show that there is a finitely generated subgroup of
F5 x Fy with undecidable conjugacy problem.

Later, Grunewald proved in [52] that the subgroups F' x4 F' with this com-
plicated behaviour are not finitely presented. More precisely, he showed that if ¢ is
not an isomorphism, then F' x4 I is finitely presented if and only if G is finite, that
is, if and only if F' x4 F' has finite index in F' x F'.

Baumslag and Roseblade generalised Grunewald’s result to all finitely pre-
sented subgroups of the direct product of two finitely generated free groups and they
explored the difference between finitely generated and finitely presented subgroups.
They first emphasised the complexity of the subgroups by proving that there are con-
tinuously many finitely generated non-isomorphic subgroups of the direct product

of two free groups of rank two. Then they showed that finitely presented subgroups



are considerably better behaved: if F' and F’ are two finitely generated free groups
and S is a finitely presented subgroup of F'x F”, then S is either free or it is virtually
the direct product of two finitely generated free groups. In particular, the classical
algorithmic problems are decidable in the class of finitely presented subgroups of
the direct product of two finitely generated free groups, so there is a big dichotomy
between finitely generated and finitely presented subgroups.

In their paper, Baumslag and Roseblade mention that they could not extend
the previous structure theorem to finitely presented subgroups of direct products of
finitely many finitely generated free groups. Their proof has a homological flavour
and uses the theory of spectral sequences. With the aim of shedding light on the
result and providing new methods that could be generalised to direct products of
finitely many free groups, alternative proofs were given. For instance, Bridson and
Wise gave a proof using CAT(0) cube complexes ([25]), Short gave one using van

Kampen diagrams ([90]) and Miller provided a simple algebraic proof ([79]).

Finiteness properties of subgroups of direct products of

free groups

The spectrum of finiteness properties gets richer when we focus on subgroups of
direct products with more than two factors, reflecting the more complex structure
of their finitely presented subgroups.

The two most basic finiteness properties are those of being finitely generated
and finitely presented, but there are more general properties. A group is finitely
presented if it is the fundamental group of a cell complex with finitely many 1 and 2-
cells, or equivalently, if it acts cellularly, properly, faithfully, freely and cocompactly
on a simply-connected space X. Putting more constraints on X, we get new homo-
topical finiteness properties. A group G is of type F;, if it has an Eilenberg-MacLane
space K(G,1) with finite n-skeleton, or equivalently, if it acts cellularly, properly,
faithfully, freely and cocompactly on an (n—1)-connected cell complex Y. If instead
of asking for (n — 1)-connecteness we ask Y to be (n — 1)-acyclic, we call G of type
FH,. A slightly weaker property is to be of type F'P, and it was introduced and
developed by Bieri (see [I1]). Finally, a group is of type wF P, (R) if the homology
groups Hp(Go; R) are finitely generated as R-modules for every Gy < G of finite
index and k < n. If R =7, wFP,(Z) is usually denoted just by wFP,. A group is
finitely generated if and only if it is of type F if and only if it is of type F'P;, and it
is finitely presented if and only if it is of type F». Moreover, F;, implies FH,, FFH,
implies F'P,, and F'P,, implies wI'P,,.



In 1963 Stallings constructed the first example of a group which is finitely
presented but not of type FP3 (see [91]). This group is the kernel of the homo-
morphism Fs x Fy x Fy — Z that sends all standard generators to 1. This was
generalised by Bieri in [12], where he proved that if F3' is the direct product of n
free groups of rank two and ¢,, is the homomorphism Fj' — Z sending all standard
generators to 1, then ker ¢, is of type F,_1 but not of type F'P,. These two ex-
amples indicate the great diversity that may be found amongst finitely presented
subgroups of direct products of free groups. In the case of the direct product of
two factors, by Baumslag and Roseblade’s result we obtain that finitely presented
subgroups are, in fact, of type F. Nevertheless, in the direct product of more than
two free groups finitely presented subgroups with different finiteness properties can
be found.

The general study of subgroups of direct products of arbitrarily many finitely
generated free groups was conducted by Bridson, Howie, Miller and Short. In [26]
they described the homological finiteness properties of subgroups of direct products
of free and surface groups. More precisely, they showed that if I'y, ..., ", are finitely
generated free or surface groups and S is a subgroup of type wF P,,(Q) of I'y x- - - XTI,
then S is virtually the direct product of free or surface groups. The ingredients
in the proof are the surface group analogues of those used in [7] for free groups,
together with an inductive argument enabled by the theory of spectral sequences.
For instance, in the case of free groups they use a theorem of Marshall Hall which
states that every non-trivial element of a finitely generated free group is primitive
in a subgroup of finite index. In the case of surface groups, they use the fact that if
> is the fundamental group of a closed surface and ~y is a non-trivial element of ¥,
then there is a subgroup ¥y < X of finite index such that >y is an HNN extension
Skc where C' is infinite cyclic and the stable letter is v (see [86]).

Limit groups

Bridson, Howie, Miller and Short continued the programme by studying subgroups
of direct products of limit groups. Since specific attributes of surface groups were
used in [26], the authors required several new ideas to complete this programme.
Limit groups arise naturally from several points of view. The name limit
group was introduced by Sela to emphasise the fact that these are precisely the
groups that appear when one takes limits of stable sequences of homomorphisms
¢n: G — F, where G is an arbitrary finitely generated group and F' is a free group
(see [88], [89], [87]). Remeslennikov, however, studied them in the language of model



theory as I-free groups ([83]). The existential theory of a group G is the set of first
order sentences that in the prenex normal form only have existential quantifiers and
are true in GG, and non-abelian limit groups are precisely groups that have the same
existential theory as a free group.

The structure of limit groups is well understood. One can give a hierarchi-
cal description in terms of their non-trivial cyclic JSJ-decomposition. More con-
cretely, limit groups are finitely generated subgroups of w-residually free tower (w-
rft) groups, where a w-rft group is the fundamental group of a tower space assembled
from graphs, tori and surfaces in a hierarchical manner. The number of stages in
the construction is the height of the tower, and the height of a limit group I is
precisely the minimal height of an w-rft group that has a subgroup isomorphic to I'.
Examples of limit groups include all finitely generated free or free abelian groups,
and fundamental groups of closed surfaces of Euler characteristic at most —2.

Limit groups and their subgroups play a key role in the theory of algebraic
geometry over groups. In [§], Baumslag, Miasnikov and Remeslennikov lay down
the foundations of algebraic geometry over groups, which bears a similarity with
classical algebraic geometry. The interest for doing this comes from the desire to
study equations over groups. The authors present group theoretic counterparts to
algebraic sets, coordinate algebras and other concepts from algebraic geometry. The
analog of the classical coordinate algebra is called a coordinate group.

In algebraic geometry, there is a one-to-one correspondence between algebraic
sets, radical ideals and coordinate algebras. Therefore, studying an algebraic set S
is equivalent to studying its coordinate algebra R[z1,...,x,|/Rad(S). Moreover, if
R is Noetherian and an integral domain, then S can be decomposed as a finite union
of irreducible algebraic sets,

S =VU...UVy,

where V; is an irreducible algebraic set for i € {1,...,m}. In this setting, the
coordinate algebra associated to S is a finitely generated subalgebra of the direct
product of the coordinate algebras of the irreducible algebraic sets Vi, ..., Vi,.

In algebraic geometry over groups, under some conditions that substitute R
being an integral domain and Noetherian, working with algebraic sets is also equiv-
alent to working with coordinate groups. Also in this setting, coordinate groups are
finitely generated subgroups of the direct product of the coordinate groups associ-
ated to irreducible algebraic sets. In this new world, a limit group over a group G
is just a coordinate group of an irreducible algebraic set over G. Therefore, when
we study equations over free groups, we have to understand subgroups of direct

products of limit groups.



A more algebraic reason to study limit groups is related to residual properties.
A simple way to obtain partial information about a group is to try to find quotient
groups which are well known. In this spirit, if P is a class of groups, a group G
is termed residually P if for each non-trivial g € G there is a group H € P and
a homomorphism f: G — H such that f(g) # 1. The group G is fully residually
P if for any finite subset T C G there exists a homomorphism from G to a group
in P which is injective on T. There is a large body of work devoted to finitely
generated residually finite groups due to their interesting properties, for instance,
they have decidable word problem. Residually free groups have also been studied
for several decades but they have only recently acquired increased importance. It
turns out that the class of limit groups is precisely the class of finitely generated
fully residually free groups, and coordinate groups over free groups correspond to
finitely generated residually free groups. As a result, the study of finitely generated
residually free groups reduces to the study of finitely generated subgroups of direct

products of limit groups.

Subgroups of direct products of limit groups and finitely

presented residually free groups

Motivated by the rich and powerful interplay among group theory, topology and
logic that limit groups provide, Bridson, Howie, Miller and Short embarked on a
programme to generalise the results in their earlier paper [26] to this bigger class.

In [20] Bridson and Howie generalised the results in [26] to the class of groups
having the same elementary theory as free groups, called elementarily free groups.
As mentioned before, limit groups have the same existential theory as a free group.
The elementary theory of a group G is the set of all first order sentences that are true
in G. In particular, the class of elementarily free groups is an important subclass
of the class of limit groups. The arguments in [20] used in a crucial way the fact
that in the case of elementarily free groups, the top of the w-residually free tower
decomposition is a quadratic form. In the case of general limit groups, the top may
be also an abelian block. Hence, their methods did not extend immediately to the
whole class of limit groups.

After dealing with the general case for n = 2 in [21], Bridson, Howie, Miller
and Short finally completed the programme in [27] by proving that if I'y,..., T, are
limit groups and S is a subgroup of type wF' P, (Q) of I'y x - - - xI',, then S is virtually
a direct product of limit groups. An unexpected aspect of the proof is that after

some reductions that make use of geometric methods, the argument is mostly based



on nilpotent groups, as the authors show that finitely presented subgroups virtually
contain a term of the lower central series of the group. In the same article, the
authors showed that if S is a full subdirect product of I'y x - - - xI';, where I'y, ..., T,
are non-abelian limit groups and S is finitely presented, then p; ;(S) has finite index
in I'; x I';, where p; ; is the projection homomorphism I'y x --- x I', — I'; x I';
for 1 <4 < j < n. This is a significant generalisation of the result of Baumslag
and Roseblade. However, it does not give a complete characterisation of finitely
presented subgroups since the converse was not yet known to be true.

In [28] the authors succeded in proving the converse of this result, and as a
consequence, in characterising finitely presented full subdirect products. The beauty
of this result is that it holds in remarkable generality. To be precise, Bridson,
Howie, Miller and Short proved what is known as The Virtually Surjective on Pairs
Criterion. This criterion states that if S is a subgroup of a direct product Gy x - - - X
Gy, of finitely presented groups Gf,...,G, and if S is virtually surjective on pairs,
then S is finitely presented.

Combining [27] and [28] we get that if 'y, ..., ', are non-abelian limit groups
and S is a full subdirect product of I'y x --- x I'j;, then S is finitely presented if
and only if p; j(S) has finite index in I'; x I'; for 1 < 4 < j < n. This result is
enough to show that the conjugacy and the membership problems are decidable in
this class of finitely presented subgroups. Recall that finitely generated residually
free groups are just finitely generated subgroups of direct products of limit groups.
In [2§] it is shown that finitely presented residually free groups are finitely presented
full subdirect products of I'y x --- x I';,, where I'y is free abelian, S NI’y has finite
index in I'; and I'y, ..., I',, are non-abelian limit groups. Thus, [28] gives a complete
characterisation of finitely presented residually free groups.

After having seen the significance of projections onto pairs, Kuckuck sug-
gested in [69] the following generalisation, named The Virtual Surjection Conjec-
ture. Let n < m be positive integers and let S be a subgroup of a direct product
G1 X -+ X Gy, where G; is of type F,, for 1 < ¢ < m. If S is virtually surjec-
tive on n-tuples, then S is of type Fj,. The Virtual Surjection Conjecture is still
an open problem but some cases and implications have been proved. For exam-
ple, in [65] Kochloukova showed that if 'y, ..., T, are non-abelian limit groups and
S is a finitely generated full subdirect product of type wF Py(Q) for some fixed
k€ {2,...,m}, then S virtually surjects on k-tuples. In conjuction with the work
of Kuckuck in [69], we get the following powerful result. Let I'y,..., T, be non-
abelian limit groups and let S be a full subdirect product of I'y X --- x I';;,. Then S
is finitely presented and of type wF Py, (for k > 2) if and only if S virtually surjects



on k-tuples.

Thanks to the understanding of limit groups and finitely presented residu-
ally free groups, other interesting properties have been proved. Of special interest to
us are the Bieri-Neumann-Strebel-Renz invariants. We are interested in finiteness
properties of subgroups such as being of type F;, or of type F'P,,. We have seen that
kernels of homomorphisms to Z (so these kernels contain the commutator subgroup
of the group) are particular examples of groups having interesting finiteness prop-
erties. The Bieri-Neumann-Strebel-Renz invariants are specific open subsets in the
character sphere S(G) of a group G, and they control when a subgroup containing
the commutator subgroup is of type F' P, or is of type F,. The invariants are sep-
arated into two groups: the homotopical invariants {¥"(G)},, and the homological
ones {X"(G,Z)}n. In general, they are difficult to compute, but they are known for
some classes of groups, including limit groups. Kochloukova proved in [65] that for
any non-abelian limit group the invariants are the empty set. In addition, together
with Ferreira Lima, they calculated the invariant ¥!'(G) for a finitely presented
residually free group G (see [72]).

In [24] Bridson and Wilton, using the results in [27] and pulling back results
about nilpotent groups, show that finitely presented subgroups of finitely generated
residually free groups are separable and that the subgroups of type F' Py, are virtual
retracts. This can be seen also as an extension of the results in [94], where Wilton
shows that finitely generated subgroups of finitely generated fully residually free
groups are virtual retracts, and in particular, separable.

The hierarchical structure of limit groups and the characterisation of finitely
presented residually free groups of [28] was used by Bridson and Kochloukova to
calculate the Lo-Betti numbers, rank gradient and asymptotic deficiency of limit
groups and of finitely presented residually free groups (see [22]). If G is a residually
finite group, an exhausting normal chain is a filtration (Gy,)n>1 of G such that G, is
normal in G, G, 41 € Gy, and (),,~; G, = 1. They proved that if G is a limit group,
(Gp)n>1 is an exhausting normal_chain of G and K is any field of characteristic 0,
the Lo-Betti number of G 3;(G), which may be computed as

_ dim H;(Gy; K)
lim ——~—" "~
noo  [G: Gl

is zero except for j = 1, where it equals —x(G). They also computed the homotopical
version of that result and in the case of finitely presented residually free groups, they
found particular filtrations where those limits can be calculated.

In summary, finitely presented subgroups of direct products of limit groups



have been deeply studied and thanks to the understanding of their structure we now
know many of their interesting properties, for instance, that most of the classical

algorithmic problems are decidable in this class.

Right-angled Artin groups

Right-angled Artin groups (RAAGs) were first introduced by Baudisch ([5]) in the
1970’s and further developed by Droms ([44], [45], [46]). The class of RAAGs
generalises the class of finitely generated free groups, by allowing relations saying
that some or all of the generators commute. The spirit is to associate a group to a
finite simplicial graph. In recent years, RAAGs have been studied extensively due
to their actions on CAT(0) cube complexes and their rich subgroup structure. As
a consequence of the work of Haglund and Wise ([53]), groups acting properly by
combinatorial automorphisms on a CAT(0) cube complex with special quotient are
subgroups of RAAGs. Many groups that are important in geometric group theory
can be seen virtually as subgroups of RAAGs, including fundamental groups of
closed, irreducible 3-manifolds (see [2] and [95]), all Coxeter groups (see [54]) and
one-relator groups with torsion (see [2]).

Subgroups of RAAGs also play an important role in geometric group theory
by providing examples of groups with interesting finiteness properties. We have seen
previously that subgroups of direct products of free groups have fascinating finiteness
properties. Recall that if F3' is the direct product of n free groups of rank two (which
is a RAAG) and H,, is the kernel of the homomorphism Fj' — Z sending all the
standard generators to 1, then H,, is of type Fj,,_1 but not of type F'P,. Bestvina
and Brady in [9] gave a general construction which provides examples of subgroups
of direct products of RAAGs having one type of finiteness property but not the
other, extending the results of Stallings and Bieri in [91] and [12], respectively. In
particular, they produced groups of type F'P, that are not finitely presented. In
order to find these type of examples it is not sufficient to work with subgroups of
direct products of free groups, since from the work of Bridson, Howie, Miller and

Short it follows that for subgroups of F3', being of type F), is equivalent to being of
type FP,(Q).

Main goal of the thesis

The richness of subgroups of RAAGs and the previous work on finitely presented

subgroups of direct products of finitely generated free groups motivates the study of



subgroups of direct products of RAAGs. Since finitely presented subgroups of direct
products of finitely generated free groups have good algorithmic behaviour, one can
wonder if this is the case for all finitely presented subgroups of direct products of
RAAGs. In his work [19], Bridson shows that this is not the case as he shows that
there is a RAAG A and a finitely presented subgroup S of A x A for which the
conjugacy problem and the membership problem in A x A are undecidable.

Hence, on the one hand, by all the previous results, there is a subclass of
the class of RAAGs containing free groups where finitely presented subgroups of the
direct product have a nice structure, and on the other hand, by the result of Bridson,
we know that this is not true in the entire class of RAAGs. As a consequence, one
may wonder which is the class of RAAGs where finitely presented subgroups of the
direct product of groups in this class have good algorithmic behaviour. Since we
want finitely presented subgroups of direct products to have a controllable structure,
in particular we need to have some control on subgroups of groups in this class.
There are two main families of RAAGs where it is known that the conjugacy and
the membership problems are decidable for finitely presented subgroups, namely the
class of Droms RAAGs and the class of coherent RAAGs. In this work we focus on
studying finitely presented subgroups of direct products of groups in these classes,
and, more generally, of limit groups over groups in these classes, which is a concept

extending the notion of limit group.

Droms RAAGs and coherent RAAGs

In general, not all subgroups of RAAGs are again RAAGs, and Droms RAAGs
are precisely those with the property that all of their finitely generated subgroups
are again RAAGs. In particular, finitely generated free groups are Droms RAAGs.
They were characterised by Droms as the RAAGs where the defining graph does
not contain full subgraphs that are squares or lines of length 3 (see [40]).

Droms RAAGs are a subclass of the class of coherent RAAGs. Recall that
a group is coherent if every finitely generated subgroup is also finitely presented.
Droms gave in [44] a characterisation of coherent RAAGs in terms of the associated
graphs. He proved that a RAAG is coherent if and only if the defining graph does not
contain induced cycles of length greater than 3. For instance, the RAAG associated
to a tree, which is called a tree group, is coherent. Tree groups with trivial center are
no longer Droms RAAGs, however, and the fact that they have finitely generated
subgroups which are not RAAGs make them more difficult to work with.
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Limit groups over RAAGs

Some of the characterisations of limit groups mentioned can be adapted to the
setting of RAAGs. For instance, if GX is a RAAG and G is a finitely generated
group, then G is fully residually GX if and only if G is the coordinate group of
an irreducible algebraic set over GX if and only if the existential theory of GX is
contained in that of G. Thus a limit group over a RAAG is defined to be a group
that is a finitely generated fully residually RAAG. In this work we focus on limit
groups over coherent RAAGs, and more particularly, on limit groups over Droms
RAAGs. Both of these classes have been studied previously by Casals-Ruiz, Duncan
and Kazachkov in [32], [33], [34] and [35].

Contents of thesis

In Chapter 2| we prove the analogs of the results of [28] and [27] of Bridson, Howie,
Miller and Short in the case of limit groups over Droms RAAGs. Specifically, re-
member that they prove that subgroups of type wF P, (Q) of the direct product of
n limit groups are virtually the direct product of limit groups, and they also char-
acterise finitely presented subgroups in terms of their projections onto pairs. We
generalise both results to limit groups over Droms RAAGs in this first chapter, and
in addition, we obtain some consequences related to decision problems.

In Chapter [3| we follow the path that Kochloukova took in [65] generalising
the results in [27]. She showed that limit groups are free-by-(torsion-free nilpotent)
and by using this property, she proved that if S is a subgroup of type wF Ps(Q) of
the direct product of limit groups, then S virtually surjects onto s coordinates. In
the first part of the chapter we generalise these results to the case of limit groups
over Droms RAAGs. After that, following [22], we discuss the growth of homology
groups and the volume gradients for limit groups over coherent RAAGs.

In Chapter 4| we compute the Bieri-Neumann-Strebel-Renz invariants for
limit groups over Droms RAAGs and the first Y-invariant for finitely presented
residually Droms RAAGs. For the case of limit groups and finitely presented resid-
ually free groups these were computed by Kochloukova and Ferreira Lima in [65]
and [72], respectively. Generalising their work, we are able to extend the results and
apply them to our case.

Finally, Chapter 5]and [6]deal with the class of 2-dimensional coherent RAAGs.
More precisely, in Chapter [5] we generalise Baumslag and Roseblade’s result on sub-

groups of direct products of finitely generated free groups and describe the structure
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of finitely presented subgroups of the direct product of two 2-dimensional coherent
RAAGs. Furthermore, we show that these finitely presented subgroups have good
algorithmic properties. We also prove, by means of the Bieri-Neumann-Strebel-
Renz invariants, that these finitely presented subgroups are actually of type Fi. In
Chapter [6] we show that for this class there is a new phenomena. Namely, recall that
finitely presented subgroups of direct products of finitely generated free groups vir-
tually contain a term of the lower central series of the group. For finitely presented
subgroups of direct products of 2-dimensional coherent RAAGs, they are virtually
an extension of a direct product by a polycyclic group.

In sum, thanks to the work of Baumslag and Roseblade in [7] we know that
finitely presented subgroups of the direct product of two finitely generated free
groups have a rigid structure and that the main algorithmic problems are decidable
in this class. There is a counterexample given by Bridson in [19] which warns us
that this good behaviour does not extend to all finitely presented subgroups of the
direct product of two RAAGs. In this thesis we study the finiteness and algorithmic
properties of subgroups of direct products of some coherent RAAGs, and as a corol-
lary, we narrow the subclass of RAAGs where finitely presented subgroups of the
direct product are complicated by showing that Droms RAAGs and 2-dimensional
coherent RAAGs do not belong to it.
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Chapter 1

Background

1.1 Background on Bass-Serre theory

We recall the basics of Bass-Serre theory and we refer the reader to [18] and [43] for
further details.

A G-set is a set X with a G-action on X. A function «: X7 — X9 between
G-sets is said to be a G-map if a(gr) = ga(z) for all g € G,z € X;. By the
quotient set for the G-set X we mean X/G = {Gz | x € X}, the set of G-orbits.
By a G-transversal in X we mean a subset S of X which meets each orbit exactly
once, so the composite S C X — X/G is bijective. A G-graph (X, VX,EX, ¢, T)
is a non-empty G-set X with specified non-empty G-subset V' X, its complement
EX = X\ VX, and two G-maps ¢,7: EX — VX. These are called the incidence
functions of X. For v € VX, we define st(v) = ¢ *(v) U7T !(v). The number of
elements in st(v) is called the valency of v. If every vertex of X has finite valency,

then X is said to be locally finite. By the quotient graph X/G we mean the graph
(X/G,VX/G,EX/G,t,T),

where
i(Ge) = Gie, T(Ge)=Gre forall Gee EX/G.

Example 1.1.1. If G = Cy = (s | s* = 1) and S = {s}, then the Cayley graph
A(G,S) is

13



The quotient graph is
e
Q

e
—>

which lifts back to a G-transversal

We may define the incidence functions ¢, 7 on EX*! by setting te = te, Te! =

1

Te,ie ! =T1e,re! = e forall e € EX. A path p in X is a finite sequence

€1 €
UUael s Uly e v 7/Un71)ennyvna

where n > 0, v; € VX, e € EX*! vej' = vi_1,Te;’ = v;. If for each i in

{1,...,n — 1} it happens that e;’"}' # e; , then p is said to be reduced. If vy = vy,
p is said to be closed. Here n can be equal to 0.

We say that X is a forest if the only reduced closed paths are the empty
ones, and X is a tree if it is a connected forest. In a tree X, for any two vertices
v,w of X there is a unique reduced path from v to w and it is called the geodesic

from v to w.

Proposition 1.1.2. [/5, Proposition 2.6] If X is a G-graph and X/G is connected,
then there exist subsets Yy CY C X such thatY is a G-transversal in X, Yy is a
subtree of X, VY = VY, and for eache € EY , e e VY = VY.

Example 1.1.3. In Example Y is

v o€
o—

and Yj is the vertex v.
We now introduce the main object of study for Bass-Serre theory.

Definition 1.1.4. By a graph of groups (G(—),Y) we mean a connected graph
(Y,VY,EY,.,7) together with a function G(—) which assigns to each v € VY a
group G, = G(v) and to each edge e € EY a distinguished subgroup G, = G(e) of
G(ce) and an injective homomorphism t.: G, — Gr.. For g € G, we denote t.(g)
by g'e.

14



We call the G,, v € VY, the vertex groups and the G, e € FY, the edge
groups. If the vertex and edge groups are the obvious ones, we simply say that Y is

a graph of groups.

A finite graph of groups is a graph of groups where the underlying graph is
finite.

Example 1.1.5. General construction. Suppose that (X,VX,EX, ., 7)is a G-
graph such that X/G is connected. Let us choose a fundamental G-transversal Y
in X with subtree Yy. A graph of groups can be defined as follows.

For each e € EY there are unique elements te, Te € VY which lie in the same
G-orbits as te and Te, respectively. In fact, te = te. Then Y can be made into a
graph with incidence functions z and 7. Since Te and Te lie in the same G-orbit,
there is an element t. in G such that t.7e = T7e. Moreover, if e € EYj, then Te
equals Te, so t, = 1.

Now the stabiliser of an edge e, G, is a subgroup of the stabilisers of te and
Te, G, and G,.. In addition, since ze = te, then G, = Gz and G, = teG;ete_l, SO

there is a monomorphism t.: G, — Gz, sending an element g to te_l gte.

Definition 1.1.6. Let (G(—),Y) be a graph of groups. Choose a maximal subtree
Yo of Y, so VYy = VY. We define the associated fundamental group m(G(—),Y,Yp)

to be the group presented as follows:
(1) The generating set is {t. | e € EY } UJ,cyy Go-
(2) The relations:

— the relations for G, for each v € VY.
_ te—lgte =gleforalle € EY, g € G. C G,e, 50 g'c € Gre.
— te =1 for all e € EYj.

The generators {t. | e € EY \ EYj} are called the stable letters.

Remark 1.1.7. If Y and Y7 are two different maximal subtrees of Y, then the fun-
damental groups 7(G(—),Y,Yy) and 7(G(—),Y, Y1) are isomorphic.

Example 1.1.8. Let (G(—),Y) be a graph of groups and let Y be a maximal
subtree of Y.

(1) Suppose that G, = 1 for all v € VY. Then 7(G(-),Y,Y)) is a free group of
rank |EY \ EYj].
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(2) Suppose that Y has one edge and two vertices te,e. Let A = G, B = Gre,
C = G, so that C' is a subgroup of A and there is a specified embedding
t: C — B. Here Yy = Y and the fundamental group is the free product of A
and B amalgamating C, denoted A xc B. It has presentation

(A,B|c=c forallcecC).

(3) Suppose that Y has one edge e and one vertex v = te = Te. Let A = G,,
C = G, so that C is a subgroup of A and there is specified an embedding
t: C — A. Here Yj consists of the single vertex and the fundamental group
is the HNN extension of A over C with stable letter t, denoted Axc. It has
presentation
(At |t7 et = ¢ for all c € C).

A graph of groups is said to be reduced if, given an edge with distinct end-
points v; and wva, the subgroup G. < G, is proper and the inclusion G, — G, is
proper. In particular, an HNN extension is always reduced. An amalgam A x¢c B
is reduced if C' # A and C' # B. If a finite graph of groups is not reduced, it can
be made reduced by iteratively collapsing edges that make it non-reduced. Thus, in
this work we assume that finite graphs of groups are always reduced.

An HNN extension Axc with stable letter ¢ is ascending if C or C? is not a
proper subgroup of A.

Theorem 1.1.9. [18, Theorem 18.2] Let G = w(G(—),Y,Yy) be the fundamental
group of a graph of groups (G(—),Y') with respect to a mazimal subtree Yy of Y. Then
the group G acts without inversion of edges on a tree T such that the underlying
graph of the quotient graph T /G is isomorphic to'Y and the stabilisers of the vertices
and edges of the tree T are conjugate to the groups G,, v € VY, and G, e € EY,

respectively.

Sketch of the proof. Define

VT = UvGVYG/Gm ET = UeGEYG/Ge’

(gGe) = gG,. and T(g9Ge) = gteGre,
for g € G, e € EY. The group G acts on T by left multiplication. O

The tree T in the previous theorem is named the associated Bass-Serre tree.
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The next result gives the reverse implication of the above theorem, by show-
ing that if a group acts on a tree, then such a group is the fundamental group of a

graph of groups.

Theorem 1.1.10. [/53, Theorem 4.1] Let T be a G-tree. Choose a fundamental
G-transversal Y with subtree Yy and denote the incidence functions by t, T; choose,
for each e € EY | to € G such that t.Te = Te, with t. = 1 if e € EY}y, and form the
resulting graph of groups (G(—),Y) as in Ezample[1.1.5, Then G is isomorphic to
7(G(-), Y. Vo).

Example 1.1.11. [I8, Example 18.7] Let G = {(a,b | a®> = b3), let ¢: G — S5 such
that ¢(a) = (12) and ¢(b) = (12 3), and let H be the kernel of ¢. Let us find a
presentation of H in the form of a fundamental group of a graph of groups. The

group G is the fundamental group of the graph of groups

o
o )= (@)

Then G acts on a tree T', where the vertices of this tree are the left cosets of subgroups
{a) and (b) in G, and the edges are the left cosets of the subgroup (a?) = (b*) in G.
The vertices g(b) and g(a) are connected by the positively oriented edge g(a?).

ba) ab?®(a)

\

(b) —e @ a(b)
(@)
b%(a) 0/ ab<a>\o

e -

The group H acts on T by left multiplication. The set {1,b,b% a,ba,b?a} is a
system of representatives of left cosets of H in G, so any vertex of the form g(a)
is H-equivalent to either (a), b(a) or b*(a). The set {1,b,b? a,ab,ab?} is also a
system of representatives of left cosets of H in G, so any vertex of the form g¢(b)

is H-equivalent to (b) or a(b). Therefore, there are 5 vertices in the graph T/H,
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A,D,E,B,C and their representatives are the vertices (a), b{a), b*(a), (b), a(b).
Similarly it can be shown that there are exactly 6 equivalence classes of edges of the
tree T' (drawn in blue).

The vertices b(a) and ab®(a) are H-equivalent, since (ab’a~'b~1)b(a) equals
ab*(a) and t; = ab’a='b~! € H, so they are projected to the same vertex D. The
vertices b?(a) and ab(a) are also projected to the same vertex E. Thus, the graph
Y =T/H is

D

<

Let Y; be the maximal subtree of Y drawn in red. The stabilisers of all vertices and
all edges in the group H are (a?). In addition, all embeddings of edge groups into
the corresponding vertex groups are identities, since (a?) is the center of the group

G. From this we deduce that H has presentation

<CC,t]_,t2 ’ tflgctl = x,t;lﬂftQ = Qj>’

in which the letters z,t1, s correspond to a2, ab?a='b~t, aba=1b=2.

In this thesis we will mainly work with cocompact, minimal, acylindrical
actions of a group G on a tree T. The action is cocompact if the quotient graph
T/G is compact. It is minimal if T is the only G-invariant subtree of T. It is k-
acylindrical if the stabiliser of any geodesic path of length greater than k is trivial.
If the value of k is not important, one says simply that the action is acylindrical.
Analogously, a graph of groups decomposition is termed k-acylindrical if the action
on the associated Bass-Serre tree is k-acylindrical. An element g € G is called
elliptic if it fixes a point of T'. Otherwise, it is called hyperbolic and in this case

there is a unique embedded line in 7', called the azis, on which g acts as translation.

1.2 Background on homology of groups

The homology theory of groups arose from both topological and algebraic sources
and it offers a great deal of interactions between them. We here give a very brief
summary of this fascinating subject just stating the definitions and results that will

be used in the thesis. Brown’s book [29] is a good reference for further details.
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1.2.1 Definition of H.(G; M)

Let G be a group and let ZG be the free Z-module generated by the elements of
G. Thus an element of ZG is uniquely expressible in the form ) geG a(g)g, where
a(g) € Z and a(g) = 0 for almost all g. The multiplication in G extends to a Z-
bilinear product ZG x ZG — ZG and this makes ZG a ring, called the integral group
ring of G.

A (left) ZG-module, also called a G-module, consists of an abelian group A
together with an action of G on A. For example, one has for any abelian group A
the trivial module structure, with g-a =a for all g € G, a € A.

If Ris aring and M is an R-module generated by Ay, then we have an exact
sequence Py, B — M — 0. The surjection P, R — M has a kernel K. If K
is generated as an R-module by Aj, then we obtain a continuation of the previous

sequence

~
o

Dy R —— Dy R s M
\MI
K

with the top row exact. The surjection € A, B — K has a kernel L. Choosing a
free module that maps onto L and continuing the procedure, we obtain an exact
sequence

== = Fy—M—0,

where each Fj is a free R-module. Such an exact sequence is called a free resolution
of M. The fundamental lemma of homological algebra ensures that given any module
M, free resolutions of M exist and are unique up to chain homotopy equivalence. A
milder property for a module is to be projective. An R-module P is projective if it
is a direct summand of a free module, i.e. there is a module @ such that P ¢ @ is
free. The fundamental lemma of homological algebra is applicable also to projective
resolutions, not just to free ones.

The tensor product M ®g N is defined whenever M is a right R-module and
N is a left R-module. It is the quotient of M ®z N obtained by introducing the
relations mr®n =m®rn form € M, r € R, n € N. In case R is a group ring ZG,
we can avoid having to consider both left and right modules. We can regard any left

G-module M as a right G-module by setting mg = ¢!

m and in this way we can
make sense out of the tensor product M ®zg N of two left G-modules. Note that
M ®76 N is obtained from M ®z N by introducing the relations g~ 'm®n = m®gn.

Let F be a projective resolution of Z over ZG and let M be a G-module. We
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define the homology of G with coefficients in M by
H.(G; M) = H(F ®z6 M).

If M is the trivial ZG-module Z, then H,(G;Z) is denoted by H,(G) and called the
homology of G.

Remark 1.2.1. H,.(G; M) is independent of the projective resolution that we choose.

1.2.2 Topological interpretation

Suppose X is a G-CW-complex, by which we mean a CW-complex with a G-action
that permutes the cells. Then G acts on the cellular chain complex Cy(X), which

therefore becomes a chain complex of ZG-modules, so we have a sequence
= C1(X) = Co(X)—>Z—0

of ZG-modules. If G acts freely on X, then each module C,(X) is a direct sum
of copies of ZG, with one copy for each G-orbit of n-cells. In particular, C),(X)
is a free ZG-module. If, in addition, X is contractible, then the sequence is a free

resolution of Z over ZQG.

Definition 1.2.2. Let Y be a CW-complex with fundamental group G. We say
that Y is an Eilenberg-MacLane complex of type K(G,1) if its universal cover is

contractible.

It is a fact that every group G admits a K(G, 1)-complex Y and that Y is
unique up to homotopy equivalence. In this case, the universal cover X of Y is a
contractible, free G-CW-complex, so its cellular chain complex gives rise to a free

resolution of Z over ZG.

Theorem 1.2.3. [29, Proposition 4.1] Let Y be a K(G,1)-complex. Then

1.2.3 Finiteness properties

There are two natural definitions of the dimension of a group, depending on whether

we think topologically or algebraically.

Definition 1.2.4. The geometric dimension of G, denoted gd G, is the smallest
non-negative integer n such that there exists an n-dimensional K (G, 1)-complex.

If no such n exists, we say that gd G = cc.
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Definition 1.2.5. The cohomological dimension of G, denoted cd G, is the smallest
non-negative integer n such that there exists a projective resolution P = (F;);>o of
Z over ZG satisfying P; = 0 for ¢ > n.

If no such n exists, we say that cd G = oo.
Since a K (G, 1)-complex yields a free resolution of length equal to its dimen-
sion, cd G < gd G.

Definition 1.2.6. We say that a group G is of type F,, (0 < n < oo) if there
is a K(G,1)-complex with a finite n-skeleton, i.e. with only finitely many cells in
dimensions < n. We say that G is of type Fy if there is a K (G, 1) with all of its
skeleta finite, and that G is of type F' if there is a finite K (G, 1)-complex.

Definition 1.2.7. We say that a group G is of type FP, (0 <n < o) if there is
a projective resolution P of Z over ZG such that P; is finitely generated for i < n.
We say that G is of type F Py if there is a projective resolution P of Z over ZG
with P; finitely generated for all ¢, and that G is of type F P if there is a projective

resolution such that P; is finitely generated for all ¢ and is 0 for sufficiently large i.

Definition 1.2.8. We say that a group is weakly of type FP,(Q) (0 < n < c0), and
we denote it as wF P, (Q), if H;(Go; Q) is finite dimensional for all Gy < G of finite
index and 0 < i < n.

Proposition 1.2.9.
(1) F,, = FP, = wFP,(Q).
(2) Every group is of type Fy.
(3) G is of type Fy if and only if it is finitely generated.
(4) G is of type Fy if and only if it is finitely presented.
(5) G is of type FPy if and only if it is finitely generated.

(6) If G is of type FP, and M is a G-module which is finitely generated as an
abelian group, then H;(G; M) is a finitely generated abelian group for 0 <i <

n.

1.2.4 Euler characteristic of a group

Even though the Euler characteristic of a group may be defined in wider generality,
here we define it for F'P groups. If G is of type FP, the Euler characteristic x(G)
is defined by

X(G) = (=1)'rkz(Hi(G)).
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Proposition 1.2.10.

(1) If G is of type FP and H is a finite index subgroup of G, then x(H) =
[G: H]x(G).

(2) Let 1 = N - G — Q — 1 be a short exact sequence of groups of type FP.
Then x(G) = x(N)x(Q).

(3) Let G = Ax¢c B where A, B,C and G are of type FP. Then x(G) = x(A4) +
x(B) = x(C).

1.2.5 Some tools to compute the homology of groups

In this last section we mention some of the tools that will be used in the thesis to
compute the homology of groups.

If G is a group and H is a subgroup of G, Shapiro’s Lemma relates the
homology of H and G as follows.

Proposition 1.2.11 (Shapiro’s Lemma). [29, Proposition 6.2] If H < G and M s
an H-module, then
H.(H;M) = H,(G;ZG @z M).

We will also make use of a special case of the Kiinneth formula for group

homology.

Proposition 1.2.12. |29, Chapter V, Section 2] Let G and H be groups and let K
be a field. Then

Ho(G x H;K) = P Hy(G;K)®k Hyp(H; K).
0<p<n

Since we will be often working with fundamental groups of graphs of groups,
and more particularly with HNN extensions, the associated Mayer-Vietoris sequence
will be useful for us. Details can be found in [29, Chapter VII, Section 9]. Let
G = Axc with stable letter t. Then there is a long exact sequence

e Ho (O3 M) S Hy(A; M) 2 Ho (G M) — Hy 1 (C; M) = -+ -

where [ is induced by the inclusion A — G and « is the difference between the
inclusion and the inclusion twisted by the action of ¢ under conjugation.
Finally, we review the Lyndon-Hochschild-Serre spectral sequence for homol-

ogy. The theory of spectral sequences is rather technical, but the lecture notes [82]
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written by Antonio Diaz Ramos illustrate the basic notions via examples arising
from Algebraic Topology and Group Theory. They are, therefore, a practical source
to familiarise with spectral sequences. For full details the reader could consult [29,
Chapter VIIJ.

Theorem 1.2.13 (Lyndon-Hochschild-Serre spectral sequence for homology). Let
1> N —=>G— Q — 1 bea short exact sequence of groups and let M be a G-module.

Then there is a first quadrant homological spectral sequence

E? = Hy(Q; Hy(N; M)) = Hpyq(G; M).

1.3 Background on right-angled Artin groups

Right-angled Artin groups were introduced by Baudisch in the 1970’s [5] and further
developed by Droms in the 1980’s (see [44], [45], [46]). They have been studied
extensively since that time in different branches of mathematics under different
names: graph groups, partially commutative groups, semifree groups, etc. The
notes [38] and [64] are a good source to learn about this fascinating class of groups.

Given a finite simplicial graph X, the corresponding right-angled Artin group
(RAAG), denoted by GX, is given by the following presentation. Let V(X) denote
the vertex set of X. Then

GX =(V(X) | zy = yr <= =z and y are adjacent).

For instance, if X is the following graph

x Yy z
o @ o

then GX = (z,y,z | @) = F3. More generally, if X is a totally disconnected graph
with n vertices, then the corresponding RAAG is the free group of rank n.

On the opposite side, if X is a complete subgraph, for example if X is

T Yy
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then GX = (z,y,z | vy = yz,12 = 22,92 = 2y) = Z3. If X is a complete graph
with n vertices, then the corresponding RAAG is the free abelian group of rank n.

Alternatively, RAAGs are also defined by means of flag complexes. Recall
that a flag complex is a simplicial complex such that any k-complete graph in the
1-skeleton of the complex spans a (k — 1)-complex, so that a flag complex L is
uniquely determined by its 1-skeleton L(!). The RAAG associated to L is the RAAG
associated to L. Conversely, if X is a simplicial graph we can define the induced

flag complex X based on X as the flag complex with X0 = x.

1.3.1 The Salvetti complex

The goal of this section is to define a K (G, 1)-complex for a RAAG G, which will
be called the Salvetti complex associated to G.

If G is a finitely presented group with finite generating set S = {s1,...,s,}
and a finite set of relators R, then there is a way of obtaining a 2-dimensional cell
complex, called the presentation compler of G, with fundamental group G. The
complex has a single vertex, one loop at the vertex for each element of S and one
2-cell for each element of R with the boundary of the 2-cell attached along the word
giving the relation.

If G is the RAAG associated to X, there is another associated cell complex,
called the Salvetti complex, constructed as follows. We begin with a wedge of circles
attached to a vertex and labeled by the generators. For each edge, say from s; to
sj in X, we attach a 2-cell with boundary labeled by sisjsi_lsj_l, giving a 2-torus.
For each triangle in X connecting three vertices s;, s;, s, we attach a 3-torus with
faces corresponding to the tori for the three edges of the triangle. This process is
continued by attaching a k-torus for each complete subgraph of X with k-vertices.

We denote by Sg the resulting cube complex.

Theorem 1.3.1. [38] Let G be a RAAG and let Si be the associated Salvetti com-
plex. Then Sq is a K(G,1)-complez.

Since S is a finite dimensional K(G,1)-complex, RAAGs are not only
finitely presented, but they are also of type F.

Example 1.3.2. Suppose that X is the following graph.

b a
%

o
c d
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The presentation complex of GX is obtained in this way:

The Salvetti complex of GX is the following;:

Recall that a clique in a simplicial graph is a complete subgraph. The com-
plex S¢ is an n-dimensional K (G, 1)-complex, where n is equal to the number of
vertices of the largest clique. The dimension of the group G is defined to be the
dimension of the Salvetti complex Sg.

Note that every cell in S is a cycle because the cells are glued as a tori, so
H;(G;Z) = H;j(Sg;Z) is a free abelian group of rank d;, where d; is the number of
j-cells in Sg, or equivalently, d; is the number of j-vertex cliques in X. In particular,

the abelianisation of G is Z™, where n is the number of vertices in X.

1.3.2 Droms RAAGs

As mentioned in the introduction, subgroups of RAAGs can be quite wild; in partic-
ular, not all finitely generated subgroups of RAAGs are themselves RAAGs. Droms
provided a condition for a RAAG to have all its subgroups again of this type (see
[46]). He showed that every finitely generated subgroup of GX is itself a RAAG if
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and only if no full subgraph of X has either of the forms Cy or Py illustrated below:
T
._

Cy

or

—eo
5

If GX is a RAAG with the above properties, then GX is called a Droms RAAG. For
instance, finitely generated free groups and free abelian groups are Droms RAAGs.
The group Z? x ((Z x F3) * F;) is also a Droms RAAG, but the RAAG associated
to Cy4, Fy X F5, is not a Droms RAAG.

Alternatively, the class of Droms RAAGs has an algebraic description.

Definition 1.3.3. Let C be a class of groups. The Zx-closure of C, denoted by
Z % (C), is the union of classes (Z * (C)) defined inductively as follows. At level 0,
the class (Z % (C))o is C. A group G lies in (Z * (C))y, if and only if

G=Z™ x (G %G,

where m € NU {0} and the group G; lies in (Z * (C))g_1 for all s € {1,...,n}.
The level of G, denoted by I(G), is the smallest k for which G belongs to
(Z*(C))k-

Notice that if the class C contains only RAAGs, then so does its Zx-closure.
In this terminology, Droms showed in [46] that the class of Droms RAAGs is the
Zx-closure of the class of finitely generated free groups. Equivalently, the class of
Droms RAAGsS is the Zx-closure of Z, but we will use the first option in this thesis.

For example, if G is a Droms RAAG such that I(G) = 0, then G is a finite
rank free group. If I(G) = 1, then

G=Z"xF
for some m > 1, F free of finite rank and G is not Z. If I(G) = 2, then
G 2L x ((ZM X Fyy) - % (2" x Fy)),

for some m,n;, ki € NU{0}, > ,n; > 1,1 > 2 and for ¢ € {1,...,l} F}, is free of
finite rank k;.
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1.3.3 Coherent RAAGs

A group is called coherent if each of its finitely generated subgroups is finitely
presented. Free groups and free abelian groups are, for example, coherent. More
generally, Droms RAAGs are coherent. However, the RAAG Fy x F5 is known not
to be coherent (see the examples in the introduction of Bieri, [12]). Droms provided

a characterisation of coherent RAAGs in terms of the associated graphs.

Theorem 1.3.4. [/]] The group GX is coherent if and only if X does not contain
a full subgraph isomorphic to a cycle of length greater than 3.

Theorem 1.3.5. [/J] If GX is a coherent RAAG, then GX splits as a finite graph
of groups where the underlying graph is a tree and all the vertexr groups are free

abelian.

The class of 2-dimensional coherent RAAGs will be very relevant to this
work. Recall that GX is 2-dimensional if the corresponding Salvetti complex is
2-dimensional. Thus, 2-dimensional coherent RAAGs are precisely the RAAGs cor-
responding to forests, that is they are free products of tree groups, where by a tree
group we mean a RAAG whose defining graph is a tree. For example, the RAAG
corresponding to the graph P4, which abusing notation we also denote by Py, is a

tree group but it is not a Droms RAAG.

1.4 Background on the Bieri-Neumann-Strebel-Renz in-

variants

In this section we summarise without proofs some of the main notions and results in
the area of the Bieri-Neumann-Strebel-Renz invariants. We refer the reader to [14],
[15] and [I6] for a complete and extensive account of the theory. We mainly focus
on the invariants for RAAGs computed by Meier, Meinert and VanWyk in [73].

1.4.1 Preliminaries on the Bieri-Neumann-Strebel-Renz invariants

Let G be a finitely generated group and let Hom(G,R) be the vector space consisting
of all homomorphisms y: G — R of G into the additive group of the field R.

A character x of G is an element of Hom(G,R) \ {0} and x is discrete if
X(G) 2 7.

We define an equivalence relation in Hom(G, R)\ {0} where for two elements
X1, X2 € Hom(G,R) \ {0} we say that x1 ~ x2 if there is r € R, r > 0 such that
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X1 = rx2. The equivalence class of x; is denoted by [x1]. Then the character sphere
S(G) is
_ Hom(G,R) \ {0}

~

S(G)

The Bieri-Neumann-Strebel-Renz invariants are specific open subsets in S(G).
The invariants are separated in two groups: the homological invariants {¥} (G, M)},
and the homotopical invariants {X"(G) }.

The homological invariants were studied by Bieri and Renz in [14]. Let
X: G — R be a character and let G, be the monoid {g € G | x(g) > 0} of G. Let D
be an integral domain and let M be a right DG-module. Then X%, (G, M) is defined
by

Yh(G, M) ={[x] € S(G) | M is of type F P, as a DG,-module}.

When M is D, then ¥%,(G, D) is usually denoted by X"(G, D) and we say that the
invariant has coefficients in D. Also ¥7(G, M) is normally written as X" (G, M).

Note that we have the inclusions
- CEB(G,M) CTH NG, M) C - CEhH(G, M) C S(G).

The homotopical invariant ©' was defined at first for finitely generated
metabelian groups and later, in [I6], Bieri, Neumann and Strebel extended the
definition to the class of all finitely generated groups. Suppose that X is a finite
generating set for G and let A(G, X) be the Cayley graph of G with respect to X.
Let A(G, X), be the subgraph of A(G, X) spanned by G,. Then, by definition,

YHG) = {[x] € S(G) | A(G, X), is connected}.

This invariant coincides with $1(G, Z) by [14] 1.3]. Renz extended this defi-
nition and introduced the invariant ¥"(G) for groups G of type F,,. If G is finitely
presented and if (X | R) is a finite presentation of G, then A(G,X) can be ex-
tended to the Cayley complex Y (X, R) by gluing 2-cells at every vertex attached at
boundaries with labels that correspond to the elements of the set of relations R. If
Y (X, R), is the subcomplex of Y (X, R) spanned by G, then ¥*(G) is

{[x] € S(G) | there is a finite presentation G = (X | R) such that

Y (X, R), is simply-connected}.

It is important to note that even though the definition of X! is independent of the
choice of the finite generating set X, in the definition of ¥2(G) we have to check the
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condition for each finite presentation of G.

Recall that a complex is n-connected if all its reduced homotopy groups
vanish up to and including dimension n. The definition of ¥"(G) generalises the
definition of ¥2(G) by substituting the Cayley complex by the n-dimensional skele-
ton of a K (G, 1)-complex and substituting 1-connectivity with (n — 1)-connectivity.
By [84], for n > 2 if G is of type F,,, then

Y'(G) = X*(G)N¥Y(G,7Z).

Hence, in order to calculate ¥"(G) it suffices to work with ¥2(G) and ¥*(G, Z).

The importance of the invariants ¥"(G) and X"(G,Z) lies in the fact that
they control which subgroups of G containing the commutator subgroup are of type
F, and FP,:

Theorem 1.4.1.

(1) [84] Let G be a group of type F,, and let N be a subgroup of G that contains
the commutator subgroup G'. Then N is of type F, if and only if

S(G,N) ={[x] € S(G) | x(N) = 0} € (@),

(2) [T])] Let G be a group of type F P, and let N be a subgroup of G that contains
the commutator subgroup G'. Then N is of type F P, if and only if

S(G,N) ={[x] € 5(G) [ x(NV) =0} € X"(G,Z).
Lemma 1.4.2. Let G be a group and let x: G — R be a character such that x(c) # 0
for some c € Z(G).
(1) [1{, Theorem C] If G is of type FP,, then [x] € ¥"(G,Z).
(2) [T, Lemma 2.1] If G is of type F,,, then [x] € ¥"(G).
1.4.2 Some results on Y-invariants: connections with actions on
trees and Y-invariants of direct products

In this subsection we collect results on Y-invariants for fundamental groups of graphs
of groups that we will require to show that finitely presented subgroups of the direct
product of two 2-dimensional coherent RAAGs are of type F,. Since we will work
with direct products of limit groups over RAAGs, we also state some results about

Y-invariants for direct products.
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Theorem 1.4.3. [85] Let G be the fundamental group of a finite graph of groups
and let x: G — R be a character. Let x, be the restriction of x to a vertex group
or an edge group G, and assume that x, is non-zero for a vertex group G,. Let D

be an integral domain and let M be a right DG-module.

(1) Ifn > 1, if [xo] € (G, M) for all vertex groups G, and if [xe] € X" 1 (Ge, M)
for all edge groups G, then [x] € ¥"(G, M).

(2) If n >0, if [x] € (G, M) and if [xe] € X"(Ge, M) for all edge groups G,
then [xv] € £"(Gy, M) for all vertex groups G,.

(3) If n > 1, if [x] € ¥"(G, M) and if [x,] € "1 (Gy, M) for all vertex groups
Gy, then [xe] € 2" Y (Ge, M) for all edge groups G..

Theorem 1.4.4. [75, Theorem B] Let a group G act on a 1-connected G-finite 2-
complex X and let x: G — R be a character. Denote by x, the restriction of x to
the stabiliser of a cell o of X. If xo # 0 and [xs] € £2~9) (G, for all cells o of
X, then [x] € 2%(G).

Theorem 1.4.5. [36, Proposition 2.5] Let G be the fundamental group of a finite
graph of groups I' with G finitely generated. Assume that G is not an ascending
HNN extension. If [x] € LY(G), then x is non-trivial on every edge group.

We now collect the results on Y-invariants for direct products. Let y =
(x1,x2): G1 X G2 — R be a character, where by y; we denote the restriction of x to
G;, 1 € {1,2}. Let m; be the canonical projection G; x Gy — G;. Then m; induces

T

;‘5 S(Gl) — S(Gl X GQ)

Lemma 1.4.6. [51, Lemma 9.1] Let x1: G1 — R and x2: G2 — R be two characters
and define G to be G1 x Gy and x to be (x1,x2): G — R.

(1) Suppose that G1 and Go are groups of type Fpim+1- If [x1] € X"(Gy1) and
[x2] € B7(Gy), then [x] € 2" HH(G).

(2) Suppose that G1 and Go are groups of type F Py ymy1. If [x1] € £"(G1,Z) and
[x2] € ©™(Ga,Z), then [x] € X"t TY(G, 7).

Lemma 1.4.7. [51, Lemma 9.2] Let x;: G; — R be a character and let G be G1 xGs.
(1) Suppose that G is of type F,. Then [x;] € £"(G;) if and only if m}([xi]) €

Zn(Gl X GQ)
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(2) Suppose that G is of type FP,. Then [x;| € X"(G;,Z) if and only if 7} ([xi]) €
Zn(Gl X GQ,Z).

Theorem 1.4.8. [51, Corollary 2] Let Gy, . . ., Gy, be groups of type Foo and suppose
that X1(G;) = °°(G;) for each i € {1,...,m}. Let

X:(le"'7xm):GIX"'XGm%R

be a character with x;,, . .., Xi, the only non-zero homomorphisms among X1, ..., Xm-
Then

[X] € X(G1 x - xGp) <= n>k and [x;,]¢ X (Gi) for1<r<k.

1.4.3 The Bieri-Neumann-Strebel-Renz invariants for RAAGs

In this section we quote the results in [73] related to X-invariants for RAAGs relevant
to this work.

Let X be a simplicial graph, let X be the induced flag complex based on
X and let GX be the associated RAAG. Let x: GX — R be a homomorphism. A
vertex v € V(X)) is living if x(v) # 0 and otherwise it is dead. We denote by L, the
full subgraph spanned by the living vertices, and let Ex be the induced flag complex
based on L.

Note that if for i € {1,...,n} X, is the flag complex corresponding to the
RAAG GX;, then the simplicial join of these flag complexes, Xy % )?n, is the
flag complex corresponding to the RAAG GX; X --- x GX,,. Moreover, if

x:GXyx -+ xGX, =R

is a homomorphism,

~ ~ ~

X|ax, X|GXn "

Meier, Meinert and VanWyk characterise in [73] kernels of type F'P,, or F,
of characters in terms of the topology of [,AX C X. We introduce the necessary
terminology on simplicial complexes to state the results.

A complex is n-acyclic over R if its reduced homology groups over R, up to
and including dimension n, are trivial. When the ring R may be deduced from the
context, acyclic will always mean acyclic over R. We will be using a more general
notion in the context of simplicial complexes.

Let K be a simplicial complex and let V(K) be the set of vertices of K. If
Y C V(K), then K — V is the subcomplex of K formed by removing the vertices
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in V as well as the open stars of these vertices, where the open star of a vertex v
consists of the interiors of all simplices that have v as a vertex.

For example, if K is
a2

b1

@ {
al b2 as

A\

aq b2 as

then K — {ay} is

Definition 1.4.9. The complex K is m-n-acyclic over R if for any k vertices
{vi,...,v} with 0 < k < m and k < |V(K)|, the complex K — {vy,...,v;} is

n-acyclic over R.

In the above example K is 2-n-acyclic for any n € N but it is not 3-0-acyclic.
For v € V(K) the link of v in K, lk(v), is the flag subcomplex such that the

vertex set is the set of vertices in V(K) different to v and joined by an edge to v.

Definition 1.4.10. A subcomplex L of a simplicial complex K is (—1)-acyclic-
dominating if it is non-empty, or equivalently, (—1)-acyclic. For n > 0, L is an n-
acyclic-dominating subcomplezx of K if for any vertex v € K — L, the restricted link
lkr(v) = lk(v) N L is (n — 1)-acyclic and an (n — 1)-acyclic-dominating subcomplex
of the entire link lk(v) of v in K.

There is an easy formula to compute the reduced homology groups of the

join of two simplicial complexes.

Lemma 1.4.11. Let X and Y be two simplicial complexes. Then

Hy 1 (X+Y;R) = = P H(X;R)erH;(Y;R)e @ Tori(Hi(X;R);H;(Y;R)),
i+j=r i+j=r—1

where H, denotes the reduced homology group. Hence, the simplicial join of an

r-acyclic complex and an s-acyclic complez is (r + s + 2)-acyclic.

The results in [73] that will be used in this thesis are the following:
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Corollary 1.4.12. [73, Corollary A] Let X, X and GX be as above. Let X be a
character GX — 7Z. Then the kernel of x is

(1) F, if and only iffx C X is (n—1)-connected and (n—1)-Z-acyclic-dominating,
(2) FP,(R) if and only szX C X is (n—1)-acyclic and (n—1)-acyclic-dominating.

Corollary 1.4.13. [73, Corollary 7.1] One can determine if the kernel of a map
x: GX = Z" is F,, or FP,(R) by examining the induced maps ¢ o x: GX — Z for
¢ € Hom(Z",Z) \ {0}.

Corollary 1.4.14. [73, Corollary B’] A RAAG GX has an abelian quotient of

integral rank m with
(1) F, kernel if and only if X is (m — 1)-(n — 1)-connected;

(2) FP,(R) kernel if and only if X is (m —1)-(n — 1)-acyclic.

1.5 Background on algebraic geometry over groups and

limit groups

1.5.1 Elements of algebraic geometry over groups

In [8] Baumslag, Miasnikov and Remeslennikov lay down the foundations of algebraic
geometry over groups and introduce group-theoretic counterparts of basic notions
from algebraic geometry over fields. We recall the basics here and we refer to [8] for
details.

The central notion of algebraic geometry over groups is the notion of a G-
group, where G is a fixed group generated by a set A. We may imagine these
G-groups as being algebras over a unitary commutative ring, where G plays the role
of the coefficient ring. Therefore, instead of working in the category of groups, we
consider the category of G-groups, that is groups which contain a designated sub-
group isomorphic to the group G. If H and K are G-groups, then a homomorphism
¢: H — K is a G-homomorphism if ¢(g) = g for all g € G. Thus, in the category
of G-groups objects are G-groups and morphisms are G-homomorphisms.

By Homg(H, K) we denote the set of all G-homomorphisms from H into
K. A G-group H is termed finitely generated G-group if there exists a finite subset
C C H such that C' UG generates H. In the same way that it is shown that a free
group is a free object in the category of groups, it is not hard to see that the free

product G * F(X) is a free object in the category of G-groups, where F(X) is the
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free group with basis X = {z1,...,z,}. This group is called the free G-group with
basis X and we denote it by G[X].

For any element s € G[X], the formal equality s = 1 can be treated as an
equation over G, and in general, for a subset S C G[X], the formal equality S =1
can be treated as a system of equations over G with coefficients in A. Elements from
X are called variables and elements from A*! are called coefficients or constants.
To emphasise this we sometimes write S(X, A) = 1.

A solution U of the system S(X) =1 over a group G is a tuple of elements
g1s---,9n € G such that every equation from S vanishes at (gi,...,¢9,). Equiva-
lently, a solution U of the system S = 1 over G is a G-homomorphism 7y : G[X] — G
induced by the map 7y : x; — g; such that S C ker(wy).

Let us denote by ((.S)) the normal closure of S in G[X]. Then every solution
S(X) =1in G gives rise to a G-homomorphism G[X]/{((S)) — G, and vice-versa.
The set of all solutions over G of the system S = 1 is denoted by V(S) and is called
the algebraic set defined by S. For every system of equations S we set the radical of
the system S to be the following subgroup of G[X]:

R(S) ={T(X) € GIX][Vg1,....9n (S(g1,---,9n) =1 = T(g1,...,9n) = 1)}.

It is easy to see that R(S) is a normal subgroup of G[X] that contains S, and by

definition,

R(S)= (] ker(m).

UeVa(S)

For a subset Y C G™, we define the radical of Y to be
R(Y):{T(X) EG[X] ’T(glamgn):l for all (gl7agn) GY}

In the lemma below we summarise the relations between radicals, systems of equa-
tions and algebraic sets.
Lemma 1.5.1.

(1) The radical of a system S C G[X] contains the normal closure ((S)) of S.

(2) LetY1 and Yy be subsets of G™ and let Sy, S be subsets of G| X]. If Y1 C Y3,
then R(Y2) C R(Y7). If S1 € Sy, then R(S1) C R(S2).

(8) For any family of sets {Y; C G™ | i € I}, we have

R(UY) = ROD).

iel iel
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(4) A normal subgroup H of the group G[X] is the radical of an algebraic set over
G if and only if R(Vg(H)) = H.

(5) A setY C G" is algebraic over G if and only if Va(R(Y)) =Y.

(6) Let Y1,Ys C G™ be two algebraic sets. Then Y1 = Ys if and only if R(Y1) =
R(Y3). Therefore, the radical of an algebraic set describes it uniquely.

The quotient group
Gresy = G[X]/R(S)

is called the coordinate group of the algebraic set Vi (S) (or of the system S ). There
exists a one-to-one correspondence between algebraic sets and coordinate groups
Grs) (see [8, Theorem 4]).

If Vi (S) € G™ and Vi (S') € G™ are algebraic sets, then a map ¢: Vg(S) —
Ve (S7) is a morphism of algebraic sets if there exist fi,..., fm € Glz1,...,x,] such
that for any (g1,...,9n) € Va(9),

¢(g17" : 7gn) = (f1<gl7- . '7971)7" '7fm(gla"' 7g’fl)) € VG(S/)

We say that Vz(S) and Vg (S”) are isomorphic if there exist two morphisms ¢: Vi (S) —
Ve (S') and ¢: Vi (S') — Vig(S) such that ¢p o) =1 and 1p o ¢ = 1 and two systems
of equations S and S’ are called equivalent if the algebraic sets Vi (S) and Vi (S')

are isomorphic.

Proposition 1.5.2. Let G be a group and let V(S) and Vg (S') be two algebraic
sets over G. Then the algebraic sets Vi (S) and Vg (S') are isomorphic if and only
if the coordinate groups Grs) and Gp(sy are G-isomorphic.

A G-group H is called G-equationally Noetherian if every system S(X) =1
with coefficients from G is equivalent over G to a finite subsystem Sy = 1 where
So C S, i.e. the system S and its subsystem Sy define the same algebraic set. If G
is G-equationally Noetherian, then we say that G is equationally Noetherian and in
this case, every algebraic set V' in G™ is a finite union of irreducible subsets, called

irreductble components of V', and such a decomposition of V' is unique.

1.5.2 Formulas in the languages £4 and Lg

In this section we recall some basic notions of first-order logic and model theory.
See [37] for further details.
Let G be a group generated by A. The standard first-order language of group

theory, which we denote by L, consists of a symbol for multiplication -, a symbol
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for inversion ~! and a symbol for the identity 1. To deal with G-groups, we have
to enrich £ by all the elements from G as constants. In fact, it suffices to enrich £
by the constants that correspond to elements of A, so for every element a € A we
introduce a new constant c,. We denote the language £ enriched by constants from
A by L4, and by constants from G by Lg.

A group word in variables X and constants A is a word W (X, A) in the
alphabet (X UA)*!. One may consider the word W (X, A) as a term in the language
L. An atomic formula in the language L4 is a formula of the type W(X, A) =1,
where W (X, A) is a group word in X and A. We interpret atomic formulas in £4 as
equations over (G, and vice-versa. A Boolean combination of atomic formulas in the
language L 4 is a disjunction of conjunctions of atomic formulas and their negations.
Thus every Boolean combination @ of atomic formulas in £4 can be written in the

form ® = \/]", ¥;, where each ¥; has one of the following forms:

AGSi(X,A)=1), o A(TX,A) #1) or
j=1

J=1

J\(S;(X, A) /\ Ti(X, A) # 1).
j=1 k=1

Every quantifier-free formula in the language £ 4 is logically equivalent, modulo the
axioms of group theory, to a Boolean combination of atomic formulas. Moreover,
every formula ® in £4 with free variables Z = {z1,..., 2z} is logically equivalent to

a formula of the type
Q1z1Q2z2 ... Q¥ (Z, X, A),

where Q); € {V,3} and ¥(Z, X, A) is a Boolean combination of atomic formulas in
variables from X U Z.

A first-order formula ® is called a sentence if ® does not contain free vari-
ables. A sentence @ is called universal if and only if ® is equivalent to a formula of
the type

Vri Vg .. Vo ®(X, A),

where (X, A) is a Boolean combination of atomic formulas in variables from X. A

quasi identity in the language L4 is a universal formula of the form

Yoy \(ri(X, A) # 1V s(X, 4))),

=

=1

where 7;(X, A) and s(X, A) are terms.
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1.5.3 First order logic and algebraic geometry

The connection between algebraic geometry over groups and logic has been shown
to be very deep and fruitful and, in particular, led to a solution of the Tarski’s
problems on the elementary theory of free groups (see [61], [89]).

In [83] and [76] Miasnikov and Remeslennikov established relations between
universal classes of groups, algebraic geometry and residual properties of groups. In
order to state these theorems, we shall make use of the following notions. Let H and
K be G-groups. We say that a family of G-homomorphisms F C Homg(H,K) G-
separates (G-discriminates) H into K if for every non-trivial element h € H (every
finite set of non-trivial elements Hy C H) there exists ¢ € F such that ¢(h) # 1
(¢(h) # 1 for every h € Hp). In this case, we say that H is G-separated by K or
that H is G-residually K (G-discriminated by K or that H is G-fully residually K).
In the case when G = 1, we simply say that H is separated (discriminated) by K.

Theorem 1.5.3. Let G be an equationally Noetherian (G—) group. Then the fol-

lowing classes coincide:

(1) the class of all coordinate groups of algebraic sets over G (defined by systems

of equations with coefficients in G);
(2) the class of all finitely generated (G—) groups that are (G—) separated by G;

(3) the class of all finitely generated (G—) groups that satisfy all the quasi-identities
(in the language L or L) that are satisfied by G.

Furthermore, a coordinate group of an algebraic set Vg (S) is (G—) separated by G

by homomorphisms wy, U € Vi (S), corresponding to solutions.

Theorem 1.5.4. Let G be an equationally Noetherian (G—) group. Then the fol-

lowing classes coincide:

(1) the class of all coordinate groups of irreducible algebraic sets over G (defined

by systems of equations with coefficients in G );

(2) the class of all finitely generated (G—) groups that are (G—) discriminated by
G;

(3) the class of all finitely generated (G—) groups that satisfy all universal sen-
tences (in the language L or L4) that are satisfied by G.

Furthermore, a coordinate group of an irreducible algebraic set Vg(S) is (G—) dis-

criminated by G by homomorphisms ny, U € Vg(S), corresponding to solutions.
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1.5.4 Limit groups over coherent RAAGs and limit groups over
Droms RAAGs

In the previous context, we define a limit group over G to be a coordinate group of
an irreducible algebraic set over G (or the equivalent definitions in Theorem [1.5.4)).

However, if we work in the category of groups instead of in the category
of G-groups, the previous relations between universal classes of groups, algebraic
geometry and residual properties hold in a weaker way. More explicitly, a finitely
generated group H is discriminated by G if and only if the universal theory of G
is contained in the universal theory of H (but the inclusion may be proper). As in
the previous case, this is equivalent to H being a coordinate group of an irreducible
algebraic set over G. Similarly for finitely generated groups separated by G. In this
setting, we define a limit group over G to be a group H that is finitely generated
and fully residually G (or discriminated by G), that is for any finite set of non-trivial
elements S C H there exists a homomorphism from H to G that is non-trivial on
S. A group H is residually G (or separated by G) if for every 1 # h € H there is
a homomorphism ¢ from H to G such that 1 # ¢(h) € G. The theory in [§] still
ensures that finitely generated residually G groups are precisely finitely generated
subgroups of direct products of finitely many limit groups over G ([8, Theorem F1]).

In this thesis we focus on the class of limit groups over coherent RAAGs,
that is the union of the classes of limit groups over G, where G is a coherent RAAG.

The structure of limit groups over free groups (known as limit groups) is well
understood. Sela characterised them as groups that admit a faithful action on a real
tree induced by a sequence of homomorphisms to a free group. Kharlampovich and
Miasnikov showed the first structural characterisation by proving that limit groups
are subgroups of w-residually free towers. In addition, one can give a hierarchical
description in terms of their non-trivial cyclic JSJ-decomposition. For further refer-
ence, see Sela’s original papers [88], [89], [87] or the introductory notes of Bestvina
and Feighn [10].

Casals-Ruiz and Kazachkov studied in [34] limit groups over RAAGs. They
gave a dynamical characterisation of limit groups over RA AGs generalising the work
of Sela. They showed that a finitely generated group is a limit group over a RAAG if
and only if it acts nicely on a real cubing, which is a higher-dimensional generalisation
of real trees. They also proved that any limit group over a RAAG G is a subgroup
of a graph tower over G, which is a class of groups that generalises the class of

w-residually free towers.

Theorem 1.5.5. [3/, Theorem 10.2] Let " be a limit group over a RAAG G. Then
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T" is a subgroup of a graph tower over G.

In [35], together with Duncan, they focused on limit groups over coherent
RAAGs and provided a neat hierarchical description of graph towers (see Proposition
. We state here the terminology that we need to understand this result. If
GX is a RAAG, the elements of X are termed the canonical generators of GX. A
non-exceptional surface is a surfac e which is not a non-orientable surface of genus
1, 2 or 3.

Definition 1.5.6. Let H be a group and Z C H the centraliser of an element. Then
the group G = H *z (Z x Z') is said to be obtained from H by an extension of a
centraliser. An ICE group over H is a group obtained from H by applying finitely

many times the extension of a centraliser construction.

Proposition 1.5.7. [35, Lemma 7.3] Let G be a coherent right-angled Artin group.
A graph tower over G of height 0 is a coherent RAAG H which is obtained from G
by extending centralisers of canonical generators of G.

A graph tower over G of height > 1 can be obtained as a free product with
amalgamation, where the edge group is a free abelian group, one of the vertex groups
is a graph tower over G of lower height and the other verter group is either free
abelian or the direct product of a free abelian group and the fundamental group of a

non-exceptional surface.

Furthermore, if we restrict to limit groups over Droms RAAGs, then they
admit a nice hierarchical structure that comes from the fact that Droms RAAGs
are the direct product of a free abelian group (possibly trivial) and a free product,
so in this case we can use the work of Casals-Ruiz and Kazachkov (see [33]) or of
Jaligot and Sela (see [59]) on limit groups over free products to obtain a hierarchy
for limit groups over Droms RAAGs. If GG is a Droms RAAG and T is a limit group
over GG, then T' can be inductively defined depending on its height, h(T"), as follows:

Proposition 1.5.8. [27, Proposition 2.1] Let G be a Droms RAAG such that [(G) =
0 (that is, a finitely generated free group) and let T' be a limit group over G of height
h(T).

If (') = 0, then I' equals My * --- x M; and M, ..., M; are free abelian
groups or surface groups with Euler characteristic at most —2.

If h(I") > 1, then T is the fundamental group of a finite graph of groups that
has infinite cyclic edge stabilisers and the vertex groups are limit groups over G of
height at most h(I') — 1. Moreover, at least one of the vertex groups is non-abelian.

This decomposition may be chosen to be acylindrical.
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Proposition 1.5.9. [33, Theorem 8.2] Let G be a Droms RAAG with [(G) > 1 so
that G is of the form Z™ x (G1 * --- x Gy,) and I(G;) < I(G) — 1 fori e {1,...,n}
and let T be a limit group over G. Then T is Z! x A where A is a limit group over
Gy*--xGp and if m =0, thenl =0. If h(A) =0, then
A=Ay *---xAj,
where for each t € {1,...,j} Ay is a limit group over G; for some i € {1,...,n}.
If h(A) > 1, then A is the fundamental group of a finite graph of groups
that has infinite cyclic edge stabilisers and the vertex groups are limit groups over
Gy *---x G, of height at most h(A) — 1. Moreover, at least one of the vertex groups

has trivial center. This decomposition may be chosen to be acylindrical.

The last property of limit groups over Droms RAAGs that we will use is that
they are precisely finitely generated subgroups of ICE groups over Droms RAAGs
(recall Definition [1.5.6)).

Theorem 1.5.10. [35, Theorem 8.1] All ICE groups over Droms RAAGs are limit
groups over Droms RAAGSs. Moreover, a group is a limit group over a Droms RAAG

if and only if it is a finitely generated subgroup of an ICE group over a Droms RAAG.

The class of ICE groups over Droms RAAGs can be given a hierarchical
structure that is obtained from understanding centralisers in Droms RAAGs.

If G is a Droms RAAG such that I(G) = 0, then the centraliser of any non-
trivial element is an infinite cyclic group. Now let G be a Droms RAAG of the form
Z™ x (Gy*---xGy) for m,n € NU{0} such that [(G;) <I(G)—1forie {1,...,n}.
Let g be an element in G.

Firstly, if g € Z™, then Cg(g) = G, so the extension of a centraliser con-

struction gives
G *cg(g) (Calg) X ZF) = (Z™ x ZF) x (Gyx -+ % Gy).
Secondly, assume that g € Z™gg, go # 1 and gg is an elliptic element in
Gi*---xGp.

Then go lies in the conjugate of G; for some i € {1,...,n}. Since Cg(g) = Ca(90),
we may assume that g equals gg. Moreover, extensions of centralisers are conjugate

invariant, so we may suppose that g = go € G; for some i € {1,...,n}. Thus,
Calg) =7Z" x Cg,(g)-

40



Therefore,
G0 (9)(Co(9) < 2F) = 27X (G- +Gir(Giror, ) (2 X C (9))) #Gigrs - 5Gn )

That is, this extension is constructed by extending the centraliser of ¢ in G; and
then doing the free product operation and adding the center Z™.

Thirdly, assume that g € Z™gg, go # 1 and g is a hyperbolic element in
G1*---x Gp. Then Ci(g) = Ca(go) and we can assume without loss of generality
that g = go. Then Ce(g) = Z™ x (/g) = Z™ x (g1) = Z™" and

G *0y(g) (Calg) x ZF) = (Zm X (Gp# - x Gn)) sgmy (g (Z™ % (g1) x ZF) =

7™ x ((Gl k- k Gp) %z Zkﬂ).

In all the cases we obtain a group of the type H = Z™ x (Hy *---x Hy)
for m' > m or H = Z" x (A xg C) for m' = m. If we continue applying the
extension of a centraliser construction for the centraliser of some element h € H, we
can consider as before the cases when h € Z™ U Hy % ---* H, U A+ C and in the
case when h € Hy *...*x H, or h € Axpg C, then the element h can be either elliptic
or hyperbolic with respect to that decomposition.

Moreover, in [35, Lemma 7.5] it is proved that any ICE group over a Droms
RAAG can be obtained by first extending centralisers of central elements (which
gives again a Droms RAAG), then extending centralisers of elliptic elements and
finally considering extensions of centralisers of hyperbolic elements.

Thus, we get the following hierarchical structure depending on the level of
the ICE group:

Proposition 1.5.11. Assume that G is a Droms RAAG of level 0, that is G is a

free group. An ICE group over G of level 0 is precisely G. An ICE group over G of

level k > 1 is an amalgamated free product over Z™ of an ICE group over G of level

<k —1 and a free abelian group Z" x Z™, where Z"™ embeds in Z™ x Z™ naturally.
Assume that G is a Droms RAAG of level | > 1, that is

G=7"x(Gy1x*--*xGyp)

where each G; is a Droms RAAG of level less than . An ICE group over G of level
0 is of the form 7Zm % (Hy -+ - % Hy) where m' > m and H; is an ICE group over
G forie{l,...,n}.

An ICE group over G of level k > 1 is an amalgamated free product over Z"
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of an ICE group over G of level < k —1 and a free abelian group Z™ x Z™, where

Z™ embeds in Z" x Z™ naturally.
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Chapter 2

Subgroups of direct products of

limit groups over Droms

RAAGSs

2.1 Introduction and outline

In 1984 Baumslag and Roseblade characterised finitely presented subgroups of the
direct product of two finitely generated free groups, showing that up to finite index
they are themselves a direct product of free groups. This result was generalised in
a series of papers by Bridson, Howie, Miller and Short, culminating in a characteri-
sation of subgroups of direct products of finitely many limit groups, assuming that
the subgroups satisfy suitable finiteness properties.

In this chapter we aim to study the structure of limit groups over Droms
RAAGs and residually Droms RAAGs. Droms RAAGs are precisely those RAAGs
with the property that all of their finitely generated subgroups are again RAAGs,
and they can also be described as the ones where the defining graph does not contain
induced squares or straight line paths of length 3. Alternatively, the class of Droms
RAAGs can be described as the Zx-closure of the class of finitely generated free
groups (see Section [1.3.2). We prove the analogs of the results in [28] and [27] for
subgroups of direct products of limit groups to the case of limit groups over Droms
RAAGsS.

Theorem [2.3.1] If T',..., ', are limit groups over Droms RAAGs and S is a sub-
group of I'y x - - - x T, of type wF P,,(Q), then S is virtually a direct product of limit
groups over Droms RAAGs.

Theorem is the analogue of Theorem A proved by Bridson, Howie,
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Miller and Short in [27]. Following the spirit of [27], we deduce the theorem from

the following result.

Theorem |2.8.1. Let I'y,...,I'y be limit groups over Droms RAAGs such that each
I'; has trivial center and let S < I'y x --- x I'}, be a finitely generated full subdirect
product. Then either:

(1) S is of finite index; or

(2) S is of infinite index and has a finite index subgroup Sy < S such that

H;(S0; Q) has infinite dimension for some j < n.

Remember that finitely generated residually Droms RAAGs are precisely
finitely generated subgroups of direct products of limit groups over Droms RAAGs,

so Theorem [2.3.1] gives us the following result.

Corollary. For alln € N, a residually Droms RAAG is of type F, if and only if it
is of type FP,(Q).

In Section [2.9) we study finitely presented residually Droms RAAGs and prove

the following result.

Theorem|2.9.1. Let S be a finitely generated residually Droms RAAG. The following

are equivalent:
(1) S is finitely presented;
(2) S is of type FP2(Q);
(3) S is of type wF P,(Q);

(4) there exists a neat embedding S < I'g x - - - x '), into a product of limit groups
over Droms RAAGs such that the image of S under the projection to I'; x I';
has finite index for 0 <17 < 7 < n;

(5) for every neat embedding S < I'g x --- x I'), into a product of limit groups
over Droms RAAGs the image of S under the projection to I'; x I'; has finite
index for 0 <1i < j < n.

For any commutative ring R, the property F P, (R) is inherited by finite index
subgroups and persists in finite extensions. Nevertheless, if H is a subgroup in G
and H is of type FP,(R), then it does not mean that G is of type FP,(R). For
example, Z is of type F'Pi(Z) but an infinitely generated free group is not of type

FP(Z). However, when restricted to subgroups of direct products of limit groups
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over Droms RAAGs, it follows from Theorem [2.9.1] that any full subdirect product
of limit groups over Droms RAAGs that contains a finitely presented full subdirect

product is again finitely presented. We generalise this as follows:

Theorem [2.9.3, Let I'y x --- x '), be the direct product of limit groups over Droms
RAAGs where I'y is free abelian and I'; is a limit group over a Droms RAAG with
trivial center for ¢ € {2,...,k}. Let n € N\ {1}, let S < T’y x --- x I'y, be a full
subdirect product and let T' < I'; x --- x I'y, be a subgroup that contains S. If S is
of type FP,(Q), then so is T

In [28, Section 7] Bridson, Howie, Miller and Short solve the multiple conju-
gacy problem for finitely presented residually free groups. Their argument can also
be used to solve it for the case of finitely presented residually Droms RAAGs. Thus,

in Section [2.9 we review their proof and show:

Theorem [2.9.6, The multiple conjugacy problem is decidable in every finitely pre-
sented residually Droms RAAG.

The same authors also solve in [28] the membership problem for finitely
presented subgroups of finitely presented residually free groups. A key point in the
proof of this result is that limit groups are subgroup separable (see [94]). This is

unknown for limit groups over Droms RAAGs.
Question 2.1.1. Are limit groups over Droms RAAGs subgroup separable?

In the affirmative case, we would get, following the same reasoning as in
[28] Section 7], that the membership problem for finitely presented subgroups of
finitely presented residually Droms RAAGs is decidable. In addition, we could
also use the arguments that Bridson and Wilton developed in [24] to get some
residual results. More precisely, we would obtain that subgroups of type F P, (Q) of
finitely generated residually Droms RAAGs are virtual retracts, and that the finitely

presented subgroups are separable.

2.2 Limit groups over Droms RAAGs

In this section we state some of the results that Casals-Ruiz, Duncan and Kazachkov
showed in [35] for limit groups over coherent RAAGs that we will use for the par-

ticular case of limit groups over Droms RAAGs.

Property 2.2.1. Limit groups over Droms RAAGs are finitely presented (see [35),
Corollary 7.8]).
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Property 2.2.2. Finitely generated subgroups of limit groups over Droms RAAGs
are limit groups over Droms RAAGs (see [35, Theorem 8.1]).

Property 2.2.3. Limit groups over Droms RAAGs are of type Fy. This follows
from [35, Corollary 9.5].

There is another property proved recently that will be used later on:

Property 2.2.4. Limit groups over Droms RAAGs are cyclic subgroup separable
(see [48]).

We now define a class of groups that contains all limit groups over Droms
RAAGs.

Definition 2.2.5. The class of finitely presented groups C is defined in a hierarchical
manner. It is the union of the classes C,, defined as follows.

At level 0 we have the class Cy consisting of groups of the form Z" x (A x B)
where n € NU {0} and A and B are non-trivial finitely presented groups where at
least one of A and B has at least cardinality 3.

A group T lies in C, if and only if I' =2 Z™ x I" where m € NU {0} and I" is
a finitely generated acylindrical graph of finitely presented groups, where all of the
edge groups are cyclic, and at least one of the vertex groups lies in C,,_1. Moreover,
another property needs to be satisfied. Suppose that Z™ x T is the vertex group
of the decomposition of I lying in C,_1. If m = 0, then m' = 0.

An immediate consequence of Proposition [I.5.8 and Proposition [I.5.9]is
Property 2.2.6. If I' is a limit group over a Droms RAAG, then it lies in C.

Finally, we prove another property that will be used in the proofs of the

results.

Property 2.2.7. Let T' be a limit group over a Droms RAAG such that T" has
trivial center and let S be a subgroup of I" such that H;(S;Q) is finite dimensional.
Then S is finitely generated (and hence a limit group over a Droms RAAG).

Proof. [23, Theorem 2] states that if I" is a limit group and S is a subgroup of I" such
that Hy(S;Q) is finite dimensional, then S is finitely generated. The proof of this
result uses [27, Proposition 2.1] and [23] Lemma 4.1]. We have the analogous results
to [27, Proposition 2.1] for limit groups over Droms RAAGs, namely, Proposition
and Proposition Thus, if we check that [23, Lemma 4.1] holds also in

the case of limit groups over Droms RAAGs, then we can use the same proof as in
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[23] Theorem 2] in order to show our property. That is, it suffices to check that if
I is residually a Droms RAAG and S < T is a non-cyclic subgroup, then H;(S;Q)
has dimension at least 2.

Indeed, if S is abelian the result is obvious. If not, there are two elements
s,t € S such that [s,t] # 1 in S (they do not commute). Since I' is residually a
Droms RAAG, there is ¢: I' — G a homomorphism with G a Droms RAAG such
that [¢(s), ¢(t)] # 1. Then (¢(s), ¢(t)) is a free group (see [5, Theorem 1.2]). Thus,
S maps onto a non-abelian Droms RAAG and hence onto a free abelian group of
rank at least 2. O

2.3 From Theorem [2.8.1] to Theorem [2.3.1]

The goal of this section is to show that Theorem follows from Theorem [2.8.1

Let us recall both theorems:

Theorem 2.3.1. If I'1,..., [, are limit groups over Droms RAAGs and S is a
subgroup of T'y x -+- x Iy, of type wF P,(Q), then S is virtually a direct product of
limit groups over Droms RAAGS.

Theorem |2.8.1. Let I'y,...,I'y be limit groups over Droms RAAGs such that each
I'; has trivial center and let S <TI'y x --- x I'}, be a finitely generated full subdirect
product. Then either:

(1) S is of finite index; or

(2) S is of infinite index and has a finite index subgroup Sy < S such that

H;(S0; Q) has infinite dimension for some j < n.

We first reduce Theorem to a simpler case. We show that we may
assume properties (1) to (5) from below, so that, in particular, Theorem follows
from Theorem 2.8.11

Proposition 2.3.2. If Theorem holds under the below assumptions (1)-(5),
Theorem holds in general:

(1) Each T'; has trivial center.
(2) n>2.

(8) Each projection map p;: S — Ty is surjective, i.e., the subgroup is a subdirect

product.
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(4) Each intersection L; = S NT; is non-trivial, i.e., the subgroup is full.

(5) Each T; splits as an HNN extension over an infinite cyclic subgroup C; or the
trivial group with stable letter t; € L;.

Proof. (1) Assume that I'; = Z™ x I'} for m; € NU{0} and I} is a limit group over
a Droms RAAG with trivial center ¢ € {1,...,n}. Then

[y x-oex [y 7™M+ s (T x - x T).

This reduces to the case where precisely one of the I'; is abelian, say I'1, and I; is
a limit group over a Droms RAAG such that I'; has trivial center for i > 2.

By the basis extension property for free abelian groups, there is a decompo-
sition of I'; as a direct sum M; & Ry where L1 = S N1I'; has finite index in Mj.
Thus, up to finite index we may assume that I'y = L1 @ Ry. Since SN Ry is trivial,

the projection homomorphism
fiLi® R xTgx---xI'y 5> Ly xTgx---xTy
descends to a monomorphism fig: S — f(S). Thus, S is isomorphic to a subgroup
T<LixTgx---xT,.

But since L1 C T, then T'= U x L; for some subgroup U of I'g X - -+ X I'j,.
In conclusion, S = L1 x U with U < T’y x --- x I';, and Ly is a free abelian

group. Since S is of type wF P,(Q), so is U. Therefore, it suffices to check Theorem
231l for U.

(2) If n =1, then S < I'y has type wF P;(Q), so it is finitely generated by Property
[2.2.7 Therefore, it is a limit group over a Droms RAAG.

(3) Since S has type wFP,(Q) for some n > 2, then S is in particular finitely
generated. Hence, p;(S) is also finitely generated, so it is a limit group over a

Droms RAAG. Therefore, we can replace each I'; by p;(5).

(4) Assume that there is a L;, say Ly, which is trivial. Then the projection map
gn: S —T'1 x - xI'y_1 is injective, so

S%qn(S)<F1X-'-XFn,1.

After iterating this argument, we may assume that each L; is non-trivial.

(5) The subgroup L; of I'; is normal by (3) and non-trivial by (4). If we denote by
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T the Bass-Serre tree corresponding to the splitting of I'; described in Proposition
or by [20, Corollary 2.2] L; contains a hyperbolic isometry ¢;. Then by
[20, Theorem 3.1], there is A; a finite index subgroup in I'; such that A; is an HNN
extension with stable letter ¢; and with trivial or cyclic edge stabiliser.

We can replace each I'; by the subgroup of finite index A; and S by T =
SN (Ap x--+xAy). Then T has finite index in S, so in order to prove Theorem
it suffices to show that 7' is virtually the direct product of limit groups over
Droms RAAGS. O

Finally, assume that Theorem holds and let us prove Theorem [2.3.1
Assume that the group S is as in Theorem [2.3.1] with the additional assumptions
of Proposition [2.3.2l By Theorem S has finite index in I'y x --- x I';, or S
has infinite index and there is a subgroup Sy < S of finite index in S such that
H;(So; Q) has infinite dimension for some j € {0,...,n}. That is, in the latter case,
So is not of type wF'P;(Q), and since Sp has finite index in S, this implies that S is
not of type wF P;(Q). Thus, S is not of type wF P,(Q).

2.4 Organisation of the proof of Theorem [2.8.1

We have shown in the previous section that Theorem follows from Theo-
rem [2.8.1 'We now focus on proving Theorem [2.8.1] The proof extends from
Section 2.5 to Section 2.8

It is known that non-trivial, finitely generated normal subgroups in free prod-
ucts have finite index (see, for instance, the article [6]). In Section [2.5| we prove the
following generalisation of that result. Recall the definition of the class C in Defini-
tion

Theorem [2.5.1). Let I" be a group in the class C with trivial center and suppose that
I" has subgroups 1 # N < G < I" with N normal in I' and G finitely generated.
Then |I': G| < 0.

In Section we use this result and Proposition m (5) to deduce the

following useful fact:

Theorem [2.6.4 Let I'y,...,T,, be limit groups over Droms RAAGs. Suppose that
S < I'y x---xT, is a finitely generated subgroup of type wF P,(Q) with the
properties of Proposition Then I'j/L; is virtually nilpotent.

We also state some properties of virtually nilpotent groups in Section [2.6
that will be used in the proof of Theorem
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In Section [2.7] we show that there is a subgroup Ny in I'; X -+ x I';, with
infinite dimensional k-th homology for some k € {0,...,n}. More precisely, we

prove the following:

Theorem (2.7 Let I'y,...,T', be limit groups over Droms RAAGs such that I'; has
trivial center and let NV be the kernel of an epimorphism I'y x --- x I';, = Z. Then
there is a subgroup of finite index Ny C N such that at least one of the homology
groups Hy(No; Q) has infinite dimension.

Finally, Section [2.8] is devoted to the proof of Theorem which uses an
inductive argument and the lower central series obtained from the fact that I';/L;

is virtually nilpotent.

2.5 Proof of Theorem 2.5.1]

In this section we prove Theorem [2.5.1

Theorem 2.5.1. Let I' be a group in the class C with trivial center and suppose
that I' has subgroups 1 # N < G < T with N normal in I and G finitely generated.
Then |I': G| < 0.

Proof. Let I' € C with trivial center. Then I' acts non-trivially, acylindrically,
cocompactly and minimally on a tree T with trivial or infinite cyclic edge stabilisers.
By [27, Lemma 5.1}, T'//G is finite. Thus, for the stabiliser I'e of any edge e of T'

[G\I'/T|

is finite. If there is an edge stabiliser which is trivial, this implies that |I': G| is
finite.
It remains to show that if all the edge stabilisers are infinite cyclic, then

IT': G| is still finite. We prove this in the following proposition. O

Proposition 2.5.2. Let I' € C with trivial center and let D,G be subgroups of T’
with D cyclic and G finitely generated. If |G\I'/D| < oo, then |I': G| < oc.

Proof. Let us prove it by induction on the level [ = [(T") in the hierarchy of C = U,,C,,
where I' first appears.

If Il = 0, then T is a finitely presented free product, so it has a non-trivial,
acylindrical, cocompact action on a tree T with trivial edge stabilisers. If { > 0 T’
has a non-trivial, acylindrical, cocompact action on a tree T with infinite cyclic edge

stabilisers and the stabiliser of some vertex w is in C;_; and has trivial center.
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Let ¢ be a generator of the cyclic subgroup D. We distinguish two cases
depending on whether c is elliptic or hyperbolic.
Suppose that c is elliptic and that it fixes a vertex ¢ of 1. The proof that
X =T/G is finite is the same proof as in [27, Proposition 5.2]:
First, we show that X has finite diameter. Since |G\I'/D| is finite, there are
Y1, .-, € I' such that
I'=GyDU---UG,D.

Since ¢ -t = t, the I'-orbit of ¢ consists of finitely many G-orbits, namely G(~;t)
i € {1,...,n}. Since the action of I" on T is cocompact, there is m > 0 such that
T is the m-neighborhood of I't, so X is the m-neighborhood of the finitely many
vertices G(v;t). Therefore, X has finite diameter.

Second, 71 (X) has finite rank. Indeed, since G is the fundamental group of
the graph of groups X, there is r: G — 71(X) a retract and G is finitely generated,
so 71(X) is also finitely generated.

Third, X has finitely many valency 1 vertices. Suppose that there are in-
finitely many valency 1 vertices. Then there is w = Gu a vertex with valency 1
where u is a vertex in T" and € = Ge is the unique edge in X incident at @ (e is an
edge in T incident at u) such that Gz = Gg, where Gz and Gg denote the stabilisers
of uw and e in G, respectively. Otherwise, G would not be finitely generated. Since
G acts by isometries in T" and @ = Gu has valency 1 in X, Gy acts transitively on
the link lk(u) of u. Hence |lk(u)| = |Gz: Ge| = 1, so u is a valency 1 vertex of T
This is a contradiction since 7' is minimal as a I'-tree.

In conclusion, X has finite diameter, finite rank and finitely many valency 1
vertices, so X is a finite graph.

Suppose that [ = 0. Then |G\I'| = |I': G| is finite because the number of
edges in X is an upper bound for that number. If [ > 0 there is a vertex w such
that its stabiliser, I'y, is in C;_1. Recall that by the definition of the class C T,
has trivial center. The number |(G N T, )\I'y/T¢| is finite because it is bounded
above by the number of edges in X incident at Gw that are images of edges ve €
Te. So by inductive hypothesis G NIy, has finite index in I',,. Define the action
a: 'y x G\I' = G\I' by

a((z,Gv)) = G(yz).

Then )
G\I' = UWGG\F/M Orbit(G7).

Note that |G\I'/T",,| < oo because it is bounded above by the number of edges in
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X. Moreover, by the Orbit-Stabiliser Theorem, Orbit(G~) is in bijection with

Fw/('YilG’Y NTw)

and this is finite. In conclusion, G\I" is finite.

The argument for the case when ¢ acts hyperbolically on T' is the same as in
[27, Proposition 5.2]. For sake of completeness, we include it here. Suppose that ¢
acts hyperbolically on T with axis A. The double coset decomposition of I" implies
that the axes y(A) for v € I" belong to only finitely many G-orbits. On the other
hand, the convex hull of [ J, .- 7(A) is a I-invariant subtree of T', but 7" is minimal
as a I'-tree, so that convex hull is the whole of T'.

Let T be the minimal G-invariant subtree of T'. If Ty = T, by [4], Proposition
7.9] X =T/G is finite and the same argument as in the previous case may be used
to conclude that |T': G| < co.

It remains to consider the case Ty # T'. For any subgraph Y of T and any
g € G, we have

d(g(Y),To) = d(g(Y), 9(To))

because Ty is G-invariant, and
d(9(Y), 9(To)) = d(Y, To)

because the action is by isometries.

Since the axes y(A) for v € I" belong to only finitely many G-orbits, there
is a global upper bound K on d(v(A),Ty) as v varies over I'. Since T # Tj and
T is spanned by the I'-orbit of A, there is a translate v(A) of A not contained in
To. Recall that the action of I' on T is acylindrical, say k-acylindrical. Choose a
vertex u on y(A) with d(u,Tp) > K + k + 2 and let T', denote its stabiliser in T
Let p be the vertex at distance K from Tj on the unique shortest path from Ty to
u. Since d(v(A),Ty) < K, the geodesic [p,u| is contained in y(A). Similarly [p, u]
is contained in any translate of A that passes through u. In particular, if § € Iy,
then [p,u] C v(A) and since ¢ fixes u we have d(p) = p or §(p) = p/, where p’ is the
unique point of v(A) other than p with d(u,p) = d(u,p’).

If ¢ fixes the edge of [p,u] incident at u, then §(p) = p and 0 fixes [p, u]
pointwise, which contradicts the k-acylindricality of the action unless § = 1. Thus,
the stabiliser of this edge is trivial, which is a contradiction unless [ = 0. If [ = 0,
then by the definition of C, replacing u by an adjacent vertex if necessary, we may

assume that |[',| > 2. Choose distinct non-trivial elements 91, d2 in I';,. It cannot
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be that all three of §1, 9, (5152_1 send p’ to p. Thus one of them fixes p, hence [p, u],

which again contradicts the k-acylindricality of the action. ]

2.6 Proof of Theorem and nilpotent quotients

From now on we shall restrict to the conditions of Theorem 2.3.7] with the additional
assumptions of Proposition [2.3.2] That is, each projection map p;: S — T is
surjective, each I'; has trivial center and each I'; splits as an HNN extension over
an infinite cyclic subgroup (or the trivial group) with stable letter ¢; € L;.

The goal of this section is to prove that I';/L; is virtually nilpotent. The
proofs are the analogues of the proofs from [27] by using the properties that we have
shown for limit groups over Droms RAAGs.

We introduce the following notation. We write K; for the kernel of the i-th
projection map p; and IV; ; for the image of K; under the j-th projection map p;.
That is,

K, = {(Sl, e, Sic1, 1 Sidlyeeny Sn) S S},
NiJ = {Sj EFj | (*,...,*,1,*,...,*,S]’,*,...,*) S S}
Note that V; ; is a normal subgroup in I'; because p; is surjective.

Lemma 2.6.1. [27, Lemma 6.1] The iterated commutator
[N1gs Nojs oo Nj1js N1 -+ Nojl

is contained in L;.

Let I'; = B;*c; be the HNN splitting of I'; with stable letter t; € L; and C;
an infinite cyclic subgroup (or the trivial group). Let us consider, for i # j, the
group A; ; = p;(pi1(Cy)). Since N;; = pj(pi1({1})), then

Ni,j < Aiﬂ' < Fj.

The strategy is to show that N; ; has finite index in T';.

Lemma 2.6.2. Let I'y,...,I',, be limit groups over Droms RAAGSs such that T'; has
trivial center. If S < T'y x --- x Iy, is finitely generated, of type wF Py(Q) and if S
satisfies conditions (1) to (5) of Proposition[2.5.9, then for all i, j

(1) |T'j: A; | < oo, and

(2) A;j/Nij is cyclic.
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Proof. (1) Let us prove it for ¢ = 1. The HNN decomposition B¢, of I'y pulls
back to an HNN decomposition of S of the form Bl*él with stable letter #; =
(t1,1,...,1) € S, where B = pl_l(Bl), Cy = pl_l(Cl) = K1 x (¢1) and ¢ is a choice
of a lift of a generator of C;. Consider the Mayer-Vietoris sequence for the HNN

decomposition of S:

o= Hy(S:Q) S Hi(CisQ) S Hy(Bi; Q) — Hi($5Q) — -+

where ¢ is the difference between the map induced by the inclusion and the map
induced by the inclusion twisted by the action of ¢; under conjugation. By definition
of t; and K, one has that {1 commutes with K1, so ¢ factors through the map
Hi(C1;Q) = Hi((¢1); Q). In particular, the image of ¢ has dimension at most 1.
Since H(S;Q) is finite dimensional by hypothesis, then its image under the map
« is also finite dimensional. Thus, Hl(é’l; Q) is finite dimensional. For each j > 2
Aj; equals pj(é’l) and since there is a surjection Hi(Cy; Q) — Hi(A1;;Q), then
Hi(A;1,;;Q) is also finite dimensional. Hence, by Property Ay is finitely
generated. Since it contains the non-trivial subgroup L;, from Theorem we
get that Aq ; has finite index in I';.

(2) By definition,
Aij/Nij = p;(Ci)/pi(Ki),

and p; is surjective, so A; ;/N; ; is a homomorphic image of C’Z /K. ]

Proposition 2.6.3. Let I'y,...,I',, be limit groups over Droms RAAGs such that
I'; has trivial center. If S < T'y x --- x '}, is a finitely generated subgroup of type
wFPy(Q) and S satisfies conditions (1) to (5) of Proposition [2.5.3, then N;; C T;
1s of finite index for all i, j.

Proof. [27, Proof of Proposition 6.4] Let us prove it for the case (i,5) = (2,1). Let
T be the projection of S to I'y x I'y and define M; to be T'NT; for i € {1,2}. Notice
that My = Na 1 and My = N . Since the projection maps S — I'y and S — I'p are
surjective,

[y/My = T/(My x My) =2Ty/Ms,.

We will assume that these groups are infinite and obtain a contradiction.

By Lemma[2.6.2] T'/(M; x Ms) is virtually cyclic, so there is Ty < T a finite
index subgroup containing M; x My such that T /(M7 x My) is infinite cyclic. Hence,
for i € {1,2}, G; = pi(Tp) is a finite index subgroup containing M; such that G;/M;
is infinite cyclic. Choose 7 € Tj such that 7(M; x Ms) generates Ty /(M7 x M) and
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let 7; = pi(1) € G; for i € {1,2}.

Since G; has finite index in I';, the HNN decomposition of I'; from Proposition
induces an HNN decomposition G; = Bff*cg with stable letter t, € L;, where
C! = G, N C; and ¢, is an appropriate power of the stable letter ¢; of I';. Notice
that C/ N M; = 1. For each ¢ € {1,2} there is an index 2 subgroup A; in G; and
an element x; € M; N A; N L; such that Z; generates a free Q[Tfl]—submodule of
Hi(M; N A;;Q) (see [27, Proposition 6.3]).

Now set M/ = M;NA;. Then Z; ® Ty generates a free Q[Tfﬂ, TQil] submodule
of Hy(M{;Q) ®q Hi(M4; Q) C Ha(Mj x Mj; Q).

Let us define 77 to be (Mj x MJ}) x (7). Note that T has finite index in Tp.
Let S1 < S be the preimage of T7 under the projection S — 7. Then S; has also
finite index in S. Considering the Lyndon—Hochschild—Serre spectral sequence for

the short exact sequence
1 - M{xMy—T — (1) =1,

we see that
Ho((7); Ho(M7 x My;Q)) € Ha(T1;Q)

has an infinite dimensional subspace generated by
{(r"z1m ™) @ (13297, ") [ myn € Z}.

In particular, the image of the map Ha (L1 x La; Q) — Ha(T1; Q) induced by inclusion
is infinite dimensional. But this contradicts the hypothesis that Hs(S1; Q) is finite

dimensional, since the inclusion L1 x Ly — T} factors through 5. ]
Theorem [2.6.4] now follows easily.

Theorem 2.6.4. Let I'y,...,T';, be limit groups over Droms RAAGs. Suppose that
S < Ty x---xT, is a finitely generated subgroup of type wF Py(Q) with the properties
of Proposition . Then I';/L; is virtually nilpotent.

Proof. Let G be a group, let L be a normal subgroup in G and let Ny,..., N, be
normal subgroups of finite index in G such that [Ny,..., N,] C L. If we denote the
group N1N---NN, by N, then N has finite index in G and [N, ..., N] is a subgroup
of L. Now N is normal in G, and accordingly [NL, ..., NL] is also a subgroup in L.
Therefore, NL/L is nilpotent and it has finite index in G/L because N has finite
index in G. O
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We finally state two results about finitely generated virtually nilpotent groups
that will be used in the proof of Theorem [2.3.1

Lemma 2.6.5. [27, Lemma 8.1] Let G be a finitely generated virtually nilpotent
group and let H be a subgroup of infinite index. Then there exists a subgroup K of
finite index in G and an epimorphism f: K — Z such that (H N K) C ker (f).

Repeated applications of the previous lemma yield the following result.

Corollary 2.6.6. [27, Corollary 8.2] Let G be a finitely generated virtually nilpotent

group and let H be a subgroup of G. Then there is a subnormal chain
H0<H1<"'<HT:G,

where Hy is a subgroup of finite index in H and for each i the group H;y1/H; is

either finite or cyclic.

2.7 Proof of Theorem 2.7.1]

The aim of this section is to prove Theorem

Theorem 2.7.1. Let I'y,..., Iy, be limit groups over Droms RAAGs such that T';
has trivial center and let N be the kernel of an epimorphism I'y x - - - xI'y, = Z. Then
there is a subgroup of finite index No C N such that at least one of the homology
groups Hy(No; Q) has infinite dimension for 1 < k < n.

Recall that by Property limit groups over Droms RAAGs are of type

F. Thus, the following result can be used in our case:

Proposition 2.7.2. [27, Proposition 7.1] If T'1,..., Ty are groups of type F P, (Z)
and ¢: I'y x---xI'yy = Z has non-trivial restriction to each factor, then H;(ker ¢;7)

1s finitely generated for j <mn — 1.

By using that result, in [27, Theorem 7.2] they show that if I'y,..., T, are
non-abelian limit groups and S is the kernel of an epimorphism I'y x --- x I'), = Z
such that the restriction to each of the I'; is an epimorphism, then H,(S;Q) has
infinite dimension.

The same statement holds for limit groups over Droms RAAGs with trivial

center, namely,

Theorem 2.7.3. Let I'y,...,I'y be limit groups over Droms RAAGs such that T';
has trivial center and let S be the kernel of an epimorphism ¢: I'y x---xI'yy = Z. If

96



the restriction of ¢ to each of the I'; is an epimorphism, then H,(S;Q) has infinite

dimension for 1 < k <n.

The proof is an adaptation of the proof from [27] to the setting of limit groups
over Droms RAAGs:

Proof. The proof is by induction on n. If n = 1, then the group S = ker ¢ is a normal
subgroup of a limit group over a Droms RAAG with trivial center. If H;(S;Q) were
finite dimensional, then S would be finitely generated by Property Then S
would have finite index in I'y (Theorem and this is a contradiction because ¢
is an epimorphism.

If n > 2, let us consider the Lyndon—Hochschild—Serre spectral sequence
for

1— 5,1 =ker (pn)—>5p—">I‘n—>1,

where S, _1 is the kernel of the restriction of ¢ to I'y x --- x I',_1. By Proposition
there are only finite dimensional Q-vector spaces in the region 0 < ¢ < n — 2.
Since TI'; is of type FP,, the terms on the E? page involved in the calculation
of H, 1(S;Q) are finite dimensional except for possibly Eg, and E?, ;. Thus,
in order to prove that H,(S;Q) is infinite dimensional, it suffices to show that
Hy(Ty; Hy—1(Sp—1;Q)) is infinite dimensional.

Since I'y x- - - xI',_1 is a group of type F' Py, we may consider a free resolution
F of Z over Z[I'y x --+- x I',_1] with each F; finitely generated free. Then M =
H,,1(Sn—1; Q) is a homology group of a chain complex of free R = Q[t,¢~!] modules
of finite rank. Since R is Noetherian, then M is finitely generated as an R-module.
By inductive hypothesis, M has infinite dimension. Then by the classification of
finitely generated modules over a PID, M = My ® R.

Note that I';, = L,, x (t,), where L, = SNT,, and ¢(t,) is a fixed generator
of Z. By the definitions of S,,—1 and L,, the I';-action on M factors through (t,).

So the direct sum decomposition passes to M considered as a QI',-module. Hence,
Hl(I‘n; M) = Hl(Fn; Mg) D Hl(I‘n; R)
As a QI',,-module,

R= QFn ®QLn Qu

so by Shapiro’s Lemma H;(I'y; R) = Hi(Ly; Q). The group L, is the kernel of the
epimorphism ¢r , so it has infinite index in I',. Hence, Ly, is infinitely generated
(Theorem [2.5.1)). In conclusion, H;(L,; Q) is infinite dimensional by Property

]
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Let us end the section by proving Theorem [2.7.1]

Proof of Theorem [2.7.1]. Suppose that the restriction of ¢ to some I'; is trivial, for
example to I';. Then ¢: 'y x - - - xI'yy — Z is an epimorphism. Thus, we may assume
that the restriction of ¢ to each of the factors is non-trivial. Then ¢(I';) = m;Z for
some non-zero integer m;. We may replace I'; by A; = ¢~!(m;Z). Note that A;
has finite index in I'; and that the restriction of ¢ to A; x --- x A,, satisfies the
conditions of Theorem 2.7.3l O

2.8 Proof of Theorem 2.8.1]

Let us recall the statement of Theorem 2.8.1F

Theorem 2.8.1. Let I'y,..., ', be limit groups over Droms RAAGSs such that each
I'; has trivial center and let S < T'y x --- x I'), be a finitely generated full subdirect
product. Then either:

(1) S is of finite index; or

(2) S is of infinite index and has a finite index subgroup So < S such that
H;(S0; Q) has infinite dimension for some j < n.

By hypothesis, properties (1), (3) and (4) of Proposition are assumed.
Properties (1) and (5) may also be assumed. Indeed, if n = 1, then S is finitely
generated by Property so from Theorem [2.5.1 we get that S is of finite index.
Moreover, if we replace I'; by a subgroup A; of the form from Proposition (5),
then SN (A x A;,) has finite index in S.

Proof. Let ' =Ty x --- xI'y and L = L1 X --- X L,. We only need to consider
the case when S has infinite index in I'. By contradiction, suppose that for all
the subgroups Sy of finite index in S and for all 0 < j < n, H;(Sp;Q) has finite
dimension.

By Theorem [2.6.4] the group I';/L; is virtually nilpotent for all i € {1,...,n}.
Thus, I'/L is virtually nilpotent. By applying Lemma to I'/L, there is a finite
index subgroup A in I' containing L and an epimorphism f: A/L — Z such that

A/LNS/L C ker f.

Define g to be f om, where m: A — A/L is the projection map. By definition, g is

an epimorphism and A N S is contained in ker g.

98



We replace S by SN A. Let ¢;: I' — I'; be the i-th projection map. Then
we also replace I'; by ¢;(A). By using this argument we ensure that L C S C N,
where N is the kernel of an epimorphism A — Z. By Theorem there is a finite
index subgroup Ny in N and j < n such that H;(Ny; Q) has infinite dimension. By
Corollary there is a subgroup Sy contained in S N Ny which has finite index
in S and a series Sy < S1<---<4Sp = Ny with S;11/5; finite or cyclic for each i.

We now use the following lemma to reach a contradiction.

Lemma 2.8.2. [27, Lemma 8.3] Let Sy be a normal subgroup in S1 with S1/So
finite or cyclic. If Hj(So; Q) is finite dimensional for 0 < j <n, then H;(S1;Q) is
finite dimensional for 0 < j <mn.

Coming back to the main proof, by repeatedly applying this lemma, we

obtain that H;(No; Q) has finite dimension for all j < n, contradicting Theorem
271 O

2.9 Finitely presented residually Droms RAAGs

The goal of this section is to understand finitely presented residually Droms RAAGs.
Finitely generated residually Droms RAAGs are precisely coordinate groups over
Droms RAAGs or, equivalently, finitely generated subgroups of direct products of
limit groups over Droms RAAGs. Therefore, we view them as finitely presented
subgroups of direct products of limit groups over Droms RAAGs. This section is
based on the earlier work [28] of Bridson, Howie, Miller and Short.

Theorem 2.9.1. Let S be a finitely generated residually Droms RAAG. The fol-

lowing are equivalent:
(1) S is finitely presented;
(2) S is of type FP2(Q);
(8) S is of type wF Py(Q);

(4) there exists a neat embedding S < T'g X --- x Iy, into a product of limit groups
over Droms RAAGSs such that the image of S under the projection to I'; x T';
has finite index for 0 <i < j <mn;

(5) for every neat embedding S — I'g x --- x I';, into a product of limit groups
over Droms RAAGSs the image of S under the projection to I'; x I'; has finite
index for 0 <i < j <n.

99



Proof. We first check that for every finitely generated residually Droms RAAG there
is a neat embedding.

Clearly, there is an embedding S < I'g x - -+ x I';, where I'; is a limit group
over a Droms RAAG. Each group I'; is of the form Z™: x I with m; € NU{0} and
I'} is a limit group over a Droms such that I", has trivial center. Therefore, we may
assume that S is a subgroup of the direct product I'g x - -+ x I';, where I'g is a free
abelian group and I'; is a limit group over a Droms RAAG with trivial center for
1> 0.

By the basis extension property for free abelian groups, there is a decom-
position of I'y as a direct sum My @& Ry where Ly = S NIy has finite index
in My. Since the intersection S N Ry is trivial, the projection homomorphism
fiMy® Ry xI'y x---xI'yy > MyxTI'y x---xTI,, descends to a monomorphism
fis: S — f(S). Thus, S is isomorphic to a subgroup of My x I'y x --- x I';, and we
may now assume that Ly has finite index in I'g. Finally, we may also suppose that
S is a full subdirect product as we did in Proposition [2.3.2

Recall that each projection map S — I'; x I'; is denoted by p; ; for 0 < i <
Jj <n.

The implications (1) = (2), (2) = (3) are clear. Since neat embeddings
exist, (5) = (4). By [28, Theorem A], (4) implies (1). Thus it suffices to prove
that (3) implies (5).

Note that since L has finite index in I'g, then pg;(S) N Ty has finite index
in I'g, so po;(S) has finite index in I'g x I'; for each i > 0.

Second, let us show that for 1 <i < j < n, p; ;(S) has finite index in I'; x T';.

There is an exact sequence

15 Tg—=Tox - xTp BTy x--xTy— 1,

and this exact sequence descends to another exact sequence for S:
1—Lo—S—q(S) —1

Thus, S/Lo = q(S) <T'y x -+ x T

Let us take Sy a finite index subgroup in S /Lo. Then So is of the form
SoLo/Ly with SyLg of finite index in S. The group Ly is finitely generated and by
hypothesis, dim Hy(SoLo; Q) is finite.

Hence, H(Sp; Q) is finite dimensional for all finite index subgroups Sy in the
group S/ Ly, so by Proposition for 1 <i < j < n the group p; ;(q(S)) = pi ;(5)
has finite index in I'; x T';. ]
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By Theorem [2.9.1] any subgroup of the direct product of limit groups over
Droms RAAGs that contains a finitely presented full subdirect product is again
finitely presented. Theorem [2.9.2] generalises this.

Theorem 2.9.2. Let I'y x --- x 'y, be the direct product of limit groups over Droms
RAAGs where I'1 is free abelian and T'; is a limit group over a Droms RAAG with
trivial center for i € {2,...,k}. Let n € N\ {1}, let S < Ty x --- x T’y be a full
subdirect product and let T < T'y x --- x 'y be a subgroup that contains S. If S is of
type FP,(Q), then so is T.

Proof. The quotient group I'1/L; is abelian, so in particular, it is nilpotent.
Moreover, if S is of type F'P,(Q) for n > 2, it is in particular of type F P>(Q).
Then by Theorem I';/L; is virtually nilpotent for ¢ € {2,...,k}. Thus, D/L
is virtually nilpotent, where D =T X --- x 'y and L= (SNTy) x -+ x (SNTy).
By Corollary there is a finite index subgroup Sp < S and a subnormal
chain
Sp<S1<4---a85 =T

such that each quotient S;;1/S; is either finite or infinite cyclic.
Since S is of type FP,(Q) and Sy has finite index in S, then Sy is also of
type F'P,(Q). Note that there is a short exact sequence

1—)50—)51—)51/50—)1.

Moreover, S1/Sp is of type FP,(Q) because it is infinite cyclic or a finite group.
Therefore, S is of type F'P,(Q). By iterating this argument we obtain that 7" is of

type F'P,(Q). O

Finally, we focus on the multiple conjugacy problem for finitely presented
residually Droms RAAGs.

The multiple conjugacy problem for a finitely generated group G (given by
a finite generating set) asks if there is an algorithm that, given a natural number
[ and two [-tuples of elements in the generators of G, say = = (x1,...,2;) and
y = (y1,...,uy1), can determine if there exists g € G such that g~ 'z;g = y; in G for
ie{l,...,1}.

When solving the multiple conjugacy problem for finitely presented residually
free groups (see [28]), the authors first show a result for bicombable groups. Funda-
mental groups of compact non-positively curved spaces are bicombable groups, so
in particular, limit groups over Droms RAAGs are bicombable (see [35, Corollary

9.5)).
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Proposition 2.9.3. [28, Proposition 7.1] Let I be a bicombable group, let H < T’
be a subgroup, and suppose that there exists a subgroup L < H normal in T' such

that I'/ L is nilpotent. Then H has a decidable multiple conjugacy problem.

Second, they state a result that relates the decidability of the multiple con-

jugacy problem for a finite index subgroup and the whole group:

Lemma 2.9.4. [28, Lemma 7.2] Suppose G is a group in which roots are unique
and H < G is a subgroup of finite index. If the multiple conjugacy problem for H
is decidable, then the multiple conjugacy problem for G is decidable.

In order to apply this lemma, we need to check that limit groups over Droms
RAAGs have unique roots. Recall that a group G is said to have unique roots if for
all z,y € G and n # 0, one has that r =y <= 2" = y". RAAGs have unique
roots (see, for instance, [80, Lemma 6.3]). Hence, it suffices to show that if H has

unique roots and G is fully residually H, then GG has unique roots:

Lemma 2.9.5. Let H be a group in which roots are unique and let G be fully
restdually H. Then G has unique roots.

Proof. Suppose that there are two elements x # y € G such that ™ = y”. Since G is
fully residually H, then there is a homomorphism ¢: G — H such that ¢(z) # ¢(y).
However, ¢(z)" = ¢(y)"™ and this contradicts the fact that H has unique roots. [

Building on the previous results and Theorem [2.6.4] we now prove Theo-
rem [2.9.0|

Theorem 2.9.6. The multiple conjugacy problem is decidable in every finitely pre-
sented residually Droms RAAG.

Proof. Let S be a finitely presented residually Droms RAAG. Then S can be viewed
as a full subdirect product of D =1T'; x --- x I';; where I'; is a limit group over a
Droms RAAG, L = Ly X -+ X Ly is normal in D where L; = I'; NS and D/L
is virtually nilpotent. Let N be a finite index subgroup in D such that L < N
and N/L is nilpotent and let Sy be N N S. By Proposition So has decidable
multiple conjugacy problem, and applying Lemma [2.9.4] we get that S has decidable

multiple conjugacy problem. O
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Chapter 3

On subdirect products of type

F'P,, of limit groups over Droms
RAAGs

3.1 Introduction and outline

One of the main results of Chapter 2] is that if I'y,...,[',, are limit groups over
Droms RAAGs and S is a full subdirect product of I'y X - -+ x I';;, then S is finitely
presented if and only if p; ;(.5) is of finite index in I'; xI';j for all 1 <4 < j < n, where
pi,; denotes the projection map S — I'; x I';. After having seen the importance of
projections onto pairs, Kuckuck suggested in [69] the following generalisation.

The Virtual Surjection Conjecture Let n < m be positive integers and
let H be a subgroup of the direct product Gy X - -- X Gp,, where G; is of type F, for
1 <¢<m. If H is virtually surjective on n-tuples, then H is of type F,.

The Virtual Surjection Conjecture is still an open problem, but Kochloukova
showed in [65] that if T'y,...,I',, are non-abelian limit groups and S is a finitely
generated full subdirect product of type F'P(Q) for some fixed k € {2,...,m},
then S virtually surjects on k-tuples. The converse is, however, an open problem,
so there is no characterisation of residually free groups of type FP(Q) for s > 3.
One of the main goals of this chapter is to extend this result to the class of limit
groups over Droms RAAGs.

One of the key properties of limit groups used by Kochloukova in the proof
is that they are free-by-(torsion-free nilpotent). Our first result is a generalisation

of this fact for limit groups over Droms RAAGs.
Proposition|3.2.12. Limit groups over Droms RAAGs are free-by-(torsion-free nilpo-
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tent).

In Section we extend the result about full subdirect products of type
FPs(Q) of direct products of limit groups to the class of limit groups over Droms
RAAGs.

Theorem [3.5.8, Let I'y,...,I',, be limit groups over Droms RAAGs such that each
I'; has trivial center and let S < I'y x -+ x I';, be a finitely generated full subdi-
rect product of type wF Ps(Q) for some s € {2,...,m}. Then for every canonical
projection

Dijtygs 2 S = Ty X x Ty

the index of p;, . ;. (S) in I'j, x --- x T';, is finite.
In particular, if S is of type F'Ps(Q), then for every canonical projection

Pi1,....jss the index of Dj1,....js (S) in Fj1 X oo X Fj,s is finite.

In Section we discuss the growth of homology groups and the volume
gradients of limit groups over coherent RAAGs and of finitely presented residually
Droms RAAGs. If G is a group, (B,,) is an ezhausting chain of G if (By,) is a chain
of subgroups of finite index such that B,41 C B, and (), B, = 1, and it is an
erhausting normal chain if it is an exhausting chain and each B, is normal in G.
As every residually finite group has an exhausting normal chain, limit groups over
coherent RAAGs have exhausting normal chains. The growth of homology groups
with respect to the exhausting normal chain (By) and field K is measured by the
limit

lim dimg H;(B,; K)/|G: B,

n—oo

whenever this limit exits. A natural question to ask is whether this limit (when it
exists) is an invariant of G or it is an artefact of the chain that we choose. Thanks
to the approzimation theorem of Liick we know that if K has characteristic 0, G
is residually finite, finitely presented and of type F'P,,, then the limit exists for
i < m and equals the L2-Betti number $;(G). In particular, in this case the limit is
independent of the exhausting normal chain.

For right-angled Artin groups, Avramidi, Okun and Schreve computed in [3]
the growth of homology groups over an arbitrary field. They showed that the limit
exists, it is independent of the chain but it does depend on the field.

In this chapter we compute the growth of homology groups for limit groups
over coherent RAAGs and we show that the limit is independent of the field. As
a consequence, we get the L2-Betti numbers of limit groups over coherent RAAGs.
L?-homology is a homology theory deeply connected to 3-manifold theory. The

L?-Euler characteristic is used to compute the Thurston norm of a 3-manifold and
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the L?-Betti numbers also have a strong connection with group fibring. They are a
generalisation of the Betti numbers with the additional powerful property that they
behave nicely when taking finite index subgroups.

We also consider the following homotopical analogues. Given a group G of
type Fy,, the m-volume vol,,(G) was defined in [22] as the least number of m-cells
among all classifying spaces K (G, 1) with finite m-skeleton. For instance, vol; (G) is
the minimal number of generators of G, d(G). The 2-volume, vola(G), bounds the
deficiency def (G) of G, which is the infimum of | X'|—|R| over all finite presentations
(X | R) of G. The m-dimensional volume gradient of G with respect to (By,) is

limp—00vOly (By)/[G: Byl

The most studied volume gradient is the 1-dimensional one, that is the rank gradient
of G with respect to (By,), which is defined to be lim,, d(B,)/[|G: By] and it is denoted
by RG(G, (By,)). Its study was initiated by Lackenby in [70] in connection with the
study of largeness of 3-manifolds and a combinatorial approach to the rank gradient
was developed by Abert, Nikolov and Jaikin-Zapirain in [IJ.

In [22] Bridson and Kochloukova calculated the above volume and homology
type gradients for limit groups and in the case of residually free groups they found
particular filtrations where the homology growth can be calculated.

We compute the homology growth and the volume gradients for limit groups
over coherent RAAGs. We use the approach from [22] and we show that limit groups
over coherent RAAGs are slow above dimension 1. A group G of type F' is slow
above dimension 1 if it is residually finite and for every exhausting normal chain
(By,) there exists a finite K(By,1) with ri(B,,) k-cells such that

B,
lim 7k (Bn)

n—oo [G: By =0

for all £ > 2. We say that G is slow if it satisfies the additional requirement that

the limit exists and is zero for kK = 1 as well. This implies the following results.
Theorem (3.4.14}. Let G be a limit group over a coherent RAAG and let (B,,) be an

exhausting normal chain in G. Then

(1) The rank gradient RG(G, (By)) = limy, 00 % = —x(G).

(2) The deficiency gradient DG(G, (By)) = lim, 00 ?éfz(gﬁ = x(G).

(3) The k-dimensional volume gradient lim,, V[OGI’“ (Jg:]) =0 for k > 2.
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Theorem|3.4.15 Let K be a field, G a limit group over a coherent RAAG and (B,,)

an exhausting normal chain in G. Then

(1) limy, oo B — (@),

(2) iMoo %ﬁf“ =0 for all j > 2.

Using results from [22] we also compute the homology growth up to dimension
m of residually Droms RAAGs of type F P, for m > 2. We cannot apply the same
method to the class of residually coherent RAAGs since Theorem [3.3.8 is a key
result in this method and in Chapter [5] it is proved that this no longer holds for
coherent RAAGs.

Theorem [3.4.16, Let m > 2, let G be a residually Droms RAAG of type F'P,, and
let p be the largest integer such that G contains a direct product of p non-abelian
free groups. Then there exists an exhausting sequence (B,,) in G so that for all fields
K,

(1) if G is not of type F' Py, then

lim dim H;(B,,; K)

= <i1<m:
Jim G B, 0 for all 0 <i < m;

(2) if G is of type F Py, then for all j > 1

_dimH,(BuK) .,  dim H;(B,; K) ,

3.2 Limit groups over Droms RA AGs are free-by-(torsion-

free nilpotent)

Definition 3.2.1. A graph is called triangulated if it contains no induced copy of

C,, for n > 4, where C,, is the circle with n vertices.

Theorem 3.2.2. [[7, Theorem 2] If G is the RAAG corresponding to the graph X,
the commutator subgroup G’ is free if and only if X is triangulated, that is, if and
only if G is a coherent RAAG.

Recall that Droms RAAGs can be described as the RAAGs where the defining
graph does not contain induced squares or straight line paths with 3 edges (see [46]).
In particular, if G is a Droms RAAG, then G’ is free.

Lemma 3.2.3. Coherent RAAGSs are free-by-(free abelian).
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Proof. Let G be a Droms RAAG corresponding to the graph X. Then G’ is free,
the abelianisation is Z"™ where n is the number of vertices in the graph X and there

is a short exact sequence

1 G G 7" 1.

O]

Definition 3.2.4. A filtration {G;};>; of normal subgroups of a group G is a
torsion-free exhausting normal chain if G/G; is torsion-free and (),~; G; = 1, and
it is a non-abelian exhausting normal chain if (,~; G; = 1 and for each finitely
generated abelian subgroup M of G there is i = Z(M) such that G; N M = 1.

Lemma 3.2.5. Let G be a group and let {G;}i>1 be a filtration of normal subgroups
of G. If {Gi}i>1 is a torsion-free exhausting normal chain, it is also a non-abelian

erhausting normal chain.

Proof. Let M be a finitely generated abelian subgroup of G. Since (1,5, G; = 1,
there is ¢ such that G; N M is not M. The group M /(M N G;) embeds in G/G;, so
it is non-trivial and torsion-free, that is a finite rank free abelian group. As M has
finite Hirsch length, we deduce that M N G is trivial for sufficiently large j. O

Lemma 3.2.6. Let H be a group, let G be Z™ x H for some m € N and let us
denote the natural projection map G — H by p. Suppose that {G;}i>1 is a non-
abelian exhausting normal chain of G. Then {p(G;)}i>1 is a non-abelian exhausting

normal chain of H.

Proof. Let us denote Z™ by A and let us define H; to be p(G;). Thus, AG; = AH;.
Let C be a finitely generated abelian subgroup of H. Note that the group A(H;NC)

is contained in

AH; N AC = AG; N AC = A(G; N AC).

Since the filtration {G;} is a non-abelian exhausting normal chain, there is i; =
i(AC) such that G;; N AC = 1. To sum up, since ANC C AN H = 1, then
A(H; N C) being equal to A implies that H; N C =1 for i > 5. O

Proposition 3.2.7. Let G be a Droms RAAG and let {G;}i>1 be a non-abelian

exhausting normal chain of G. Then for sufficiently large iy the group G, is free.

Proof. Let G be a Droms RAAG of level [(G). If [(G) = 0, then G is a free group, so
the statement holds. If [(G) > 1, then G is Z™ x (K1 x- - -* K}) for some m € NU{0}
and K7, ..., Kj are Droms RAAGs of level less than [(G).
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Let us denote Z™ and Ki * --- * K by A and H, respectively, and the
projection map G — H by p. By hypothesis there is [ = [(A) such that ANG; = 1.

Let us define H; to be p(G;). From Lemma we get that {H;}i>1 is a
non-abelian exhausting normal chain of H, so {H;};>; is a non-abelian exhausting
normal chain and G; & H;.

The group H; is a free product of conjugates of H;N K for j € {1,...,k} and
a free group. For j € {1,...,k} {H; N K;};>; is a non-abelian exhausting normal
chain of K}, so by inductive hypothesis, there is i; such that H;; N Kj is free. In

conclusion, by taking ig to be max{l,i1,...,i;} we have that H;, is a free group. [

Theorem 3.2.8. Let G be a Droms RAAG and let {G;}i>1 be a torsion-free ex-

hausting normal chain. Then for sufficiently large ig the group G, is free.
Proof. Tt follows from Lemma [3.2.5] and Proposition [3.2.7] O

In order to show that limit groups over Droms RAAGs are free-by-(torsion-
free nilpotent), we will show that ICE groups over Droms RAAGs are free-by-
(torsion-free nilpotent). A limit group over a Droms RAAG is a finitely generated
subgroup of an ICE group over a Droms RAAG, so it will also be free-by-(torsion-free
nilpotent) (see Section [1.5.4)).

Theorem 3.2.9. Let G be a Droms RAAG and let K be an ICE group over G. Let
{Ki}i>1 be a non-abelian ezhausting normal chain of K. Then for sufficiently large

o the group K, is free.

Proof. We prove it by induction on the level I[(G) of G as a Droms RAAG. Suppose
that {(G) = 0. If K has level 0, then K is precisely G (which is a free group) and
the result holds. If K has level > 1, then K is of the form

H X7n (Zm X Zn),

and H is an ICE group over G of smaller level than K. Since K; is a normal
subgroup of K, then K; inherits a graph of groups decomposition where the vertex

groups are of the form
(KinH)?  or (K;N(Z™xZ"))%, for ga, €K,
and the edge groups are of the form

(K;NZ")%i for gg €K.
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Note that { K;NH };>1 is a non-abelian exhausting normal chain of H, so by inductive
hypothesis there is 4; such that K; N H is free. In addition, the filtration {K;};>1
is a non-abelian exhausting normal chain, so there is ia = i(Z™ x Z") such that
K, N (Z™ x Z") is trivial. In particular, K;, N Z" is also trivial. Therefore, taking
ip to be max{iy, i} we get that Kj, is free.

Now suppose that I(G) > 1. Then G is of the form

Z" x (Gyx--*xGyp)

for some m € NU {0} and G; is a Droms RAAG with I(G;) < I(G) — 1 for each
i€ {l,...,n}. If K haslevel 0 as an ICE group over G, then

K=7" x (Hy*---%Hy),

where m’ > m and H; is an ICE group over G; for i € {1,...,n}. Let us denote the
projection map K — Hj *---x H, by p.

By hypothesis there is i1 = i(Zm') such that Z™ N K;, = 1. In addition, by
Lemma {Ni}i>1 is a non-abelian exhausting normal chain of Hy * --- % Hj,
where N; = p(K;) and N; = K; for i > ;.

The group N; is a free product of conjugates of N;NH; for j € {1,...,n} and
a free group. For j € {1,...,n}, {N; N H;};>1 is a non-abelian exhausting normal
chain of Hj, so by inductive hypothesis there is r; such that N,, N Hj is free. In
conclusion, taking ip to be max{i,r1,...,,} we have that N, is a free group.

Finally, suppose that K is an ICE group over G of level kK > 1. Then K is
an amalgamated free product over Z™ of an ICE group over G of level < k — 1 and
a free abelian group Z™ x Z™. This case may be treated as the case when K is an

ICE group of level greater than 0 over a free group. O

We denote by tor(G) the set of torsion elements of G. In the case when G is
finitely generated nilpotent, then (tor(G)) is the maximal finite subgroup of G.

Theorem 3.2.10. Let G be a Droms RAAG, let K be an ICE group over G and
define K; such that the quotient K;/~;(K) is (tor(K/vi(K))). Then K;11 < K;, K;
is normal in K, K/K; is torsion-free nilpotent and (\;5; K; = 1.

Proof. By construction K;/v;(K) is a characteristic subgroup of K /v;(K) and K;11 <
K;. It remains to show that (), K; = 1. Suppose that k € (), K;) \ {1}. Since K is
a limit group over G, there is a homomorphism ¢: K — G such that p(k) # 1. Let
Go = im(y), so G is a Droms RAAG. By [92 Theorem 6.4] we have that Go/7;(Go)
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is torsion-free, hence ¢(K;) = p(v;(K)). Then (k) € ), p(K;) = N; ¢(1i(K)) C
ﬂi ~i(G) = 1, a contradiction. O

Corollary 3.2.11. Every ICE group over a Droms RAAG is free-by-(torsion-free
nilpotent).

Proof. Tt follows from Lemma [3.2.5] Theorem [3.2.9] and Theorem [3.2.10 O

Proposition 3.2.12. Limit groups over Droms RAAGs are free-by-(torsion-free
nilpotent).

Proof. Tt follows from Theorem [1.5.10] and Corollary [3.2.11 O

3.3 Corollaries on subdirect products of limit groups
over Droms RAAGs

In this section we aim to prove Theorem which is a generalisation of [65]
Theorem 11].

Theorem 3.3.1. [65, Theorem 11] Let T'y,...,T'y, be non-abelian limit groups and
let S <Ty x---xTy, be a finitely generated full subdirect product of type wF Ps(Q)

for some s € {2,...,m}. Then for every canonical projection
Pjryenge s S = gy oo X Ty

the index of pj, .. ;. (S) in T x--- x T, is finite.
In particular, if S is of type FPs(Q), then for every canonical projection
Djr,...jss the index of pj, . . (S) in T'j x --- x T, is finite.

Theorem [3.3.1] applies in bigger generality. We explain this in the following

result.

Theorem 3.3.2. Let2 < s<m and let S < Gy X --- X Gy, be a finitely generated
subdirect product such that

(1) there exist normal free subgroups D; in G; with Q; = G;/D; nilpotent;
(2) each G; is finitely presented;

(8) for every 1 < j1 < -+ < js <m if Mj ;.
Gj, x -+ x Gy, then there exists i < s such that H;(M;, . ;.;Q) is infinite

dimensional;

1s a subgroup of infinite index in
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(4) for every 1 < ji < --- < js < m and every subgroup H;, of finite index in

Gj, we have that if a subdirect product My, . ; < Hj x ---x Hj_ s finitely

s

presented, then there is a subgroup K, of finite index in H;, and N;, a normal
subgroup of Hj, such that K;,/N;, is nilpotent and Nj, x ---x N;j, C Mj, i ;

(5) S wvirtually surjects onto pairs;
(6) D=D; x---x Dy, CS;
(7) S is of type wF P,(Q).

Then for every canonical projection
Pjrogs s S = Gjp X - X Gy,

the index of pj, ... ;,(S) in Gj, x --- x Gy, is finite.

Proof. We prove the result by induction on s. For s = 2 this is condition (5) from
the statement.
Now suppose that s > 3 and that the statement holds for £ < s — 1. We
divide the proof in several steps.
1) Set Q tobe S/D < Q1 X -+ X Q. Consider the Lyndon-Hochschild-Serre
spectral sequence
E}; = Hi(Q; Hj(D; Q)

that converges to H;;;(S;Q).

Note that since each D; is a free group, for every ¢t < m we have that

Hy(D;Q) = S H1(Dj,;Q) ®q - - - ®@g H1(Djy; Q), (3.1)

1<j1<ja<--<jt<m

where each summand is Q-invariant and the action of ) on the group
H1(Dj1;Q) @q - ®q Hi(Dj;; Q)
factors through the canonical map
Pjpgit @1 X - X Qp = Qjy X -+ X Q.
Thus,

B = H(QH(D;Q)= @ (H(D;; Qe 0 Hi(D;;Q) e Q).

1<1<g2<...<js<m
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The group D; is finitely generated as a normal subgroup of G;, so H;(D;;Q) is
finitely generated as a QQ;-module. Hence,

H1(Dj;;Q) ®q - - - ®g Hi(Dj;; Q)

is finitely generated as a Q[Qj, X --- x @j,]-module. From the inductive hypothesis,
Pjr,....5: (S) has finite index in Gj, x --- x Gy, for i < s —1, s0 hj,,__;(Q) has finite
index in @, x -+ x @y, for i < s—1. In conclusion, H;(D;Q) is a finitely generated
ZQ-module for j < s — 1. The group @ is nilpotent, so the group ring QQ is
Noetherian (see [56, Theorem 1]). Hence,

El2 ; 1s finite dimensional over Q for every j < s — 1. (3.2)

For ¢ > 2 we have that s +1 -4 < s — 1, so by 1D Ef,s+1—i is finite
dimensional. Thus, for all differential maps dﬁ’j: E’f’s Y1 E(")’S, im(dﬁ’j) is finite

dimensional. Hence,
Egl = ker(dy ) /im(df ;) = Eg,/im(d; ;)

is finite dimensional if and only if E&S is finite dimensional. This implies that Ea s
is finite dimensional if and only if EGY is finite dimensional. Combining this with
the convergence of the spectral sequence and (3.2) we deduce that

H,(S;Q) is finite dimensional if and only if

Eg,s = Hy(Q; Hs(D;Q)) is finite dimensional.

The condition that Hs(S;Q) is finite dimensional implies that for each 1 < j; <
J2 << Js<m,

dimg (H1(Dj,,Q) @ --- @ H1(Dj,,Q) ®gg Q) = (3.3)

,,,,,

2) Let S be a subgroup of finite index in Djr....;s (S) that contains the group
D = Dj x ---x Dj, and set Q to be S/D. Then S is an extension of D by a
subgroup of @ of finite index in hij,....5.(Q).

By the same argument as above, for r < s—1, Hr(ﬁ; Q) is finitely generated
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as a Q@—module. We consider the Lyndon-Hochschild-Serre spectral sequence
E}; = Hi(Q; H;(D; Q)

that converges to Hi+j(§ ;Q). We again get that Efj is finite dimensional for all
J < s—1. Then Hy(S;Q) is finite dimensional if and only if EgS, is finite dimensional.
From we deduce that Eg s is finite dimensional, so both Eg% and H S(§ ; Q) are
finite dimensional.

3) Now we consider So an arbitrary subgroup of finite index in pj;, ., (5).
We view pj,.. ;. (S) as a subgroup of G, x --- x Gj,. As S virtually surjects onto
pairs we have that pj, _; (S) virtually surjects onto pairs, so by [28, Theorem A]
Djr,...js (S) is finitely presented. Hence So is finitely presented. Then, by condition
(4) applied to Sy considered as a subdirect product of P (g()) X X Py (§0), there is
a subgroup of finite index K, in pji(go) such that for sufficiently big t we have that
1 (K;,) C So. By condition (1) we can choose ¢ sufficiently big so that v,(Gy) C Dy
is free for every 1 < k < m. In particular, v;(Kj,) is free.

For every j € {1,...,m}\ {j1,...,Js} we set K; to be G;. Then

So=SN(Ky x - x Kp)

is a subgroup of finite index in S such that v, (K7) X - - - X y.(K,,) € Sp. By condition
(7), Hi(So; Q) is finite dimensional for all i < s. Applying step 2) for Sy instead of
S, K; instead of G and ~;(K;) instead of D; we deduce that

dimg H;(pj,,....;.(50); Q) < oo for i <s.

But this combined with condition (3) implies that pj;, . ; (So) has finite index in
Kj x---x Kj, . Since Sy C S and each Kj, has finite index in Gj;, we deduce that
Pjr....;s (S) has finite index in G, x --- x Gj,. O

Lemma 3.3.3. [65, Lemma 6] Let Q1,...,Q; be finitely generated nilpotent groups
and let V; be a finitely generated QQ) ;-module such that V; contains a cyclic non-zero
free QQ j-submodule W; for 1 < j <. Suppose that Q s a subgroup of Q1 X -+ X Q;
such that Vi ®q --- ®q Vi s finitely generated as a Q@—module. Then @ has finite
index in Q1 X -+ X Q.

Proposition 3.3.4. [65, Proposition 7] Let G be a group of negative Euler charac-
teristic such that the trivial QG-module Q has a free resolution with finitely gener-
ated modules and finite length. Then for any normal subgroup M of G such that the
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group Q@ = G/M is torsion-free nilpotent and M is free, the QQ-module V. = M/
[M,M] ®z Q has a non-zero free QQ-submodule, where Q acts on M/[M,M] via

conjugation.

Theorem 3.3.5. Let 2 < s<m and let S < Gy X --+ X Gy, be a finitely generated
subdirect product such that

(1) for each 1 < i < m the trivial QG;-module Q has a free resolution of finite
length with finitely generated modules;

(2) for each 1 < i < m there is a normal free subgroup D; of G; such that G;/D;

1s torsion-free nilpotent;
(8) Dy X ---xX D, C8;
(4) S is of type FPs(Q);
(5) x(Gi) <0.

Then for every canonical projection pj, . .S — Gj x --- x Gj,, the index of
Dji,....js (S) in Gjl XX G]s 18 ﬁmte

Proof. Note that since G; is of type FPx(Q), it is of type FP1(Q) and so it is
finitely generated. By Proposition[3.3.4] V; = (D;/[D;, D;]) ®z Q has a non-zero free
QQ;-submodule, where Q; = G;/D; acts via conjugation.
Let
F:—=F—>F 11— ---—FE—->0Q0—0

be a free resolution of the trivial QS-module Q with F; finitely generated for i < s.
We define D to be Dy x --- x D,, and since each D; is free, by the Kiinneth formula

H(D;Q) = P V,@g &gV
1<j1<+<js<m
Note that
Hy(D; Q) = Hy(F ©gp Q) = ker(dy) /im(dy-1),

where d;: F; ®gp Q — Fj_1 ®gp Q is the differential map of 7 ®gp Q. If we denote
by @ the quotient group S/D, then @ is a finitely generated nilpotent group, so
Q@ is a Noetherian ring. Since Fy ®gp Q is a finitely generated Q@—module, we
deduce that ker(dy) is a finitely generated QQ-module. In particular, Hy(D; Q) and
Vi, ®q -+ ®q Vj, are finitely generated QQ-modules. Note that the action of Q on
Vj, ®q- - ®qVj, factors through pj, . ;. (S)/Dj, x -+ - x Dj,. Then, by Lemma 3.3.3)
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Pjrnjs (S)/Dj, x -+ x Dj, has finite index in Qj, x --- x @Q;,. This is equivalent to
Dj1,....js (S) having finite index in Gj, x --- x G, . O

The next step is to prove that limit groups over Droms RAAGs satisfy the
conditions of Theorem [3.3.5

Lemma 3.3.6. Let G be a Droms RAAG and let I be a limit group over G. Then
x(I") < 0. Furthermore, x(I') = 0 if and only if I' has non-trivial center. The latter
happens precisely when T' = Z! x A for some 1 > 1.

Proof. Let us prove it by induction on the level I(G) of G. If [(G) = 0, then G is a
free group, so the result follows from [65, Lemma 5].
Now assume that {(G) > 1. Then G is

Z™ x (G x---*Gy),

where m € NU {0} and G; is a Droms RAAG such that I(G;) < I(G) — 1 for
i€ {1,...,n}. From Proposition we get that I is of the form Z! x A where A

is a limit group over Gi * - - - * Gy, and if m = 0, then [ = 0. Therefore,

X(T) = x(Z"x(A),

so if I > 1, then x(I') = 0. Let us compute x(A). If the height of A is 0, i.e.
h(A) = 0, then
A=Ay x Ay,

where for each t € {1,...,j5} A; is a limit group over G; for some ¢ € {1,...,n}.
Hence,
M= 3 A -G,
te{l,....5}
so applying the inductive hypothesis, we get that x(A) < 1 —j. If j > 2, then
X(A) < 0. If j =1, then x(A) = x(A1) and A; is a limit group over G;. Thus, by
induction x(A;) <0 and x(A;1) =0 if and only if A; has non-trivial center.

If h(A) > 1, then A acts cocompactly on a tree T" where the edge stabilisers
are cyclic and the vertex groups are limit groups over G * --- * G, of height at
most hA(A) — 1. Moreover, at least one vertex group H,, has trivial center and so by
inductive hypothesis x(Hy,) < 0. If X is the quotient graph T'/A,

XA = > x(Hy) = > x(H) < Y x(Hy) < x(Hy,) <0.

veV(X) e€RE(X) veV(X)

75



O]

Lemma 3.3.7. Let I' be a limit group over a Droms RAAG. Then the trivial QI'-

module Q has a free resolution with finitely generated modules and of finite length.

Proof. A limit group over a Droms RAAG is of type F. This follows from the
hierarchies in Proposition and Proposition [1.5.9 O

Let us finish this section by proving Theorem [3.3.8

Theorem 3.3.8. LetT'q,..., Ty, be limit groups over Droms RAAGSs such that each
I'; has trivial center and let S < I'y x --- x I'y, be a finitely generated full subdi-
rect product of type wF Ps(Q) for some s € {2,...,m}. Then for every canonical
projection

Djryngs s O = Ty X X Ty

the index of pj, ... ;,(S) inT'j x --- x T, is finite.
In particular, if S is of type FPs(Q), then for every canonical projection
Djr,.rjs» the index of pj, .. 5, (S) in T'j x - x Ty, is finite.

Proof. By Theorem the quotient group I';/(S NT;) is virtually nilpotent for
every i € {1,...,m}. By substituting I'; and S with subgroups of finite index if
necessary, we can assume that v,,, (I';) € S for some m;. By Proposition for
some n; > m; we have that D; = ~,, (I';) is free, I';/D; is nilpotent and D; C S.
Now by substituting again I'; and S with subgroups of finite index if necessary but
without changing D;, we can assume that D; is a normal subgroup of I'; such that
D; is free, I';/ D; is torsion-free nilpotent and Dy x --- x D,, C S, so conditions (1)
and (6) from Theorem hold. The other conditions from Theorem hold
when each T'; is a limit group over a Droms RAAG such that I'; has trivial center:
condition (2) is [35, Corollary 7.8], condition (3) is Theorem condition (5) is
Theorem [2.9.1] Finitely generated subgroups of limit groups over Droms RAAGs

are again limit groups over Droms RAAGs, so condition (4) follows from Theorem

2.6.4 O

3.4 On the L?-Betti numbers and volume gradients of
limit groups over Droms RAAGs and their subdi-

rect products

The aim of this section is to study the growth of homology groups and the volume

gradients for limit groups over Droms RAAGs and for finitely presented residually
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Droms RAAGs. Some of the results concerning limit groups over Droms RAAGs
hold in a more general setting, more precisely, they also hold for limit groups over
coherent RAAGs. Thus, these results (see Theorem and Theorem will
be stated for limit groups over coherent RAAGs. However, the result for finitely
presented residually Droms RAAGs makes use of Theorem [2.9.1] and in Chapter [5] it
will be shown that this no longer holds for coherent RAAGs. Thus, Theorem [3.4.16
is just stated for residually Droms RAAGs.

In order to study the homology growth and volume gradients, we work with
exhausting normal chains: a chain (B,,) of normal subgroups of finite index such
that B,41 C By, and (), B, = 1. Note that if a group is residually finite, then it
has an exhausting normal chain. In particular, limit groups over coherent RAAGs
have exhausting normal chains.

Given a group G of homotopical type F,, the m-volume vol,,(G) is defined
to be the least number of m-cells among all classifying spaces K (G, 1) with finite
m-skeleton. For instance, vol; (G) is the minimal number of generators of G, d(G).

One of the aims of this section is to prove Theorem and Theorem
3.4.15] These two results are proved in [22] for limit groups via more technical results
that make use of slowness of limit groups (see Section for the definition). In
[22] it is shown that limit groups are slow above dimension 1 and hence are K-slow
above dimension 1. Thus, the key point is to show that limit groups over coherent
RAAGs are also slow above dimension 1 (see Section as then, the results

follow from the following theorems.

Theorem 3.4.1. [22, Theorem D] If a residually finite group G of type F is slow

above dimension 1, then with respect to every erhausting normal chain (By,),

(1) Rank gradient:

_ d(Bp)
RG(G.(B,) = lim & = (@),
(2) Deficiency gradient:
L def(By,) B
DG(G,(Bn)) = lim G B X(G).

Lemma 3.4.2. [22, Lemma 5.2] Let K be a field and let G be a residually finite
group of type F with an exhausting normal chain (B,). If G is K-slow above di-

mension 1, then
dim H,(By; K)

L (TN IR
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3.4.1 Preliminaries on groups that are K-slow above dimension 1

and slow above dimension 1
Let us start defining slowness and K-slowness.

Definition 3.4.3. Let G be a group. A sequence of non-negative integers () ;>0
is a volume vector for G if there is a classifying space K(G,1) that, for all j € N,

has exactly r; j-cells.

Definition 3.4.4. A group G of homotopical type F is slow above dimension 1 if
it is residually finite and for every exhausting normal chain (B,,) there exist volume

vectors (r;(By)); for By, with finitely many non-zero entries, so that

lim 75(Bn)

n—oo [G: By =0

for all j > 2. The group G is slow if it satisfies the additional requirement that the

limit exists and is zero for j = 1 as well.

Example 3.4.5. [22) Examples 4.4] Finitely generated torsion-free nilpotent groups
are slow. The trivial group is slow. Free groups are slow above dimension 1. Surface

groups are slow above dimension 1.

The next proposition shows how to obtain slow groups above dimension 1

using graphs of groups.

Proposition 3.4.6. [22, Proposition 4.5] If a residually finite group G is the fun-
damental group of a finite graph of groups where all of the edge groups are slow and
all of the vertex groups are slow above dimension 1, then G is slow above dimension
1.

Definition 3.4.7. Let K be a field and let G be a residually finite group. Then G

is K-slow above dimension 1 if for every exhausting normal chain (B,,) we have

lim dimK Hj(Bn; K)

n—00 G: By =0

for all j > 2.
The group G is K -slow if it satisfies the additional requirement that the limit

exists and is zero for j = 1 as well.

It follows directly from the definitions that if a group G is slow above di-
mension 1 (respectively, slow), then it is K-slow above dimension 1 (respectively,
K-slow).
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Proposition 3.4.8. [22, Proposition 5.3] Let K be a field. If a residually finite
group G is the fundamental group of a finite graph of groups where all of the edge
groups are K-slow and all of the vertex groups are K-slow above dimension 1, then

G is K-slow above dimension 1.

3.4.2 Limit groups over coherent RAAGs are slow above dimension
1

Lemma 3.4.9. Coherent RAAGs are slow above dimension 1. In particular, Droms

RAAGSs are slow above dimension 1.

Proof. Recall that coherent RAAGs split as fundamental groups of finite graphs
of groups where all the vertex groups are free abelian. Thus, by Proposition

coherent RAAGs are slow above dimension 1. O

Not all RAAGs are, however, slow above dimension 1. See, for instance, [3|
Corollary 2].
We now prove some results that will be used in order to show that limit

groups over coherent RAAGs are slow above dimension 1.

Lemma 3.4.10. [93] Let 1 — C — D — E — 1 be a short exact sequence of groups
of type F'. Suppose that there are classifying spaces K(C, 1) and K(E, 1) with oy(C)
and oy (E) t-cells, respectively. Then there is a K(D,1)-complex with co;(D) i-cells
such that

a;(D) = Zogtéiat(C)ai,t(E).

Lemma 3.4.11. Suppose that G is a group of type F', H is a normal subgroup of
finite index in G and (r;(G)); is a volume vector for G. Then (|G: H]r;(G)); is a

volume vector for H.

Proof. Let Y be a classifying space K (G, 1) having exactly 7;(G) j-cells for j €
N U {0}. Then if we denote by Y the universal cover of Y, Y is contractible and
Y =Y /G. Therefore, Y /H is a classifying space for H with exactly [G: H 1mi(G)
j-cells. O

Lemma 3.4.12. Let G be a residually finite group of type F' and let H be a residually

finite group where there is a short exact sequence

1 7 H- 2@ 1.

(1) If n > 1, then H is slow.
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(2) If n >0 and G is slow above dimension 1, then H is slow above dimension 1.

Proof. Let us denote Z™ by A.
(1) Let (B;) be an exhausting normal chain in H. We need to show that for
each i there is a K(B;, 1)-complex with r;(B;) j-cells such that for each j > 1

lim " (B:)

i—>00 [H: Bz‘] =0

For each ¢ the short exact sequence from the statement induces a short exact se-

quence

Let us show that
[H: Bi] = [A: AN Bi][G: p(Bi)].

Indeed, note that [H: B;| = [H: AB;|[AB;: B;]. Firstly,

Secondly, [H: AB;] equals [H/A: AB;/A], and H/A = G and AB;/A = p(B;).
Therefore, [H: AB;] = [G: p(B;)].

Let a;(G) be the number of j-cells in a fixed K (G, 1)-complex. By Lemma
there is a K (p(B;), 1)-complex with a;(p(B;)) j-cells such that

a;(p(B;)) = [G: p(B;)]ay(G).

Since AN B; has finite index in A, there is a K (AN B;, 1)-complex with (’;) j-cells.
By Lemma [3.4.10| there is a K (B;, 1)-complex with «;(B;) j-cells such that

0B =30 (" Jastomn =30, (" )ies sBieac)
and we set r;(B;) to be a;(B;). Then

y ri(B;) i G: p<Bi)]ZO§a§j (jfa)aa(G) -
iseo [H: By imeo  [G:p(BJ[A: BinA]

n . 1
Zogagg‘ (j - a> 2a(G) zli{?o [A: B;NA] 0

(2) If n > 1, then we apply (1). If n = 0, then by assumption G is slow above

dimension 1. ]
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Theorem 3.4.13. Limit groups over coherent RAAGSs are slow above dimension 1.

Proof. Let G be a coherent RAAG and let I' be a limit group over G. Then, by
Proposition m I is a subgroup of a graph tower over G (see Proposition m
and Theorem , say L. Let us prove by induction on the height of L that I' is
slow above dimension 1.

If L has height 0, then L is a coherent RAAG. Therefore, L is the fundamental
group of a graph of groups where the vertex groups are free abelian. Thus I' also
admits a decomposition as a graph of groups where the vertex groups are free abelian,
so by Proposition [3.4.6] we get that I' is slow above dimension 1.

Now suppose that the height of L is greater than 0. Then L is a free product
with amalgamation, where the edge group is a free abelian group, one of the vertex
groups is a graph tower over G of lower height and the other vertex group is either
free abelian or the direct product of a free abelian group and the fundamental group
of a non-exceptional surface. Then I' admits a decomposition as a graph of groups
where the edge groups are free abelian, and the vertex groups are either subgroups of
graph towers over G of lower height (and by induction, those vertex groups are slow
above dimension 1) or free abelian groups or subgroups of the direct product of a free
abelian group and the fundamental group of a non-exceptional surface. It suffices to
show that finitely generated subgroups of the direct product of a free abelian group
and the fundamental group of a non-exceptional surface are slow above dimension
1. As a consequence, by Proposition [3.4.6] we obtain that I' is slow above dimension
1.

If H is a finitely generated subgroup of Z™ x Gy where m € NU {0} and Gy
is the fundamental group of a non-exceptional surface, then there is a short exact

sequence

1 > A > H > N 1,

where A is a free abelian group and N is a finitely generated subgroup of Gy. In
particular, N is either a surface group or a free group, so N is slow above dimension

1. Then, by Lemma [3.4.12) H is slow above dimension 1. O

We now have the necessary tools to prove Theorem Theorem (3.4.15
and Theorem [3.4.16]

Theorem 3.4.14. Let G be a limit group over a coherent RAAG and let (By,) be

an exhausting normal chain in G. Then

(1) The rank gradient RG(G, (By)) = lim;, oo % = —x(G).
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(2) The deficiency gradient DG(G, (By,)) = limy, 00 Eié{(g:% =x(G).

(3) The k-dimensional volume gradient lim,_, %llfi(g:]) =0 for k> 2.

Proof. Parts (1) and (2) follow from Theorem and Theorem [3.4.13] Part (3)
follows from Theorem [3.4.13 O

Theorem 3.4.15. Let K be a field, G a limit group over a coherent RAAG and

(Br) an exhausting normal chain in G. Then

(1) lim oo S — (),

(2) Timy, o0 TREARED — 0 for all j > 2.
Proof. 1t follows from Lemma [3.4.2] and the fact that Theorem [3.4.13] implies that

every limit group over a coherent RAAG is K-slow above dimension 1. O

Theorem 3.4.16. Let m > 2, let G be a residually Droms RAAG of type F Py, and
let p be the largest integer such that G contains a direct product of p non-abelian free

groups. Then there exists an exhausting sequence (By,) in G so that for all fields K,
(1) if G is not of type F Py, then

lim dim H;(By; K)

Jim G: B, =0 for all 0 <i < m;

(2) if G is of type F Px, then for all j > 1,

dim H,(Bn; K) p . dim Hj(B; K) ,
dm g gy - CUNG), lim —ETe =0 forall G p.

Proof. From Theorem [2.9.1| we get that G is a full subdirect product of limit groups
over Droms RAAGs I'g x 'y X -+ - x I, such that T'g is free abelian (possibly trivial),
G N T has finite index in 'y and I'; has trivial center for i € {1,2,...,7}.

Suppose that 'y is trivial. By Theorem for each ¢ € {1,...,r} the
group I';/(G NT;) is virtually nilpotent, so there is a subgroup of finite index T,
in I'; and a free normal subgroup F; of I'; such that fz / F; is torsion-free nilpotent
and F; C G. Then, by Theorem and [22] Theorem F|, there is an exhausting
normal chain (B,,) of GN (I~“1 NEREI fT) with the desired properties. Nevertheless,
the chain may not be normal in G.

If 'y is non-trivial, then G N Ty is non-trivial, free abelian and central, so
part (1) follows from [22, Lemma 7.2].
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It remains to consider part (2). From Theorem G has a subgroup of
finite index H = Hy X --- X H, where each H; is a limit group over a Droms RAAG.
More specifically, H; is a finite index normal subgroup of T';, i € {1,...,7}. Let
(B;) be an exhausting normal chain in G such that each B; is contained in H and
decompose B; as (B; N Hi) x --- x (B; N Hy). Then, by the Kiinneth formula and
Theorem applied for each H;, we can deduce that for j > 1

dim H;(B,; K)

m ————— =

1 . dimH,,(B, N H; K)
s 1 Js n S —
G: H| Zj1+--~+jr:jH1SSST noo [Hs: Bn N H]

1
P | B FRICA R
1

G: H]

(_1)T5j,rX(H) = (_1)T5j,rX(G)a

where §;, is the Kronecker symbol.

A limit group over a Droms RAAG does not contain a direct product of two
or more non-abelian free groups since limit groups over Droms RAAGs are coherent
(see [35], Corollary 7.8]) and the direct product of two non-abelian free groups is not
coherent. In addition, every limit group over a Droms RAAG that has trivial center
contains a non-abelian free group (see, for instance, Property , so r = p unless
one or more H; has non-trivial center. If some H; has non-trivial center, x(H;) =0
and so x(H) =0 and x(G) = 0. O
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Chapter 4

On the
Bieri-Neumann-Strebel-Renz

invariants and limit groups over
Droms RAAGs

4.1 Introduction and outline

The Bieri-Neumann-Strebel-Renz invariants are specific open subsets in the char-
acter sphere S(G) of a group G and they are a tool to control when a subgroup
containing the commutator subgroup is of type FP, or of type F,. These invari-
ants are separated in two groups: the homotopical invariants {3"(G)}, and the
homological ones {£"(G,Z)},,. In Section a brief introduction to the topic was
given and the main notions were defined. In general, the invariants are difficult to
compute, but they are known for some classes of groups. For example, the case of
the Thompson group F' and the generalised Thompson groups F, o were treated by
Bieri-Geoghegan-Kochloukova ([I7]), Witzel-Zaremsky (]96]) and Zaremsky ([97]).
For a finitely generated metabelian group G, the structure of the complement of
Y1(@) in the character sphere S(G) as a rationally defined polyhedron was proved
by Bieri-Groves in [I3] and it has numerous applications in tropical geometry. The
case when G is the fundamental group of a compact Kéhler manifold was stud-
ied by Delzant in [42] and the case of a free-by-cyclic group was considered by
Funke-Kielak and Kielak in [49] and [62], respectively. The case when G is a right-
angled Artin group was settled by Meier-Meinert-VanWyk ([73]) but for general

Artin groups just some particular cases are known; for instance, some even Artin
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groups were considered by Blasco Garcia-Cogolludo Agustin-Martinez Pérez in [50]
and by Kochloukova in [66]. The Bieri-Neumann-Strebel-Renz invariants are also
known for limit groups (see [65]) and Ferreira Lima-Kochloukova partially computed
them for finitely presented residually free groups in [72].

The goal of this chapter is to compute the Y-invariants for limit groups
over Droms RAAGs and the first invariant for finitely presented residually Droms
RAAGs. For this aim, we generalise the results in [65] and [72]. More precisely, in

this chapter we prove the following results.

Proposition[{.2.1. Let T’ be a limit group over a Droms RAAG.
(1) If T has trivial center, then X*(I") = ¥™(I', Z) = ¥™"(T', Q) = @ for every n > 1.

(2) In general, ¥(T') = 2*(I',Z) = *(T,Q) = {[x] € ST) | x(Z(I")) # 0} for

every n > 1.

The next result gives a necessary condition for a point from the character
sphere S(H) to belong to ¥™(H, Q) for a finitely presented residually Droms RAAG
H.

Theorem [£.2.7] Let m > 2,1 <n < m and let H < T'; X --- x ', be a finitely
presented full subdirect product of limit groups over Droms RAAGs I'y,..., [,
where each I'; has trivial center. Suppose that [x] € ¥"(H, Q). Then

Djrjn (Hy) = Djy,ju (H) forall 1<j; <+ < jp <m, (4.1)

where pj, . H— T x---xTj is the canonical projection.

Note that whenever ¥"(H,Q) # &, then the group H is of type FP,(Q),
so by Theorem this implies that [T'j, x --- x T'j : pj; . (H)] < co. As a
consequence, Theorem gives us one of the directions of the Monoidal Virtual
Surjection Conjecture below. Recall from Chapter [3| the Virtual Surjection Conjec-
ture:

The Virtual Surjection Conjecture Let n < m be positive integers and
let H be a subgroup of the direct product G1 X - -+ X G, where G; is of type F,, for
1 <i<m. If H is virtually surjective on n-tuples, then H is of type F,.

The Monoidal Virtual Surjection Conjecture was named by Ferreira Lima
and Kochloukova in [72] and it states that the reverse implication of Theorem m
should also hold.

The Monoidal Virtual Surjection Conjecture Let n > m be positive

integers and let H < T'y x --- x 'y, be a full subdirect product of limit groups over
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Droms RAAGs where each T'; has trivial center and assume that H is of type F P,
and finitely presented. Then

[X] € ¥"(H,Q) = £"(H,Z) = £"(H)
if and only if
Pityeonin (Hx) = Pjregn () forall 1< gy < <jp <m, (4.2)

where pj, . g, H =T x---xT; is the canonical projection.

Note that one of the key assumptions is that the limit groups over Droms
RAAGs need to have trivial center. This hypothesis ensures that the ¥-invariants
are the empty set as we see in Proposition and this property will be used
constantly in the arguments. In the subsequent results, however, we also mention
the general case where we do not add any restrictions on the centers of the limit
groups over Droms RAAGs.

The next result gives the converse of Theorem for n = 1, so we indeed

see that the Monoidal Virtual Surjection Conjecture holds for n = 1.
Corollary[4.2.9 (1) Let H < T4 x --- x I'y, be a finitely presented full subdirect
product of limit groups over Droms RAAGs I'y,...,I',,, where each T'; has

trivial center. Then where p;: H — I'; is the canonical projection.

(2) If H is a finitely presented residually Droms RAAG, then there exist finitely
many subgroups Hi, ..., H,, of H such that

S(H)\X'(H) = ) S(H, H).
1<i<m
This result also shows that for a finitely presented residually Droms RAAG H
the complement of the first invariant is a finite union of sub-spheres in the character
sphere. Every sub-sphere S(G, M), where M is a subgroup of an arbitrary finitely
generated group G, is a finite intersection of closed rational semi-spheres of S(G).
As a consequence, from Corollary we get that S(H)\ X'(H) is a finite union
of finite intersections of closed, rationally defined semi-spheres of S(G). In addition,

we also see that the antipodality condition
S(H)\ x'(H) = S(H)\ -x'(H)

that naturally holds in the class of RAAGs also appears for finitely presented resid-
ually Droms RAAGs.
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The last result of this chapter states that the Virtual Surjection Conjec-
ture implies the discrete case of the Monoidal Virtual Surjection Conjecture. In
particular, since the Virtual Surjection Conjecture holds in dimension 2 as Brid-
son, Howie, Miller and Short proved in [2§], then we get that the discrete case
of the Monoidal Virtual Surjection Conjecture is true in dimension 2. For T €

{¥"(H,Z),X"(H,Q),X"(H)}, Ty;s denotes {[x] | x is a character}.

Theorem |4.2.11. (1) Let m > 2,1 <n<mandlet H <T'; x---xTI}, be a full
subdirect product of limit groups over Droms RAAGs I'y,...,';,, where each
I'; has trivial center. Suppose that H is of type F'P,, finitely presented and

that the Virtual Surjection Conjecture holds in dimension n. Then
(X] € X"(H,Q)ais = X" (H, Z)ais = X" (H ) ais
if and only if
Pirrin(Hy) =Dj1, i (H) forall 1<j;<---<jp<m, (4.3)

where p;, .t H— 1T x---xT} isthe canonical projection. In particular,
since the Virtual Surjection Conjecture holds in dimension 2, the result holds

for n = 2.

(2) If H is a finitely presented residually Droms RAAG, then there exist finitely
many subgroups H; ; of H, where 1 <14 < j < n, such that

S(H)ais \Z*(H)ais = | S(H, Hij)ais-
1<i<j<m
4.2 The Bieri-Neumann-Strebel-Renz invariants of limit
groups over Droms RA AGs and their subdirect prod-
ucts
Let us start computing the Y-invariants for limit groups over Droms RAAGs with
trivial center.
Proposition 4.2.1. Let I' be a limit group over a Droms RAAG.
(1) If ' has trivial center, then ¥™"(I') = ¥™(I',Z) = ¥"(I',Q) = @ for every

n>1.

(2) In general, 3"(I') = £*(I', Z) = ¥"(I', Q) = {[x] € ST) | x(2(I')) # 0} for
everyn > 1.

87



Proof. (1) By [65, Lemma 29] if G is a free-by-(torsion-free nilpotent) group such
that x(G) < 0 and the trivial QG-module Q has a free resolution of finite length
and with finitely generated modules, then we have that ¥X"(G, Q) is the empty set
for every n > 1. Then it is enough to apply Lemma [3.3.6] Lemma [3.3.7 Proposition
and the fact that for any group H of type F,, we have that

S"(H) € ¥"(H,Z) € ¥"(H, Q).
(2) By the structure theory of limit groups over Droms RAAGs,
G =Z(G) x Gy

where G is a limit group over a Droms RAAG and Gy has trivial center. By Lemma

42
{Ix] € 5(G) | x(2(G)) # 0} € X™(G) € (G, Z) € (G, Q).

The proof is completed by Lemma and part (1). O

We now prove the following result that implies that the forward direction
of the Monoidal Virtual Surjection Conjecture holds for limit groups over Droms
RAAGs with trivial center.

Proposition 4.2.2. Letm >2,1<n<mandlet H <I'y x--- x T, be a finitely

generated full subdirect product. Assume further that

(1) T; is finitely generated and there is a free normal subgroup D; of T'; such that
I';/D; is polycyclic-by-finite for each 1 <1i < m;

(2) N=Dyx---xD,, CH';

(3) for each i the Euler characteristic x(I';) < 0 and there is a finite length free
resolution of the trivial QI';-module Q with all modules finitely generated;

(4) Ix] € ¥"(H, Q).

Then for any 1 < j1 < -+ < jn < m we have that
(Hy/N) = ¢(H/N),

where ¥: H/N =T, /Dj, x ---x T, /Dj, is induced by pj, . j,-
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Proof. By definition [x] € ¥X"(H,Q) is equivalent to Q being of type FP, as a
QH,-module. Let

Fio=mF—-F 1= =FHF—-Q0—=0

be a free resolution of Q as a QH,-module with F; finitely generated for i« < n. Then
F ®qgn Q is a complex whose modules M; = F; ®gn Q are free Q[H, /N]-modules
and M; is finitely generated for each ¢ < n.

Suppose first that y is a discrete character. In [72, Lemma 5.2] the authors show
that if H/N is polycyclic-by-finite and x is a discrete character, then Q[H, /N] is
a Noetherian ring. Hence, for ¢ < n we have that A; is a Noetherian Q[H, /N]-
module. Thus, if d,,: M,, — M, is the differential of the complex F ®qgn Q, then
we deduce that ker(d,,) is a finitely generated Q[H,/N]-module. Therefore,

H,(N;Q) = H,(F ®gn Q) = ker(d,)/im(dp41)

is finitely generated as a Q[H, /N]-module, so it is a Noetherian Q[H, /N]-module.
On the other hand, by the Kiinneth formula

H,(N;Q = D (Di/[Dsy, D)) ©2Q) ®q - - -©q ((Dj,/[Dj,, Dj,]) ©2.Q)

1< < <gn<m

and each direct summand is a Q[H/N]-submodule, where the H/N action is induced
by conjugation.

In particular, by Noetherianess,
Wit in = (D51 /[Djy, Djy]) @2 Q) ®q - - - @ ((Dj,/[Dj,,, Dy, ]) @2 Q)

is a finitely generated Q[H, /N]-submodule of H,,(N;Q). Since the action of H, /N
on Wy, ;. factors through ¢(H,/N), we deduce that

Wi,.... i, is a finitely generated Q[¢(H, /N )]-module. (4.4)

Each T';/D; is polycyclic-by-finite, so there is a characteristic subgroup @Z of
finite index in @Q; = I';/D; that is torsion-free and polycyclic. By Proposition m
condition (3) from the statement implies that each D; /[D;, , D; | ®7 Q contains a

non-zero free cyclic Q@i—submodule. Then

Q[Qj, x -+ x Q;,] embeds in Wj, _j, . (4.5)
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Let xo: H/N — R be the discrete character induced by x: H — R. Then
there is g9 € H/N such that x(go) > 0 and we have disjoint unions

H/N = Uaezqg ker(xo) and H,/N = Ua>0q8‘ ker(xo)-
Applying ¢,

Y(H/N) = | v(q0) ¢ (ker(xo)) and 9 (Hy/N) = | t(q0)*(ker(x0)),

Q€Z a>0

but these last two unions are not necessarily disjoint.
Suppose that ¥ (H,/N) # ¥(H/N). Then v¥(q)~! & (H,/N) and this
implies that ¢ (H/N) = 1(ker(xo)) % (¥»(qo)) and that there is a discrete character

p: K =¢(H/N) = R

with ker(u) = 1 (ker(xo)) and 1(1(g0)) = x0(qo)-
Furthermore, note that ¢(H,/N) = K, = {k € K | u(k) > 0}. Now (4.4)
means that Wy, ;. is finitely generated as a QK ,-module. Let

Ki=Kn(Qj x-xQj,)

and pu; = P, K; — R. Since @jl X - X @\jn has finite index in Q;, x --- X Qj,,,
we have that [K: K] < oco. Then, by [73, Theorem 9.3],

Wi,....j, is finitely generated as a Q(K7),,-module. (4.6)

Note that
Q(KI)M1 = @[Kﬂ m (Q\]l X X @jn)]?

and since p; is a discrete character [72, Lemma 5.2] implies that Q(Ki),, is a
Noetherian ring. From the Noetherianess of Q(K1),,, and we get that
Q[@jl X e X @jn] is finitely generated as a Q(/),,-module.

This easily leads to a contradiction. Indeed, by the fact that Q(K7),, is
Noetherian and that QK is a Q(K),,-submodule of Q[@jl X e X Q\jn] we deduce
that QK is finitely generated as a Q(K7),,-module, which is false for a character
M-

The fact that the case of a discrete character implies the general case follows
from [72, Subsection 6.1]. O
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As we shall apply Proposition [£.2:2] to our case, the next step is to show that
there is a quotient of I'; which is polycyclic-by-finite.

Proposition 4.2.3. Let m > 2,1 <n<mandlet H <I'y x--- x I, be a finitely
presented full subdirect product of limit groups over Droms RAAGsT'y,. ..,y where
each T'; has trivial center. Then, for each 1 < i < m, there exists a free normal

subgroup F; < T; such that F; C H' and T';/F; is a polycyclic-by-finite group.

Proof. Recall the notation from Chapter[2] If p;: H — T; is the canonical projection
map, then N; ; is defined to be p;(ker(p;)) and Nj is

ﬂ N;;.
i#£]

From Section [2.6] we get that
Ym—1(Nj) € N1y Njo1js Njga oo Nl € H - and [T Ny < o0,

so that I';j /v —1(2V;) is nilpotent-by-finite. Moreover, Proposition states that
limit groups over Droms RAAGs are free-by-(torsion-free nilpotent), so there is a
free normal subgroup 5]- < I'j such that I';/ 5]- is torsion-free nilpotent. Let us
define ZA)j to be the group

'mel(Nj) n Ej CH.

Then Fj/ﬁj is nilpotent-by-finite. Set N to be 131 XX l/jm C H and finally define
D; to be
D;n(NNH"Y=D;nH

Since ﬁj is normal in I'; and p;(H) =T, then D; is also normal in I'; and
D;/Dj = D;/(D; N H')

is isomorphic to a subgroup of H/H'. In particular, it is a finitely generated abelian

group. In conclusion, I';/Dj is polycyclic-by-finite. O

Theorem 4.2.4. Let m > 2, 1 <n <m and let H < Ty x--- x Iy, be a finitely
presented full subdirect product of limit groups over Droms RAAGs 'y, ..., Ty, where
each T'; has trivial center. Suppose that [x] € ¥"(H,Q). Then

pj1,~~~,jn(HX) = pj17~~~,jn(H) f07" all 1< jl < e < jn <m, (47)
where pj, . g, H—Tj x---x 1T is the canonical projection.
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Proof. It suffices to show that we can apply Proposition Conditions (1) and
(2) are Proposition and condition (3) is Lemma and Lemma[3.3.7 O

The next step is to prove Corollary For that, we start with a technical

result.
Lemma 4.2.5. Let H <T'y x --- x I'y,, be a subdirect product. Assume further that

(1) the group T'; is finitely generated and there is a free normal subgroup D; of T';
such that T';/ D; is polycyclic-by-finite for each 1 <i < mj;

(2) N=Dyx---x D, CH.

Then
{[x] € S(H) | pi(Hy) = pi(H) =T for every 1 <i <m} C '(H).

Proof. Let us check that under the above conditions the group H is finitely gener-
ated. Indeed, fix a finite subset A; C D; such that D; = ((A4;))r, and a finite subset
B; C H such that I'; = p;(H) = (pi(B;)). Then

D; = {((Ai))r; = ((Ai))p, i) = ((Ai)) (pi(B)y = ((Ai)) By € (4i U By)
and this implies that

N=Dyx--xDn<C( |J (A4UB))CH

In addition, H/N is a subgroup of the polycyclic-by-finite group
Fl/Dl X oo X Fm/Dm,

hence H/N is finitely generated, so there is a finite subset C' C H such that H =
N(C). Thus C U Jy<;<,,(Ai U B;) is a finite generating set for H.

By [16] we have that [x] € X1(H) = X(H,Z) if there is a finitely generated
submonoid M of H, such that H' is finitely generated as a M-group, where M
acts via conjugation. Therefore, we just need to show that if [x] € S(H) and
pi(Hy) = pi(H) = I; for every 1 < ¢ < m, then H’ is finitely generated as a
M-group for some finitely generated submonoid M of H,.

Since p;(H,) =T'; and each I'; is finitely generated, there is a finitely gener-
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ated monoid M such that M C H, and p;(M) =T for 1 <i < m. Then,

D; = ((A))r, = ({(Ai))pory and N =Dy x - x Dy C{( |J Ai)), CH"

1<i<m

Finally, since H'/N is a subgroup of the polycyclic-by-finite group H/N, we deduce
that it is finitely generated, so there is a finite subset D of H' such that H' = N (D).

Hence,

H=(( U 4)uD)),

1<i<m

In [72] the following result is proved.

Theorem 4.2.6. [72, Theorem B] Let H < T'y x --- x I', be a finitely presented
full subdirect product of non-abelian limit groups I'1, ...,y with m > 1. Then

SYH) =%Y(H,Q) ={[x] € S(H) | pi(Hy) = pi(H) =T; for every 1 <i < m}.

We show that the above result works in a more general setting.

Proposition 4.2.7. Let H < 'y x --- x I';;, be a finitely generated full subdirect
product. Assume further that

(1) the group T'; is finitely generated and there is a free normal subgroup D; of T';
such that T';/ D; is polycyclic-by-finite for each 1 <i < 'm;

(2) N=Dyx---xD,, CH

(3) for each i the Euler characteristic x(I';) < 0 and there is a finite length free
resolution of the trivial QL';-module Q with all modules finitely generated.

Then
SYH) =SYH,Q) ={[x] € S(H) | pi(Hy) = pi(H) =T; for every 1 <i < m}.

Proof. For a general group G we have that ©(G) = (G, Z) C ©1(G, Q). Applying
Proposition for n = 1 we have that

S'(H) € SN (H,Q) C {[x] € S(H) | pi(Hy) = pi(H) = T for every 1 < i < m}.
The converse
{Ix] € S(H) | pi(Hy) = pi(H) =T} for every 1 <i <m} C £'(H)

93



is Lemma [4.2.5 ]

Lemma 4.2.8. [11, Proposition 2.7] Let H be a group with a normal subgroup A
of type Fx, let x: H — R be a character such that x(A) = 0 and let xo be the
character induced by x, xo: H = H/A — R.

(1) If H is of type FP,, then [x] € ¥"(H,Z) if and only if [xo] € X"(H,Z).

(2) If H is of type F,,, then [x] € ¥™"(H) if and only if [xo] € ¥"(H).
We now have the necessary tools to prove Corollary

Corollary 4.2.9. (1) Let H <T'; x --- xI'y, be a finitely presented full subdirect
product of limit groups over Droms RAAGs I'y,..., Iy, where each I'; has

trivial center. Then where p;: H — I'; is the canonical projection.

(2) If H is a finitely presented residually Droms RAAG, then there exist finitely
many subgroups H1, ..., Hy, of H such that

SH)\S'(H) = |J S(H, H)).
1<i<m
Proof. (1) The first equality is a corollary of Proposition m The fact that the
hypothesis (1), (2) and (3) from Proposition [4.2.7hold are established in Proposition
Lemma [3.3.6] and Lemma [3.3.7]
In [72, Lemma 5.10] it is shown that p;(H,) = p;(H) is equivalent to

x(ker(p;)) # 0.

Then [x] € S(H) \ ©'(H) if and only if [x] € S(H,ker(p;)).

(2) A finitely presented residually Droms RAAG H may be viewed as a full subdirect
product H < T xI'; x --- x I'y,,, where I'g = Z* for some k > 0 and T'y,...,T,, are
limit groups over Droms RAAGs with trivial center for 1 < i < m. Furthermore, we
can assume that I'oN H has finite index in Ty (see Theorem [2.9.1). By construction,
H NTyis central in H, so by Lemma [1.4.2

{[x] € S(H) | x(H NTy) # 0} C ='(H).

Thus, if [x] € S(H) \ ©(H), then we have that x(H NTy) = 0 and x induces a
character
X0: F:H/(Hﬁro) — R.
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Note that by Lemma [4.2.§]
[x] € S(H)\ £ (H) if and only if [yo] € S(H) \ ! (H).

Since H < T'y x - - x Ty, is a full subdirect product, we can apply part (1) to deduce
that

SHE)\S'(H) = | SH ker(m)),

1<i<m
where p;: H — T'; is the canonical projection. Hence, if we take H; to be the
preimage of ker(p;) in H, we have that
SH)\S'(H) = |J S(H,H)).
1<i<m

O

The last part of the chapter is related to proving Theorem where
we show that the Virtual Surjection Conjecture implies the discrete case of the
Monoidal Virtual Surjection Conjecture, so in particular, the discrete case of the

Monoidal Virtual Surjection Conjecture holds in dimension 2.

Theorem 4.2.10. Let m > 2,1 <n<m andlet H <Ty x---xT,, be a finitely
presented full subdirect product of type F,,. Assume further that

(1) there is a free normal subgroup D; of T'; such that T';/D; is polycyclic-by-finite
for each 1 <i<m;

(2) N=Dyx---xD,, CH;

(3) for each i the Euler characteristic x(I';) < 0 and there is a finite length free
resolution of the trivial QI';-module Q with all modules finitely generated;

(4) every finitely generated subgroup of T'; is of type F, for each 1 < i < m;

(5) the Virtual Surjection Conjecture holds in dimension n.

Then
[\] € S"(H, Q)gis = S"(H, Z)gis = S™(H) ais

if and only if
Direojn (Hy) = Djy g (H)  forall 1< j; <--- < jp <m, (4.8)
where pj, .. g, H — T x---x Ty is the canonical projection.
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Proof. Suppose that [x] € ¥"(H, Q). Then, by Proposition [1.2.2]

Pir e (Hx) = Dj1.....jn (H).-
For the converse, assume that xy: H — R is a discrete character and that
Piryin(Hy) = Djy g (H)  forall 1<j; <. < gy <m.

Since in general we have that X"(H) C X"(H,Z) C X"(H,Q), it suffices to show
that [x] € ¥"(H). If we show that Ny = ker(y) is of type F),, then by Theorem
1.4.1 we have that both [x] and [—x] belong to X" (H).

Note that by Lemma the result holds for n = 1. Furthermore, p;(H,) =
p;(H) is equivalent to x(Ker(p;)) # 0 (see [72, Lemma 5.10]), so p;(H,) = pj(H)
if and only if p;(H_) = p;(H). Thus, applying Lemma again we have that
{Ix], [=x]} € EY(H). Since x is a discrete character we deduce by Theorem m
that Ny is finitely generated.

Let us write H = Ny x (t) with x(¢) > 0. Since

Pivein (H) = Dir g () = (U g1, (NO)Ds - (1)
>0

is a group, pj,...;,(No) has finite index in pj;, ;. (H). The group H is of type
FP,, so by Theorem Djr,....jn (F) has finite index in I';; x --- x I';,. Hence,
Pjr,....jn (No) has also finite index in I';, x --- x I'; . In particular, p;, . j.(No) has
finite index in pj, (No) x - -+ X pj, (No).

We consider Ny as a subdirect product of p1(Ng) X -+ X pp,(No). The group
Ny is finitely generated, so p;(Ny) is a finitely generated subgroup of I';. Then,
condition (4) ensures that p;(Np) is of type F,. Thus, if the Virtual Surjection
Conjecture holds in dimension n for the subdirect product Ny, then we deduce that
Ny is of type F,. O

Theorem 4.2.11. (1) Letm >2,1<n<mandlet H<Tyx---xT\, be a full
subdirect product of limit groups over Droms RAAGs I'y,...,I';, where each
I'; has trivial center. Suppose that H is of type F'P,, finitely presented and

that the Virtual Surjection Conjecture holds in dimension n. Then

[x] € X"(H,Q)qis = X" (H, Z)gis = X" (H ) gis
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if and only if
Pityenin (Hx) = Pj1 g (H) - for all 1< jy < < jn <m, (4.9)

where pj, . i, H— T x---x1Ij s the canonical projection. In particular,
since the Virtual Surjection Congjecture holds in dimension 2, the result holds
forn =2.

(2) If H is a finitely presented residually Droms RAAG, then there exist finitely

many subgroups H; ; of H, where 1 <1i < j <n, such that

S(H)ais \Z*(H)ais = | S(H Hij)ais-

1<i<j<m

Proof. (1) This follows from Theorem [4.2.10

(2) A finitely presented residually Droms RAAG H may be viewed as a full subdirect
product H < I'g x I'y x -+ x I'},, where I'y = ZF for some k > 0 and I'y,.... T,
are limit groups over Droms RAAGs with trivial center for 1 < ¢ <m and ' N H
has finite index in I'g (see Theorem . Since H NIy is central in H, by Lemma
1.4.2)

{Ix] € S(H) | x(HNTo) # 0} € X"(H).

If [x] € S(H) \ ¥?(H), then we have that x(H NTy) = 0 and y induces a character
Xxo: H=H/(HNTy) = R.
It follows from Lemma [.2.§] that
[x] € S(H)\ $?(H) if and only if [xo] € S(H) \ ¥*(H).
Since H < Ty x --- X Iy, we can apply part (1) to deduce that
[x0] € S(H)ais\X?(H)ais if and only if p; ;(H) # pij(Hy,) for some 1 <i < j < m,

where p; ;: H > T;x I'; is the canonical projection. By [72, Lemma 5.10] this is
again equivalent to xo(ker(p; ;)) = 0. Then, we can define H; ; as the preimage of
ker(p; ;) in H and obtain that

S(H)ais \ X2(H)gis = U S(H, H; ;) dis-

1<i<m
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Chapter 5

Subgroups of the direct product
of fundamental groups of graphs
of groups with free abelian

vertex groups

5.1 Introduction and outline

In this chapter we work with 2-dimensional coherent RAAGs. Recall from Section
that 2-dimensional coherent RAAGs are defined by graphs which are forests,
that is they are free products of tree groups. The main example to bear in mind is
the RAAG associated to the path with four vertices, Pj.

Tree groups are of special interest to us for a couple of reasons. Droms showed
in [46] that tree groups with trivial center are not Droms RAAGs, meaning that
they have finitely generated subgroups that are not RAAGs. Therefore, their study
becomes more complicated than in the case of Droms RAAGs. Nevertheless, they
are coherent RAAGs (see [44]), so the class of tree groups is an appropriate starting
point to study the structure of finitely presented subgroups of direct products of
coherent RAAGs.

Furthermore, they are essential examples of 3-manifold groups that are also
RAAGs. Indeed, Droms proved in [44] that the RAAG GX is the fundamental
group of a 3-manifold if and only if each connected component of X is either a tree
or a triangle. Hence, GX is the free product of tree groups and free abelian groups
of rank three. For instance, the RAAG Pj is the figure 8 knot group.

In this chapter we generalise Baumslag and Roseblade’s result for free groups
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and we describe the structure of finitely presented subgroups of the direct product

of two 2-dimensional coherent RAAGs.

Theorem. Let S be a finitely presented subgroup of the direct product of two 2-
dimensional coherent RAAGs. Then S is virtually H-by-(free abelian), where H is
the direct product of two subgroups of 2-dimensional coherent RAAGS.

The main reason for this new behaviour comes from the fact that tree groups
fiber, while free groups and Droms RAAGs with trivial center do not. Thus, on the
one hand, these groups have normal subgroups which are not of finite index, and on
the other hand, the intersections of the subgroup with each of the factors need not
be finitely generated.

Furthermore, we show that these finitely presented subgroups have a good

algorithmic behaviour. Namely, we prove the following:

Corollary. Finitely presented subgroups of the direct product of two 2-dimensional
coherent RAAGs have decidable multiple conjugacy problem and membership prob-

lem.

This corollary shows that Bridson’s example of a RAAG A and an algorith-
mically bad finitely presented subgroup of A x A is not 2-dimensional coherent.

In fact, our results apply to a wider class of groups, the class A, which is
the Zx-closure of the class G (see Definition . The class G is the class of cyclic
subgroup separable fundamental groups of graphs of groups with free abelian vertex
groups and cyclic edge groups. This class contains 2-dimensional coherent RAAGs
and residually finite tubular groups among others.

A tubular group is a finitely generated fundamental group of a graph of
groups with Z? vertex groups and Z edge groups. Despite their simple definition,
they have a surprisingly rich source of diverse behaviour. Tubular groups provide
examples of finitely generated 3-manifold groups that are not subgroup separable; of
free-by-cyclic groups that do not act properly and semi-simply on a CAT(0) space;
of groups that are CAT(0) but not Hopfian, etc (see [58] and references there).

Our main result is the following:

Theorem[5.5.1 Let S be a finitely presented subgroup of G X G2 where G1,Gs € A
are finitely generated. Then, either

(1) there is Sop <y; S and a central extension 1 — Z" — Sy — H — 1 for some
n € N and H € G finitely generated; or

(2) S is virtually H-by-(free abelian), where H is the direct product of two groups
in A.
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Furthermore, in the second case S is virtually the kernel of a homomorphism f from
Hy x Hs to R for some finitely generated Hy, Ho € A. More precisely, H is equal to
My x My, and either

(1) M7 x Mo <fi S <fi Gy x GQ; or

(2) S is virtually the kernel ker f where f: Hy x Hy — Z™ for some n € {1,2} and
for some finitely generated H; € A.

As a consequence, we obtain that a finitely presented subgroup S may be
viewed virtually as a kernel of a homomorphism to a free abelian group. Hence,
methods from Y-theory can be used to show in Section that S is of type Fuo.
Actually, we prove a more general result. Let D be the class of finitely generated
fundamental groups of graphs of groups with free abelian vertex groups and cyclic
edge groups such that the groups are not ascending HNN extensions, and let J be
the Zx-closure of D.

Proposition[5.7.3. Let S be a finitely presented co-abelian subgroup of Hy x Hy with
Hyi,Hy € J. Then S is of type Fy.

The abelian factor in the description of S is directly related to the edge
groups of the decomposition of the groups in our class. In particular, if we consider
fundamental groups of graphs of groups in A with a trivial edge group, we deduce
the following theorem and recover the result of Baumslag and Roseblade for direct

products of free groups:

Theorem. Let A’ be the subclass of A containing the groups which have a non-
trivial free product decomposition and let S be a finitely presented subgroup of the
direct product of two finitely generated groups in the class A'. Then S is virtually
the direct product of two groups in A’.

We work with 2-dimensional coherent RAAGs because they split as amal-
gamated free products where the edge groups are infinite cyclic. General coherent
RAAGS split as amalgamated free products where the vertex groups are free abelian,
but the edge groups might have rank (possibly) greater than one. For 2-dimensional
coherent RAAGs we first show that the finitely presented subgroup is an extension
of a direct product by a Z-by-Z group. We then prove that this Z-by-Z group is
a quotient of a Baumslag-Solitar group, and using cyclic subgroup separability and
the structural theory of Baumslag-Solitar groups we conclude that the Z-by-Z group
is in fact free abelian. In the general case of coherent RAAGs, the current proof

would need to study groups of the form Z"-by-Z". One could probably reduce the
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problem to the study of the Leary-Minasyan groups, but still we would need to
develop some structural results for these groups.

The chapter is organised as follows. In Section [5.2] we introduce the class of
groups that we will study and describe some properties of these groups.

In Section [5.3] we review Miller’s proof for free groups. The idea is to first
show that if S is a finitely presented subgroup of the direct product of two free
groups F1 and Fs, then the subgroups L; = S N F; are finitely generated, and after
that use the fact that non-trivial finitely generated normal subgroups of free groups
have finite index to conclude that the direct product L; x Ly has finite index in S.

When considering a finitely presented subgroup S of the direct product of two
2-dimensional coherent RAAGs, say (G1 and G2, the intersections SNG1 and SNGo
are not necessarily finitely generated. Furthermore, non-trivial finitely generated
normal subgroups of coherent RAAGs do not need to be of finite index. Indeed,
coherent RAAGs may fiber, that is they may admit non-trivial epimorphisms onto
Z with finitely generated kernel.

We address these issues in Section We show that although the subgroup
L; may not be finitely generated, a cyclic extension of L; is (see Proposition .
We also characterise finitely generated normal subgroups N of a group G in G: either
N is in the center of the group G or G/N is virtually cyclic (see Proposition .

Finally, in Section the main result is proved. We show that the quotient
Q; = G;/L; is covered by finitely many cosets of the product of two cyclic subgroups
and that this covering lifts to a covering of a Baumslag-Solitar group. We use the
structure of Baumslag-Solitar groups to deduce that it is free abelian and conclude
that @, is virtually free abelian.

In Section [5.6| we apply the main theorem to elucidate the algorithmic struc-
ture of finitely presented subgroups of the direct product of two 2-dimensional co-
herent RAAGs. We conclude the chapter with Section where we use methods
from Y-theory to prove that these finitely presented subgroups are, in fact, of type
Fu.

5.2 The class of groups A

Given a class of groups, recall from the background that there is a natural way
to construct other groups using operations such as taking free products or adding

center.

Definition 5.2.1. Let C be a class of groups. The Zx-closure of C, denoted by
Z % (C), is the union of classes (Z * (C)); defined as follows. At level 0, the class
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(Z%(C))ois C. A group G lies in (Z * (C))j, if and only if
G=Z" x (Grx*---%xGy),

where m € NU {0} and the group G; lies in (Z * (C))g_1 for all i € {1,...,n}.
The level of G, denoted by [(G), is the smallest k for which G belongs to
(Z % (C))k-

The class of groups A is defined as the Zx-closure of the class of groups G,

defined as follows.

Definition 5.2.2. Let G be the class of non-abelian cyclic subgroup separable fun-
damental groups of graphs of groups with free abelian vertex groups and cyclic edge
groups.

The class of groups A is the Zx-closure of the class G.

Here we are not assuming that the groups in G are finitely generated.

Remark 5.2.3. Suppose that G € G is finitely generated and that all the vertex
groups and all the edge groups are infinite cyclic. Then G is a cyclic subgroup
separable Generalised Baumslag-Solitar group. Therefore, G is virtually Z x F with
F free (see [T1, Section 2.1]). Hence, if S is a finitely presented subgroup of G x A
where A is any group, then SN ((Z x F') x A) has finite index in S and Z x F € A.

Therefore, for the purposes of this chapter we may assume that if G € G is
finitely generated, then GG is a non-trivial free product or if G is freely indecompos-
able, that there is a vertex group which is a free abelian group of rank greater than
1.

Definition 5.2.4. Let G be a group in the class G. Any splitting of G as a funda-
mental group of a graph of groups with free abelian vertex groups and cyclic edge

groups is called a standard splitting of G.

Since subgroups of cyclic subgroup separable groups are again cyclic sub-
group separable, then G is closed under taking subgroups: if G € G and H < G is
non-abelian, then H € G. In addition, it follows from [30, Theorem 3.6, Proposition
4.1] that cyclic subgroup separability extends from the class G to the class A.

The class G, and therefore A, contains interesting families of groups. For
instance, 2-dimensional coherent RAAGs and residually finite tubular groups.

The RAAG defined by the path with 4 vertices Py and which, abusing nota-

tion, we also denote by Pj is a tree group. It is given by the presentation
(a,b,c,d | ab = ba,bc = cb,cd = dc),
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and it admits the following splitting as a fundamental group of a graph of groups

with free abelian vertex groups and cyclic edge groups:
Py = <(I, b) *(b) <b7 C> *(c) <Ca d>

Moreover, coherent RAAGs are cyclic subgroup separable (see, for instance, [48]).
Therefore, Py € G.

The RAAG Py plays an important role in the theory of 2-dimensional coher-
ent RAAGs as it serves as universe for them. Indeed, in [63, Theorem 7] Kim and
Koberda show that any 2-dimensional coherent RAAG embeds in the group Py. In
particular, since the class G is closed under subgroups, we deduce that 2-dimensional
coherent RAAGs also belong to G.

In fact, all tree groups are examples of residually finite tubular groups. Cyclic
subgroup separability is a stronger residual property than residual finiteness, but in
[58] it is shown that for tubular groups these conditions are equivalent. From this

characterisation we have that residually finite tubular groups belong to G.

5.3 Miller’s proof and counterexamples in tree groups

Recall that Baumslag and Roseblade’s result states that given F; and F» two finitely
generated free groups and S a finitely presented subgroup of Fy x Fs, then S is free
or S is virtually the direct product of two free groups.

We now briefly sketch Miller’s strategy to highlight the relevant properties
of free groups that are used in his proof of the aforementioned result.

First of all, we can reduce to the case when S is a subdirect product. Indeed,
if we consider the projection maps p1: S — Fj and pe: S — Fs, then pi(S) is a
finitely generated free group for ¢ € {1,2}, so we can assume that the projection
maps are surjective.

Let us define L; to be SN Fj, i € {1,2}. Observe that there is a short exact
sequence

1 Lo S 3 1.

If Loy is trivial, then S is isomorphic to F; and so S is free. A symmetric
argument applies if L; is trivial.

Now assume that L, and Lo are both non-trivial. Miller then proves, by
using Marshall Hall’s theorem for free groups, that for ¢ € {1,2} S is virtually
an HNN extension with associated subgroup L; and since S is finitely presented,

then L; needs to be finitely generated (see [19, Lemma 2, Theorem 1]). A similar
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argument can be read in the proof of Proposition [5.5.4]

From here one deduces that for ¢ € {1,2}, L; is a non-trivial finitely generated
normal subgroup of Fj, so L; has finite index in F;. Hence, since L1 x Lo is a subgroup
of S, then Lq x Lo has finite index in S.

Summarising, the key points in Miller’s proof are the following ones:
(1) Non-abelian subgroups of free groups are free;
(2) if S is finitely presented, then the groups L; and Ly are finitely generated;

(3) finitely generated non-trivial normal subgroups of free groups are of finite

index.

In the rest of the section we show that none of the above conditions necessarily hold
for tree groups. For that, we use the group Pj.

Firstly, let us give an example to show that non-trivial finitely generated
normal subgroups do not need to have finite index in tree groups. Consider the

homomorphism ¢: Py — Z defined as

and let S be the kernel of that homomorphism. By Corollary [[.4.12] since the graph
/:'(p = P, is connected, then S is indeed finitely generated. Hence, S is a finitely
generated non-trivial normal subgroup in Py but P;/S is infinite cyclic.

Secondly, subgroups of tree groups do not need to be tree groups or not even
RAAGs. In [46], when Droms proves that a RAAG is a Droms RAAG if and only
if the associated graph does not contain full subgraphs isomorphic to Cy or Py, he

considers the homomorphism «: Py — Zso such that
ala) = a(b) =alc) =a(d) =1

and shows that the kernel of that homomorphism is not a right-angled Artin group.
Finally, let us give an example of a finitely presented subgroup of Py x Py
such that L; is not finitely generated. Suppose that

P} =(a,b,c,d) and P;={(d ¥, d).
Consider the homomorphism f: P} x P — Z defined as

fla)=f®)=fd) =1, f(c)=0, fla)=[f0)=[()=[f(d)=1,
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and denote by S the kernel of that homomorphism. Again by Corollary S is
finitely presented if and only if L ¢ is 1-connected and 1-Z-acyclic-dominating. The

complex L ¢ is the simplicial join of the simplices

——eo ° and ®
a b d a/ bl C/ d/

It is clearly contractible, so in particular 1-connected. In order the complex to be

1-Z-acyclic-dominating, we need to verify that the simplicial join of

and

and —eo—o—o
b d a/ b/ c/ d/

but this is obvious. Furthermore, the exact same argument shows that L ¢ is n-
connected and n-Z-acyclic-dominating for any n € N, so S is not just finitely pre-
sented, but it is of type Fu by Corollary

Nevertheless, L1 = S N P} is not finitely generated. Indeed, the group L is
the kernel of the homomorphism f‘ Pl and since £ fir} is not connected, then L; is

not finitely generated.

5.4 Alternative properties in the class ¢

The aim of this section is to study the class G and to see how the properties of
free groups used in Miller’s proof generalise for this class. By Remark we may
just consider that if G € G, then G is a non-trivial free product or if G is freely
indecomposable, then there is at least one vertex group having rank greater than 1.

Recall from the previous section that there are three key properties:

(1) Subgroups of free groups are free;
(2) if S is finitely presented, then the groups L; and Lo are finitely generated;

(3) finitely generated non-trivial normal subgroups of free groups are of finite

index.
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In this section we prove that these properties generalise to the following ones for

groups in G:
(1) Subgroups of groups in G lie in G;

(2) if S is finitely presented, then a cyclic extension of L; is finitely generated (see

Proposition [5.4.5);

(3) if N is a non-trivial finitely generated normal subgroup of a finitely generated

group G € G with trivial center, then G/N is either finite or virtually cyclic
(see Proposition [5.4.4]).

The key ingredient to show the above properties is that normal subgroups of groups
in G contain hyperbolic elements. This follows easily from the fact that groups
in G contain elements with a similar behaviour to WPD elements. Tree groups,
for instance, always have WPD elements by [81, Proposition 4.8]. We extend this
feature to the class G.

If G is the fundamental group of a graph of groups and 7" is the corresponding
Bass-Serre tree, an element g of G satisfies the weak proper discontinuity condition
for the action of G on T (or g is a WPD element for the action of G on T) if for
each vertex group A, AN AY is a finite group. In our case, the vertex groups are
torsion-free, so the condition that AN AY is a finite group reduces to AN A9 = 1.

In order to consider actions with non-trivial kernel, we define relative WPD

elements.

Definition 5.4.1. Let G be a group in G, let T be the Bass-Serre tree corresponding
to a standard splitting of G and let K be the kernel of the action of G on T. An
element g of G is a relative WPD element for the action of G on T if for each vertex
group A, AN A9 is K.

In particular, if the action of G on T is faithful, that is K = 1, then a relative
WPD element is a WPD element.
We first prove the existence of relative WPD elements in groups in the class

g.

Lemma 5.4.2. Let G be a finitely generated group in G, let T be the Bass-Serre tree
corresponding to a standard splitting of G and let K be the kernel of the action of
G on T. Then G has a relative WPD element for the action of G on T. Moreover,
there is a finite index subgroup of G that has center K.
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Proof. Let G € G be finitely generated. If G has a non-trivial free product decom-
position, then G has a WPD element for the action of G on T (see [81], Proposition
4.8]). Therefore, we can assume that G is freely indecomposable.

Let Y be the underlying graph of the graph of groups associated to the
standard splitting of G. Note that since G is finitely generated, then Y is a finite
graph. Let Yy be a maximal tree of Y, let Y be a lift of Y in T and }70 the
corresponding lift of Y. Suppose that t¢1,...,ts are the stable letters corresponding
to the edges in Y \ ¥j and let C be the intersection (oev (vo),ge{1,tr,o s} GY, where
Gy is the vertex group of v € V(Yp).

First, assume that C is infinite cyclic generated by c¢. Then, since edge
groups are cyclic, the group C has finite index in each edge subgroup of a vertex
group G9, v € V(Yy), g € {1,t1,...,ts}. The vertex groups are abelian, so C is
central in the vertex stabilisers of vertices in 170. Furthermore, since C has finite
index in each edge group, we have that for each stable letter ¢t € {t1,...,ts} there
are n = n(t;),m = m(t;) € Z such that (¢™)! = ¢ Thus, (t,c) is isomorphic to
the Baumslag-Solitar group BS(m,n). Since G is cyclic subgroup separable, so is
(t,c) and by [71l, Corollary 7.7] we have that |m| = |n|. Therefore, ¢ normalises the
subgroup (¢™) and t?> commutes with ¢ for each stable letter t € {t1,...,ts}. It
follows that there is a power of ¢, say ¥, that is normalised by ¢; and commutes
with 2 for all i € {1,...,s} and it also commutes with the vertex groups of vertices
in Yy. Without loss of generality, we assume that k is positive and minimal with
these properties. Therefore, the subgroup (c*) is normal in G and K = (c*). Since
(c*) is the kernel of the action, there is an equivariant epimorphism G — G/(c").
Now G/(c¥) acts on T acylindrically since it has finite edge stabilisers. It follows
that G/{c*) has a WPD element and so G contains a relative WPD element for the
action of G on T

Let a: G — (t1,...,ts) be the retract that sends the vertex groups to 1
and let 8 be the epimorphism (t1,...,ts) — Zo that sends each generator t¢; to the
generator of the group of order 2. The kernel H < G of the epimorphism S o «
is an index 2 subgroup which contains precisely the set of words w that have an
even number of letters {t1,...,ts,t1 7, ..., ts '}, As we mentioned, ()t = ¢** for
ie{l,...,s} and ¢ commutes with the elements of the vertex groups. It follows
that if w € H, then w commutes with ¢f. Therefore, H is an index 2 subgroup of
G with center (c¥).

Assume now that C is trivial. Let g = HUEV(YO),je{l,...,s} ay - ay,' where a,, is
an element of the stabiliser Gy, of the vertex v € V(Yp).

If h € G, NG, then h fixes the path from the vertex G, to the the vertex
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gG,. Since this path contains all the vertices G,,!, u € V(Yp), t € {1,t1,...,ts}, it
follows that h € C and so h = 1. Therefore, by [81, Propositon 4.8] G contains a
hyperbolic WPD element for the given action of G on T O

We now turn our attention to the study of (finitely generated) normal sub-

groups of groups in the class G.

Lemma 5.4.3. Let G be a finitely generated group in G, let T be the Bass-Serre tree
corresponding to a standard splitting of G and let K be the kernel of the action of G
on T. Suppose that N is a non-trivial normal subgroup of G. Then either N < K

or N contains hyperbolic elements and it acts minimally on T.

Proof. First, suppose that all the elements of N are elliptic and let h be a relative
WPD element (see Lemma . Let z be an element in N. The elements z and
z" are elliptic, and if Fix(z) N Fix(z") = @, then 22" would be hyperbolic (see, for
instance, [20, Proposition 2.1 (2)]). Therefore,

Fix(x) N Fix(z") # @.

Let yG,, be a vertex in T which lies in Fix(z) N Fix(z"). Since yG,, € Fix(z), then
h~'yG, € Fix(z"). Moreover, by assumption yG,, € Fix(z"). To sum up,

e Gy NGY =K,

but K is normal in G, so x € K. In conclusion, if all the elements of NV are elliptic,
then N < K.

Second, suppose that N contains a hyperbolic element. Then, the union of
the axes of such elements is the unique minimal N-invariant subtree X of T (see
[20, Proposition 2.1 (6)]). Since N is normal in G, the N-invariant subtree Xy is
also invariant under the action of G. But T' is minimal as a G-tree, so Xg = T.

Thus, N acts minimally on 7. O

Proposition 5.4.4. Let G be a finitely generated group in G, let T be the Bass-Serre
tree corresponding to a standard splitting of G, and let K be the kernel of the action
of G onT. Suppose that N is a non-trivial finitely generated normal subgroup of G.
Then either N < K or G/N is virtually cyclic.

Furthermore, if G/N is virtually Z, then N is a free product of free abelian
groups whose ranks are bounded above by r, where r is the maximum of the ranks

of the free abelian vertex groups of G. In particular, if G is a residually finite
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tubular group, N is a finitely generated non-trivial normal subgroup of G and G/N

is virtually Z, then we have that N is a free group.

Proof. Suppose that N is not contained in K. By Lemma N acts minimally
on T'. In addition, N is finitely generated, so by [4, Proposition 7.9], T'/N is finite.

Let C be a cyclic edge stabiliser. Then |[N\G/C| is finite because the number
of edges in T'/N is an upper bound for that number.

From the fact that N is normal in G we get that N\G/C and G/NC' are
isomorphic. Therefore, {G /NC } needs to be finite. Notice that if an edge group is
trivial, then IV is of finite index in G. Hence, we further assume that G is freely
indecomposable.

The Second Isomorphism Theorem gives us that
NC/N=C/(NNC).

It follows that NNC' # {1} if and only if N has finite index in NC. Therefore,
if N intersects non-trivially an edge group C, then we have that N also has finite
index in G.

We are left to consider the case when N intersects trivially each edge group

in the standard splitting of GG. In this case, for each edge group C
NC/N = C.

Thus, since NC' has finite index in G, G/N is virtually Z. Furthermore, since N < G
and N intersects trivially each edge group, IV gets induced a decomposition as a free
product of free abelian groups, where the free abelian groups are the intersections of
the (conjugates of the) vertex groups of G with N. Since G is freely indecomposable,
each vertex group has an infinite cyclic edge group as subgroup and as N does not
intersect any edge group, it follows that the intersection of N with a (conjugate of
a) vertex group G, of G has rank at most the rank G, minus 1. In the particular
case of tubular groups, all the vertex groups are isomorphic to Z2, so we have that

the intersection with N is at most of rank 1 and so N is a free group. O

Our second goal is to find an alternative for the fact that L; and Lo are

finitely generated in the case of free groups. For the class G we prove the following:

Proposition 5.4.5. Let G be a finitely generated group in G, let T be the Bass-Serre
tree corresponding to a standard splitting of G and let K be the kernel of the action
of G onT. Let H be any group and let S < G x H be a finitely presented subdirect
product. Define L1 and Lo to be SN G and S N H, respectively. Assume that Ly
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is non-trivial and is not contained in K. Then there is y € H such that (Lg,y) is
finitely generated.

Proof. As Ly is non-trivial and is not contained in K, by Lemma we have that
L, contains a hyperbolic isometry, say t € L .

Since G is cyclic subgroup separable, it follows from [20, Theorem 3.1] that
there is a finite index subgroup M in G which is an HNN extension with stable
letter ¢ and associated cyclic subgroup (c¢). As G is finitely generated, then M is
also finitely generated; suppose that M = (¢, 51, ..., s,) with s; = cand s =t 1s;t.

Let us denote p; ' (M) by M’. Since M has finite index in G, then M’ has
finite index in S and since S is finitely presented so is M’. The HNN decomposition
of M induces a decomposition of M’ as an HNN extension. Let us pick §; € S such
that p1(8;) = s; for i € {1,...,n} with the restriction that 35 needs to be t~15t.
Note that ¢ is an element in S. We then have that

M' = (Lo, 51,...,8n,t |t 81t = 39,710t = b,Vb € Ly, R'),

where R’ is a set of relations in the elements Ly U {51,...,$,}. Recall that s; = ¢,
so that §; is an element of the form cy in S.

Since M’ is finitely generated, there are aq,...,a; in Lo such that
M ={ay,... a5, 81,... 80,1 |t 181t = 39,710t = b, Vb € Ly, R').

Let D be the subgroup (a1, ..., ak, 81, ..., 8,). The subgroup Lo is finitely generated
as a normal subgroup of M’ because M is finitely presented. But since ¢ acts trivially
by conjugation, then L is generated by the a; together with their conjugates by

words in {51,...,8,}. Hence, Ly is a subgroup of D. In conclusion,
M' = (D,t |t Y51t = 39, bt = b,Vb € Ly).

Since M’ is finitely presented, by [79, Lemma 2] we deduce that (Lo, $1) is finitely
generated. Finally, Ly is contained in H and §; = cy with ¢ € G and y € H, so
we have that the image of (L, §1) under the natural projection mo: G x H — H is
finitely generated, that is (Lo, y) is finitely generated. O

5.5 Main result

The main goal of this section is to prove the following:
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Theorem 5.5.1. Let S be a finitely presented subgroup of G1x Go where G1,Gy € A

are finitely generated. Then, either

(1) there is So <f; S and a central extension 1 — Z" — Sy — H — 1 for some
n € N and H € G finitely generated; or

(2) S is virtually H-by-(free abelian), where H is the direct product of two groups
in A.

Furthermore, in the second case S is virtually the kernel of a homomorphism f from
Hy x Hy to R for some finitely generated Hy, Hy € A. More precisely, H is equal to
My x My, and either

(1) M7 x Mo <fi S <fi G1 x Gy; or

(2) S is virtually the kernel ker f where f: Hy X Hy — Z" for some n € {1,2}
and for some finitely generated H; € A.

Let G and G2 be two finitely generated groups in A and let S < G1 X G2 be
a finitely presented subgroup. Suppose that G; = Z™ x H; for some n; € NU {0}.
Then S can be viewed as a subgroup of Z™ x H; x Hy for some n € NU {0}.

Assume that n # 0 and define L to be S NZ™ 1If L is the trivial group,
then S is isomorphic to 7(S), where by m we mean the projection homomorphism
m: 2" x Hy x Hy — Hy x Hs.

If L is not the trivial group, then by the basis extension property for free
abelian groups up to finite index we may assume that Z" is of the form L@® R. Since
S N R =1, then the subgroup S is isomorphic to a subgroup 7" of L x H; x Ha.
But L C T, soin fact T = L x (T'N (Hy X Hs)). As S is finitely presented, so is
TN (Hy x Hy).

In conclusion, in order to show Theorem [5.5.1]it suffices to prove it for finitely
presented subgroups of the direct product of two groups in A with trivial center.
That is, we may assume that ny = no = 0.

Moreover, the group S is a subdirect product of pi(S) X p2(S). Let us
understand the subgroup p;(S) of G; for i € {1,2}. Suppose that G; € A has level
n;. Then G; is

for some sz € (Z *G)n,—1. Then either p;(S) is a cyclic subgroup separable (and,
in particular, residually finite) non-trivial free product or p;(.5) is a subgroup of HJZ
for some j € {1,...,m;}. Again HJZ is of the form

ZFii s (HP %% HY )

mi,j
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for some Hl” € (Z * G)p;—2. By the above argument we may assume that k; ; = 0.
By inductively repeating the same argument we arrive to the conclusion that

there are three different cases to consider:

(1) S is a finitely presented subdirect product of G; x Gy, where G; and G are

finitely generated residually finite free products;

(2) S is a finitely presented subdirect product of G1 X Ga, where G is a finitely
generated residually finite free product and G4 is a finitely generated group in

g;

(3) S is a finitely presented subdirect product of G; x G, where G; and G are
finitely generated and belong to G.

In addition, we may suppose that S is a full subdirect product of G; x Gs. Indeed,
for i € {1,2} recall that L; is defined to be S N G;. Then there are short exact
sequences

1 L; y S G, > 1,

so if L; is trivial, then S is isomorphic to Gj;.

Remark 5.5.2. Let S be a subdirect product of G; x GG3. Then
G1/L1 = S/(L1 x Ly) = G2/ L.

Indeed, since S surjects onto Gp, we have an epimorphism 7: S — G1/L; with
kernel L1 x Lo.

5.5.1 Case (1).

We can assume that G and G4 are residually finite free products.

Theorem 5.5.3. Let G1 x G2 be the direct product of two finitely generated residually
finite groups that admit a non-trivial free product decomposition. Let S be a finitely
presented full subdirect product in G; x Gy and define L; to be SN G;, i € {1,2}.
Then L; has finite index in G;, i € {1,2}, and so L1 x Ls has finite index in S. In
particular, fori € {1,2}, if G; € G, then L; € G and it is finitely generated.

We will first show that the groups L; and Lg are finitely generated.

Proposition 5.5.4. Let A x K be the direct product of a group A with K, where K
s a finitely generated residually finite group that admits a non-trivial free product
decomposition. Suppose that S is a subdirect product in A x K which intersects K

non-trivially. Then L = SN A is finitely generated.
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Proof. By hypothesis since S intersects K non-trivially, there is a non-trivial element
tin SN K. Since K has a non-trivial free product decomposition, it acts minimally
on a tree T with trivial edge stabilisers. Moreover, K is residually finite, so the
trivial group is closed in the pro-finite topology. Thus, by [20, Theorem 3.1] there
is a finite index subgroup M in K which is a free product of the form B (¢). Since
K is finitely generated, so is M. Let {t,s1,...,s,} be a generating set for M. For
i€{l,...,n} let us pick §; € p,'(s;) and let M’ = p; '(M).

Note that M’ is of finite index in S since M is of finite index in K. The free

product decomposition of M induces a splitting of M’ of the form:
M' = (L, t,81,...,8, |t bt = b,8,7'08; = ¢;(b),i € {1,...,n},Vb € L),

where ¢; is the automorphism of L induced by conjugation by ;.

Now since S is finitely presented and M’ is of finite index in S, we have that
M’ is also finitely presented. Suppose that M’ is generated by elements aq, ..., a in
L together with the elements ¢, §1, ..., $,. Let D be the group (a1, ...,ax, S1,...,5n)-
The group L is finitely generated as a normal subgroup of M’ since M is finitely
presented. But ¢ acts trivially, so L is generated by the a; together with their

conjugates by words in {$1,...,8,}. Hence, L is a subgroup of D. Moreover,
M' = (D,t |t bt =b,Vb € L).
Finally, since M’ is finitely presented, by [79, Lemma 2] we have that L is finitely
generated. 0
We now address the proof of Theorem [5.5.3

Proof of Theorem [5.5.5. By Proposition Ly and Lo are finitely generated.
Hence, for i € {1,2}, L; is a non-trivial finitely generated normal subgroup of G;
and since by assumption G; admits a non-trivial free product decomposition, it
follows from [6] that L; has finite index in G;. Therefore, L; X Lo has finite index
in S. ]

5.5.2 Case (2).

It suffices to check the result of Theorem for G1 x G9, where GG is a residually

finite free product and G5 is a group in G.

Theorem 5.5.5. Let G be a finitely generated residually finite group that decom-

poses as a non-trivial free product and let Gy be a finitely generated group in G. Let
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S be a finitely presented full subdirect product in G1 X Go. Then either
(1) there is Sy <jg; S and a central extension 1 — Z — Sy — H — 1 with
H <y; G; for some i € {1,2}; or
(2) S is virtually H-by-(free abelian), where H is the direct product of two sub-
groups of G1 and G.
Furthermore, in the second case H is equal to Ly X Lo, where L; = S N G; for
i€ {1,2} and either
(1) L1 x Ly <fz' S <fz' G x GQ,‘ or
(2) S is virtually the kernel ker f where f: Hy x Hy — Z for some H; <y; Gj,
ie{1,2}.

Proof. Let T be the Bass-Serre tree corresponding to a standard splitting of G2 and
let K = (c) be the kernel of the action of Gy on T. Suppose that Ly < K. By
Lemma there is a finite index subgroup in G, say Ha, with center (c). Then
So = SN (G1 x Hy) has finite index in S. In this case, the short exact sequence

1 > LQ SO pl(So) — 1

is a central extension.

We now need to deal with the case when Ly is not contained in K. By
Propositionthere is e € G1 such that (L, e) is finitely generated. Then (L1, e)
has finite index in G (see [27, Theorem 4.1]). Therefore, G1/Ly is finite or virtually
Z. Since S/(L1 x Ly) = G1/Ly = G2/Ly (see Remark [5.5.2)), then S/(L1 x L) is
finite or virtually Z.

Suppose that G1/L; and Ga/Ly are virtually Z. Then, for i € {1,2}, there
is H; a finite index subgroup in G; such that H;/L; = Z. If we define Sy to be
SN (Hy x Hy), then Sp has finite index in S, Sp is moreover normal in H; x Ho and
(Hy x Hg)/Sy is virtually Z, so there is S; a finite index subgroup of Sy (and, hence,
of S) and Hi, H) two finite index subgroups in G; and G, respectively, such that

(H| x H})/S) = Z.

5.5.3 Case (3).

We can assume that the groups belong to G, and by the previous cases that they

are freely indecomposable. Therefore, it suffices to prove the following:
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Theorem 5.5.6. Let G; be a freely indecomposable finitely generated group in G
fori e {1,2}. Let S be a finitely presented full subdirect product of G1 x Ga. Then
either

(1) there is Sy <g; S and a central extension 1 — Z — Sy — H — 1 with
H <y G; for some i € {1,2}; or

(2) S is virtually H-by-(free abelian), where H is the direct product of two sub-
groups of G1 and Ga.

Furthermore, in the second case H is equal to L1 X Lo, where L; = SN G; for
i € {1,2} and either

(1) L1 X Lo <fi S <fi G1 x Gy; or

(2) S is virtually the kernel ker f where f: Hy x Hy — Z for some H; <y; Gj,
i€ {1,2}; or

(3) S is virtually the kernel ker f where f: Hy x Hy — Z* for some H; <s; Gi,
i € {1,2}. In this case L; is the free product of finitely generated free abelian
groups fori € {1,2}.

With the aim of sheeding light to the proof, we first show the steps of the
proof for the case G1 = G2 = P, and we then explain the technicalities that we will
have to overcome in the general case.

Hence, suppose that S is a finitely presented full subdirect product of P} x P?.
For i € {1,2} we can take

(@i, bi) * b,y (biy i) *(c; {cis di)

to be a standard splitting of Pj.
By Remark

P}l/L1 22 S/(Ly x Ly) = P}/ Ly,

so it suffices to prove that P?/Ls is finite, virtually Z or virtually Z2.

Let T; be the Bass-Serre tree associated to the above splitting of Pf, i €
{1,2}. The action of P} on Tj is faithful. Thus, from Lemma we get that Lo
acts minimally on 75 and Proposition implies that there is e € P? such that
(L, e) is finitely generated. This group contains Lg, so it acts minimally on T5.

Hence, by [4, Proposition 7.9] the graph T5/(Ls, €) is finite. Then, since the number
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of edges in that graph has to be finite, we get that
‘(Lg,e>\Pf/(b2>‘ < oo and ‘<L2,6>\Pf/<02>‘ < 00.

In particular, there are 21, ..., 2, € P{ such that

2 _ | |
ti= Uje{l,...,m}@?’6>Za<52>~

Symmetrically, there are y1,...,y, € P# such that

P} = Uje{l,...,o}<L2’ eyy;{ca). (5.1)

Since the set {z1, ..., 2z, } is finite, there exist n; < ny € Nand jp € {1,...,m} such
that

ni1 __ j,mi.. pk1 ny __ 3/ mo_  pko
¢yt =1eMzj byt and  cy® = e 25,057,

for some 1,1’ € Ly and ki, mq, ko, mo € Z.
Equating zj, in the previous equations and using the facts that Ls is normal

in P42 and by and ¢y commute, we have that there is [ € L5 such that
> ma— —nypk1—k
[eM?™™ = 2T byt T, (5.2)

As a consequence, if mg # m; we obtain another double coset decomposition of P?

of the form .
2 — nik\ r.
Fi= Uje{l,,..,mf}@?’C2b2>fy<b2),

for some fi,... frr € P2, k € Z and n € N.

The next goal is to achieve a decomposition of P} as a disjoint union of single
cosets. For each j € {1,...,m'} and t € Z, blf; lies in P?. Therefore, there are
t1 # to € N such that bgl fj and b? fj lie in the same double coset. Repeating the
same argument as above (we will explain this carefully in the main proof), we get
that there is [ € Lo such that

1(chbE)™bh f; = fibh (5.3)

for some m,t,p € Z. Again, if p # 0 we take cosets as we did in the previous case

to get that there are qq,...,q. € P? such that

P42 = U <L27w7w/>qj
je{1,...,r}
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for some w, w" € (ba, c2). In particular, w and w’ commute. Summarising, (La, w,w’)
has finite index in P? and (Lg,w,w’)/Ls is abelian.

This first part of the proof is the same for the general case. The complication
arises when in we have that m; = mo or in we have that p = 0. These
two cases imply that there are n € N, m € Z such that

& =by in P}/Ls.

Since ¢y commutes with by and ds in P42, then ¢ commutes with b2 and ds in P42 /Lo.
Moreover, ¢y Lo = b5'La, so c5 Ly commutes with agLo. That is c§ lies in the center
of P?/Ls.

Taking cosets in , there are 91, ..., 9, € P? such that

2 _ | .
i = Uje{l,...,u}<L2’e>yJ (c3).

Now, in P?/Ls the element ¢} commutes with §; for all j € {1,...,u}. As a

consequence, .
P2 = l l L e Cn 1 e
4 j€{1,...,u}< 2, 2>y]

Finally, (Ls, e, c§) has finite index in P? and (Ls, e, c%)/Ls is abelian because c§ lies
in the center of P}/Lo.

Observe that in the argument we have just used that we are working with
a fundamental group of a graph of groups where the underlying graph is a tree.
Indeed, assume that G is such a group with free abelian vertex groups and infinite
cyclic edge groups (c1),. .., {ck). Suppose that N is a non-trivial normal subgroup
of G and that for each i € {2,...,k} there are n(i) € N, m(i) € Z such that

c?(i) =" p G/N.

By taking n to be n(2)n(3) ---n(k),
= CT(i) in G/N

for some m(i) € Z, i € {2,...,k}.

Hence, in G/N the element ¢ commutes with the elements of all the vertex
groups. Therefore, since G is an amalgamated free product (there are no stable
letters), cf' € Z(G/N) and the argument is identical to the above one.

The technicality that we have to overcome appears when GG has stable letters.

Suppose that G is the fundamental group of a graph of groups with free abelian
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vertex groups, infinite cyclic edge groups and stable letters. Let t be a stable letter
such that t~lejt = ¢y where {¢1) and (c2) are two infinite cyclic edge stabilisers.
We are under the condition that there are m € N, n € Z such that " = cj
in G/N. Therefore,
t it =" in G/N.

Then, in G/N, (t,c1) is isomorphic to a quotient of the Baumslag-Solitar group
BS(n,m), say BS(n,m)/K. The point of the proof will be to show that m = n,
and as a consequence, that ¢ commutes also with ¢ in G/N. For that, by using
the double coset decomposition we will deduce a decomposition of BS(n,m)
of the form )

BS(n,m) = UK(t,q)aj,

and specific properties of Baumslag-Solitar groups will give us that m = n.

As we have mentioned in the introduction of the chapter, if we worked with
general coherent RAAGs (not necessarily 2-dimensional), then the argument would
lead to a Z™-by-Z" group in for arbitrary m,n € N. Note that in the proof
it is a key property to have m = n = 1. Firstly, when passing from a double
coset decomposition to a single coset decomposition we have used that non-trivial
subgroups in Z have finite index. Secondly, when G has stable letters, we make use
of the fact that the edge groups have rank 1 to conclude that the problem reduces

to a quotient of a Baumslag-Solitar group.

Proof. For i € {1,2}, let T; be the Bass-Serre tree corresponding to a standard
splitting of G; and let K; = (c¢;) be the kernel of the action of G; on 7;. By
Lemma there is a finite index subgroup, say H;, in G; with center (¢;) and G;
has a relative WPD element.

By Lemma either L; < K; or L; acts minimally on T;. If L; < K; for
some ¢ € {1,2}, say Ly < Ko, then Sy = SN (G1 x Hz) has finite index in S and

there is a central short exact sequence

1 L2 S() >p1(50) — 1.

We now deal with the case when L; is not contained in K; for i € {1,2}. In

this case, we show that Ga/Ls is finite, virtually Z or virtually Z2. Since
GQ/LQ = S/(Ll X LQ) = Gl/Ll,

we then obtain that S/(L; x Lg) is finite, virtually Z or virtually Z2.
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Let us denote Th by T. Then Ly acts minimally on 7. By Proposition [5.4.5]
there is e € G5 such that (Lo, €) is finitely generated. This group contains Lo, so it
also acts minimally on 7. Furthermore, it is finitely generated, so by [4, Proposition
7.9] the graph T'/(Ls,e) is finite. Then for every cyclic edge stabiliser I'. we have
that

(L2, e)\G2/T|

is finite since it is bounded above by the number of edges in T'/(Lqa,e). Then, there

are z1,...,2m € Gg such that

Gy = Uje{l,...,m} (Lo, €)z;Te. (5.4)

Suppose that C' = (c) is a cyclic edge stabiliser and C' < A is a free abelian
vertex stabiliser.
Assume first that there is a € A < G2 such that ¢ # a” in Gy /Lo for all

n,n’ € Z. Since the set {z1, ..., 2z, } is finite, there are two different powers of a that
are in the same double coset, that is there exist n; # ng € N and jo € {1,...,m}
such that

a™ =laeMzjoc™  and " = ly/eM?zj, M2,

for some l2,l2/ S LQ, k‘l,ml, kz,mz € 7.
Equating zj, in the previous equations and using the fact that Lo is normal
in GG we deduce that there is [ € Ly such that

lekg—kl ng mi—ms

=a"%c a ",

Note that since by the standing assumption ¢ # a™ in Ga/Lo, then we have that
k1 # ko (and so without loss of generality we assume that ko > ki). Indeed,
otherwise a™~"2 would be equal to ¢™~™2 modulo Ls. Since a,c € A we deduce
that e®271 is congruent to an element of A, say a’, modulo L. If we define 2, to
be e®z; for s € {0,..., ks —k; — 1} and j € {1,...,m}, then we have that

G2 = U <L2,ek2_k1>zs,j<c> =
je{1,....,m},s€{0,....ka—k1—1}

U <L2,a'>zsvj<c>.

je{1,...,m},s€{0,....ka—k1—1}
The next goal is to obtain a decomposition of G as a disjoint union of single

cosets.
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The element c'z, ; lies in Gy for all t € Z, j € {1,...,m},s € {0,..., ks —
k1 —1}. Therefore, there are distinct natural numbers ¢, and ¢t and sg € {0,..., ka—
k1 — 1}, jo € {1,...,m} such that

/
Mzg i =1(a)* 25y jo¢™ and

to 7/, 1\S2 .M
Pz =1'(a")? 25 jo ™,

for some I[,1' € Lg, 51, m1, S92, mg € Z.
Equating the z,, j, and using the normality of Lo we deduce that there is
" € Ly such that

I —to( I1\S2—s1 .t1 _ m1—ms2
Ue™™(a')? 71 M g 5 = 25 4¢ :

Denote the element ¢72(a’)$27%1c!t € A by a” € A. Then the previous equation is
of the form

"o, . m1—m2
I"a"zs; = 25 jc ,

where I"” € Ly and a” € A. Again by the standing assumption we have that m; and
my are different and by taking further cosets as we did in the previous case, there
are f1,..., fr € Ga such that

G2 = Uje{l,...,r} <L2, a', a”>fj.

Summarising, the subgroup (Lo, d’,a”) has finite index in Gy and so LoA
has finite index in G2. Moreover, by the Second Isomorphism Theorem LyA/Lg is
isomorphic to A/(A N Lg), and since A is abelian, so is LyA/Ly. Therefore, under
the standing assumption we have that Ga/Ls is virtually free abelian.

We now deal with the case when for each vertex stabiliser A and each edge
stabiliser C' = (¢) < A, for each a € A there are n,m € Z such that

a*=c" in Gy/Ls. (5.5)

In particular, for any two edge stabilisers (c1) and (c2) there are wy, w2 € Z
such that ¢;"! = ¢3"2 modulo Ls.
Recall the double coset splitting of G,

Gy = Uje{l,...,mf}<L2’ e)z;le. (5.6)
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Suppose that I'. = (v.). Note that for each j € {1,...,m}

_ —1
<L27 e>Zj <’Y€> - <L27 6>Zj <'7€>Zj 1Zj = <L27 e) <'7€ZJ >Zj‘
Observe that <fyezﬂ'_1> is an edge stabiliser, so by assumption there are two numbers

nj,mj € Z such that
Zjil)nj :’Yemj in GQ/LQ.

We again take cosets as in the previous cases to get that

I Y A CICAT (5.7)

for some q1,...,qn € Ga.

Let us distinguish two cases. First, suppose that e is elliptic. Then e € A
for a vertex stabiliser A. Let (¢) be an edge stabiliser such that ¢ € A. We are now
in the same situation as in the previous case since e,c € A: Ly A has finite index in
G4 and so we have again that G3/Ls is virtually free abelian.

Finally, we need to deal with the case when e is hyperbolic. By |20}, Corollary
3.2] there is M a finite index subgroup of G such that M is an HNN extension with
stable letter e and amalgamated subgroup M N C, where C' is an edge stabiliser. If
c is a generator of C, then M NC = (c¢") for some r € NU {0}. Let us denote ¢"
by c1. Since M has finite index in G2, then M is finitely presented and admits a

presentation of the form
(bi,... by c1,e,c0 | Roe tere = ),

where R is a set of relations in the words {b;,..., b, c1,c2} and ¢ is a power of a

generator of another edge stabiliser. Then we are in the following situation:
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From the double coset representation (5.7)) applied to ¢; we have that

Go=U (T2 e (53)

The group Lo is a subgroup of M Ly and the elements e, c; belong to M < M L.
Then there are z1,..., 2 € M Lo such that

MLy = Uje{l,...,t}L2<e> (c1)zj.

Thus, there are z1,...,% € M such that
A4>::LJje{1P“¢}A4>ﬂ<L2<e>Qq>z;,

Assume that the elements Z7, ..., Z; belong to (e, c1)(M N Lg) and that Z;47, ..., %
do not belong to (e, c1)(M N Lg). Then we have the coset decomposition

e} (MM Ly) = M 0 Lo(e){er) . (5.9)

je{l,....s}

By the standing assumption (5.5) we have that e~cl'e = ¢} modulo Ly for
some m,n € Z. Therefore, the group (e, c1)(M N Lg)/(M N L) is isomorphic to the

quotient of the Baumslag-Solitar group
BS(m,n) = {(x,t |t '™t = ™).
That is, there is N a normal subgroup of BS(m,n) and an isomorphism
f:{e,c1)(M N Ly)/(MNLy) — BS(m,n)/N

with f(@M N Lg) =tN, f(ClM N LQ) =xN.
By the decompositions given in (5.6) and (5.9), respectively, there are ele-

ments ai,...,as,a1,...,as € BS(m,n) such that

N{(t)(z)a;.
(5.10)
If m is equal to n, then c|* commutes with e modulo Ls. Then, from the decompo-
sition given in we have that Ga/Ls is virtually free abelian. If m equals —n,
then ¢ commutes with e? modulo Ly. From the decomposition we get that

BS(m,n) = Uje{l’m’s}N<t>aj<a:> and BS(m,n)= U

je{lz"'vs}
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there are elements rq,...,r, € Go such that

| 2 my,.
Go = Uje{l,...,g}<L2’e ,er")ry,

so G/ Lo is virtually abelian.

Let us deal with the case when m is not equal to +n. In this case, our aim
is to show that there is ¢ € N such that 2?7 € N and using the isomorphism f we
deduce that ¢f € M N Ly < Ly. Notice that if ¢! € Ly for ¢ # 0, then it follows from
the decomposition that Ga/ Ly is virtually cyclic.

Note that we can further assume that ged(m,n) = 1. Otherwise, if gcd(m,n) =
d, then m = dm’ and n = dn’ for some m’,n’ € Z with ged(m/,n’) = 1 and
e (e e = (a?)" modulo Ly. Moreover, we may assume that either m,n > 0
orm < 0andn>0.

Considering the normal closure ((x)) in BS(m,n), let us prove that for each
g € {(x)) there is N = N(g) € N such that (zV)9 = zV. If g € ((x)), then

9= (902" g5 Ngz™gr ") . (gar™ g )
for some g; € BS(m,n), i € {0,...,n}. For each i € {0,...,n} let
T; = max {number of t’s in g;, number of ¢~ s in gi},
and let S = max {z; | i € {0,...,n}}. Then

S5\ 9 Sim|S
(xlml In| ) _ g ml¥In|%

We now consider two cases based on whether or not NV is contained in ((x)).

Suppose that N is not contained in ((x)), that is there is an element h in
N which is not in ((x)). Since BS(m,n) = {((z))(t), we can write h = gt* for
some g € ((x)) and k € Z\ {0}. By the previous paragraph, there is S such that
<$|m|s|"|s)g = zImI*I1¥ | Let us take M to be max{S, |k|}.

If m and n are greater than 0, then

h h
M, M M-k kM M, M M-k ko M |
(:L"m” ) =z™ """ if k>0, (:cm" ) =z " if k <O0.

So in BS(m,n)/N,

124



That is,

ngmM—k(mk_nk) c N or menM—k(nk_mk) c N

Since m is not equal to +n, then m* — n* # 0 and n* — m* # 0. Hence, there is
q € N such that % € N.
If m<0andn >0,

h

= (a7

|m|M~FpkpM h B

=(z7})

M, M M—k k M
(™7 nE ml¥ m|

it k>0, (2™ if k < 0.

Therefore, as in the previous case,

M M—k k_k M,  M—k(,k__ k
LMl MR (mlE k) o o mM MRk mlF)

Since m is not equal to £n, we again have that there is ¢ € N such that 7 € N.
Therefore, we are left to consider the case when N is a subgroup of ((x)).
Let us first show that ((z))/N is virtually cyclic. For that, we show that (N, z) has
finite index in ((x)). Let g € ((x)). By the decomposition there is an element
n € N, some m,k € Z and j € {1,...,s} such that g = ntmajxk. Observe that
n~lgz~" is an element of ((z)) and so t™a; also belongs to {(x)). The sum of the
powers of ¢ is 0 in every element of ((x)), and since a; is a fixed element, then m
also needs to be a fixed number, say k;. Therefore, from the above observation and

the decomposition ([5.10) we get that

() = Nyila),

where y; = t*ia; € ((z)). In conclusion, ((x))/N is virtually cyclic.
Let us denote ((z)) by H and its commutator subgroup by H’. Then we are

in the following situation:

|
N H
Since H/N is virtually cyclic, then H/N is either finite, or finite-by-(infinite
cyclic) or finite-by-(infinite dihedral) (see, for instance, [57, Lemma 11.4]). If H/N

is finite, then NV has finite index in H, so ¢ € N for some ¢ € N.
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If H/N is finite-by-(infinite cyclic), then there is an epimorphism f from H
to Z. Therefore, H' C ker f and f factors through the abelianisation of H, which is
Z[i] (see Lemma |5.5.7). Thus, we get an epimorphism

mn

p: L[—] = Z.
mn
Without loss of generality we may assume that mn > 1. Suppose that mn # 1.
Since ¢ is an epimorphism, there are a € Z, k € N such that @(m‘;)k = 1. But

= () = oo ) = o ()

and this is a contradiction because @(W) € Z and mn # 1 (the case mn =1

is covered in the case when m is equal to +n).
If H/N is finite-by-(infinite dihedral), again there is an epimorphism ¢ from
Z[#] to the abelianisation of the infinite dihedral group,

Cy x Cy ={(1,0),(0,1),(1,1),(0,0)}.

Since ¢ is an epimorphism,

ai

0= () w0 00 = ()

for some a1,as € Z, k1,ks € N. Suppose that mn # 1 and let us distinguish two
cases.

If k1 equals ko, then

1 1
a1¢<(mn)k1> = (1,0) and agqb(W) =(0,1),

which is not possible. If k; # ko (assume that ky > k2), then

0. =6 i) = a6 )

and for the same reason this is not possible.

We have just proved that G;/L; is either finite, virtually Z or virtually Z2.
If G;/L; is finite, since G; is finitely generated, so is L;.

If G;/L; is virtually Z, there is H; a finite index subgroup in G; such that
H;/L; 2 7Z. If we define Sy to be SN (H; x Hs), then Sy has finite index in S, Sy
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is normal in H; x Hy and (H; x H3)/Sp is virtually Z, so there is S; a finite index
subgroup of Sy and Hj, H) two finite index subgroups in G; and Ga, respectively,
such that

(H{ x H}) /S, =2 7.

Finally, we deal with the case when G;/L; is virtually Z2. Since the group
L; is a subgroup of G;, it acts on the Bass-Serre tree T; and so it inherits a graph of
groups decomposition. We claim that the intersection of L; with each edge group
is trivial and so the decomposition of L; is in fact a non-trivial free product decom-
position. Let us prove it for ¢+ = 2 being the case ¢ = 1 analogous. If I'; is a cyclic
edge stabiliser of T5 such that Lo NT'¢ # 1, then from we obtain that Ga/Lq is

virtually Z contradicting our assumption. O

The following lemma is a well-known fact on Baumslag-Solitar groups but

we add the proof here for completeness.

Lemma 5.5.7. Let BS(m,n) = (x,t | t~'a2™t = 2") such that ged(m,n) = 1
and denote the normal closure of x in BS(m,n) by ((x)). Then Hi({{x));Z) is

isomorphic to 7 [%] .

Proof. Let us denote ((x)) by L. If m € {1, =1} orn € {1, —1}, then L is free abelian
and isomorphic to Z [1] (see [39]). Thus, we may assume that m,n € Z\ {0, 1, —1}.
Let 2; = t~"at" for i € Z. Then z!%; = 27 and L has a decomposition as a

two-way infinite amalgamated free product:
TR ) (x—hxo | .7321 - $81> *(x0) <a:0,w1 ’ .’L'g = xT) *zp)

Let us show that H;(L;Z) is locally cyclic. A good reference for properties of locally
cyclic groups that we will use now is [55, Chapter 19].

For that we have to prove that every subgroup generated by two elements in
Hy(L;Z) is cyclic. Since ged(m,n) = 1, there are aj, b; € Z such that ajn+bym = 1.
Let us define p; to be the element

EiFimapl=ita (b (L
H xli] 2 (z)(])
0<i,5<l

(mn)*

For k € N, z, = pkm% and z_j = pk"% and p; ;" = pi. From here follows that
every 2-generated subgroup is cyclic.
In locally cyclic groups either every element is of finite order (periodic) or

no element other than the identity is (aperiodic). In the group Hi(L;Z) the ele-
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ment rg = x has infinite order. Indeed, from the presentation of L we obtain a
presentation of Hy(L;Z) given as follows. It is the quotient of the free abelian group
generated by the elements x; by the relations {x;’}rlm;”} If g has finite order in
Hy(L;Z), then there is k € N such that

k_ 1—1/,..m —n\€1 —1/..m —n\€eg —1/.m —n\€
Ty = hy ($i1+1$i1 ) hihy ($i2+1~’fi2 ) ha---hy ($il+11‘¢l ) ha,

for some element h; of the free abelian group generated by the elements z; and
€; € {1,—1}. Summing the powers of the z¢’s (taking into account the sign) we get
that £ = mq or k = nq for some g € Z.

Suppose that & = mq and that & is the minimum element in N such that
ok = 1in Hy(L;Z). The other case is symmetric. Then 2™ € [L, L], so (z™9)! is
also an element in [L,L]. That is, 2™ € [L,L]. Since ged(n,m) = 1, then there
are a,b € Z such that 1 = ma + nb. The elements x4 and 2" lie in [L, L], so
x4 € [L, L] and this is a contradiction because k was the minimum.

As a consequence, H;(L;Z) is isomorphic to a subgroup of (Q,+) where the
isomorphism

pt Hi(L;Z) — o(Hy(L;2)) € Q

sends

olay) = <Z‘)k for k € NU {0},

k
olr_g) = <n> for k e N.
m

Let us show that o(H;(L;Z)) = Z[-L-]. The inclusion p(H(L;Z)) C Z[-L] is
obvious from the definition of ¢. For the other inclusion, since ged(m,n) = 1, then
for each k € N we have that gcd(mF,nF) = 1. Thus, for each k& € N there are
ap,br € Z such that

1 = agm” + bpn”.

As a result,
1 ak b 1 m\" 1 n\"*
=—+—, —=b — — = bl — ) .
(mn)k nF Tk o k+ak(n> gk T TR

In conclusion,
! 2aby + af | = k+z)2 n\*
=2a ap| — —
(mn)k RIR TSR FM\m)

SO GamyE € e(H(L; Z)). O

1
mn
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5.6 Algorithmic problems

In this section we study algorithmic problems for finitely presented subgroups of the
direct product of two 2-dimensional coherent RAAGs. Our approach follows closely
the one in |28 Section 7]. We focus on the multiple conjugacy problem and the
membership problem.

The multiple conjugacy problem has been mentioned in Chapter [2| but let us
recall it. The multiple conjugacy problem for a finitely generated group G (given by
a finite generating set) asks if there is an algorithm that, given a natural number
[ and two [-tuples of elements in the generators of G, say = = (x1,...,2;) and
y = (y1,...,y), can determine if there exists ¢ € G such that g~'z;g = y; in G for
ie{l,...,1}.

If G is a finitely generated group (given by a finite generating set) and H is
a finitely generated subgroup of G (given by a finite set of words in the generators
of G), the membership problem asks if there is an algorithm that decides whether
or not a given element g in G as a word in the generators belongs to H.

Suppose that A; and Ay are two 2-dimensional coherent RAAGs given by a
standard splitting and let S be a finitely presented subgroup of 4; x As (given by
a finite presentation as words in the generators of A; x As).

The group G; = p;(S) is a finitely generated subgroup of A; and from [60,
Corollary 1.3] one can effectively describe the induced standard splitting and the
presentation of G;. If all the elements of G; are elliptic, since G is finitely generated,
then Gj is a subgroup of a conjugate of a vertex group. In particular, it is a free
abelian group. Otherwise, if G; contains a hyperbolic element, then there is T}
a minimal Gj-invariant subtree of T;. In this case, either G; acts faithfully on 7}
or the intersection of the edge groups of G; is non-trivial. Note that the second
scenario just happens if and only if G; is a subgroup of Z x F5, and in this case we
can compute a finite presentation of Z and F». To sum up, we can algorithmically

decide under which of the following situations we are:
(1) G1 x Go =Z" for some n € {1,2,3,4}.
(2) G1 x G2 < (Z x F3) x (Z x F3).
(3) G1 x G2 < (Z x F») x G and Gy acts faithfully on T%.
(4) G1 and G act faithfully on 7] and T3, respectively.

The decidability of the multiple conjugacy problem and the membership
problem for finitely presented subgroups of S in the first two cases are covered in

[28]. Hence, from now on we just focus on cases (3) and (4).

129



We first show a couple of results that will be helpful to prove the decidability

of the multiple conjugacy and the membership problems.

Lemma 5.6.1. Let Hy and Hy be coherent RAAGs (given by two finite presenta-
tions) and let m: Hy x Hy — Hj be the natural projection homomorphism. Suppose
that S is a finitely presented subgroup of H1 X Ho given by a finite generating set X
(the elements of X are tuples of words in the generators of H1 and Hs). Then it is

algorithmically decidable whether mg is an isomorphism or not.

Proof. [60, Corollary 1.3] gives us a finite presentation for 7w(S). By using Tietze
transformations we may assume that the presentation is (z1,...,xs | r1,...,7¢)
where X = {x1,...,2s} and the normal subgroup generated by the r; is the kernel
of the surjection x — m(z) from the free group on X to 7(S). Then 7y is an
isomorphism if and only if r; = 1 in S, and these equalities can be tested using the

solution to the word problem for Hy x Hs. ]

Lemma 5.6.2. There is an algorithm that, given two finite presentations for F,,
and Gy (where Gy is a 2-dimensional coherent RAAG and F,, is the free group of
rank m) and a finitely presented subdirect product S < F,, x Gy given by a finite
generating set'Y (the elements of Y are tuples of words in the generators of F,, and
G2), will output a finite presentation (Y | R) for S.

Proof. The proof is a consequence of the proof of [28, Theorem 3.7]. For convenience
of the reader, we sketch it here.

By [28, Theorem 2.2, Remark 2.3] it is sufficient to find presentations for
(1) G = F,
(2) G,
(3) Q@ =G9/Ly where Ly = Gy N S,
(4) explicit epimorphisms F;,, — Ga/Ly and Gy — G2/Lo, and
(5) a finite set of generators for 7y of the presentation for @ as ZQ-module.

By using Tietze transformations we may take p;(Y) to be the generating set of Gj,
i € {1,2}. Thus, we express G; as a quotient of the free group on Y. Suppose that
(Y |r(Y),...,rm(Y)) is a finite presentation for G;.

Let us obtain a finite presentation of . The images in G2 of the words r;(Y")
normally generate Lo. Then by adding these words as relations to the presentation

of G2 we get a presentation of Q).
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The epimorphism G; — @ is induced by the identity map on Y and G2 — @
is the natural quotient map.

Finally, we need a finite set of mo-generators for the presentation for () as a
7Z.Q-module. We first search for a finite index free abelian normal subgroup @’ of Q
and an isomorphism @’ — P, where P is a free abelian group given by a presentation
P (also, P is either trivial, Z or Z?). If X is the K(P,1)-complex obtained from
the presentation of P, then ma(X (2)) is trivial. We replace our presentation for
() by a new presentation Q that contains P as a sub-presentation. Let K be the
presentation complex associated to Q, K the regular cover corresponding to the
subgroup P = Q' and let Z be the preimage of X(? C K in K. Then Z consists of

one copy of X?) at each vertex of K. There is then an exact homotopy sequence

= ZQ R mo(X D) = ma(K) — mo(K, Z) — 0.

Thus, mo(K) = m(K) = m(K,Z) = Hy(K/Z), and the last isomorphism holds
because K /Z is simply-connected. Hence, my(K) is generated as a ZQ-module by
any finite set C' that maps onto a generating set for Hy(K /Z) and it can be found

by a naive search over finite sets of identity sequences over Q). O

5.6.1 Multiple conjugacy problem in case (3)

In case (3) we view S as a subgroup of Z x Fy x G3. Moreover, we may assume that
the projection homomorphism S — G is surjective. Let us define L1, Lo and L3 to
be SNZ, SN Fy and S N Go, respectively.

Lemma 5.6.3. If L; is as above fori € {1,2,3}, then we can algorithmically decide

whether L; is trivial or not.

Proof. The group L is trivial if and only if S = 71 (S), where
m: L X Fy x Gg — Iy X Go,
the group Ly is trivial if and only if S = m5(S), where
wo: Z X Fy X Gg — Z x G,
and the group Lg is trivial if and only if S = 73(.S), where
w3 X Fy x Go = Z x Gs.
These three conditions may be checked by Lemma and Lemma [5.6.2 O
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Suppose that Lg or Lg is trivial, say Lg. Then S is isomorphic to ma(S)
which is a subgroup of Z x G3. In particular, the multiple conjugacy problem is
decidable in 72(S) because it is a subgroup of a coherent RAAG. Thus, the multiple
conjugacy problem is decidable for S.

Now assume that Lo and Lg are non-trivial. If Lq is trivial, then S is iso-
morphic to m(S) < Fy» x Gy. The subgroup m1(S) is a full subdirect product of
F,, x G. The groups F,, and Gy are CAT(0) (see [35, Corollary 9.5]) and have
unique roots (see, for instance, [80, Lemma 6.3]). By Theorem the quotient
(Fi X Ga)/(L1 x Lg) is virtually abelian, so there is G a finite index subgroup in
F,, x G such that Ly x Ly < G and G /(L x Ls) is abelian. The group G is CAT(0)
for being a finite index subgroup of a CAT(0) group and so it is bicombable. Then,
since Ly X Ly < m(S) NG < G and (m(S) N G)/(L1 x Lg2) is abelian, it follows
from Proposition that G N 71(S) has decidable multiple conjugacy problem.
The group 71(S) has unique roots and G N7 (S) has finite index in 71 (.5), so from
Lemma we conclude that m1(S) has decidable multiple conjugacy problem.

If L is non-trivial, then ZN S has finite index in Z, so there is Sop = (ZN.S) x
(SN (Fy x G2)) a finite index subgroup of S. In particular, S; = SN (F2 x Ga) <
F» x G9 is finitely presented, so again by Theorem So has a finite index
subgroup S|, of the form (M; x Ma)-by-(free abelian). By the exact same argument
S( has decidable multiple conjugacy problem, so again using Lemma S has

decidable multiple conjugacy problem.

5.6.2 Membership problem in case (3)

Suppose that S is a finitely presented subgroup of Z x Fy x As (given by a finite
presentation) and let H be a finitely presented subgroup of S (given by a finite
generating set of words in the generators of S). A solution to the membership
problem for H C Z x Fy x As provides a solution for H C S. Let g be an element
in Z x Fy x As given as words in the generators of the factors, and thus we write
9 =(91,92,93). Again let us define L1, Ly and L3 to be HNZ, HN Fy and H N Ay,
respectively.

By Lemma [5.6.3] we can algorithmically decide whether L; = 1 or not for
i € {1,2,3}. Suppose that Lo or L3 is trivial, say Lo = 1. Then H = mo(H). The
group mo(H) is a finitely presented subgroup of a coherent RAAG. In particular, the
membership problem is decidable for mo(H), so we have an algorithm that determines
if (g1,93) € mo(H). If it does not, then g ¢ H. If it does, then enumerating equalities
g 1
we are using the decidability of the word problem in Z x Aj). Since Ly = 1, then

w =1 we find a word w in the generators of H so that g~ w projects to 1 (here
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g € H if and only if g~!

w = 1 in H and this equality can be checked using the
solution to the word problem in Z x Fy x As.

If L1 =1, by the same argument the problem restricts to the decidability of
the membership problem of w1 (H) in Fy x As. We discuss this in Section If
Ly, Ls and L3 are non-trivial, the argument is also analogous to the one in Section

b.6.4

5.6.3 Multiple conjugacy problem in case (4)

In this case S < G1 x G5 is a finitely presented subdirect product and G and G9 act
faithfully on 77 and T3, respectively. Applying Lemma we can algorithmically
decide whether S N G; is trivial or not for ¢ € {1,2}. If SN G; is trivial for some
i, say @ = 1, then S is isomorphic to a finitely presented subgroup of Gs, so the
multiple conjugacy problem is decidable.

If SN G1 and S N G4y are non-trivial, Theorem implies that the group
(G1 x G3) /(L1 x Lg) is virtually abelian. Thus, there is G a finite index subgroup in
G1 x Gg such that L1 x Ly < G < G1 x G2 and G/(Ly x L9) is abelian. The groups
G1 and G3 are CAT(0), so G is also CAT(0). Moreover, L; X Ly < GNS < G and
(GNS)/(Ly x Lg) is abelian. By Proposition G N S has decidable multiple
conjugacy problem, so S has decidable multiple conjugacy problem (see Lemma
2.9.4).

5.6.4 Membership problem in case (4)

Suppose that S is a finitely presented subgroup of A; x As (given by a finite presen-
tation) and let H be a finitely presented subgroup of S (given by a finite generating
set of words in the generators of S). The problem restricts to the decidability of the
membership problem for H < A; X Ay. Let g be an element in A; x As given as
words in the generators of the factors, thus we write g = (g1, g2). Let us define L
and Ly to be Ay N H and Ay N H, respectively. The group L; is trivial if and only
if H=n;j(H) for j # i€ {1,2}. This can be decided by Lemma [5.6.1

Suppose that L1 =1 or Ly = 1, say L1 = 1. The membership problem for
H in this case is decidable. Indeed, then H = mo(H). The group me(H) is a finitely
presented subgroup of a coherent RAAG. In particular, the membership problem is
decidable for my(H), so we have an algorithm that determines if go € ma(H). If it

1

does not, then g ¢ H. If it does, then enumerating equalities g~ 'w = 1 we find a

1

word w in the generators of H so that ¢~ w projects to 1 (here we are using the

decidability of the word problem in Ag). Since L; = 1, then g € H if and only

133



Lw =1 in H and this equality can be checked using the solution to the word

if g~
problem in A; X As.

Now suppose that L; and Lo are non-trivial. We can determine algorithmi-
cally if g; € H; = m;(H). If g; ¢ H;, then g ¢ H. Otherwise, we replace A; x As
by Hi x Hs. By Theorem the quotient group Q = (H; x Hy)/(L1 X Lg) is
virtually free abelian.

Let ¢: Hy x Hy — @ be the quotient map. Virtually free abelian groups
are subgroup separable, so if ¢(g) ¢ ¢(H), then there is a finite quotient of @ that
separates g from H. But since L = ker¢ C H, then ¢(g) € ¢(H) if and only if
g€ H. If (g9) ¢ ¢(H), then an enumeration of finite quotients of Hy x Ha provides
an effective procedure. We run this procedure in paralel with an enumeration of

¢ 'w for words w in the generators of H that will terminate if g € H.

5.7 Finitely presented subgroups are of type I,

We apply the subgroup structure Theorem and the results about Y-invariants
for direct products and fundamental groups of graphs of groups summarised in
Section [T.4.2] to prove that finitely presented subgroups of the direct product of two
finitely generated groups in A are of type Fi. In fact, we prove the same result for
a wider class of groups.

Let D be the class of finitely generated fundamental groups of graphs of
groups with free abelian vertex groups and cyclic edge groups. Moreover, we ask
the groups not to be ascending HNN extensions. Let J be the Zx-closure of D.

Recall that by Remark we may assume that if G € G is finitely gener-
ated, then G is a non-trivial free product or if G is freely indecomposable, then there
is a vertex group of GG that has rank greater than 1. Thus, the class G is contained
in D.

Proposition 5.7.1. Let G € J. Then X1(G) = 3®°(G).

Proof. Since in general ¥°(G) C L1(G), we have to show that L1(G) C Z°(G).
Let [x] € Z4G).

We use induction on the level of G. Suppose that G € Jy. That is G lies in
D. Then, the restriction of x to any edge group is non-zero (see Theorem , SO
in particular, the restriction of x to every vertex group is non-zero. Since for every

finitely generated free abelian group A we have that S(A) = ¥*°(A), by Theorem
and Theorem we get that [y] € ¥°°(G, Z) and [x] € X%(G). Finally, as

Y2>G) = 23HG) N E¥(G, Z),
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we deduce that [x] € ¥°(G).
Suppose now that G has level £ > 1 and that the result holds for groups in
Jk—1. Then
G=7Z"x (G1*--*Gy),

where each G; has level at most & — 1.

If m = 0 we get that n = 1 (see Theorem , so the result follows from
the inductive hypothesis. If m > 1, assume first that there is ¢ € Z™ such that
x(c) # 0. Then [x] € £°°(G) (see Lemma [1.4.2). Let us deal with the case when
X|zm = 0. We set p to be the restriction of x to Gq * - -+ x Gy,. Since [x] € X1(Q),
then [u] € XY(Gy * --- * Gy,). Again, by Theorem n =1 and [p] € X®°(Gy).
But since x|zm = 0 this is equivalent to [x] € £*°(G). O

Proposition 5.7.2. Let S be a finitely presented co-abelian subgroup of H1 X Ho
with Hi, Hy € J. Then S is of type Fi.

Proof. Let x = (x1,x2): H = H; x Hy — R be a character such that x(S) = 0.
Since S is finitely presented, then [x] € X2(H) (Theorem [1.4.1). We aim to show
that [x] € £°°(H) so that S is of type Fi, by Theorem [1.4.1]

(1) Suppose first that x1 # 0 and x2 # 0. If [x1] € X1 (H;) and [x2] ¢ S!(Hz), then
[x] ¢ X2(H) (Theorem , which is a contradiction. Hence, for at least one i we
have that [y;] € X1(H;) = X°°(H;). Thus, by Theoremm, [x] € ¥"(H) for every
n, that is [x] € X*°(H).

(2) Suppose that x1 or x2 is the zero character. Without loss of generality, assume
that x; = 0. Then [x] € ¥"(H) <= [x2] € ¥"(H2) (see Lemmal|l.4.7). Since [x] €
Y2(H) we have that [ys] € X2(Hy) C X1 (Hs) = X°°(H3). Hence, [x] € °(H). O

Finally, we prove our result.

Theorem 5.7.3. Let S be a finitely presented subgroup of G1 x Go where G1,Go € A
are finitely generated. Then S is of type Fio.

Proof. There are two cases to consider by Theorem In the first case, there is
So a finite index subgroup of S and a central extension 1 — Z™ — Sy — H — 1 for
some n € N and H € G finitely generated. Since Z" and H are of type F, then Sy
is of type Foy. The group Sy has finite index in .S, so S' is of type Fio.

In the second case, there is Sy a finite index subgroup in S (in particular, Sy
is finitely presented) such that Sy is the kernel of a homomorphism H; x Hy — Z™
for some n € {1,2} and some finitely generated H; € A. By Proposition S is
of type Fi. Thus, S is of type F. O
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Chapter 6

Subgroups of direct products of
finitely many fundamental
groups of graphs of groups with

free abelian vertex groups

6.1 Introduction and outline

In this last chapter we study subgroups of direct products of arbitrarily many 2-
dimensional coherent RAAGs.

Recall that after Baumslag and Roseblade’s result for finitely presented sub-
groups of the direct product of two free groups, Bridson, Howie, Miller and Short
conducted the general study of subgroups of direct products of arbitrarily many free
groups (and, more generally, of limit groups).

In Chapter [5| we generalised Baumslag and Roseblade’s result by describ-
ing the structure of finitely presented subgroups of the direct product of two 2-
dimensional coherent RAAGs. In this chapter we start the study for finitely pre-
sented subgroups of the direct product of finitely many 2-dimensional coherent
RAAGs. The path taken so far is to follow the steps in [27] that we also used in
Chapter [2 to characterise finitely presented residually Droms RAAGs. One of the
key properties we used of finitely presented full subdirect products of limit groups
over Droms RAAGs is the fact that they virtually contain a term of the lower central
series, that is they are a nilpotent extension of a direct product of limit groups over
Droms RAAGs (see Theorem [2.6.4)).

In the case of 2-dimensional coherent RAAGs we prove that such subdirect
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products are a polycyclic extension of a direct product. In fact, our result applies to
a wider class G’. Remember that the class G defined in Chapteris the class of cyclic
subgroup separable fundamental groups of graphs of groups with free abelian vertex
groups and cyclic edge groups and such a splitting is called a standard splitting of
G. Nevertheless, we have seen in Chapter [5] that this class also contains groups that
do not have a faithful action on its Bass-Serre tree.

In this chapter we do not deal with this case, so we define a subclass G’ of
G. If G is a group in G, then G lies in G’ if G has a standard splitting such that the
action on the associated Bass-Serre tree is faithful. A short remark to make here is
that the general case where we would consider finitely presented subgroups of the
direct product of finitely generated groups in A (see Definition follows from
this particular case where we consider finitely presented full subdirect products of
finitely generated groups in G’. For the general case one should also consider cyclic
subgroup separable fundamental groups of graphs of groups with finitely generated
abelian vertex groups and finite cyclic edge groups, since these are precisely the
splittings that we get when we quotient a group in G by the kernel of its action
on the Bass-Serre tree. These groups are, however, just virtually cyclic subgroup
separable free products.

The arguments restricted to the class G’ developed in this chapter are already

quite technical, where the theory of spectral sequences and homology of groups are
involved. Therefore, we have decided to stick to this case. The main result of this
chapter is the following.
Theorem[6.4.15. Let Gy, ..., Gy, be finitely generated groups in G’ and suppose that
S is a finitely presented full subdirect product of G; x --- x G,,. If L; is S N G;
for i € {1,...,n}, then G;/L; is virtually (finitely generated nilpotent)-by-(finitely
generated free abelian).

Although we do not yet get a complete characterisation of finitely presented
full subdirect products, we do get the following necessary condition:

Corollary [6.4.8 Let G1,...,G,, be finitely generated groups in G’ and let S be a
finitely presented full subdirect product of Gy x --- x Gj,. Then p; ;(S) is virtually
the kernel of H; x H; — Z™i for some n; ; € NU{0} and Hj, <y; Gy.

6.2 Subgroups of direct products of limit groups

The aim of this section is to summarise the steps taken in [27] (or Chapter [2) to
study subgroups of direct products of limit groups over free groups (or over Droms
RAAGS).
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Let G1,...,G, be groups and let S be a finitely presented full subdirect
product of G X - - - X G,. Following the spirit of Chapter 2] we denote the projection
map S — G; x G by p; j, its kernel by K; and N; ; is the group p;(K;). For each
i €{l,...,n} if G; =T is a limit group over a Droms RAAG such that I'; has
trivial center, then by Proposition N; ; has finite index in I';. Thus, the group
N;, which is

NijN---NNj_1; N Nji1;0 -0 Ny j,

has finite index in I';, and it follows from Lemma that N;/L; is nilpotent. In
addition, since Nj; x N; j < p; ;(S) < I'; xTI';, then p; ;(.S) has finite index in I'; x I';.
Another key property we used has to do with finiteness properties of kernels

of epimorphisms I'y x --- x I';, — Z. Recall Theorem [2.7.1

Theorem. Let I'y,...,I'y, be limit groups over Droms RAAGSs such that T'; has
trivial center, and let N be the kernel of an epimorphism I'y x --- x I';, = Z. Then
there is a subgroup of finite index No C N such that at least one of the homology
groups Hy(No; Q) has infinite dimension.

These two results were the main ingredients needed to conclude that if S
is a subgroup of the direct product of n limit groups over Droms RAAGs of type
wFP,(Q), then the nilpotent part actually needs to be finite and so the subgroup

is virtually a direct product of limit groups over Droms RAAGs.

6.3 Counterexamples in tree groups

In Section we showed that if f is the homomorphism P} x P? — Z defined by

fla)=f)=f(d) =1, f()=0, fla')=f¥)=f()=Ffd)=1

and if S is the kernel of that homomorphism, then S is finitely presented. Observe
that S is a full subdirect product of P41 X P42 and that No1 = L1 and Nig = Ls.
Thus,

P}/Noq = P}/N12 27,

so IN;j is of infinite index in PZ . Moreover, S is of type wFP5(Q), so for each
So <fi S, Hi(Sp; Q) is finite dimensional for 0 < ¢ < 2. In conclusion, neither of
the properties discussed in the previous section holds for all 2-dimensional coherent
RAAGs.
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6.4 Alternative properties in G’

In this section we study the class G’ and we see how the previous two properties
may be modified in this case. Let us start with the second property, since it requires

less work.

Theorem 6.4.1. Let G1,...,Gy be finitely generated groups in the class G and let
¢ be an epimorphism G1 X --- X G, — Z"L. Then ker ¢ is not of type FP,.

Proof. For i € {1,...,n} let (b;) be a cyclic edge group of a standard splitting of
G;. Then there is x € Hom(Z"*',Z) such that (x o ¢)(b;) = 0 for alli € {1,...,n}.
In addition, ¢ is an epimorphism, so we can ensure that y o ¢ # 0.

If ker ¢ were of type F'P,,, then ker(x o ¢) would also be of type F'P, as it is

a finitely generated abelian extension of ker ¢. By Theorem [1.4.1
[xod] € X"(Gy x -+ x Gp;Z)

and it follows from Theorem that [(x o ¢);] € ¥1(G;) for some i € {1,...,n}.
However, this contradicts Theorem since (y o ¢); is trivial in an edge group of
G;. O

There is an alternative proof for the case of tree groups that uses the theory
of Y-invariants for RAAGs:

Theorem 6.4.2. Let GX1,...,GX,, be tree groups such that GX; is not a free
abelian group of rank two and let ¢ be an epimorphism GX1 x -+ x GX,, — Z"+1,
Then ker ¢ is not of type F'P,.

Proof. Let X, be the flag complex associated to GX;, i € {1,...,n} and let us define
X to be )?1 Kk )?n so that X is the flag complex associated to GX1 X -+ - X GX,,.
By Corollary it suffices to show that X is not n — (n — 1)-acyclic. Let
(b;) be an edge group in a standard splitting of GX;. It suffices to show that the
flag complex X — {by, ..., by} is not (n — 1)-acyclic.
Note that X — {b1,...,bp} is Y1 %--- %Y, where Y; is X; — {b;}. Let us prove
by induction on n that

—_~—

Hn—l(yl X ooee X Yn,Z) 7& 0.

If n equals 1, then E)(Yl; 7) = 7! for some [ > 1. Now suppose that n > 2 and that

Hy(Yi % %Y Z) #£0 for k<n-—1.
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By Lemma [T.4.11] we have that

P —_—

Hpy o(Y1 %% Yy 1;2) @z Ho(Yn; Z) C Hy (Y1 % -+ % Y3 Z).

Since E)(Yn; 7) = 7!, then f—[;;(Yl x kY, 1;7) ®y, E)(Yn; Z) contains

—_~—

Hn—Q(Yl * ook Y g Z):

and this group is non-trivial by inductive hypothesis. In particular, the group

H,_1(Y1%---xY,;Z) is also non-trivial. Hence, X is not n— (n—1)-acyclic, so ker ¢
is not of type F'P,. O

Recall from Section [6.2| that for limit groups over Droms RAAGs with trivial
center, N; has finite index in I'; and N;/L; is a finitely generated nilpotent group.
For finitely generated groups in G’ we prove that G;/Nj is virtually free abelian and

that N;/L; is finitely generated nilpotent.
Lemma 6.4.3. Let S be a finitely presented full subdirect product of G1 X --- X Gy,

where each G; is either a finitely generated residually finite free product or G; is a
finitely generated group in G'. In the former case, the kernel of the projection map
S — G;, K;, is finitely generated. In the latter case, for each cyclic edge group (b;)
in a standard splitting of G;, there is n; € NU{0} and a lift W € S of b such that
<K,,W) is finitely generated.

Proof. For i € {1,...,n} there is a short exact sequence

1 > Ki ) Gz 1.

The argument is the same as in Theorem and Proposition For the sake of
completeness, we sketch them here. Suppose that G; is a finitely generated residually
finite free product. By hypothesis there is a non-trivial element ¢ in S N G;. By
[20, Theorem 3.1] there is a finite index subgroup M in G; which is a free product
of the form B x (t). Since G; is finitely generated, so is M. Let {¢,s1,...,s,}
be a generating set for M. For j € {1,...,n} let us pick s; € p;l(sj) and let
M' = p; 1 (M). Hence, M’ is of finite index in S and

M' = (K, t,81,...,8, |t 'bt = b,5;7'bs; = ¢;(b),5 € {1,...,n},Vb € K;),

where ¢; is the automorphism of K; induced by conjugation by sj.
The group M’ is finitely generated and assume that it is generated by ele-

ments ai,...,a; in K; together with the elements ¢, §1,...,5,. Let D be the group
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(a1, ...,ak,81,...,8,). Then we get that
M = (D,t |t ‘bt = b,Vb € K;).

In conclusion, it follows from [79, Lemma 2] that K; is finitely generated.

Now suppose that G; is a finitely generated group in G’. Then SNG; contains
a hyperbolic isometry, say ¢t € SN G;. It follows from [20, Theorem 3.1] that there
is a finite index subgroup M in G; which is an HNN extension with stable letter ¢
and associated cyclic subgroup (b;*). Then there is M’ a finite index subgroup in S

of the form
M = (K, 51,. .., 8n,t |t 51t = 59,670t = b, Vb € K;, R'),

where R’ is a set of relations in the elements K; U{31,...,8,} and § is a lift of b".

Since M’ is finitely generated, there are ay,...,a; in K; such that
M ={a1,...,a5,81,...,80,t |t 181t =5, t7 0t = b, Vb € K;, R').
Let D be the subgroup (ay,...,ak, 51,...,5,). Hence,
M' = (D,t |t 51t = 4y, bt = b,Vb € K;),

so it follows from [79, Lemma 2] that (Kj;, §1) is finitely generated. O

Remark 6.4.4. Suppose that K; is not finitely generated. By the previous lemma

(K, (27, -y, b0 g, - @)
is finitely generated for some n; € NU {0} and (z},...,2! |, b?i,xéﬂ, coab) € S.
In particular, (J:Zl, . 755;:—1: b, :cf_H, e xﬁl)k is not an element in K; for any k € N.

Note that there is a short exact sequence

1— K; — (K;, (xi,...,xé_l,b?",xﬁ_i_l,...,x%)) —
— ((:c’ij...,x%_l,b?i,:ﬁ_’_l,...,x%)) — 1.

The associated Lyndon-Hochschild-Serre spectral sequence is a 2-column spectral se-

quence, so E* coincides with E2. Since H; ((K;, (z%,..., 2! |, b?i,x§+1, s xh))Q)

is finite dimensional, then
Eg,ol = Eg,l = H0(<(‘T7ia s 7562—17 ?i7$§+1, s 7x:1)>7 Hl(K17 Q))
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is also finite dimensional.

Remark 6.4.5. The group (K, (z%,... ,xé_l,b?i,x%l, ...,x%)) is finitely generated

for some n; € NU {0}, so for j # i, (N, x;) is finitely generated as it is the image
by the homomorphism p;.

Lemma 6.4.6. Let G be a finitely generated group in G' and let N be a normal
subgroup in G such that G/N is virtually Z. Suppose that for any edge group (b) in
a standard splitting of G, N N (b) = 1. Then N is finitely generated.

Proof. Let T be the Bass-Serre tree corresponding to the splitting of G. Since N is
a subgroup of G, it also acts on T'. If we check that T/ N is finite, then N is finitely
generated because the vertex groups are finitely generated free abelian.

For that, it suffices to show that the number of edges in T'/N is finite. That

is, it is enough to show that

D IN\G/(b)] < oo,

where the sum is taken over the edge groups in the splitting of G.
For any edge group (b) in the splitting of G, as N is normal in G we have
that
IN\G/(b)| = |G/N(b)].

Note that N (b) has finite index in G because by assumption G/N is virtually Z and
NN =1 O

Let us show that G;/Nj is virtually free abelian.

Lemma 6.4.7. Let S be a finitely presented full subdirect product of G1 X --- X Gy,
where each G; is either a finitely generated residually finite free product or G; is a
finitely generated group in G'. Then, for i # j € {1,...,n}, if (b) is a cyclic edge
group of G; (we take b = 1 if the edge group is trivial), then G;j/N;; is virtually
(0™ Ny j, i ;N; j) with [b"3, ;5] € Nj; (here we are also considering the cases

where n; j =0 or x; j =1).

Proof. The proof is the same as in the case n = 2 and this is done in Theorem
5.5.6l O

Corollary 6.4.8. Let G1,...,G, be finitely generated groups in G’ and let S be a
finitely presented full subdirect product of G X --- x Gy. Then p; j(S) is virtually a
kernel of H; x H; — 7" for some n;; € NU{0} and Hy, <y; Gy.
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Proof. For j #i € {1,...,n}, N;; x N; ; is a subgroup of p; ;(S). By Lemma
there are two groups H; <y G; and H; <y; G; such that (H; x H;)/(Nj; x Nj ;) is
free abelian. Therefore, there is a finite index subgroup of p; ;(S), Kj; ;, such that
(H; x Hj)/K; j is free abelian of finite rank. O

Remark 6.4.9. From the proof of Lemmal6.4.7|we get that for each i # j € {1,...,n}
there is H%/ a finite index subgroup in G; such that N; ; < (N ;, x§> < H% and we

have the following options:
(1) N;; is finitely generated; or

(2) (Niyj,xp has finite index in H%*/ and <Ni7j,m§->/Ni,j = Z; or

(3) (Nij,ah) is a free group, H" /N; ; = 7* and H" /(N j,x}) = L.

Lemma 6.4.10. Let S be a finitely presented full subdirect product of G1 x - -+ x Gy,
where each G; is either a finitely generated residually finite free product or G; is a
finitely generated group in G'. Then, fori € {1,...,n} and 1 < j; < --- < js < n,
Gi/(Nj,iN---N Ny, ;) is virtually free abelian.

Proof. Let us prove it by induction on s. If s equals 1, then by Lemma Gi/
Nj, ; is virtually free abelian.

Now suppose that s > 2. For each k € {1,...,s}, by Lemma Gi/Nj.i
is virtually free abelian, so there is Hj, a finite index subgroup in G; such that
Hj, /Nj, i is free abelian. In order to make notation easier let us denote Nj, ; by

Nj, and assume that
ij/Njk = (bnjkNjkvxjkNj >

with [0k, z;,] € Nj,. Note that there is a short exact sequence
1— (Nj NHy,N--- N Hy,)/(Njy N Nj 0=+ N NG,) = (6.1)
— (Hj N Hy, 0=+ N Hy,)/(Njy N Nj 0=+ N Nj,) —
— (Hj O Hj, 0N Hj ) /(Njy 0 Hjy O 0 Hj) — 1

The group (H;, N Hj, N---NHj,)/(Nj, N Hj, N---N Hj,) is a finite index
subgroup of Hj, /Nj,. Since Hj, N Hj, N---N Hj, has finite index in Hj,, then there
is m;, € N such that

(b"91 )M €H;N---NH;, and a:;?jl €eH;Nn---NH;

s*
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Therefore, there is H a finite index subgroup in H;, N ---N H;, such that
N,NH;,N---NH;,<H and
H/(Nj, "Hj,N---NHj,) = (b"n™in g ™),
For the argument that follows we may assume that m;, = 1. That is, from now on,
H/(N;, "Hj,N---NH;)=(®""N;y "Hj,N---NHj,,x; Ny N Hj,N---NHj,).
Let us consider the short exact sequence

L— (Njy NHj NN Hj ) /(Njy O Nj, 0NNy, ) — (6.2)
—)H/(leﬂNjQD-"ﬂNjS)—)H/(leﬂszﬁ'--ﬂHjs)—)l.

Let us first show that (6.2 right splits. For that we need to show that [b"1,x; | is
an element in N;, for all k € {2,...,s}. Remember that

ij/Njk = <bnjkN'

Jk>

x5, N; )
with [0, x;,] € Nj,. Moreover, we may suppose that n;, is a multiple of nj, so
that [b"1,2;,] € Nj, .

Since zj, is an element in H and H is a subgroup of H; N---N Hj,, then

zj, € Hj,, so there are ty,l; € Z such that x;, (0" )*x; * € N;,. Hence, as Nj, is

a normal subgroup in Hj, and "1 € H; we have that
[aj, (B"9k ) ey, 1 D] € N,

Recall that we could assume that [x;,',b"%1] € Nj,, so we get that [z;,,b"1] € Nj,.
In conclusion, the short exact sequence (6.2) right splits, so if we prove that
the action of the group H/(Nj NHj, N---N Hj,) on

(Njy N Hjy NN Hj ) /(Njy O Njy -+ -0 Ny,
is trivial, then we obtain that
H/(Nj; n---NNj,) =

(Njy M Hjy (Ve N H ) /(Njy 0= VNG ) X (0" NGy M- N Ny gy Ny 00 NG ).
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By inductive hypothesis (N;; N Hj, N--- N H;,)/(Nj, N --- N Nj,) is virtually free
abelian. Therefore, H/(N;, N--- N Nj,) is virtually free abelian.
Hence, the last goal is to prove that the action is trivial. For that it suffices
to show that if z € N; N Hj, N---N Hj_, then
[z,0"1] € Njyn---NN;, and [z,z;] € NjyN---NNj,.
Let us fix k € {2,...,s}. Since x € N;, N Hj, N---N Hj,, then x is an element in
Hj

the previous argument that [x,b"1] € Nj,. It remains to check that [x,z;] € Nj,.

., 50 there are wy, fx € Z such that z(b™ ) x; fk € Nj,. It can be shown as in

Since [z(b"k )Wkzj, /¥, 2] is an element in N

jx» in order to show that [z, z;, ]

lies in NNj, it suffices to check that [z, ,z;] € Nj,. But again z; is an element in

Hj,, so xj, (b™x)%z, " € N, for some g, i € Z. Thus,
[le (0" )9 (xjk)lk7xjk] € N;j
and so [x;,, 2] € Nj,. O

The second aim is to prove that N;/L; is a finitely generated nilpotent group.
Since by Lemma the group N;/L; is nilpotent, it suffices to show that it is
finitely generated. Recall that we are assuming that S is a finitely presented full
subdirect product of G1 x --- x Gy, and for 1 < j; < -+ < jg < n, pj,...j, is the
homomorphism

Pji,..js+ S — Gjl X X st'

Lemma 6.4.11. Let G1,...,G, be groups and let S be a subdirect product of the
direct product G X --- X Gyp. Then, for j #i € {1l,...,n}, Gj/N;; = Gi/Nj;.

Proof. Assume without loss of generality that ¢ < j. Let us define ¢: Gj — G;/Nj;
in the following way: let x; € Gj. Since p;: S — G is an epimorphism, there is
(1, iy T, ..., xy) € S. Then, we define ¢(z;) to be x;Nj;.

Note that ¢ is well-defined. Indeed, suppose that there are two elements
in S of the form (z1,...,2;,...,2j5,...,2,) and (2},..., 25, ..., z;,...,2]). Then
x;x;l € Nj;.

Clearly ¢ is an epimorphism, so we just need to check that kerp = Nj ;.
The inclusion N; ; C ker ¢ is routine. Now assume that (z1,...,24,...,25,...,2y)
is an element in S such that x; € N;;. Then, there is an element in S of the form

/ / / /
(), i, G, Ly, z, ). Therefore, z; € N; ;. O
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Lemma 6.4.12. Let G1,...,Gy be groups and let S' be a subgroup of G1 X -+ - X G,.
For1<j<---<js<nandk,ic{l,....n}\{Jj1,.--,Js}

pi(ker(pj,,..j.)) o prker(pj, . ;.))
pi(ker(pjy,...j.k)  Pr(ker(pj,. j..i))

Proof. In order to make notation easier, we prove it for j; = I, € {1,...,s},i = s+1,
k=s+2.

We define ¢: psii(ker(pr,. s)) — psta(ker(pr,. s))/psi2(ker(pr, ss41)) in
the following way: if xs41 € psi1(ker(ps,..s)), we define

©(ws+1) = Tsapsta(ker(pr,. ss+1)) such that

(1,..., 1, zq1, Tsq2, %, ..., %) € S.

The map ¢ is well-defined. Indeed, if
(1,...,1,1133+1,.'L's+2,*,...,*)GS and (1,-..,1,IES+1,II/‘;+2,*,...,*)GS,

then $;+2$s+2_1 € ps+a(ker(p1,... s.s+1)). The map ¢ is clearly an epimorphism, so it
suffices to check that ker ¢ = pyyq(ker(p1,. s.s+2)). It is clear that pyq(ker(p1,. s s+2)) €
ker ¢. Now suppose that

(L,..., L, 2541, Ty, %,...,%) €S and (1,...,1,1,x540,%,...,%) €S.

Hence, (1,...,1,2541,1,%,...,%) is an element in S, s0 Zs41 € pst1(ker(p1,... s,s+2))-
O

We next prove that p;(ker(py,,...;,))/pi(ker(pj, ... j. 1)) is finitely generated. In
fact, we prove that it is (finitely generated abelian)-by-(virtually finitely generated

abelian).

Theorem 6.4.13. Let S be a finitely presented full subdirect product of the direct
product G1 X - - - X G, where each G; is either a finitely generated residually finite free
product or G; is a finitely generated group in G'. Then, for1 < j; < --- < js < n and

i€ (Lo} \ L1 dids piCker (D)) /pilker (i 5 0)) i (Fmitely generated
abelian )-by-(virtually finitely generated abelian).

Proof. We prove it by induction on s. If s equals 1, we denote j; by j. Then we have
to prove that Nj;/p;(ker(p;x)) is (finitely generated abelian)-by-(virtually finitely
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generated abelian). There is a short exact sequence
1= (Nii N Nji) [pi(ker(pjx)) = Nji/pi(ker(pjr)) —

— Nji/(Ngi N Nji) = 1

and by Lemma Nji/(NgiNNj;) is virtually finitely generated abelian. Hence,
it is enough to show that (N ;N;;)/pi(ker(p;x)) is finitely generated abelian. Note
that by the definition of p;(ker(p;x)), the group is abelian, so it suffices to show that
it is finitely generated.

Assume that N ;N;; is finitely generated. There is a short exact sequence

1 = (NkiNNji)/pilker(pjx)) = NiiNji/pi(ker(pjx)) = NiilNji/(Ngi N Nj;) — 1
(6.3)

and Ny ;Nj;/pi(ker(pjr)) is finitely generated by assumption. The associated Lyndon-

Hochschild-Serre spectral sequence converging to H,(Ny ;Nj;/pi(ker(p;r)); Z) has

Ep 4 = Hy(NiiNji/ (Nii 0 Nji); Hy(Nii 0 Nj) /pi(ker(pjix)); 2)).-
Note that EG7 needs to be a finitely generated Z-module and
EQ =FEj, =

_ Ho(NkiNji/(Nki 0 Nji); Hi(Nri 0 Nji) /pi(ker(pjx)); Z))
im(Hz(Ng,iNji/(Nki 0 Nji); Ho((Nii 0 Nji)/pi(ker(pjx)); Z)))

The group Ny ;iN;i/(Ni; N Nj;) is virtually finitely generated abelian, so in partic-
ular, it is of type F P (Z). Therefore,

im(Hy(Ny,iNji/(Nki O Nji); Ho((Ng,i 0 Nj) /pi(ker(pjx)); Z)))
is a finitely generated Z-module. As a consequence,
Ho(Np,ilNji/ (Nii N Nji); Hi((Nki N Nji) /pi(ker(pjr)); Z))

has to be a finitely generated Z-module.
The group Ho(Ng,iNji/(Ngi VW Nji); Hi((Ngi NV Njs)/pi(ker(pjx)); Z)) is the
quotient of
Hy((Nki 0 Nji)/pi(ker(pj)); Z)

by the action of Ny ;N;;/(Ny; N Nj;). But the group (Ni; N Nj;)/pi(ker(p;r)) is
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central in Ny ;N;;/pi(ker(p;)), so the action of Ny ;N;;/(Ny,; N Nj;) on the group
(Ni,i NV Nj;)/pi(ker(p;r)) (and hence on Hq((Ng,; N Nj;)/pi(ker(p;r)); Z)) is trivial.

Therefore,
Ho(Ng,iNji/(Ngi 0 Nji); Hi((Ngq 0 Nji)/pi(ker(pjr)); Z)) =

Hy((Ng,i N Nji)/pilker(pjr)); Z),

so Hi((Np; N Nj;)/pi(ker(pjr)):Z) is a finitely generated Z-module. We have
previously noticed that (Ny; N Nj;)/pi(ker(p;r)) is abelian, so this implies that
(N NV Nj;i)/pi(ker(pjr)) is finitely generated.

Now assume that N ;NN;; is not finitely generated. Then, by Lemma
either G;/ Ny, ;N;; is virtually Z or Z2.

First, let us deal with the case when G;/N}, ;N;; is virtually Z? so that N
and N;; have finite index in N ;N;;. In order to make it more clear, we suppose
that ¢ = 1,k = 2,5 = 3. By Lemma there is k € NU {0} and an element
(bh,2d 2, ... zl) € S such that (K71, (b¥, 23, 23,...,x})) is finitely generated.

Let us show that there is € Ny such that [x,b1] = 1. Let (c¢1) be another
edge group such that [by,c;] = 1. From the proof of Lemma we get that either
bic" € Nay for some n € N,m € Z or

@ = Uje{l,...,f} (N2,1,b1, 1)z

Let A be a free abelian vertex group such that (b;) < A and there is @ € A and
a ¢ (b1,c1). Since the set {z1,...,z¢} is finite, there are ny < np € N and jy in
{1,..., f} such that

ny __ nz __

a y bl zj, and a yobk2 2 Zjo s

for some ki1, ko,l1,l2 € Z and y1,y2 € N2 1. Equating z;, in the previous equations

we get that there is « € (a, b1, ¢1) such that € Ny ;. In particular, [z,b;] = 1.
Since x is an element in N3 ; and by hypothesis Na 1 M N3 1 has finite index

in Na 1, there is e € N such that ¢ € Na; N N3 1. In what follows we may assume

that e = 1. By definition, this means that there are elements
(x,1,23,24,...,2n) €S and (x,y2,1,y4,...,Yn) € S.

Suppose that [23, 23] = 1. Note that 23 is an element in Ny 3 C (Ny3,23). This
group is a finitely generated free group (see Remark [6.4.9)), so 23 = (z3)" for some
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n € Z. In particular, (z3)" € N1 3. Remember that (Nj 3, x1) is finitely generated
(see Remark [6.4.5)), so if (z3)™ € Ny 3, then Ny 3 is also finitely generated. This is a
contradiction because G3/N1 3 = G1/N3 1 (see Lemma[6.4.11)) and we are assuming
that this is virtually Z2. In conclusion, z3 and x% do not commute. In the same way

it can be shown that [y2, 73] # 1.

For each m € Z we can conjugate (7,1, 23,...,2,) by (0§, 2,23, ... 2L)™ to
get that
(x,1, 23(”%)7", . 7zn(x;)’”) €.
In the same way, for each | € Z we can conjugate (x,y2, 1,4, ..., yn) by the element

(bl,xz,x3, ..., x}) to get that
(2,2 1,y @Dy, @) e 8.
Then, for all m,l € Z
(1, y2(x%)l’ 23(50%)’"’ 24(50i)my4(1‘i)17 o 7Zn(ﬂcn)myn(u’v%)l) € Ky,
but the subspace generated by
(1,00 @)™ 2 @)™y, @D o @)™y @)Y il e 7)

is infinite dimensional in H;(K7;Q) and this is a contradiction because by Remark
We have that Ho(((bF,z3,...,2L)); H1(K1;Q)) is finite dimensional.

Second, let us deal with the case when G;/ Ny, ;N ; is virtually Z and Ny ; N; ;
is not finitely generated. By Lemmau 6.4.6| there is an edge group (b;) in the standard
splitting of G; such that 0]" € Ny ;NN;; for some m € N. Without loss of generality
we may assume that m = 1. In order to make notation easier, let us assume again
that i =1,k =27 =3.

Since by is an element in Ng ;N3 i, there are elements in S of the form

(n21,1,n23,...,n2,) and (ng,1,n32,1,n34,...,n3y) such that ny1n3;1 = by. From
Lemma we get that there is k € NU {0} such that (K1, (b}, 2d, ... xL)) is
finitely generated for some (bl,xQ, ...,xL) € S. Therefore, the group

<K17 (b’f, n§,27 ng,i’n (n274n3,4)k7 SRR (nZ,nn3,n)k)>

is also finitely generated.
By taking the images of that group under the homomorphisms po and ps,
respectively, we get that <N172,n’§72) and (N173,n’2“73> are finitely generated. Note
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that we have the chain
Nia < <N1,2,n’§,2> < Ni2N32 < Go,

and by Lemma G2/Ni 2 is virtually Z™ for some m € {0,1,2}. Therefore,

there are three options:

(i) N1z has finite index in (Vg o, nlg’z), so Ny is finitely generated. In particular,
by Proposition G2/ N 2 is finite or virtually Z. Therefore, either Nj o N3 o
has finite index in G2 or i 2 has finite index in N1 2N32. In both of the cases
N12N3 2 is finitely generated.

(ii) N12N32 has finite index in G3. Thus, N 2N3 9 is finitely generated.
(iii) (N2, nl§2> has finite index in Ny 2N32. Hence, Nj 2N o is finitely generated.

We can apply the same argument for the case N1 3. In summary, we get that N1 o/N3 o
and Nj 3Ns 3 are finitely generated.

Remember that we want to prove that (Ny; N N;;)/pi(ker(p;x)) is finitely
generated and we are under the assumptions that Nj;INV;; is infinitely generated
and that G;/Ny;Nj; is virtually Z. We have just shown that in this case N; ;N
and N; ;N ; are finitely generated.

The group N;Nj is finitely generated, so as in we obtain that the
quotient group (N; NN; 1) /pr(ker(p; ;)) is finitely generated. There is a short exact
sequence

L — (Nigk N Njg)/pr(ker(pi;)) — Njx/pr(ker(pi ;) —
— Nji/(Nipy N Njg) — 1,
and both (N;, N Nj)/pr(ker(p;;)) and Nji/(Nsr N Njy) are finitely generated.
Hence, the group Nj 1 /pr(ker(p; ;)) is finitely generated, so N;;/p;(ker(p;x)) is also
finitely generated (see Lemma. The same argument as in can be used in
order to prove that this implies that (N;;NNy ;) /pi(ker(p; 1)) is finitely generated. In
conclusion, the group Nj;/p;(ker(p;x)) is (finitely generated abelian)-by-(virtually

finitely generated abelian). In particular, every subgroup is finitely generated.

Now suppose that s > 2. Observe that there is a chain
pi(ker(pj,,...j,.k) < pi(ker(pjy,...;.)) Npilker(pj,,..j, 1)) <

pi(ker(pj,,...;.)) N Nii < pi(ker(pj,....5.)),
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and the quotient group

pi(ker(pj,,..;,))/ (pi(ker(pj,.....5,)) N pi(ker(pjy,..j, 1 .k)))

embeds in p;(ker(pj, .. j,_,))/pi(ker(p;, . j._. k). Therefore, by inductive hypothesis
this group is (finitely generated abelian)-by-(virtually finitely generated abelian).

Hence,

(pi(ker(pjs.....j.)) O Nia) /(pi(ker(pj,....3.)) O pi(ker(pjy, .. j._1.k)))

is finitely generated. Note that if we show that the group

(pi(ker(pjy,...5,)) N pi(ker(pj,,..j,—1.k)))/Pi(ker(pj,,... 5. %))

is finitely generated, we would have that (p;(ker(pj,,..j,)) N Nii)/pi(ker(pj,,...j..k))
is finitely generated. Moreover, by the definition of p;(ker(pj,,.. j,x)), it is abelian.

Hence, since we have the short exact sequence

1 — (pi(ker(pjy,...j. ) ) Ni,i) /pi(ker(pj, ..j..k)) — pilker(pyy,.j.))/pilker(pj. ... j.k)) —

— pi(ker(pjy,....5.))/ (pi(ker(pyy.....5.)) N Nig) — 1,

we would have that p;(ker(pj, ... ;,))/pi(ker(pj, ... ;. %)) is (finitely generated abelian)-
by-(virtually finitely generated abelian). To sum up, it suffices to show that

(pi(ker(pjy,...5,)) N pi(ker(pjy,..j,—1.k)))/Pi(ker(pj,...j..k))

is finitely generated.

If Nj;Nj,; is finitely generated, then we can use the same argument as in
to prove that this group is finitely generated. Thus, we may assume that
Ny,iNj, i is infinitely generated and that G;/Ny;Nj, ; is virtually Z. Therefore,
N; 1 Nj, r and N; j Ny ;. are finitely generated, so the group

(pr(ker(pj,....5.)) N pr(ker(py,....j,1.1)))/Pr(ker(pji,...j..i))

is finitely generated (see the argument in (6.3])). Hence, from the short exact se-

quence

1 = (pr(ker(pjy,...5.)) Nok(ker(pjy,..jo_1.4)))/pr(ker(pjy.... j.0)) —
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— pr(ker(pji,....j.)) /pr(ker(py.... js,i)) =
— pr(ker(pj,,..5.))/ (Pr(ker(pj,....5.)) N pr(ker(pjy,..j_1.i))) — 1

we get that py(ker(pj,,. j.))/px(ker(pj, ... j,.i)) is finitely generated. We can apply

Lemma [6.4.12|to obtain that p;(ker(pj, ... j,))/pr(ker(pj, ... j, k) is finitely generated.
In conclusion, again as in (6.3, we get that

(pi(ker(pjy,...5.)) Npi(ker(pjy ... j._1.k)))/Pi(ker(pjy ... 5. k)
is finitely generated. O

Theorem 6.4.14. Let S be a finitely presented full subdirect product of G1 x---x Gy,
where each G; is either a finitely generated residually finite free product or G; is a
finitely generated group in G'. Then, for each i € {1,...,n}, N;/L; is finitely

generated.

Proof. We prove it for n = 1 so that the notation is easier. Note that we have the

following diagram:
Ny = N271 N N371 n---N Nn71
|
pi(ker(p2,3)) N Ny1 NN Ny

p1(ker(p234)) " N5s1N---N Ny

pr(ker(p234,.n-1)) N Np1
Ly = pi(ker(p234,..n))
and for i € {2,...,n — 1} each quotient
(p1(ker(pa,....i)) N Nig1 N --- N Np1)/(pr(ker(pz,.iv1)) N Niga N --- N Ny1)
embeds in p;(ker(pa,. ;))/p1(ker(pe,. . i+1)). In particular, by Theorem

(p1(ker(pe, . i) N Nip1 M-+ N Np1)/(pr(ker(pz,.iv1)) N Niga NN Ny 1)

is finitely generated. In conclusion, Nj/L; is finitely generated. O

Theorem 6.4.15. Let G, ...,G, be finitely generated groups in G' and suppose that
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S is a full subdirect product of G1 X -+- X Gy. If L is SNG; fori € {1,...,n}, then
G;/L; is virtually (finitely generated nilpotent)-by-(finitely generated free abelian).

Proof. 1t is a direct consequence of Lemma [6.4.10| and Theorem [6.4.13 O
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